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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 1

Question:

Find the magnitude of the vector (—1—j4+k)x(—14j—k). [E]

Solution:

(—imj+k w(—i+j-k

1 3 k
=1-11
-11 -1
-1 1| -1 1] [1-1
= - it I
1 -1 |-1-1 |11

Formulae for finding the vector product are

given in the Edexcel formulae booklet which

1z prowided for the examination One form it
1 ] k

gives i axh =|a o, | andthathas

‘bl bﬂ ‘bZ

been used here.

==l =1=ilwl ) i—{{ =1 =11—(=1xlijj+{ =1l = -1x -1k

='1_1'i_|1—l—1 "j+'_1_1'k =_2j_2k
Hence
—i—jtk i —i+j-k | =((-2 F =21
=g =0l
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4—— You use the formula for the

magnitude of a vector
|ri+yi+zk|=A 2 +y*+27 ).
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Review Exercise 2
Exercise A, Question 2

Question:

Criven that p =%1+k and q =143 +ck, find the walue of the constant « for which

the wector (pxq)4p is parallel to the vector k. [E]
Solution:
17k
pxq =301 Tou work out 2x 2 determinants
13 using the formula
c
a b
o1 21 |zo =ad —be , which is
= li-|” lj+|” |k c d
3¢ le 13 in the FP1 specification
=—G1—-3-13+% Enowledge of the FP1
pxq+p =(—2i—(3c—1)j+% )+ Zi+k ) spﬁciﬂcation.is aprﬁrﬁquisite of
| mme wdi the FP3 specification.
= |- |]+ 'y

If pxq+p 15 parallel to k then

] —ooo—" If'a wector iz parallel to k then both its 1 and j

el =§ cotnponents must be 00 The 1 component of
pxq+p i 0 and the j component, 1- 3¢
must equal 0, which gives wyou a simple
equation to find .
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Review Exercise 2
Exercise A, Question 3

Question:

Eeferred to a fized origin O, the position vectors of three non-linear pointz A, 8 and C
are a, b and ¢ respectively. By considering Afx E prove that the area of AARC

can be expressed in the form ]5|z1><lr +hxec+exal [E]

Solution:

E=h—ﬂ, AT =c—a
Exﬁ=-h—ﬂ ¥ C—a

bz axb=-bxa cxa=-axc and axa=0
ABx AT =bhxc+axb+cxa
=axb+bxc+cxa

i

b

The atea of the triangle, A, say, 15 given by

ﬂ=lbcsinﬁ
2
=1§ACxABsinA |
Vi
=—|AB><AC’ — |
7

axb+bxc+exal, as required.
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e

=bxc—bxa—axc+axa /

Tou multiply out the brackets using the usual
tules of algebra You must take care with the
arder in which the vectors are multiplied as
the vector product 15 not commutative. For a
vector product xx v=—vx x.

The magnitude of the wector product
[h|sin5', where & iz the angle

axbh 1z [a

between the vectors. The vector product
can be interpreted as a vector with

magnitude twice the area of the triangle
which has the vectors asz two of its sides,
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Exercise A, Question 4

Question:

The figure shows a right prism with triangular ends ABC and DEF, and parallel edges

Al BE CF.

Given that A is (2,7,—1), B is (5, 8, 2), C is (6, 7, 4) and

Dis (12,1,-9,

a find EXE

b find AD.(ABxAC).

¢ Calculate the wolume of the prism.

Solution:
a AR =(5i+8j+2k - 2i+7j -k |
=3i+j+3k
AT =(6i+7j+4k — 2i+7i-k
= 4i+5k
ABx AC = (3i+j+3k m(4i+ 5%k )
ijk
=313
405
13 33]. |31
B 05‘1_‘4 5‘”‘4 o‘k
= 5i—3j—4k

b AD=(12i+j-% - 2i+7j-k |

] 106 k=253 4k s
= 10i— 6j— 8k

AD | ABx AC 1= (10i—6j— % »(5i—3j -4k |
=10x 5+ -6 (=3 1+ -8 (-4

=50+18+32=100

¢ The volume of the prism, F say, is given by

PZ%EwExEl:%xlOU:ﬁU/
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AF=0F-04 Ttis impottant to

E

getthe vectors the right way
round. Tt is a common error to use
A= 04-0F8 and obtain the
negative of the correct answer.

AD and ABx AC are parallel.
Asthe vector product 1s
perpendicular to A5 and AC, it
follows that the line A5 15

perpendicular to the plane of the
triangle A8C

In this case, the wolume ofthe prism 1s
the area of the triangle AT, which iz
half the magnitude of ABx E
multiplied by the distance A0 (Even if
the line A 15 not perpendicular to the
plane ofthe triangle A8, the triple
scalar product 15 still twice the volume of
the prism.)
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Exercise A, Question 5

Question:

The plane If, has vector equation v = (51+]) +u(—4i +) +3k) +v(j + 2k}, where
and v are parameters,
a Find a vector m; normal to JF

The plane ff has equation 3x4+y—z =3,

b Write down a vector n, normal to ff,.

¢ Show that 4 +13) +25k 15 perpendicular to both n; and n,. Given that the point
(1,1, 1) liez onboth £ and ff,

d write down an equation efthe line of intersection of If and fI inthe form

r =a-¢b |, where { 15 a parameter. [F]

Solution:

PhysicsAndMathsTutor.com
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1k 4—— If'the equation of a plane 12 given
a n =413 to you in the form r=a+ub +ve,
0o then you can find a normal to the
13| 43| |41 plane by finding hxc.
=] |Ji- ks k
12 02 01
=-i+8 -4k

b on,=3i+j-k «— | The Cattesian equation 3x+ y—z = 3 can be written in the
vector form r- (S1+]—k =3, where r =+ +zk
Cotmparison with the standard form, r-n= g , gives you

that 3i+j—k 1s perpendicular te 17,

1)k - The scalar product n;xn, 15 perpendicular
¢ mxn,=|-18-4 to both n; and n,. 5o to show that a vecter,
31-1 1 zay, is perpendicular to two other vectors,
g_d]  |-1-4| |-1% you can show that v 1s parallel to the wector
= ‘ ‘i—‘ it ‘k preduct of the two other vectors. An
1-1 5 -1 31 alternative method iz to show that the scalar
=—h-131-22k =-1{h+15+23k | product of v with each of the other two
vectors 18 zero,

N

ny % n, is perpendicular to the plane containing
n; and n,, and +13)+23k 1z a multiple of
n;xn,. Hence 4i+13j+ 23k iz perpendicular

to both my; and n,.

d r=1+j+k+i(h+15+20k S — n, 4

m .

m! &

n; X n;
Thiz diagram illustrates that the line of
intersection of the planes 77, and 17,

liez in the direction of n; xn,. Inthiz
case, 41 +13j+ 25k =-n, xn, and can

be used as the direction of the line, as
can any other multiple ofthis vector.

© Pearson Education Ltd 2C
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Exercise A, Question 6

Question:

The points 4, B and O lie on the plane [T and, relative to a fized origin &, they have
position vectors

a=31—-7+4k,b=-1+2;],

c=51-3+7k

respectively.

a Find ABxAC .
b Obtain the equation of J7 inthe form ron=p.

The point 1 has position vector 21 -4+27 + 3k
¢ Calculate the wolume of the tetrahedron 4500 [F]

Solution:
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JR—

AB=0F-0d Ttis important to
get the vectors the right way
round. It 15 a common error to use
AR =304 -0F8 and obtain the
negative of the correct answer,

Page2 of 2

Once you have a vector n perpendicular to
the plane, you can find a wvector equation of
the plane vsing v-n==a n, where a iz the
posttion vector of any point on the plane.
Here the position wector of 4 has been used
but the position vectors of B and & would do
st as well. As the scalar product 15 quite
gquickly worked out, it 1z a useful check to
recalculate, using one of the other points. All
should give the zatne answer, here 7.

a B=—i+2j—(3i—j+dk |  —
= —4i+3j -4k
AC = 5i-3j+7k —(3i—j +4k |
= 2i-2j+%k
ABx AC =(—di+3j—4k m(2i-2j+3k )
i jk
=14 3 -4
2 -2 3
e T ‘—4 3‘_
= I 1k k
somal |3 gl | g
=i+dj+2k
b Anequation of JT 13 e
ri+dj+2k = (3i—j+dk ) (i+4j+ 2k
=3xl+i-1mxd+4x2
=3-4+8=7
c AD = 5i+2j+ % —(G—j+dk |
= 2i+3j-k
AD. [ ABx AC |=(2i+3j-k ) (i+4j+2k )

=2n1+3xnd+ (-1 2
=2+12-2=12
The wolume, ¥ say, of the tetrahedron 15 given by

V=%E-.E><E =%x12=2
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Exercise A, Question 7

Question:

The pointz A and B have position vectors di4+j—"7k and 21 4+6) 4 2 respectively
relative to a fizxed origin O,

a Show that angle A08 15 aright angle.

b Find a vector equation for the median AM of the triangle QA E.

¢ Find a vector equation of the plane AL, giving your answer in the form r-n=p .

[E]
Solution:
a O4-0B={di+j-Tk}(ad+6j+k ) +—— Agthe scalar product of two
=dx 2+1xb+( =T %2 vectors a-h=|a||h|cos$',where
=8+6-14=0 & is the angle between the
Hence £AOB =907, as required. wectors, if the scalar product of
two non-rero wvectors 18 zero, then
cosf =0 and the angle between
the wectors 15 aright angle.
]J A (}

*— The median AM of a triangle 1z
the line joining the vertex A of the
M triangle to the mid-point M of the
side of the triangle which iz
opposite to A

B
The coordinates of A, the mid-point of O{0, 0, 0Y and B (2, 6, 2) are
[ 042 0+6 0+2 ] - -

—_— . — |=i 1,31 There are many possible alternative
_% 2 2 forms for this answer. For example,
AM =143 +k - d+3-Thk vou could use M as the “starting point’

= -3 +2j +% of the line and obtain an answer such as
r=i+3+k+A(5-25+3k).

Anequation of AM s r=h+)-Th+ A -G +2)+5k

ijk

¢ OAxOB=41-7

56 2 Toucan use 4d1— 22)+ 22k or any

multiple of this vector as n in
1-7, @47, @41 rn=p.

= 1— i+

6 2 22

2 6/ 2i—j+k is used here as it gives a
= 44i - 22j+ 22k simpler answer.

A wector parallel to 4di—22)+ 22k iz 2i—)+k

Anequation of JT is v+( 2i—j+k )= (0 «——| As the plane goes through the origin,

the p in rn=p mustbe zero.
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Review Exercise 2
Exercise A, Question 8

Question:

Eeferred to a fixed origin O, the point A has position vector a4+ 2k) and the
plane I7 has equation v (1 —257 +3k) = 5a, where @ 15 a scalar constant.

a Show that A lies in the plane I7.
The point & has position vector a(21+11)—4k) .

b Show that B4 is perpendicular to the plane 17
¢ Calculate, to the nearest one tenth of a degree, £O8A4.

Solution:

a alh+)+2k - +3k i=maldel+1n -5+ 223
=ag(d-5+6 =5
Hence A lies in the plane [T, as required.

[E]

For A to lie on the plane with
equation rn=25g, when r is
replaced by the position vector of
A, rn must give Sa.

b BA=aidi+j+2k —al 2i+11j— 4k |
= q(2i-10j+6k )
BA=2a(i-5+%

When a plane has an equation of
the form rnm = p, the vector m is

perpendicular to the plane.

BA is parallel to the vector 1—259+3k , which 1z perpendicular to the plane J7 .

Hence BA is perpendicular to the plane [T | as required.

& 0 4—— The angle 084 15 the angle between 50 and
B4, Boththese line segments have a definite
sense and so vou must use the scalar product

& BOBA to find 8. If you used @ﬂ Fou
B - A would obtain the supplementary angle

Let £OAB=28

(180" — &1, which iz not the correct answer.

[BO| = av( =28y + (=112 +4% |= (141}
|Zd] = a( 22+ (=102 + 6% 1= o[ 140 )
BOEBA=a(-2i—11+4k 1a(2i-10j +6k |

50| [Balcos g = a? | (-2)% 2 +(=1Dx (~10)+4x 6 |
aN (14D xaV(140)cos 8 =a (-4 +110+ 24

~ 130
A4 (140

#=22.3" (to the nearest one tenth of a degree)

cosd = 0925272 .

© Pearson Education Ltd 2C
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Finding the angle between two vectors
using the scalar product 15 part of the C4

specification. Knowledge of the C4

specification 15 a pre-requisite of the FP3

specification.
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Review Exercise 2
Exercise A, Question 9

Question:

The points 4, B, T and D have coordinates (3, 1, 23, (3,2,—13, (4, 4, 5) and
(—7,6,—3) respectively.

a Find ACx AD.

b Find a vector equation of the line threugh A which iz perpendicular to AT and

AD
¢ Werify that 5 lies on this line.

d Find the volume of the tetrahedron ABC 0 [E]

Solution:

PhysicsAndMathsTutor.com
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'
. 6 3 3 *+— For writing vectors, you can use either the
a AT=|4|-[1]|=|3 form with iz, j2 and ks, or column vectors,
5 2 3 which are used in this solution. Sometimes it
s tay even be appropriate to use a mixture of
= = 3 -10 the two, The form using 1, j and k vsually
A= & |-|1[=] 5 gives a more compact solution but many find
-3 o -5 column vectors quicker to write. The choice
= iz entirely up to vou and you may choose to
2 =10 IX(=3)=3x2 vary it from question to question
ACx AD =3 x| 5 |[=]|3x (=10 -3x(-5]
(5 -5 3x5-3x-10)
=30
=15
| 45
3 -2 F _30
B T= ; a4 _31 The wector | —15 | is perpendicular to both AC

45

and AD . This vector or any multiple of it may be
used for the equation of the line.

¢ For Bto lie on the line there must be a value of A for which

5 3 -2
2 1=[1 [+ -1
=1 2 3

Equating the x components of the vectors
S=3-2i=i=-1

Checking thiz walue of A for the other components
¥ component;

I+Ax =1 =1+ -1 -11=2, as required
Z component:
24dx3=24=1x 3==1, as required

Hence, & lies on the line.

Sea 3 2
d AB=|2 |-[1]=] 1
L-1) L2} |-3
2 =30
AB. (ACx AD)=| 1 || =15 |=2x(=30)+1x (=15 )+( -3 x 45
-3)1 45

=-60-15-135=-210
The volume of the tetrahedron, I zav, i given by

V=l AE (AT » AD ||=l|—210|: lx 210 =35 *+— The volume of the tetrahedron is one
& 6 & sizth of the triple scalar product.

© Pearson Education Ltd 2C
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Exercise A, Question 10

Question:

The line J has equation v =i+ 6] —k +A(21 +3k) and the line [, has equation
r=>a1+4pj+pii—2)+k), where p i3 a constant.

The plane I containg { and /[,

a Find a vector which 1s normal to f.

b Show that an equation for 8 15 éx+y—4z =16,

¢ Find the value of p.

The plane ff has equatien v A+ 2 +k)=2.

d Find an equatien for the line of intersection of Ff and II | giving your answer in

the form (r —a)xh =0 [E]

Solution:

a A wvector nperpendicular to [ and L 15 given by

n=i2+3k xii-Zj+k o R
ik i
=203
1-21 A+3k ]
03 |23 |20 The wector 21+ 3k 1is parallel to
e I e }, and i-2j+k is parallel to f;.
— 6t i—dk The wector product of two wectors
1 1z perpendicular to both vectors
and zo is perpendicular to the
plane containing both lines

b Anequation for I7; has the form
rioi+j—4dk i=p
p=l1+6)-k i b1+)-4k

=6+6+4 =14

A wector equation of 17 15

rifi+j—4k =148 To obtain a Cartesian equation of
a plane when you have a vector

A Cartesian equation of 17 iz given by R
equation in the form rn=p,

P . 2 . s . *—-—'—'_'_._._._
(3 +)j+2zk).(6i+j -4k ) =16 replace v by x+y)+zk and

brx+y—4z =16, as required work out the scalar product.

¢ The point with coordinates (3, p, 00 lieg on /) and, hence, must lie on J7;.

cubstituting (3, p, U0 into the result of part b
1B+p=16t=p=-2

PhysicsAndMathsTutor.com
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d The line of intersection lies in the direction given by

ijk 6i +j — 4Kk
A+2j+k)x (Bi+j—4k)=[1 2 1 t
6 1 —4 424k e 1,
21| 11| e
i — + -
14 -4 [6 1 « m|

i 410§ 1Kk ~9i + 10j - 11k T

) ] line of intersection
To find one point that lies enboth 77, and I7,

. bx+y-dz=16 @
. z4+2y+z=2 @

Youneed to find just one point that 15 on both
planes and there are infinitely many possibilities.

D +4x @ gives 10x+3y =24 Here yvou can choose any pair of values of x and
Choose x==-3,y=56 ywhich it thiz equation. & choice here has been
o T e made which gives whole numbers but vou may
_tguapnins Shiniiige b find, for example, ¥y =0, x=24 easier to see.

One point on the line 12 (—3,6,-7

An equation of the line 15

ll‘—l—3i+5j—?l{ IIXI—9i+10j—11k =0 —— The form n1‘—ﬂnxh=0,forthe

equation of a straight line,
represents a line that passes
through the point with position
vector a and iz parallel to the
wector b

© Pearson Education Ltd 2C
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Exercise A, Question 11

Question:

The plane 7 passzes through the points A—2,3, 50, 8(1,—3, 1) and C'(4,—6,-"71.

a Find ACxEC .

b Hence, or otherwize, find the equation of the plane I7 inthe form rm=p.

The perpendicular from the point (25, 5, 7 to FT meets the plane at the point 7.
¢ Find the coordinates of 7.

Solution:
S 6
a AT =| -6 =| -9
[ 7 | -12
4 1 3
BC=|-6|-| -3 |=| -3
-7) L1) |-8
6 3 72— 36
ACx BC =| -9 [x| -3 |=| -36+48
—-12) [ -8) | -18+27
36
=12 -
L9
b Anequation of JF 15
125 (.2 ;
r| 4 |=| 3 || 4 |==24+12+15
3 5 )13
12
r.| 4 [=3

[E]

PhysicsAndMathsTutor.com

This vector, or any multiple of
thizs vector, can be used for the
vector perpendicular to JT in part
b. The working in later parts of
the question will usually be
sinplest if you take the multiple
which gives the smallest possible
integers. In this case one third of
the vector has been used in part b,

The position vector of the point A
has been used to evaluate p in
run=p. Youcould use the

position vector of any of the
points, A, B and O
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c (25,5.7)
{
...... L F The equation v = a+tb represents a line
passing through the point with position
1 25
_ _ _ wector a, 10 this case | O |, which 1s
An equation of the line, { say, which passes .
through (25, 5, 7 and i3 perpendicular to J7 15
95 12 parallel to the vector b In this case, 13
r=|5 el 4 i
2 3 -+ patallel to the normal to the plane, | 4
2

Parametric equations of § are
x=20+412L, y =04,z =7 +3¢
A Cartesian equation of J7 13

12x+d4y+3% =3 i

substituting ( 254+ 1285 +4£, 7+ 3 | into the
Cattesian equation of J7
120 25+12¢ + 4 54+4: 1 +3(7T+3% =3
A00+14 + 204+ 166+ 21+ % =3
169 =338
t=-2

X

Writing r =| ¥ |, the vector equation

z
12

r.| 4 [=3 becomes the Cartesian
3

equation 12x+4y+3z2 =3

The coordinates of F are given by

F254+12¢ 544,77+ 3 ) 1=—2
=(25-24,5-8,7-16

=(1,-3,1)

point where the line intersects the plane.
cubstituting £ =-2 into the parametric form of
the line then gives youthe coordinates of &

13 the value of the parameter ¢ at the

© Pearson Education Ltd 2C
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Exercise A, Question 12

Question:

The plane T passes through the points B(—1,3, 20,004, —1,—1) and R(3, 0, 2),
where ¢ 15 a constant.
a TFind, in terms of c,ﬁx@.

Given that RPx E =314 dj+k, where & 15 a constant,

b find the value of' ¢ and show that & =4
¢ Find an equation of I7 in the form v n=p , where p 1z a constant.

The point 5 has position vector 1457 +10k . The point 5" 15 the image of S under
reflection in f7.
d Find the position vector of 5" [E]

Solution:

PhysicsAndMathsTutor.com
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. -1 3 - In this solution, the vector product has ke
a REF=| 3 |-[0]=] 3 found using the formula
~2 4 —a-c e & ayby — by
3 1 iy %] By 5| cedy—apdy | This formula
@= -1-|0|=] -1 i &, il —dgly
-1 i s can be found in the Edexcel formulae
booklet which 15 prowvided for the
- = 1 examination.
RPy RO =| 3 -1
bmamey il
A-1-ci—(24+c¢) —-5—4c
=| =2-c—41+c) |=|-b-5
. 4-3 1
=5-4 3
b | —6-5c |=| d
1 1

Equating the x components
—S—de=i=mdr=—R=v=-2
Equating the v components

d =—6-0c=-6-0x(-2)=-6+10

=4, as required.

¢ When c=-1
—5—de —-5+8 3
RExRO=|-6-5% |=|-6+10 |=| 4
1 1 1

Anequation of JT is

=143
=| 32 [|4 |=-3+12-2
-2 /11

3
4
1
3
4
1
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d : o . ; . ]
S 4—| In this diagram, the point A7 15 the intersection of

ao ' and the plane. As 5 iz the reflection of 5in
Ir, S8 s perpendicular to J7 and M iz the
tid-point of S5 Hence the translation (or

7 dizplacement) from S'to A is the same as the

[/ N translation (or displacement) from MNto S

e The method uszed in thiz solution is to find the
posttion vector of A and, then, to find the translation
which maps & to & This translation can then be used
to find the position vector of 5 from the position
vector of A

g

A wector equation of S5 is
1 3

r=|5 [+ 4
10 1

Parametric equations for S5 are
x=1+3%.y=5+4dz=10+: @

A Cartesian equation of 77 iz

Fx+dv+z=7 @

To find the position vector of N, the point of
intersection of 55" and JJ, substitute @ inte @

3|]+3f, |+4|5+4f, |+10+f=?
3+ %+ 20+166+10+: =7
2i=—20=i =-1

1+ 3¢ 1-3 -2
The position vector of M1z | 5+ [=| 5-4 |=| 1
10 +¢ 10-1 9
The translation which mapz 5 to N is represented by the vector

-2 1 -3 4— The translation which maps 5 to
T I e e Nwill also map Mto S
9 10 -1
The position vector of 5 15 givenby — :
_o L = #+— The position vector of &' 15 the
posttion vector of A added to the
i 1<) =2 vector representing the translation.
9 el B

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 13

Question:

The points 4, 5 and C lie on the plane ff and, relative to a fized origin &, they have
position vectors

a=1+3)-kb=5+3 -4k,

c=5-2j-2k

respectively.

a Find (b—a)x{c—a)..

b Find an equation of ff |, giving your answer in the form r n=p.
The plane I, has Cartesian equation x+z=73 and ff and fI intersect in the line /.
¢ Find an equation of / in the form r—plxg=20.

The point P 15 the point on/ that 1z nearest to the origin O
d Find the coordinates of P [E]

Solution:

PhysicsAndMathsTutor.com
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a  b-a=3i+3j-4k—(i+3j-k )=2i-3k

c—a=500-2j-2k-1+3-ki=d-5-k

1] k
(bh=axic=—a)=[2 0 =3 qﬁ__‘_‘_\‘_‘_‘_“\
4 -5 -1
0 -3 |2-3 |20
= i- i+ k
-5 —1 4d -1 4 -5

=-=15-10j-10k

b A wector perpendicular to J7 15 S+ 2j+2k
A vector equation of J4) 18
v A2 42k I =(i+3 -k (3i+2j+2k)
=3+6-2=7

¢ The line /] iz parallel to the vector
1]k
ii+k xiZ1+23+2k =(10 1
3:2:2
==-2i+j+ 2k
To find one point on beth JJ and 171,
For I
Let z=0,then x=3

rx+z=3

The wector (h—aixic—a)is
perpendicular to both A8 and AT
and, o, 15 perpendicular to the
plane JI. Tou can use this
vector, or any parallel vector, as
the m in the equation rn=p in
part b, Here each coefficient has
keen divided by —5. This eases
later working and avoids negative
signs

-

The form (r —p ix q =0 is that of a
line paszzing through a point with
position vector p, parallel to the vector
0. 3o you need to find one point on the
line; that is any point which is on both
A and JI . Asthere are infinitely
many such points, there are many
possible answers to this question. The
choice of z =0 here 1z an arbitrary
o,

cubstituting z =0,x =3 inte a Cartesian equation of JJ,

Zx+2y+z="7
8+2y+0 =7=y=-1

One point on Jf and JI, and, hence on 15 (3,-1,0)

Hence, a vector equation of J 15 (r—(31—3 i x(—21+3+ 2k =10

d A vector equation of J 15
r=(%—-)+i-A+)+2k
= (3-2f i+ =1+7 5 +2tk
At P, ris perpendicular to
((3=2¢ a4 =14f J+2k | (=21+]+2k =0

-« — |

—bt+di-1+i+dt=0=28=7T=¢ =§

The coordinates of & are

13 2 14
G-galig oy 2 et 2
& [ g gy ]

© Pearson Education Ltd 2C
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At the point & which is nearest to
the erigin O, the position vector
of F, r, iz perpendicular to the
direction of the line, q. Forming
the scalar product r.q and
equating to zero gives you an
equation in .
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Review Exercise 2
Exercise A, Question 14

Question:

The points A2, 0,—13 and B4, 3, 1) have position vectors a and b respectively with

respect to a fized origin O,
a Find axb.
The plane ff containg the points &, 4 and B

b Verify that an equation of fI 15 x—2y+2z=0.
The plane If has equation v n=d where #=31+)—k and d 1z a constant. Given

that B liez on 1%,
¢ findthe value of d.
The planes If and Ff intersect in the line L.

d Find an equation of L in the form r =p 4éq, where { 13 a parameter.
e Find the position wector of the point X on £ where OF 13 perpendicular to £ [F]

Solution:

PhysicsAndMathsTutor.com
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a

d

axb =i{2i-k x(dh+3+k |
1]k
=[20-l=3-6)+6k
431
substituting (0, 0, O inte x— 2y + 22
O—2x0+2x0=10

oo the plane with equation x— 2y + 2z =10 contains &

similatly as

=20+ 2n{-11=2-2=0

and 4—-2x342x1=4-6+2=0,

the plane with equation x—2y+2z=10

containg A(2,0,-1) and 54,510

For B to lie on the plane with equation
rn=d
T+ +k L Zi+y-k =4

“Werify” means check that the
equation is satisfied by the data of
this particular question. To do this
¥ou can just show that the
coordinates of &, 4 and B satisfy
x—2y+2z=0_Toudo not have

to shew any general methods.

d = 4% E4+3x1+1x(-1)=12+3-1=14

The line of intersection £ lies in the direction given by

ij k
(i-2j+2k w(3i+j-k =[1-2 2
i P

= 0i+7j+7k

A vector parallel to 73+7k 15 3+k and

this 1z parallel to the line £
The point £, which has position vector

4 +3)+k, lies onboth Jf and JT, and,

hence, on £
A wector equation of £ 15

r=4i+3j+k+:j+k |

Eearranging the answer to part d
r=d+3+i g+ 1+ 1k

Page2 of 2

I "

] -
n; X n,

The vector ny =1— 2j+ 2k 1z perpendicular
to Jd and the vector n,=3i+j-k 15
perpendicular to S, This diagram

lustrates the line of intersection of the
planes 1s parallel to n;xn,. This gives you

the direction of L. To find the equation of £,

vou alse need one point on 5. In this case,
the information given in the question shows
yvou that you already have such a point, 5.

Atthe point X on L where OX iz perpendicular to ©

1‘.|j+l{ =10
(dh+i 3+ p+i1+2 k Lj+k i=3+£+1+£6=10
===t =-2

The position vector of X 1z
H+(3-2 5+ 1-2 k=dh+)-k

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics

Solutionbank FP3
Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 15

Question:

The points A, B and C have position wvectors, relative to a fizxed origin O,
a=21—-j,b=1+2j+3k,

c =21+ +2k,

respectively. The plane fT passes through A, 8 and O

a Find ABxAC .
b Zhow that a Cartesian equation of F 15 3x—y4+22=7.

The line { has equation r —51—5)—3k)=Z2i—)j—2k)=10.
The line { and the plane ff intersect at the point T

¢ Find the coordinates of T
d Show that A, B and T lie on the same straight line. [E]

Solution:

PhysicsAndMathsTutor.com
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1 2 -1
a AB=|2||-1]=| 3
3 0 3
2 2 a
AC=|3|-|-1|=|4
L 2 Uil 2
-1 0 —5
ABxAC=| 3 [x| 4 |=| 2
L 3 24 alg=d
—& 2
b A wector equation of iz 1| 2 |=| -1
-4 0
x
Letr=|»
z
—6 x5
r| 2 |=|¥|| 2 |=m-fx+2y—4z=-14
-4 z ) -4

& Cartesian equation of J7 iz
—bx+2y—dz=-14
Dividing throughout by -2
3x—y+2z="T, asrequired

¢ & wector equation of the line § 15

-6

2 |=-12-2=-14

—4

Page2 of 3

-—

Unce you have a vector no
perpendicular to the plane, vou can find
a vector equation of the plane using
run=an, where ais the position
vector of any point on the plane. Here
the pozition vector of A has been uged
bt the position vectors of 5 and C
would do just as well. Az the scalar
product 15 quite quickly worked out, it
1z a useful check to recalculate, using
one of the other points. A1l should give
the same answer, here —14.

sy (o o
r=|5 |+ -1
3] l=p

Parametric equations of [ are

The tweo vector forms of a straight line
ir—axb=0and r=a+h are

equivalent and you can always interchange
one with the other, Here

X=5+21y=5-12=3-2 > 2
substituting the parametric a=|53| and b=|-1}|
eruations into ] -2
Sx—y+2dz =7
3O4+2 - (00— 21532t )=7
159+6-0+i+6-4f =7
3 =-9=i=-3

The coordinates of Tare
(942583 —261=(59—6,5+3.3+6

=(-1,8.9)

PhysicsAndMathsTutor.com
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# o W B g il 1 -2 +— When A, 8 and Tlie on the same
d BT=0T-08=|8 |-| 2= & straight line, A5 and BT are in the same
o 3 5 direction. 3o you show that the wectors
From part a AR and BT are parallel.

Hence

AB= %ﬁ and AB is parallel to BT

Hence A, 5 and T lie in the same straight line. *+——] Points which lie on the same straight line
are called colhnear points.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 16

Question:

The plane [T passes through the points A—1,—1,13, 5(4, 2. 1) and C{2, 1, 0.

a Find a vector equation of the line perpendicular to f7 which paszzes through the
point 201, 2, 3

b Find the volume of the tetrahedron ABC D

¢ Obtain the equation of ff inthe form r-n=p.

The perpendicular from 2 to the plane JT meets IT at the point &

d Find the coordinates of X

e Show that DE= %

The point D' is the reflection of Din 1T
f Find the coordinates of D' [E]

Solution:

PhysicsAndMathsTutor.com
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d

4 -1 5
AB=|2 | -1|
1 1 %
2 -1 3 = —_— =
AC=| 1)1 2 by detiition, porpeadicaar o
o) LT -l both 48 and AC. So it will also be
5 3 —3 perpendicular to the plane
Trxac =3kl 2 |=| 5 ) conttaining A8 and AC
o) l-1) L1 )
An equation of the line, 7 say, which passes
1 -2
through 2 and is perpendicular to Jlis r=| 2 [+£] 3
3 1
1 -1 2
An=|2 |- -1|=|3
3 1 2
23
AD(ABxAC)=|3 || 5 |=-6+15+2=11
2111

The volume of the tetrahedron, Feay, i given by

=1|E.{Exﬁj ol L
& & &
An equation for J7 is
-3 -13{-2
r| 5 |=[-1} 2 [=2-5+1 =
1 1 1 The vector equation v.| & |=p
ey €
r| s |=-1 = and the Cartesian equation
1 ax+&v+ez=p are equivalents
A Cartesian equation for Jfis End one can always be replaced
SEesa iy ¥ the other.

Parametric equations cotresponding to the equation of / found in part a are
x=1-3 =242, z=3+;
substituting these parametric equations into the Cartesian equation for J7

=3 1=3 +5 245 +3+f=-1
—A+2%+10+ 2% +3+f =-1

PhysicsAndMathsTutor.com
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g5 gyl
35

The coordinates of B are given by
(1—3, 2453+

=[1+3x£,2—5:’<H 3—2]
35735735
2 2 2
e  DE? =[1—@] +[2—E] +[3—%J
) ) 35

-G E)-5)

34550411 4235 121

35 3577 35
(815.5) |

Tze vour calculator to help you worlk
out these awlkward fractions.

Of course, E =E and this 1s
35 o

acceptable as part of the answer,
Howrever, the subsequent working is
easier if all the coordinates have the
same denominator.

Page3 of 3

4— The distance & between points with

coordinates (x,x,. % ) and (3, 9.5

1z given by

. 2 2 2
=lm-—nl Ha-mnitua-yl.

, as required.

D

D'

Az Dz the reflection of D in JF, Eis the
tmid-point of 20 and the translation which maps D
to & also maps Eto D' 5o youcan find the position

33
33

35 1225, 35
[(121% 11 11435
Hence DE= ‘\j [E]_E_—ﬁ
f The translation mapping 2 to & iz represented by the vector
63 33
b i i ——
35 1 35
o R I O I
35 35
94 g 11
L35 35
The position vector of ' iz given by
68 33 101
a5 35 35
0D'=0F+DE=| = || -2 |=| -2
35 35 35
94 il 83
35) L 35) | 35

5

vector of D' by adding to the position vector

1
35
of 5.

The coordinates of ' are E—ﬂﬁ
Cis T

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 17

Question:

The points 4, B and C have position wvectors (4 2k), 2143 +k) and (i4j+3k),
respectively, relative to the origin O The plane T contains the points A, B and O

a Find a vector which iz perpendicular to fF

b Find the area of AABC

¢ Find a vector equation of IT in the form r n=p.

d Hence, or otherwise, obtain a Cartesian equation of fF .
e Find the distance of the origin & from I7.

The point I has position vector (3i+4j+k) . The distance of D from 7 12 s Ly

V17
f TUsing thiz distance, or otherwise, calculate the acute angle between the line A2 and
T, giving your answer in degrees to one decimal place, [E]

Solution:

PhysicsAndMathsTutor.com
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a Let a=j+2kb=21+3+k, and c=1+j+3k
b-a=21+3j+k-(j+2k \=2+2)-k
c—a =i+j+3k-ij+k j=i+k
& wvector which is perpendicular to JJ7 iz

The wector product

ib—cixic—al is, by definition,
perpendicular to both b —a and
c—a and, so, it 15 perpendicular

to both AF and AC . Tt will also be
perpendicular to the plane

containing AF and AC

11 k
ib—amie—a)=|2 2-1
101
=z2i-3-2k
1
b MBC=E|-IJ—£| Mic—a)| 4——
—1|2i—3j—2k|
2

:%‘\{[I 22+| —3 |2-|—| —2 |2 |

The wector product can be
mterpreted az a vector with
magnitude twice the area of the
triangle which has the vectors as
two of ite sides,

11
2

¢ A vector equation of JFis
ri21-3j-2k i=(j+2k ) 21-3j-2k i=0-3-4

ot

The wector equation | & |= p

=7 - /
7

d & Cartesian equation of J7is 2x -2y -2z =—

s

atd the Cartesian equation
ax+byv+ez=p are equivalents.

Page2 of 3

e The distance from apoint (=, 5,3 ) to aplane

|n1cx +a S tay+d

mE TRy thE+d =0 15 e
| Alnf +ug +nd |

Hence the distance from {0, 0, O to 2x -2y -2z =-7

7 7

15

Thiz formula iz given in the Edesxcel
formulae booklet. If you use a formula
from the booklet, it is sensible to quote
it in your selution. The distance of a
point from a plane 1z defined to be the
shortest distance from the point to the
plane; that is the perpendicular distance
from the point to the plane.

(2 +(=3) +(-2)") A1

f D:(3,4,1)

[

A “:v.-"l*:l I
V17
8 A (0, 1,2)

Let the angle between A0 and [T ke &
ADP = (3-0Y +(4-1F +(1-2) =9+9+1=19
amr=lly

73)
17
419
g =32(1dp)

sand = =0.055641...

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 18

Question:

Eelative to a fized origin O the lines 4 and 4, have equations

ir=—1+2)-dk+a(-21+j+3k) L r =)+ 7k +i-1+)-k),

where = and i are variable parameters.

a Show that the lines intersect and are perpendicular to each other.

b Find a vector equation of the straight line & which passes through the point of
intersection of & and J, and the point with position vector 41+ 4 —3k , where 4
1z areal number.

The line kL makes an angle & with the plane containing [ and L.

¢ Find sinf mterms of 4.
Given that [.7, and L are coplanar,

d find the value of 4. [E]

Solution:

PhysicsAndMathsTutor.com
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a Equating the x components
—1-25=—
Equating the ¥ components
2+a=-1+; @

D+E l-s=-1=s=2 equal and then you show that
Substitute =2 into @ d=-1+f=¢=35 these walues malke the third
Checking the z components components equal

Fori:—4+3s=-4+6=12

4+— To show that two lines intersect,
D
you find the values of the two
parameters, here 5 and ¢, which
make two of the components

For i, 7-¢=7-5=2

These are the same, so 4 and L intersect.
The lines § and 7, are parallel to

-2 +])+3k and —1+)—-k respectively.

Az the scalar product a-h = |1'|||]J|C2055',

where 8 iz the angle between the
wvectors, if, for non-zero wectors, the

L2l +3k (=it —k)j=2%1-3=0 & | scalar produce is zero then coz8=10
Hence § is perpendicular to . and &= 50"

b Substituting £=2 into the equation for [, the commeon point has positien vector

—i+2j— 4k +2(=21+j+ 3k )=—5i+4j+ 2k

Teing r=a+uib—a), anequation of L 13 +—]
r=-S1+4j+2k+uidi+Ad)-k - -S+4)+ 2k )|
=-S+d)+2k+u(N+(A-4 -k

r=a+ulb—aj is the appropriate
torm of the equation of a straight
line going through two points
with position vectors a and b,
Here

a=-01+4)+2k

b =4i+1;-3k

¢ A wector mperpenticular to the plane, 5 say, containing [ and I s

n=(-1+j-kx(-21+j+3k)
ijk
=-11-1=4i+5j+k
it
Let the angle between [, and I be &

PhysicsAndMathsTutor.com
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d

nf' = 4% +5° +17 =42

Page3 of 3

[9i+(2—4)j - 5k|= 9 +(2-4) +(-5)
=81+ —BA+16+25= 4" —81+122
n(Si+(4-4)j-5k)= n||(%i+(2-4)j- 5k
cos(90° - 8)
(4i+5j+k i+ A-4j-%
=42 A 2*-81+122 sind *+— |
oo AXEEOCA= Ayl ()
Y424(1* -81+122)
51+11
T a2 -8a+122)

i1

The cosine of the angle between n and
can be found using the scalar product of n
and a wector parallel to 4. This cosine is

sand.

It 1.7, and £ are coplanar then
=0 and sinf=0
=il

Locking at the diagram in part b above,
if L lies in the plane J7, then &=10.

Hence 51+11=0= 4 :T

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 19

Question:

Referred to a fized origin O, the planes I and [ have equations v {Z21—)+2k)=9

and r-(@A14+3)—k) =& respectively.

a Determine the shortest distance from O to the line of intersection of 11 and fi,.

b Find, in vector form, an equation of the plane 1L which is perpendicular to 1 and
If, and passes through the point with posttion vector 23 +k .

¢ Find the position vector of the point that lies in £f, 71, and FL. [E]

Solution:
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a The Cartesian equations of the planes are
I 2x—y+22=5% @

Page2 of 3

I 4x+3y—-z=8 @ =

T+2x @
10x+5y =25
2x+y =35
Let x=¢,then y=5-2x=5-2%
From @&
z=4dxr+3v—8

=4t +3(5-2 -8=T7-2%

The general point on the line of interse cti%
of the planes has coordinates (£, 5—- 26,7 -2 )

The distance, ¥ say, from < to this general point 15
given by

=2 (5-2%T +(7-2 7
=2 +25-20f + 462 + 49— 28¢ +4¢2
=97 -4%+74 @

Differentiating both sides of @ with respect to ¢

Doints onthe line of intersection of the two
planes can be found by solwing
simultanecusly the Cartesian equations of
the two planes. As there are 2 equations in
3 unknowns, there are infinitely many
solutions. A free choice can be made for
one variable, here x iz given the parameter
£, and the other variables can then be found
in terms of 2.

This 15 the equivalent of the
parametric equations of the common
line x=¢,y=50-2¢z=7-2¢.

The equivalent vector equation of this
lineis r=5+7k+s1-2)-2k ).

. . d
At a minimum distance &= 0

o s 0B
18 3

Substituting into &
2
¥ =9 81 —aax 84
& 3

=64-128+74=10
The shortest distance from & to the line of

intersection of the planes is ¥ 10

PhysicsAndMathsTutor.com

A calculus method of finding the
minimum distance i3 shown here,
Toucould instead use the
propetty that, at the shottest
distance, the position vector of
the point iz perpendicular to the
commoen line. This method 15
illustrated in Question 13
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b The line of intersection of 14 and JI, has wector
equation r =5 +7k +£1-2) -2k |
Hence the vector 1-2j— 2k 13 perpendicular to J5 .
Anequation of JL 15
ri-2j-2k =i 2j+k rii-2j-2k |
=—4-2=-6

¢ Substituting (§,5- 26,7 - 2f inte x— 2y —2z=-%
F=2(5-2¢ 20728 1=—6
f-10+4-1d+dt=—b==18=:=2
The position vector of the common point is
A+ 5-2¢+(7-2¢ k=21+3+3k

© Pearson Education Ltd 2C
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The commeon line of ) and 17,
15 a normal to the plane JJf, which

1z perpendicular to Jf and J1.
1,

I

The point that lies on the three
planes 1z given by substituting the
general point on the line of
intersection of 14 and [T, inte

the Cartesian equation of 1L
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Review Exercise 2
Exercise A, Question 20

Question:

Wertor equations of the tweo straight lines [ and m are respectively
r=j+3k+21+j-k),

r=i1+j-k+ul-z1+3+k)

a Show that these lines do not intersect.

The point 4 with parameter £ lies on / and the point B with parameter z; lies on e

b Write down the vector AF interms of 1,7k, 4 and ;.
Civen that the line A8 15 perpendicular to both 7 and s,

¢ findthe values of £ and # and show that, in this case, the length of A5 12 l [E]

NG

Solution:

PhysicsAndMathsTutor.com
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a Equating the x components
2i=1-2u @
Equating the v components
l+i=l+u=i=u @
Substituting @ inte @

2u=1—2¢:¢:u=l
4

As £=u,z=l
4

Checking the z components

Forf 3- 5—3—1—E
4

4

Form —1+u =_1+l=_ E 4— To show that two lines do not intersect,
4 4 you find the values of the two
E R S T SO parameters, here £ and &, which make two

of the components equal and then you
show that, with these values, the third
0 9 components are not equal

O =|(1 +u1
1 -2 a 2
AB=0B-0d=| 1 +u1 I =t Tty 4
1 3 -1
I=2e =iy
=| ity
=4 +i +u

=(1=2 = 2y A+ =4 ey JH = +E i k

PhysicsAndMathsTutor.com
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¢ If AF is perpendicular to -~
1- 28 — 20 2
—&+w, || 1|=0
i o L

2= —du 4+ +d—f -y =0

6t +du =6 @

If AZ is perpendicular to
1—-28 =2y [ =2
-+ || 1|=0
e AR 1

—2 =45 +du) —f +uy —d+f +uy =0

4 +6u =6 @

I @ -2x @
10 = 6= u1=§

_ B u
Substituting =§ into @

6-=
4ﬁ1+——6:>.tl=—5=—
4 5

b 8 ol

1-2t, - 2u, 5 5 =

AB = -+ |= —%—r% =l 0

=4t e o il

5

5 5 25 5
The length of A8 iz given by

|E| = [?] = % , as required.

ey | : 2
|AB =[_E] +[_E] _245_49

© Pearson Education Ltd 2C
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As AF is perpendicular to !, the scalar

product of AE with the direction of i,
2

whichis | 1 |, 15 zere. This gives one
-1

equation in £ and ;. Carrying out the

same process with the direction of e,

gives you a second equation in £ and

. Touzolve these sinultanecus

equations for £ and w1 and use these

values to find AF . The magnitude of

this vector is the length vou have been
asked to find.

Thiz length iz the shortest
distance between the two skew
lines. Thiz question illustrates one
of the methods by which this
shortest distance can be found

Page3 of 3



Heinemann Solutionbank: Further Pure Mathematics Pagel of 3

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 21

Question:
11 2
A=|0 1 1
oo
Le g
1 = 5(?3 +5n)
Prove by induction, that for all positive integers n, A* =0 1 b - [E]
1 0 1
Solution:

PhysicsAndMathsTutor.com
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1 » %|n2+3n|

A'=101 b
0o 1

Pikisnia .___._______,_-—-—-—'—'—‘— Tou start all inductions by showing

that the formula you are asked to prove

11 %n PaEs 1z true for a small number, usually 1.
A=l 0 g 1
o] 1
'
112
=|011(=A
o0l

The formula 15 true for #=1.
Aszsume the formula 15 true for =1k .

That 13
W e
2 #—| This 15 the induction hypothesis.
AF=0 1 i You assume that the formula is
00 1 true for =k and show that this
' o ;
AbL = Ak A implies that the formula is true for
el n=k-+1.
1.2
1k EI B +3k) 112
=01 e 011
00 1 001 This term i1z obtained by multiplying the
1 first row of the first matriz by the third row
11+k 2 +55+EI K +3 of the second matriz, that is
=0 1 1+k jir
[1 =ik +3.5:|] 1]
00 1 2 ]
1 1 3k
k- K43k =SB+ = +k+2 Tiss
7 2 i =]x2+kx1+§|ﬁ: +3k 1
= ll B +5k+4 )
2
— o2k t14 34 3) T e
2 /f’ Eeep in mind what vou are aiming for as
1 . vou work out the algebra You are locking
= E' (E+1)+3(k+1)) to prowve that the formula 1z true for

#=k+1, scyouare trying to reach

%u #*+ 30 | with the » replaced by k+1.

PhysicsAndMathsTutor.com
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1 k+1 %nﬁ:ﬂ sk 1Y)
AR =lg 1 k+1
a0 1

This 15 the formula with £ +1 substituted for 2.

Hence, the formula 1z true for #=1, and, if it 15 true for 2 =%, then 1t 15 true for
n=k+1.

By mathematical induction the formula iz true for all positive integers 2.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 22

Question:
Bl =2
A=0 —1 & |, where & iz areal constant.
g 1 0

a Find the values of & for which A iz singular.
iven that A is non-singular,

b find, in terms of k, A™% [E]

Solution:

PhysicsAndMathsTutor.com
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a detA =Fk

—1k| [0k :—i1
-1 |+-2

10 jBo 5 1

=kwi—ki—1x( -8k i+ -2 m%

= +9%-18=0

K —9k+18 = (k-3)k—6)=0 \

k=36

b The matriz ofthe minors, M say, 1s given by
—1k| |0k |0-1
elielen
1-2| |e=-2| k1
Vol kol b
1 —2‘ ‘E:—EHE: 1‘

=1 &[0 & (D=1
-k -8k 9

= 2 18 k-9

k-2 & -k

The matrixz of the cofactors, C say, 15 given by
-k Sk 9

2 A8 =k¥Y
k-2 -k -k

C=

-

The Zx 2 determinants are worlced out

b
=ad —bc

uzing the formula

-

which yvou learnt in book FP1

A singular matriz 12 a matriz without an
inverse. The determinant of a singular
matrix iz 0.

Az you have worlked out the
determinant of A in part a, the
remaining steps for worliing out
at inverse of a 3% 3 matrix are:
1 Work out the matrixz of the
MINOLS,

2 Obtain the matrix of cofactors
by adjusting the signs of the
tinors using the pattern

(+ = +)
t—+—J.
+ - +

3 Transpose the matrix of the
cofactors.

4 Diwvide the transpose of the
tnatriz of cofactors by the
determinant of the matrix,

The transpose of the matrix of the cofactors 42 given by

-k -2 k-2
=9k 13 -
D —k+% -k
The inverse of Ais given by
‘%—].: ] {'1T
det A
, ~k -2 k-2 /
=— | 9% 18 &
=k +9%k-18
9 —k+D -k

You have wotked out the
determinant of A in part a Tt 1s
perfectly acceptable to leave your
answer i this form. You do not
hawve to divide every individual
tertmn in the matriz by

—k* + 9% 18

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 23

Question:

The matriz W iz given by

1 4 =1
M=|2 0 p |, wherep, a, bande are constants and @ > 0. Given that MM =41
a b o«

tor some constant &, find

a the value of p,
b the value of I,
¢ the values of @, b and ¢,

d det M [E]

Solution:
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1 2 a
a M=|408b
-1pe
14-1%1 3a
MM =|30p | 4 05
abec \-1pc

a+db—c

3a+ po

1+16+1 3-p
=| 3-p 9+p°
a+db—c 3a+pc at+b* +c?
100 k0
=i=k010(=|0k
001 on

18 i-p a+db-c

i-p 9+_::12 3a+ po

a+db—c Ba+po at +5° ¢t

Equating the second elements in the top row of =

i—p=0=p==2

b Equating the first elements in the top row of =

L=18

0
0
k
k00
=0k 0 [» 4—— Iftwo matrices are equal, then all
00k of the corresponding elements in

the matrices must be equal.
Potentially, there are 9 equations
here. This equation has 5
unknowns and you pick out 5
equations which you can solve to
find the unknowns.

¢ Equating each of the terms in the third row of # and using p =3 and k=18

gtdk—c =0 @
Za+3c=0 @
@ +b et =18 @
From @ c=-a
Substituting ¢ =—a inte @

- —

Tou solve these 3 simultaneous
equations by finding & and = in terms of @
and, then, eliminating & and . Tt 1z
sensible to find @ first as that 15 the
unknown for which you are given the
addiienal information that @ = 0.

a+db+a=0= 4b=—2c1:>b=—%a

substituting ¢ =—a and & =—1§a into 3

a* +lc::2 +a® =18
4

9’ . 18x4

—=18=a 8
4

Asg=0
a="8=2+2

hpmse /3
2

c=—a=-242

PhysicsAndMathsTutor.com
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1 4 -1
d M=| 3 0 3
L I B Ny R M +— The 2x 2 determinants are worled
; : 5 2 5 5 out using the formula
det M 1‘_42_242‘ 4‘ 42_242—'—( 1)‘242_42‘ “ = ad — be _ which you learnt
-
=1x 32 —dx| =6y 264 2 1 (=1l 342 inbook FP1 .

=3 2448243 2=544 2

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 24

Question:

1
a Given that A= 2 find A?
0

—

show that A*—SA%+6A—-T=0.

2
1
2
10 9 23
b Using A’= ]

¢ Deduce that .—"1(.—"1 A =
d Hence find A%

Solution:

PhysicsAndMathsTutor.com
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b

C

1. 1:9%1:1.2%
A= lioosi oz
102102

1+04+2 1+2+4+0 2+1+4
=|0+4+0+1 04440 04+2+2
(14042 14040 2+0+4 |
o373 )

=144
316

AP-S5AT+6A-T

A{Ag -5A+61) =1
A(A-CT)(A-3I)=1L as required.

PhysicsAndMathsTutor.com

[10923y (237 [112Yy (100)

S5=5+0-0 9-204+12-1 14-20+6-0

A an example, the third element
in the third rew iz found by
tultiplying the third row of the
first matriz by the third column of

the second matriz. That is
g ol

(2
(102) 1 |=1x24+0x1+2x2
.
=240+44=6

=| 5214 |=-53144|+&[021|—-[01D0
Lovsg] |aiel ozl Lood
"_‘_-_-k_-_‘_‘_'—__'_'_“ When a matrix 12 multiplied by a
(10-15+6-1 9-15+6—-0 23-35+12-10) scalar, each element in the matriz

1z multiplied by the scalar so

(11 2% (& & 12)

poG210 e =00 Bodapl=l 1350412 )
(000 &0 2 1|=|0 12 &
=(000|=0,as required. '-] a 2-' '-6 0 12-'
loon|
A o The ;ules for fau:tor.ising expressions with
: . tatrices are eszentially the satne as those
AT-5AT+EA =1 for factorising ordinary polynomials, so if

#sx+6=(x-2){x—3), then
A —SA+6I=(A-2IW(A-3I). Thels

are needed to preserve the dimensions of
the matrices.

Page2 of 3
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d Comparing A{A—2T ) A—31)=1 with the

definition of the inverse matriz AA =1

A1={A—HHA—H]¢hﬁH“ﬁE“ﬁH%
= A*—5A+6I

Hence
oA G IDN: Fhiod
Al=l144|-5l021|+6{010
{316 | 102 001

(3-54+46 3-5+40 7-1040)
=|1-040 4-10+6 4-5+0
[3-5+0 1-0+0 6-10+6

(4 20 3)
=101
21 2]

© Pearson Education Ltd 2C
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An alternative method 15 to work
out the matrices (A —2I) and

(A —3I) and multiply them

together. The method shown here
15 a little quicker unless you have
a caleulater which multiplies
tnatrices.
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Review Exercise 2
Exercise A, Question 25

Question:
1 00
Given that A=|0 2 1|, uee matriz multiplication to find
oo 1
a A?,
boA°
1 0 0
¢ Prove byinductionthat A"=|0 2 2" —1|[»=1.
oo 1
d Find the inverse of A®. [E]
Solution:

PhysicsAndMathsTutor.com
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Page2 of 3

flooy 100y
a A'=A-A={021f021
loo1Ho01 )
f10 0 Y (100}
=04 2+41|=|043
U 1001
- ’ O | Tsing A*=A A* will give you
b A'=A"A=043|021 the same result.
001 R001 )
(10 0 Y (100}
=08 4+53|=| 087
oo 1 001}
100
¢ At=loarotg Tou start all inductions by
00 1 showing that the formula you are
asked to prowe is true for a small
Let x=1 number, usually 1.
(10 0 )
Al=lo2 211
(0o 1
[SE0:0
=021 [=A
\0o01,

The formula is true for 2 =1.
Agzume the formula 1z true for n=1& .
That 15

(g @
AlEEgnt ob g
00 1
AN oNEL K
(10 0 Y100)
=2t 2* 1fe2]
0o 1 oot
(1 0 0
= k0. piae o obu ok
0 0 1

2%x2 = P2l = 244
2b+ 20 —1=2x2"-1=2% 1

PhysicsAndMathsTutor.com

The second element in the second row 15 found by
multiplying the second row of the first matriz by
the second column of the second matriz. That 1z

£ 0
2

L 0)
 =okxop=oM

The third element in the second row 15 found by

multiplying the second row of the first matriz by
the third column of the second matriz. That 13

.’D‘.
1
1

= ohpok_gmaltlog

= 0x0+2"x2+(2*-1)x0

(02" 2" -1)

(02° 25 -1)| 1 [= 0x 0+ 2% x1+(2* -1)x1

\
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S
Henoes R =Lgo¥ ok g
00 1

This 1z the formula with £+1 substituted for ».

Hence, the formula 1= true for 2 =1, and, if it 15 true for 2 =%, then 1t 15 true for
n=k+1.

By mathematical induction the formula iz true for all positive integers ».

d det(A")=2"
The matriz ofthe miners of A*, M say, iz given by

22 @ 20
M=|0 1 0

| poreg |

The matriz of the cofactors, C say, is given by

[t} 4
0 0 A possible alternative approach is to note

E=0: 1 W that the form of A,

| ety 1 10 0
The transpose of the matrixz of g 325 Pl
the cofactors 1z given by 00 1
ot 20 ? : sz suggests that the inverse of A", which is
Sl i _2?! (A*) "= A * using the laws of indices,

: L S might be found by changing the » to —a,
The inverse of A* iz givenby e ¥ gx £

i 1 ‘1 0 0
AM) = —— (T » rogr_ e
[ ) et {A"] giving [0 2 27" =1 |, which iz the
Es o0 1
1 (a0 0 correct answer,
=—| 0 11- 7 Eelations of this kind are commonly true
2 g0 o for the powers of matrices but, in itzelf,
this 1z not a sufficient argument. However,
(10 0 ) if ¥ou now werified that this was the
0 1 A=g® (1 0 0
i inverse by multiplying [ 0 2% 2% -1 |by
oo 00 1
‘10 0 ‘1 0 0
=|lpno®on_1 0 2% 27%-1|and obtaining the
00 1 N 1

i-;:lentitjr matrix, this would be acceptable.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 26

Question:

a chow that det A=2(u—17.
b Find the inverse of A

@ 21 =1 :
The image of the vector | & | when transformed by the matriz {1 1 1 | is .
C 53 6 &
¢ Find the values of @, & and «. [E]

Solution:

PhysicsAndMathsTutor.com
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a

detA=73
3

11
-1

i

11

11‘

=l
Su 53

= 3(u—3)-1(z—5)-1x(-2)
= u-9-u+5+2=2u-2

2(x —1), as required

The matriz of the minors, M zay, is given by

M=

(11
EFY.
1-1
‘33&
el
]1‘

11
Su
R NE
oon D
ERNE;
11‘1

1
5

u+33u+5 4

3 @ P

1)}
3

1
3

1

1

(u—3 u—5 -2}

4+— Each 2x 2 determinant is

evaluated using the formula

a b
=ad —hc.
i

iy

PR

The matriz ofthe cofﬁctors, C zay, 1z given by

C=

C =

1

PhysicsAndMathsTutor.com

W e

20

——353u+5 -4
2 -4 2

The transpose of the matrix of the cofactors iz given by

45 Fu+5
2 -4

- 1 (1T

CdetA

2(x—1)

f =3 —u—3 2

—4

. 2
The inverse of A iz given by

(=3 —u—=3 2
—u+5 % +5 -4

2 -4 2|

The minor of an element 1z found
by deleting the row and the column
in which the element lies.

For example, to find the minor of &

fa & o
in|d e F | delete the row and

g ki
column through & | & & F |

\ZE4 1)
The minor iz the determinant of the
elements left, ‘ f .
g i
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¢ Wthu=6

(a3 -9 20
-123-4
—-2-4 2

1
10

AT =

(3 1 =1}
A
| 5: B¢ 5]

of patts a and b with & =6 To find the ohject
vector when you are given the image vector, you
will need the inverse matrix with 4 =6,

The matriz in part ¢ 15 the matriz A

(1 C ¥

L&)

Multiplying both sides on the left by A

{ o) 2

AL — Al

A7Al A=A
L&)

(1 C ¥

Hence, as AA =1,

() (3 -9 2)3
5l i
10
le] |24 25
9-9+12 )
el betia g
10
| —6-4+12 |

a=124=-04.c=0

© Pearson Education Ltd 2C
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$———— This equation expresses the information that
oy
the image of | & |, under the transformation
e ]
i 3 i
represented by the matriz A s | 1|
6 )
el Y e
=—| <4 |=| -04
L 2) | 0z

2
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Review Exercise 2
Exercise A, Question 27

Question:
3 a0
The transformation & is represented by the matriz M, where M=|2 & 0|, and
c 01
where @, & and ¢ are constants. Given that M=DM"",
a findthe values of @, & and ¢,
b evaluate the determinant of I,
¢ find an equation satisfied by all the points which remain invariant under £ [E]

Solution:

PhysicsAndMathsTutor.com
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a MM=1
(3a¢0)320) (100)
2k0f2&0|=|010
lc01}lc01) {001}

(9+2a 3a+ab 0) [100)
6+2b 2a+5° 0= 010
de ac 1) (001)

4 By definition, MM '=1. 4s you have
been given that M =M, it follows
that MV =T . This matrix iz self-

INVETSE.

* Iftwo matrices are equal, then all of the

Equating the first elements in the first row

9+ 2a=1=a=-4

Equating the first elements in the second row

b+2dh=0=h=-3

Equating the first elements in the third row

corresponding elements in the matrices
must be equal. Potentially, there are 2
equations here. This question has 3
unknowns and you pick out 2 equations
which wou can solve to find the
unknowns.

de=0=¢=1
b Using the values of @, & and ¢ found in part a
[3-40)
M =[z2-30
001
=5 U‘—{—al]‘z U‘m‘z _3‘
01 11 0o
=3x(=-3)+dx2=-1
i x )
¢ Let the point which is invariant under & have position vector .

fammaMat o)
220 ¥ (=
(00 1flz) (z}
[Bx—dy ) { %}
2x—13y =

z

Equating the top elements

Ix—dy=x=2x-4y=0=x=2y <« always satisfied, and gives you no further

Equating the middle elements

#4— The wector of an invariant point 15

! Z ¥

unchanged when multiplied by the matriz
representing the transformation.

The top and middle elements give the same
equation atd thiz is the equation satisfied
by the invariant points. Equating the lowest
elements gives z =z  This 1z an 1identity,

information.

e

2x—liy=y=2x—4dy=0=x=2y

An equation satisfied by all the invariant points

The transformation 15 3-

1z x=2¥.

© Pearson Education Ltd 2C
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dimensional and x=2y

represents a plane of points.
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Review Exercise 2
Exercise A, Question 28

Question:

The transformation T:B* — B® is represented by the matriz ML

2 =5 0 -1
The vector |—1] is transformed by Tto |—1|, the vector |—1|is transformed to | 9
0 0 2 0
& —a+1
atd the wector | 0] iz transformed to 3 |, where alo=—1) iz a constant.
0 2o+ 2
a Find ML
3 2 0
The plane ff has equation v = 0|+ 3|[—1|+ 4 |—1]|, where X and @ are parameters,
1 0 2
and Ttransforms J§ to the plane 11,
b Find a Cartesian equation of ff,. [E]
Solution:

PhysicsAndMathsTutor.com
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2ag—Zde=—d =a=c-2

PhysicsAndMathsTutor.com

fabe)
a Let M=|def This equation expresses the
.- T
o c vV 2 e S 54 information that | —1 | 1z transformed
de fl-1|=|2d—¢ |=|-1| 40— O
_ by T, the transformation represented by
g2t 0 ) l2g-h) | 0] {—5
Equating the top elements ;
st LIl &y M, to | =1 |. Equating the 3 elements
Equating the middle elements "y
2d—e=-1 @ gives 3 equations. The other two vector
Equating the lowest elements transformations, similarly, give & more
Sg—k=0 O equations and all 2 equations are
needed to find the 9 elements of WL
fabe Y0 [—b4+2ey (-1}
de f|-1|=|-—etf|=
Ligia i ). Lheees |} 0 |
Equating the top elements
—b+2e=-1 @
Equating the middle elements
—e+2f=% &
Equating the lowest elements
~h+2i=0 ®
fabeYay (ac+c ) [ —o+1)
de fl0|=da+f|=| 3
lghi 1] | go+i ) |Zo+2
Equating the top elements
at +te=—+1 @
Equating the middle elements
do+ =5 @&
Equating the lowest elements
gr+i=2x+2 @
Taking equations (0, @ and &
da—b=-5 @ #— These 3 equations are 3 simultaneous equations
—b+2e=-1 @& ine, b and e Tou solve them by eliminating a
T T and & from the equations and finding =
-
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Substitute @ =c— 2 into @ o e S
RIS e Y The condition o= —1 iz impottant in this

(c-2)x+ec =—a+l question. If o =-1, the equations could not
ctr +e—r =1 =1 be solved You will notice the importance of
c(o+1)-1(c+1)=0 thiz condition again later in the question As

frequently happens in mathematics, this

e 1 =0 special case 15 of considerable interest and 1z

Az or#—1 worth further investigation but thiz goes
¢ =1 bevond the specification for this module.

a=c—-2=1-2=-1

From @

b=2a+5=-2+5=3
Taking equations @, & and &

dd—e=-1 @
—e+2f=5 &
da+f=5 @
2 —E
2d—2f=-10= f=d+5
substitute

f =d+5
do+d+5=1
d{c+1) =0
b oz-1 =
d =10
F=d+5=0+5=5
From @&

e=2d +1=0+1=1
Taking equations 3, ® and @

2g-4=0 @
—h+2i=0 ®
g+i=200+2 @
T-®

2g—d=0=g=i

Substituting g =i into &
i +i =200 +2

i(o+1)-2(cr +1)= 0
(1-2)(cr+1) =0

A or=-1

i =2

g=i=2

From @&

e =

PhysicsAndMathsTutor.com
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Hence
(=131
M=| 015
¢ dih]
|"x"|
b Let r=| » |, then
._Z_
|'x‘|l‘ ':3 ”| F 2 W F I:I Y
r=|y|=[0 A -1 |+p|-1]|=
z | [1 [ I A

((3+24 )

—A—u
LEap |

This-ge-nerél point is transformed bjf Tto

[(—1(3+24)+3(—A—p)+1(1+2u ) )
= T(=A—pH501+2u)
2(3+24)+4(-A—pu )+ 2(1+2u) |

- —

(=13 1Y 3423
0 15 ==y
(242 1420 |
(=0 5h—if)
=| 5—A+5u
B

Anequation of I1, 15 z =8,

© Pearson Education Ltd 2C
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As J and I are parameters, the x-
and y- coordinates of I, can talke all

real walues; there are no restrictions
on these coordinates. Howewer, the

z-coordinate iz 8, so the equation of
I, iz z =8. Thiz 15 a plane parallel
to the plan Oxy.

|
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Review Exercise 2
Exercise A, Question 29

Question:

X oL

The transformation 5 B° — B maps the point |y | onto the point |5 | where

z e
a=x+y-—z
b= y+=z
= z,

The matriz of this transformation 1z A
a By solving the given equations for x, y and z in terms of &, & and ¢, or otherwize,

write down the matriz A™%

1 -2 2
The transformation 7 B* — B® has matrix B=|2 —1 —2
2 2 1

b Given that BBY =i, find the value of k.
£F iz the composite transformation consisting of Tiollowed by 5

1
¢ Find the point whose image under &1z (0], [E]
1

Solution:

PhysicsAndMathsTutor.com
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a

b

a=x+y—z
b= y+z
= z

)
@
EF

D can be written as z =c¢

Substituting z =c¢ inte @

b=yv+c=y=b-c

ity fo
If a=|& |and x=| ¥ |, then thiz setof 3
| < g | Z g

eruations can be written as a = Ax, where

(1 1 -1)
A=|0 1 1
o0 1)

Substituting z =c¢ and y=%&—c inte @

a=rx+b—-rc—c=x=a-4+2c

Hence the three equations can be written as

r=a—-b+2c
y= bh—e
z= c

or in vectors

(x) (1 -1 2Ya) <
yl=lo 1 <1]}a
Z . 0 0 1_.- 2
Hence
(s
A'=|01 -1
00 1
Cl=0-0NCT] 20N
BB ' =|2-1-2|-=2-12
(22 1) 2-21)
(1+4+4 24+2-4 2-4+2)
=|24+2-4 4+1+4 4-2-2
| 2-442 4-2-2 4+4+1
faony (1000
=090 |=9010|=9I
loog ) {oot1)
Hence
k=5

PhysicsAndMathsTutor.com

As a=Ax < x=A'a_thenif
vou can find a matriz, C say, such
that x=Ca_ then C=A"

BB =91 can be rewritten as

i N
B| gBT ‘ =T1. &z by definition,

BBlzlgnmmcweBlzéB?

Page2 of 4
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1 1-' i 52 2%
¢ Fromparth B 1=§BT=§ 2Dt
|

T s A | The order of multiplying matrices is

important. The matriz applied first, B
representing the transformation T, iz on
the right. The matrix applied second, A
representing the transformation 5 15 on
the left. You learnt a similar rule, when
applying functions, in module C3: fz
means “do g first, then £

Page3 of 4

£17
Let the point whaose itnage under I is | 0 | hawve
]
i x 3
vector | v | Then
\ 2 )
CxN £1)
ABl v |=| 0 “
|z ) 1l

Lultiplying both sides onthe left by (AB) :

N 1)
(AB)" AB| y |=(AB)'| 0
| 1)

|Z|

Using (AB) AB=1I and (AB) ' =B'A"}

5 (1)
y|=B'A70D
| Z ) il
(1 2 2Yy1-12Y%1)
=% —2-=12)l01 =10
L2 2100 1))
(1 2 2Y 3
=% —-2-12] -1
L2 211
i l i
(Boomoy (3 3
=% —-6+1+2 == =5 |= —%
| 621 | -9 1
(13
The point whose image under UNis [ 0
1

© Pearson Education Ltd 2C
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This equation expresses the information that
the combined transformation L7 =57

Y (1)

transforms | ¥ |to | 0 | You use inverse
i x )

tatrices to solve thiz equation for | » |

|\ £ |

i
3

1
has vector | — = |.
3

1 ]
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Review Exercise 2
Exercise A, Question 30

Question:
4 =5
M=
& =9

a Find the eigenvalues of ML

A transformation T R* — R? is represented by the matriz M. There iz a line through
the origin for which every point on the line 1z mapped onto itzelf under T

b Find the Cartesian equation of this line.

Solution:

o (4=5) (10)
. | 6 -9 J_’"’ | 01 |

_(4-A -5
_| 6 —G9—4 |
‘4—,& -5
det (M—AI)= ,_
—H—A
= (4= A)(-9-A)—(-5)x6
=-36 -4 +94 +A* +30
=A*+54-6=0
(A+6)(A-1)=0
A=-61

The eigenvalues of M are —6 and 1.

[E]

The eigenvalues of a square
matrix are found by solving the
polynomial det (M — AL)=0.
You find the determinant of a
2% 2 matrix using the formula
a b

oo

=ad —be.

b Let the line through the origin have equation w = . If# 15 areal parameter, the
point (£, #26) lies on the line. Under T, the point (2, #2) 15 mapped onto itself

i f A

‘ mi |

G o | A
‘ Hh =5 || it |
(4t —Smt )

i i ﬁ I
66— 9mt | ‘ it |

Equating the upper elements
df — St = ¢

An alternative method 15 to use the fact
that a line of invariant points 1s
determined by the eigenvector

corresponding to A =1. The general
N

|"
]
elgenvector 1s .C| 3 ‘ and (D&, 38

always lies on y= Ex.

5m=3£:)m=g -

Anequation of the line of invariant points 15 y = Ex.

© Pearson Education Ltd 2C
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{=10 1z an answer but that gives
you no additional infermation as

the point {0, 0% lies on y= gx.
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Review Exercise 2
Exercise A, Question 31

Question:

2

i
A transformation TR — R? is represented by the matriz A = { _1] .where iz a

constant.

Forthe case F=—4,

a find the image under T of the line with equation y=2x+1.
Forthe case £ =2, find

b the two eigenvalues of A,

¢ a Cartesian equation of the two lines passing through the origin which are invariant
under T [E]

Solution:

PhysicsAndMathsTutor.com
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a Iftis areal parameter, the point (£,2:+1) lies on The whole of the line is mapped onto a

the line with equation y=2x+1, for all £ single point. Usually a line iz mapped
With ,a; = onte a line but it iz not always the caze.
(—As+4:+2Y ( Here the determinant of the matriz 1z 0

and the matrix 15 singular. With a

| Zie] " 2t +1 | | 2 —2i-1 | | -1 | singular matriz, a line may map onto a
The i itmage under T of the line with equation single point.

y=2x+1 iz the point with coordinates {2, —1) .«

b With k=2

g g ; 2
A-A _|,__2—1__,|_f"|,__0 1 H 2 -1-4

2-4 2
2 -1-4
(2=A)-1-A)-d4=-2-2A+A+A*-4=0

WP—h-6=0 4—

det(A —AI) =‘ =0

A%~ -6 is the characteristic
(A+2)(A=3)=0 polynomial of the matriz A
A =-2,3
The eigenvalues of A are —2 and 3.

¢ Using the eigenvalues frompart b
With A=-2,

Wectors directed along the invariant lines
are eigenvectors.

| 2] " | ‘ ‘ 4—— A Cartesian equation of the invariant line

corresponding to an eigenvalue A canbe

Equating the upper elements o :
. g i tound by writing the equation for an

2x+idy=—Zix=y=-2x

With =3, eigenvector,
21 i i A|.fx~.‘=jv|.fx‘-|’
BNEN

and equating either the upper or the
lower elements. Either of the elements

Equspim e hCppRnE Cmens will give you the same equation.

2x+2y=3x:~y=%x
The Cartesian equations of the lines are

y=%xandy=—2x.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 32

Question:

4
The eigenvalues of the matriz W, where I‘+I=[1 1 ] are A, and A, , where 4 =< 4,

a Find the value of A, and the value of 1.
b Find M.
¢ Verify that the eigenvalues of M~ are 47 and 471

A transformation T:R* — B? is represented by the matriz M. There are two lines,
passing through the origin, each of which 1z mapped onto 1tself under the
transformation 7

d Find Cartesian equations for each of these lines. [E]

Solution:

PhysicsAndMathsTutor.com
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o (4=2) (10Y [(4-1 -2 )
a M—x,I=| |—,a,| ‘=| |
(1 1) “lot) | 1 1-4]
R
det{A-AL) = =
1-4
(4-A)(1-A)+2=4-4A-A+A*+2=0
A -5h+6 =0
(A-2)(A-3)=0
B3
Az A <A,

A =2ik=3

b M _ 1 k2 |=_ b ‘ +— You use the formula for the inverse of
A2l ldde] Gl L a 2x 2 tnatriz,
fo By .
| | = | |- The
Lz &) ad—bel—c  a |
formulae for the determinant and the
inverse of a 2% 2 matrix are parts of
the FP1 specification and these
formulae mav be tested on an FP3
paper.
1 1) f1 ;
5 ad . fFLO Y 3
e M'-aa=| &3 i, |- & C
1z 101 ke B
63 & 3
1 & 1
= o p \ ¢ \
6 3 =|l_;,'||'3_;,'|+l=
1 2 .| |#& I\ 3 {18
1 gk A
It would also be acceptable to substitute
N il 1
0 o n gmeans lnjge A=— and A=- itothis determinant,
: ; T 2 3
e—3A-12A+1847 41 =10 evaluate the determinant and show that
184 —150+3 =0 both substitutions gave 0. For example
647 —5+1=(RA-1)(BA-1)=0
11 11 1 1 1
f',=§,§=fql,ﬁ.gl,asrequired e E B T3 3
L@ 1 g
& 3 2 £ 6
12 18

PhysicsAndMathsTutor.com
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d Tsing the eigenvalues from part a

o FicenRe N, HN
With A =2, | || |= 2| |
|1 LAyl Ly

Equating the upper elements * If vou equated the lower
dr—2y=2x=y=x elements, yvou would obtain

_ =H¥ N o x+y=2y= y=x_ Equating the
With A =3, | 11 " . |= | 5 | upper and the lower elements

: gives the satme answer.
Equating the upper elements

4x—2y=3x:~y=1§x
The Cattesian equations of the lines are

y=%xandy=—2x.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 33

Question:
2 =3 1
Find the eigenvalues and corresponding eigenvectors for the matriz | 3 1 3
-5 2 -4
[E]
Solution:

PhysicsAndMathsTutor.com
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Az the eigenvalues are the
golutions of det (A — AI)=0, the

first step is to find (A — AT). With
practice, this step can just be
written down and this wotrking
will ot be shown in the working
to later questions.

B
Tet A= 3 1 3 |, then
(-5 2 4
(2220 [ 00) -
A-AI=[31 3 |- 010‘
5 2-4] loo1)
(2=3 1T {400}
=31 3 |- oao‘
-5 2-4){004)
(=g =30 ]
=| 3 1= 3
-5 2 44
o p-i 3 13 3
det (A-AL)=(2-1) . —4—3_{_QL5-—4—A

31-4
-5 2

‘+]

= (2=A)[(1=A)(HA=A)=6|+3(-12=3A+15)+ (6 +5-51)

=(2=A)A*+34-10)-94L+9+11-54
=203 +6A-20— A% =307 +10A +20-144

=niliegdaod. o
Tsing det{A—AL)=0

This cubic is the characteristic
polynomial of the matriz A

SR k=0
A (AP 4A-2)=—A(A-1)(A+2)=0

A=01-2
The eigenvalues of the matriz are —2,0 and 1.

To find an eigenvector corresponding to —2 .

x )

+— An eigenvector corresponding to
an eigenvalue A is a solution of

infinite number of such solutions
but they are all parallel.

. There are always an

(5 31V
21 2 ly|=-2|¥

-5 2-4)z) |z} Axr=/x
2x—3v+z | [ -2x)
Ix+y+3z (= -2y

—Sx+2y—dz ) | -2z

Equating the top elements

PhysicsAndMathsTutor.com
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2x—Sytz=—2x=24x-3y+z=0

Equating the middle elements

Ax+ty+iz=—2y=3x+3y+3z=10

m+@

Tx+dz=0

Let x=4, then z=-7 .
From @

y=-x-z=-4+7=3

An eigenvector corresponding to the

£ 40
eigenvalue —2 15 | 3
1 =74

e —

O

g

@

Equating the three elements
would give three equations,
However two of the equations
will usually be sufficient to find
at eigenvector

At this stage there 15 a free choice of one
variable and the other variables can then be
evaluated. Here x has been chosen as 4 as this
avoids fractions but any value, other than 0,
could be chosen,

Any non-zero multiple of this
vector 15 also a correct answer,

To find an eigenvector corresponding to 0

£ AN {3\
31 2 ly|=0p
= 2 -4 ME L= )
Ex—3y+z | [0}
ax+y+3z |=|0

amek o4zl L0
Equating the top elements
2x—3y+z=0 @
Equating the middle elements
Ixty+iz=0 &

D +3x B

11x+10z=10

Let x=10, then =z =-11
From &
¥=—lx—3z=-30+33=73

An eigenvector corresponding to the eigenvalue 01z [ 3

PhysicsAndMathsTutor.com

T ou now repeat the procedure yvou used
to find an eigenvector corresponding to
—2 to find eigenvectors corresponding

te 0and 1.

Page3 of 4

| =11} | may be zero.

the vector 1z correct. Zero is

f 10 v | impossible as, by definition,
eigenvectors are non-zero but
note that, az here, an eigenvalue

/ Again any non-zero multiple of




Heinemann Solutionbank: Further Pure Mathematics Paged of 4

To find an eigenvector corresponding to 1

(53 1Y x) o
a1 2|y =1 »
-.__5 2=k MNE \ £ |
Zx—3yv+z | (x|
Sx+y+3z |=| ¥

,__—5x+2y—4z L Xzd
Equating the top elements
2x—3y+tz=x=zx-3y+z=0 @
Equating the middle elements
Axt+y+iz=y=3x+3z=0=zx+z=0 @& <+ Inthis casethereisnoyin

Let x=1,then z=-1 equation 2 so it 15 not necessary
Broin to eliminate a variable between
1-3y—1=0= y=0 the equations and you can make a
£ 1) choice of x (or 2) immediately.
An eigenvector corresponding to the eigenvalue 115 | 0
| L]

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 34

Question:
0 3 04 p
Given that | 1 | 15 an eigenvector of the matriz A where A=|—1 ¢ —4|,
-1 1 1 3
0

a findthe eigenvalue of A corresponding to | 1
—1

b find the value of 2 and the value of ¢
i 10

The image of the wector |#2| when transformed by Ads |—4 .
# 3

¢ Tsing the values of p and ¢ from part b, find the values of the constants , »1 and ».
[E]

Solution:

PhysicsAndMathsTutor.com
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(24pY0Y) (0)
a |-lg-4] 1 |=4A] 1
113 .-"-._1 _1.-'
o
g+4 |=| A
-2 | -4 |

Equating the lowest elements
—2=—A=4=2

b Equating the top elements
d—p=0=p=4
Equating the middle elements
g+td=A=2=g=-2

¢ [Tsing the results of part b

4+— Ifthe column wector x 15 an

eigenvector of the matrix A then
for some number A Ax=ix.

+— Equating the three elements of

these column vectors gives you
three equations from which you

can find the values of A, p and 4.

(3 4 4Y1) (10)

«—
—-1-2-4 | m = -4
(113 }ln) ¥
(3 +dm+dn ) [ 10
—i=2m—dn |=|
: F+m+3n |3

Equating the elemeﬁts c;ufthé vectors
F+dm+dn=10 @

—I=2m—dn=-4 @
i+m+3n=3 @

D +3x @
—Zm—Bn=-2 @
D+
-m-n=-1 @
2xBD—ED
fr=0=n=10

Substitute 2 =10 inte €
—-m=—1=m=1

Substitute 2 =0 and m =1 inte

F1Y (100
As Al m [=]| —4 |, then an alternative
V2 J o\ 3
method iz to find A" and uze
g (10
m |= A —4 | However an inverse
|z | 3]

matrix 15 gquite complicated to worle out
and, in this question, you have not been
asked to find it. If the question does not
require you to find the inverse, the method
illustrated here, using simultane cus
eruations and the ordinary processes of
algebra, 15 often carried out more quickly.
If wou use the inverse matrix then

(-2 -8 -8)
.-11=—é J1 B B
I

41+ 0=3=]=2
I=2m=1nr=10

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 35

Question:
5 1 =2
A=|—-1 6 1
o1 =

a Show that 3 iz an eigenvalue of A
b Find the other two eigenvalues of A

¢ Find also a normalised eigenvector corresponding to the eigenvalue 3

Solution:

PhysicsAndMathsTutor.com

[E]
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5-4 1 =2
-1 6-4 1
0 1 3-4

3| L 1z
=2 |-1  [+(=2)
10/ |00 01

a Substitute A =3 into

2 f==2
=13 1
010

If = 15 an eigenvalue of A, then
A =3 must satisfy the equation
det (A —AL)=10. S0 to solve part
a, it 17 sufficient to substitute

4 =73 into this determinant and
show that 1ts value 15 0.

=2x(=1)=1=0+{-2)x({-1)=-2+2=0
Hence 3 is an eigenvalue of A

5-4 1 -2
b | -1 6-4 1
g A 3=a
RNEVE B 3 J1e-4
=(3-4) |~ | T(=2)
1 3-4 |0 3-4 0 1

= (5-A)[(6-A)(3-4)-1]+(3-4)+2
= (5-A)[18-9A+A*=1]+5- 4

= (5-A)[A*-94+17]+5-4

= 5% 454 +85-A" +94% 174 +5-4
= 90— 634 +144% -4°

The eigenvalues of A are the solutions of
A*—14A% + 631 -50=0
Let

AP —140% + 634 -90=(A-3)(A* +ah +30) +—

Equating the coefficients of A2
“l4=-"23+ag=a=-11

Az youlknow A =23 is asclution
of this equation, you can factorize
this cubic either by long division
of, ag 18 shown here, by equating
coefficients,

Hence
{f,—3:]{f,2 “1A+30 ) =(A-30A-5)A-6)=0

A=396
The other two eigenvalues of A are 5 and 6.

PhysicsAndMathsTutor.com
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¢ To find an eigenvector corresponding to 3.

(5 1-2) x) [ x )
=16 1 | » =3l ¥
013 AN \ & )
(Sx+y—2zY) [=x)
—x+6y+z (=5 ¥

¥+ 3z \ £ )

Equating the lowest elements
y+3z=3z=y=0 @

Equating the top elements and substituting »=10

Sr—lr=3r=ixr=lk=1x=z (&
Let z=1, then x=1

An eigenvector corresponding to the eigenvalue 315 | 0 .

i 1 N

The length of | 0 |is V(P + 0% +17 )=+ 2 e

i

Equating any 2 of the 3 elements
will give you sufficient
information to solve the question
Here the lowest elements give a
particularly simple equation, so
these have been used first.

Page3 of 3

A normalised eigenvector 15 an
eigenvector of length 1. To
I" x ‘I
/1) normalise an eigenvector | ¥ |,
\ Z )
vwou divide each of the
1 ! | components of the vector by the
length {or magnitude) of the

vector, V(x* +3° +2°).

A normalizsed eigenvector corresponding to the eigenvalue 3 12

i 1

1 |7
Lol o S

-\2-.1.- 1

© Pearson Education Ltd 2C
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Either of these forms 13

acceptable as an answer,
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Review Exercise 2
Exercise A, Question 36

Question:

A=

by I

2
0
2

N N T

a Show that det A=20—4k.
b Find A7
0
Given that k=12 and that | 2 | iz an eigenvector of A,
-1
¢ findthe corresponding eigenvalue.

Given that the only other distinct eigenvalue of A s 8,
d find a corresponding eigenvector, [E]

Solution:

PhysicsAndMathsTutor.com
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0z R 20
a detA=23 -2

2k 4k 4 2
=3{0-4)-2(2k-8)+4(4-10)
=—-12-4k+16+16=20 -4k, as required.

b The matriz of the minors, M say, is given by

192|222 9] 44— Asthe matrix A is symmetric, the
2k 4 k2 matriz of the minors 12 symmetric
24|12 2 and you do not have to wotl out
M= separately the three minors
4 k|4 2 marked . 1in this matriz
32
20| ]
-4 2k-8 4
=| 2k—-83k-16 -2
4 =l

The matrixz of the cofactors, C say, 15 given by

—4 —Zk+8 4] 4+— The matrixz ofthe cofactors is
C=|-2k+8 3k-16 2 obtained from the matriz of the
4 5 4 minetrs by changing the signs of

the elements marled with a

1.' 2 AT __
A5 C s symmetric € =C negative sign in this pattern

1 1 (1T 1

= T {-_1 I"-'— e —|—l‘I
detA detA .
(4 —2k+8 4 )
1 + o=+
= —2k+8 3k-16 2 3
20—4k
| 2 =
e
e fk=3A=1202
4913 |

PhysicsAndMathsTutor.com
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£ 0
The eigenvalue corresponding to | 2 |15 given by
-1
(394Y o) (00
500 _il 4+— If'the column wvector X 15 an
B eigenvector of the matriz A then
L4231 =1, ] the corresponding eigenvalue A
foY (o) is givenby Ax=/x.
-2 |=| 24
L 1) |—4A)

Equating the middle elements
—2=2i=4=-1
The corresponding eigenvalue 15 —1.

d To find an eigenvector corresponding to &

(3x+2y+dz) (Bx) +— Equating any two of the three
2x+zZz  |=| 8y elements will enable you to find
Ax+2y+3z 8z an eigenvector.

Equating the top elements
Sx+iy+dz=8xr=-Sx+2y+dz=0 @

Equating the lowest elements
dx+2y+3z=8z=4x+2y—-5z=0 @& Here you have a free choice of

@ — (D either x or z. This cheice has been
made to aveid Factions but any
value of z could be chogen,

r—9z=0=zx==z

Let z=2,then x=2 =
Substitute x=2 and z=2 inte @
“10+2p+E8=0=2y=2=y=1

Page3 of 3

£
An eigenvector corresponding to the eigenvalue 815 | 1 [ *— Any non-zero multiple of this
2 vector 18 alse a correct answer,

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 37

Question:
1 0 4
A=0 5 4
4 4 3
2
a Werify that | —2| 15 an eigenvector of A and find the corresponding eigenvalue.
1

b Shew that 2 iz another eigenvalue of A and find the corresponding eigenvector,

2
¢ GJiven that the third eigenvector of Ais | 1 |, write down a matriz P and a
-2
diagonal matriz D such that PTAP=D. [E]

Solution:

PhysicsAndMathsTutor.com
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(104% 23 2+4 fE
a 054 ) =2 |=|-10+4 [=| -6
Ladia ) ) bes=8kay i 3 )
{20 /
=3 -2
| 1)
R
Hence | =2 | is an eigenvector of A and the
1]

cotresponding eigenvalue g 3,

b Substitute A =9 into

An eigenvector 15 a vector whose
direction 15 not changed by the
transformation So to werify that a
column vector X 15 an eigenvector
of A, vou have to show that for
sotne constant A Ax=Ax. A, the
magnification factor of the vector
under the transformation, 15 the
eigenvalue corresponding to x.

1-A 0 4 +— Aneigenvalue 15 a solution of
0 o5—-4 4 det (A — AI)=0. To verify that &
4 4 3—4 1z an eigenvalue it 15 sufficient to
substitute A =9 into this
ka5t . et 10 determinant and show that its
0 B wdh | =lssdiod wvalue 13 0.
4 4 3-89 4 4 -6
|4 4 04 04
=({-8) -0 +4
4 -6 4 —6 4 4

= (-8)(24—-16)-0+4(0+15)

=—8xB+4x16 =—064 +64 =10
Hence 9 1z an eigenvalue of A

To find an eigenvector corresponding to 5.

(104 x) (%)
054 =9y
A LES, \Z )

x+4z [9x)
Sy+4dz =| 9y
dx+dy+ 3z 9z

Equating the top eletents
x+dr=0r=-lx+dz=0=2z=12x
Let x=1,then z=2
Equating the middle elements
avtdz=%yv=dz=dy=yv=z

il
-

Atthis stage there 1z a free choice of one
variable and the other variables can then be
evaluated. Here x has been chesen as 1, as
this aveids fractions, but any value, other
than 0, could have been chosen,

Page2 of 3

bz z=2,y=2
71
An eigenvector corresponding to the eigenvalue 915 | 2 | 4= Any non-zero multiple of this
5 vector 15 also a correct answer.
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The diagonal elements of the
matrixz I} are the eigenvalues and
you will need the eigenvalue

i 2 k!
1
2]

cotresponding to to write

down D.

A normalised eigenvector is an
eigenvector of length 1.
To normalise an eigenvector

I'x\l
¥
L £ |

. you divide each of the

ﬁonipc-nents of the vector by the
length (or magnitude) of the

vector, V(x* +3* +2% ). In this

case the length of all three vectors
12 3

L] ro

Page3 of 3

If normalized eigenvectors are used to
form Pthen the diagonal elements of D
are the corresponding eigenvalues and
this 15 the safest way to complete the
euestion. Howevwer, any three distinct
eigenvectors of the same magnitude can
be used and the diagonal elements will be
multiples of the eigenvalues. There are
infinitely many possible answers. One
other possible answer is

f1og4n 20 2—8 —6
c 0544 1 |=| 53-8 |=|-3
Eai e e i i ol ) R
i
=-31
_2'
{2
The eigenvalue corresponding to | 1 |15 =3,
._2_.-
£
The lengths of the vector | =2 | iz
2
2 +(—2f +1 )=V9=3 <
13 £ 9
similarly the lengths of | 2 |and | 1 | are 3.
2 | —2
oo N ) F o
3 (|3 3
HNormalized eigenvectors are —E : E and l
3003 :
1 2
L Silad A
[t 1 R
333 3000
pelets | lamini-log o |
3303
12 2 L)
33 3|

© Pearson Education Ltd 2C
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P=|-2 2 1 |D=|0 81 0
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 38

Question:
6 2 =3
A=|2 0 0
-5 0 2

Given that A=—1 and A =8 are two eigenvalues of A,
a find the third eigenvalue of A
b Find the normalized eigenvector cotresponding to the eigenvalue A=8.

1 1
J14 N3
2 -2
iven that |—| and | — | are normalised eigenvectors corresponding to the other
"J{ﬁ .\I@ g 1% g
3 L
14 N3

two eigenvalues,
¢ find a matriz P such that PTAP iz a diagonal matriz.

d Find PTAP. [E]

Solution:

PhysicsAndMathsTutor.com
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a det{A—AI)=0

6Ly 3
2 =& 0
I
A0 2 0 o=k
=(6-1) |- +(=3)
0 2-4 “|-32-4 -3 0

= (6-A)(-24+47)-2(4-24)+(-3)(-34)

=—12A+6A% +2A% — P —B+4A+94
=i 4817 +A-8=0

AP—BA A48 =0 =
AF(A=8)-1(L-8) =0
(A*-1)(A-8)=0
(A-1)A+1)(A-8)=0D
F e e
The third eigenvalue 13 1.

T T o
b 200 |[»|=8]y
-.__3 02 MNE | \Z )
(Ex+2y—3z% [8x)

2% =| 8y

—3x+2z 8z |

Az you know that —1 and 8 are
roots of thiz equation you could
qust write down that the factors of
the cubic are

(A+1A—=81A—-1). However it
1z a good idea to factorize fully
the expression, as shown here, to
check that you have not made an
ErTOr.

eqiating the midéilﬁ elements -— |
2x =8y =x=4y
Let w=1,then x=4

Equating the lowest elements /

—Ax4+2z=Bz = 3x=—tzr—x=-I=z

In general, the simplest equations
are those with the fewest
variables in them, o 1t 15 sensible
to equate the middle and lowest
terms.

As =4
d=-2z=z=-2

PhysicsAndMathsTutor.com
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[ 4 A normalised eigenvector is an
An eigenvector corresponding to A =8 iz | 1 eigenvector of length 1.
ey {x)
R 5 To nortnalise an eigenwvector | ¥ |, you
The lengthof | 1 |is V(4® +1 +(=2)")=+21. \Z )
5 ' ’ divide each of the components of the
_ _ ) _ vector by the length (or magnitude) of
A n:rrnahsed vector corresponding to A =18 i3 the vector, ¥ (x2 +3° +2%). The vector
V21 ]
1 -+ b 21
vzl _—1 13 also cotrect.
= V2l
(V21 e
\ V21
1 1 4
14 v6 V21
g it <22, 0
14 6 V21
T (.
14 v6 V21
1
V14 | «+— PTAP is a diagonal matriz with
- - the eigenvalues on the diagonals
1 To find th | dingto | —
Sl e v 14 i the order cotresponding to the
3 order of the normalised
714 eigenvectors used to form P At
this stage, you do not know if
F 1
1 ) [6+4=-9) [ 1 e
6 253 .154 .\; '1; 2 dsto 1or —1
5 o ﬂz 2 :1? = FP cotresponds to 1 or -1,
302 | ‘ ‘ 3
A 03 -3+6 3 ?
Mg £ mlE Gk -'\414 o a.nd yoﬁ tnust establish which
1 before proceeding,
14
; : : 2
11z the eigenvalue cotresponding to =
2
f10 00
Hence PTAP=|0-10
00a]

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 39

Question:
1 0 1
M=|0 2 0
4 3 1

a Find the eigenvalues and corresponding eigenvectors of MWL
The transformation 7:R* — RB® is represented by the matriz M.

b Find Cartesian equations of the image of the line g =y= i] under this

transformation, [E]

Solution:

PhysicsAndMathsTutor.com
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Page2 of 3

[1-4 0 L) 4—— The eigenvalues are the solutions
a M-aAl= 0 2-4 0 of the equation det (M — AI) =0
4 3 1-4]
: Lf2=A 0 0 0 D2-4A
det (M- AL )=(1- 4 -0 +
SMSALIEN = ) a ‘41—), 4 3
=(‘1—),){2—),}('1—ﬁ,)—0—4(2—ﬁ,}vx
=(2-A ){1—,3,}2—4(2— A) (2—A) is a common facter of this

= @-A)(-A) -4)=(2- 1)(M —24-3)

= @-A)A-3)(A+1)=0
A=-1,23

The eigenvalues of M are —1,2 and 3.

To find an eigenvector corresponding

n'ltll"n'x\ |"x"|
D20 v == »
1431 Nz} \ 2z )
[ x+z Y (-x)
2y ==
\4x+3p+z ] |-z

Equating the middle elements
dy=-—y=3y=0=y=10
Equating the top elements
xtz=—x=z=-2x

Let x=1,then z=-2

An eigenvector cotresponding to the eigenvalue —1 is

expression Taking this factor
outside the expression at this
stage avoids having to factorise a
cubic later.

to —1

In general, start by equating the
elements with the fewest
variables. Here the middle

elements contain only ».

-2

to 2

To find an eigenvector corresponding
f1o1Y x) [ x
D20y | =2| ¥
'-.431.-"-.Z.J '-.Z.-'
[ x+= [2x ) /
2y =|2y
\4x+3y+z ] | 2z |

Equating the middle elements
here gives 2y =2y, Thisig a
simple identity and gives you ne
information so you must use the
other elements.

Equating the top elements
x+z=2x=x=:z

Let z=1,then x=1

Equating the lowest elements
dr+3y+z=2z=3y=z—-4x
Ag x=1and z=1

Iy=1-d4 = yr=-1

PhysicsAndMathsTutor.com
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10

An eigenvector cotresponding to the eigenvalue 248 | =1 |.

Lol

To find an eigenvector corresponding to 3

B B
D20 v |=3 ¥
431 MNE ] <)
[ x+z ) [3x)

2y =| 2

Ldx+Sprz] |32

Equating the middle elements
2y=3y=y=10

Equating the top elements
itz=3x=z=2x

Let x=1,then z=2

17

An eigenvector cotresponding to the eigenwalue 345 | 0 |

x z
b Let —=p=—=¢
S
The x=2f, v=t,z=—% -—

(2¢,¢,—i) 1s the parametric form of

the general point on the line

L2 )

Although there are other methods, when
finding the images of lines under
three-ditnensional linear transformations,
it 1z usually sensible to find the
parametric form of a general point on the
line and to obtain the image of the
general point by matrix multiplication.

The itnage of the line under this transformation s x=f,y =2,z =10¢

F101v 2N [ 26— N [ &
azo| ¢ |= 2 =|
1431 ) 2| [e+3e—2] |10z
Hence
x:E:i:f

2 10

+— Eliminating f gives Cartesian
equations of the line.

Cattesian equations of the image of the line are

» zZ

> ]

r=

© Pearson Education Ltd 2C
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Solutionbank FP3
Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 40

Question:
6 -2 2
a Show that 9 iz an eigenvalue of the matriz (—2 5 0]
2 07

b Find the other two eigenvalues of the matrixz

¢ Find also normalised eigenvectors x;, x, and x,; corresponding to each of these
eigenvalues,

d Verify that the matriz Pwith celumns x;, x; and x; i an orthogonal matriz.  [E]

Solution:

PhysicsAndMathsTutor.com
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6=A =2 2
i [=2 5= o
2 0 7-A
5—3 Ey-E:
=(6_?”:"0 ‘()‘2?:& 2 0‘

{6 — A5 ?L}l:? At a1+ 23+ 210+ 2%
=B -M0-M7 - - 28+4h-20+ 4%
(6= A2 —A)7 = A)+EN—48
=6 -M0-20F =) +E(h—6)
=(6-M(35-120+2" -9
= {6 —-M(27=120+2%)
= (E-NE-NO-
(B—-ME--0=0
A=3659
91z an e1genvalue of the matrix,

b The other eigenvalues are 2 and &

c T-:- find an eigenvector corresponding to 3

[ =2 2N ER
-2 50|y |[=3y
2 D? Z. .Z.
(bx—2y+2z | (3x)
—2x+0y |=|3»
\ 2x+7z ] |3z

Equating the middle terms
2x+S5y=3y=2y=ir=y=x
Let x=2,then y=2  4+—ou |

Teoucan find an eigenvector by equating

Equating the lowest terms any two of the elements. You can then
2x+Tz=3z=2x=-4z=x=-2z choose a non-zero value for any one of the
Az x=2, z=-1 variables and use it to calculate the values

of the other variables, Here x has been
choszen to be 2 in order to avoid fractions.

A noermalised eigenvector i3 an

o eigenvecter of length 1. To
An eigenvector corresponding to 315 | 2 (%)
-1 normalise an eigenvector | 3 |, you
(27 / L2
O e T -5 Y diwvide each of the components of
The lengthof | 2 | is V(2*+2%+(-1)" |]=V9=3 e vehucby ths ength oF
l‘—l ) magnitude) of the vector,
| |:'x2' +_}’2 + 72 ]

PhysicsAndMathsTutor.com
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i 2 3
2
: ; . ; 2 —
A nermalised eigenvector, x; say, corresponding to 3 is 3 _E
3
sl 2
3| 3 15 also correct
1
To find an eigenvector corresponding to & SR,
(6 oY 5 £ )
250y |=06ly
5 2 U TII‘ LY 2 s L Z s
(bx—2y+2z ) [6x)
—2x+3y |=| 6y
2x+7z bz |

Equating the n-1idd-le te-rms
—2x+dy=by=rv=-2x
Let x=—1,then y=2
Equating the lowest terms
2x+lz=6z=2=-2x

Ay x=-1,=2z=2
£
An eigenvector corresponding to 615 | 2
&
£ —1
The length of | 2 | s V((-1) +2* +2% |="9=3
2

A normalised eigenvector, x, say, corresponding to 6 iz

1] . ; _ :

—= *+— Again the negative of this vector 18 correct.
3 There are always two normalised vectors
E cotresponding to an eigenvalue. These two
3 are ezsentially the same vector in opposite
o directions.

3

To find an eigenvector corresponding to 9.

T e
250 =9l y
(2 07)z,

| £ |

PhysicsAndMathsTutor.com
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d

(Gx—2y+2z ) [ 8x)
—2x+5y |=| 9
2x+7z Sz

Equating the middle terms
—2x+oy=fy= Jx=dy=x=-2y
Let v=-1,then x=2

Equating the lowest terms
2x+lz=8%=zx=z

Hgir =R =0
£io%
An eigenvector cotresponding to 91 [ =1 .
2]
£ 9
The length of | —1 [ is V(28 +(~1)' +2*)=V9=3

204}

& nermalised eigenvector, x; say, corresponding to 9 15

| —

(2 .1 29
30033
2 e
=l = 2o
23z
ek B 2
L 2 30 E ]
Fant
3 3
. 2 2 1y 2 2 f 1% 2
XX, — = __/|—_ |+_ _+‘ __| b
3 3 3 sl 2 5y S5
1 2
3.-' A 3
=gt e
59 0

Hence x; 1z orthogonal (perpendicular) to x|

PhysicsAndMathsTutor.com
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There are two ways of testing that a
matrix 15 orthogonal. One s to
show that PPT =1 and the other is
te show that the 3 normalised
column wectors are ortho gonal to
each other. The second method has
keen used here. The scalar product
of each ofthe three pairs of vectors
15 shown to be zero and, as all of
the wectors are non-zero, this shows

the vectors are mutually orthe gonal.
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Hss 8
e
2 1 A B 143
N e
1 2
a2l
L2 2
9 9 9

Hence x; 1z orthogonal (perpendicular) to x;. o .

_1(2)
3 3
o 1 F1Y 2 2 f 1)
o Slame s S| me e oo L
3| 3L 333 3
2 2
X, 3 ALY 3 )
& 2 9

Hence x, 15 orthogonal (perpendicular) to x,.

The matriz P iz an orthogonal matriz

© Pearson Education Ltd 2C
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Crtho gonal and perpendicular
hawve the same teaning.
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