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Further Pure 3: Introduction

The aim of this text is to provide a sound and readily accessible account of the items
comprising the Further Pure Mathematics unit 3.

The chapters are arranged in the same order as the five main sections of the unit. The first
chapter is therefore concerned with series expansions and the evaluation of limits and improper
integrals. The second covers polar coordinates and their use in curve sketching and evaluation
of areas.

The subject of differential equations forms a major part of this unit and Chapters 3, 4 and 5 are
devoted to this topic. Chapter 3 introduces the subject and deals mainly with analytical
methods for solving differential equations of first order linear form. In addition to the standard
method of solution using an integrating factor, this chapter introduces the method based on
finding a complementary function and a particular integral. This provides useful preparation
for Chapter 5 where the same technique is used for solving second order differential equations.

With the advent of modern computers, numerical methods have become an essential practical
tool for solving the many differential equations which cannot be solved by analytical methods.
This important subject is covered in Chapter 4 in relation to differential equations of the form

y'=f (x, y). It should be appreciated that, in practice, the numerical methods described would

be carried out with the aid of a computer using an appropriate program. The purpose of the
worked examples and exercises in this text is to exemplify the principles of the various
methods and to show how these methods work. Relatively simple functions have been chosen,
as far as possible, so that the necessary calculations with a scientific calculator are not unduly
tedious.

Chapter 5 deals with analytical methods for solving second order differential equations and this
requires some knowledge of complex numbers. Part of the required knowledge is included in
the Further Pure 1 module, which is a prerequisite for studying this module, and the remainder
is included in the Further Pure 2 module which is not a prerequisite. For both simplicity and
completeness therefore, Chapter 5 begins with three short sections on complex numbers which
cover, in a straightforward way, all that is required for the purpose of this chapter. These
sections should not cause any difficulty and it is hoped that they will be found interesting as
well as useful. Those who have already studied the topics covered can either pass over this
work or regard it as useful revision.

The main methods for solving second order linear differential equations with constant
coefficients are covered in Sections 5.5. and 5.6. These methods sometimes seem difficult
when first met, but students should not be discouraged by this. Useful summaries are
highlighted in the text and confidence should be restored by studying how these are applied in
the worked examples and by working through the exercises.

The text concludes with a short section showing how some second order linear differential
equations with variable coefficients can be solved by using a substitution to transform them to
simpler forms.
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Chapter 1: Series and Limits

1.1  The concept of a limit

1.2 Finding limits in simple cases

1.3 Maclaurin’s series expansion

1.4 Range of validity of a series expansion
1.5 The basic series expansions

1.6  Use of series expansions to find limits
1.7 Two important limits

1.8 Improper integrals

In this chapter, it is shown how series expansions are used to find limits and how improper
integrals are evaluated. When you have completed it you will:

e have been reminded of the concept of a limit;

e have been reminded of methods for finding limits in simple cases;
e know about Maclaurin’s series expansion;

e be able to use series expansions to find certain limits;

e know about the limits of x*¢ ™ as x > and x*Inx as x >0
e know the definition of an improper integral;

e know how to evaluate improper integrals by finding a limit.
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1.1  The concept of a limit

You will have already met the idea of a limit and be familiar with some of the notation used. If
x is a real number which varies in such a way that it gets closer and closer to a particular value
a , but is never equal to a , then this is signified by writing x — a. More precisely, the
variation of x must be such that for any positive number, 6 , x can be chosen so that

0< |x— a| < ¢ , no matter how small & may be.

When a function f (x) is such that f(x) >/ when x — a , where / is finite, the number / is

called the limit or limiting value of f(x) as x — a . This may be expressed as

lim f(x)=1 .

xX—a

The statements x — o and f(x) — co mean that x and f(x) increase indefinitely — i.e. that

their values increase beyond any number we care to name, however large. Note that you
should never write x = or f(x)=0o0 , because o is not a number.

Unless stated or implied otherwise, x — a means that x can approach a from either side.
Occasionally however, it may be necessary to distinguish between x approaching a from the
right, so that x > a always and x approaching a from the left, so that x < a always. The
notation x — a + is used to signify that x approaches a from the right, and x — a — to signify
that x approaches a from the left. The two cases are illustrated in the diagram below.

-+ —
0 a X 0 X a
x approaches ¢ from x approaches a from
the right, so x—a+ the left, so x —a—

The distinction between the two cases is important, for instance, when we consider the

1 1

behaviourofl as x—>0 . When x>0+, —— o0 ;butwhen x >0—, ——> —o0 .
x x x

The use of + or — attached to a is unneccessary when it is clear from the context that the
approach to a can only be from one particular side. For example, since In x is defined only for
x>0 , one can write Inx — —o0 as x — 0 without ambiguity: the fact that x approaches 0
from the right is implied in this case so it is unneccessary to write x — 0+ .
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1.2  Finding limits in simple cases

In some simple cases, it is easy to see how a function f(x) behaves as x approaches a given
value and whether it has a limit. Here are three examples.

1. Asx—>0, 1+x —>l because 1+ x —>1land 2—-x—>2 as x—>0 .

2—-x 2
2. Asx—> L , SINXY 59 , because sinx —1 and cosx — 0 as x>
27 1—cosx 2
3. Asx—>1+, }t—i—)—oo ,because 1+x —>2+ and1-x—>0—as x> 1+ .

The first two of the above examples can be expressed as:

imit* =1 and  fim —SIBX _
—=02—x 2 )H%I—cosx

However, it would be wrong to state that

lim =
x—1+

b

1+x
1—x

because a limit has to be finite. The function I+x does not have a limiting value as x > 1+ .

Another example, not quite so straightforward as the examples above, is that of finding the

1+x

limit as x — oo of f(x)=1_2x

As x > , 1+x—> o and 1-2x — —o , but the expression % is meaningless. This

difficulty can be overcome by first dividing the numerator and denominator of f(x) by x ,
giving

1

f(x) =

12
X

+1

It can now be seen that f(x) > %2 as x — oo because % — 0 . The limiting value of f(x) is

1
therefore 5 -
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The working for this example can be presented more concisely as follows.

1+ x %—I—l
f(x)=1—2x=l_2'
X
As x—)oo,%—)(). Hence
i _1__1
Imf(x)==5=-7"

There are many instances where the behaviour of a function is much more difficult to
determine than in the cases considered above. For example, consider

f(x)=x*Inx

as x>0 . When x >0 , x> >0 and Inx — —o . It is not obvious therefore what happens
to the product of x* and Inx as x >0 .

Consider also the function

fx)=—F— .
T

When x -0, f(x) —>% which is an indeterminate form having no mathematical meaning.

Although f(x) does not have a value at x =0 , it does approach a limiting value as x > 0 .
Investigating with a calculator will produce the following results, to five decimal places.

£(0.1)=1.94868 , £(—0.1) =2.04881 ,
£(0.01) =1.99499 , £(~0.01) = 2.00499 ,
£(0.001) =1.99950 , £(~0.001) = 2.00050 .

It can be seen from these results that f(x) appears to be approaching the value 2 as x - 0+
and x — 0— ; the limit is, in fact, exactly 2 as you would expect.

However, no matter how convincing the evidence may seem, a numerical investigation of this

kind does not constitute a satisfactory mathematical proof. Limits in these more difficult cases
can often be found with the help of series expansions. The series expansions that we shall use

are introduced in the next three sections of this chapter.
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Exercise 1A

1. Write down the missing values, indicated by * , in the following.

(a) Asx—)O,%ii—w . () Asx—)Z,}i—i—)*,
(c) Asx—)%—,ﬁ—)*, (d) Asx—>%+,taﬁx—>*.
2. Explain why Inx does not have a limiting value as x -0 .
3. Write down the values of the following limits.
@) 1i_)mgl+s),cinx > () }clg}linlrjlcx ’
4. Find the values of the following.
@ lm3l. ® lmots
© lim I @ I

5. Use a calculator to investigate the behaviour of x**' Inx as x » 0 . You will find it
difficult to guess from this investigation what happens as x — 0 . Later in this chapter, it
will be shown that the function tends to zero.
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1.3 Maclaurin’s series expansion

You will already be familiar with the binomial series expansion for (1+ x)" :

n(n—1) 24 n(n—1)(n-2) E

(1+x)" =1+nx+ o 3

+....

Many other functions, such as e* , In(1+x) , sinx and cosx can also be expressed as series in
ascending powers of x . Such expansions are called Maclaurin series.

The Maclaurin series for a function f(x) is given by:

" m r)
f(x) =£(0)+f'(0)x+ fz(?) . 3(,0) X’ +...+#x“ +er

where f' | £, f” ... denote the first, second, third, ... derivatives of f, respectively, and f"’
is the general derivative of order 7 .

To derive this, the following assumptions are made.

(1) The function f(x) can be expressed as a series of the form

f(x) = ay +ax+a,x* +a;x° +a,xt +..+ax +..

*

where a, , a, , a, , a; , a, , ...a, , ...are constants.

(i1) The series can be differentiated term by term.

(ii1) The function f(x) and all its derivatives existat x =0 .
Succesive differentiations of each side of the equation under (i) gives

f'(x) = a, + 2a,x +3a,x> +4a,x +... ,
f"(x) = 2a, +2x3a;x +3x4a,x* +...
f"(x)=2x3a;+2x3x4a,x+...

and, in general,

f(")(x)=2><3><...><(r—1)><rar+ termsin x , x°, x°....
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Putting x =0 in the expressions for f(x) and its derivatives, we see that

a, =1(0) , a, =f'(0)
.. -0 _£'(0)

2 2 21 7
37 2x3 31

and, in general,

Y f(r)(()) B f(r)(())
r1.23..(r=Dr 7!

Substituting these values into the series in (i) above gives the Maclaurin series of f(x) .

The statement that f(x) can be expressed as a Maclaurin series, subject to conditions (1) — (ii1)
above being satisfied, is often referred to as Maclaurin’s theorem.

The Maclaurin series has an interesting history. It is named in honour of Colin Maclaurin, a
notable Scottish mathematician. Born in 1698, he was a child prodigy who entered university
at the age of 11 and became a professor at the age of 19. He was personally acquainted with
Newton and made significant contributions to the development of Newton’s pioneering work in
Calculus. The series which bears Maclaurin’s name was not discovered by Maclaurin — a fact
that he readily acknowledged — but is a special case of a more general expansion called
Taylor’s series (see exercise 1B, question 6).

10
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Example 1.3.1

Use Maclaurin’s theorem to obtain the expansion of In (1+ x) as a series in ascending powers
of x .

In this case

f(x)=In(1+x) = f(0)=In1=0 .

Also,
f'(x)—lL:f'(O):l,
£'(x) = ——— = £"(0) =—1 ,
(1+x)°
m 2 "
f = =1"0)=2,
(%) RERSE 0)
@¢y___2x%3 (0 —
f'x)=—""——F=1"(0)=-2x3,
(1+x)*
£O) (x )_2X3X4 £6)(0) =2x3x4
(1+x)
and so on.

Substituting these values into the general form of the Maclaurin series gives

2 3 2x3 4 2x3x4 s
21 ?’“‘4!’C+ 51 % T
2 3 4 5
X X X X _
R B e S

In(l+x)=x—2

The general term of this series is most readily obtained by inspecting the first few terms. It is

b

(-2 where =1 gives the first term, 7 =2 gives the second term, » =3 gives the third
r

term, and so on. Hence

2 3 r
X X v X
In(l1+x)=x > +3 .t (=D PRk

where r can take the values 1, 2, 3... .

11
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Example 1.3.2

Obtain the Maclaurin series expansion of sin x .

In this case

f(x)=sinx=1(0)=0,

f'(x)=cosx=>f'(0)=1,
f"(x)=-sinx=f"(0)=0,
f"(x)=—cosx=>f"(0)=-1,
f@(x)=sinx=fY©0)=0,
fO(x)=cosx= O 0) =1,

and so on.

Substituting these values into the general form of the Maclaurin series gives

305
inx=x-X4+X _
SINX=X—Zy gy

By inspecting the first few terms of the series, the general term can be identified. It is

2r+1

r X
=D 2r+1)!

where r =0 gives the first term, » =1 gives the second term, » =3 gives the third term, and so
on. Hence

3 5 2r+l1
: R S 1y X
sinx = x 3!+5! (=1 @r D)

+ ...,

where r can take the values 0, 1, 2, ... .

The general term could also be expressed as

(_ l)r—l x2r—1
2r-D!°

but with this form » =1 gives the first term, » =2 gives the second term, » =3 gives the third
term and so on. The admissible values of » for this form of the general term are therefore
1,2,3,....

Whenever the general term of a series is given, the admissible values of r should be stated.

12
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Exercise 1B

1. Obtain the Maclaurin series expansion of ¢* , up to and including the term in x* . Write
down an expression for the general term of the series.

2. By replacing x by —x in the series expansion for e* , obtained in the previous question,
write down the Maclaurin series for ¢ , up to and including the term in x° . Show that the

general term is given by (—1)" % , where r=0,1,2 ... .

3. Use Maclaurin’s theorem to show that

2 4 6
xT X X
cosx=l-—T—+"—"+....

2141 6!

Write down an expression for the general term of the series.

4. Use Maclaurin’s theorem to show that

D S P S
1—-x

5. Use Maclaurin’s theorem to obtain the first three non-zero terms in the expansion of

X —X
f(x)=8*+€
(0=

Give the general term.

6. Suppose that f(x+a), where a is a constant, can be expanded as a series in ascending

powers of x. Suppose also that the series can be differentiated term by term and that f and all
its derivatives exist at x = a. By using a similar method to that used to derive the Maclaurin
series of f(x), show that

f”(a) 2 fm(a) 3
TR T

f(x+a)=f(a)+f'(a)x+ +..

[The above expansion of f(x+a) is called Taylor’s series. It is named after Brook Taylor, an
eminent English mathematician who was a close contemporary of Maclaurin. Maclaurin’s
series can be obtained immediately from Taylor’s series by putting a =0 . An application of
Taylor’s series will be found later in section 4.5].

13



/‘
AQ/.\/ GCE Further Mathematics (6370) Further Pure 3 (MFP3) Textbook

1.4 Range of validity of a series expansion

The Maclaurin series expansion of a function f(x) is not necessarily valid for all values of x .
A simple example will show this. Consider

S N N
l1-x
(see exercise 1B, question 4). For x =2 , the left-hand side of this equation has the value -1.

However, for x =2 , the right-hand side is 1+2+2% +2° + ... , which is clearly not equal to -1.
The above expansion is therefore not valid for x=2 .

To determine the values of x for which the expansion is valid is not too difficult in this case.
As you may have noticed already, the expansion is an infinite geometric series with the first
term 1 and common ratio x . The sum, S, (x) , of the first n terms is given by

_l_xn+1 3 1 xn+1

5, (x) = l-x 1-x 1-x'
H 1 S x}’H—l
ence, = n(x)+1_ .

For the expansion to be valid, S,(x) must have the same value as 1 in the limit when

n+l
n—> o . The requirement for this is that =

— 0 as n — oo, and this occurs only when

|x| <1. We conclude therefore that the Maclaurin series expansion of ﬁ is valid provided

|x| <l.
In general, suppose that the Maclaurin series of f(x) is given by
f(x)=S,(x)+R,(x) ,
where S, (x) is the sum of the first » terms of the series and R, (x) is the sum of all the

remaining terms. For a particular value of x , the series expansion will be valid provided that
R,(x)—>0asn—>o.

14
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In the case when
1
f(x) = .

it was fairly easy to show that

n+l

R,(x)=7—:

this enabled the values of x for which the series expansion of ﬁ is valid to be determined.

Usually, however, finding an expression for R, (x) is much more difficult and beyond the

scope of an A-level course. In what follows therefore, ranges of validity will be stated without
proof.

Use of series expansions in approximations

For values of x within the range of validity of a series expansion of a function, an

approximation to the value of the function can be obtained by using just the first few terms of

the series. For example, for the expansion of % discussed above, substitution of x =0.2
—Xx

into the series and using the first five terms gives

ﬁz1+0.2+0.04+0.008+0.0016:1.2496 .

Substituting x =0.2 into % , the exact value is found to be 1.25. The error in the

approximate value is therefore small, and it can be made smaller still by using more terms of
the series.

15
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1.5 The basic series expansions

The following expansions are considered basic ones from which others can be derived.

2 3 r

x _ X X by
e _1+x+2—!+§+...+r—!+... (r=0,1,2,..)
3 5 2r+1
. _ _.x_ x__ 1\ X _
sinx =x 3!+5! et (=1) (2r+1)!+'" (r=0,1,2,..)
2 4 2r
cosle—%+%—...+(—1)’ ()ZCr)'Jr"' (r=0,1,2,..)
ln(1+x):x—x—2+x—3— ey (r=1,2,3..)
53 P ,2,3 ...
(1+x)”:1+nx+@x2+...+(f)x’+... (r=0,1,2,..)

The first three of the above expansions are valid for all real values of x. The expansion of
In(1+x) is valid only when —1<x <1.

The expansion of (1+x)" is the binomial series and is valid for any real value of n when

—1<x<1 . However, when n is a positive integer, the series is finite, being a polynomial of
degree n; it is therefore valid for all real values of x in this case. One other special case,

worthy of mention, is that when x =1the binomial expansion is still valid if n > —% .

All the above basic series, together with ranges of values of x for which they are valid, are
given in the AQA formulae booklet.

It is important to appreciate that in the series expansions for sin x andcosx, x is a real
number, not an angle. However, if the values of these trigonometric functions are needed for
any particular real value of x, they can be found using a calculator set to radian mode. For
example, you will find that sin1=0.84147... .

The basic expansions are particularly useful in finding the Maclaurin series expansions of
other, related functions, such as In(1—2x)and e* cosx. This usually proves easier than using

Maclaurin’s theorem directly because finding the required derivatives can be troublesome. In
general, it is advisable to use Maclaurin’s theorem only when specifically requested to do so.
The examples which follow show how the basic expansions can be used.

16
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Example 1.5.1
Obtain the first three non-zero terms in the series expansions of

I
(1+2x)

(a) xsinx?, (b)

W —

In each case, give the range of values of x for which the expansion is valid.

(a) Using the series for sinx with x replaced by x° gives

xsinx? = x[x

e e )

3! 5!
7 11
— X X
=X =Tt e T

The expansion is valid for all values of x* and hence for all x.

1 _1
(b) —=1+2x) 3
(1+2x)3
_1._4
1 37 3 2
=1 3(2)c)—i- 5o (2x)" +...
_1-2,.82
=1 3x+9x +... .

The expansion is valid for —1<2x <1 , which gives 1. x< 1 .

2 2

17
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Example 1.5.2
(a) Expand In(1—2x) as a series in ascending powers of x, up to and including the term in x°.

(b) Determine the range of validity of this series.

(a) Replacing x by —2x in the series for In(1+x) gives

(=2%)° | (=2%)’
> + 3 —...

=-2x-2x° —%x3 —.

In(1-2x)=-2x—

(b) Since the series for In(1+ x) is valid for —1 < x <1, the series expansion above will be
valid when —1<-2x<1.

Now —1<—2x:>2x<1:>x<%, and —2xS1:>—1S2x:>—%Sx.

Hence the range of validity of the series expansion of In(l1—2x) is —% <x< 1 .

2
Example 1.5.3

Obtain the expansion of e* cosx up to, and including, the term in x°.

2 3 2
e* cosx = 1+x+)§—!+%+... (1—’5—!+..)

2 3 2

_ X X _X

= l+x+2 +6 +... [1 > +j
2 3 2 2

_ X X _x X

= 1+x+2 +6 +... > (1+x+2 +j
3

:1+x—%+... .

18
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Example 1.5.4

The function f(x) is defined by

1
f(x)=a(l+2x)2 —In(1+3x) ,

where a is a constant. When f(x) is expanded as a series in ascending powers of x, there is
no term in x.

(a) Find the value of a.

(b) Obtain the first two non-zero terms in the expansion.

(c) Determine the range of values of x for which the expansion of f(x) is valid.
(a) Using the standard expansions,

1.1
f(x)=a 1+%(2x)+2 220+ —(3x—%+...)

(a+ax——ax +.. ) (3x——+ )
1
2

=a+(a— 3)x+(%— )x +..

Since there isnotermin x, a=3 .

(b) Putting @ =3 in the above expansion,

f(x)=3+3x"+....

1
(¢) The expansion of (1+2x)? is valid for —1<2x <1 , which gives —% <x< % . The

expansion of In(1+3x) is valid for —1<3x <1, which gives _1 x < 1

3 7737
1
For the expansion of f(x) to be valid, the expansions of both (1+2x)? and In(1+3x)

must be valid. Hence the required range of validity is —% <x< ;

will also be within the interval —% <x< 1

5

Any x in this interval

19
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Exercise 1C

1. Use a calculator to evaluate cosl to six decimal places.

2. (a) Use a calculator to evaluate sin0.5 to four decimal places.
(b) Verify that using the first three terms of the series expansion for sinx with x =0.5

gives the same value to four decimal places.

3. Obtain the first three non-zero terms of the series expansions of

(@) SM2X L0y, (b) cos3x, (c) —F—,
* (1+2x)
1

d) =, (e) In(1+x+x%).
(S

W

4. Expand each of the following functions as series in ascending powers of x , up to and

including the term in x°.

In(1+x)

(@) In(1-x), (b) e*(1-2x)*, (c) e* +2sinx, (d) T3

5. For each of the series expansions in question 4, determine the range of values of x for
which the expansion is valid.
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1.6  Use of series expansions to find limits

In this section, we shall show by means of examples how series expansions can be used to find
limits.

Consider first the problem mentioned in section 1.2 of obtaining the limit, as x — 0,
of the function
f(x)=—X
( ) 1-+1-x.
Using the binomial expansion,

Jox=(1-x)2

1.1 r..1..3
_q1. 1 2 2 2.2 2 2 3
=1+—(-x)+ 5 (—x)" + 35 (—x)" +
Lt 1 2 1.3
1 2x 8x 16x+
Hence, f(x)= X
1—(1—1 S N
27 8 16
_ X
T 10,15
2x+8x +16x +
_ 1
1,1 1 2 ’
E‘Fg)&"i‘ﬁx +...

It can now be seen that when x — 0, all the terms in the denominator of the above expression,
except the first, tend to zero. Hence,

lim f(x) =

x—0

=2.

0= [ =

Notice that after simplifying the denominator in the expression for f (x), the common factor x

in the numerator and denominator was cancelled — this is a key step common to many
problems in which series expansions are used to determine limits. If common factors are not
cancelled, then as x — 0 both numerator and denominator will tend to zero giving the

indeterminate form %
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Example 1.6.1

. . 2sinx—sin2x
Find lim =2——>—==
x—0 COSX—COS2Xx

d
2sin x —sin2x _

COS X — COS 2x (l_xz+x4+...j—(1_(2x.)2 (ZX)“_”}

T, 15\ [y 45,45
=(2x 3x +60x ) (2x X +—x )

2 4
x° X 2,2 4

_ x* + terms in x° and higher powers

3% 4 terms in x* and higher powers

2
_ X+ terms in x> and higher powers
%Jr terms in x* and higher powers
As x — 0, the numerator tends to zero and the denominator tends to % Hence,

. 2sinx-sin2x 0
lim =2—= 2> == = 3 =0.
x—0 COSX—COS2Xx 3
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Example 1.6.2

(a) Find the first three non-zero terms in the expansion of as a series in ascending

X
1n(l+x)

powers of x.

(b) Hence find lim|————1|.
=0\ In(1+x) x

(a) X — X
In(1+x) X
_7_"_7_
2 3
_ 1
- 2
XX
1=5+3

111 x
®) 1n(1+x)‘}‘x[1n(1+x) lj

—>l asx — 0.

2

It is interesting to note that when x — 0+, I

———— —>owand l—>oo. Also, when
1n(1+x) X

1

x>0 ln(1+x)

— —o0 and % — —oo. This example shows that, in both cases, the

1 and 1 tends to the finite value l

difference between ———
In (1 + x) X 2
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Exercise 1D

1. Use series expansions to determine the following limits:

. e' -1 . sin3x . x2 . xln(1+x)
@) )lcli% x (b) )1(12% x ©) )lclil?)l—cost’ () )1(12% l—cosx
. 1 2 1.3
2. (a) Show that ln(1+s1nx):x—§x X

ln(1+sinx)—x

(b) Hence find lim 5

x—0 X

3. Find lim Y2+x V2

x—0 X

xIn2

4. (a) By using the identity 2* =e™"*, obtain the first three terms in the expansion of 2% as a

series in ascending powers of x. Give the coefficients of x and x° in terms of In 2.
2" -1

31

(b) Find lim
x—0

5. Find lim [(x2+3x)%—x}.

X—>0
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1.7 Two important limits

Two interesting limits are introduced in this section. They are of some importance because
they occur quite frequently in applications of mathematics.

e The limit of x¥e™ as x —> o0

X

Consider first the function x’¢™*. When x becomes very large, x* becomes very large and e

becomes very small. It is not immediately obvious what will happen to the product x*¢™*, but

if its behaviour is investigated numerically using a calculator it will be seen that x’e™™ is very

small for large values of x. Evidently, therefore, the effect of ¢ in making x?¢™* smaller is
stronger than the effect of x* making it larger. This is a particular case of the following general
result:

k

when x > o, x"e™ — 0 for any real number &

To prove this, note first that when k =0 and x # 0 the expression x‘e¢™ becomes simply ¢,

which tends to zero as x — . The result therefore holds in this case. Also, when k£ <0, both

x* and e™ tend to zero as x — o so the product x*¢™* must also tend to zero. Therefore the

result holds in this case too.

Now suppose that £ > 0. Let n be an integer such that n > k. Using the series expansion for

X

<,
k
xkefx:.x_x
e
_ x*
- n n+l n+2
lHx+5 4.+ 42 X
2! (1) (n+2)!
B xk—n
- 2-n 2
x”+x1‘”+x—'+...+l‘+ R S —
2! n! " (n+1)! (n+2)!

But n >k, so k—n is negative. Hence, when x — o, ¥ = 0. In the denominator of the
expression above, all the terms are positive and all those after the # term tend to infinity as

x —>oo. Hence, when x — o the denominator of the expression tends to infinity. It follows,
therefore, that
e 59
o0

Note that no matter how large the number & may be, x‘¢™ — 0 as x — . For large values of
x, the influence of e is therefore stronger than any power of x.
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e The limit of x*Inx as x — 0

Consider the function x* Inx where k£ > 0. Here x must be restricted to positive values
because otherwise In x is not defined.

When x — 0, x* — 0 but Inx — —oo. Therefore, it is not obvious what happens to the product

x* Inx as x = 0. It will be proved that:

when x >0, x*Inx— 0 forall k>0

_y
Let x=¢ . Thenwhen y >, x—0. Also x* =¢™ and lnx:—%. Hence,

. k _ _l -y
)lgré(x lnx) }1330( ke j

:—%lim (y e_y).

y—®
Using the limit established for x*¢™ with k£ =1 (and x replaced by y, of course),
lim (ye ™) =0.

y—>0

Hence, lim (xk In x) =0, as required.
x—0

Note that for small values of x, x* Inx will be negative because Inx <0 for 0 < x <1. Hence
the limit zero is approached through negative values. The result can therefore be expressed
more fully as:

**Inx—>0— when x — 0+ (k>0)

Note that as x approaches zero, the effect of Inx making x* Inx large and negative is weaker
than the effect of x* making the product x* In x smaller, no matter how small & may be.

Example 1.7.1

Show that lim (x2 efzx) =0.

X—>0

Put 2x =y. Then x — o corresponds to y — . Hence,
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2
. 2 2x\ _ 1 Y -~y
i (1)< i

= Liim (y2 e*y)

4y

Example 1.7.2

Find lim | (1+x)° 1] Inx, where x>0,

x—0

[(1+x)2 —l}lnx=(2x+x2)lnx
=2xInx+x*Inx.

When x =0, xIlnx—0andx’lnx— 0. Hence,

tim| (1+x)°~1]nx=o0.

x—0

Example 1.7.3
(a) Express x* in the form e“, where x > 0.

(b) Hence show that x* —1asx — 0.

(a) Let x* =¢“. Then
Inx* =Ilne”
=xlhx=a.

Therefore x* =e*™*.

(b) When x =0, xInx—0. Hence,as x>0, x* —e’=1.
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Exercise 1E
1. Find the following limits.

3
(@ lim X ) lim <, (o) lim [(1+x)3—1Je_x, d) lim x'%",
X—>0 e X—>0 e

X—>0 X—>—00

. . 2 .
(e) )1613(1) xIn2x, (f) lim xln(x+x ), (g) xhgl_(l—x)lﬂ(l—x).

x—0+

2. By setting x =¢”, show that thX — 0 asx — oo.

3. The function f is defined by

f(x) = ——1

—_ 0.
X (1+lnx) x>

Show that f(x) > —o0 asx — 0.

4. (a) Show that the curve with equation y =xe " has a stationary point at (1, e )
(b) Sketch the curve.

5. (a) Show that the curve with equation y = xInx, where x > 0, has a stationary point at

()

(b) Sketch the curve.
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1.8 Improper integrals

Consider the integral /, = I " I 5 dx. This gives the area 4 of the region R in the first
01+x
quadrant enclosed by the curve y = 1%, the x-axis and the y-axis. The region R; is shown in
+Xx
the diagram below.
y
1
Ry
(0] X

However, because the upper limit of the integral is infinite, R; is unbounded and it is not clear
that 4 will have a finite value.

To investigate this, the upper limit of /; is replaced by ¢. Then

|
I = dx
! j01+x2

-1 c
z[tan x}
0
-1
=tan c.

Now let ¢ — o and it can be seen that 7, —)% because tan™' ¢ — % The area 4 of the region

z

R, is therefore finite having the value >
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4
Consider next the integral /7, = I Ll dx. This gives the area of the region R, enclosed by the
0 y2

curve y = %, the x-axis, the y-axis and the ordinate x =4. The region R, is shown in the
x2
diagram below. y

Ry

0 4 b

However, R; is also an unbounded region because y — o as x — 0. To determine whether or
not the area of R; is finite, first replace the lower limit by ¢. Then

12=L4L;dx

X

|4
]

=4-2c2.

Now let ¢ = 0 and it can be seen that /, — 4. The area of R; is therefore equal to 4.

N |—

The two integrals /; and /, are special cases of what are called improper integrals. The formal
definition is as follows.

The integral Ibf (x) dx is said to be improper if

(1) the interval of integration is infinite,
or (2) f(x) is not defined at one or both of the end points x = a and x = b,

or 3)f (x) is not defined at one or more interior points of the interval a <x<b.

In this chapter, only improper integrals of types (1) and (2) will be considered.
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The integral 7, above is of type (1) because the interval of integration is infinite. The integral 7,

is of type (2) because Ll is not defined at x =0.
¥2

The integrals /; and I, were evaluated by finding appropriate limits and a similar procedure is
used for all improper integrals. However, in some cases it will be found that no limit exists. In
such cases, it is said that the integral is divergent or does not exist.

Exercise 1F

1. Explain why each of the following integrals is improper.

1 1 1
@[ 1+1x2 ar, b [ 1;“‘ @ © ][ J117dx'

Example 1.8.1

Show that none of the following integrals exists.

(a)lzj}dx, ) J=[ —Lod (0 K= cosxdr

0 (l—x)2

(a) Replacing the upper limit in / by ¢ gives j % dx =[In x]lc =Inc. When
I
¢ — o, Inc— o and therefore / does not exist.

[Remember that oo does not qualify as a limiting value because limiting values must be
finite. Read the definition given in Section 1.1 again.]

(b) The integral J is improper because is not defined at x =1. Consider therefore

l—x)2

c_ 1 N S O A
Jo (l_x)de— [l—xl 1—c+1'

When ¢ — 1, ﬁ — oo, Therefore the integral J does not exist.

(¢) Consider j:cosx dx = [sin x] :) =sinc. When ¢ — o, sinc oscillates between —1 and

+1. Hence there is no limiting value and K does not exist.
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Example 1.8.2
(a) Explain why L)exln x dx is an improper integral.

(b) Show that the integral exists and find its value.

(a) The integral is improper because xInx is not defined at x = 0.

(b) Let/= J.i:xln x dx. Integrating by parts,

Lo Tl L
I—[zx lnxl Iczx xxdx

| v 1 »

=48 —5¢ lnc+Zc .
When ¢ — 0, ¢?Inc— 0 and ¢* - 0. Hence the given integral exists and its value
is %ez.

Exercise 1G

1. (a) Show that one of the following integrals exists and that the other does not:

©q "
— dx, — dx.
L x3 0x3

(b) Evaluate the one that does exist.

2. Evaluate the following improper integrals, showing in each case the limiting process used.

! 1 * 1 @© -x
dx, b dxa dx’
(a) IO m ( ) J.O (]+x)2 (C) J‘O X €
(d) LD (4 lx 7 dx, (e) j; x* Inx dx, %) jg In x dx.

3. (a) Explain why each of the following integrals is improper:

. 1 .. 1 X
(i) Joﬁdx, (i) jo o dr

(b) Show that neither integral exists.
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Miscellaneous exercises 1

1. Use Maclaurin’s theorem to show that

tan(x+%):1+2x+2x2+... .

2. Explain why Inx cannot have a Maclaurin expansion.

3. Use Maclaurin’s theorem to show that

(1+x)" =1+nx+n(’;!_l)x2+n(n_2!(n_2)x3+

1
4. (a) Expand (I1+2x)2sinx as a series in ascending powers of x, up to and including the

term in x°.

(b) Determine the range of values of x for which the expansion is valid.

5. (a) Obtain the first two non-zero terms in the expansion of
&> +In(1-3x).

(b) Determine the range of values of x for which the expansion is valid.

6. (a) Obtain the first three non-zero terms in the expansions in ascending powers of x of
(i) x%e*, (ii) cos2x.

2 x
Hence find lim —~° .
(b) Hence find xli% cos2x—1

[AQA, 1999]
7. By means of the substitution x = y +3, or otherwise, evaluate
) (4 - x) -1
lim YV——.
x—3 (1 + x) -2
[JMB, 1984]

33



/‘
AQ/.\/ GCE Further Mathematics (6370) Further Pure 3 (MFP3) Textbook

8. (a) Find lim|1-—1— |Inx.
(1+x)

x—0

(b) Find lim *=<_.
X—>0 x —¢e

9. The function fis defined

Show that f(x)— -0 as x — .

10.(a) Use integration by parts to evaluate

1
I In x dx, a>0.

1
(b) Explain why I In xdx is an improper integral. Determine whether the integral exists or
0

not, giving a reason for your answer.
[NEAB, 1995]

cos x—1

11. (a) Use the expansion of cosx—1 to obtain the expansion of e in a series in

ascending powers of x, up to and including the term in x*.

Cos x

2

(b) Evaluate lim &
x—=0 X

[JMB, 1988]

12 (a) Write down the value of lim =——.
xow 2X+1

(b) Evaluate

12
_[ | ( x 2x+1 ) dr
giving your answer in the form In k&, where £ is a constant to be determined.

Explain why this is an improper integral.
[NEAB, 1997]
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13.  The function fis defined by

1
f(x)=(1+x)2, —1£x<%.

1-3x

(a) Expand f (x) as a series in ascending powers of x, up to and including the term in x>.

(b) By expressing ln[f(x)] in terms of ln(1+x) and 1n(1—3x), expand ln[f(x)} as a
series in ascending powers of x, up to and including the term in x°.
(©) Find Tim )1
¢) Find lim ——.
=0 In[ f(x) ]

[NEAB, 1998]

14. Show that one of the following integrals exists and that the other does not. Evaluate the
one that exists, showing the limiting process used.

(a) I=J.01%1nxdx (b) J:J-Ol%lnxdx

[JMB, 1990]

15. A curve C has the equation
y=x%e".

(a) Show that C has stationary points at the origin and at the point (2, 4e )

(b) Sketch C, indicating the asymptote clearly.

(c) The area of the region in the first quadrant bounded by C, the positive x-axis and the
ordinate x =a is 4.

(i) Show that 4=2—-2e % —2ae ™ —a’e ™.

(i1) Hence obtain the area of the whole of the region in the first quadrant bounded
by C and the positive x-axis.
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16. (a) (i) Expand (1 +x+x7 )2 as a series in ascending powers of x, up to and including

the term in x°.

(i1) Hence, or otherwise, show that

(1—x+x2); =1—%x+%x2 +ee

=

1+x+x2) -1
(b) Find Ilim

xao(l—x+x2) —1.

N —

1
(¢) (1) Express (%+%+ 1)2 in the form
X

1 l
—(1 +x+x° )2 ,
P
where p is a number to be determined.

1 1
. . . 1 1 2 1 1 2
F 1 —+—=+1| | 5——=+1| |
(i1) Find lim (xz +x+ j (xz x+ j

[AQA, 1999]

17. (a) (i) Obtain, in simplified form, the first three non-zero terms in the expansions
in ascending powers of x of each of

sin2x and 1—¢™*.

(i) Hence show that lim Sin2x _ 2.
x>0 1—¢”
(b) (1) Show that the expansion of sinl 7 in ascending powers of x begins with
the terms
1,1 7 .3
PREERTER
(i1) Find the first three non-zero terms in the expansion of " 1 — in ascending
—e
powers of x.
(iii) Hence find lim ( I ]
-0\ sin2x 11—~

[AQA, 2001]
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Chapter 2: Polar Coordinates

2.1

2.2

23

24

2.5

2.6

Cartesian and polar frames of reference

Restrictions on the values of &

The relationship between Cartesian and polar coordinates
Representation of curves in polar form

Curve sketching

The area bounded by a polar curve

This chapter introduces polar coordinates. When you have completed it, you will:

know what is meant by polar coordinates;

know how polar coordinates are related to Cartesian coordinates;

know that equations of curves can be expressed in terms of polar coordinates;
be able to sketch curves of equations given in polar form,;

be able to find areas by integration using polar coordinates.
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2.1 Cartesian and polar frames of reference

You should already be familiar with the use of rectangular Cartesian coordinate axes as a frame
of reference for labelling points in a plane and for investigating the properties of curves given
in Cartesian form. When fixed axes Ox and Oy have been chosen, the position of any point P
in the plane Oxy can be specified by its coordinates (x, y) relative to those axes.

This is not the only way in which points in a plane may be labelled. Let O be a fixed point and
OL a fixed line in the plane. For any point P, let the distance of P from O be r and the angle
that OP makes with OL be 6. P

0 L

Then r and @ are called the polar coordinates of P: when their values are known, the position
of P is also known.

The point O is called the pole and OL is called the initial line.

The angle @ is measured in radians. Positive values of 8
correspond to an anticlockwise rotation from OL, and negative
values to a clockwise rotation. The plane containing OL and OP is
called the @ plane.

Note that » > 0 because 7 is defined here as the distance of P from O, which is necessarily
non-negative. In some textbooks, » is defined in such a way that negative values are
permissible.

Example 2.1.1

Draw a diagram which shows the points 4 and B with polar coordinates (2, 45—71) and (3, —%),

respectively.

B!D
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Exercise 2A
1. Show on a diagram the points 4, B, C and D which have polar coordinates (1, %), (2, 0) ,

3 sn -
(3, ) ) and (3, ) ), respectively.

2. The points 4 and B have polar coordinates (2, %) and (3, —%), respectively.

(a) Find the angle between OA and OB, where O is the pole.

(b) Use the cosine rule to find the distance between A and B.

3. Sketch the regions of the —@ plane for which (a) 1<r<2, (b) —% <0< %

2.2  Restrictions on the values of &

In answering Question 1 in Exercise 2A you will have noticed that C and D are the same point
even though they have different polar coordinates.

To ensure that each point in a plane, other than the pole O, has one and only one pair of polar
coordinates, the values that & can take will sometimes be restricted to the interval —-t <8 <=
or 0<8<2n. The pole is an exceptional point: it is defined by » =0 without reference to 6.
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2.3  The relationship between Cartesian and polar coordinates

The diagram below shows the Cartesian coordinate axes Ox and Oy together with a polar
coordinate system in which O is the pole and Ox is the inital line.

y A
» P

Ly

N
>

0 X X

When the two systems are superimposed in this way, there are simple relationships between the
Cartesian and polar coordinates of P. It can be seen from the diagram that

x=rcosfd, y=rsind

rr=x"+y% tanH:%

The first two of these relationships hold for all values of &, always giving the correct signs for

x and y. For example, the point 4 with polar coordinates (2, 2%[) will lie in the second

quadrant as shown in the diagram below.

y A
The Cartesian coordinates are A i
o \2
x:2c0s2Tn:—l, \/g !
2 i x
A in 2T _ i 3

y=2sin 3 V3. i \ N
1 0 X

Exercise 2B

1. The points 4 and B have polar coordinates (3, %) and (4, —%), respectively.
(a) Show that 4B =35.
(b) Find the Cartesian coordinates of 4 and B.

(c) Use the Cartesian coordinates of 4 and B to verify that AB =5.

2. Find the polar coordinates of the points with Cartesian coordinates

@ (2,2), () 1,+3), (© (3,4

3. The points 4 and B have polar coordinates (\/g , %) and (1, —%), respectively. Show that

AB is perpendicular to the initial line, and find the length of 45.
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2.4 Representation of curves in polar form

If a point P with Cartesian coordinates (x, y) moves on a circle of radius @ and centre C (a, 0),
then, for all positions of P,

(x—a)’+y*=a’.
This is the Cartesian equation of the circle.

y)\

Now let P have polar coordinates (7, 6), as shown in the diagram above. The circle cuts the
positive x-axis at the point 4 (2a, 0). Hence, from the triangle OAP,

r=2acosd.

This is called the polar equation of the circle. Note that the equation is valid for negative
values of @ because cos(—6) = cos8.

There are many examples of curves whose properties are more easily investigated using a polar

equation rather than a Cartesian equation. The following two, particularly simple, cases of

polar equations should be noted:

o the equation » = a represents a circle centred at O and of radius a;

0 the equation @ = a represents a semi-infinite straight line O4 radiating from the origin and
making an angle of « with the initial line OL.

These loci are shown in the diagrams below.
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Exercise 2C

1. Use a method similar to that used at the beginning of Section 2.4 to find the polar equation

of the circle of radius a whose centre has polar coordinates (a, %)

2. Use the relationships between Cartesian and polar coordinates, given in Section 2.3, to
obtain the polar equation of the circle with Cartesian equation

(x—at)2 +y’ =a’.

3. Find the polar equation of the straight line which is perpendicular to the initial line and at a
perpendicular distance a from the pole.
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2.5 Curve sketching

In general, an equation connecting » and & represents a curve. To discover the shape of the
curve, values of » for convenient values of € can be tabulated to give the polar coordinates of a
number of points on the curve. Plotting these points and joining them up will give a good
indication of the shape of the curve, but it may be necessary to investigate a little further to
determine the shape near some points with more certainty. The following considerations will
often prove helpful.

1. There may be some symmetry. For example, if 7 can be expressed as a function of cosé
only, the curve will be symmetrical about the initial line 8 =0 because cos(—6@) = cosd.

Also, if r can be expressed as a function of sin@ only, the curve will be symmetrical about

the line 6 = % because sin(m—6&) =sin6.

2. If r >0 as 6 — «, then the line 8 = will be a tangent to the curve at the pole O.

3. Negative values of r are not allowed. If values of & in the interval a <0 < f give r <0,
then there is no curve in the region o <6 < f.

Example 2.5.1

3n

L <9<
0’ 0<0<L2m.

Sketch the curve with polar equation » =

This is a relatively easy curve to sketch. It can be seen that » decreases steadily as @ increases
from 0 to 2w. Also, when €@ =0, =3 and when 8 =2=n, r =1. The curve must therefore be

roughly as shown in the diagram below.

r decreases

Point A has polar coordinates (3, 0). as 0 increases

Point B has polar coordinates (1, 27).

L
To obtain a more accurate 3
sketch, a few more values o 0 g T 77‘5 27
of r are needed.
The values shown are sufficient r 3 2 L5 1.2 1

in this case.

Plotting the five points with the
coordinates given in the table above
gives the curve shown in this diagram.

OJB(I,%I) 43,00 L
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Example 2.5.2

Sketch the curve r =acos26, where a>0and —-t<@ <.

Note first that, because cos(—26) = cos 26, the curve will be symmetrical about the initial line.
Therefore it is sufficient to tabulate values of » for 0 <6 <.

ol o | 2|z | = | = |5 = | Tn|2n | 3¢ | S |llm| o
12 6 4 3 12 2 12 3 4 6 12

r| a a3 | a 0 |-ve|-—ve|-ve|l-ve|-ve| 0 | £ a3 a
2 2 2 2

Because » <0 when %< o< %, there is no curve in this region. Plotting the points and

joining them up gives the curve shown in the diagram below.

n
2
3n n
st 4 4 L4
6 6
1n T
12 12
i 0
0]

The complete curve can now be obtained by reflecting this curve in the initial line. This is
shown in the diagram below.

The curve consists of two equal loops. Note that the curve is also symmetrical about the line
0= % This could have been deduced from 7 = acos 26 by expressing it as 7 = a(1—-2sin> 9).

As mentioned earlier, if 7 can be expressed as a function of siné& only, the curve is symmetrical

about the line 8 = % Note also, from r = acos26, that when 6 — i% or + %, r — 0. This

indicates that the lines 6 = i% and 6= i%[ are tangents to the curve at the pole, as confirmed

by the diagram.

44



/‘
AQ/.\/ GCE Further Mathematics (6370) Further Pure 3 (MFP3) Textbook

Exercise 2D

1. A curve has the polar equation

r:1+%, 0<6<A4nm.

(a) Make a rough sketch of the curve by considering how 7 varies as € increases from
0 to 4.

(b) Tabulate the values of » for € =0, %, T, ..., 4n. Hence make a more accurate sketch of

the curve.

2. A curve has the polar equation

r=2+cosf, where —n<6f <.

(a) Tabulate the values of » for =0, %, L T 2% O and 7.

(b) Sketch the curve.

3. (a) Sketch the curve with the polar equation
r=1-siné, —n<f <.

(b) State the polar equation of the tangent to the curve at the pole.

4. A curve C has the polar equation

r=asin26, where a >0 and —n<f <.

(a) Show that there is no part of C in the regions % <@ <mand —% <6 <0.

(b) Sketch the curve.

5. (a) Sketch the curve with the polar equation
r =2sin 30, —n<f <.

(b) Give the polar equations of the tangents to the curve at the pole.

6. Sketch the curve with the polar equation

1
lg
r=e4 0<@<2m.
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2.6 The area bounded by a polar curve
Consider the curve
r=1(0), a<f<p.

Suppose that 7 >0 throughout the interval & <6 < . Let P and Q be the points on the curve
at which @ =« and € = [, respectively.

o

A formula for the area 4 bounded by the sector OPQ can be found as follows.

Consider an elementary sector ORS, as shown in the diagram above, where R(r, 6) and
S(r+or, 8+ 60) are neighbouring points on the curve. The area, 0 4, of this elementary

sector is approximately the same as that of a circular sector of radius 7 and angle 60, i.e.
A~ 21°50.

This approximation will become increasingly accurate as 66 — 0. Forming the sum of the
areas of all such elementary sectors between 8 =« and 6 = 3, the total area, 4, of the sector

OPQ is given by

. 0= 1 ,
A= lim =r- 0.
560 O=a 2

Hence,

s
1 2
A=\ =r-do

When applying this formula, it is important to remember that » must be defined and be
non-negative throughout the interval a < < .
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Example 2.6.1

Find the total area of the two loops of the curve » = acos26, where a >0 and —-t<6f <.

The sketch of the curve was obtained earlier. For convenience, it is repeated here.

The two loops are reflections of each other in the line & :% and the right-hand loop lies in the

region —— <6< % Hence the total area bounded by the two loops will be given by

SNE!

19

Azzxj.z%az cos’260d6

1

= azj. 4%(l +cos46)do

Exercise 2E

1. Explain why it would be wrong to calculate the area of the curve in Example 2.6.1
by evaluating

T

I %az cos’26d6.

2. (a) Write down the polar equation of a circle of radius a with centre at the pole O.

B
(b) Use the formula 4 = J %rz d@ to show that the area of the circle is na’.
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Example 2.6.2

A curve is given in Cartesian form by the equation x> + 32 —2x = (x> + 12)°.
(a) Show that the polar equation of this curve is » =1+2cos@, where -t <6 <.

(b) Show that, at the pole, the curve is tangential to the lines 6 = iZ?n.

(c) Sketch the curve.

33

(d) Show that the area enclosed by the curve is 27:+T3.

Substituting x* + y* =7 and x = rcosé into x* + y*> —2x = (x> + yz)% gives
r’—2rcos@=r.
Hence, r =0 or »r=1+2cosé.

The equation » =0 simply shows that the pole O lies on the curve. Because no

restrictions were placed on x or y, € can take all values in an interval of length 2. The
equation of the curve is therefore, as stated, » =1+ 2cosd, where -1 <8 <.

(b)l When r — 0, cos@ —> —l. Hence 0 — +2_n. The lines 8 = iZTn are therefore tangents

2 — 3
to the curve at the pole.

(¢)| Because ris a function of cos@, the curve is symmetrical about the initial line. It is
sufficient therefore to tabulate values in the interval 0 <6 <.

i T T 21 Sn
2 0 6 3 2 3 6 T
r 3 2.73 2 1 0 —ve —ve
The table shows that there is
no curve in the region g=2n
ZTR <0< 3
Plotting these points, 0 3 I3

and remembering that
the curve is symmetrical

about the initial line, the 2n

) 0=—=-
curve shown here is 3
obtained.
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For all values of @ in the interval 0 <@ < 2?“, r > 0. Hence, the area enclosed by the

curve is
21

3
4 =2j 1(1+2c0s0)*do
0
2n

3
:I (1+4cos@+4cos’ 6)dé
0

2n

= [ “{1+4c0s0+ 201+ cos 20)} d6
0

2n

_[30+4sin0+sin20] *

(0] 6 |

2 2

:2n+%\/§.

Exercise 2F

1. (a) Sketch the curve with polar equation » =86, 0<f<m
(b) Find the area of the region bounded by the curve and the line € = x.

1
2. (a) Sketch the curve with polar equation r = 649, 0<f<m

(b) Find the area of the region bounded by the curve and the lines § =0 and 8 = =.

For the next three problems, you will need to recall some of the curves you obtained in
Exercise 2D.

3. Find the area of the region enclosed by the curve with the polar equation

r=2+cos0, —n<fd <.

4. Find the area enclosed by each of the loops of the curve with the polar equation

r=asin26, where a >0 and —n<f < 7.

5. (a) Sketch, on the same diagram, the curve with the polar equation
r=1-siné, —n<f<m
and the circle r = %
(b) Find the polar coordinates of the points where the two curves intersect.

(c) Find the total area of the region which lies inside both curves.
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Miscellaneous exercises 2
1. The diagram shows a sketch of the curve whose polar equation is

1
r=0 2, 0<6<2m.

o Initial line

Show that the area enclosed between the curve and the lines € =« and 8 = 2«a, where
0 < a < m, is independent of .
[AQA 1999]

2. A line / and a curve C have polar equations
2

—_ s <
" 1+sing’ 0<f<m,

rsinf =2,

respectively.

(a) Sketch / and C on the same diagram.

(b) The point P, with polar coordinates (a, ¢), lies on C and O is the pole. The foot of the
perpendicular from P onto / is N. Show that OP = PN.
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3. In terms of polar coordinates (r,8), the equation of a curve C is
r=tan26 OSH<%.

(a) Write down expressions in terms of & for the Cartesian coordinates (x, y) of a general

point on C.

(b) y

AP

1
I
1
I
- !
1
I
1
1
1

0, 0 X

The diagram shows a sketch of part of the curve C. The point P lies on the curve and is
such that ZPOQ = %, where Q is the foot of the perpendicular from P to the x-axis.
(1) Find the exact value of the area of the triangle OPQ.

(i1)) Show that the area of the shaded region bounded by OQ, PQ and the arc of the
curve between O and P is

.3

12 8 °
[NEAB 1997]
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4. The diagram shows a sketch of the curve y* =4(1-x).
Y

(a) Show that the area of region R bounded by the axes and the curve is % .

(b) (i) Show that the equation of the curve can be expressed as
x* +y? :(2—x)2.

(i) Hence, obtain the polar equation of the above curve in the form r =f (6’)

(c) Hence, or otherwise, show that
|

j 7 do 2
0 (1 +cos@ )2 3
[AQA 2000]

5. The curve Cj is given in polar coordinates, with origin O, by the equation
r=a(l+cosb), —n<f<m.

(a) Sketch the curve.

(b) A straight line through O meets C; at the points 4 and B, and M is the mid point of 4B.
The line makes an angle ¢ with the initial line & =0 and ¢ varies between —%n and

e

(1) Prove that 4B is of constant length.

(i1) Show that the locus of M is the curve C, whose equation is

1 1
< <
7 aCOSt9 ) 27[_0_271:.

(iii) Sketch the curve C; on the same diagram as the curve Cj.

(c) Given that S; is the area of the region enclosed by C; and that S, is the area of the region
enclosed by C;, show that S| =6.5,.

[JMB 1989]
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6. The Cartesian equation of a curve C'is
2 2\ 2
(x +y ) =2a’xy,

where a is a positive constant.

(a) Show that the equation of C can be expressed in polar coordinates as

7 =a+/sind.

(b) (1) Write down the ranges of values of € in the interval —n <@ < 1 for which no
part of C exists, giving a reason for your answer.

(i) Write down the polar coordinates of the points on C which are furthest from
the origin.

(iii) Sketch C.

(c) Find the area A of that part of the interior of C which lies in the region 0 <8 < %n.
(d) The line 8 = B, where 0< g < %n, divides A4 into two parts which are in the ratio 1:3.

Find the value of f.
[NEAB 1998]
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Chapter 3: Introduction to Differential Equations

3.1 The concept of a differential equation: order and linearity

3.2 Families of solutions, general solutions and particular solutions

3.3 Analytical solution of first order linear differential equations: integrating factors
3.4 Complementary functions and particular integrals

3.5 Transformations of non-linear differential equations to linear form

This is the first of three chapters on differential equations. When you have completed it,
you will:

¢ have been reminded of the basic concept of a differential equation;

¢ have been reminded of the method of separation of variables;

e have been reminded of the growth and decay equations;

e understand the terms order, linearity, families of solutions, general solutions, particular
solutions, boundary conditions, end conditions and initial conditions;

e know how to solve first order linear differential equations using an integrating factor;

e know how to solve first order linear differential equations with constant coefficients by
finding a complementary function and a particular integral;

e know how some first order non-linear differential equations can be solved by transforming
them to linear form.
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3.1 The concept of a differential equation: order and linearity

There are numerous applications of differential equations in modelling real world phenomena,
especially in science and engineering. In this chapter, and those that follow, some of the
simpler types of differential equations that occur will be introduced. Two distinct types of
method for solving differential equations will be considered:

o analytical methods, in which exact solutions of explicit mathematical forms are found;

o numerical methods, which give approximate solutions to differential equations that cannot
be solved using analytical methods.

You will already be familiar with the basic concept of a differential equation — it is one which
involves the derivatives of a function. The function will usually be denoted by y(x).

Particular examples are:

% =2x+1 % =2xy
d_y _Y_,2 d_y _ 2 2
dr x YT
dz_y+ =0 <12_y+3d_y+2 =sinx
o 4 de o TTERE
When only the first order derivative, %, is involved (as in the first four examples above), the

. : L oty
differential equation is said to be of first order. When the second order derivative, dx_J;’ is
involved (as in the last two examples), the differential equation is said to be of second order.

Differential equations of order 3, 4, ... are defined similarly.

A differential equation is said to be linear if it is linear in the dependent variable y and the
derivatives of y. The fourth example above contains contains two non-linear terms,

y% and y*, and is therefore non-linear. All the other examples are linear.

Linearity can also be defined in another way: a differential equation is linear if the highest
order derivative of the dependent variable y can be expressed as a linear function of y and the

lower order derivatives. Hence, for a second order differential equation to be linear it must be
2

possible to express jx—J; in the form
d? d
&) () +e()r+h(x) L,

where f, g and h are functions of x only.
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Exercise 3A

1. Write down the order of each of these differential equations.

[ &y dv

(a) xdx+y—x. (b) dx2+dx+y—0.
2

dy 3 3 dy _

(©) i +y. (d) x(dxj +y=1.

2. State which of the differential equations in Question 1 are linear.
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3.2  Families of solutions, general solutions and particular solutions

Solving a differential equation is quite different to solving an algebraic equation. Finding the
solution means finding the function y(x) which satisfies the differential equation.

The differential equations % =2x+1and % = 2xy, listed in Section 3.1, are types that you

should recognise from earlier studies and you will be familiar with the methods of solving
them.

The first is solved by simply integrating each side with respect to x. This gives
y= x> +x+C,
where C is an arbitrary constant.

The second equation can be solved by the method of separation of variables. The differential
equation can be rewritten as

j%szxdx.

Performing the integrations gives
In | y| =x*+C,

where C is an arbitrary constant. Hence,

where, for convenience, +e¢ has been rewritten as the arbitrary constant A.

The set of all possible solutions of a differential equation is said to form a family of solutions.

Particular members of the family of solutions of the differential equation % =2x+1 are
y=x>+x-1,
5 y
y=x"+x,
y= X +x+1.
These are obtained by taking C=-1, 0 and |,
respectively, in the solution obtained above. The
diagram alongside shows how the graphs of these
three members of the family of solutions are 1
related to each other — they differ only by a simple
translation of 1 unit in the y-direction.
0
X
-1
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Solutions that involve arbitrary constants are called general solutions because they represent
the whole family of possible solutions. A solution which satisfies the differential equation but
contains no arbitrary constants is called a particular solution. General solutions of first order
differential equations always contain exactly one arbitrary constant, as will be seen in the cases
dealt with in this chapter.

For the differential equation % = 2xy, the general solution, as shown above, is y = Ae* .

Examples of particular solutions are y = e* and y= 2e" , obtained by taking 4=1and 4 =2,
respectively.

In most of the applications of differential equations, a particular solution valid over some
specified interval, such as 0 <x <1 orx >0, is required. The required solution of a first order
differential equation is often chosen in order to satisfy a given condition at an end point of an
interval under consideration. For example, if the interval under consideration is x >0, the

given condition might be y (O) =2.

It will be shown later that general solutions of second order linear differential equations contain
two arbitrary constants and therefore two conditions need to be specified to identify a particular
solution. Such conditions are called boundary conditions or end conditions or initial
conditions. The term ‘initial condition’ is particularly appropriate in applications in which the
independent variable is time ¢ and a solution valid for ¢# >0 is required. Then ¢# =0 marks the
beginning of the period under consideration.
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Example 3.2.1

The function y(x) satisfies the differential equation

xz%—yZ:O, x>1.
(a) Find the general solution for y(x).

(b) Hence find the particular solution satisfying the boundary condition y (1) 'y

2

The differential equation can be written as
2

y_y
dx 427
Separating the variables, this becomes
j d_ J dx
2 - )
¥ X
.. | _l
giving 5T +C,
where C is an arbitrary constant.
Hence, 1_ ﬂ.
v x

The general solution is therefore

— X
Yo Cx

(b)] Applying the boundary condition, y(1)= %, gives
1 1

27 1-C
Hence, C =—1. The required particular solution is therefore

_ X
Y I+x°
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Exercise 3B

1. The differential equation Y_ ky, where k is a constant, governs phenomena involving

dx
growth (k > O) or decay (k < 0).

Show that the general solution is y = Ce’, where C is an arbitrary constant.

[You will find it useful to memorise this solution so that you can quote it when required.]

2. (a) Obtain the general solution of the differential equation
dy

a+xy2 =0.

(b) Find the particular solution which satisfies the condition y(0)=2.

3. (a) Obtain an equation representing the family of solutions of the differential equation
dy _ 1

dx > x>0.
X

(b) Find the equation of the member of this family whose graph passes through the
point (1, 0).

(c) Sketch this graph.

4. (a) Solve the differential equation

%£+y=Q 0<x<2,

subject to the boundary condition y(0)=3.
(b) Verify that y(2)= 0.406.

5. A cyclist travelling on a level road stops pedalling and freewheels for 5 seconds. The
distance travelled by the cyclist in # seconds is x metres. The relationship between x and ¢
while the cyclist is freewheeling can be modelled by the differential equation

dx _ 250
it (54¢)

(a) Find the general solution of this differential equation.
(b) (i) State the appropriate initial condition to be satisfied by x(¢).
(i1) Find the particular solution satisfying this condition.

(c) Deduce that the cyclist travels 25 metres while freewheeling.
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3.3 Analytical solution of first order differential equations: integrating
factors

The general first order linear differential equation may be expressed as % +Py=0,

where P and Q are functions of x. A simple example is Y —% = x*, which was included in the

dx
list of differential equations in Section 3.1.

Except in the special cases when both P and Q are constants or when one of these two functions
is zero, differential equations of this type cannot be expressed in variables separated form; the
method of separation of variables is therefore not available. However, there are two other
analytical methods of solution which can be used, the first of which is as follows.

If each side of the differential equation

%+Py=Q

is multiplied by 7, where / is a function of x, it becomes
dy _
I s + I[Py = IQ.
The aim of this method is to choose / so that

d d
I+ 1Py = (1y).

. d d d/
Since a(]y)zjay+ya,

[ must be chosen so that % = [/P. Hence

[4-Jras

which gives ln|] | = .[P dx and therefore / =+te

(either will do) and hence

Pdx . e
J . It is usual to choose the positive sign

Izejpdx

The function / is obtainable provided that P(x) can be integrated.

Assuming that / has been found, the differential equation becomes

d
a(1y) =10.

Hence Iy = IIQ dx,
giving the solution
1
y (x) = 7 J. 1Q dx.
The function 7(x) is called an integrating factor because knowledge of this enables the

equation to be solved.
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Example 3.3.1

(a) Find the integrating factor of the differential equation Yy =x", where x > 0.

X

(b) Hence find

(1) the general solution,
(i) the particular solution satisfying the condition y(1)=0.

In this case P = —%. Hence, using the formula obtained above, the integrating factor is

:l, since x > 0.
X

(b)(i) | Multiplying each side of the differential equation by the integrating factor gives

1dy _y _

X
X dx x2 ’
which can be rewritten as

43

Note that the left-hand side of this equation is i(Iy), as it should be. The above

dx
equation can be integrated at once giving
y_1 2
—=—x"+C,
x 2
where C is an arbitrary constant. The general solution of the differential equation is

therefore

y:x(%x2 +C).

Applying the condition y(l) =0 gives
=1
0—2+C
1 Lo
Hence C = > and y= 2x(x 1).
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There are some points to note about the application of this method.

o If the differential equation considered in Example 3.3.1 had been given in the form

x% —y=x, it would have been necessary, as a first step, to divide through by x to express
it in the standard form % + Py = Q. Itis essential to do this before attempting to find the

integrating factor.

e When the integrating factor / has been found, it is the standard form that is multiplied
through by /, not the original form.

o When finding 7, it will often be necessary to use the fact that e™*) = f (x), asin
Example 3.3.1.

e When the differential equation (in standard form) is multiplied through by the integrating

factor I, the left-hand side should then be expressible as %(Iy).

Example 3.3.2

Find the solution of the differential equation

(cosx)%+(sinx)y=l, OSx<%,

satisfying the boundary condition y(0)=1.

In standard form, the differential equation is

dy

a+(tanx)y =secx.

The integrating factor is

t dx 1
IzeI anxdy _  Infsec] :|secx|.

Since secx >0 when 0Sx<§, I =secx.

Multiplying the differential equation (in standard form) throughout by sec x gives

(sec x)%+ (secx tan x)y = sec” X,

which can be written as %( ysecx)=sec” x.

Hence, ysecx =tanx+C,

where C is an arbitrary constant. In terms of sinx and cosx, this can be expressed as
y=sinx+Ccosx,

and this is the general solution for y.

Applying the boundary condition, y(0)=1, gives 1=C. Hence

Y =sinx+cosx.
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Exercise 3C

1. (a) Find the integrating factor of the differential equation % + 2x_y =4x, x>0.
(b) Hence find the general solution.
2. (a) Find the general solution of the differential equation % +2y=e*".

(b) Hence find the particular solution satisfying the condition y(O) =0.

3. Solve the differential equation

x2%+xy:1,

where x > 0, subject to the condition that y(l) =0.

4. Find the general solution of the differential equation

x%—2y=x3,

where x > 0.

5. (a) Show that sinx is an integrating factor of the differential equation

%+(cotx)y=x, O<x<m.

(b) Hence find

(1) the general solution,

(1) the particular solution satisfying the condition y(%) =0.

6. Find the solution of the differential equation
dy T
a—(tanx)yzl, |x|<§,

which is such that y(0)=1.

7. (a) Find the general solution of the differential equation Y —% =xe >, x>0.

dx

(b) Hence find the particular solution which is such that y remains finite as x — oo.

8. A curve is such that at any point (x, y) on it, its gradient is y —x. The curve passes through

the point (0,2). Find the equation of the curve.
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3.4 Complementary functions and particular integrals

Linear differential equations in which the coefficients of y and its derivatives are constants
occur frequently. The general first order differential equation of this type has the form
d

a Ey +by =1 (x) ,
where a and b are constants. Such equations can be solved by finding an integrating factor but
there is an alternative method which is sometimes easier to apply. The alternative method also
has the advantage that it can be used to solve higher order linear differential equations with
constant coefficients. These will be dealt with in Chapter 5.

To understand the essentials of this alternative method, consider the particular case

%} +2y=e".

The first step is to replace the right-hand side by zero giving
dy .5 _
a + 2y =0.

This is called the reduced equation. Rewriting it as

o

dx
it can be seen that it is a standard decay equation for which the general solution is

y= Ce—Zx’
where C is an arbitrary constant. (See Exercise 3B, Question 1.)

The next step is to try to find, by trial or inspection, a particular solution of the complete

equation
dy

a+2y:ex.

Any function that satisfies this equation is sufficient. In this case, the form of the right-hand
side suggests that y = Ae” is tried, where A4 is a constant to be found. Substituting this into the
differential equation gives

Ae* +24e" =¢”.
The terms in e cancel giving 4 = % Hence y = %ex is a particular solution.

The final step is to add the general solution of the reduced equation and the particular solution
of the complete equation. This gives

1 «x

~e .

3

It is easy to verify that this function satisfies the complete equation (check this). As it also
contains an arbitrary constant it is the required general solution.

y= Ce > +

The general solution of the reduced equation is called the complementary function, and the
particular solution of the complete equation is called a particular integral. The sum of the
two gives the required general solution of the complete equation. These terms are often
abbreviated to CF, PI and GS, respectively.
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The steps in the procedure for solving differential equations of the form
dy
a i +by =1 (x)
can be summarised as follows.

&

e Find the GS of the reduced equation a i

+by =0. This solution is the CF, y,.

e Find a particular solution of the complete equation a%+ by =f(x).

This function is a PI, yp

e The GS of the complete equation is then y = y. + yp.

In practice, finding a CF is straightforward, as it was in the example above. However, finding a
PI is generally much more difficult and only when f (x) takes certain simple forms is it likely
to be possible — this is the main drawback of this method. Fortunately, in applications f (x) is

often of a simple exponential, trigonometric or polynomial form and in these cases a PI can be
found by using an appropriate trial function, as follows.

o Iff (x) is of the form ce® , Where ¢ and k are constants, try a PI of the form

y =ae™, where a is a constant to be found. The example used at the beginning of
this section (to explain the method) illustrates this case.

This fails when the CF has the same exponential form as the right-hand side of the
differential equation. However, it will then be found that the trial function

y = axe™ will provide a PI. Example 3.4.3 covers this more difficult case.

e If f(x) is of the form ccoskx or csinkx, try a PI of the form y = acos kx +bsin kx,

where a and b are constants to be found.

e If f(x) is a polynomial of degree n, try a PI of the form y =ax" +bx"" +---,

where a, b, ... are constants to be found.

Only the above cases and simple combinations of them need to be considered for the purposes
of this course.
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Example 3.4.1

Find a PI of the differential equation Y + y=sinx.

dx

The appropriate trial function is
y=acosx+bsinx.

Substituting this into the differential equation gives

—asinx+bcosx+acosx+bsinx =sinx,
1e. (b+a)cosx+(b—a)sinx=sinx.
The constants a and b must be chosen so that b+a =0 and b—a =1. This gives

a= —% and b = % Hence, the required PI is

y :—%cosx+%sinx.
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Example 3.4.2

Solve the differential equation Y +2y=2x"+3, given that y(O) =5.

dx

The reduced equation is %—i— 2y =0 for which the GS is y = Ce™>*, where C is an arbitrary

constant. This is the CF.
The right-hand side of the complete equation is a polynomial of degree 2, so the appropriate
trial function for a PI is
y=ax’+bx+c.
Differentiating this gives

d—y:2ax+b.

dx

dy
dx

2ax+b+2ax? +2bx+2c =2x> +3.

Substituting these expressions for y and into the complete equation gives

This may be expressed more conveniently as
2ax* +2(a+b)x+b+20 =2x% +3.

Hence, comparing coefficients,

2a =2,
2(a+b)=0,
b+2c=3.

Thus a=1, b=-1andc=2.

The Pl is therefore ~ y=x*—x+2.

Adding the CF and the PI, the GS of the complete equation is therefore

y=Ce™® +x? —x+2.
Applying the condition y(0)=5 gives 5=C+2 and hence C =3. The required solution is
therefore

-2x

y=3e +x7 —x+2.

Note that a common mistake is to apply the end condition [ y(O) =5 in the example above] to

the CF (i.e. to the GS of the reduced equation). It is essential to apply the end condition to the
GS of the complete equation.
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Example 3.4.3
1
Find the CF and a PI of the differential equation 2d_y_ y =3e?". Hence write down the GS.

dx

The reduced equation is 2% -y=0,
ie. % = % V.

1
The GS of this is y = Ce?" and this is the required CF of the complete equation.

To find a PI, note first that the CF has the same exponential form as the right-hand side of the
1
given differential equation. The appropriate trial function for the PI is therefore not ae?" but
1

=X
y =axe? .

Differentiating this using the product rule gives

1 1
%} = %axefx +ae?”,
Substituting y and % into the complete differential equation,

1 1 1 1
axe?” +2ae?" —axe? =3e?.
1 . .
The terms in axe?" cancel and it can be seen that a = % Hence the Pl is

1
y:%xefx.

The GS of the complete equation is therefore

1 1
y= Ce?” +%xez‘ .
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1
Note: It is interesting to see why the trial function y = ae?" will not provide a PI in this case.
Substituting this into the differential equation gives
1 1 1
2 (% ae”” ) —ae?" =3e?",
However, the left-hand side is zero so there is no value of a for which the differential equation

1
can be satisfied. Of course, the left-hand side must be zero because ae?” is a solution of the
reduced equation!

Exercise 3D

1. Find a particular integral of each of these differential equations.

dy _ 042 dy
(a) +3y=9x"+1 (b) 2 y=x-3
dy . dy
(c) =—+3y=sinx+2cosx (d) 2——-y=2cosx
dy _1a3x dy_ _ 1.3
(e) —+3y=3e () —-3y=3e

(2) 2%+4y=8x+e_x

2. (a) Find the complementary function and a particular integral of the differential equation

(b) Hence obtain the solution satisfying the condition y(1)=0.

3. (a) Find the complementary function and a particular integral of the differential equation
% —2y=¢e.

(b) Hence obtain the solution satisfying the condition y(O) =2.

4. Solve the differential equation

%+y:sin2x,

subject to the condition y (O) =1.
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3.5 Transformations of non-linear differential equations to linear form

It is sometimes possible to transform a first order non-linear differential equation into one of
first order linear form by means of a suitable substitution. If the solution of the transformed
equation can be found, the solution of the non-linear equation can be deduced from it. The
example which follows shows how this technique may be used.

Example 3.5.1

The function y(x) satisfies the differential equation % = 27)} +2xyy, x=1.
(a) Show that the substitution y =u” transforms the differential equation into % —% = X.

(b) Find the general solution for u.

(c) Hence obtain the solution for y satisfying the boundary condition y (1) =0.

Differentiating each side of y =u? with respect to x gives & = 2ud—u.

dx dx

Hence the differential equation transforms to

du 24
Qu—===2_42
u | . xu,

which can be written as du _u =X.

dx x

—~
=3
—

The integrating factor for the differential equation above is

& w11

e’ ¥ =e (x21:>|x|:x).
o x

Multiplying the differential equation throughout by this factor gives
ldu u

1du_u 4
de x2
d(u)_

Hence, I (x) =1,

which gives %:x+C,

where C is an arbitrary constant. The general solution for u is therefore
U=x (x +C )

(¢)| Since y=u?, the general solution for y is
y=x* (x +C )2 .
Applying the boundary condition, y(l) =0, gives 0= (1 +C )2 . Hence C=-1 and

therefore y=x* (x - 1)2 .
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Exercise 3E

1. (a) Show that the substitution y =% transforms the differential equation

dy y_ ,>

dx x_ 2y5
where x >0, into

du  u

dx+x_2'

(b) Obtain the general solution for # and hence the general solution for y.

2. (a) Show that the substitution y —x =u transforms the differential equation

d—y+ey_x =1

dx

into %+e“ =0.

(b) Find the general solution for u.

(c) Hence obtain the solution for y satisfying the condition y(O) =0.

(d) State the range of values of x for which the solution in part (c) is valid.

3. The function y(x) satisfies the differential equation

dy e 2

4 =< >

or + X x2>1.

(a) Show that the substitution y =—Inu transforms the differential equation into
du [ 2u _ 1
_— = =
dx X _x2

(b) Obtain the general solution for u.

(c) Hence obtain the solution for y satisfying the boundary condition y(l) =0.
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Miscellaneous exercises 3

1. (a) Show that the integrating factor of the differential equation

dy T
a+(tanx)y:2xc0sx, 0£x<§,
1

cosx

is

(b) Hence obtain the solution for y satisfying the boundary condition that y(O) =3.

[AQA 1999]
. . . dy .
2. (a) For the differential equation o + y =sinx, find
(i) the complementary function,
(i1) a particular integral.
(b) Hence, or otherwise, solve the equation given that y =1 when x = 0.
[JMB 1991]

3. A curve C in the x—y plane passes through the point (l, O). At any point (x, y) on C,

%er:e_x.

(a) Find the general solution of this differential equation.

(b) (i) Hence find the equation of C, giving your answer in the form y =f (x)

(1) Write down the equation of the asymptote of C.
[NEAB 1998]

4. (a) Show that the integrating factor of the differential equation

dy 1
g__1 - _ 1
or x—ly X, x>1,

(b) Find the solution of this differential equation, given that y (2) =1. Express your answer
in the form y = f(x).
[AQA 2001]
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5. The differential equation % +2y=8x" has a particular integral of the form

ax® +bx* +ex+d,
where a, b, ¢ and d are constants.

(a) Find the values of a, b, c and d.

(b) Find the complementary function.

(c) Obtain the solution of the differential equation which satisfies the condition y(O) =0.

6. A curve in the region x >0 of the x—y plane is such that the tangent at every point (x, y) on

it intersects the y-axis at (0,x).

(a) Show that x% =y—x.

(b) Hence find the equation of the curve which possesses this property and which passes
through the point (1, —2).

(c) Show that this curve approaches the origin as x — 0.
[NEAB 1994]

7. (a) Show that the substitution y =% transforms the differential equation

dy

xa+y:y21nx, x>0,
into the differential equation

du _u__Inx

dx x x

(b) Find the general solution of the equation for .

(c) Hence find y in terms of x, given that y :% when x =1.

[JMB 1988]

1L
8. (a) Show that the substitution y =u 3 transforms the differential equation

y—x—dy ——2x3y4,
where x >0, into
du 3 2
e +=u= .
u=06x

(b) Use the above result to find the general solution of the differential equation for y.
[JMB 1990]

74



/‘
AQ/.\/ GCE Further Mathematics (6370) Further Pure 3 (MFP3) Textbook

Chapter 4: Numerical Methods for the Solution of First
Order Differential Equations

4.1 Introduction

4.2  Euler’s formula

4.3 The mid-point formula

4.4 The improved Euler formula

4.5 Error analysis: some practical considerations

This chapter gives an introduction to numerical methods for solving first order differential
equations. When you have completed it, you will:

e be familiar with the standard notation used;

e Dbe familiar with the methods which use Euler’s formula, the mid-point formula and Euler’s
improved formula;

e know how the above formulae can be derived both geometrically and analytically;
e be aware of the principal sources of error in the methods described;

e know how the accuracy of a numerical solution can be estimated.
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4.1 Introduction

Although many of the differential equations which result from modelling real-world problems
can be solved analytically, there are many others which cannot. In general, when the modelling
leads to a linear differential equation, the prospects of obtaining an exact mathematical
solution are good. However, non-linear differential equations present much greater difficulty
and exact solutions can seldom be obtained. There is a need, therefore, for numerical methods
that can provide approximate solutions to problems which would otherwise be intractable. The
advent of powerful computers capable of performing calculations at very high speed has led to
a rapid development in this area and there are now many numerical methods available.

This chapter is concerned with numerical methods for solving differential equations of the form

dy
4 (),
subject to boundary conditions of the form
y (xo ) =)o-
In each case, the solution y(x), valid for x > x,, is required.

Suppose that the graph of the exact solution is as shown in the diagram below.

y P_ril

P,,I/V

V3| Va V1| Ve | Vi1

h hlh
O Xo X1 Xo X3 X, X1 Xp o Xyl

Let x,, x;, x,,--- be points on the x-axis which are equally spaced at a distance / apart. Denote
the values of y(xo), y(xl), y(xz), -+ by ¥, ¥,, y3,-+ and let Py, Py, P, ... be the points on
the curve with coordinates (x,, v, ), (x,34).(x,,»,), -, respectively. In general therefore,

y(x,)=y,, where x, = x, +rh, and P, is the point with coordinates (x,,y, ).
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The basic idea of all the numerical methods is to use a step-by-step procedure to obtain
approximations to the values of y,, y,, y5,--+ successively. The interval, /, between

successive x-values is called the step length. Some of the methods of obtaining these
approximations are suggested by geometrical considerations of the graph. Three such methods
will be described in the sections that follow. Later in the chapter, consideration will be given to
the accuracy of the values obtained.

It is important to become thoroughly familiar with the standard notation introduced above.
Exercise 4A will help with this.

Exercise 4A

Suppose that the differential equation to be solved is
%} =x’+y°, x2>1,

and that the boundary condition is y (1) =2.

Suppose also that the values of y(1.1), y(1.2), ---, y(2.0)are required. In this case:
(a) state the values of x,, y,, 4, x; and x,;
(b) state which of the values of y that are required correspond to y, and y,;

(c) evaluate f(xy, ;).
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4.2 Euler’s formula

Consider again the diagram in Section 4.1. One simple way of obtaining an approximation to
the value of y, is to assume that the part of the curve between Py and P is a straight line

segment with gradient equal to the gradient of the curve at Py. Since % =f (x, y) , the gradient
of the curve at Py is f (xo, Yo ) Hence, with this approximation,

Y=Y

% =1 (%030
giving Y=o +ht(x0. ).

Using this approximation to obtain the value of y at P;, the process can be repeated, assuming

that the part of the curve between P; and P; is a straight line segment with gradient equal to the
dy
dx

value of at P,. This gives

o =0 +hf(x,n).
Continuing in this way gives, in general,
yr+1:yr+hf(x,,yr), r=0,1,2,---.
This is Euler’s formula. Successive calculation of values of y using this formula is known as

Euler’s method. It is clear from the nature of the linear approximation on which this method
is based that the step length / needs to be fairly small to achieve reasonable accuracy.
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Example 4.2.1

The function y(x) satisfies the differential equation

dy .
5—51n(x+y)

and the condition y (1) =0.

Use Euler’s formula to estimate the values of y(1.1), y(1.2) and y(1.3), giving the answers to
four decimal places.

In this case, x, =1, y,=0,/2=0.1and f(x,y)=sin(x+ y).
Also y(1.1)=y,, y(1.2)=y, and y(1.3)=y,.
Using Euler’s formula:
Y=Y +hsin(x0 +y0)
=0.1sinl
~0.084147
=0.0841 to four d.p.

Yo =W +hsin(x1 +y1)
=0.084147 +0.1sin (1.1+0.084147)
~0.176765
=0.1768 to four d.p.

Y3 =y, +hsin(x, +y, )
=0.176765+0.1sin(1.2+0.176765)
~0.274889

=0.2749 to four d.p.

Note that at each stage after the first in the above calculations, the previous value of y to six
decimal places is used instead of the four-decimal place rounded answer. If this is not done,
accuracy to four decimal places is not guaranteed. For example, the use of y, =0.0841 would

have given y, =0.1767. It is recommended that working is always carried out to two decimal
places more than the number of decimal places required in the final answer.
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Exercise 4B

1. The function y(x) satisfies the differential equation

dy _
a—ln(x+y)

and the condition y(1)=1.

Use Euler’s formula with a step length of 0.1 to obtain approximations to the values of
y(1.1), ¥(1.2), »(1.3), y(1.4) and y(1.5). Give your answers to three decimal places.

2. The function y(x) satisfies the differential equation

y%§=x+y
and the condition y (0) =1.
Use Euler’s method with a step length of 0.25 to obtain an estimate of the value of y(l).

Give your answer to three decimal places.

3. The function y(x) satisfies the differential equation

dy _
e f(x,y)
where f(x,y)= (ex +e¥ )2 :

The value of y(0) is zero.
(a) Use of the Euler formula gave y, = 0.05. Determine the value that was used for the step
length 4 .

(b) Show that, with this value for 4, the Euler formula gives y, =0.103 to three decimal
places.

(c) Calculate the value of y; to three decimal places.
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4.3 The mid-point formula

The diagram below shows three points, P,_;, P, and P,;;, on part of the curve representing the
solution of the differential equation % =f (x, y).

¥ .

Yr-1 Yr Y+l

Provided that the three points are reasonably close together, the gradient of the line segment
joining P,_; and P,.; will be approximately the same as the gradient of the tangent to the curve

dy

at P, . Since o f(x,,y,) at P, this approximation gives
YVesl " Ve _
=t (%2,)-

Hence, Yy =V 201 (x,,,).

This is the mid-point formula.

As with Euler’s formula, the mid-point formula can be used to calculate values of y
successively, but at each stage the previous two values of y are required. In particular, putting
r=1 gives

Y2 =Xo +2hf(x1,y1).

Since only the value of y, is known initially, it is necessary to calculate y, by some other

method before the application of the mid-point formula can begin. Euler’s formula may be
used for this purpose.

It will be shown later that, for a given step length /4, the mid-point formula is more accurate
than Euler’s formula.

81



/‘
AQ/.\/ GCE Further Mathematics (6370) Further Pure 3 (MFP3) Textbook

Example 4.3.1

The function y(x) satisfies the differential equation
Yot

and the condition y (0) =1.

Use the mid-point formula with a step length of 0.25 to obtain an approximate value for y(l)

to three decimal places. Take y(0.25) to be the value given by Euler’s formula.

In this case, x, =0, y, =1, #=0.25 and f(x,y) =1+\/E.

Using Euler’s formula,
)/(0.25)2)/1 =¥y +h(1+ xoyo)
=1+(0.25x1)
=1.25.

The mid-point formula gives:
y(O.S) =¥, =Y +2h(1+ ) )

:1+O.5(1+\/O.25x1.25)

~1.77951

)/(0.75):y3 = +2h(1+ xzyz)

- 1.25+0.5(1+\/0.5><1.77951)

~2.22163

y(1) =3y =y, +2h(1+ x5y )
- 1.77951+0.5(1+\/0.75><2.22163)

~ 2.92492
=2.925 to three decimal places.
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Exercise 4C

1. The function y(x) satisfies the differential equation

%}:x3+y3

and the condition y(1)=1.

(a) Using a step length of 0.1 in the Euler formula
Vi1 =Vr +hf(xr’yr)’
obtain estimates of the values of y when x=1.1 and x=1.2.

(b) Use the mid-point formula,
Ve =Y, +20E(x,.5,),
with 4 =0.1 and your value of y, obtained in part (a), to calculate an improved estimate
of the value of y when x =1.2.

2. The function y(x) satisfies the differential equation
ay =COS Xy
and the condition y(1)=2.

(a) Verify that the Euler formula with a step length of 0.25 gives y(l .25) =1.89596 to five

decimal places.

(b) Use the mid-point formula with a step length of 0.25 to obtain an estimate of the value
of y(2). Give your answer to three decimal places.

3. The function y(x) satisfies the differential equation
dy _ 2, o2
P (1 +x"+y )

and the condition y (0) =0.

(a) Given that in this case y_, = —);,show that the mid-point formula gives y, = h, where A
is the step length.

(b) Use the mid-point formula with 4 =0.1 to obtain an approximation to the value of
y(O.S). Give your answer to three decimal places.
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4.4 The improved Euler formula

The Euler formula derived in Section 4.2 is based on the assumption that the gradient of the
line segment joining any two successive points, P. and P.,,, on the graph of y(x) is equal to

the value of % at P.. Another formula, which is considerably more accurate than Euler’s, can

be obtained by assuming that the gradient of P. P.,, is equal to the average of the values of %

at P. and P.,. With this assumption,

%:%I:f(xrsyr)+f(xr+1’yr+l):"
Hence, yr+1:yr+g|:f(xr’yr)+f(xr+1’yr+1):|'

This formula cannot be used directly to calculate y,,, because y,,, 1s needed in order to

evaluate f(x,,,,,,,)on the right-hand side. To overcome this problem, y,,, on the right-hand

side is replaced by a first estimate, denoted by y’,, , giving

Vet =Vr +g|:f(xrayr)+f(xr+lﬂyj+l )j|

There are a number of ways of obtaining a value for y,, . The simplest is to use Euler’s
formula, giving

y;kJrl :yr+hf(xrﬂyr)'

Using this expression together with the previous one for y,,, constitutes the improved Euler

method. It is sometimes called a predictor—corrector method because Euler’s formula gives an
initial prediction of y,,, and this is followed by the calculation of a corrected value. Note,

however, that ‘corrected’ here should not be interpreted literally — the new value of y,,, will

almost invariably be more accurate than the first estimate, but as the method is based on
approximations there will still be some error involved.
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Example 4.4.1

The function y(x) satisfies the differential equation

%zln(x+y), x21.

The boundary condition is y(l) =1. Use the improved Euler method with a step length of 0.25

to estimate the value of y(1.5) to three decimal places.

In this case, x, =1, y, =1, h=0.25 and f(x,y) = 1n(x+y).
Using Euler’s formula, the first estimate of y, is
Y=y +hin(x)+y,)
=1+0.25In2

~1.17329.
Hence, using the expression derived above for y,.,, with » =0,

Y=Y +g[ln(xo +y0)+ln(x1 +y*1)}
=1+0.125[ In2+1n(1.25+1.17329) |
~1.19728.

Observe that the ‘corrected’ value, y,, differs from the first estimate, y*, asis to be expected.

The procedure can now be repeated to obtain y, (i.e. the value of y(l 5 ) ). Using Euler’s
formula, the initial estimate is
yh =y +Hhin(x+y)
=1.19728+0.25 ln(l 25+1. 19728)
~1.42102.

Hence, Yy =W +g[ln(x1 +y1)+ln(x2 +3% )}
=1.19728+0.125] In(1.25+1.19728) +In(1.5+1.42102) |
~1.443.

Again, note that y, differs slightly from y*,.
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Alternative way of applying Euler’s improved method

The formulae comprising the improved Euler method can be expressed in a different way.
Substituting the expression obtained for y* ., into the expression for y,,, gives

Yrr1 =V +g|:f(xrﬂyr)+f(xr+lﬂyr +hf(xr’yr)):|'

Noting that x,,, = x, + A&, this can be expressed as

Vrr1 =V +%(kl +k2)9
where k, =hf(xr,yr)
and ky=hf(x.+h,y +k).

These expressions are quoted in the AQA Formulae Booklet, together with Euler’s formula.
The example which follows shows how these expressions can be used as an alternative to the
procedure used in Example 4.4.1.

Example 4.4.2

The function y(x) satisfies the differential equation

dy _
a—f(x,y),
where f(x,y)=2x"+3-2y, x20.

The boundary condition is y(0)=5.

(a) Use the improved Euler method, with 4 =0.25, to calculate approximations to the values
of y(0.25) and y(0.5).

€ exact solution of the aitferential equation (obtained in Chapter 3, example 3.4.2) 1s
b) Th luti f the diff ial equati btained in Chapter 3 ple 3.4.2) i
y(x):3e_2x+x2—x+2.

Calculate, to two significant figures, the percentage error in the value of y(O.S) obtained

in part (a).

The solution can be conveniently set out in tabular form.

r X Vr kl xr + h y}" + k] k2 yr+]
0 0 5 -1.75 0.25 3.25 —0.84375 3.703125
1 0.25 3.703125 | —-1.0703125 0.5 2.6328125 | —0.44140625 | 2.947266
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The entries on the first row are obtained as follows. It is given that y(O) =5, which
implies that x, =0 and y, =5.The formula for k, withr =0, gives
k= hf(xo,yo)
=0.25(2x," +3 -2y, |

=-1.75.
The next two entries in the table are x, + 2 =0.25 and y, +k =3.25. The formula for £,,

with » =0, gives
k, =0.251(0.25,3.25)

~025{2(0.25) +3-(2x3.25)
— —0.84375.

The formula for y,,,, with » =0, gives

Y1 =X +%(k1 "‘kz)

—54L(21.75-
_5+2( 1.75-0.84375)

=3.703125.
On the second row, the first two entries are x; = x, +/ =0.25 and y, =3.703125

(transferred from row 1). Then
k, :hf(xl,yl)

~025{2x(0.25)" +3-(2x3.703125)}

=-1.0703125.
The entries for x, +/ and y, +k; are straightforward with the values as shown. These give

k, =0.25£(0.5,2.6328125)
=0.25[ (2x0.5%)+3-(2x2.6328125) |

=-0.44140625.
. 1

=3.703125+1(~1.51171875)

2
=2.947266 to six d.p.

The exact solution quoted gives
¥, =y(0.5)=3e"+0.5°-0.5+2
=2.853638 to six d.p.
Hence the error in the value obtained in part (a) is

2.947266 —2.853638 0/ ~ 2 30
> 853638 x100% ~ 3.3%.
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Exercise 4D

1. The function y(x) satisfies the differential equation

dy

= ()
and the condition y(2)=1. An estimate of the value of y(3) to three decimal places is
required.

(a) Use the improved Euler method with a step length of 0.25 to obtain this estimate, setting
out your working in a similar way to that of Example 4.4.1.

(b) Repeat the calculations using the alternative method of working as shown in
Example 4.4.2.

2. The function y(x) satisfies the differential equation

% e Py
and the condition y(0)=0.

Use the improved Euler method with a step length of 0.2 to obtain an approximate value of
»(0.4). Give your answer to three decimal places.

3. The function y(x) satisfies the differential equation

dy _
e f(x,y),
where f(x,y) = cos” (x+ y).

When x=1,y=1.

(a) Use the Euler formula with a step length of 0.1 to obtain an estimate of the value of
h% (1 . 1) .
(b) Obtain a second estimate of the value of y(l . 1) by using the improved Euler formula

YVer1 =Vr +g|:f(xr>yr)+f(xr+layt~+l ):|

taking y," to be the value obtained for the first estimate of y(l . 1) in part (a).

(c) Repeat the calculation in part (b) to obtain a third estimate of the value of y(l . 1), taking

¥ to be the value obtained for the second estimate.

(d) Verify that the second and third estimates of y(l . 1) are in agreement to three decimal

places.
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4.5 Error analysis: some practical considerations

The three numerical formulae that were used for solving the differential equation % =f (x, y)
were derived by geometrical considerations. They can also be derived analytically. There is
some advantage in this alternative method because it enables some insight to be gained into the

errors involved in the approximations.

The Maclaurin series for y (%) is

4 h2 " h3 m
y(1)=5(0)+hy (0)+ 375" (0)+ 37 "(0) +....
where, as usual, ', »",»",... denote derivatives of first order, second order, third order, ... . If

the origin is transferred to the point x,, this becomes

2 3
y(x, +h):y(x,)+hy’(xr)+%y"(xr)+%y"’(x,,)+...,

which is Taylor’s series. (See also exercise 1B, question 6).

Using the notation introduced in Section 4.1, and noting that y’(xr) =f (xr, yr), the Taylor

series may be expressed as

2 3
B R M N

If & is assumed to be sufficiently small for terms in W%, k- to be negligible, then the series

reduces to

YVir1 =Vr +hf(xr’yr)’
which is Euler’s formula.

Taylor’s series can also be used to step backwards from x, to x,_, (r > 1) by replacing / by
—h. This gives
h n

Ve =¥ —hE (3,3, )+ 570" (x) = 37" () o
Subtracting this from the series for y,, and neglecting all terms in /4° and higher powers,
gives

yr+1:yr—1+2hf(xr’yr)’ (FZI)'
This is the mid-point formula derived in Section 4.3.

To obtain the improved Euler formula, first replace y by y' in the Taylor series. This gives

2
y'(x, +h)= y’(xr)+hy”(xr)+g—!y’"(x,)+...,
which may be expressed as

2
f(x,,+1,yr+1):f(xr,y,,)+hy"(x,)—i—%y"’(xr)+....
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Multiplying each side of this equation by %h and subtracting the result from the above Taylor

series for y,,, gives

Yt —%f(xm Vit ) =y, + %f(xr,yr) + terms in 4> and higher powers.

If the terms in 4° and higher powers are neglected, this becomes, after rearrangement,

Yesl = Vr +g|:f(xrﬂyr)+f(xr+lﬂyr+l):|'

This is the improved Euler formula.

The error incurred by neglecting terms in an expansion is called the truncation error. The
derivations above show that the truncation error in Euler’s formula is greater than that in the

mid-point formula and the improved Euler formula because an extra term (that in 4%) is
neglected. Hence, for a given step length 4, Euler’s method cannot be expected to achieve the
same accuracy as the other two methods.

In addition to the truncation error, for all values of » >1, another error will be incurred in the
calculation of y,,, because an approximate value of y, has to be used in the evaluation of

f(x,,»,). Forexample, whichever method is used, in order to calculate y,, the value of

f (xl, yl) is required and only an approximate value of y, is available. As the calculation of y-

values progresses, errors of this type sometimes decay but they can also sometimes become
increasingly large. In the latter case, it will usually become apparent by wildly erratic
behaviour of the solution being generated — the method is then said to be unstable.

It is often difficult to determine with complete certainty the accuracy of y-values that have been
calculated by a numerical method. However, improved accuracy is almost invariably achieved
by using a smaller step length, though this is at the expense of having to take more steps to
reach a given end point. To estimate the order of accuracy of a solution, the usual procedure is
to reduce the step length to half its previous value and repeat the calculations. If the results
obtained are the same to, say, three decimal places, then it is usually safe to assume that they
are correct to this order of accuracy.

Of the three methods discussed, Euler’s improved method is best as it achieves reasonable
accuracy and has a good record for stability. It is, in fact, the simplest of a class of methods —
called Runge-Kutta methods — which are amongst the most reliable.

In practice, nowadays all numerical methods for solving differential equations are programmed
to be carried out on a computer. It is therefore relatively easy to experiment with different
formulae and to see how changing the step length affects the solution generated.
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Exercise 4E

1. The function y(x) satisfies the differential equation
dy y
o A T
dx i X
and the condition y (1) =0.
(a) Apply Euler’s formula twice with a step length of 0.2 to calculate the value of y(l .4) to

three decimal places.

(b) Repeat the calculations using four steps with a step length of 0.1.

(c) Use the mid-point formula with a step length of 0.2 to obtain the value of y(l.4) to
three decimal places. Take the value of y(l .2) to be that obtained in part (a).

(d) Use the improved Euler method with a step length of 0.2 to obtain the value of y(l .4)

to three decimal places.
(e) Verify that the exact solution of this problem is y =2xIn x.
(f) Hence calculate, to one decimal place, the percentage errors in the values of

y(1.4) obtained in parts (a) — (d).

(g) Comment on the results of the error calculations in part (f).

2 Use Taylor’s series to show that
2
V'(x,—h)= y'(xr)—hy”(x,)Jr%y”'(xr)Jr...
Deduce that, when y'(x)=f(x,),
hy"(x,)=f(x,,y,)—f(x,;,y,;)+ terms in 4* and higher powers.

Hence show that when terms in 4’ and higher powers are neglected,

Vit :yr+g[3f(xr’yr)_f(xrflﬁyrfl):"

3. The expression for y,,, obtained in Question 2 is just one of several other formulae that
may be used to obtain numerical solutions of differential equations of the form

dy _
g—f(x,y).

(a) Apply this formula to the problem in Question 1 above, using a step length of 0.2, to
calculate the value of y(1.4). Take the value of y(1.2) to be that obtained using

Euler’s formula with a step length of 0.2.

(b) By continuing the calculation with a step length of 0.2, show that the formula gives
y(2.0)~2.722.
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Miscellaneous exercises 4

1. The function y(x) satisfies the differential equation

o)

and the condition y(1)=0.5.

(a) Use the Euler formula,
Yiel =Yy +hf(xrﬂyr)9
with 2 =0.1, to show that y(1.1)=0.606 to three decimal places.

(b) Use the mid-point formula,
Vi1 = Vi +2hf(xr7yr)’
with £ =0.1, to find an approximate value for y(l .3) giving your answer to three

decimal places.
[AQA, 2001]

2. The function y(x) satisfies the differential equation

dy 3
p (x+y-4)y
and the condition y(l) =2.

(a) Use the Euler formula,

YVer1 =V +hf(xrﬁyr)’
to show that
y(1+h)~2(1-h).

(b) (i) Denoting the value for y(1+4) obtained in part (a) by y,, show that
£ (3,07 ) =—2(1-#*).
(i1) Hence obtain an improved estimate for the value of y(l + h) using the formula

YVer1 = Ve +%h|:f(xrayr)+f(xr+1’y:+1):|

giving your answer in the form
a(l-h)+bh’,

where a and b are numbers to be found.
[AQA, 2000]
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3. (@) (1) Show that the integrating factor of the differential equation
d 1
_y_ a P y= P
dr 1-x I-x

|x|<1,
is J1-x2.

(i) Hence, or otherwise, solve the differential equation given that x =0 when y =0.

(iii) Show that when x=0.5, y=—"~

33

(b) The above differential equation may be written as

dy _
a_f(xay)a
where f(x,y)= 1+x;2/_
—Xx

The table below shows approximate values of y obtained using the improved Euler

formula
Vet = Vr +%(k1 "'kz)’
where ky=hf(x,,»,)
and ky =hf(x, +h,y, + k).
0.1 0.2 03 0.4
y 0 0.1010101 0.2062236 0.3205873 0.4508417

Use the improved Euler formula, with 2= 0.1, to calculate an approximate value of y at
x =0.5 giving your answer to five decimal places.

(c) Use the answer to part (a)(iii) to find the percentage error in your answer to part (b).
[AQA, 2001]
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4.

The electric current C (t) flowing in a circuit at time ¢ due to an applied voltage V(t) is

modelled by the differential equation

dC | 5
= (o).

The initial condition is C(0)=0.
(a) In the case when 7 (¢)=e", find an explicit expression for C().

(b) In the case when V(1) = e, an explicit expression for C (¢) cannot be found. Letting
f(1,C)=e" -2,
(1) use the Euler formula
C,., =C,+hf(1,.C,),
with £ =0.1, to find an approximate value for C(0.1);

(i1) use the mid-point formula,
C.,,=C._ +2hf(t C ),

r ro~r

with £ =0.1 and your result from (i) to find approximate values for C (0.2)

and C ( 0.3) .
[NEAB, 1996]

As part of a project, a student investigates the accuracy of numerical methods for solving
differential equations of the form

dy

p f(x, ).
He chooses as a test function,

f(x,y)= yle™™

and uses the boundary condition y(0)=1.

Calculations are performed using two procedures, each with a step length of #=0.2. The
results are shown in the tables below, but two values have been omitted.

(a) Table 1 shows the results obtained using the Euler formula
Vi1 =Vr +hf(xr’yr)'

Table 1
r 0 1 2 3 4 5
X, 0 0.2 0.4 0.6 0.8 1.0
Y, 1.000000 | 1.200000 1.712168 | 2.033939 | 2.405705

Calculate the missing value.
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(b) Table 2 shows the results obtained using the improved Euler formula
Yri1 =V +%(k1 +ky),

where ky =hf(x,,,)
and ky=hf(x,+h,y, +k).
Table 2
r 0 1 2 3 4 5
X, 0 0.2 0.4 0.6 0.8 1.0
Y, 1.000000 1.482375 | 1.802968 | 2.190964 | 2.659637

Calculate the missing value.
(c) (1) Use the method of separation of variables to find the exact solution for y(x).

(i1) Hence find, correct to one decimal place, the percentage error for each of the values
of y(1) given in parts (a) and (b).
[NEAB, 1997]

. The function y(x) satisfies the differential equation

dy _
a—f(an/),

where f(x,y)=/x+y. When x=1,y=1.

(a) Show that one application of Euler’s formula
Yrr1 =V +hf(xr5yr)9
with a step length of 0.25, gives y(1.25) ~1.35355.

(b) Use the formula
Vi1 =V +%[3f(xr’yr)_f(xr—l’yr_l)]’

with a step length of 0.25, to estimate the value of y when x =2 giving your answer to
three decimal places. Take y, to be the value obtained in part (a).

(c) Suggest how a more accurate estimate of the value of y when x =2 could be obtained
using the above formulae.
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Chapter S: Second Order Differential Equations

5.1

5.2

53

54

5.5

5.6

5.7

Introduction to complex numbers
Working with complex numbers

Euler’s identity

Formation of second order differential equations
Differential equations of the form a (12_y + bd—y +cy=0
q dx2 dx Y =
Differential equations of the form a dz_y + bd—y +cy=f (x)
de  dx

Solution of second order differential equations by reduction to simultaneous first order
differential equations

This chapter deals with analytical methods for solving second order linear differential equations
with constant coefficients. When you have completed it, you will:

have been introduced to the concept of complex numbers, which prove useful in the
analytical methods described;

know sufficient about complex numbers, including Euler’s identity, for the purposes of this
chapter;

2
be able to solve differential equations of the form a ic_); + b% + ¢y = 0 using the auxiliary

equation ak” +bk +c =0,
2
Y b Y oy f(x) by finding a

be able to solve differential equations of the form a—-
dx dx

complementary function and a particular integral,;

know how second order linear differential equations can be solved by reduction to
simultaneous first order linear differential equations.
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5.1 Introduction to complex numbers

You will already have discovered that some algebraic equations have roots that cannot be
expressed in terms of real numbers. A simple example is the quadratic equation x* +9 =0,

which gives x* = -9 and therefore x =++/—9. There is no real number with its square equal to
-9 and so +—9 cannot be evaluated.

This problem can be overcome by introducing a new number i, called the imaginary unit,
defined as i =+/—1. In terms of this unit, the solution of the equation x> +9 =0 can be

expressed as
x=%9x(-1) = 341 = 43i,

The number 3i is a special case of a complex number.

A complex number is defined as one which has the form
a+1b, where a and b are real and 1= \/—_1

Thus 1+1,2—1,3i and V2 +-Biare all examples of complex numbers.

The set of all complex numbers is denoted by C. When b =0, a+1b reduces to the real
number a, so C includes the set R of all real numbers. Numbers of the form bi, where b # 0,
are said to be imaginary. The number a is called the real part of a+ib, and b is called the
imaginary part.

Extending the number system to include new types has been a notable feature of the
development of mathematics from earliest times and has often been controversial. Even as late
as the seventeenth century, negative numbers were regarded with suspicion by some eminent
mathematicians, though it was conceded that they were ‘a useful aid to calculation’. It is hardly
surprising, therefore, to find that there was some resistance to the concept of complex numbers.
Though the concept first appeared in 1572 in a book written by the Italian mathematician
Raphael Bombelli, it was not until the nineteenth century that complex numbers can be said to

have been completely accepted. The symbol i, to denote +/—1, was introduced by the Swiss
mathematician Leonhard Euler in the mid-eighteeenth century.

In this chapter you will see how complex numbers can be useful in solving certain types of
differential equations. Only a little knowledge of the concept is needed; all that is required for
the purpose of this chapter is covered in the two sections which follow.
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5.2  Working with complex numbers

Complex numbers are added, subtracted and multiplied in much the same way as ordinary

algebraic expressions, treating i as an algebraic quantity. However, since i =+/—1 and hence
i’ =—1, i* can be replaced by —1 wherever it occurs. The following examples show the

processes involved.

Example 5.2.1
The complex numbers z, and z, are given by
z, =1+2i, Z, ==2+31.

Find, in the form a +1b,

@) 2+, () z-2, (0)3z-22, (@ 7z, ()27 +z°

@) z+z,=1+2i-2+3i )| z—z, =1+2i—(-2+3i)
=-1+5i. =1+2i+2-3i
=3-1

3z, -2z, =3(1+2i)—2(-2+3i) 22, = (1+2i)(~2+3i)

=3+6i+4—6i =—2+3i+2i(-2+3i)
=7 = 2+3i-4i+6i
=-2-i-6
=-8-1i.

z® +z,° :(1+2i)2 +(—2+3i)2
=1+4i+4i* +4-12i+9i°
=1+4i—-4+4-12i-9
=—-8-8i.
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Example 5.2.2

Find, in the form a t1b, the values of x satisfying the equation

(x+2)2+4=0.

The equation can be rewritten as (x + 2)2 =4,

Hence (x+2)=+J-4

=42i
giving x=-2%21
Example 5.2.3

Solve the quadratic equation 2x” +2x+3 =0 giving the roots in the form a +ib.

Using the formula for the roots of a quadratic equation,

—2i1/4—(4><2><3)
X =
4
-2 ++-20

4
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Exercise SA

1. The complex numbers z, and z, are given by

z; =241, z, =1-31.
Find, in the form a+1b:
@) z -2, (b) 3z +z,, (¢) z2,,
() 7% +2%, ©) z° -z, () 2’2,
2. Show that

(a) (1+i)2 is imaginary,
(b) (1+1)" is real,
(c) i(2i3+3i5) is real.

3. Find the real and imaginary parts of

@ i(1-2i)(1+3),  (b) 2(1+i).

4. Solve the quadratic equation
(x=3) +4=0.

5. (a) Express each of the roots of the equation
x> +x+1=0
in the form a +1b.

(b) Denoting the two roots by « and £, use your answers to part (a) to verify that
a+f=-1and af =1.
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5.3 Euler’s identity

This identity, named after Euler but discovered by others, states that

e" =cosx+isinx, xeR

The identity can be proved using series expansions. The left-hand side is
oy, @) () () (i)
e =l+ix+ 2 + 3 + a1 + 51 +oe
2.2 3.3 .44

5.5
1 1 1 1
S ES PR RLIC.RIR TR SVEL L AR I SR

2! 3! 4! 5!

2
Now i?=-1, ?=i’xi=—i, i*= (12) =1, i’ =i*xi=1, and the same sequence of results (—

1, i, 1 and i) is generated repeatedly when higher powers (i°, i/, ...) are calculated.
Substituting these expressions into the above expansion and collecting together real and
imaginary parts gives

The two expressions in brackets are the series for cosx and sinx, and hence
e” =cosx+isin x.

The special case when x =7 is of particular interest. As cosm=—1 and sinn =0, substituting
x =7 in Euler’s identity gives

This is a famous equation connecting e, w and 1, three of the most important numbers in
mathematics, in an elegant and most unexpected way.

Example 5.3.1

Find the real and imaginary parts of
3™ +2e 7.

Note first that
e =cosx +isin(—x)
=Ccosx —isinx.
Hence 3e +2e7™ =3(cosx+isinx)+2(cosx—isinx)

=5cosx+isin x.

The real and imaginary parts are therefore 5cosx and sin x, respectively.
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Example 5.3.2

The function y(x) is given by
y(x)= PREE N Be(2—3i)x’

where 4 and B are constants. Show that this can be expressed as
y(x)= e’ (Ccos3x+Dsin3x),

where C and D are constants.

y(x) = A( 2x xe3ix)+B(ezx xe_3i"‘)
= Ae* (cos3x+isin3x)+ Be* (cos3x—isin3x)
=e?* [(A+B)cos3x+(A—B)isin3x].
Writing A+ B =C and (4—B)i=D, this becomes

x)=¢e>*(Ccos3x+ Dsin3x).
y(x)

Exercise 5B

in

1. (a) Use Euler’s identity to show that e2 =1.

(b) Hence show that i' ~0.2079.

(1+2i)x 1-2i)x

2. Find the real and imaginary parts of e + 3¢l

3. (a) The function y(x) is given by
y(x) _ Ae—(l—i)x +Be—(1+i)x,
where 4 and B are constants. Show that this can be expressed as
y(x)=e"(Ccosx+Dsinx),

where C and D are constants to be found in terms of 4 and B.

(b) Giventhat A=a+1f and B=a—1f, where o and S are real, show that C and D are
real.
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5.4 Formation of second order differential equations

Consider the function y = 4e + Be ™" —x, where 4 and B are arbitrary constants.
Differentiating twice with respect to x gives

% = e —2Be™* —1,

2

and % = Ae* +4Be>".

There are now three equations involving 4 and B and it is therefore possible to eliminate these
arbitrary constants. From the first and second equations above,

y—%: 3Be > —x+1,
and from the second and third equations,

2
d—);—d—y:6Be_2"+1.

dx
2
Hence, 3}6—);—%—2()/—%):1—2(—)6+1)
2
giving zx—f+%—2y:2x—l.

This shows that the function y satisfies the differential equation above whatever the values of 4
and B; y is, in fact, the general solution as will be shown later.

2
The coefficients of jx_J;’ % and y in the differential equation above are constants (1, 1 and

2
—2, respectively). Second order differential equations of the form ajx—); + b% +cy="1 (x) ,

where a, b and c are constants, have important applications in modelling real-world problems,
especially in relation to studies of vibrations of mechanical systems. The example shows how
such a differential equation can be derived from its general solution, but in practice it is the
differential equation that is given and the problem is to obtain the general solution. Also, a
particular solution satisfying specified boundary conditions is usually required.

The general solution, y (x), of a second order differential equation must contain exactly two

arbitrary constants. If the general solution contained just one arbitrary constant, C, it would be
dy

a .
satisfied by y would then be of first order. If the general solution contained three arbitrary

2 3
constants, then the expressions for y, %, ic_J; and jx—); would be needed to eliminate these
constants so the differential equation for y would be of third order. Similarly, the possibility
that the general solution contains more than three arbitrary constants can be ruled out.

possible to eliminate C using only the expressions for y and The differential equation

Sections 5.5, 5.6 and 5.7 show how second order linear differential equations with constant
coefficients can be solved analytically.
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Example 5.4.1
The function y is given by y = (Ax + B) e *, where 4 and B are arbitrary constants. Obtain the

second order differential equation satisfied by y.

Using the product rule, the first and second derivatives of y are

dy _ , x —x
E—Ae (Ax+B)e™,

2
and fix_); =—Ade " —Ae" + (Ax + B)e_x
=—2A4e " +(Ax+B)e .

Eliminating Ax+ B from the expressions for y and % gives

Y+ % = Ae™”.
.. P . dy d’y .
Similarly, eliminating Ax+ B from the expressions for . and e gives
dy d’y .
a + ? =—Ae .

Hence, by addition of these expressions,
2

dy ,dy _
e +2dx+y—0.

Exercise 5C

1. The function y is given by
y=Acosx+Bsinx+e ",

where 4 and B are arbitrary constants. Show that y satisfies the differential equation

2
fix_); +y=5e"",
2. The function y is given by
y = Ae" cos x+ Be* sin x,
where 4 and B are arbitrary constants.

2
(a) Find % and jx—J;
(b) Hence show that y satisfies the differential equation
d’y _,dy
5 2 a + 2y =0.

3. The function y is given by
y= (Ax+B)ezx +1,

where 4 and B are arbitrary constants. Find the differential equation satisfied by y.
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2
5.5 Differential equations of the form a:x—J;+ b% +cp=0

2
zx_); +b % +cy =0,
where a, b and c are given constants. Note that a # 0 because otherwise the differential
equation would be of first order. The form of the general solution of differential equations of
this type can be derived by a method which reduces the problem to one of solving first order

linear differential equations.

This section deals with second order differential equations of the form a

Consider the quadratic equation

ak® + bk +c =0,
the coefficients of which are the same as those in the differential equation above. This
quadratic is called the auxiliary equation. Let the roots be &, and k,. Then

k +k, =—§ and ki, = <.

a
The key step in the derivation of the general solution of the differential equation is to put
u= Y_ k
- dx 2)-
Then
d d? d d
b=k Sk ()
d’y dy
:?_(kl +k2)a+k1k2y
&Py by ¢
Cdi? " a dx " a”
1,9y, b
_a(a 2 +bdx+cy), a+0,
=0.

Hence, the new variable u satisfies the first order differential equation

% = ku.
As shown in Chapter 3 (Exercise 3B), this has the general solution u = Ce®™, where C is an

arbitrary constant.

Substituting this expression into that which defined u in terms of y gives
dy kyx

This is another first order differential equation of a type covered in Chapter 3. It is solved by

. . : —hdx
using the integrating factor eI X — ek,
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Multiplying the differential equation through by this factor gives

e—kzx % _ kze—kzxy — Ce(kl—kz )x,
which can be written as

%(e—kzxy) - Ce(kl_kz)x.

There are now two cases to consider.
k, # kg

When k, # k;, the integral of the differential equation above is

C ky—ky )x

—kyx (
e Yy=—"—ce¢ + B,
ky =k
where B is an arbitrary constant. Writing A ¢ . 2 A, this may be expressed as
1%
y = Ae"* + BeP~.

This is, therefore, the form of the general solution when the auxiliary equation has unequal
roots.

In this case, the roots of the auxiliary equation are equal and the differential equation for y
reduces to

i —kx ) _

o (e y) =C.
Hence, e My =Cx+D,

where C and D are arbitrary constants. The general solution in this case is therefore

y=(Cx+D)e"".

Example 5.5.1

Find the general solution of the differential equation

d’y . dy

~ a + 6y =0
The auxiliary equation is

k* —5k+6=0.
Hence, (k—2)(k—3)=0,

so the roots are k =2 and k =3. The general solution of the differential equation is therefore
y = Ae* + Be™,

where 4 and B are arbitrary constants.
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Example 5.5.2

Find the general solution of the differential equation
d’y  ,dv
? + 4& + 4y = 0

The auxiliary equation is
k* +4k+4=0.

Hence, (k+ 2)2 =0,

so the roots are both equal to —2. The general solution of the differential equation is therefore
y= (Ax+B)e_2x,

where 4 and B are arbitrary constants.

Example 5.5.3

Find the general solution of the differential equation
d’y ., dy
J +2 a + Sy =0.

Express the answer in a form involving trigonometric functions.

The auxiliary equation is

k* +2k+5=0.
Hence, k= —24 “24_20
_ 244
2
=—1+2i1.

The general solution of the differential equation is therefore
y = A1 L pe(1-2i)
=e (Aezix + Befzix)
=e [A(cos 2x+isin2x)+ B(cos2x —isin 2x)].
Hence, writing A+ B as C and Ai— Bi as D,
y=e""(Ccos2x+Dsin2x),

where C and D are arbitrary constants.

The example above shows that when the roots of the auxiliary equation are not real, the general
solution can still be expressed in a form not involving complex numbers.
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In general, suppose that the roots of the auxiliary equation are
ki =p+iq, k,=p-iq,
where p and ¢q are real and ¢ # 0. Then the general solution is
y= AelPriak | ge(p-ia)s
=e (Aei"x + Be_i"x)
= [A(cos gx +isin gx)+ B(cos gx —isin qx)]

=e”(Ccosgx + Dsingx),

where C and D are arbitrary constants.

2
The method for solving differential equations of the form ajx—); + b% +c¢y =0 can now be

summarised as follows.

1. Obtain the roots of the auxiliary equation
ak® +bk +c=0.

2. If the roots of the auxiliary equation are &, and k, and these are real and unequal, then the

general solution is

yx kyx

y=A4e" +Be*.

3. If the roots of the auxiliary equation are equal, having the value k,, then the general
solution is
y=¢e""(4+ Bx).

4. If the roots of the auxiliary equation are non-real and have the values p+ig and p—ig,
then the general solution is
y=e" (Acosgx+ Bsingx).

In each of the solutions above, 4 and B are arbitrary constants.

You should memorise the form of the general solution in each of these cases

The special case when the differential equation is of the form

dzy

@4‘”2)&?:0,

where 7 is a real number, is of particular interest. You may recognise this as the differential
equation governing simple harmonic motion, and it occurs in other circumstances too. The

auxiliary equation is k* +n” =0, which has the roots k =in and k = —in. In this case therefore,
p=0and g =n so the general solution is

y = Acosnx+ Bsinnx

This is well worth remembering.
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Finally, it should be noted that the auxiliary equation can be derived by substituting y = e**
into the differential equation

d’y , dy
a ? +b a +cy = 0.
This gives ak?*e™ + bke™ +ce™ =0,
and hence ak® + bk +c=0.

This shows that ¢ will be a solution of the differential equation provided that k is a root of the
auxiliary equation. When there are two distinct roots, k, and k,,each of the functions e“* and

kyx

e"?* will therefore be solutions.

It can be verified by direct substitution into the differential equation that the linear combination

kx kyx

+ Be™",

where 4 and B are arbitrary constants, is also a solution in this case. This is, of course,
identical to the general solution derived earlier.

y=Ae

When the roots of the auxiliary equation are equal, having the value £, e’ is the only

solution of exponential form. However, in this case it can be verified that xe"™ will also be a
solution (see Exercise 5D, question 6). The linear combination

y = Cxe"™ + De"* = (Cx + D) e,

where C and D are arbitrary constants, then provides the general solution.

The method used earlier proves that the above are the only possible forms for the general
solution.

Example 5.5.4
Find the solution of the differential equation
d’y_,dv
4@ - a + Sy = 0
satisfying the conditions that y =1 and % =0 when x=0.

The auxiliary equation is 4k —4k +5=0. Hence

i = 421680
8

4+8i

I+

H oo

Ly
Lt
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The general solution is therefore
y=e? (Acosx+Bsinx).
This follows because the roots of the auxiliary equation are of the form p tig, with p =% and

qg=1.

Using the product rule to differentiate y with respect to x,

dy 1 3 ) z }

o Eez (ACOSX+BSIHX)+62 (—Asmx+Bcosx).
The condition y=1 when x=0 gives 1= 4, and the condition % =0 when x=0 gives
0= %A + B. Hence B = —%. The required solution is therefore

y=e? (cosx—%sinx).

Exercise 5D

1. (a) Write down the general solution of the differential equation
d*y

?4'9)/:0, 0<x<

(ST

(b) Hence find the particular solution satisfying the boundary conditions y(O) =1 and

2. Find the general solution of each of the following differential equations.

d’y d d? d

(a) K{—é—wzo. (b) 9dx—f—65y+y=0.
2 2

() %—6%+1oy=o. (d) 4jx—)2/+12%+9y=0.
d’y _dy _ d’y dy _

(e) 2@4‘654‘5)/—0 (f) ?—65—0

3. (a) Find the general solution of the differential equation
d*y
A

4 y=0.

(b) Hence find the particular solution which is such that y =1 and % =0when x =0.
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4. Solve the differential equation

2
d—{—4%+4y=0

subject to the conditions that y =1 and % =1when x=0.

5. Find the function y(x) satisfying the differential equation

2
d—J;—Z%JrSy:O
dy
dx

and the conditions that y =0 and — =1when x =0.

(a) Show that when b* = 4ac, the roots of the auxiliary equation for the differential
equation

d’y_, dv

a g + b a + Cy = O

b
are both equal to g

b) Writin, _b as k,, verify that, in this case, eb* and xe®* are solutions of the
g5 1 y
a

differential equation.

Show that if y, and y, are solutions of the differential equation

2
ajx—J;erd—y

dx
then so also is the linear combination y = Ay, + By,, where 4 and B are arbitrary constants.

+cy =0,
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. . . d*y . dy
5.6  Differential equations of the form a§+ by tor=f (x)

In Chapter 3 it was shown how first order differential equations of the form

d
aaerby:f(x)

can be solved by finding a complementary function (CF) and a particular integral (PI). The
same method can be used to solve second order differential equations of the form

d’y  ,d
adx—{+bay+cy:f(x),

where a, b and c are given constants and f'is a given function of x. The procedure is as follows.

1. Find the general solution (GS) of the reduced equation

d’y ,dv
¥+b§+cy:0.

This solution is the CF, y,.

a

2. Find a particular solution of the complete equation

d’y . d
aa);+bay+cy:f(x).

This solution is a PI, y,.

3. The GS of the complete equation is then
Y=Yty

The reduced equation is of the form dealt with in Section 5.5 — the CF is therefore found by
applying the methods explained there.

As with first order differential equations, a PI is found by substituting an appropriate trial
function into the differential equation. The trial function depends on the form of the function

f (x) on the right-hand side of the differential equation, and contains at least one constant to be

chosen so that the differential equation is satisfied.
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Only certain forms of f(x) are included in the Further Pure 3 unit. For these cases, a PI can be

found as follows.

o f (x) = Ce™, where C and / are given constants.

First note whether the CF contains a term of the form

Ax

(1) constant x e or (i) constant x xe**.

= If it does not, then the PI will be of the form y = ae™, where a is a constant to be
found.

= [fthere is a term of type (i) in the CF but not one of type (ii), then the PI will be of

the form y = axe™.

= Ifthere is a term of type (ii) in the CF, then the PI will be of the form y = ax’e™*.

° f(x) =(CcosAx or Csin Ax.
= Provided that the CF is not of the form Acos Ax+ Bsin Ax, the PI will be of the
form y =acos Ax+bsin Ax, where a and b are constants to be found.

= [f'the CF is of the form A4cos Ax+ Bsin Ax, the PI will be of the form

y=axsin Ax when f(x)=CcosAx, and y=axcosAx when f(x)=Csin Ax.

e f(x)is a polynomial of degree n.
In this case try a PI of the form y = ax” +bx" ' +..., where a, b, ... are constants to

be found. Thus, for example, if (x) = x> +3 then the appropriate trial function is
y=ax’ +bx* +cx+d.

This fails when the differential equation has no y term. In this exceptional case, the
appropriate trial function is a polynomial of degree n+1.
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Example 5.6.1

The complementary function of the differential equation

is Ae*™ + Be ™.
(a) Find a particular integral.
(b) Hence write down the general solution.

(a)| Since the CF does not contain a term of the form constant x e**, the appropriate trial
pprop

function for a PI is y = ae**. Differentiating this twice gives

2
Y_ 2ae*” 9 _ 4ae**.

dx T dd
oy . dy d’y . . . . .
Substituting the expressions for y, . and o into the differential equation gives

4ae* —2ae** —6ae™ =2e**.
Cancelling the common factor ¢** and collecting terms gives
—4a=2

and therefore a = —%. Hence the Plis y = —%ez".

The GS is obtained by adding the CF and the PI giving
1
2

2x

y=Ae” +Be ™ —=¢

Example 5.6.2

The function y(x) satisfies the differential equation

(a) Find the complementary function.
(b) Find a particular integral.

(c) Hence solve the differential equation given that y =3 when x =0 and that y —> 0 as
X —> 0,
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To obtain the CF, the GS of the reduced equation

2
ij; —% -2y=0
is required. The auxiliary equation is
K —k-2=0.
Hence (k=2)(k+1)=0,
giving k =2 or k =—1. The CF is therefore
y=Ae* +Be ™",

where 4 and B are arbitrary constants.

The right-hand side of the differential equation is 2e™" so the PI will be of the form

ae™™, axe™™ or ax’e ™. Since there is a term of the form constant xe™™ in the CF, but not
one of the form constant xxe™*, the rules stated earlier indicate that the appropriate

choice is y =axe *. Differentiating this function using the product rule,

dy —x —x
—— =ge " —axe
dx
d? _ _ .
and K);=—aex—aex+axex

=—-2ae" +axe™.
Substituting these expressions into the differential equation gives
—2ae™" +axe " — (ae_x —axe™” ) —2axe " =2e".

The terms involving xe ™" cancel and hence
—3ge™* =2¢e",

giving a = —%. The PI is therefore
y= —%xe‘x.

It is worth noting here that the method should always give a constant value for a. If it
does not then either the wrong form has been used for the PI or a mistake has been made
in the working.
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From the results of parts (a) and (b), the GS of the differential equation is

y=Ae* +Be™ —%xe’x.

The condition y =3 when x =0 gives
3=A4+B.

When x — o, e >0, e — 0 and xe* — 0. Hence, to satisfy the condition that
y—0 as x > o, 4 must be zero. It follows that B = 3 and therefore

y=3¢" —%xe‘x
= (3 - %x) e’
Example 5.6.3
Solve the differential equation
d’y_,dy
@+2a+2y =5cosx

dy

dx:O when x = 0.

subject to the conditions that y =1 and
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The auxiliary equation is
K +2k+2=0,

f=—2tv4-8 \2/4—8=_1J_ri_

The CF is therefore y=¢ " (Acosx + Bsin x).

which has roots

To find a PI, note first that in this case f (x) =5cosx. Hence, using the rules given earlier, the

appropriate trial function is y = acos x +bsin x. The derivatives of this function are

%:—asin)ﬁbcosx
2
and jx—); =—gcosx—bsinx.

Substituting these expressions into the differential equation gives
—acosx—bsinx—2asinx+2bcosx+2acosx+2bsinx =5cosx

and hence (a+2b)cosx+(b—2a)sinx =5cosx.

The constants a and b must be chosen so that this equation is satisfied for all values of x.
Hence a+2b=5 and b—2a =0,
giving a=1and b =2. The PI is therefore y =cosx+ 2sinx.

Adding the CF and the PI, the GS is
y=¢ " (Acosx+Bsinx)+cosx+2sinx.

To complete the solution it is necessary to find the constants 4 and B using the given conditions
at x=0.

The condition y =1 when x=0 gives 1=A4+1. Therefore 4=0 and

y =Be " sinx+cosx+2sinx.

d .. _ )
Also ay=—Be “sinx+ Be ¥ cosx —sinx +2cos x.

dy
dx

Hence B =-2 and the required solution is

Applying the condition that —— =0 when x=0 gives 0 =B +2.

y=-2¢ “sinx+cosx+2sinx

=2(1—e_x)sinx+cosx.
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Exercise SE

1. The complementary function of the differential equation

d? d
ﬁ—4ay+4y:f(x)

is (A + Bx)ezx. In each of the following cases find a particular integral, and hence write

down the general solution of the differential equation in these cases.

@ f(x)=¢™, (b) f(x)=4x’+6, (c) f(x)=25sinx.

2. The function y(x) satisfies the differential equation

2
d—{—6%+9y=e3X.

(a) Find the complementary function.

(b) Show that there is a particular integral of the form y = ax’¢®*, and find the appropriate
value of a.

(c) Hence write down the general solution for y(x).

3. Find a particular integral for the differential equation

4. Solve the differential equation

¢y _dy_, _
o T

subject to the conditions that y =0 when x=0 and y —» -2 as x —> .

5. Find the solution of the differential equation

d’y  dy .
? — a + Sy =8sinx
satisfying the conditions that y =0 and % =0when x=0.

6. The function y(x) satisfies the differential equation
2

l—fﬂw = 165in 4x.

(a) Find the complementary function.

(b) Show that the differential equation has a particular integral of the form y = axcos4x,
and find the appropriate value of a.

(c) Find the solution for y(x) which is such that y =0 and % =1 when x =0.
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5.7 Second order linear differential equations with variable coefficients

This concluding section deals with differential equations which can be expressed in the form

d’y ,dy
g‘f‘Pa‘f‘Q‘y:R

where P, Q, and R are, in general, functions of x. A particular example, which is solved as a
worked example later in this chapter, is

In the special case when P and Q are constants and R is such that a particular integral of the
differential equation can be found, the methods of the previous two sections of this chapter can,
of course, be used. However, when one or both of P and Q are variable, these methods are no
longer applicable. Usually, when P and/or Q are variable, finding an exact analytical solution
of the differential equation becomes much more difficult and may well prove impossible.
There are, however, some instances where a second order differential equation with variable
coefficients can be transformed by a suitable substitution into a simpler one which can be
solved by using either one of the analytical techniques described in chapter 3 or by the methods
used in the previous two sections of this chapter. In such cases, solving the transformed
differential equation readily enables the solution of the original differential equation to be
deduced.

The examples and exercises which follow show how this technique is used. You should note
that for the purposes of this module, the substitution required to simplify a differential equation

with variable coefficients will always be given.

Example 5.7.1

The function y(x) satisfies the differential equation

2
jx—{ n % % ~0, x>0.
(a) Show that the substitution % =u reduces the differential equation to
du , 2u
ot + P 0.

(b) Hence find the general solution for « in terms of x.

(c) Deduce the general solution for y(x) .

(d) Find the particular solution for y(x) which is such that y (I)=0 and y (x) -1

as X —> 0.
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2
(a)| Since d—y:u,d—y:%

i A Hence the given differential can be expressed as

du , 2u
dx+ P =0.

(b) The differential equation above can be written as

du __2u
dx x

The variables in this case can be separated giving

d d.
-2

Hence 1n|u| =-2 ln|x|+C,

where C is an arbitrary constant. Noting that 2 ln|x| =In |x|2 = Inx?, this equation can

be expressed as

1n|u|+lnx2 =C,

which gives In |u|x2 =C
and hence |u|x2 =e“.
oC
It follows that u= ix—2 ;
which can be written as u= Az ,
X
where A4 is now the arbitrary constant.
. dy
(o) Since u = 3 Ve now have
d_4
dx 2
and hence y(x)= —% +B,

where B is another arbitrary constant. This is the general solution for y(x). Observe

that it contains two arbitrary constants, which is as should be expected because the
given differential equation for y(x) is of second order.
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Using the condition y(l) =0 gives 0=—A4+ B and hence 4= B. Itis also given that

y(x) — 1 as x —> o which implies that B=1. The particular solution required is
therefore

y(x)=-
Example 5.7.2

(a) Use the substitution % =u to transform the differential equation

ey 1dy_,
d> xdx 7

where x > 0, into a first order differential equation in . Show that the general solution of
the transformed equation is

u:2x+é,
x

where 4 is an arbitrary constant.

(b) Find the particular solution for y which satisfies the boundary conditions y =0 and

%:0 when x=1.
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2
(a) Since % =u, jx—); = % . Hence, in terms of u, the given differential equation

becomes

du  u _
dx+x_4'

This type of differential was dealt with in section 3.3 and can be solved by finding an
integrating factor. The integrating factor is

I = eI %dx
_ eln‘x‘
=

=x, sincex>0.

Multiplying each side of the differential equation by x gives

du

X +u=4x,
which can be written as

%(ux) =4x.
Hence ux=2x>+4 ,

where 4 is an arbitrary constant. This can be expressed as
u=2x+ A4 ,
X

as required.
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(b) In order to find the particular solution for y satisfying the given boundary conditions,

the general solution for y is needed. Since u = %, we have from part (a)
dv _, .4
o 2x+ ot

Hence y=x’+Alnx+B,

where B is an arbitrary constant. This is the general solution for y.

. . dy .

Applying the conditions that i 0 and y=0 when x=1 gives

0=2+A4and 0=1+B. Hence 4=-2, B=-1 and therefore the solution required is
y=x*-2Inx-1.

Example 5.7.3

(a) Show that the substitution x = ¢’ transforms the differential equation

2
dx2 x dx x2
i dzy +y= 5e* .
1nto dt2

(b) Find the general solution for y in terms of ¢.

(c) Given that y=3 and % =3 when x =1, find y in terms of x.
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Using the chain rule for derivatives,

dy _dy dr
dx  df dx”
Now %=é=§=e_’. Hence
dr
dy_ody
dx dr -

Differentiating each side of this equation with respect to x and using the chain rule
again gives

2
d_y—i|:et d_yj|x dt

dx?  dt dr | dx
Ldy L dy |
t t t
= |:e F —¢C E X e
2
—e d_y_e-zt d_y
dr? dr
oy . dy d’y . . . . .
Substituting the above expressions for o and ? into the given differential equation

and putting x =¢' gives

2
efztﬁ—efztd—y+ 1 (e’d—yj+L:5.

dr? de "\ odr) e

Multiplying this throughout by e* it becomes

dzy dy dy e
i dtert-iry—Se .
dzy 2t
Hence ——+y=5".
a7
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(b)

The GS of the differential equation above is obtained by finding the CF and a PI. The
reduced equation is

2
d—y—i-y:O.

dr?
This is a standard form met before (see page 108) with GS

y = Acost+ Bsint
where 4 and B are arbitrary constants. This is the required CF.

Since the CF does not contain a term of the form constant x ¢* | the appropriate trial

function for a PI is y = ae® . Differentiating this twice gives

2
b_ 2ae* 9y _ 4ae* .
det dl‘2

- : d? . : : :

Substituting the above expressions for d—{ and y into the complete differential equation
t

for y in terms of ¢ gives

4ae* +ae® =5¢*.

It follows that @ =1 and the PI is therefore y =e* . The general solution for y is
obtained by adding the CF and PI giving

y=Acost+Bsint+e”.
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dy

must be expressed in
dx p

(¢)| Before the given boundary conditions can be applied, y and

terms of x. Since x=¢’, t=Inx. Hence

y:Acos(lnx)+Bsin(lnx)+x2.

Also %:-%sin(lnx)+§cos(lnx)+2x.

Applying the condition y =3 when x =1 gives

3=Acos0+Bsin0+1=A4+1;

and applying the condition % =3when x =1gives

3=—A4sin0+Bcos0+2=B+2.
Hence A=2 and B =1. The required solution is therefore

y:2(:os(lnx)+sin(lnx)+x2 )
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Exercise SF

1. The function y(x) satisfies the differential equation

d’y 1 dy

dx* x-2dx

where x > 2.

(a) Show that the substitution % =u reduces the differential equation to

(b) Find the general solution for u (x)

(¢) Hence find the general solution for y(x).

2. The function y(x) satisfies the differential equation

2
(sinx)?lx—);—Z(cosx)%=O, O<x<m.

... d . : . .
(a) Use the substitution ay =u to transform the differential equation to one of first order in

u. Find the general solution for # and show that it can be expressed as
u=C(1-cos2x)

where C is an arbitrary constant.

) dy T
(b) Given that y == and azl when x=2, find y(x).
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dy

3. (a) Use the substitution ol to transform the differential equation
2
dy _,dv_ s
d? dx

into a first order linear differential equation in w.

(b) Obtain an integrating factor for the differential equation in u, and hence show that the
general solution is

u=e+ e,

where A4 is an arbitrary constant.

(¢) Given that y =0 and %} =0 when x =0, find y in terms of x.

4. The function y(x) satisfies the differential equation

2
jx—);—(cotx)% =2sin’ x,
where 0 < x < 7.
a) Use the substitution d_y =u to transform the differential equation into a first order linear
dx q

differential equation in u.

(b) (1) Obtain an integrating factor of the differential equation in u.
(1) Hence show that the general solution is

u=-2sinxcosx+ Asinx,
where A is an arbitrary constant.

(c) Obtain the general solution for y(x).
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5. (a) Show that the substitution x =% transforms the differential equation

d’y dy 1
4 3

X ?-sz a—y:;
) d?y

nto F‘J’: .

(b) (1) Find the general solution for y in terms of ¢.

(i1)) Hence find the general solution for y in terms of x.

6 (a) Show that the substitution y =ux transforms the differential equation

2
x? d y+2x(2x—1) dy (Sx2 —4x+2)y=0

a? ax
: d%u du
nto F+4a+5u20.

(b) Find the general solution for u.

(c) Show that y >0 as x > .
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Miscellaneous exercises 5

1. The function y(x) satisfies the differential equation
Ey_3¥ 4 e
FERRT T

(a) Find the complementary function.

(b) Find a particular integral.

(¢) Hence find the solution for y(x) which is such that y =0 and % =3 when x=0.

2. Solve the differential equation

2
dy 4dy

dx+5y=0

subject to the conditions that y =0 and % =0 when x=0.

3. Find the general solution of the differential equation

d’y . dy

g+2dx+10y:3e

4. Solve the differential equation

d’y _dy 2
a+2dx 2e

given that y =0 when x=0 and that y > 2 as x — .
[JMB, 1989]

5. (a) Show that the differential equation

d’y 4y=12cos2
g-i' y= COSZXx

has a particular integral of the form Cxsin2x, where C is a constant.

(b) Solve the differential equation given that y =1 and % =2 when x=0.

[NEAB, 1995]
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6. The function y(x) satisfies the differential equation

d2
dx—J;—4y:4x2.

(a) Find a particular integral.

(b) Find the general solution for y(x).

7. The function y(x) satisfies the differential equation

d d
xaé}+(x—l)ay:0,

where x> 0.

.. d . . . .
(a) Use the substitution & — i to transform the differential equation to one of first order in

dx
u. Obtain the general solution of this differential equation and show that it can be
expressed as

u=Axe ",
where A4 is an arbitrary constant.

(b) (1) Find the general solution for y(x).

(ii) Obtain the particular solution for y(x)which satisfies the conditions y(0)=0 and

y(x)—>1as x> oo,
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8. The function y(x)satisfies the differential equation

i
d2 xdx
where x>0.
(a) Use the substitution % =u to transform the differential equation to one of first order in

u. Find the general solution for u.

(b) Deduce that the general solution for y(x) is

y(x)z%x2 lnx—%x2 +%Ax2 +B,

where A and B are arbitrary constants.

(¢) Find the solution for y(x) which is such that y(1)=0 and y(x)—>1as x—0.

9. (a) Show that the substitution x =¢* transforms the differential equation

2
4xjx—{+2(1—2\/§)%+y=3\/§

. d’y dy,
into ?— E+y—3t.

(b) Find the general solution for y in terms of x.
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Answers to Exercises — Further Pure 3

Chapter 1

Exercise 1A

L@ 1 () =3 () 0+ (d) 0-

2. Inx = -0 as x— 0 and limits must be finite.

3@ T ®0
2 1 1
p@2 ol o ©-1 @o

Exercise 1B

r

2 .3
xT o x . _x"
I. 1+x+ 5 + 6 ;  general term R

4 2r
5. 2+x* +E ;  general term= (szr)! ,r=0,12,....

Exercise 1C

1. 0.540302

2. (a) 0.479%4
4 2,4 9,2,27 4 20 3
3. (a) 2— 3x+15 (b) 1- x+8 (c) x— x+9
_ 9 1,2_2.3
(d 1 3x+2x (e) x+2x 3
¥ _ 13 2,7 .3
b) 1 5x+2x +6x

(d) x- x +%X3

121
4. (a) —x R
() 1+2x° g X

5.(@) -l<x<l (b)allx (c)allx (d) —%<x<%
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Exercise 1D

1. (a) 1 (b) 3 © % ) 2
2. (b) —%
3. L2

4

L (192 In2
4. (a) 1+(In2)x+—(In2)" x’ (b) &11_3

hd
NSV}

Exercise 1E

1. Each of these limits is zero

4. (b)

5. (b) 7

Exercise 1F

Inx
1
x2

1. (a) The interval of integration is infinite (b) is not defined at x =0

(c)

1 is not defined at x =1
1—x°
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Exercise 1G

1. (a) The first integral exists. The second does not. (b) %
2. (a) lim(sin" 1-sin"a) =T (b) lim (—LH) -1
a—0 2 a—w 1+a
(© lim(-ae™—e™ +1)=1 ) lim|1-—2|=1
a—o a—>—oo (4—&)5
©) 1im(—la31na—l+la3)=—l (f) lim(-alna+a)=0
a—0 3 9 9 9 a—0

3. (a) (1) The interval of integration is infinite

(i1) " 2 5 is not defined at x =1
-X
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Miscellaneous exercises 1

4. (a) x+x2—%x3 (b) —l<x£%
_9.3 _1 1
5. (1 2 X (b) 3<x£3
6. ()(i) X +xX+1xt (i) =222 +2x* (b) -4
2 3 2
7. -2
8. (2) 0 (b) I
10. (@) a—alna-1

(b) The integral is improper because In x is not defined at x = 0.
The integral exists because (¢ —alna—1)——1asa — 0.

I 2, 1 4 |
11. (a) 1 EX +€X (b) Ee
12 (a) % (b) %; the integral is improper because the interval of integration is infinite
13. (a) 14 2x+4x> (b) 2x+2x +%x3 © 1

1
14.1 =J. %lnxdx = —%(ln a)2 — —o0 as a — 0. Hence I does not exist.

1

J = lim Llnxdx:lim(—zailna—4+4ai — 4
a—0 a \/; a—0
15. (b) y (c)(i1) Area=2
H4¢e7?
0 2 x
16. (a)(i) 1+%x+%x2 (b) —1 ©@) p=1 (i) 1
. 43,4 s 1 2 13
17. (a)(1) 2x 3 ¥ +15x pox—5x +6x
(b)(i1) ;+§+Ex (111) —5
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Chapter 2

Exercise 2A

4
5T 1V
1. 4/0 S
WA

B L
3
4
73
«
C D
2. (a) 2?" (b) 19
3. (a) (b)
L
Exercise 2B
33 3
1. (b) A(T,EJ, B(z,—zﬁ)
2. (a) (2\/5,%) (b) (22?“) ©) r=5 0~407

3. 2

Exercise 2C

1. r=2asinb, 0<f<m
= _Mcp<ct

2. r=2acosb, 2_9_2

3. r=asecd, —%<¢9<—
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Exercise 2D

1. (a) A rough sketch should show a curve in the form of a spiral around the pole O.
It should start at the point (1, 0), pass through the point (3, 0) and end at the point (5, 0).

(b)
(7] 0 R T 3l 21 51 31 7l 4
2 2 2 2
r 1 1.5 2 2.5 3 3.5 4 4.5 5
[0 1 3 5 L
2. (a) (b)
P 0 n n | 2n | 5S¢ T
6 3 2 3 6
r 3 2.87 2.5 2 1.5 1.13 1 0
3
3. (a) (b) 6 =§
o 1 L
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4. (b)
0 L
5. (a) () 0=0, %, 2—3" . 4—3”, %"
L
6.
4.8
[0) 1 L

Exercise 2E

1. It is wrong because r is negative in two parts of the interval -t <6 < m.

2. (@) r=a
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Exercise 2F

1. (a)

2. (a)

5. (a)

(b) <
0] L
(b) e -1
1 L
| ® (38 (7%
1 L
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Miscellaneous exercises 2

1. Area = %ln2
2
0] 2 L
C
3. (a) x=tan26@cosf, y=tan26sinf (b)(d) %
2
4. (O 7= 1+cosd
5. (a) and (b)(iii)
L

6. (b)(i) There is no curve when %< 0 <m and —% <0<0

because in these intervals sin 26 < 0.

(ii) (a, %) (a, —%‘) (iif)

(o) 24’ A ¢

141



/‘
AQ/.\/ GCE Further Mathematics (6370) Further Pure 3 (MFP3) Textbook

Chapter 3

Exercise 3A

1. (@) 1 (b) 2 @) 1 ) 1

2. Equations (a), (b) and (c) are linear.

Exercise 3B

yA
1 2
2. (a) y= b =
@y %x2+C )y 1+ x° T S
3. (@) y=—2t1C () y=1-1 © o N x
X X
4. (a) y=3e™"
__ 250 - _ o 50t
5.(a) x= 5_H+C (b)) x(0)=0 (i) x S
Exercise 3C
L. (@) x° b) y=x"+<
X
_l 2x -2x _l 2x . —2x
2. (a) y=y¢ +Ce (b) y—4(e e )
_Inx
3. y= .

4, y:xz(x+C)

9]

. (b)) y=1-xcotx+Ccosecx (ii) y=1-xcotx—cosecx

6. y=tanx+secx

-

(@) y= —%xe_zx +Cx (b) y= —%xe_z"

8. y=x+l+e"
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Exercise 3D

1. () 3x%—2x+1 ®) —x+1 (c) %(sinx+cosx) ) gsinx—%cosx
©) %e“ () 3xe™ (@) 2x—1+%e‘x
2. (a) yo=Ce¥, y,=-2 (b) y=2(e3(“)—1)
3. (a) yo=Ce™, yp=xe™ (b) y=(2+x)e2x
4, y=l(7e_x—2c0s2x+sin2x)
5

Exercise 3E

2
1. (b) u== +C, =—_*
®) X 4 x*+C
2. (b) u:—ln(x+C) (c) y:x—ln(x+l) (d) x>-1
3. (b) u:x:f ©) y=Inx

Miscellaneous exercises 3

1. (b) y=<3+x2)cosx

2. (a)(i) de™ (i) %(sinx—cosx) (b) y=%e‘x+%(sinx—cosx)

3.(a y=Ce " +xe" (b)) y=(x—1)e™™ (ii) y=0 (because as x —> o, y — 0)
4. (b) y=(x—1)2+(x—1)ln(x—l)
5.() a=4,b=6,c=6,d=-3 (b) Ce™* (c) y=3e*"+4x’ —6x> +6x-3

6. (b) y=—2x—xInx

(¢) when x - 0, xInx — 0 and therefore y — 0. The curve will therefore approach the
point (0,0), i.e. the origin.

7. (b) u=1+Inx+Cx ©) yzm
8. (b) y=—"—r
(x6+C)3
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Chapter 4

Exercise 4A

@ xo=1, y,=2, h=0.1, x,=1.1, x,=1.2 b) y(L1), ¥(20)  (©) f(xp5)=9

Exercise 4B

1. 1.069, 1.147, 1.232, 1.325, 1.425

2. »(1)=2230

3. (@) h=00125  (c) y,=0.160

Exercise 4C

1. (a) 1.2, 1.5059 (b) 1.6118

2. (b) y(2)=1.204

3. (b) ¥(0.5)=0.539. (The intermediate values are y, =0.1, y, =0.20199, y; =0.30792
and y, =0.41969)

Exercise 4D

1. (a) »(3)=2.305 (The intermediate values are y; =1.7329, y, =1.20799; y; =1.45796,
vy, =1.49464; : =1.82418, y, =1.86100; v} =2.26918)

(b) ¥(3)=2.305. (The values of k| and k; in the working are as follows:

first step: k, =0.17329, k, =0.24269
second step: k, =0.24997, k, =0.32333
third step: k, =0.32954, k, =0.40318
fourth step: k, =0.40818, k, =0.47951)

2. y(0.4)=0.458. (The value of y; is 0.20833)

3. (a) y(1.1)=1.01732 (b) 1.02216 (c) 1.02238
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Exercise 4E

1. (a) y(1.4)=0.867 (b) 0.903 (c) 0.933 (d) 0.934

() —8.0%, —4.1%, —1.0%, —0.8%

(g) The advantage of reducing the step length is shown in parts (a) and (b). The error has
been halved.
Parts (¢) and (d) show that the mid-point formula and the improved Euler method give
better accuracy than the Euler method with the same step length (0.2). This is because
the truncation error in Euler’s formula is greater than in the formulae for the other two
methods.

3. (a) y(1.4)=0.9

Miscellaneous exercises 4

1. (b) »(1.3)=0.899

2. (b)(ii) a=2, b=1

. 1
C(a)(i) y=2X (b) 0.60748 (c) 0.48% (approximately)

\/1—x2

4. (a) C (t) =te* (The differential equation is of first order linear form and is solved using

98]

the methods given in Chapter 3)

(b)) C(O.l) =0.1 (i1) C(O.Z) ~0.158, C(0.3) ~0.229
5. (a) 1.435794 (b) 1.217897 (©)() y(x) =e' (i) —11.5%, —-2.2%
6. (b) 2.784 (c) Reduce the step length in both parts (a) and (b).
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Chapter 5

Exercise SA

1. (a) 1+4i (b) 7 () 5-5i
(d) —5-2i (€) 11+10i () —50i

3. (a) -1, 7 (b) -1, 1

4. x=3+2i

5. (a) —%+i§ and —%—ig

Exercise 5B

2. 4e* cos2x, —2esin2x

3. (@) C=4+B, D=(4-B)i (b) C=2a, D=-2p

Exercise 5C

2. (a) % = Ae" (cosx—sinx)+ Be" (cosx +sinx),
2
jx—); =-2A4e"sinx+2Be" cosx

d’y  dy
3. y—4a+4‘y:4
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Exercise 5D

1. (a) y=Acos3x+Bsin3x (b) y=cos3x—2sin3x
2. (a) y=Ae™ +Be ™ (b) y=(Ax+B)e§
_3x
(c) y=e""(Acosx+Bsinx) (d) y=(Ax+B)e 2
_3x
(e) y=e ? Acos%+Bsin% () y=A+Be*
3. (a) y=Ae?+Be? (b) y=e2 +e 2
4. y=(1-x)e*
3. y=%exsin2x

Exercise SE

1. (a) PI:y=ée_x; GS:y=(A+Bx)ezx+ée_x

(b) PLy=x"+2x+3; GS:y=(A+Bx)ezx+x2+2x+3
(¢) Pl y=4cosx+3sinx; GS:y:(A+Bx)ezx +4cosx+3sinx

3x 1 3x 1 2 3«
2. (a) y=(A+Bx)e (b)a=§ (©) y=(A+Bx)e +§xe
_ 4 3
3. y=x —4x +24x-24
4. y:2(e_x—1)
5. y=e"(sinx—cosx)+sinx+cosx

6. (a) y=Acos4x+ Bsin4x (b) a=-2 (c) y=%sin4x—2xcos4x
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Exercise 5F

I. (b) u(x)=A4Ax-2) (c) y(x)= A(%x2 -2x)+B

. (a) (sin x)%—@cos X)u=0, GSisu= Asin? x

[\

(b) y(x)z%(x—%sian)+%n

du_,5, _ . 3x N —2X _13x_1.2x_1
3. (a) dx 2u=e b)) e () y(x) 3¢ 5¢ +6
4. (a) M—(cotx)u=2sin2x (b)(1) 1 (©) y(x)=—sin2x—Acosx+B
dx sin x
1 _1
5. (b)(i) y=Ael+Be!—¢ (i) y=AeX+Be x-%
6. (b) u=e 2¥(Acosx+ Bsinyx)

(¢) The GSis y=x e 2% (Acosx+ Bsinx). For all x, Acosx+ Bsinx is finite.

2

As x >, xe ¥ —>0.Hence y — 0asx — 0.
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Miscellaneous exercise 5

1. (a) yo=Ae* +Be™ ) yp=——¢" (c) y=e¢* —e"

2. y=¢""(cosx—2sinx)

3. y=¢e* (AcosSx+Bsin3x)+le_x

3
4, y=2-2e —xe "
5.(a C=3 (b) y=cos2x+sin2x+3xsin2x
__2_1 o qa2x 2 2 1

6. (a) yp=—x ~5 (b) y=4e” +Be " —x —5
7. (0)(i) y(x)=A(x+1e *+B () y(x)=1-(x+De *

du 1, _1 ,_ D S B
8. (a) dx 3 I, u=xlnx+ Ax (©) y(x) ok Inx—x~+1

9. (b) y:(A+B\/;)e\/;+3\/;+6
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