
Groups 

Questions 
 
 
Q1. 
  

A binary operation  on the set of non-negative integers, , is defined by 

 

(a)  Explain why  is closed under the operation  

(1) 

(b)  Show that 0 is an identity for  

(2) 

(c)  Show that all elements of  have an inverse under  

(2) 

(d)  Determine if  forms a group under , giving clear justification for your answer. 

(3) 

  

(Total for question = 8 marks) 

  

 
 
 
Q2. 
  

(i)  Let G be a group of order 5 291 848 

Without performing any division, use proof by contradiction to show that G cannot have a 
subgroup of order 11 

(3) 

(ii)  (a)  Complete the following Cayley table for the set X = 2,4,8,14,16,22,26,28 with the 
operation of multiplication modulo 30 
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(b)  Hence determine whether the set X with the operation of multiplication modulo 30 forms 
a group. 

[You may assume multiplication modulo n is an associative operation.] 

(6) 

  

(Total for question = 9 marks) 

  

 
 
Q3. 
  

(i)  A binary operation * is defined on positive real numbers by 

a * b = a + b + ab 

Prove that the operation * is associative. 
(4) 

(ii)  The set G = 1, 2, 3, 4, 5, 6 forms a group under the operation of multiplication modulo 7 

(a)  Show that G is cyclic. 
(2) 

The set H = 1, 5, 7, 11, 13, 17 forms a group under the operation of multiplication modulo 
18 
(b)  List all the subgroups of H. 

(3) 
(c)  Describe an isomorphism between G and H. 

(3) 

  

(Total for question = 12 marks) 
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Q4. 

  

The set e,p, q, r, s forms a group, A, under the operation * 

Given that e is the identity element and that 

p*p = s     s*s = r     p*p*p = q 

(a)  show that 

(i)  p*q = r 
(ii)  s*p = q 

(2) 

(b)  Hence complete the Cayley table below. 

 

(2) 

(c)  Use your table to find p*q*r*s 

(1) 

A student states that there is a subgroup of A of order 3 

(d)  Comment on the validity of this statement, giving a reason for your answer. 

(2) 

  

(Total for question = 7 marks) 
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Q5. 
  

The set G = 1, 3, 7, 9, 11, 13, 17, 19 under the binary operation of multiplication  
modulo 20 forms a group. 

(a)  Find the inverse of each element of G. 

(3) 

(b)  Find the order of each element of G. 

(3) 

(c)  Find a subgroup of G of order 4 

(1) 

(d)  Explain how the subgroup you found in part (c) satisfies Lagrange's theorem. 

(1) 

  

(Total for question = 8 marks) 

  

 
 
 
 
Q6. 
  

Let G be a group of order 4646 + 4747 

Using Fermat's Little Theorem and explaining your reasoning, determine which of the 
following are possible orders for a subgroup of G 

(i)  11 

(ii)  21 

(7) 

  

(Total for question = 7 marks) 
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Q7. 
  

The group S4 is the set of all possible permutations that can be performed on the four 
numbers 1, 2, 3 and 4, under the operation of composition. 

For the group S4 

(a)  write down the identity element, 

(1) 

(b)  write down the inverse of the element a, where 

 

(1) 

(c)  demonstrate that the operation of composition is associative using the following 
elements 

 

(2) 

(d)  Explain why it is possible for the group S4 to have a subgroup of order 4  
       You do not need to find such a subgroup. 

(2) 

  

(Total for question = 6 marks) 
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Q8. 
  

The operation * is defined on the set S = 0, 2, 3, 4, 5, 6  by x*y = x + y – xy (mod 7) 

 

(a)   (i)   Complete the Cayley table shown above 

(ii)  Show that S is a group under the operation * 
(You may assume the associative law is satisfied.) 

(6) 

(b)   Show that the element 4 has order 3 

(2) 

(c)   Find an element which generates the group and express each of the elements in terms 
of this generator. 

(3) 

  

(Total for question = 11 marks) 
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Q9. 
  

(i)   A group G contains distinct elements a, b and e where e is the identity element and the 
group operation is multiplication. 

Given a2b = ba, prove ab ≠ ba 
(4) 

(ii)  The set H = 1, 2, 4, 7, 8, 11, 13, 14 forms a group under the operation of multiplication 
modulo 15 

(a)   Find the order of each element of H. 
(3) 

(b)   Find three subgroups of H each of order 4, and describe each of these subgroups. 
(4) 

The elements of another group J are the matrices  
where k = 1, 2, 3, 4, 5, 6, 7, 8 and the group operation is matrix multiplication. 
(c)   Determine whether H and J are isomorphic, giving a reason for your answer. 

(2) 

  

(Total for question = 13 marks) 
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Q3. 
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