Complex Numbers IV Cheat Sheet (A Level Only)

In this topic, we will make use of the results sin(—x) = —sin(x) and cos(—x) = cos(x).

De Moivre’s Theorem

When raising complex numbers to a power, we can use De Moivre’s Theorem on their modulus-argument
form,

A r”(cos(n@) + isin(n@))
wheren e R.

Example 1: Using De Moivre’s Theorem, simplify z = (2 — 2i)”. Give your answer in the form a + bi, where
a,beR.

Write z in modulus-argument form. |z| = \/(2)2 +(2)2=Vi+4= V8 =22
2 T
arg(z) = —arctan (E) =-7 rad

=z=2/2 (cos (—%) + isin (— %))
z7 = (2\/7)7 <cos <7 (—%)) +isin (7 (— %)))
7 7
=1024v2 (cos (— T) + isin (_T))
a = 10242 x cos (—%) = 1024

Use De Moivre’s Theorem withn =7
and convert back into Cartesian form.

7
b = 10242 x sin <_T) =-1024
z7 = 1024 + 1024i

Euler’s Relation

Euler’s relation is stated as e'® = cos6 + isin@. This relation can be used to express a complex number in

exponential form:
z = r(cosf + isinf) = re®

Example 2: Express z = 2 (cos (130) —isin (130)) in exponential form.

—sin (%) = sin (— %), cos (%) = cos (— %)

>z= 2(cos(—%)+isin(—%))
T
0=——

Use —sin(x) = sin(—x) and cos(x) =
cos(—x) to rewrite z.

Identify r and 6 and write in r=2
exponential form. ' . 10
7z = 2e 10"

We can apply De Moivre’s Theorem to the exponential form to obtain,

Z" = ynenif

T, T, 10
Example 3: Given that z = 4es' and w = 2e%', find (é)

Use laws of indices to simplify%

TT.
8t . .
CEEC NS T
woo T 2

ez

Use De Moivre’s Theorem with n = 10 to
find (i)m
ind (~

Complex conjugates can also be expressed in the exponential form,

7z 10 _1om, 57,
(;) =(2)% 8 ' = 1024e %"

z=re!, z*=re¥

Using De Moivre’s Theorem to find Multiple Angle Identities
De Moivre’s Theorem can be used to derive multiple angle identities in two main ways:

. Expressing arguments in terms of powers: cos(nf) = cos™8 + cos™® 2@ + .-
. Expressing powers in terms of arguments: cos™8 = cos(nf) + cos((n —2) 6) + -+

resources-tuition-courses

Example 4: Use De Moivre’s Theorem to express sin36 in terms of powers of sinf.

First, we use De Moivre’s Theorem on cos46 +
isin46 and expand using the binomial
theorem. A useful pattern to note is that the
expansion alternates between an i term and
non-i term and follows a +, +, —, — pattern for
the sign of the coefficients. We simplify the
working out by using C to represent cos6 and
S to represent sinf.

We can use the trigonometric identity sin%6 +
cos?6 = 1 to remove the C? term.

(cos36 + isin36) = (cosf + isinh)?
= C3 + 3iC?S + 3i%CS? + i3S3
=C3+3iC?S —3CS% —is®

Equating Imaginary parts,
sin39 = 3C%5 — §3

c?=1-S5?
=3C%5-5*=35(1-5%)-5°
=35—-35%—-53=35-4S§3
sin36 = 3sinf — 4sin0

To use the second method, we must first know two important trigonometric identities that can be derived

using Euler’s relation:
; 1 nif -nié
sinnf = % (em@—e
i

Example 5: Express cos®6 in terms of cosn#.

We must make use of the identity cosnf =

%(enw + e'”m) and the binomial theorem.

Group together “like” powers and use
2cosnf = (e"“’ + e’"is).

Sum of Binomial Series

To sum binomial series, we must know two results
angle formulae:

. 6\ i6
14ef = ZCOS(E)67

1 . .
), cosnf = 3 (e™0 + e~Mif)

Lletz = eig,

1 ) ) 5
cos®@ = (cosd)® = (E (e + e“"))

1
= -1y5
) =32 (z+z71)
=35 (z° +52%z71 + 1023272 + 102%273
+5zz7* +27%)

1
= ﬁ(z5 +52% + 10z 4+ 1027 + 5273 + z7°)

1
3 (Z°+2z5)+5(22 +273) +10(z +2z7Y))
1
=33 (2co0s56 + 10cos36 + 20cosB)

_ 1 56 + > 30+5 0
= ¢ cos 16 €08 g cos

that can be derived using Euler’s relation and double

. ;N
, 1 —e'® = —2isin (E) ez

. i0
Example 6: Show that 1 + e® = 2 cos (9) ez . Use this result to find the sum of the series 1 + 3cosf +

2
3c0s26 + cos36.
We must make use of Euler’s relation and
the double angle identities 1 + cosf =

20 . .6 0
ZCOSz;and sinf = Zsm;cos;.

Next, we identify that the binomial series
presented is the real part of (1 + e“’)g.
The two expressions for the real part of
(1+ em)gare equated.

. 6 6 6

1+ e =1+ cosf + isin = ZCOSZE + 2isin5cosz
— 6( 6+__9)_2 6%

= cos2 cos2 Lsm2 = cosze

, 6\* 3io 6 3io
(1+¢9)* = (2 cosE) e?2 =8cosize2

0 3i8
1+ 3cos6 + 3cos26 + cos360 = Re (8cos3 EeT)

=Re <8cos3 o (cos 36 + isin ﬁ))
2 2 2

= 8cos? o cos 36

2 2
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Sum of Finite and Infinite Geometric Series

The sum of a finite geometric series is given by

a(l—1rm")

Sp=———
1-r

where a is the first term of the series, r is the common ratio and n is the number of terms.

Example 7: Given two series P = 1 + cos36 + cos66 + - + cos1560 and Q = sin36 + sin66 + - +
sin1580, find an expression for P in terms of sin and cos.

Combine the two series in the form P + iQ. P +iQ =1+ cos36 + sin360 + cos66 + sin66 + ---

This forms a geometric series. ldentify a, r and =1+ 30 4 60
1-r" — — 5310 o, —
ntouseSner_). a—1_.r—e ,n_6_
o (1—(e¥0)8) (1 —e®9)
1—e30 1 — 30
. . 3. 33,
ML;I|.t6Ip|y the numerator and denor;r:nator by (1 B elsiﬂ) e_%w (3_719 _ eTlG)
e~z (the complex conjugate of €2'”). T e T
—e 33—3719 5—719 _ 8719
(e Bio _ e—iie)
=" 3.
ef‘g _ e—flﬂ

15 15, 15.
—if — i —9i i P
Factor out ez’ from the numerator so that ezt (e"ig —e 919) e29(2isin98)

e™ — ¢ — 2isinn@ can be used. 3. 3,
€2 — ¢72% 2isin%9
15 o sin96
= (cos—B + lsm‘)e)

2 .

sm79
Equating Real Parts,
p= 15 0 sin 96
=cos— —3
sm76

The sum of an infinite geometric series is given by,

where a is the first term of the series and r is the common ratio. We require the series to be convergent so
|r] < 1.

Example 8: Given a convergent infinite geometric series P = 1 + ieie + iezie + -, find the sum to infinity

of P. Hence, find the sum of the infinite series C = 1 + icose + icosZG + e

i - * 1.

Identify a and r, then use S, = - a=1, r=—plf
s 1 4
= 1 io - 4 — €i9
1 —Ze‘

Multiply the numerator and denominator 4 470 16 — 4e70
by 4 — ™" since e~* is the complex 7_o® 2_e® 16 4e — 4e=10 + 1
conjugate of e in the denominator. 16 — 4e~10

T 17 — 4(eif + e-19)
Use Euler’s relation and ™ + ™0 = 16 — 4(cos(—8) + isin(—6))
2cosn® to rewrite the fraction in terms of
cos and sin. Also use the results sin(—x) =

—sin(x) and cos(—x) = cos(x). C is the

17 — 8cosf
16 — 4(cosB — isinf) 16 — 4cosf + 4isinf

- 17 — 8cosb = 17 — 8cosH

4
real part of i

= (16 — 4cosf + 4isin0) 16— 4cos6
e 17 — 8cosf " 17 — 8cosh
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