FP3 Series & Limits Questions

a
(a) Find I xe 2 dx, where a> 0. (5 marks)
0
(b) Write down the value of lim aFe=29  where k is a positive constant. (1 mark)
a—00
(o9}
(c) Hence find j xe . (2 marks)
0
(a) Use the series expansion
In(1 + x) =x—%x2+%x3—%x4 +...
to write down the first four terms in the expansion, in ascending powers of x,
of In(l —x). (1 mark)
(b) The function f is defined by
f(x) = esin.r
Use Maclaurin’s theorem to show that when f(x) is expanded in ascending powers of x:
(i) the first three terms are
Il +x +%x2 (6 marks)
(ii) the coefficient of x> is zero. (3 marks)
(c) Find
lim esinx _ | + ln(l —x) _
x—0 2 sinx (4 marks)
3a+2 3
(a) Show that ali)moc (23 i 3) =5 (2 marks)
(b) Evaluate JOC 2 — 2 dx, giving your answer in the form Ink, where k is a
RUTE TR ek ’

rational number. (5 marks)




(a) (i) Write down the first three terms of the binomial expansion of (1 + y)_l, in
ascending powers of y. (1 mark)
(ii) By using the expansion
1 %2 .
cosx=1-— a7 + a
and your answer to part (a)(i), or otherwise, show that the first three non-zero terms
in the expansion, in ascending powers of x, of secx are
2 4
x% . S5x
1+ 5 + 2 (5 marks)
(b) By using Maclaurin’s theorem, or otherwise, show that the first two non-zero terms in
the expansion, in ascending powers of x, of tanx are
3
x+ o (3 marks)
. X tan 2x
(c) Hence find lim { —— ). (4 marks)
x—o0\secx —1
. ®Inx ) ) )
(a) Explain why | —= dx is an improper integral. (1 mark)
0 VX
-1
(b) Use integration by parts to find jx “Inx dx. (3 marks)
“Inx ) :
(c) Show that 7 dx exists and find its value. (4 marks)
0 X




I
6 The function f is defined by f(x) = (1 + ?_\f)j.

(a)

(®)

(©)

(d)

(i) Find f"'(x). (4 marks)
(ii) Using Maclaurin’s theorem, show that, for small values of x,

fx) =1 +x —%xz + %xB (4 marks)

Use the expansion of e* together with the result in part (a)(ii) to show that, for small
values of x,

1
e*(14+2x)° ~ 1+ 2x + x% + kx?
where k is a rational number to be found. (3 marks)

Write down the first four terms in the expansion, in ascending powers of x, of e,
(1 mark)

Find

1
lim €¥(1 + 2)4:)2 — e
x—0 l —cosx (4 marks)

6 (9

(b)

(c)

The function f is defined by
f(x) = In(1 + &%)
Use Maclaurin’s theorem to show that when f(x) is expanded in ascending powers of x:

(i) the first three terms are

In2 + %x + %xz (6 marks)

(ii) the coefficient of x3 is zero. (3 marks)

Hence write down the first two non-zero terms in the expansion, in ascending powers

X
of x, of lrl(l-;e ) (1 mark)

Use the series expansion

In(1 +x) =x —%xz +%x3 - ..



to write down the first three terms in the expansion, in ascending powers of x,
x

of ln(] — E) (1 mark)

(d) Use your answers to parts (b) and (c¢) to find

1+ e“) ( x)
In +In(1-=
lim ( 2 2

x—0 T —sinx (4 marks)
(a) Write down the value of
: —X
im xe (1 mark)
_ e (1 —-x)
se the substitution ¥ = xe " + 1 to find | —— dx. mar,
(b) Use the sub Y1 find dx (2 ks)
xe X+ 1
o0 j—
c¢) Hence evaluate dx, showing the limiting process used. (4 marks
T ox g gp
1 Xr¢€



FP3 Series & Limits Answers

2(a) 1 1 M1 Reasonable attempt at parts
_[xe_hdr=——xc‘3’ - j— —e *dx Al
2 2
1 Iy -2r
) xe" T ——e 7 {tc} ALS Condone absence of +¢
T —2x 1 2a —2a 1
J'xe dr=——ae "= — e (0-—) M1 F(a) — F(0)
0 2 4
I 1 1
=___ae—la__c—20 Al
4 2 4
(b) | lim § -2
ae " =0
a—y oo Bl
(© | | xe™dx -
!
lim 1 1 ) M1 If this line oe is missing then 0/2
= {———ae™——e™"}
a—oce 4 2
1 1
- Z -0-0= Z AlS On candidate’s “1/4” in part (a).
B1 must have been earned
Total
4(a 1 1 |
® In(l—x)=-x——x*—=x* ——x" ... B1
_ 2 3 4
b)) | f(x)=e™"" = 1f(0)=1 Bl
f'(x) = cos xetinx
=f(0)=1 MIA1
£’ (x) = —sinxe™™* + cos™x e Product rule used
' (0)=1 MI1A1
X2
Maclaurin f (x)= f(0)+xf '(0)+ 7 f'(0)
i 1
so 1* three terms are 1+ x + — x° Al CSO AG
(ii) £7'(x) = cos x(cos x—sinx) " +
. sin x MIAL
+{2cosx(—sinx)}—<cos x} €
£(0) = 0 so the coefficient of x° in the Al CSO AG

series is zero

SC for (b): Use of series



expansions....max of 4/9
(¢) | sinx = x. B1 Ignore higher power terms in sinx
expansion
1 3 4
esinx —1+1n(1—x) —EX +O(I )
7 . = 3 M1 Series from (a) & (b) used
X s x Al Numerator kx* (+...)
1
3 +o(x)
T4 O(xg ) Condone if this step is missing
lim e —1+In(l-x) 1 : 3 —
0 7 = 5 AlLS 4 On candidate’s x~ coefficient in (a)
*= X smx provided lower powers cancel
Total 14
5(a) 2
| e | 3403
s N Y MI Al 2
a 2+§ +0 2
a
(b) T 3 2

' (3x+2) 2x+3

= [In(3x+2) - In(2x +3)]” N aln(3x +2) + bln(2x + 3)
[3x + 2] -

=|In

[ 2x+3/], ml
= ]n{lim[3a+2]}lnl MI

a0\ 2a+3
3 3
= lnz—hll:lnz Al 5 CSO
Total 7




T@O | (14 )" =1-p+y2.. Bl !
(ii) 1
secx = -
l—£+£ Bl
2 24
2 4 7!
I O = Ml
2 24
2 4 2 4
1— _X_ + X_ + _x_ X M1
2 24 2 24
X2 I-‘l 4
=ql+4——-—+—+
2 24 4
X 5x*
1+7 Ay Al:Al 5 AG be convinced
Alternative: Those using Maclaurin
fix) =sec x
f{0) = 1; fI(x) = secx tanx; {f'(0) =0} (B1)
f"(x) = secx tan’x + sec’x; "(0y=1 (M1) Product rule oe
f(x) = secx tan"x + Stanx sec’x; (ml) Chain rule with product rule OE
f)(x) = secx tan’x +18tan’x sec’x ...
+5sec’y = fM0)=5
sec x = printed result (A2) CS0 AG
(b) | fix) =tan x;
f(0) = 0; f'(x) = sec’x; {£(0)=1} Bl
"(x) = 2secx(secx tanx); £"(0) =0
f"'(x) = 4secx tanx(secx tanx) + 2sectx Ml Chain rule with product rule oe
f(0) =2
tany =0 + 1x + 0x* + %xl‘..=x+%x3 Al 3 CSO AG
Alternative: Those using otherwise
_sinx _ x—i 1+£ (h:]l)
S P 5 (Al)
3 3 5
= Xt———..=X+t—X .
2 6 (Al)
© (x tan 21) B x(:zx +o(x’ )) Bl tan2x = 2x + %(2;)3
oy —11 o2
secx—1 % +o(x") Ml Condone o(x*) missing
2+ 0(x?)
1T . M1
—+ .‘;l-(x2 )
2
. [ xtan2x )
lim e 1) 2 AlS 4 | ft on 2k after BO for tan2x = kx+...
Total 13




4(a) | Integrand is not defined at x =0 El OE
L L 1M L
(b) Ix 2 Inx dx =2x2 ln_»c—j2x2 [—]dx M1 = kx? lnxijf(x] , with f(x) not
x
involving the ‘original’ In x
Al
1 L
------ = 2x? Inx—4x? (+¢) Al Condone absence of ‘+ ¢’
e lnx lim ;elnx
© Lfd S asole Tt M1
1 lim 1 1
= —2e? - 2a*Ina-4a? _
40 [ } M1 F(b) - F(a)
lim >
But PN a’lna=0 B1 Accept a general form e.g.
I
M ¥ mx=0
x—
elnx . =
So | —= dx exists and = —2e?
_[0 \/; Al
Total
. 1 21 _!
6(a)(i) f'(_r]:5(1+2_r) 2(2):(1+2_‘:) 2 MI1A1
3 .
f(x)=—(1+2x) 2 AlF ft a slip
£ (x)=3(1+2x)"2 Al
(ii) f(x):(l+2x)1:3f(0]:l; B1
£10)=1; £"(0)=—1;£"(0)=3 M1 All three attempted
ALE fron k(1+2x)"
f (x) = f(0) + xf '(0) +% f ”(O)Jr% £"'(0)
2 3
x4 X Al CSO AG
2 2
1
(b) | e'(1+2x)2 =
’Cl rl 2 [J
[lJr x+2+6J [l+r+ J M1 Attempt to expand needed
~l4x (1+1) + 2%(=0.5+ 1 + 0.5) Al

(11 1 1
Rl I e e
2 2 2 6




» 2 3
= l+2x+x‘+§x'

Al 3 CSO
2x)" (2x)°
(c) ch=l+2x+ﬂ+ﬂ+... Bl 1
2 6
2, 4,
=1+2x+2x +§x + ...
1
l-cosx=—x"+o(x*
(d) r=o% {ox")} Bl
1
e"(1+2x)? —e™ _
l-cosx
1+2 2420 1+2x+42x° 4
+iXx+X +§X =1+ 2x+ 24X +§.T M1 Series used
1 7 4
—Xx +0(x
7% o)
i I R
”“O.....: "“U# - AIF
X — X — 2 4
—X +y0(x
7% HotH}
lim —l+o(x) _
01 S =-2 AIlF 4 ft a slip but must see the intermediate
3t o(x7) stage
Total 16
6(a)i) | f(x)=In(1+¢"):
f(0)=In2 Bl
, e’ , 1 M1 Chain rule
fi(x)= f(0)=—
(= 110)= N
wr oy (1+e)e"—e'e” e M1 Quotient rule OE
f (‘t}_ 2 - 2
(1+e") (1+e*) Al
- 1
f7(0)=—
(0)-1
so first three terms are:
11X 1 1,
f(x)=In2+—x+—"—=In2+—x+—x" -
(x)=In 2\( Y n 2\( 817 Al 6 CSO; AG
Gi) | _(1+ex)2e_\-_e.\-[z(l_'_ex)e.\-] M1 Chain rule with quotient/product rule
£7(x)= (1+¢) Alft ft on f'(x)zke'“(l+e'") (integer n<0)
v 4—4
£7(0)=——=0 Al 3| CS0; AG:

. 3 .
{so coefficient of x~ is zero}

All previous differentiation correct

SC for those not using Maclaurin’s theorem: maximum of 4/9



1,
(b) —x+§‘f' Bl 1
X
In|1-=|=
(©) n( 2)
SHAA ]
2) 2\ 2 3\ 2
X 3
) ln( ]+ln(1—£]=_r_+ MI Uses previous expansions to obtain first
2 24 non-zero term of the form Ax*
L x o
X=slnx=x-— x—3!+ *——3!+ B1
l+e* x
]n[ )+ln(l——) _Lay
x=sinx lx3+o(x5] Ml
6
1 5
—x+ —— ...
___ 24 __24
x‘[l+o(:r:):| g+o(x2]
. 1
lm...= —— Al 4 CSO
x—0 4
Total 15
T(a) | O Bl 1
(b) u=xe”+1=>du=(e"‘—xe"]dr Ml Attempts to find du
[0 o [ L qu=tnue
xe " +1 u
=ln(_re_" + ]){+ c} Al 2 Condone missing ¢
(© jl_x dx:je =9 4 Bl
x+e* xe " +1
o l—x . . a
jl T dx= jl_l;l:lo []n(xe +l}]I
=N —a _ =1
—jﬂ{]n(ae +])} ln(e H) M1 For using part (b) and F(B)— F(A4)
=In{lim(ae™ +1)} —In(e™ +1
{lim (ae™* +1)} =In(e”! +1)
— 1l -1 S M1 For using limiting process
=Inl ln(e +1}— ln(e +]) Al 4
Total 7
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