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Review Exercise 1
Exercise A, Question 1

Question:

Find the value of x for which
2tanh x—1=10,
giving your answer in terms of a natural logarithm. [E]

Solution:

e?{_e—?{
sitth x 2 g —e
tanh x= = =
2tanh x—1=10 / coshx  ef+e™ o4
Kiposs K 2
g —&
2 . . =1
A
2et —fe =" 4™
eh =g
¥ =3

2x=ln3 \ Toutake the logarithms of both sides of this
i lln 3 equation and use the property that In e = 2x .

Py You multiply both sides of this

equation by e
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Review Exercise 1
Exercise A, Question 2

Question:

starting from the definition of cosh x interms of exponentials, find, in terms of natural

logarithms, the values of x for which 5= 3cosh x

Solution:

5=3coshx

-

10 =3"+

2" —10+37 =0
¥ —10e*+3=10
(3e"=1Ye*=31=0
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" +e”

¥

2

J

[E]

4

to use the definition cosh x =

The wording of the question requires you

e +e™

Tou multiply this equation
throughout by ",

then, factorise,
3y? —10y+3=(3y—1)¥—3)=0. This gives

You may find it helpful to substitute ¥y =¢" and

y=% and ¥=3 and, hence, ex=% and e" =3

The answer x=—In3

would also be acceptable.

‘\"With practice, the substitution can be omitted.
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Review Exercise 1
Exercise A, Question 3

Question:

The curves with equations y= 9sinh x and y=4cosh x meet at the point Alln p, g3

Find the exact wvalues of p and g.

Solution:

The curves intersect when
Ssinh x =4coshx

[E]

Tou use the definitions

LI

3

B R Y B +&
2 2
Se" =S = 4" 44277

" =%

Eﬂx =9

2x =In? /

%1n9=lrﬂ[9=ln3

xr =

20
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: £
sinh x = and

b -
" +e
cosh x =

Using the law of logarithms #lna =1na”™ with

=l and a=19.
2
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1na—1nb=1n£.
]

using ln1=0 and the law of logarithms
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Exercise A, Question 4

Question:

Find the walues of x for which
Scoshx— 2sinh x=11,

giving your answers as natural logarithms. [E]
Solution:
Scoshx—2sinhx =11 You use the definitions sinhx="—"— and
5[“& J_E[e-ﬁ J=11 L ewer
2 2 o
Se" +5e —2e" +2e7 = 22
3" -22+7e =0 —
e _00F 47 =) You multiply this equation throughout by ™

I3Ex—1IIEx—7I=D -q_._._______________-_

i3
p" =

Toumay find it helpful to substitute y=¢' and
7 then, factorising

3yt — 22y +7 =GBy -D(y-T)=0.

Thiz gives y=% and y=7 and, hence, &* =%

e | =

x =1nl,1n7

and e’ =7 . With practice, the substitution can
be omitted.
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Review Exercise 1
Exercise A, Question 5

Question:

By expressing sinh 2x and cosh 2x in terms of exponentials, find the exact values of x
for which
Gsinh 2x+%9cosh 2x=7,

e : 1 : :
giwving each answer in the form Eln P . where p 1z a rational number. [¥]

Solution:

Geoinh2x+%cosh 2x =7

ax =2x 2x -ax
g — e e” +e - ¥ -k
6{ 5 ]"’9[ 5 J: 7 You use the definitions sinh x= i 26

Ge — e+ 0eM + 0 =14 et e ¥
1563 — 144367 = @ et g

15e¥ - 146 +3=0 \

replacing x by 2x.

(3 _1Y5%¥_3)= 0 You multiply thiz equation throughout by
e?¥.
2 13 : 3
" =—,— *+— Toutake the logarithms of both sides
373 of thiz equation and uee the property
zx :]_nl lné that ].nﬂgx:Ex.
sl
e
2T
B = 13z
3'5
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Review Exercise 1
Exercise A, Question 6

Question:

Criven that
sinhx+Z2cosh x=1£&,
whete I 15 a positive constant,

a findthe set of values of & for which at |
b zolve the equation when k=2,

Solution:

a sinhx+Z2coshx=k%

east one real solution of this equation exists,

[E]

e”—e'x+2[e”+e'”]:k :

e —e 2" + 227 = 2k

.. } e
Tou use the defimtions sinh x =

x =X

e +e

and cosh x=

Taing  the quadratic  formula

b - dac )

- 2a '

3" —Zk+eT =0
3% — 2k +1=10
Let y=¢"
3y — 2y +1=0
2kl -12y |
l}?:
6
(-3
= - =
3
For real

2
g L P T S8 BBt M#’

bz y=e" >0 for all real x, k< -3 is rejected.

k=3

k=it =3) _
and —————— are negative.

3

b Uszing * above with k=2 <+
_2#+4{4-3) 241
3 ]

®

J=E¢E

Tou could solve the equation in part h
without using part a but it 1z efficient to
use the work you have already done.

e* =1,l:> x=1n1,1nl=0,—1n3
3 3
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Review Exercise 1
Exercise A, Question 7

Question:

TTzing the definitions of cosh x and sinh x in terms of exponentials,

a prove that cosh® x—sinh® x=1,

b zolve the equation cosech x —Z2eoth x =2, giving vour answer in the form Floa,

where kb and @ are integers.

Solution:

Pagel of 1

2 2
x - x -
i e+ e e"—e
a cosh?x—sinh?zx= - ¥, -x 2 ox
2 o |e +e | =l e

R T L B

]t

b cosechx—Zcothx =2

4

2 i r
P +2e e et

=e 42+

=1, as required.

o s
1 2coshx:2

sinhx  sinhx
¥ zinh x
1-Z2cosh x=2sinh x

Zsinhx+2coshx=1

1
Touuse cozsechx=—
sinh x
cosh x
and coth x = — :
sinh x

2[ e’ ;E_x }_2[ grengs le‘——_ You use the definitions sinh x and

2
g - e+ =1
2" =1= e”=l
2

x=1n%=—ln2 -
E=-1la=2
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cosh x interms of exponentials to
obtain an equation in exponentials
which you solve using logarithms.

1n%=1n1—1n2=—1n2,35 Inl=0.
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Review Exercise 1
Exercise A, Question 8

Question:

a From the definition of cosh x interms of exponentials, show that
cosh 2x=2cosh® x-1.

b Solve the equation cosh 2x—5cosh x =2, giving the answers in terms of natural
logarithms. [E]

Solution:

X - 2
a 2cosh2x—]=2[e i ]—]4—-—-— sl 1 . e
o (e +e | =(e | +2e & +ie |
2% -2¥ =g +2+e"
_o, f tete™
4
2" 4 2e7H
= +—+ -1
4 4 4
2 —2x
= % =cosh 2x, as required
b Tsing the result in part a
cosh 2x—5coshx =2 If arcoshx = 0 then arceshx=In{z+¥(x* - 1)).
Pcosh®x—1-5coshz=2 Howewver of cosh x=a, where @ = 0, then there
2eosh®x—5coshx—3 =10 are two answers x = =*In{a ++(a" - 1))
(2cosh x+T(cosh x—3) =10 Yt

: \ g I/ v=oshx
coshx=—§,coshx= 3 \/

T e, . : '
coshx=—§ 1z impossible o x

x=+arcoshx=%In(3++8)

‘_‘_-_‘_‘_-_‘_-_'_'—\—'—-—._

These answers can also be written as
x=In| 3+£V81.
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Review Exercise 1
Exercise A, Question 9

Question:

a Using the definition of cosh x in terms of exponentials, prove that

4cosh® x—3coshx = cosh 3x.
b Hence, or otherwize, solve the equation cosh 3x = Scosh x, giving your answer as
natural logarithms. [F]

Solution:

Pagel of 1

2 : : : .

e e Tzing the binomial expansion

e +3e" +3e +e7"  3e" +37 N
= - (e*+e™

2 2

3 2
g +e . =(e"| +3(e") e
= ———=rosh 3x, as required.

k4 - 3 k4 -
a 4cosh3x—3coshx=4[e +; J—B{E *e J

—¥

_AZe
+3F e He T

b cosh3x=5coshx = 43 43T e
Tsing the result in part a

drosh® x—3coshx =S5cosh x

dcosh®x—8Bcoshx =0
drcosh x(cosh?x—2)=0

Agfor allx, coshx>1,

There are 2 possible answers to this

cubic, cosh x=0, cosh x=—+v2 and

cosh x=+ 2 As for all real x, cosh x> 1
onilly the last of the three gives real values

coshx=+2 of x.
x=xln(¥2+1) @ Uising
_ — 1 2 3
—lnIN[2+ll=ln[ : J:ln I x“‘[z 1) | arcoshx=ln(x+V(x*-1)) with
A 241 No4+1 A 2-1 -

=1n[‘\{[21_1]=1n|42—1|

The zolutions of cosh 3x = Scosh x, asz natural logarithins, are x=1n| o241
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Exercise A, Question 10

Question:

a Starting from the definitions of cosh x and sinh x in terms of exponentials, prowve
that cosh(A—5)=rcosh Acosh B —sinh Asinh &

b Hence, or otherwize, given that cosh{x—1)=sinh x, show that

e? +1

tanh x = ————. E
e skl [E]

Solution:

a coshdcosh & —sinh Asinh B

A _pusdoys By o=B A _—dANS BB —
- [ E SRE J[ E e ]_[ et ][ i ] ‘ — When multiplying out the
2 2 2 2 brackets you must be careful to

ohtain all eight terms with the

1 -+ — A+, —. -A- -+ —A+ - —A-
:Z{E_AB_'_E B | A | AE_ B | heB | AB_ -4-E) ok ol
Ty P
=242 = ——— o
4{ ' 2 s You use the definition
=cash(A— 5, as recuired. g +e
{ ) ;! cosh x= with x=4-5.

b coshxcoshl-sinhxsinhl=sinhx | :
_ _ _ You expand cosh(x-1) using
cosh xcosh 1= sinh x(1+:nh 1)

the result of part a
coshl
tanh x = :
I+sinh1 Diwvide both sides of this equation by
cosh x( 1+sinh 1) and vse tanh x= sinh x .
cosh x
ete
-1 2
tanh x = 2 e Zhiii e EE 2. L as required.
E—E 2+e—e"  e'+Ze-1
1+ >
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Review Exercise 1
Exercise A, Question 11

Question:

EJ' -V

a Starting from the definition sinh y =

arsinhx =In[x++/(1+x° ].

b Hence, or otherwise, prove that, for 0 =8 =,

g
arsinh (cot &) =ln[cot§]. [E]

, prove that, for all real values of x,

Solution:

a Let y=arsinhx

F

g —e7?

then x=sinh y= _ _ _
‘/’/2/// Tou multiply this equation throughout by & and

dx=e"—e* treat the result as a quadratic in e¥.

e —Zxe?—1=10

2
y=2x+wf.4x +4)

£ The quadratic formula has + in

5 242 1 it. However x—+ 2 +1is
X+ P x +10
= — 5 =x+¥(x* +1) negative for all real x and does

not have areal logarithm, o you

Taking the natural logarithms of both sides, | ., ignore the negative sign.

y=In I:x+*1[| 2 +1 |], as required.

TTzing the result of part a with

b arsinhicetd = 1n|in:ot5'+%ru 1+cot?d |:| // x=cotd.

=lnicot@+cosecd | g— 0o |

[cosé‘ 1 ] [cos.5'+1J
=In + =In

sin & sin & sin &

g

2 o5t —

=ln — % @ +— Touuse both double angle
25in§cos§

Using cosec’d =1+cot’ 8.

formulae cos2x=2cos® x—1 and
gnZ2r=2sinxcosx with 2x=48.

Cos—

il |12 e g -
ln 3 In [cot . J as required.

sl —

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics Pagel of 1
Solutionbank FP3
Edexcel AS and A Level Modular Mathematics
Review Exercise 1
Exercise A, Question 12
Question:
h? i
iven that #e &7,z [ and M= CO_S gx CO_S zx .prove that ME =M. [E]
—sinh®x —sinh® x
Solution:
Let n=1
The result M* =M becomes M =M, which is true.
Assume the result 1z true for x=k% . Tou can prove this result using
That 15 mathematical induction, a method of
cosh®x  cosh®x proof you learnt in the FP1 module.
M =M= d B s The prerequisites in the FP2
—szsinh®x —sinh” x : .

- s-, specification state that a knowledge
M™ =M'M of FP1 is assumed and may be tested.
3 cosh®z  cosh®x cosh®z  cosh®x
Cl—sinh®x —sinh?x )| —sinh®x  —sinh?x
: cosh® x —cosh® x sinh® xcesh® x—cosh? xsinh® x
| —sinh? x cosh? x +sinh® x —sinh® x cosh®+sinh
cosh* x—cosh® xsinh® x = cosh® x(cosh® x—sinh® x) €——— You use the identity

=cosh®x cosh? x—sinh® x =1 to simplify
—sinh® xcosh® x+sinh®* x = sinh® x(— cosh® x+sinh?® 2) the terms 1n the matrix.
=—sinh®x

—sinh® x —sinh® x

Hence MY :[ cosh® x cosh®x J

and this 15 the result for 2 =% +1.
The result iz true for 2 =1, and, if it 15 true for 2 =X, then it 1s true for n=k+1.

By mathematical induction the result is true for all positive integers ».
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Review Exercise 1
Exercise A, Question 13

Question:

Solve for real x and y, the simultanecus equations
coshx = 3ainh ¥

2sinhx = 5— 6oosh v,
EXpressing your answers in terms of natural logarithms.

Solution:

PhysicsAndMathsTutor.com

[E]
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cosh x = 3sinh y
Multiply by 2

2cosh x=f6sinh ¥
Souaring both sides

dcosh® x =36snh’y @

2sinhx = 5—fcoshy

/

When you square an equation, you may
introduce false solutions. In this case equation @
will contain any solutions of 2cosh x =—6sinh ¥
aswell as 2cosh x=46&sinh v, so vou will need

to check any selutions you obtain,

Souaring both sides
4sinh®x=(5-6coshy e
D—@

dcosh® x—4sinh® x=326sinh® y—(5—6cosh y ?

4 = EtSsinI;gy— 25+ 60 cosh y— 36 cosh® y/
4 = 60cosh y— 25—36(cosh? y—sinh® y

4 =é0cosh y—25-36

&0cosh y =65 = coshy=%

y==ln E+ E—1 =+In E+ 2
144 19

2 [ED

Az cosh x =3sinh v, this gives
5 5

coshx=3x—-—=-—

12 4

The identity cosh® & —sinh*8d =1
15 used twice,

If cosh x =a, then there are two
possible values of x,

x=+n{a+4ia* =11 You need

to checl: that both answers are
possible,

3 : ]
If y=1In=, then sinhy=-— and
4 2 4 12

5] L i
cosh x = Z and this 15 the correct

solution,

Az cosh x21 for all real x, this iz imposzible and the solution ¥ = —lng 1z rejected.

25inhx=5—6coshy=5—6xE=—E
12 2

sinh x =—=
4

If sinh x =@, then there 13 just
one possible value of x,

x=1n|a+“-|[|a2+1||.
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Review Exercise 1
Exercise A, Question 14

Question:

a Starting from the definition of tanh x in terms of &%, show that
1 1
artanh x = Eln[ﬂJ

1-x
and sketch the graph of 3= artanh x

b Sclve the equation x =tanh[ln.J{6éx)] for 0= x <1

Solution:

PhysicsAndMathsTutor.com

[E]
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a Let y=artanh x

E'JJ—E'}I

x=tanhy=——— * ] You have been asked to prove a
ehapect standard result in this question
= ¢ Tou should learn the proof of this
T T 2 T and other sim.ilar results as part of
1 vour preparation for the
= — examination,
g™ +1

e x =1

N

e (1-x) = 1+x

Make e the subject of the
formulas and then talke
lo garithms.

.. 1+
1-x
Dy =1n|' 147 )
V1-x |

i h
y=artanh x = lln| i as required.
il et

vi .

()

Tou need to ke able to sketch the graphs of
the hyperbolic and inverse hyperbolic
functions. When you sketch a graph you
should show any important features of the
curve. Inthis case, you should show the
asymptotes x=—1 and x=1 of the curve.

Graph of y = artanh x

b x = tanh [ln {6x_]]
In ™ [6x]=artanhx=llnl 1+_x I
) \1-x )
: 1)
1n'-{6x]=1n\"—x ]
1=z )
\ fﬁxJ =“\.,'I |I 1+I !
\1-x )
Souaring
x= 11X
1-x

bx—6x° =1+x
6x* —5x+1=(3x-1)(2x-1)=0
1
5,

xr =

| —

© Pearson Education Ltd 2C
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Tou uge the rezult in part a.

Az you have squared this equation, you
might have introduced an incorrect
solution It would be sensible to check

1
ol your calculater that x = 5e are

solutions of x =tanh [ln {6):_]]. In

this case, both are correct.
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Review Exercise 1
Exercise A, Question 15

Question:

a Show that, for 0= x<1.

1- ul—xgu 1+ ll—le
' S PR D, A

X X

In

b Using the definitions of cosh x and sinh x in terms of exponentials, show that, for

D=x=1,

1+ 11—

X

arsechx =In

¢ =olve the equation
3tanh® x—dsech z+1=10
giving exact answers in terms of natural logarithms,

Solution:

PhysicsAndMathsTutor.com
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b Let y»= arcechx

sechy = x
2 =X
e’+e”?

Page2 of 2

There are a number of different ways
of starting this question. The methed
used here begins by using the log rule
loga +tlogh=logab,

This 15 the difference of two
squares a° —b° ={a—b)Na+d)

with @ =1 and d="(1-x"),

, a8 required,

2=xe”+xey"_-_—_-_-_-__—-d

2 -2 +x=0

Multiply throughout by & and treat
the result as a quadratic in ¥

, 2xV(4-427) 12V(1-#*)
e’ = =

ax x
(143 (1-2")] [1-V(-")
y=In J,ln
x x
\ L Either of the two answers iz
I {1__;;2)" possible but it is conventional to
=tln| ——— = |, using theresult of a | take 0 <arsechzx =<1
x
[(1+4(1-%%)) .
y =arsechx=In , as required
LY & g
¢ Using sech®x =1 tanh® x
Ftanh® x—dsech x+1 =0,
3-3sech®x—4dsech x+1=10
3sech’x +dsech x—4 =0
(Bgechx— 2)(zech x+2) =0 = sech x=-2 ig impossible with
real values of x,

sechx =—
3

1+‘\'[1—§] g

x =fin| — L /| ilnt

w ] re

© Pearson Education Ltd 2C
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+
2 | x—ln{ 5

] is another

d correct form of the

AsWer.
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Exercise A, Question 16

Question:

a Ezxpress cosh 38 and cosh 58 in terms of cosh &
b Hence determine the real roots of the equation

2cosh S5x+10cosh 3x+ 20 cosh x = 243,

giving your answers to 2 decimal places, [E]

Solution:

a cosh 38 = cosh(20 +6) In a complicated calculation like this, it is

= cosh 260 cosh  +sinh 28 sinh 8 sensible to use the abbreviated notation suggested
cosht =¢ and sinhf = 5 - here but, if you intend to use a notation like this,
cosh 38 = (2¢? =1z + 260 X & you should state the notation 1n the solution so

that the marker knows what you are doing.

=23 +25%
=207 —o4+2(c* -1

=20 —c+207 - 2¢

= 4cosh®6 - 3cosh & Tou usge the ‘double angle’ for
cosh 26 = cosh(30 4+ 2680 = cosh 36 cosh 26 +sinh 30 sinh 26 tigpeibolies
cosh 30 cosh 26 = (4c° — 3302 —1) coch 20 = 2 coch?0 -1 and
=8 —10c% +3¢ sinh 260 = 2zsinh @ cosh @ and the
sinh 38 sinh 209 = sinh (209 + &) sinh 26 identity cosh?@ —sinh®*@ =1. The
= (sinh 260 cosh B +cosh 26 sinh &) sinh 26 signs in these formulae can be
= (Zacx o+ (2 — 151250 wotlked out using Osborn's 1ule.

= 2(4c® — )&%

= 2(4z% —iie — e

=87 -10¢* +2¢
Cotnbining the results
cosh 59 = 827 —102° + 30+ 87 —106° + 22

=16cosh’@—20cosh®8 + 5cosh @

b Zcosh5x+10cosh 3x+20cosh x =243,

Letting cosh x =¢ and using the results in a
32¢7 — 402 +10¢ +402° — 302 + 20c = 243

o A 3
cT=E—— =
32

/ Tou can use an inverse

2
2 hyperbolic button on your
x = iarn:osha = 10.96

calculator to find arcosh E :

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 17

Question:
2

Anellipse has equation — +2 =1,
16 9

a Sketch the ellipse.
b Find the value of the eccentricity 2.

¢ otate the coordinates of the foci of the ellipse. [E]
Solution:
a Vi

9=16(1-¢" |=16—16¢"
., 16-9 7
él fr N I e S
16 16
"‘-F."'
él=_
4

¢ The coordinates ofthe foci are given by

3 +— When vou draw a sketch, you should
/‘\ curve. When drawing an ellipse, you

show the importtant features of the

should show that it 15 a simple closed
curve and indicate the coordinates of
the points where the curve intersects
the axes.

Pagel of 1

) ( .'1? A / \
{i‘aei,ﬂ,l:‘ 14/7,0 ‘=|[_J_r-, 7.0)
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The formula you need for calculating the
eccentricity and the coordinates of the foci are
given in the Edexcel formula booklet you are
allowed to use in the examination You should
ke familiar with the formulae in that booklet
Tou should quote any formulae you use in your
solution,
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Review Exercise 1
Exercise A, Question 18

Question:

2
The hyperbola A has equation %—% =1 Find

a the value of the eccentricity of A,

b the distance between the foci of A
2

The ellipse & has equation e =
16 4

¢ Sketch K and & onthe same diagram, showing the coordinates of the points where

each curve crosses the azes, [E]
Solution:
a k=gt {gg -1) * The formula for calculating the eccentricity

is b* = (& —1). It is important not to

4 =16(e* —1J=16€2 =16
: confuse this with the formula for
= =" = calculating the eccentricity of an ellipse

16 16 4 =gt (1-2%)

" g

b The coordinates of the foct are given by

V5 ) = The formulae for the foci of an ellipse
{i‘ae,UJ=‘ + \?,U ‘={.i2 N5,0) and a hyperbola are the same (+we, 0).

The distance between the foct 15 44 5.

c v 4

In this sketch, vou should show where
the curves cross the azes. Label which
curve 12 A and which 1z B These two
curves touch each other on the x-azis.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 19

Question:
2 2 2

The ellipse 2 has equation %+% =1 and the ellipse & has equation I_'_%: iz

a Sketch D and & onthe same diagram, showing the coordinates of the points where
each curve crosses the axzes.

The point iz a focus of D and the point Tis a focuz of &

b Find the length of 57 [F]

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics Page2 of 2

b For DD
Br=gt1-4%)

Asthe coordinates of a focus of D
are (ae, 00, you first need to find the
9 = 25{]_32 J=25- 55,2 eccentricity of the ellipse using

5 =a*(1-¢") with a =5 and

g 25-9 16

2 55 o5 h=3,

o
Il

Lh| =

Az an ellipse has two focd, you could choose
either for & and there are also two possible
(4 choices for T The symmetries of the diagram
For & {ae,0 ]:| Sx=_0 ‘:1.4, 0) show that you would always get the same
= distance for ST whichever you choose. It does

For & not matter which yvou choose but it is sensible
b= a_z{l—gz ] to choose the positive coordinate.
4 =9(1-¢*)=9-9 %\
g 9-4 3 The major axis for ellipse & is along the y-axis,
&= g g zo its foci have coordinates (0, 2ae ). You find
g sl 5 the eccentricity of Fusing &° =4 (1-¢° ) with
3 a=73and b=2, & is always the semi-major axis
and & the semi-minor axis, so g = b,

' \15\
ForTiU,aéJ=\ 0,3%— J:{o,x 5)

2 P o
ST =47+ (V3] =21 <— VoA
ol =n21
T
N \
¥ =y
o 4 5
Agthe focus of iz on the x-axis and the focus of B i
on the y-axis, you find the distance between them
using Pythagoras’ Theorem.

© Pearson Education Ltd 2C
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Exercise A, Question 20

Question:

2
An ellipse, with equation §+"‘% =1, has foci S and S

a Find the coordinates of the foci of the ellipse.

b Using the focus-directrix property of the ellipse, show that, for any point & on the
ellipse,
mE+ s F=6 [E]

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics

a b2=a2{]—egj
4= 9(1-¢")=9-9¢"
2 9_4
9

g = —_—=

W | LA

._‘5
—=e=—
3

Az the coordinates of the foci of an
ellipse are {tae,0), vou first need to
find the eccentricity of the ellipse
using &° =a’ (1—¢* ) with @ =3 and

h=2.

The coordinates ofthe foct are given by

{i‘ae,ﬂ]=‘

+3x—-,0 ‘= (£v5,0)

]_] Va

_,_,..--'-"'_'_'_'_“"'--..\_‘_-l”

In this question, you are not asked to
N draw a diagram but with questions on

coordinate geometry it 15 usually a
good idea to sketch a diagram zo you

x can see what 13 going on.

. . . it
The equations of the directrices are x=+—.

gupld sg 8
V5 ¥ 5

3

g

Let the line through F parallel to the x-axis intersect the directrices at AMand AN', as

shown in the diagram

N'Nzg.izﬁ
TG

——

If wou introduce points, like Mand N' here, you
should define them in your selution and mark
them on your diagram. This helps the examiner
follow your solution.

The focus directrix property of the ellipse gives that

SP =ePN and §'P=ePN'
SP4+ 5'P=poFN+eFN
=e(PWN+FPN')=eN'N
o 18
T

=, as required.

© Pearson Education Ltd 2C
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Exercise A, Question 21

Question:

a Find the eccentricity of the ellipse with equation 3x° +4y° =12,
b Find an equation ofthe tangent to the ellipse with equation 3x* +4y* =12 at the

. . . {3
point with coordinates | 1,5 |

This tangent meets the y-axis at & Given that 5 and &' are the foct of the ellipse,
¢ find the area of ASS'F [F]

Solution:

PhysicsAndMathsTutor.com
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2 [
a 3+dyi=la 4+— You divide this equation by 12,

Jr_2 i _}f_:" il Comparing the result with

4 3 .o 2

tir=1,a'=4 and b =3
b —cxg(l—a:"} at b
3=4“_€2}=4_4€2 and you uge bg=a2{1 ez}to
4-3 1 | calculate 2.
4 4 2

b 3P +4y =12

Differentiate imnplicitly with respectto x

6x+ 83"’% = +— Differentiating implicitly using the chain
d o oa dv d oo dy
rule, — {4y === = (4y° |= =By,
dx HBy 4y
At 1,3]
". 2 s
di_—Bxlz_l
dx 3 2
P
2

sketching a diagram malkces it clear
that the area of the triangle 12 to be
found using the standard expression

The coordinates of 5 are

maﬂk{2~%ﬁ]=ﬂﬂ}

lzbasexheight with the base 5'S
and the height O,

EBv symmetry, the coordinates of &' are (—1,0). The y-coordinate of & is given by

y=0+2=2

= You find the y-coordinate of & by substituting x=10

inte the answer to part a.

ASS'G = —basexheight

S OO

P [ s= B2 = B2 ] —

2x2=2

© Pearson Education Ltd 2C
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Exercise A, Question 22

Question:

2
The point P lies on the hyperbola i— y—z =1, and A 15 the foot of the perpendicular
e

from F onto the x-axizs. The tangent to the hyperbola at P meets the x-asiz at T
Show that OT ON =a*, where O iz the origin. [E]

Solution:

To find the coordinates of T, it 12
easiest to carry out your calculation

B i terms of a parameter. As the

7] ‘:; N - gquestion specifies no particular
parametric form, you can choose your
own. The hyperbolic form has been
uzed here but {x sec £, & tan £) would
wotle as well and there are other
possible alternatives.

o

Let the point & have coordinates ( cosh i, & sinh £)

To find an equation of the tangent FP7T,
E = asinhf,d—y =bcoshi
dt dt

dy _dy & _dy dx _bcoshi
dx dt dx At asinhe

Using y—y =mlx—x) To find the x-coordinate of T, you

_ broosh s / substitute v =0 1inte a equation of
y—hanhi=— {x—acoshi) ih

s : e tangent at F, so first you must
ay sinh £ —absinhd¢ = bxcoshi—abcosh? s wbtain an equation for the tangent.
avsinhf =bxcoshi—ab [c:c-shz f—sinh?¢ )
=bxcosht —ab TTzing the identity

For7, y=0 « cosh®z —sinh®z=1.

brcoshi=agb=x=

cosh i
The coordinates of MNare (@ cosh ¢, O)
OF - ON = 2 .y acosht=a*, as required.
cosh £

© Pearson Education Ltd 2C
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Exercise A, Question 23

Question:
e oy

The hyperbola © has equation —— .
i

a Show that an equation of the normal to O at the point P (@sect, btans) 1z

axsint+by = (a* +b)tans.
The normal to C7 at F cuts the x-axis at the point A and 515 a focus of C Given that the

eccentricity of O is g ated that O =305 where O i3 the origin,

b determine the poszible values of ¢, for 0=f< 2, [E]

Solution:

PhysicsAndMathsTutor.com
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dx d
a —= asecztanz,—y=bsec2£
i s

dy _ bsec’s  bsect b

dr  a@secftani wtanf{ asind

Taing s’ =—1, the gradient of the normal

ot 51 d

b

Anequation of the normal iz
y-n=m(x-x)

a@sind

1z given by m'=—

y—htani = — {x—asect)

by—bztanr. = —axsint+a’ tant

axsing+by =(a® +° Jtanz, as required

To find the gradient of the tangent,
'/ yvou uze a version of the chain rule

dy
dﬁ:@/ﬁ:i
dx  dt dr  dx
e

vou would be unlikely to see that there
are four possible points where

The x-coordinate of 4 15 given by
axsinz+0= (o + & |tan ¢

gt /tanf,_a:2+f:'2

X -
a ginf a@cosi
2, .2
at+ i
Hence Qd =
@cost

Using &° =" (& —1) with ¢ =§

i Y 2
b2:a2| L |:5i
Faa
a::{+5ﬂtj
g —
nd OA=a + & _ A Yz
@Cost @Cosé drost
by o=2

PhysicsAndMathsTutor.com

24 = 304 . There are two to the right
of the v-amis, corresponding to the
tocus & with coordinates (ae, 0, and
two to the left of the y-amxis,
cotresponding to the focus, here

marked S', with coordinates (—ae,0).

A diagram 1s essential here Without it,

Tou need to eliminate & from the
length OA to obtain a solvable
equation in £ from the condition
O =345

Page2 of 3



Heinemann Solutionbank: Further Pure Mathematics

OS=ae=3—a
2
04 =308
S By
= —=cosi=—
dcost 2 2
ﬁ:i,
3

S_T +— These values give two points 2,
. (2a,V3) and (2a,—V3).

These are the solutions in the first and fourth quadrants,
From the diagram, by syminetry, there are also solutions in the second and third

cuadrants giving

2 dn P
a3

The possible values of £ are

5 1% 2r 4xm Sm
3"3 73" 3

© Pearson Education Ltd 2C
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These correspond to the two points {:—24, 33:':}

and '::_2'13,—"~ 35:'.] where cos =—§_
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Exercise A, Question 24

Question:

2

An ellipse has equation —2+’;:—2 =1, where & and & are constants and a = &
e

a Find an equation of the tangent at the point Placosf, bainf) .
b Find an equation of the normal at the point Placesé, baing).

The normal at & meets the x-axis at the point . The tangent at & meets the y-axis at
the point &,
¢ Find, interms of @, & and ¢, the coordinates of A, the mid-point of O

: T
Given that 0 =f = E

2 2
d Zhow that, as # varies, the locus of 3 has equation [ 22:;:;;2 ] +[2i] =1. [E]
y

Solution:

PhysicsAndMathsTutor.com
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a x=acosf, y=hani

ﬁ = —czsinf.,di=bcosz
ot de
dy
dv g brost
dr  dx asing
ds
For e tarigent _ &5 the question asks for no particular
ypml sy form for the equation of the tangent
: brost ; this 15 an acceptable form for the
Fhelliy == (x—acost) 4—— apswer However the calculation in

¢ S d

aysinf—absn®t = —brcosi+abros’ s Sl R

the equation at this stage using
aveing+hxcost = ab {sin2 f+cos?s J sintitrosii=1

avsinf+bxcost = ab

d broost : o
b oA F=o C?S Lusing mem'=—1, the gradient of the normal i given by
dx asini
. asind
brost
y=—n=m{(x-x)
! it .
y—hbsint = e (x—acosi)
brost

bycosi—bisinfcost = axsini—a® sinfcost

axsint—bycost = (a®—4* Jsinscoss

-
-

M 7 The condition 0 <¢ {E implies

L}

1\,

/@ \ that P 1z in the first quadrant.

Substituting ¥ =10 inte the answer to part b

2_&2

axsint=(a’ —&* Jsintrost = x=
' & substituting v =10 into the
equation you found for the

cosd | Youfind the x-coordinate of O by

nermal in part b and solving for x

PhysicsAndMathsTutor.com
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cost, ()

: i
The coordinates of ( are
&

Substituting x =10 into the answer to patt a

avsini=ab = y=—0
s

h!

i
The coordinates of X are | Ij,_i
sAni |

The coordinates of A are éiven by

—

Page3 of 3

You find the y-coordinate of Rby
substituting x =0 into the equation
vou found for the tangent in part a
and solving for v,

/ G S S \
(x+x +y, ) (@ =k )
D — ,yl 3 |=‘ Cost,— |
2 2 2 Zsint |
: a® —p? 2ax
d Ifthe coordinates of A are (x, 3) then x= 3 cost = cost=—— and
B i
& :
= =inf=—
Zoint 2y 1 .3
; / _at =k 3
As cos®f+sin®£=1, the locus of = cossrandip= — are the
Zex 2 sin §

) 1
Mis ‘

G, :
% | +| i | =1, az required
g =ht ) oL 2y )

© Pearson Education Ltd 2C
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parametric equations of the locus of M To find
the Cartesian equation, vou must elimninate £ The
form of the answer given in the question gives
vou a hint that vou can use the identity

cos?f+sin’ =1 to do this.
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Review Exercise 1
Exercise A, Question 25

Question:

The points 5] and &, have Cartesian coordinates [—%ﬁ,(ﬁlj and [%«EU]

respectively.

a Find a Cartesian equation of the ellipse which has 5] and 5, as its two foct, and a
semi-major axis of length a

b Write down an equation of a directriz of this ellipse.

Given that parametric equations of this ellipse are

x=acosp,¥=Hbsiny,

¢ express doin terms of @

The point P 15 given by =§ and the point O by = g .

il Show that an equation of the chord PO 12
(NZ-Dix+2y-a=0 [E]

Solution:

PhysicsAndMathsTutor.com
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. [ a )
a &, has coordinates | E 3.0 |

Hence
r R \_3 . E— 'l e b
2 Comparing | > Yy 3,0 ‘ with the formula
=gt 1-4*) :
L = for the focus (as,0).e=—.
. 4] 4

!
Anequation of the ellipse iz = +2 =1 *—— Youare given that @ is the semi-major axis,

T : . :

_ a” b so a can be left in the equation. The data in
Using = the question does not include &, s0 & must
be replaced.

The required equation is

Ayt
e b

*+dyt =a°
b Equations of the directrices are
pd gt ped
5 b 3 k! 3
2

a
¢ From # above, b=—

d For 2

| A h o
| @ Cos, — o sin =| CICOS—,ECISIHE |

(e a Y [a¥2 a¥2)
| -\2’2-12__] | 2 4 ‘
For P
i . o rl . =m)
@ CosQ, —asing =| @ COS—, — Sl —
2 2,2 2 )

=|03]

PhysicsAndMathsTutor.com
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Page3 of 3
For PO
};_E +— Tlzing the formula from module C1 for a
AR y-)y _ x—X
TR T T liet s chlindf s dnle
i B
x

=0 M xz_xl.
dy—da 2
V2-2 v 2

4N2y—2V2a=(2V2-4)x

(4-2V2)x+4V2y—2V2a =0

The @ rcancels throughout the denominators
of thiz equation. On the left-hand zide

j i
4|._,y_ 2 | _4y-2a
4|"£_1 | V-2
Diwviding throughoutby 2+ 2 2
1 2-1 }x+2_y‘—a =1, as required.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 26

Question:

=how that the equations of the tangents with gradient sz to the hyperbola with equation

x* —4}?2 =4

are

y= mxiq,f'(dlmz -1}, where| 22| 12
Solution:

Let the equation of the tangent be y=mx+c
Eliminating v between vy =smx+e and G e 4}32 =4

[E]

Pagel of 1

x —4{mx+c:f =4
At 2 - Bmox—dct =4

(4 —1)2° +Brmcx+4(c* +1) =0

Az the line iz a tangent, equation * has repeated
roots

B dge =0

6dm’c® —16(dm” —1)(c* +1) = 0
G c® — 6dmie? — 6dm® +16c” +16 =0
16¢* = 64m* —16

& =dm’ —1=c =2V (4" -1)

Ifthe line was a chord, it would cut the curve
in two distinet points and this equation
would have a posttive discriminant. As the
line 1z a tangent it touches the curve at just
one point and this equation has a repeated
root. The discriminant 1s zero.

The equation of the tangent is
.  —

1 :
v =mxt (dw — 1), where | m|> > as required.

(i —1) would be the

" s

If|m|‘=:%,then

square root of a negative number and
there would be no real answer. The cases

m =1 — are interesting. For these values

2
_ 1
the equations are ¥ = iax. These are

the asymptotes of the hyperbola and do
not touch it at any point with finite
coordinates. Asymptotes can be thought
of as tangents to the curve “at infinity "

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 27

Question:

The line with equation ¥ =mx+¢ i3 a tangent to the ellipse with equation

2y
a
a Show that o2 =am’+3"

b Hence, or otherwize, find the equations of the tangents from the point (3, 47 to the
2

) ) ) ¥
ellipze with equation — +=—=1. E
p q 7 oz [E]

Solution:

PhysicsAndMathsTutor.com
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2
i+y—=1

a Substituting y=mx+¢ into E:-
a

2 i : : :
£ (mxtc ) = 1% | Multiply thiz equation throughout by
a’b* Then multiply out the bracket

a’ e
.2
Pt +df (mxt+e) =o'

i DA, WAy 2 132 2,2
xttatmt T+ 2atmxe tact = ath

and collect the terms together as a
quadratic in x.

(P +2% ) x* + 2a*mex+a® (c* 2% )= 10

Az the line 1z a tangent this equation has repeated roots

B odac=0"

datnie? — 4{a2m:" +47 ]a:" {_-52 —&? ) =0

3.12.3 2.3, p2Yf.2_ 13
amret —atmt b7 (" =07 ) =0
[ J{ ) and then rearrange to make ¢ the

M_ W+agm%2 —2%? 4 bt = 0D e—— subject of the formula.

2

Divide this equation throughout by b*

3 3w
8 =a'm +b7 as required

b (3,4)s y=mx+c

Hence 4=3m+c=c=4-3m 1  <4— Thetangents have equations of the

For this ellipse, @ =4 and & =25 and the
result in part a becomes
=16m*+25 @

satisfy this relation

form y=mx+e and x=3,v=4 must

Substituting I inte @
(4=3m] =16m" +25
16— 24m+9m® = 16m* +25
Tod® + 24m+9 ={m+3)Tm+3)=10

Iftm=-3 c=4-3m=4+5=13

Ifm:—E, C=4—3m=4+2=£ . Vi
7 77

The equations of the tangents are

3
=-3x+13and y=—-—x+— / e
¥ pe e

negative gradients.

There are two tangents to the ellipse
which pass through (3, 43, Both have

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 28

Question:

oy : .
—2+y—2 =1 and the line I has equation v =mx+c , where

The ellipse X has equation )

]

m=0and o= 0

a Show that, if [ and & have any points of intersection, the x-coordinates of these
points are the roots of the equation (2 +am® )x* + 2a’mex+a°(=* - =10,

Hence, given that L 1z a tangent to &,

b show that &% = &% +am® .

The tangent £ meets the negative x-axis at the point A and the positive y-axis at the

point B, and & 1z the origin.

¢ Find, in terms of i, @ and &, the area of the triangle 048

d Prove that, az m varies, the minimum area of the triangle OAF 15 ab.

e Find, in terms of @, the x-coordinate of the point of contact of & and & when the
area of the triangle 15 a minimum. [E]

Solution:

PhysicsAndMathsTutor.com
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2
a Substituting ¥ =mx+e into = +";:—2 =1
2
¥ (mxtc)
a_z+ n? =1 1 Multiply this equation throughout by
11 3 a. . 5 2*b* Then multiply out the bracket
Ex'ta’ mxte) =ath and collect the terms together as a
B+ atntn? + 2t mie + a0 = o quadratic in x.
(2% +am? )x* + 20 mex+a® (e —2*) = 0, as required

b Acsthe line iz a tangent the result of part a has repeated roots
"B —dac=0
Aatmic? - 4{5:-2 +atmr ]c::2 {62 —b? ) =0 4

Diwvide this equation throughout
a'mic? = (b +atm )(F -2%) =0 by 4a’.

233 433 34 3 33, 3 21
aimreT —h e+ h —atmrtet Tt =1

e? = a’m’ +b*, as required. e

Diwvide this equation throughout by
b* and then rearrange to make ¢ the
subiect of the formula

_~1B | As ot =a*mt 4% y = +o could

T~_E hawe the forms
, 7 N

S y=@mx {E:-z +atmt ). Howewver, the

A 0 question specifies that the tangent
M ' / crosses the positive y-amis. As the line
i e has a positive ¥ intercept, you can
I reject the negative possibility.

Anequation of L 15y =mx + {E:-z +a2m2]

Ford, v=10
V(B L at
0=+ {bz+a2m2]=‘,~ x=——{ ar)
: m
{b2+a2m2]
Hence Od= —— ©
m
For 8, =10

p=1 {bﬂ_i_aﬂmﬁjl

Hence GB = (&% +a’m’)

PhysicsAndMathsTutor.com
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The area of triangle CAEB, T say, 15 given by

V(b +atnd)
T=1oaxoB= l(— (B* +a'm® )
2 2 w1 ; :
B tratmt
2m
PR (i
[1 T:M:lbz 1+la_2m
i 2 2
For a minimum
£ = —lbgm 2 +la2 = I:I
s 2 2
52 g - The diagram shows that the tangent has a
Ty T AnSEREE positive gradient and so the possible value
! a 5
As L has apositive gradient —— can be ignored.
& ol
m 1 (PR
e
P T e
2 e
2 2 3
At e =é ﬁ =b— =2 =0 and so this gives a minimum value of

a dmt  wi b
.
¥ ta| > | o
T: L a A g

-=ah, as required.

5 4
i) \ @ )
2
e At o =é,c2 =am® +&° =c22|lr é \'| +&% =257
a )

o b : :
substituting s = — and ¢ =V 25 into the result in patt a
@

i bﬂ 3 b :
b2+a:"/—2 2+ 22" xZx 2&x+az{_2&2—b2]= 0

2
2bxt 100 2abir+aib? =0 by &

a” | & / Divide this equation througheut

22242 Rax+at =0

Page3 of 3

' 2
(V2x+a) =0
: 4 Az the line is a tangent, this

y =—_2% | quadratic must factorise to a

euadratic formula

complete square. If you cannot
see the factors, you can use the

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 29

Question:

2
Find the eccentricity of the ellipse o +% =1.

Find also the coordinates of both foci and equations of both directrices of this
ellipse.
Show that an equation for the tangent to thiz ellipse at the point PS8 cosf 2ein ) is

g inf
xeost  ysind _

1.
2 2
d Show that, az & varies, the foot of the perpendicular from the origin to the tangent
at P lies onthe curve (x° +3°) = 92° +45°. [E]
Solution:

PhysicsAndMathsTutor.com
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a b =a'(1-¢")
4 =9(1-¢")=9-5%"
. 9-4

g e AL AT, -

._15
=g=—"
9 3

W | LA

b The coordinates of the foci are
. i \ 5 A : :
{i‘cxe,Uj=‘ +3x—,0 ‘={_ia 5,0)

The equations of the directrices are

x:if:ii:ii
] NS W3
3

¢ x=713cosf, y=2snb

= —3z1n H,d—y= Zrozf
d6

d6
dr _ dy d8 _ ZcosH
dx d6  dx 3snd
y-yn=m{x—x)
; 2cost :
—2snfl =— x—Zcosf
H 35inH{ )

The formulae vou need for caloulating the
eccentricity, the coordinates of the foci, and the
equations of the directrices are given in the
Edexzcel formula boollet you are allowed to use in
the examination Howewer, it wastes time checking
wour texthook every titne you need to use these
formulae and 1t iz worthwhile remembering them.
Remember to quote any formulae you use in vour
solution

3ysinB—6sin’f =—2xcosB+6co0s’ 0

2xcosO+3ysin® = 6 (cos” 6 +sin® 6 )= 6 «——— Divide this line throughout by &,

xcosH sin &
+.J”

=1, as required

3

d

2

i

-

_ N
s o HI.M\P
N
J,

-

e

B

R

X

Let the foot of the perpendicular from & to the tangent at & be A
TTaing meme' = —1, the gradient of ON 15 given by

'=_i= 3sin A
& 2cosd
dx

PhysicsAndMathsTutor.com
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3sin B

An equation of DA 15 v = x

2oosh
Eliminating y between equation = and the answer to patt ¢
xcosf sin® | 3sind "|_

3 2 | 2cos®
"f dcos?64+9snt 60 ‘ _q
12cosf
_ 12c0s8 —— 12cosd s
dcos® B+ %sin’ o I_4.;.333H+Qsin3f4
18sin 6

substituting this expression for x into equation = s

dcos B +9sin” 0
parametric equations of the locus.

s Jsinf 12cosf gy 18sin & Eliminating & between them to
Zcost dcos 0+9sn 0  dcos O+9sin’ 0 obtain a Cartesian equation 15 not

12 cos ~.|3 f 1% sin @ ¢ | easy and you will need to use the

4.5 3
Ayt = _ |
dcos? @ +9sin’ ] o4 cos® @ +9sin’ @ printed answer to help you.

144 cos® 6+ 324 sin® 6 X 36(4cos® B+9sin’ )
B (dcos” B4+ %zin® 6 N (dcos’ B4 9zin” B
_ a6

" dcost@+9sin’ B

9% 144 cos® B +4%3245in* @

9x* +4y* = ,
{4:052 8+ 9sin’ )
_1296cos® B+1296sin 0 1296
(4cos® B+9sin® 6)° (4cos 0+ 9sin® 6)°

_ "’ 26
dcos @+ 9sin’ 0

The locus of Mis (x° +3*)* = 92° +4y* | as required.

o2
| =@+

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 30

Question:

a Show that the hyperbola z* —y* =a®.a = 0, has eccentricity equal to xE
b Hence state the coordinates of the focus 5 and an equation of the corresponding
directriz L, where both 5 and Z lie in the region x> 0.

The perpendicular from 5 to the line yw= x meets the line y=x at P and the
perpendicular from 5 to the line ¥ =—x meets the line y=—-x at (!

¢ Show that both & and (O lie on the directriz [ and give the coordinates of P and &
Given that the line SF meets the hyperbola at the point &,
d prove that the tangent at X passes through the point & [E]

Solution:

PhysicsAndMathsTutor.com
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2 53
X ¥ .
2 ] YO
a’ a e
1_ ,2(,.2
B =a’(e*-1)

For this hyperbola &% =2

hyperbola in which a =4

—

2
A i—‘y—g=l.Thi5 is an
i)

b}

gl =a’(d-1)=21=-12¢" =2

g = 2 asrequired
b The coordinates of & are
{ae,0)= {cx V2.0)

Anequation of £ is

x:____
g N2 2
c A 5
Y y=2x
.F’E
VYR
0 N 7% X
0
av2

SF 1z perpendicular to v = x, so itz gradient 15 —1. An equation of SF 12

¥ =—1[:x—a:"~ 2)=—xtan
yrx=avi
SF meets ¥ = x where

a:"»2
rtx=ayVil= x=

Hence P iz on the directriz L.
S0 s perpendicular to y=—x,
so dte gradient is 1.

Anequation of S0 is

PhysicsAndMathsTutor.com

21\\

-

The asymptotes to the hyperbola
y

é—y—:!:l are y=iéx. These

& &
formulae are given in the Edexcel
formulae booklet With this hyperbola
@ =b and the asymptotes are y=1x.
Thiz question iz about the intersection of
line with the asymptotes. The lines y=x
and ¥=—x are perpendicular to each
other and a hyperbola with perpendicular
asymptotes 15 called a rectangular

hyperbola. In Module FP1, wou studied

another rectangular hypetbola, xy=c*.
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y= 1{_x—cz'x 2)=x—av2

y=x—avi
[ I 2

St meets y=—x where —x=x—aVi=x= .
Hence iz on the directriz L.
Both P and O lie on the directriz L.

i y 2 y 2 3
The coordinates of F are - ,a: |

i y 2 y 2 5
The coordinates of O are 42 ,_a: > ‘

d SP. y+x=avz @ +— To find the coordinates of &, you

Hyperbola x° —y* =a* @ solve equations @ and @
From @ y=av2-x @ simultanecusly.

Substitute @ inte @

: 2
—(av2—x) =4

—2at 42V 2ax—x* =4°
5 2z 242 * | Thecoordinates of X are
2N Z2ax =3a" = x= s i s (3y2 2
an 2 4 ‘ ks Whaia A
4 4
Substituting for x 1in G /
e V2
=gV 2— g=—a
4 4 4
To find the tangent to the hyperbola at &
2oyt =gt
o dv  x
2x— EJ’E =02 =2 Differentiating the equation of the
dx dxr ¥ 2 el )
hyperbola implicitly with respect to x.
At R
3 N 2
i Ee A s
dx ¥ _2a
This 1z the equation of the tangent to the
y-—n=mlx—x) hyperbola at £ To establish that & paszes
; f ; \ X through O, vou substitute the
e 342 82 : : : ;
I Tﬂ = 3| X—Tﬂ |=31— @ | x-coordinate of O into this equation and
\ / show that this gives the y-coordinate
Yy=3x—-Zvia «—— of 0

\ 2 i y 2
d 2 ‘— oV 2g=-

Arx=222 5 =3
ST

Thiz 15 the y—coordihate of [
Hence the tangent at R passes through &,

@z

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 31

Question:

. Xy .
a Show that an equation of the normal to the ellipse _2_'_}?_2 =1 at the point
@

=

Flacosf bsinf) iz axsecf—bycosec  =a* —b*.
The normal at & cuts the x-ams at &
b Show that the coordinates of M, the mid-point of P, are

2a® — b b
|I .:12 ]cosﬁ,[a]sin EJ:|
a

¢ chow that, as € varies, the locus of M 1z an ellipse and determine the equation of

this locus,
Given that the normal at P meets the y-axis at & and that O iz the origin,
d show that, if @ = b, area AOMG areaAOGH =5% : 2(a* - b%) . [E]
Solution:
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a x=acosH, y=hsnf

. )
s =—a51nH,—y=bcosH
dd

de
d _ dy _dB6 _ broost
dx 48 dx asinf

TTaing mem' =—1, the gradient of the
normal is given by
¢ sin 6

B brosh
y—y =m'(x-x)

e

¢ sin H

y—hbaunfl =
boozt

{x—acosf)

bycosf —b*sinfcost = axsin @ —asinfcos 6

axsin —bycozf = {ag - Jsin 6 cos 8 «—— Divide this equation throughout

ax b
_ .}’ = 4% _p?
sin

cos

by sinfcos .

231 -
axsecH—bycosec @ = g® —b°, as required

b Substituting v=0 inthe result to part a

2 47
axsecl =g =%

2 ;2
a’—b

X = cos B

a

Y
a —b

+— Youfind the x-coordinate of Ghy

substituting v =10 into the equation of
the normal at F and solving the
resulting equation for x.

P:{acosH,bsinH],G:| cosB 0

The coordinates {x,,, ¥, ) of M the mid-point of P are given by

i b
|}\’1'|'?C2 _’]-!’l‘l'v].f2 |

2 7z )
2%t
acosf+ cos @
- i
g = >
cosB| a® +a® b ) [ 22t —h%)
= | = ||:osH
2 @ Il Za

Hence, the coordinates of M are

|‘2a2_bﬂ ! ,'E:l‘-,. .
| _ |c:c-s H,| — ‘smH . a8 required
@ L2 )
¢ Fordf
.‘zaﬂ_bﬂ Y "J_EI"'_
x =| _ ||:osH,y=| — ‘smH
2a ] | 2 )

PhysicsAndMathsTutor.com
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cosf = - ; 2‘,sinﬁ;':,L
[ Zat =k |' Ei '|
|_ et | 2
cost B +sin” 6 =1
2 2
: 7t 2 gk <
i zaz_bﬂ b fb‘.
|_ 2(1 | |-.. ..l|
This iz an ellipze. & Cartesian equation of this
ellipse iz
e
: 7 7
(24 -8*) &

d

Any curve with an equation of the

}"2

form —+> =1 1sanellipse If
a® ok

you are asked to show that a locus

1z an ellipse, it 1z sufficient to show

that it has a Cartesian equation of

this form.

H

/

substituting x =0 into the equation of the normal

1_p2

—bycosecO=a —b* = y=— sin f

2 a
a” —h" .
sin B .

Hence OF =

areaAOMG | B coordinate of Af
area\NOGH O
||. o

. |sinH
| 2

=i ke
a’—u .
sin A

2
e ;
= ——— asrequired

2(a*-2")

© Pearson Education Ltd 2C
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#— The triangles OMZ and OGH can be

looked at as having the same base
O Asthe area of a triangle iz

é <basexheight , triangles with the

satne baze will have areas
propottional to their heights, The
height of the triangle OGM is shown
by a dotted line in the diagram and is
given by the y-coordinate of Af

Page3 of 3



Heinemann Solutionbank: Further Pure Mathematics Pagel of 3

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 32

Question:

a Find equations for the tangent and normal to the rectangular hyperbola z° —3* =1,
at the point P with coordinates (coshé sinhg) >0

The tangent and normal intersect the x-axis at 7and Frespectively. The perpendicular
from P to the x-axis meets an asymptote in the firet quadrant at O
b Show that (2 1z perpendicular to this asymptote.

The normal intercepts the y-axis at &
¢ Show that & lies on the circle with centre at T and radins 77 [E]

Solution:

PhysicsAndMathsTutor.com
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a To find an equation of the tangent at 7.
x =rcoshi, y=sinhs

— =szinh{, d—y=cosh.ﬁ
i

dy dy/E: cosh ¢

dx  df dxr  zinhi
Using y—y =mlx—x)

. coshi
¥—sinhé =

x—cosh £
sinh£{ )

ysinht—sinh®s = xcosht—cosh?s

yainhi = xcoshi— {n:-::ush:4 ¢ —sink £

=zxcoshi-1 -+
xcoshi—ysinhéi=1 @
To find the equation of the normal at P

Tzing the identity

cosh®f—sinh®z =1

TTzing mere' = —1, the gradient of the normal 12 given by

: sinh
m'=—
coshi
ke 1 st
y—sinhi =— S (x—cosht)
cosh

veooshi—sinhfcoshé = —xsinhf+sinhicosht
xsinh i+ yeoshi = 2sinh fcoshe @

PhysicsAndMathsTutor.com
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Substitute ¥ =10 into &
xsinhé = Z2asinhfcoshi

x = Z2coshi
The coordinates of G are (2 cosh g, O,

The x-coordinate of O is cosh s

re Mathematics

To find the coordinates of 7, vou
substitute ¥ =0 into the equation of

the normal found in part a.

Page3 of 3

The asymptote in the first quadrant has equation y=x. 4 The asymptotes to the
Hence the coordinates of 0 are (coshi, cosh flj. ) T _z_if_: il s
: e g — & i @
The gradient of G iz given by ATV = =-1 2
% —x Zooshi-coshs y==1—x. These formulae are
Azthe gradient of y=x 151 and 1x—-1=-1, G 1s ; a
L M e e given in the Edexzcel formulae
LRP LR booklet, With this hyperbola
@ =k =1 and the asymptotes
are ¥ =xx. The asymptote in
the first quadrant has equation
Y=x.
¢ Substitute y=0 into @
1 *— To find the coordinates of T, wou
xcoshi=1l=x= W substitute ¥ =10 into the equation
cos .
Coq \ of the tangent found in part a.
The coordinates of T are | L0 |
\ coshi

Substitute x =10 inte @
veoosht=2sinhcoshs = y=2sinhs
The coordinates of R are (0, 2 sinh £)

+— To find the coordinates of &, vou

substitute x =0 into the equation
of the normal found in part a.

T =2coshi-
cosh ¢
L (1 1
TR® = OR* +0T° =(2sinh ¢) +
B ‘ cosh £ | +— If acircle can be drawn through &
1 with centre T and radius 717 then
=4sinh’s + = 4(C°3h2 £l ]"‘ TE must alzo be a radius of the
cosh? ¢ ' cosh®
circle. Se you can solve the
=drash®i—d4+ - problem by showing that TR and
cosh™s T have the same length.
; %
=| 2coshi— =T
cosht |

Hence TR =T and & lies onthe circle with centre at 7 and radiug 75

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 33

Question:
a3t

a Find the equations for the tangent and normal to the hyperbola ——-%==1 at the
a

=

point (asecd btand).

b Ifthese lines meet the y-amiz at F and O respectively, show that the citcle described
ott PO as diameter passes through the foci of the hyperbola, [E]

Solution:

PhysicsAndMathsTutor.com
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a To find the equation of the tangent at {sec® btand )
% =asecH, y=5btan®

dx

a6

b _ bsec’ @ _ bsech _ B

)
=a@sect tan H,E‘}j:bsecgﬁl

dx asecHtan? agtan®@ asind
Y-y =mi{x—x)

Page2 of 3

y—btan = ——(x—asech ) < Lz the question asks for no
csin ; :
15 particular form for the equation of
ay sin H_ab R bx—absec B the tangent this 15 an acceptable
cos form for the answer. However,
5 _ ; (1—sin?0 ) . cosl @ the calculation in part b will be
x—aysnft =a | |=a et i i i i
| ooz o sasier if you simplify the equation
, . / at this stage.
bx—ayeinf =aghcosl @

To find the equation of the normal at (zsecO btan® )
TTzing meme' = —1, the gradient of the normal 1z given by

; asind
m' =
b
y=n=m'(x-x)
asinf . “When you multiply the bracket out,
y—btanf =— " {x—asecH]"_'_'_ﬁ_—ﬂ ¥ siniy
. _ 5 sinfBgec B = =tant
Ay—b tanf = —gxsin B+ a” tan 6 cosH

axsin® +hy=(a’ +5* ftan6 @

Thiz problem will be solved uszing
the property that the angle in a
semi-circle 15 a right angle and
vou need to show that P8 and 0N
are perpendicular. All five of the

points, B, O, (asecO btan @) and

the two foct lie on the same
circle.

PhysicsAndMathsTutor.com
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Substitute x=10 inte @

B e e To find the coordinates of P, you

substitute x =0 into the equation of the
tangent found in part a

The coordinates of P are (0,—bcot@).
Substitute x=10 into @

1, 32
by =(a* +&° Jtan B = y= e tan 8| To find the coordinates of &, vou
: b substitute x =0 into the equation of the
a* +4° tor1 8 ) nermal found in patt a
anf |

0,

The coordinates of (3 are

The focus 5 has coordinatés (e,
M-y “hoetB-0 b

The gradient of P55 given by m = = —rcotf
X 0— e e
The gradient of 0% 15 given by
2,12
a +h
tan 6 —10 2, 32
e —(a” +h&
s i Wi I _ e Doy
XA 0—ue ahe
, b a’ +b a’ +b°
i = —cot Bx— 1:;aI1H=—T
ae abe a‘e
The formula for the eccentricity 13
B =a(et 1)

=g o' = atet =at + b1

a’+ b __ag +E
a‘s a’ +b

w0 PS5 perpendicular to 05 and LRS00 =907,

E¥w the converse of the theorem that the angle
in a semi-circle 15 a right angle, the circle
described on P as diameter pazzes through the focus &
Ev symmetry, the circle also passes through the focus &

Hence mm'=— -1

4— There is no need to repeat the
caleulations for PS5 and O8It
1z evident from the diagram that
the whole diagram 15 symmetrical
about the y-ams, so, if the circle
passes through &) it passes
through &' It is quite acceptable
to appeal to symmetry to
complete vour proof

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 34

Question:

Given that r =2 = 0 and 0 < arcsin [E}i g show that
r

i aru:sin[i] S S [E]
dr r rdirt—at

Solution:

Fa_ h!
Let y:arcsin| — |
\ 7 )
]
Letu=—=qar!
F
S +— Youcan use the chain rule to
dy  dy du _ . oy
N differentiate aru:sin| . |
1 O
i {]—uzj
s 4 &
dr r
Py Toutake one of the 75 inside the square root sign in
1 ¢ the denominator. In detail
Hence — = - ==

]
y (1 _uz } ’ r_z 5 i aﬂ B 5 i an N -:. gv i az N
r 1-2_|| » |1——|=r\r‘ |1——|
| e | 2 | ._ 2

B a . /
= as required —
ry {rz —czz]

© Pearson Education Ltd 2C

" I

2% f
1_a_2 | ‘=rq\" (rz—ag }
i\ F

¥

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 35

Question:

Given that y = (arcsin x)%,

dy :
a prove that (1-x°)| = | =4y,
P ( )[dx] y

2
b deduce that (1—x3)d—f—
dx

Solution:

et
a y={arcsinzx)

Let w = arcsin x

xd_yz
dx

[E]

This result 1z 1n the Edexcel formula boollet,
which iz provided for use with the paper. It is

a good idea to quote any formulae you use in

Fyo-u
dy d_y‘/du
dr de dx
i
il 1 /
dx {1—X2] your solution
Hence
d—y=224/ 1 : _Earcsmzx
dx V(1-7) V(1-z)
V(1-2 ]d_y = 2arcsin x -
: dx
% 2

(-2

| = 4{arcsin x]z

=4y, asrequired

solution.

squate both sides of this solution and use

. .
the givenn ¥ =(arcsinx ) te complete the

b Differentiating the result of part a implicitly with respect to x

Pagel of 1

Using the chain rule

2

‘ dyddy|

@ dly

ST

() L dly by
d
o) =
{1— . jx—“"g— E=2,as required

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 36

Question:

it +1
ok
b Given that £(x) = px—tanh 2x, where p 15 a constant, find the value of p for which

a Show that, for x=1Ink_ where & 15 a positive constant, cosh 2x =

fix) has a stationary value at x=1n 2, giving your answer as an exact fraction. [F]

Solution:
2, - 3wk, _-2hk
a cosh2x =" cal i o
2 2
1
Ehkz + EhF Ty w012y +— TIsing the law of logarithms
= 5 :§|’§: +? | alnz=Inx", with n=-2,
1 +1) J;:4_;_1_ . —21nk=lnk:"=lni2.
=—| —— ‘=—2, as recquired L'y
2l kB 2k
b f(x)=px—tanh 2x
For a stationary value
f'(x)=p—2sech ?2x=0
2
= 2sech 2x=——
= cosh? 2x
Tsing the result of part a with £ =24 '"There 15 no "hence’ in this
If x=In 2 gquestion but using the result in
1 17 patt a shortens the working. The
cosh 2x = 5 = i gquestion requites an exact
Hence * fraction for the answer and you
5 128 should not use a calculator other
= == — than, possibly, for multiplying
|" E ‘ 288 and dividing fractions
M

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 37

Question:

The curve with equation ¥ =—x+tanh 4x, x> 0 has a maximum turning point 4.

a Find, in exact logarithmic form, the x-coordinate of 4.

b Show that the y-coordinate of 4 is i{Eﬁ—ln(2+\E)}. [E]

Solution:

a y=-x+tanhdx

dﬁ =—1+4sech *x=10
dx

1 Az cosh x21 for all real x,
sech “4x = ZﬁV coshdxr=-2 1z impossible.
coshdx =2

4x = arcoshZ =In {_2"' 3} For x =0, there 15 only one value of x which
g . gives a stationary value. The question tells you
x=—In {_2"‘ v3) +— | thatthe curve has a maximum point so, in this
d gquestion, you need not show that this point iz a
maximum by, for example, examining the
second derivative.

b tanh®4xr=1-sech *dx=1- l = E *+— YTouneed a value for tanh 4x and this 12
4 4 easiest found uzing the hyperbolic
Az 220 tanh4x=£ identity sech x=1—tanh®x.

At x= l1r1{'2+ v 3)
4 )
Y
.‘J"f:_:JL—'i'ta.'lf].]:].4:’{=——]_n[2_’_1 3 |+_
4 Py
= %{2 K 3—111 {2 + 3 :I}, as required.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 38

Question:

The curve O has equation y=arcsec e, x> 0,02y = Efrr .

1
(=% 1)
b Sketch the graph of O

a Prowe that g=

The point A on T has x-coordinate In 2. The tangent to O at 4 intersects the y-axis at
the point 5
¢ Find the exact walue of the y-coordinate of B [F]

Solution:

PhysicsAndMathsTutor.com
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a y=arcsece’
secy=¢g"
Differentiating implicitly with respect to x
d
sen:ytany—y =e
dx

®

dy E
dx  secytan y

As secy=e" tan’y =zec’ y—1=¢e% -1

tan y = 'x{eh—l]a'.

tan 3 = —V (e** = 1) is, in general,

é _ = _ sasreeired possible. Inthis case, the question

ex y {Eﬂx_-l] .,\{eﬂx_-l]

. 1
specifies that x>0 and 0 < p = ET
and, with these ranges, arcsece” is an

: : : dy
increasing function of x and s — i3

positive [ tan ¥ is positive),

L y4
Ty
7
& +— In your sketch, you must shew any
important features of the curve. In
thiz case, you need to show that the
0 T curwve statts at the origin and that the

T

line ¥ =é 1z an asymptote to the

curve.
¢ At x=In2, the gradient of the curve is given by
oy 1 _ 1
dx "m{Eh—-l] ._\{Eﬂhﬂ_-ll
- 1 g A g d
{eh“ o R G M
At x=1n2,
e — O :
y=arcsec e’ =arcsec e™ = arcsec2 =— Arcsecd = 31"35':'55 g In questions
involving calculus you must use
An equation of the tangent is radians.

y=n=m{x-x)

y_é = __—{x—ln 2) 4— There 15 no need to simplify this equation.
ny: x=‘[] You only need to find the walue of v at
T 2 1 Ao
=—-———=—{7-v3n2)
3 N3 3
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Exercise A, Question 39

Question:
* 1

Evaluate = |dx, giving your answer as an exact logarithm.  [E]
1 (x"—2x+17)

Solution:

=2x+17=x"-2x+1+16= {x_l.]z +4 It 1z usually a good idea to begin any
Hence integration invelving the square root
4 1 4 1 of a quadratic by completing the
j R TR R =j ———dx square.
1Y [x —-2x+17) 1V ((x=1) +4°)

Pagel of 1

x—1T 3
= {arsinh —:| = arsinh ——arsinh
4 4

! #+—— This iz a direct application of the
—tn| 24 V[ 241 ) |=taf 24V 2] || formola
| 4 | 16 | | | 4 | 16 | |

=m[§+§]=m2
1377

tormula correctly if the

was not 1.

J% dx= arsinh‘l E I|
{_x +a’ ) \a )
which 15 given in the Edexcel

formulae bocklet. You would
need to be careful to adapt this

coefficient of x* in the quadratic

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics Pagel of 1

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 40

Question:
2 1

Evaluate I —dx, giving vour answer as an exact logarithm [E]
1 ».,|||(;':2 +4x—10)

Solution:

P tdx—5=x +dx+4-9=(x+2) - F

Hence
j3 1 j3 1 s arcoshl=10
—dx ey A e WLy
1 V(& +4x-5) 1y ({x+2f—32)
= {arcosh i T = arcosh g —arcoshl
: ) . % ) "-—_ To obtain the answer as an
_ & | E+ A/ ‘ E—l | | =1n|l E+'\." | 16 | | exact logarithm, you can use the
3 | @ 3 o formula
=1n|l'2+iﬁ=ln3 arcoshx=1n{x+'x {xg—l]:I.If
;2 3] you forget this, or can't

remember the sign, you can find
it in the Edexcel formulae
booklet which 15 provided for
usze with the paper. Thiz booklet
contains many of the formulae
needed for the calculus topics in
the FP3 module,

© Pearson Education Ltd 2C
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Exercise A, Question 41

Question:

Tse the substitution x= , where @ 15 a constant, to show that, for x> 0,2 =0,

sinh @
1 I o= i
— e dx=——arsinh| — |+ constant [E]
x.,l}- 2 4a? B &
Solution:
x= -a = alsinh )"
sinh
acoshd

—— +— When substituting remember to
sinh” f substitute for the dx as well as the rest
of the integral.

E =—alsinh ) cosh B = —
46

%dx: ! 3 LT
x'x(x +cz) a i a . do@
x "| g t+a
sinh & sinh*
_ he : i
—af Coz —1{coshf Tee 1+sinh®8 =cosh®@ to simplify
= %dﬁ oo 46 this expression.
a“~1+sinh® @ @ J cost
sinh2 e}

1 2]
- —_j CORMY B ljldH
¢ J cosh@ e

i ' i

1 Az x=— ,then sinh & =—

= ——f +constant sinh & x
a

fa"l
and H=ars1nh| = |
| =}

I ,
=——ars1nh| — |+|:onstant, as required.
a | x ]
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Question:

a Prove that the derivative of artanh x, —1<x <1, 13

1-x

b Find IMth dx. [E]
Solution:
a Let y=artanhx

tanh v = x

Differentiate implicitly with respectto x| To differentiate a function i3

. dy 1 1 with respectto x you use a
sech ya_]:' 9 iseen T version of the chain rule

= . as recquired

Tzing integration by parts and the result inpatt a

d . dy
= (F =F'[yx 2
EON)=£)

jafcanhx dx = jl « artanhx dx -]

= xartanhx—j%dx
1-x

E xartanhx+%ln {l—x2 J+A

- dw = o
Touuse puw—dr=uv— p—dx
| e ligrs
with & = artanhx and d—v=1.
dx

You lnow % from patt a.
dx

Thizs solution uses the result

J.Tjdx—lnf(x} =0

j _sz dx=1In{1- x*) and you multiply
=ik
this by —% to complete the solution. This

iz a question whete there are a number of
possible alternative forms of the answer,

© Pearson Education Ltd 2C
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Exercise A, Question 43

Question:
1
a Find J.de.
11-44)
03
. ) 1+x

b Find, to 2 decimal places, the value of j ——dx. [E]
0o f1-4s |

Solution:

1+ 1 x
a W i1— = 1 — a2 dr+ 1442 A ] Tou tust treat this integral as two
V(1-4x) V(1-4%*) V(1457 ) g
' ' - separate integrals added together.
Let 2x=s5in@ , then 2 E =cosf = E = l cosf Both integrals have been solved
de 46 2 here using substitution. This iz a
1 p 1 dx 46 safe method of solution but you
V(1- 45 ] I (1- sint o ]d_H may be a_ble to sherten the worliing
: ; by adapting standard formulae or
_ j 1 /l coslidih= jl 46 inapection.
cosf 2
1

=_0+4d= larcsin2x+fi
2 2

Let z* =1-4x* then differentiating implicitly with respect to x
1

2uE=—8x:‘ax—=——u
dx dus

j;dx=jl/XEdu=jl/_ludu
V(1-47" ) v du u 4

4 4 4\

Combining the integrals
J‘H—xdx=larcsin2x—%'x [1—4,12 I+

V(1-4x') 2
03 03
.Ide = [l arcsinEJr—l V(1-47° ]}
o ¥ {.1—-4;':2 J 2 4 0 a
1 . 1 (. 1)
= —arcan .6 —= (1—4x 0.09}—‘ 0—= | *+— Tou can use your
2 4 L 4] calculator at any stage to
1 : 1 evaluate this definite
- Earcsm[].ﬁ N 0'2+Z integral. The calculator
=0372 (3dp) must be in radian mode.
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Question:

a (mven that v = arctan 3x , and assuming the derivative of tan x, prove that
d 3
dr  1+49x°

[%n

1

b Show that I } 6x arctan 3x = S 33

1]

Solution:

PhysicsAndMathsTutor.com
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a y=arctan=x
tan v = 3x
Differentiating implicitly with respect to x
sec? ydﬁ =3
dx
d 3 3
& sect y B 1+tan® y

3 , - dv = du
= YTouvuse p—da=wv— p—dx
T as required }u & Jv o

with & = artanh 3% and %=6x.

b Using integration by parts and the result in part a AT % from patt a
= .

[ 3
6xarctan?x dx = 3xarctan 3x — 3x2/—2dx
o 1+5x ‘\
[ 922 +1-1
= 32 arctan 3x — ——— Teou have to integrate -
J 1+3x 1+9x
* ] the degree of the numerator 15
=3xarctan 3x— |1dx+ e equal to the degree of the
v denominator, you must divide the
g +1 e detio mi_n ator in_t-::- the numerator
3 before integrating,

H

1 5 The adaptation of the formula given in
{3?:231":1:&113?:— it g arn:taan} the Edexcel formulae boollet,
0 i M
V2 ¥ (3 jz#fh:ltaﬂ il |t0 this inte gral
= 3x| - | arctan ¥ 3—— +—arctan ¥ 3 el ! : R N
|55 ] 15 not straightforward.
, 1 1 1
4 V3 j_dxz_j dx
= —arctan v 3——— 2
3 arclarn 3 1+9x 9 l+ Xz
= i_, B X0 (4m =34 3), as required
303 3 a9t 4 1 1 x
= —x —arctan| — [=—arctan3x.
g 1 I
2 | 3

You may prefer to find such an inte gral
uzing the substitution 3x=tan
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Exercise A, Question 45

Question:

a Starting from the definition of sinh x in terms of e*, prove that
a:rsinhx=1n[x+ﬂ'(x:l +11].
1

b Prove that the derivative of arsinh x is (1+x° )_5.

; e 4 :
¢ Show that the equation (1 +x2)—"]; +x X _0=10 is satisfied when
dx dx
y = (arsinhx)®.
1
d TTze integration by parts to find I arsinhx dr, giving your answer in terms of a
0
natural logarithm. [E]

Solution:
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. . g —e™?
a Let y=arsinhx then x=sinh y= :
Bttt 1 *+— Youmultply this equation throughout
2 by e and treat the result as a quadratic
g =Zxe’=1=10 A
) in e” .
2x+V (4x" +4)
g —
2 " 4+— The guadratic formula has + in it
_ 2x+ 2 {X +1_}= gl {xz 1y However x— I:;r:4 +1) is negative for all
2 real x and doesz not have a real logarithm,
g0 you can ignore the negative sign.

Taleing the natural logarithms ofboth sides, ¥ = ln[ X+ {xz +1) ] . as required.

b ¥ =arsinhx

sinh y =x

Differentiating implicitly with respect to x
de 1
dx  cosh ¥

dy
coshy—=1=
g
cosh?® y
d ;
Hence — (arsinhx )= ———=
dx Y {'l + x }

c y= {arsinhxjg

B3]

G = Zarsinh:x('l+x2 ]

&y

dxﬂ

%] [N

= 2{:1 + x° } e Zxarsinhx{l + %0 }

2
Substituting for ot and d—“::‘ inta
dx

x
dx

=1+sinh® y=1+x* = cosh y=" {1+.7r2 }

= {_1 +x2 } 1, as required,

1 1 f )
=2(1+x* )3 (1+x*) 2 + 2arsinhzx| -% |{2x](1+x2 )

arsinh x 15 an increasing function
of x for all x. So its gradient is
always pozitive and vou need not

consider the negative square root.

Tou uge the product rule for
differentiation

25 i[ucv"]=vﬁluE with
dax

=1 Z2arsinh x and

1
v={1+x") 7

' 3 1
= (1+x* ']L 2(1+ %) 1—2xarsinhx{1+ x)7 J+xv Rarsinhx(1+x° ) T-2

1

1

= 2 —2xarsinhx(1+ x° ) 7 + 2xarsinhx (142 ) 7 -2

=0, as required.

1 1

d j arsinhxdx = j 1= arsinhxdx
0 0

1

' 1 x
= |xarsinhx| — | —————
| l” L V(1+x%)

=arsinhl—[ \{1+x2]]:

=In(1+V2)=V2+1

© Pearson Education Ltd 2C
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Question:

a Tsing the substitution uw=e%, find Isen:h xdx.

b Sketch the curve with equation ¥ =sech x.

The finite region & 1z bounded by the curve with equation ¥ = sech x| the lines

x=2, x=-2 and the x-axis.

¢ Using vour result from a, find the area of &, giving vour answer to 3 decimal
places. [E]

Solution:

PhysicsAndMathsTutor.com
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r du k3
a p=et= _=pf=
dx
Hence
dx sl
i ]
jsechxdx= 2 X/Ed.u
e +e iz
[2xlen[2w
LA e+
]
= Zarctans + A

= Zarctan {ex J+ A

b ¥
44— The specification requires you to know
the graphs of cosh and sech. The sketch
below illustrates the relation between
> them.
) X .

a— v=cosh x

yv=sechx

) X

¢ Teing the symmetry of the curve in b, the area, 4, of & is given by

2

A= zj sechxdx=[4arctan{ex ]T +— The curve 15 symmetric, so that
0 ' : the area bounded by the lines

x=—2 and x=2 is twice the

area between the y-axis and the

= darctan (¢® )-m = 2.604 (3dp) line x=2.

= darctan (ez )—4arctan 1

TTzing the result from patt a.
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Exercise A, Question 47

Question:

a Prove that arsinhx =111[.7E+1|||I:X2 +11].

b 1 Find, to 2 decimal places, the coordinates of the stationary points on the curve
with equation y = x—Zarsinhx
1 Determine the nature of each stationary point.

m Hence, sketch the curve with equation ¥ = x— Zdarsinhx |

0
¢ Ewvaluate I (x— 2arsinhx)dx. [E]
-

Solution:

PhysicsAndMathsTutor.com
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oz
a Let y=arsinhx then x=sinh y= 5
Sr=pg’ —pg* < Tou multiply this equation
L throughout by & and treat the
s {4x2 +4) result as a quadratic in .
E'}I N ———
2 ‘\
Dx 4 2 (x2+] | : The negative sign can be ignored
= 5 =x+n {x $1 in the quadratic formula as it

gives & negative less possible.

Taking the natural logarithms of both sides, \

=l [x+ {xﬁ o ]] GELnEd, The specification requires you to

prove this and similar results,
Teour preparation for the
examination should include
learning how to prove the
tormulae which express arsinh x,
arcosh x and artanh x as natural

lo garithms.
b 1 y=zx—Zarsinhx

L P R,

dx V(1+5%)
V(145 )=2=1+x" =4= x=4V3
At x=V3,
y="3-ZarsinhV3=3-2In(V 3+ (3+1))

=3-2In(2+V3)=-0902 (3dp)

At x=—+3,
¥ ==\ 3= 2arsinh (—V3)=—=V3-2In (-V3+V(3+1))

=-V3-2In(2-V3)=0.902 (3dp.)

To = decimal places the coordinates of the stationary points are

(1.732,-0.902),(-1.732,0.902).

1
il d£=1—2{1+x2J§
dx \,
4 (1) 3
£ =2 et
2x

PhysicsAndMathsTutor.com
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Atx="3

gl . s

(143

Atx = -3

dz—‘:;j= = 33=—;¢U:-maximum
&= ae

= T = 0= minitmum * | These calculations show you that

the curve has a mazimum point in
the second quadrant and a
minimum point in the fourth
gquadrant. This helps vou to sketch
the graph correctly.

-+

Hence (1.732,-0.902) iz a minimum point and

(—1.732,0.902) is a maximum point.

-10.902

Page3 of 3

+— The curve has rotational

syminetry about the origin.

_\"3 a

—.902

C jarsinhxdx = jl <arsinhxdy

= xarsinhx— Lﬂ
V(1+ ")

= rarsinhx— (1+x°)
Hence J.E;{x — 2arsinhx Jdx
0
= [g — 2xarsinhx + 2 (1+ %2 \}i|
) 2

= (2)- (2 +4arsinh (-2)+2V5)

=1.302(3dp)

© Pearson Education Ltd 2C
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+— Integrating arsinh x 15 not easy in

et (_2 + 5)_ 345 "._._'___}__._____,.—-—- This 15 not obwvious from the

itzelf and it 1z a good 1dea to work
this out separately before
attempting the whaole integral
Tou integrate arsinh x using parts,

This exact answer 15 an
acceptable answer to the question
but reference to the graph shows
the answer should be positive,

expression and it 1z worthwhile
evaluating it to check your work
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Exercise A, Question 48

Question:

1
Tse the substitution " =¢— E or otherwise, to find I— [¥]
5 A+5cosh x
Solution:
3 , . .
Ifie == = +— Differentiate the equation
implicitly with respect to £,
;dx
then e — =1
di
(, 3Y 6 9
and e =| psi | ey i
L3 50025
j L4 J 1 dx Multiply th d
e g M= | o %% +— Multiply the numerator an
3+35cosh '
oS 3+ 5| il J dencminator of the right hand
- side of this equation by 2 &"
2&"
ol Bt
jtﬂe +5e +5
[ 2
= e —— | g — |d£ .
J oe® +6e" 451 df Tsing the standard result
* 2 1 1 fxY
= o T {1)de ﬂ:2ergci.":=;a.ru:tan|E|W11:h
2 | | o 5, !
J 5l —3ﬁ+ﬁ_||+6|_ﬁ—§_||+5 ’
T a = —_
2 2 ds 3

. 5:3—6:+§+6z—§+5

. 2 1
N j T
Gt ST B

3 23

—

Eemember to  return  to

g arn:tan‘
5

'._AI_&.|I:-9.

‘+A

the

original variable, which iz x not £,

Se4+3)

:larctan‘ —| "+ 2 ||+A—lar|:tan| |+_r'1
2 3 2

© Pearson Education Ltd 2C
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Exercise A, Question 49

Question:

0 ¥

The figure above shows a sketch of the curve with equation ¥ = xarcoshx, 1= x <2,
The region &, shaded in the figure, iz bounded by the curve, the x-axis and the line

x=2.
=how that the area of A iz %111(2 +J§} - % : [E]
Solution:
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2 2
jxarcoshxdx= J'C—arn:-::-shx— jx—zdx
2 29 (x -1}

To find the remaining integral, let x =cosh &
dr
—=snh
dé
cosh® A | dx
| dd

xﬂ
dii=i foee T o dd
jza (x* 1) jz (cosh? 6-1) ‘

20
= jEOSh sinh 046 = %jcoshg Bda

2zinh @

= %J.{n:osh 20+1)de ——e ]

_sinh 2680 B sinhBcosh B i f

5 4 4 4

_ [V -1z 4

+— arcoshx
4 4

Hence the area, A, of iz given by

s 2 2
A= x—arcoshx—lx'x {xg—lj—larcoshx
2 4 ' 4 :

2

2

- |

4— Thiz solution uses integration by

d i
patts, u—vdx=uv— —dx,
dx dx

: o
with @ = arcoshx and — ==x.

There are other possible
approaches to this question, for
example, substituting

u = arcoshr

TTsing the identity
cosh 26 = 2cosh®O - 1.

sinh 6 = (cosh?6 —1)=(x* -1}

= | L I|arn:oshx—lx'x (x*-1)
L 28 4 = 1
= Earn:osh2—§]—[[]| ]

In (2 4+ 3= ?3 as required.

N R
| P

As arcoshl=10 and v (1*-1)=0,

both terms are zero at the lower
litnit.

© Pearson Education Ltd 2C
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Exercise A, Question 50

Question:

4x* +4x+5=(pr+q)* +r
a Find the wvalues of the constants p, g and »

1
b Hence, or otherwise, find I—dx
A% +4x+5
8
¢ Show that [— dr=1n[Zx+1) +1,|'(4x2 +4x+ 5]+ %k, where k1z
,Ill4x2 +dx+5)
an arbitrary constant. [E]

Solution:

a 4 +4x+5=(px |-q.]2ir

=p’x* +2pgx+g’ +r

Equating coefficients of z°

d=p' = p=2 ——m— | The conditions of the gquestion
Equating coefficients of x allowy ==t deian aneiger, bus

4=2pg=dg =g=1 the negative sign would make the
integrals following awkward, so

Equating constant coefficients [
4 s choose the positive root.

o =g2+r=1+r--ﬁr=4

p=2g=1r=4

PhysicsAndMathsTutor.com
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il 1
————dx= | —————dxr *——— If you know a formula of the type
j4xﬂ+4x+5 j{2x+lf+4 3 1 i ,a;ﬁf
Let 2x+1=2tan @ j—a2x2+b2dx=£arctanI? . OF FOu
E = ZseciH = L =gect are confident at writing dewn integrals
H by inspection, you may be able to find
il _ 1 this integral without wotking. It 1s,
{2x+1f 14 ) 4tan? H+4|. 46 | howewer, very easy to make errors with
L the constant and get, for example, the
1 i i
= J.ﬁ (ﬁf"ﬁ}ﬁ)dﬁ' COMITON Brror Earu:tan 2l +7
1 .
=—6+C
4
=larc | crel I|+C'
4 2
o - 2 i
[4x2+4x+5] {{2x+1]2 +4'} +— Asinpart b, you may be able to

Let 2x+1=2snh6

write down this integral without

wotking,
EE =2coshH:~E=coshH
d6 df
2 - 2
(zx+1) +4) V(4sinh® 6 +4 ]| de |
= {cosh® )dé = |1d6
Z2coshd
=f4+C= arsmh‘ Sty +C
Tsing arsinhx=In {x+'- [x +1]]
T 3 Y
(2x+1Y) ff (2x+1
j+4x=1n = +\‘{I—J+1 e
V(dx®+4x+3) 4 |
| 2x+1 \|| gt ipda iyl 14 ‘ e
4 .
[ Zx
= In | (42 +4x+5) |+
ln[ (Z2x+1)+ -4x +-4x+5]i|—1I12+'1jF +— —1n2+ an atbitrary constant is
: another arbitrary constant
1n[[2x+] + {4){ +4x+5]]+k, as required.
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Exercise A, Question 51

Question:

1 1

3
Using the substitution x = 2cosh®z —sinh” ¢ |, evaluate I (x—11%(x—2)%dx.
2

Solution:

PhysicsAndMathsTutor.com
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If x=2cosh®f—sinh?®s then
x—1=2cosh®z—sinh®s—1

re Mathematics

= 2cosh®s—(1+sinh?®z) <

= 2cosh®s—cosh®s=cosh?s
x—2=2cosh?r—sinh?s -2

= 2{cosh2£—1 ]—sinhgf. 1 Gimplify using

= 2sinh®f—sinh®¢f = sinh?®¢
dx

simplify using
1+sinh® £ = cosh®s.

cosh®f—1=sinh®z

E =dcoshisinh{—2coshisinhi=2coshésinh

Substituting into the inte gral
1 1 " 1
j{x—l]‘z{x—zjidF {cosh®¢ |2 (sinh*s

de

&le

J§

= |coshisinhé{2coshising )de

2

= |2(coshesinhe | de

Page2 of 3

+— To find the integral wou need the
hyperbolic identities
sinh 2 = 2sinhicosht and

= T
=12j51nh223dﬁ=%j{c05h4ﬁ—l]dﬁ C05h4£—1+251nh 2&‘,

0o g L
16 4

For the limits
At x=2

2 =2cosh®t—sinh®s = cosh®s+ {coshz t—sinh®z ]

2=coshii+1=rcoshi=1=¢=0
At x=3

3 =2cosh?f—sinh®s =cosh?s +{cosh2 f—sinh? :]

Z=rosh’i+1= cosh =2

cosh ¢ '-2=:~£=1n{:'x2+1} |

sinhf =" (cosh®e-1)="(2-1)=1

Hence at x=3

Tzing the formula

arcoshx = 1n{x+ {xg - 1]],
arcoshy 2=1In{V 2+ (2-1))
=In{v2+1)

PhysicsAndMathsTutor.com
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Ty s - 3
16 SERE T sl oS The evaluation of l sinh 4¢f at
= l{ESinhf.coshf.]{l-l-Esinhz.ﬁ ] the upper limit requires the use of
8 ' two hyperbolic double angle
R YR \_3¥2 tormulae and it 15 a good 1dea to
= E{E * EHH_EJ_ 4 wotk this out as a separate
Heniee calculation before attempting the
complete integral.
3 1 1 1 P, LARMEN N
(x—12({x—-ZRpdx= [—sinhéhf——}
. 16 4 I
w202, L)
4 ;

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 52

Question:

f(x)y=arcsin x

1

a Show that f (x) = ——.
[ 1— % |

: ; . d : :
b Given that = arcsin 2x, obtain a‘y as an algebraic fraction.

-

¢ T[Tsing the substitution x= l sin &, show that M dr = i it —ﬂu@) [E]
2 o H, 1—452 ) 48

Solution:

PhysicsAndMathsTutor.com
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a Let y=fix)=arcsinx

siny=x

Differentiating implicitly with respect to x
dy

Cosy— =

¥ dx /
dr 1 1 - 1
dx cosy v {l—singyj {l—x:‘]
E: (x) = , a8 required

)

b y=arcsin 2x

Let u=2x,%=2
dx

¥ = arcsinu
TTzing the chain rule
dy _ dy du
dr  du dx

. 1 s 2

CV([-a2) T V(1-447)

¢ x=—snt =—=—cosfll B S
At =l,—=—sinH=‘,~sinH=—=:-H:£
4 &

At x=0,0=lzsinH:~sinH=U:~H=U

1. ol cerend
»—sinBarcsin (sinf ), s

Page2 of 3

Unless otherwise stated, arcsin x
15 taken to have the range

T T

_é < arcen x < 5 These are the

principal values of arcsin x. In
this range, arcein x is an

. . . dy
mcreasing function of x, — 13

positive and you can take the
positive value of the square root.

In this question it 15 convenient to
catry out the substitution without
returning to the original variable
X, =0 at somme stage you must
change the x limits to 6 limits,

Ev definition, arcsin(sind)=#.

Tou usge integration by parts,

juﬁ =uv— jv% 48, with
da dd

dv )
=8 and —H=s1nH.

jxaru:smi;xdxz — ‘—]dH
[1—4x ) {l—sm g) |de ]
s —zin x| .
= lmsH |dH —
J ces@ {2
=l Han 646 +—
4
1 1
=——0fcosf+— | cosd 48
4 4
:—chosH+lsinH
4 4
Hence
1 n
1 ; I3
b et zgxdx={—chosH+lsinH}
i k, {1_4x ] 4 4 ]

T

={—icos£+lsin;—'}—[0|
24 £ 4 6

¥3 1.1
e e e,
2

E

=—§,
0 (6—m3), as required
agt o7 '

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 53

Question:
a Show that a:tanh[sin;—r]=1n(l+\f§).

b Given that ¥ = artanh{sin x) , show that % =seCx.
¢ Find the exact value of I ! sin xartanh (sin x)dx. [E]
0

Solution:
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lr '|'
a Using artanhx=—1n| L and sin— i
| 4 2
# Sx r 1+i | +— Mdultiply the numerator and
artanh‘ Sin'lz' |= ~lIn —12 denominator of this fraction by
' 1-— J2.
1 2+41) : : -
= Eln 51 | +— Eationalise the denominator of
the fraction by multiplying the
e Y i,
iy \ (V2+1) numerator and denominator by
=lln 2+1/ 2+1 =ll . ) (V241).
2 G s T o 1 \ /

= 2/%1n{:1+‘1 2}=1n{1+‘1 2), as required\
Tse the property of lo garithms
Ina*=2lna.

b y=artanh{sin x)

; dz
Let u=snx,then —=cosx

¥ =artanhi
TTzing the chain rule
dy dy cr
dr du dx
1
= - d 1,
1—g? RIS The formula — (artanhx)=——= 1z
dx o l-x
— FI—C given in the Edexcel formulae booklet
1-sin® x cos® x which is provided for uze with the paper.
1 .
= =secx, as requred.
COSX
¢ jsin xartanh (sin x Jdx 4+— From part a, you know that you can
differentiate artanh (sin x) and this
= —artanh (sin x Jcosx + jcos xsec xdx suggests using integration by parts,
o s .
ju—vdx=uv—jv—dx, with
= —artanh (sin x]n:osx+j]dx dx dx
o dv
;o 1 =artanh (sin x) and — =sinx.
= —artanh (sin x Jcosx+ x dx

Hence

T : _ x
j sin xartanh (sin x Jdx = I:—artanh (sinx Jcosx+x:|t‘l‘

! +— Youevaluate the upper limit
using the result proved in part a

={—artanh|rsin£\I|c:os£+£}—[0| P iy
o4 44 that artanh| sin% |=1n {'1+ v2).

=—ln(1+v 2}/L+£
- d k| 2 4

—"—1n(1+ 2)

Z

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 54

Question:

Ya

-
%

7] q
The figure shows part of the curve © with equation v = arsinh(ﬁ}, x=0.

a Find the gradient of < at the point where x=4
The region &, shown shaded in the figure, 1z bounded by O, the x-axiz and the line

x=4.

b sing the substitution x= sinh® 6 , or otherwise, show that the area of B is

Eln(2 +J§} = JE , whete I is a constant, [E]

Solution:

PhysicsAndMathsTutor.com
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a y=arsinh (" x]
3

Let u=vzx=x

de 1.3

dx 2

¥ = arsinhu

TTzing the chain rule

dy_@fxdu

dx duw dx

1
= b gl .—— ;
'x{u2+1} 54 As w=2x% then »® =x and
i V(w? +1)=V(x+1).

22\x\{x+1]

Atx=4

dy 1 1 A5

dx 2vdv{4+1) 4vs 20

b If x=snh? ,%=25inthoshH=sinh2H

jarsinh v xdx = |arsinh l N {sinh2 & }}x;ﬂﬁ df

Ev definiti inh (sinh @ )=8 .
= |arsinh (sinh 6 )« sinh 26 d6 y definition arsinh (sinh 6)

= |fsinh 2640 / Tou use integration by parts,

i dv du :

: 7 7 — il =uv v—d#f , with
_#0 l:oszh 2f _jc-::uslzl 2f 46 J‘ 6 j 7

i i cosh 26 B sinh 26
2 4

. e .
6 (1+23mh 6 }_ 2sinh@cosh @ 4+——— This solution uses double angle

2 4 formulae to transform the
arsirh (A 5 Y1 + %5 EXpression back to the _origma_l

{ A :I_ vy liva) variable x before substituting in
2 2 the limits.

w=1 and E =zinh 261
do

Hence the area, A, of R is given by

7 _arsinh{\x}{‘l+2x] '-\;r'-~[1+xJ]4
- 2 T2

1]

2 2

:'arsinhw){gj_z\{sw_lol

=§1n{2+\5}—\5

This 15 the required result with = %

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 55

Question:

L]

3
I”=J Meosxdraz0.
0

a Prowve that [ =[g] —nln-101 _,nz2.

b Find an exact expression for J;.

Solution:
a {,= | x"cosxdx
0

£ b
X - 21 .
=|:.7|’ smx]é‘—j HX sin x dx
]

. - =

tar 2
+[M:}:’é leos :J.':IU2 —j nin=1r"2cosx dx
0

i

=2
o *_._’__)_,_,—-" You repeat integration by parts

2 -u(rn-1)I

4. 88 required

®

(xY
b fﬁ=‘[5‘| - 651,

+— You use integration by parts,

[E]

d .
i e vde,Wlth
dx dx

#=x" and d—v=cosx. Then
dx

Y=3nx.

this time with & = »z"* and

dv

— =sinx.

This expression 15 zero at both the
lower and upper lunit.

Fg tlﬁ i i ‘.4 k!
- \[ > _.| -30‘ |.§ J —4x 3L,

A Fals.
= \ E | - 30\. E | +3601,

(o8 e
=z

This 15 the result of part a with 6
substituted for . You have now
reduced the integral to w=4.
Youthen repeat the procedure
until you reach an integral which
vou can evaluate directly.

o fr
| +360‘ |§| —2x1/,

PR P ¢
=| s | 30| | +360] - | -7204,

Iu=j cosxdx=[sin x|7 =1-0=1
0

7 7
ID=J x”u:osxdx=j cosxdx and
0 0

as the integral of cos x 13 210 x you
can work this out without further
uge of the reduction formula.

P PO P
I = 5 ‘ —360\ E | +360|I E ‘ -720

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 56

Question:

4
Given that [, =I o d-xidr, ez 0.
0
B

a showthat J, = l.uzl

2n+3

4
(iven that I Jid—xda = g
0

4

b use the result in part a to find the exact value of j 2. J(d—x)dx .

1]

Solution:

PhysicsAndMathsTutor.com
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4
@ =jx” V{4 —x)dx
0

= ST & 3
=[—E[4—x]5 x”} +EJ‘ nx*t (4-x)2
3 s

1]

Page2 of 2

Tou uze integration by parts,

uﬁdx=uv— vde,with g=x" and
dx dx

1
d—v={4—x]§.Thﬁn
- .
3
1 il 2 3
v:JM—x]ﬁ gl Bl Sy
4 _1-E 3 L
2

Tou eplit this integral into two

separate integrals using
3 1

(4—x )

(4-x) (4-xf
{4—x]{4—x]%
1

=Hd-x)P-x(d-x)2

—

Collect the terms in J, on one

side of the equation and solve for
I, interme ofmwand 7, .

1
=% *1ig x B dx—
Sl
=%m1_2_?gjm
3 3
Hence
f:,d+&i':,é=s-:>3-'_2M
3 3
m=—8?ﬂ £, . as required.
2n+3
Bx 2 16
b I, = =—7
T L \
_l6, 81, 168,
To2x1+3 75
_16_8_16_2048
705 3 105

This 1z the result of part a with 2
substituted for 2. You have now
reduced the integralto =1 You
then repeat the procedure
reaching » =0 and, in this
guestion, you have been given J,.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 57

Question:

Given that ¥ = sinh™™ zcesh x,

a show that %= (n—11sinh™> x +nsinh® x.

arsiihl
The integral 7, 15 defined by J, =j sinh® x dx,n2 0.

]

b Using the result in part a, or otherwize, show that »/, = N'E —in=-1i, _nz2.

¢ Hence find the value of J, .

Solution:

PhysicsAndMathsTutor.com
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- 1
a y=snh" xcoshx

d . . :
Y- {#—1)sinh™* xcosh xx cosh x + sinh™ ™ xxsinh x

= (n—1)sinh™ * xcosh® x +sinh™ x

= (n—1)sinh"? x(1+sinh® x )+ sinh®

= (n—1)sinh™ * x+(x2—1)sinh® x+sinh® x
= (n—1)sinh™* x+nsinh™ x, as required.

TTzing the product rule for
differentiation.

1 You usze the identity
x cosh® x—sinh® x =1 to write this
expression in terms of the powers
of sinh x only.

b Integrating the result of part a throughout with respect to x.

4
j£m=jm4mm“xm+ﬁmwxm

_y‘=j{n—l]sin]ﬂ?d Y xdx+ J‘stinh?é xdx

sinh® 'xcoshx= J‘{n—]_]sinh?é P xdr+ jn sinh” x dx

Between the limits 0 and arsinh 1

*_”’,_”’ Az integration is the reverse
process of differentiation
dy

1wl
y=sinh*" xcosh x.

— dx =y and, in this question,
. 0

. o sty arskihl - - skl . )
[smh xcoshx]u = (2-1)sinh*“ x dx+ meinh® x dx
0 0

1N 2=0=(n-1)], ,+nl, +«—— r=arsinhl = sinhx=1 and, as

i, =N 2—(n-1){ _,, asrequired

V2 o on—1

¢ Fremparth J=—-—17 .
b #
Hence
vz 3
I“':T_Zfz
47 B, )5, A
4 41 2 2 ] ]

arsizhl arsiehl Tsing arsinhx =In [x + { 41 ]]
%zj mﬂxmzj ldx G s
1] i

=[x ™ =arsinh1-0 =1n (147 2)

Hence

cosh? x=1+sinh? x, then
cosh®l=1+sinh* x=2 = cosh1=1+2

&=éhhﬂ+xﬂ—xﬂ ——

It is usual to give values involving
inverse hyperbolic functions in terms of
natural logarithms but, as this question
specifies no form of the answer,

é{?arsinh] — 2} would be acceptable.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 58

Question:

2 1
Given that 7, :I -2 drnz0,

1]

a showthat J, = 24n Laazl
Sm+4
- b
b Hence find the exact value of I x+E—x1dx. [E]
0

Solution:
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Tou use
A uﬁd?.’:uv— vﬂdx,with
dx dx
1
w=x" and d—v—iB o T8
|(8 x)3dx dx
4
L (B—x)F
v=|{8-xp dx=
=—jx* 18— (8- x)3dx A
3
8 1 3 ok
=—j 2 NENE - x}3dx——jx“(x}(8—x)3dx =_Z{8_xJ3
0

3 [ :
=0n j x(R- x}3dx——j B —x)dx
o 0

Tou split this integral into two

I, =6al, 1——}2{;, separate integrals using
s Rl o
£ Zah 4 +73 (B—x)p =(B—x)(8-xp
|1+; B ;”fﬁwﬂ il -
=({B—x){8—xf
_ 2dn 7 ] 1
YU3mig M =8(8—xfF—x(8—xF.

Collect the terms in J, on one

side of the equation and solve for
L, interms of wand 7, |

2 2
b jx{x+5][8—xj_; dx=j {:xz+5x][8—xJ%dx
o

a

g 1 8 1
=jx2{8—x]§ dx+5j x(8—xp dx
0 0
=5, +5
<A
1 o E
7 —j{s— ¥lar o 2
= u
4 2 i i"
={_E{g_x]§} =0_|_E/33 |
4 I .
=E/16=12
4
Tsing the result of part a
L —EI —% 12—?*— These fractions are awkward. Tse
yvour calculator to manipulate the
i =ﬁj _ﬁ @_6912‘/ fractions.
1t w7 35

B 1
j 2(x+5)(8—x B dx = 1, +51,
0

6912 o 288 2016
35 7 5
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Review Exercise 1
Exercise A, Question 59

Question:

"

i =J51nnxdxn>0,nez.

SifX
— : 2siniz+1
a Bycensidering /, -7, or otherwise, showthat [, = &1)5’4‘}” :
»+
Tain fx s :
b Hence evaluate I : dx , giving your answer in the form pﬁ—kgﬁ . where
£ SN X
p and ¢ are rational numbers to be found. [E]
Solution:

PhysicsAndMathsTutor.com
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Tou usze the trigonometric identity

A+E . A-5

gitl
2

with A={n+2)x and & =nx. The

identity can be found among the
formulae for module 3 in the
Edezcel formulae boolklet which is
provided for use in the examination.
The specification for FP3 requires
knowledge of the specifications for
21,22, C3, C4 and FP1 and their

associated formulae.

sin A—sin F=2Z2cos

Iy canbe found directly. Tou

should not reduce the integral to
Iy as the first line ofthe question

specifies » = 0.

+2)x - g
a fx.g—fx=J51n{H )x dx—JSi_nnxdx
fin x sin x
sin(#+2)x—sin xx /
J fanx
_ r2cos(n+1)xsinx
J sin x
JZcos{n+1]xdx
231n{n+1]
n+l1
Hence
Loa = el D +1,, as required.
n+1
b Tsing the result in part a
- 251115;:_”4
5
251n5x 25111 3x s
- jsm 2x e jEsm xn:osx
sin x Sin X
-—
= jEcosxdx=25in x+C

The constant of integration will
dizappear when limits are applied.

Hence
Fores 2511515x+251n3x+23inx+c
51_116xdx= 251n5x+25m3x+23inx
I SNX ] ] n
4
= E/—_+E/[:]+2 £|—|E/
= 2 )13
4 17
= =7 3__"\- 2
5 15

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 60

Question:

1 1
fx=jx” e dx and J, =J.x” e dr,nz 0.
0 0

a show that, for n21, J,=e—and,
b Find a similar formula for J,.

¢ how that J, =2—E.

S

1
d Show that I x* cosh xdx = % (Lt )

0
1

e Hence, or otherwize, evaluate Ix cosh xdx, giving vour answer in terms of e, [E]
0

Solution:
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1
a Ix=jx”e”dx
0

1
=[x" e”];—jmx"le” dx
0

1

.1 w1

—E—U—mjx e dx
0

=e—nf, ,as required.

¢ J,=—et+27,
=—et+2(-e+J, )=3e7t+ 2],
1
EK
i

1
o unﬁ E

0
=[—e ”]1 =—el—(-1)=1-¢"

1]

Henee
J, =3 +2(1-e" J=2-3¢"

3 .
= 2——, as required.

=
i b3 x
e +e

1 1
d jx” cosh xdx = jx”
0 Y
1 1
= l :J'c;"na;'{':iﬂr+l e tdx
2 Jo 2 Jo

‘,|dx

i
2

PhysicsAndMathsTutor.com

Touuse J;Aii—d:dx=uv—jv%dx,

with 2= x" and d—v=ﬁx.
dx

Lz youare asked to find a similar
formula, it is sensible to pattern
vour solution to part b on that of
patt a. Here you use

d :
u—vdx=uv— vgdx,wﬂh
dx dx

dv
w=x" and —=e".

—

You uge the result of part b twice
and evaluate J; directly.

e +é J, = % (1, +J, ). as required.

Page2 of 3
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Hence
L=—e+2{e-1)=e-2
1 1
J.xz coshzde  =—(L+J,)
H 2
ol b
21

© Pearson Education Ltd 2C
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You use the result of part a twice
and evaluate [ directly.

*+— Thiz is the result of part d with

n==2.
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Review Exercise 1
Exercise A, Question 61

Question:

iven that 7, = JAsecx xdx,

a showthat (#-1)7, =tan xsec x+(n— SV Py

-

3 n :
b Hence find the exact value of I sec’ x dx, giving vour answer in terms of natural
0

logarithms and surds. [E]

Solution:

PhysicsAndMathsTutor.com
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E u-3 2
fx:jsec xdxzjsec xzec” xdx
(*

+— Youuse
-l 3 dv
=ger” “xtanx— | (x— Z)sec” xsec xtan x> tan xdx —dxr=uv— |v— dx, with
»
22 »2 2 o H2 dv _ 9
=gec” “xtanx— | (x—2)sec” T xtan” xdx g=zec’ " x and — =gec’x.

{m— 21 sec” : x(secj x—1dx :

Using the chain rule gt (sec®

-2 |
=gec ~xtanx— ) x)

=sec" :"xtanx—(n—E]ljsec:” xdx+(n—2]ljsec:” ? xdx

3

={n—2)zec" xi{secx]
) i )

o _ w3
= sec® xtan x— (n - 21, +(n—2)I, = (-2 )sec” " xxsecxtanzx

I +(n—21 =tanxsec® x+(n— 27,

(2—1)], =tan xsec” A x+({rn—2), , as required

tan xsec® x  n—2
Fromparta J =
n—1 n—1

+

]
substituting # =13
z

tan xsecx 1
e ——
2 2

4 =Jsecxdx=ln{secx+tanx]+[f -~

The formula for integrating sec x
can be found among the formulae

Hence 7, =

tan xzecx

for module C4 in the Edexcel
formula booklet, which 15

1
+=In{secx+tan x )+
2 provided for use in the
examination.

-

With the limits x=0 and z==

3
j sec” xdx={
]

tan xsecx 1 b
————+—In{secx+tan xj}
2 2 o

I.-l . 1 . : I‘I
_| Zx 3 2+§1n{_2+~3j.l|—0 -] tan = /3 and
—V3+1in(24V3) seel=—_=l=2.
- ) 3 |
CoOs— =
3z

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 62

Question:

1
£ =I (1-xdx,220.
1}

a Prove that (Za+1)7, =20/ .22 1.

b Prove by induction that 2[ i

] for ne &". [E]
2n+1

Solution:
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a Q=Lh—ffﬁ=£ﬁﬂ—ffﬁ
-[x0-27] -

0

_jxxnﬂ—xﬂ”ﬁ—zxﬁx
1]

x-1

Tou use
d e :
u—vdx=uv— v— dx , with
dx dx
L dv
= (l<xtYy  Zi=1andi,
' odx
v=1x.

zzni}ﬁﬁ—xﬂ dx ‘EH“EHRHE

1
:mj{f—uqm—fflm
]

You split this
integrals uzing algebra.

integral into two separate

S Lo | R =) = (- (-2
=—%jﬂ—f]&+%jﬂ—f]dx ' ' '
0

0
=—Znl, +2nl |

(En+1)] =2nf

n

1- &8 recquired

= (2 -1)(1-2) +1(1-2)
(-2 +(1-2)"

P g :
|— by mathematical induction.

i
b Toprove I_‘z ]
2R+

Let n=1

gzjh—ffu:jh—fmx

{ f}l 1 2 ( 2x1 Y

&l ** 3 3 | ot
-‘H
Hence for ”=1,f,¢£3| 2m /
| 22 +1 )

i
Aszsume the inequality iz true for # =4k that1s 1| _|

Wlathematical induction 1z a topic
it the FP1 specification. The FP3
specification assumes knowledge
of the FP1 specific ation.

For =1, equality holds.

2n
Frompatta, [, =—1
P "ol ™ « —
With # =Xk +1 and using the induction hypothesis
_ok+2 . _2k+2( 2k ¥

Mok +3 YT 2k 43| 2% +1 )
To complete the proof it 15 necessary to show that,

B s, s S
Sk+1 2k+3

2k Y
2k+1)
To complete the proof the 2l :
+

in the braclet needs to be

replaced by ik i

, which 15 the
k+3

with m=k+1.

EXprESSion
Zn+1

You are also using the property
that, for positive numbers,

ash=a"<d

PhysicsAndMathsTutor.com
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2k 2k+2  2k(2k+3)-(2k+2)(2k+1)

2k+1 2k+3 (2k+1)(2k+3)
40 + 6k —(4k* +6k+2)
C (2k+1)(2k+3)
2
=L __Lapepapise)
(2k+1)(2k+3)
2k Zk+2 ok 2% Y ozke2f 22X 2k
Hence = and {, | = < =|
Sk+1 2k+3 o3\ 2k+1)  2k+3\ 2k+3) | 2k+3)

This iz the inequality with # =%t +1.

The inequality iz true for 2 =1, and, if it iz true for # =X , then it is true for
n=k+1

Ew mathematical induction the inequality is true for all positive integers »

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 63

Question:

A curve 15 defined by x=i+siné, y=1-rcosi, where f 13 a parameter.

Find the length of the curve from =0 to ¢ = g giving your answer in surd form. [F]

Solution:

x=f+snt y=1l-cost?

d )
— = l+4cost i=smz

/

It iz alwayz a good 1dea to quote
any formula you are going to use
it answering a question,

i i
[ . Tl L2
= (&) 42 )%
Cde )L de

|%| +|% = {1+c:osr.)2+sin2£

=1+2cost +cos  f+sin’ ¢
=2+ 2cosé

=4cos i
2

Hence, the length of the curve 15 given by

5= j§ -\/‘I’4coszixl‘d£=j§2cos£d.ﬁ /
0 2) 0 2
: -

={45inE =4gin =
2 4

—ax L =242
._‘2

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Tou simplify this expression
using the identity
sin£+cos®z=1 and the double
angle formula

: £
cos2x=2cost x—1, with x=—.

i =
P 2sin— p
Zoos—df = 2=4sin—
2 2

B o—
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Review Exercise 1
Exercise A, Question 64

Question:

Parametric equations for the curve Care x=coshi+2, y=coshi—£:20,
whow that the length of the arc of the curve O between points at which =0 and

=g, where @ is a positive constant, is (\.'5) sinh et . [E]

Solution:

x=rcoshéi+f y=coshi—¢

E =14szinh ¢ d— sinhé—1 *— To save a lot of writing, it i3 often
sensible to worlc out complic:ated
3
o ((dx d.:v‘
§= J“\/“ & | +| | ‘dﬁ expressions like | — | |
and to transform them 1nto a form
| | ‘ ‘ = {s1nh.§+]f+{s1nh.ﬁ—1)2 where a square root can be easily
found, before substituting into the
=sinh® 7+ 2sinh +1+sinh® s — 2sinhi+1 integral.
= 2ginh’s+2=2cosh?¢

'\

Hence, the length of the curve 15 given by

S:j V(2cosh®s )de =1 EJ cosh ¢ df
0 0

\ 2[sinh¢ |; =% 2{sinh @ —sinh 0)

Y Zsinhea, as required.

Using cosh®z—sinh®s=1

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 65

Question:

L
1

¢ ki

—ka

A rope 1z hung from points & and & on the same horizontal line, as shown in the

figure. The curve formed iz modelled by the equation y =g cosh[f],—ka o e

a

where @ and k are constants.

a Prove that the length of the rope 15 22 sinh &

7iven that the length of the rope 15 Ba,

b find the coordinates of O, leaving vour answer in terms of natural logarithmes and
surds, where appropriate. [E]

Solution:

PhysicsAndMathsTutor.com
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%
a y=acosh|—|

d—y—lxasmh| |—s1nh| — |

s—jV H| “m
1+‘ | —]+s1nh2‘ — |—c:osh2| - ‘

The length of the rope iz given b}.r

.

Rz P
5= EJ cc-sh| . |dx b
0 | 2

e from Fto { 1s twice the length of
= 2|:a smh| - ﬂ = 2a(sinhk—sinh 0) the rope from the point where
Vg IZUtOQ.

= Zasinh k, as required.

From the symmetry of the
diagram, the length of the rope

b Zasinhk =8
sinhk =4= k=arsinhd

=1In(4+17)

-

Tou use the formula arsinhx =1n {x+ {xz +1]}

to find the x-coordinate of (! in terms of a
natural logarithm. The question specifies that
vou should give your answer in this form.

At O x=ka=aln(4+V17) and

y=cz|:osh| & |=a:|:osh| — |=acoshk *— As youlknow that sinh =4, you
| @ |

can find the value of cosh kusing

Coshg .'c.'.- = 1+Slnh2k=1+42 =1FJ'| = COSh.';: = 1? the 1dent1‘ty Eoshg x:1+ Sj_n_]:']2 x

The coordinates of ( are {aln {4 +V17 ),V 17 ]

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 66

Question:

The figure shows the curve with parametric equations

x=acos E,y=asin39,053 < 2.

a Find the total length of the curve.

The curve 15 rotated through o radians about the x-axis.

b Find the area of the surface generated. [E]

Solution:

PhysicsAndMathsTutor.com
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3 .3
a x=acos B y=aauan f

= Zacost @il d_y =3asin’BrosH
dd dg
T 2 F, W
S=j\"|£|+|d—y ‘dH
1 l'. dH .'l l'. dH .'I ¥
3 ; .

/ I
e | +| B (—3acos® Bsin H]z
\de | | d8 ) :

+[3a sin® @ cosH]z

=92 cos* Oain 0+ 92 cos? Baint B

= 9a” cos” Bsin® B cos” @ +sin f)

=9  cos* Bain @
Hence the length of the curve 15 given by

The symmetries of the diagram
show that the total length of the
curwve iz four times the length in
the first quadrant As

3 <
x(=acos ) varies from 0 to a,

cost wartes from 0 to 1, and 50
0 varies from — to 0 in that

order.

.
5= 4/j {942 cos @sin’ f)de
0
.2;
=]2aj cosfsin Gdo
0
%
=]2a{lsin2H}
2 o
=12a|'l—r:u ‘
| 2
= bua
20
| d \
b A=27 “ gl ‘dH
dH o) |

There are number of alternative
ways of evaluating this integral.
Toucould use a double angle
formula.

The area of the surface generated 15 given by

__
A=2x2m asm B 3xcoslsin A do
0

_ 2 E
=12ma j sin” Heosd d8
0

9 j j |'
=12mz{45m H} =12m2|
0

oy ‘
]

Lh| —

12 4
— T
5

The total area iz twice the area
formed by rotating the two
pottions of the curve on the
positive side of the x-axis

You hawe alreadjr Worked out

\I IId\

and there is no need to repeat the
wotlking here.

inpatta

Here the integral 15 found using
the formula

sin®'!

n+1

# =4 If you do not know this
tormula, ¥ou can find the integral
uzing the substitution u =sin &

with

J.sin;'é Hroosd de =

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 67

Question:

a Byusing the definition of cosh x in terms of exponentials, show that
1
cosh? x=5(cosh 2x+17.

b The arc of the curve with equation ¥ =cosh x from x=0te x=In2 15 rotated

through 2o radians about the x-axis. Determine the area of the curved surface
generated, leaving your answer in terms of [¥]

Solution:

PhysicsAndMathsTutor.com
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a cosh2x=‘

_ T e _eh+e 2 .

(cosh 2x+1), as required.

[ e® +e

2

sina

+—

4

¥ te

2

{ex+e xf ={Exf+2&xe x+{e xf

=e* +2+e

4 4
ax 0
+l=lcosh 2x+l
2z 2

b y=coshx;‘vd—y=sinhx
dx

sinh({ln2)

cosh (In2)=

Hence the area is given by A= T|

Page2 of 2

4 |-

- I|' f F dy W
or |y N1+ = | |dx
y ‘ &) ‘
P Tou use the identity shown
T , 5 2
2n . cosh [1+51nh x ) dx in patt a to find the integral
ah2
2m cosh® xdx
v
phIy 2
am E{cosh2x+1]dx=,-'r {cosh 2x+1)dx
v 0
{sinh 2x Tj
n +x
2 o
n [sinh xcoshx+x |]Dng +— Tlzing the identity
1 sinh 2x = 2sinh xcosh x.
2 h2 =2_§=E
2 2 4 \
1 1
In2 h: P4l L
e te " _ 2:2 As, for any x, e BF =M hx=ﬁm"
i 2 4
\ g i
then e 7" =—.
2
(3 5 i1
“X=+in2 |=n| —+In2 |
44 !
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