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Further matrix algebra
Exercise A, Question 1

Question:

Write down the transposes of the following matrices. In each case give the dimensions
of the transposed matriz

T B
i |
L=k 0% 4 ‘
i D 2‘.
b |
e )
o2 =10
c |-z 0 3
1 =3 0|
i1
d |2
|4}
Solution:

T 3-1
312 ; 3
a =10 dimension 3x 2
-104
24

-2

0 2% foeo -
= dimension 2x 2
20 20

0 el T 209

c |—20 3 | =2 0 =3 dimension 3x 3
B =8 D -13 0
1 T
d |2 =1 2 4, dimension 1x3
4

W
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Further matrix algebra
Exercise A, Question 2

Question:

, f 2 40
The matriz A= i
| =3 6]

a Write down i'xT
b Find AAT
¢ Find ATA

Solution:

a AT= o
) 46

e Rt 2 4% 2 -3
Z 364 6

4+16 —6+24
—6+24 9+36

{2018
R 45}
. 2—3}[2 4}
c AA=
46 |-36
(4+9 8-18
{8—1816+36J
(13 -10
{—10 52]
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Exercise A, Question 3

Question:

) f 3 20 ) 1 6
The matrix A=| 5 1 | and the matrix B=| 0 |

a Find BA
b Verify that ATBT =(BA)".

Solution:

16 32

a BA=
04 1-21
ot
0+3 0—4

B -5 3
|8 -4
b Froma

-9 8
(BAJ = o 4} ( BA is symimetric |

argr _[372)1 0
21 )64

_(3-120+8
246 04

-5 3 T .
= = BA ,asrequired.

8 —4
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Exercise A, Question 4

Question:
i1 =4 B
The matriz A=|4 -7 -4
2 4 1

a Write down AT
b Show that AAT =811,

Solution:

Al =

1 45

—4-74

B —41

1-4 8% 1 48
4-7-4|-4-74
Bid Hhigady
1+16+64 4+28-32 §-16+8
4+28-3216+49+16 32-28—4
8-16+8 32-28-4 64+16+1

100 100
0810 |=21 010 (=811, as required.
008 001
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Exercise A, Question 5

Question:
0 3 50 = 1 =13
The matriz A=|-3 0 -1|andthe matriz B=| 1 5 2
-5 1 0] —2 0 3

iven that C =AB,
a find C,
b werify that the matriz C 15 symmetric.

Solution:
0=5Y-41-1
a C=|-30-1115 2z
=510 V=303

O+3-150+154+0 0+6+15
=[12+04+3-3+04+034+04+-2
ettt L B s
-12 15 21
=15 -30
L2 30, 7

-12 15 21
b C'=| 15 =30 |=C
21 0 7

Hence the matriz C iz symmetric,
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Exercise A, Question 6

Question:
o3 50 1 1 =1
The matriz A=|2 0 —1|andthe matrniz B=[ 0 1 0O
11 0 s 0 3
a Find AB.

b Verify that (AB)T =BTAT

Solution:

033y 11-1
a AB=|20-1] 010
110 40-103
O+0-50+34+0 040415
= 2+0+124+0+0-240-2
LT 00 IR0l R0 +0
5313
=3 2-5
L e

b Froma

-3 3 1

(AB) =| 3 2 2

15 -5-1

10-1y021

B'AT" =| 110301

103 1510

O+0-5 24+0+1 1+040
=| 0+3+0 2+0+0 1+1+0
O+0+15-2+0-3-1+0+0
-5 3 1

= 3 2 2 |=AB IT,asrequired.
15 -5-1
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Exercise B, Question 1

Question:

Find the walues of the determinants.

1 00
a [0 2 0
oo 3
o 4 0
b |5 -2 3
21
1 01
c 2 4 1
35 2
2 =3 4
d |2 2
3
Solution:
100
20 0o 02
a [0z20=1 -0 +10
03 03 0n
nos
=16-0—-0+0=4§
040
—2 3 53 5 -2
3-23=0 -4 +0
b 14 24 21
214
=0-4(20—-6 1+0==-54&
101
1 21 24
c |241]=1 -0 +
52 32 35
352
=1E8=-5—-0+110-12
=3-2=1
2-34
2z 22 22
22 2|=2 - =3 +4
d 24 55 B
DS

=2(10-10 +3(10-10 )+4{10-10 =0
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Further matrix algebra
Exercise B, Question 2

Question:

Find the walues of the determinants.

L |
a |2 =2 0
o 4 -2
3 -2 1
b 4 1 =3
7 2
5 =2 =3
c |6 4 2
—2 -4 -3
Solution:
4 3 -1
—2 0 20 2 -2
a [2-2 0|=4 —30 7 |+i-10
4 -2 0n-z 04
o4 -z
=44 -0 =3 =<4-0)-1{8=-0)
=16+12-8=20
2-21
1o 4-3 |41
b1 -3=3 I econ Bl |
Do Tl D
il
= 3(~4+6)+2(-16+21)+1(8=7)
=6+10+1=17
5 -2-3
4 2 6 2 &4
C 6 4 2 =5 —I—ZI +|—3|
Rl o 5 -2 4
24 -3

=5 -12+8 +2(-18+4 -3 =24 +8)
=5k (=4 +2x =14 —3x( =16
— 20— 28+48=0
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Exercise B, Question 3

Question:
2 1 =4y
The matriz A=|2k+1 3 k&
1 o1 |

Given that A is singular, find the value of the constant k.

Solution:
2 1 -4
det(Ay=[2k+1 3 &
1 01
3k 2k+1 k& 2k+1 3
=2 -1 +i{—
01 1 1 1 0

=2(3-0-1{2k+1-k -4/ 0-3,
=6-k-1+12=17-k
Az As singular,
det{Ay =10
17-k=10
k=17
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Further matrix algebra
Exercise B, Question 4

Question:
fz2 -1 3

The matriz A=| & 2 4 |, where & 15 a constant.
-2 1 k+:Z

(iwen that the de-.tarminant of A is 8, find the possible values of k.

Solution:
2 -1 3
det(Ay=|k 2 4
-2 1 k+3
2 4 k4 k2
= - -1 +3
1 k+3 -2 k43 -2 1
=2(2k+6—-4 + 1 &* +3k+8 1+ 3 k+4)
=4k +4+1 + 3k +8+3k+12
=k +10k +24
As det(A)=28

B +10k+24 =8

Hl0k+16 =0

iE+3ik+2)=0
k=-8-2
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Further matrix algebra
Exercise B, Question 5

Question:
2 5 33 0 O N VR
The matriz A=| -2 0 4 |andthe matnz B=|1 2 2
L3 “ i8:) [0 =g =i
a Show that A ié singular. . . .
b Find AB.

¢ Show that AB 15 also singular.

Solution:

2 53
a det{A)=|-2 04
3108
O L -
_2‘108 38 7|3 m‘
=2(0-40 -5 -16-12 +3(-20-0
=-80+140-60=0
Hence A is singular.

RN

2 53y1 10

h AB=[-204|12 2

L 3 T0e =0l

2+3+0  2+10-6  0+10-3
=|=-2+0+0 -24+0-8 0+0-4
I+10+0 34+20-16 0+20-8
76 7

=|-2-10-+4

13 7 12

7 6 7
¢ det(AB)=|-2-10-4
13 7 12
_ ‘—10—4_6‘—2—4 —2—10‘
7 12| [1312| 13 7
=7(-120+28 -6 24+ 52 1+ 7( —14+130 )
= Tx(-92)-6x 28+ Tx 116

=-6d44-16E+812=10
Hence AB 15 also singular.
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Further matrix algebra
Exercise B, Question 6

Question:
45 =20
The matriz A=|2 -3 2
|2 -4 3|

a Find det (A)
b Write down AT
¢ Verify that det(AT) = det(A).

Solution:
A5 e
a det(A)=[2-3 2
24 3
:4‘—32_ ‘22+|_2 |‘2—3‘
43 T|23 2 -4
=4(—9+8 -5 6—4 —2(-8+6
=—4-10+4=-10
4 2 2
b AT=| 534
22 3
4 2 2
¢ det(AT=|5 34
-2 2 3
=4‘—3—4‘_ ‘5 —4+2 5 —3‘
2 3| 23| Tlzoz
=4(-9+8—2(15-8 +2(10-6
=—4-144+8=-10

= det(A)), as required.
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Exercise B, Question 7

Question:

0 e =b)
a Show that, for all valuesz of @, » and ¢, the matriz | —2 0 ¢ |iz singular.
& —c 0]
fe =2 40
b Show that, for all real values of x, the matriz | 3 x» =2 |is non-singular.
,__—1 3 x
Solution:
0 a -&
0z — —a 0
a |[—a 0 ¢ |=0 — +(=h
— 0 b0 b —c
h— 0

=0—agil—chi=blar-0)
= abe —abe =10
Hence the matrix iz singular for all @, & and ¢

2 =24
x—2 3 -2 3x
b |3 x -2|=2 —(=2) +4
3 x —1 x —13
-13 =

=2+ 2 3x=2 44 9+x

=22 +12+6x—4+36+4x
=2x +10x+44

=2(x" +5x |1+ 44

2 2
=i x2+5x+[5] +44—2x[§]
J 2

sY 1.1
= 2[x+—] +31=-231= forall real x
2 2 2

Hence the determinant cannot be zero and the matrix i non-singular for all real x.
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Further matrix algebra
Exercise B, Question 8

Question:

fx—3 =2 0
Find all the values of x for which the matrix 1 x  —2 |15 singular.
L = =1 2l
Solution:
x=3-2 0
x =2 1 -2 1 x
1 x =2(=(x-3) —i=2 +0
-1 x+1 -2 x+1 -2 —1
-2 -1x+1

=(x-30 2" +x-2 +2 x+1-4 40

=X +x - 2x-3x" - 3x+6+2x—6

=x* -2+ -3x
For the matriz to be singular, the determinant must be zero.
F-2x-3x=zxx-2x-3=x(x-3)x+1)=0

x=-1,0,3
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Further matrix algebra
Exercise C, Question 1

Question:

Find the inverses of these matrices.

0

M1
a |0
|0
i1
b [0
| 0
1
c | D
0
Solution:

PhysicsAndMathsTutor.com

y

2
1
o
2
0

Lh| I Lh b o

1
2
0)
0
3

U-'le_h|Jh i
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100
a Let A=|021
n1z
21 01 0z
det( A =1 -0 +0
12 nz 01
=14-1-0+0=23

The matrixz of the minors 15 given by

210102
120201
oot
120201
oot
2 1f[01oa
a0n
=021
012

The matriz of cofactors is given by

300
€ =02 2
L0-12
3000
ct =|n2
L0-1 2

200
1

Al= ef= Ll gumug |2l
det(A) 3
0-12

| ra o
Ll =

-
el | —
(WS

b By inspection

1005 1?0

0z0| =10=0
2
ons

001

y 5
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10 0
¢ Let A= DE—i
5 5
i 2
e o

] I T B

%ﬂﬁ}=]j 35—0 ;-+0 j

5 fx 02 i

53 5 5

=1 i+i -0+0=1
20 =25

The matrixz of the minors is given by
4 0 E
5
4
s
5

10
i
5

10

.
|
e
=
|
I

(Y
[=)

[=
= Lh| b D LA W
| | o

=
=
Il
[ ="
=oanlw o u-.lwu_ll
—t

—L

|
=

|

I
=
|

| e
N
)

Lh|ld =
IUh
IUh

-~

Lh| i o

| d=
Lhlwy Lh| I O

.
The matriz of cofactors 15 given by

100

d o= pinil
5 04

g 2
O
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100
¢l = Ugi
95 5
033
" 55
1 00 1 00
= ](_1T=l[j§i=g§i
deti A 1 S5t 5 5: 5
Bl | | Guadad
', 55 ' 25
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Further matrix algebra
Exercise C, Question 2

Question:

Find the inverses of these matrices.
f1o=3 0 2n

=

Lo R L C I < R W% T - S WY B o
|
]

Solution:
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1-32
a Let A=10-21
30D
-2 1
n 2
=1 4-0+30-2+2/0+6)
=—4-9+12=-1
The matriz of the minors 15 given by
-2 1||0 1] |0 -2
02323 0
-3 2|1 2|1 -3
02 [EFe=0
-3 2||1 2|1 -3
—2 1|0 1|0 -2
-4 -3 6
=|-6-4 8
L A T

The matrix of cofactors is given by

01 0-2

det(A) =1‘ ‘_._3 ‘

M=

'

-4 3 §
C =| 6 —4-9
I 12
46 1
el o= 3 =41
6 -9 -2
-4 6 1 4 —6 -1
at=_ 1 et g 4 q|c| 34 1

T odet(A) | -1
g g wgimn | g g o

PhysicsAndMathsTutor.com
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232
b Let A=|3-21
211
det(A) = 2‘_2 1‘—3‘3 1‘+2‘3 _2‘
1.4 21 21
=2(-2-1-3(3-2 +2(3+4,
=—-6-3+14=5
The matrixz of the minors is given by
—21 |31 [3-2
R
2 273
1 b
3 szz ‘2 3‘
L2 1][3:1] j5=2
o
= 1 -2 -4

7 -4 -13

The matrixz of cofactors 18 given by

1121
22| |22
M=
11 1

231 4
@ =(=pep W
7 4 -13
S5 5
cT =[-1-2 4
3 s

3
i W J
_pna (sl &
7 4 -13

Al .

= = ol

1
deti Ay 5
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32 -7
¢ Let A=1-31

nz -2

-3 1‘_2‘1 1 ]—3‘
2 =2 0-2 0z
=36=-2 -2 =2-0 =7 2-0)
=12+4-14=12

The matrixz of the minors 15 given by

det| A 1= 3‘

=+ —7 |‘

-3 1|1 1([1-3
2 =20 =20 2

2= E=7 32
it |

22| jo-2[ jo2
2 7lz-7]3 2
‘—31‘1 1 ‘1—3‘
4 -2 2
=| 10 -6 &
~19 10 —11

The matrix of cofactors is given by

i 5
C =|-10 -6 -6
L —19-10 -11
] Ly
el B s i
L2 -6 —11

1 4-10-19 5
At

= ¢T=25.26 10 =123 5
det( A ) 2
2 -6 -11 11
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Further matrix algebra
Exercise C, Question 3

Question:
1 0 13 21 =1y
The matrizz A=|0 1 0|andthe matriz B=[1 0 1
|2 0 ] i 52 3
a Find AL
b Find B
2 1 1
3 2 2
} 1 1 1
Given that (ABY =] 1 —-—= ——|,
2 2
2 1 _1
L3 2 2 |

¢ verify that BA'=(AB) .

Solution:
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10 on 01
a deti A =1 =0 +1
IR
=1-0-2=-1

The matriz of the minors is given by

10[oof]o 1
01ff2 1|20
o1 tyfio
012120
o1lft 1|10
10/[oo]]o 1
10 -2
=[0-10
-10 1

The matriz of cofactors is given by

M=

1 0 -2
C =|0-10
-10 1
1 0 -1
¢’ =|l0-10
-2 01
1 0-1 -101
.ﬂfl=#£‘T=i 0=-101= 010
AL Sl e n ) Lo
01 |11 10
b detiBy=2 (-1 |+i-1}
‘2]‘ ‘11 ‘12
=—4-0-2=-6
The matriz of the minors 15 given by
a1 11 fto
2]‘ 11 12
— ‘1 —IHZ—I‘ZI
21011z
1—1H2—1‘21
L0 11 1|10
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202
=l 3353
1 3-1
The matrix of cofactors i given by
-2 0 2
C =[-33 -3
1 —B=1
-2-31
cT=[0 3-3
L 2 —2E
L ab &l
-2-3 1 e o
et =
2:i=3+=1 Ern
32 6
i L
3 = Wy
sty 11
c BA =0 -——— D10
2 2
111 2 0-1
32 6
—l+liil—l D+l+0 l+CI+l
2 2 &
1 1
=| 0+0+1 O—=+0 0+0-=
2 2
—+0+= O+l+0 —1+Cl—l
L 2 2
a2 A vl
32 2
=| 1 —l—l =i AR -_l,asrequirﬁd.
2 2
2 1 1
3 2 2
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Further matrix algebra
Exercise C, Question 4

Question:
f2 0 3
The matriz A=|% 1 1]
111 4

a Show that det(A) =30k +13
b Given that k= —1, find A™.
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Further matrix algebra
Exercise C, Question 5

Question:

(5 a 40
The matriz A=|5& -7 &
lies =28 e

Given that A=A find the values of the constants @, & and «.

Solution:

A=A"
Llultiplying throughout by A

AA =AAT
A% =T
Sadiiad
A =|p-78|2-78
wd—de fd—2e
ab+33  —2a-8 Ba+dc+20) {100
=| 16-2& ab+33  4b+8c-56 |=| 010
L —2b+20+10 2a-20+14  £P-8 001

Equating the second elements in the first row
—2a-8=0=a=—4

Equating the first elements in the second row
l6—2b=0=4=3

Equating the first elements in the third row and using & =32

—2h+2c+10 =0= -16+2c+10=10
de=b=c =3

a=-4.b=8c=3
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Further matrix algebra
Exercise C, Question 6

Question:
f2 =1 13
The matrniz A=| 4 =3 0|
e 1)

a Show that A =1,
b Hence find A

Solution:
2 -11% 2 =11
a A'=|4 30| 4 -30
-331)-331

4453 S2%3+3 A 0+1
= 8-124+0 —44+940 44+0+10
LEeElE=E 55098 ShR0g]
-34 3
=[-4 5 4
St

Sziar Vo
A'=A*A=|-45 4 | 4 =30
3 g1z | wmeae

Seii6=8 312590 5E0is

=|-8+20-12 4-15+412 —4+0+4

W PR T L

100
=|010|=1,asrequired
001
b A*=AA*=T
Comparing with the definition of an inverse
AAT =T
-34 z
Al=A%=|4 5 4
3 =32
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Further matrix algebra
Exercise C, Question 7

Question:
1 1 0
The matriz A=|3 -3 1|
03 2|

a Show that A*=13A-151.
b Deduce that 15A 1 =131— A®
¢ Hence find A

Solution:
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1104110
a A'=[3-31]3-31
nzz2lozz2
1+34+0 1-34+0 0+1+40
=[3-940 345435 0-3242
L Oea=l dl=n0am6 O o ed

4 -2 1
=|-615-1
L9 -37
4 0%kt 1 8
A'=A'A=|-8515-1|3-31
9 w2l 2 2

4 -6 +0 4 +6 +3 n-2 +2
=|-6+45+0 —-6-45 =3 0+15 =2
9 -9 +0 9 +% +21 0-3 +14

-2 13 0
=| 39 -5413
0 39 11

1313 0% (150 0
13A-15I=|39-3313 |-| 0150
0 39 26) Lo o015
=2 13
=|39-5413 |= A’
0 39 11

Hence
A*=13A-151, as required.
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b MMultiply the result of part a throughout by A™

A'ATT=13aA7 1514
Ar=131-15A"
Eearranging
15A71 =131- A?, as required.

¢ Tlsing the result of part b

1300 4 -2 1
15A7T=13I-A*=| 013 0 |-| -6 15 -1

0 a13 B =37

g 2 -1
= & =21
-89 3 &
Hence
5 9 2 -1
Al=_| 6 -21
15
-9 3 5
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Further matrix algebra
Exercise C, Question 8

Question:
f2 0 15
The matriz A=|4 3 -2
0 3 -4,

a Show that A is singular.
The matriz C 13 the matrix of the cofactors of A
b Find C.

¢ Show that ACT =0,

Solution:
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-2 4 -2 43
a deti A =2

34| jo-4| |03
= 2(-12+6)-0+1(12-0)
=-12+12=0

Hence A iz singular.

_D‘

+1‘

b The matriz of the minors 15 given by

224 -2 43
E-4 0|03
211120
S-4 10|03
0112 1|20
324243
—6 —16 12
=|-3-E &
=guss b
The matriz of cofactors is given by

-6 16 12

C=| 3 -8-6
-3 8 &

M=

'

201y -63 -3
¢ ACT=|43-2|16-8 8
OeBimd gl 26 46
-12+0+12 &+0-6 —6+0+6
=|-24+48-24 12-24+12 -12+24-12
L 0+48-48 0-24+24 0+24-24
aon
=000 [=0,as required.
000
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Further matrix algebra
Exercise D, Question 1

Question:

(zY ( x=y ) (x) (2x—3y—z)

y+z
2x—3z |

and 7 : 2v+3z |, find matrices

Sz

Given that T = ¥ |

(1 Z I

¥
\ z i

reprezenting
a T

b IF

c 717

Solution:
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Pagel of 2



Heinemann Solutionbank: Further Pure Mathematics

10 1
| 0+0|=
2-0
0-1 =1
1+0 |=
0-0
-0
| 0+1 |=
(=8

-~

-~
— D D D e D D T et
—_ T i

=3

-~

1-10
The matrix representing Tis [0 1 1
20 =3
2—0-0 2
x| 0+0 |=|0
0
U=3-0 -3
2+0 =
0
n—0-1 -1
| 0+3 |=| 3

-~

-~

— T T D et D T D e

P

2 -3 -1
The matrix representing s [0 2 3
oo 35

¢ The matrix representing 707 15 given by

1-107%y2-5-1 24040 —3-24+0 -1-3+40
01 1 02 3 |=0+0+0 0+2+0 0+3+5 =
20=31010 5 4+0+0 —6+4+0+0 —-2+0-15

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise D, Question 2

Question:

£1
The point with position wecter | 3 | 15 transformed by the linear transformation
.
f4 -1 0 { &)
represented by the matriz | -2 2 3 | to the point with position vector | =3 |
3 =21

Find the values of the constants @, & and c.

Solution:

4 -10%1 &
-2 2313|=|-5
5 -21)a -

1 &
443z |=| -5
—1+a P

Equating the top elements

b=1

Equating the middle elements

d+3g=-5S=a=-3

Equating the lowest elements and using ¢ = -2
—l+a=-1-3=c=e=-4

a=-3,b=1ec=-4

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise D, Question 3

Question:

The transformation 7 B* — B® is represented by the matriz T.

(5 e
The wector | 0 |is transformed by Tto the vector | 2 |
0 4
7 o
The vecter | O |13 transformed by Tto the vector | 3
| =i
0 2
The wecter | 1 | istransformed by Tto the wector | =1 |
-1 -2
Find T. o
Solution:

PhysicsAndMathsTutor.com
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abc
let T=|de f

ghi
ab e et )
def|0|=] 24 [=|2
ghi )0 2g 4

Equating the elements
2o =6H=a=3

dd =2=d=1
deg=d=g==2
Ibhey 3 9—r¢ -2
lef |0 |=3-F|=
aki )-1 b—1i
Equating the elements
Q—r=-—2=r=11
I—f=3=F =10
f—i=0=i =1
AB11Y 0 b-11 2
leQ 1 ]=] & |[=]-1
2k 1 1-1 h-1 -2
Equating the elements
b-11=2=h=13

g =-1
h-l=-2=h=-1
31311
T=1-10
2-11
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Further matrix algebra
Exercise D, Question 4

Question:

The transformation 7 R* —R® is represented by the matriz T where

Pl =l )
IT={z2 5 |
2 2 1]
The l.ine FARE: tran.sfc-rmed by Tte the line 4, The line | hag vector equation
LoN: sdagN
r=|4 [+¢ =2 |, where ¢ ig a real parameter.
1 5

Find a vector equation of .

Solution:

D ] Dt
r=| 4 |+ =2 |=|4-2
1 3 1+3
0-12Y 2-¢ 002 —2) =104 - 26) + 201+ %)
25 =4 | 4-2¢|=| 22-5)+5(4 - 20— 401+ 3)
32 10 1+%) (3@-0+2(4-2%+11+%)

Sgaos -2 i

=| 2024z |=| 20 [+£| —24

L 154 15 -4
i 8
Anequatien of L 15 v=| 20 |+ -24
15 -4
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Further matrix algebra
Exercise D, Question 5

Question:

£ {9
The points 4 and 5 have position vectors | 1 |and | 3 | respectively. The points A |
i 0 / | . !
and B are transformed by the linear transformation Tto the points A' and B
respectively.
(1 =3 43
The transformation Tis represented by the matriz T, where T=|2 3 -2
[ B w2 0
a Find the position vectors of 4" and 5" . |
b Hence find a vector equation of the line A'5".
Solution:
a f1-347%Y2 2=3+0 -1
23 =21 (={4+3+0|=| 7
02 5 .40 O+2+0 2
1-3 4 y-2 —2-9+16 5
23 =21 3 |=| 4+%-8 |=| -3
02 5 14 O+6+20 26
-1 5
The position vector of A" 15 | 7 | and the position vector of B' 12 | =3 |
2 26
b r=a+iib'-a')
-1 5-(-1) -1 &
=| 7 |+ -3-7F |=| 7 ¢ -10
2 26— 2 2 24
-1 &
A vector equation of A'B' iz r= 7 [+ -10 |
2 24
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Further matrix algebra
Exercise D, Question 6

Question:

The transformation T:B* — R® is represented by the matriz T where

(3 -2 -2
T=|-2 -8 4
-2 4 0|

The plane ff 1z transformed by Tto the plane 1L . The plane £ has Cartesian
equation x— 2y +z=10.
Find a Cartesian equation of £

Solution:

Let yv=z and z =¢,then x=2y—z=25—¢

25—t
A parametric form of the general point on 1] is &
i
3 =2 =2Y 25—¢ f5—3t— 25— 2t 45— 5¢
—2-84 g |=|ds+2-Bs+dt |=| —125+6¢
-2 4 0 £ —ds+2¢+4s 2t
Parametric equations of JL, are
x=4s-% @
y=—12z+6¢ @&
z=2t
From @ ¢ =§
Substituting for # in @ and &
x=4s e &
2

y=—12s+3z @
IxE 4+ 3x+y=—9—22:> bx+2y+9z=10

A Cartesian equation of I, 15 6x+2p+9%2=0,

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise D, Question 7

Question:

The transformation 7 B* —B® is represented by the matriz T where

(s 050 =5
T=|-1 2 1
1 0 1}
The f:lane FART: ﬁ’ansformed by Ttothe plane ff . The plane f3 has vector equation
Oy (1Y (3
=1 |+gl =1 |+ 0|, where s and £ are real parameters.
1 2 4

Find an equation of I inthe formr m=p.

Solution:
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0 1 3 g+ 3¢
r=|1[+s =1 |+ 0 |= 1-=5
1 2 4 1+ 25+
4 53 g+ ds+12f+5-5s-3-bz—12¢
-12 1 l-=& =| —s—3t+2-Zs+1+2s+4t
101 Al+ds+4 ) | F+3E+1+2s+4¢
&="ls 2 =7 0
=| Z-g+i |=|3 e -1 |+ 1
L1+ 3s+7¢ 1 3 7!
2 =7 0
A wector equation of I 15 v=| 3 [+a| -1 [+ 1| =
1 |3 7
=7 0
To find a vector perpendicular to both | =1 and[l
L3 7
=7 0 1 3k
1|1 |=}7-13 =i_13‘—j‘_? 3‘+k‘_? _]‘
2 g 50 (8 17 07 01
—-10
=-101+4%-7k=| 49
=i
—-10
Taking the scalar product of equation # throughout with | 49 | and using the
=7

property that the scalar product of perpendicular vectors 15 0

-10 2y(-10
ro| 4% |=| 3 | 4% |=-20+147-7 =120
H Lonhlsagl
%10
A wector equation of I5 12 v | 45 (=120,
=7

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Further matrix algebra
Exercise D, Question 8

Question:

The transformation 7 B* — B® is represented by the matriz T where

(4 1 =23
T=|=> 5 o4
=1 @0 2§

There ic a line thr;augh the origin for which every point on the line iz mapped onto
itself under T

Find a wector equation of this line.

Solution:

ot

Let a point which 1s unchanged by Thave coordinates | & |

c
4 1-2Va &
234 | k| =|&
\-10 2 )¢ €
da+&—2c e
—2a+3b+de |=| b
L smaskie €
Equating the lowest elements
—atir=c=c=a
Equating the top elements and substituting e =a
dag+bh-—2a=a=b=—a
(Equating the middle elements also gives b =—a)
a 1

The general form of a point which is unchanged iz | —a |=a| -1

i 1
1

L vector equation of the line iz v =¢] -1 |.

1
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Further matrix algebra
Exercise E, Question 1

Question:

A transformation T:[B° — B® is represented by the matriz T where

(2 3 =)
T'=|-1 4 35|
2 1 1)
"ﬂ 5
The point with position vecter | & | iz transformed by Tto the point with position
c
F—120
vector | =7
8

a Find.the v.alues of the constants ¢, & and ¢
A line J which passes through the origin is transformed by 7 to the line Z,.

£ooy
A sector equation of £, 13 v =2 =2 |
L 1)
b Find a vector equation of 7.
Solution:
a o 2 38012
a |&|=T" -7 |=|-145]| -7
£ 8 2110 8

—24-21+ 24 -21
=| 12-26+40 [=| 24
—24 -7 +38 —-23

@ =-21,b=240=-23

233N 2 4-6+3 1
b [-145] -2 |=|-2-8+5 |=| -5
21101 4-2+1 et

A wector equation of [ 15 v =2 =3 |.
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Further matrix algebra
Exercise E, Question 2

Question:

The transformation 7:R® — R® is represented by the matriz T where

(2 0 -3}
T=|0 1 2
=2 22 e
a Find T
i ach
The wector | & | is transformed by Tto the wector | 5
c 16

b Find the ;raliles of the constants @, & and ¢

Solution:
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102 0z 01
a detiTi=2 =0 +( =3
‘2 8‘ ‘—3 8‘ ‘—3 2‘

=2(8-4-0-30+3
=E-9=-1
The matrix of the minors 15 given by

12 (02|01

2

0D-=3112 =3(120

P

0—3‘ ‘2 —3‘ ‘2 0‘

120z |01

463

=674

L34 2

The matrixz of cofactors is given by
4 —6 3

C=| -6 7 -4

a4 2
Az Cis symmetric CT=C

I

1 1 4 -6 3 -4 6 -3
Tlee OF=— S6ili=d|=| 6 =74
deti T | -1
342 -3 4 -2
a w6 N g g N g 20+ 30— 48 2
b Bl=TY 5 |=| 6 =74 | 5 |=| -30-35+64 |=| -1
c 16 -3 4 -2 )16 15+20-32 3

ga=2h=-1c=3
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Further matrix algebra
Exercise E, Question 3

Question:

The transformation T:B* — RB® is represented by the matriz T where
(1 1 24
o 2 2
w5t 02 =g

T=

a Find T
The line 4 is transformed by 7to the line ;. The line /4 has vector equation
(oY (-1}
4 0

1) 1)

b Find a vector equation of .

r= +i , where { iz a real parameter.

Solution:
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22 n oz oz

a det(Ti=1 -1 +2
0 —4 —2 —4 —20
=1i—-8-0=10+& +20+6&)
=—8=-6+12=-2

The matrixz of the minors 15 given by

22|10 210 2
0 —4||-3-4[|-2 0

S ‘1 EHI 2H1 1‘
0-4|-3-4||-30
12‘ ‘1 2‘ ‘11‘
L 22 |02 0z
(-8 66
=423
-2 22
The matrix of cofactors iz given by
-8B -6 &
C =4 2 -3
-2 =2 2
-8 4 -2
(LR e o
£ =3 2
SR ean P |
:r-l:dﬁtl(T) :'_-T=i2 e lwl @
6 =3 2 _3 E _1
2 -1 2—t
b A general point on /, has coordinates | 4 |+2| O [=| 4
1 1 1+¢
'
2-t 4 -2 1 |2-¢
TV 4 [=|3-11] 4
1+: _3 g 1 1+
2
(8—4t—8+1+¢ ) 1-35¢ 1 -3
=| 6=3=4+1+¢ |=| 3=2¢ |=| 3 |+¢ =2
—6+3+6-1-¢) L -1+2¢ -1 2
1 -3
A vector equation of § is v =] 3 |+ -2 |
-1 2
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Further matrix algebra
Exercise E, Question 4

Question:
fa 1 271
The matriz T=[4 0 0 |, where 2 iz a constant.
oo -1

a Find T in térms of a.

The transformation 7:B® — R® is represented by the matriz T. The point with
(1 TR
g 2
L") -.__1

position vector 1z transformed by Tto the point with position vector

b Findp, g and .r.

Solution:
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a det(Ti=a
n-1 0-1 on

=0+4+0=4
The matrixz of the minors 15 given by

00 40‘ ‘40‘
+ 2

_1‘

00
-
12
0-1
12
00

M= ‘

4 0
U—l‘
2
U—l‘
o 2
40

40
0o
a1

oo

a1

40

'
0-40
=|-1-a 0
L0 -84

The matrixz of cofactors is given by

04 0
C =[1-20
08 —4
OE. 1
T =|4-a 3
L0 0 -4
01 0
s 4 o ohl ey g |y
det(T) 4
0 Hy
by
|
G 2
h4 2 o
o
= g Wil I O )
- 4
r -1 00 -1 .L—]
b
p—gq——?ﬂ r=1
4’ 4"’
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Further matrix algebra
Exercise E, Question 5

Question:
(1 2 1
The matriz S=| 2 0 -2
1 W21

a Show that 88T =4I | stating the value of &.
The transformation S B* — R® is represented by the matriz S.

/23 ’ 2\@ "
The wector | & | is transformed by Sto the vector ﬁ .
\¢) 242 |
b Find the values of the constants @, & and ¢ .- :
Solution:
s I o=f2 1 1+2+1 24042 1-2+1
a 88" = 42 o —ﬁz -2 0 A2 |=[d2+0-+2 24042 A240-42
1 -2 1 1-2+41 N2+0-+2 1+2+1
400
040 (=41
non4d

lxsﬂ—wu¢s4:iﬂ
a 2+ 2 T a0 e oo
b =%ST {2 :H -2 0 dz| A2
e 242 1 =21 | -242
1
2y 2+2-2+2 2 o
U vo-a =Y sl 2
4 4
242-2-2+42 -2) |1
2
a =l’b=—2,c=—_
2
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Further matrix algebra
Exercise E, Question 6

Question:
(-3 =5 #1) 3 @ —30

The matrizx A=|-2 3 0 |andthe matrizx B=[ & -1 -2 | Giventhat AB=1,
4 3 1] -18 11 ¢

a findthe valueé of the c:on;stants a, & ande.
The transformation 4:B* —R* is represented by the matriz A
The plane ff is transformed by A to the plane ff,. The plane Ff, has vector equation

1N =1y (0)
r=|11|+s| 0 |+ 1 |, where s and ¢ are real parameters.
ol a2 11

b Find a vector equation of the plane fI

Solution:
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351y 3 a -3
2300 & -1-2
4 311-1811 ¢
9+55-18 3a-5+11 -9-10+c 100

o
%
I

=010
001
Equating the elements in the firstrow
I+ -18=1=2b=10=h=2
ZJa-0+ll=0=3a=-6b=a=-2
-0+ =0=c=19
a=-2h=2,=19
3 -2-3
b AB=I=A"=B=| 2 -1-2
-1811 1%
1 -1 0 1-5
The general pointon S 15 | 1 [+s| O [+ 1 |=| 144
L0 2 1 2e+i
-5 3 =2-3% 1-s 3-35—-2-2i—-65-3
A 1+ = 2 —1-2| 14 |= 2-25-1-t—4s- 2
2+t -18 1119 )\ 25+¢ —183+18s+11+11L+38s+15¢
1-9g—5¢ 1 -9 -3
= 1-6s=-3¢& |=| 1 |+& =6 |+ =3
=7 +56s+30¢ =7 o6 a0
1 -9 -5
A wector equation of I s v=| 1 ol -6 |+£] -3 |

=7 56 30
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Further matrix algebra
Exercise E, Question 7

Question:

The transformation T:B* — RB® is represented by the matriz T where

(-1 2 &)
T=|1 4 2|
12 5 1]
R (—8Y
The wector | & | is transformed by o the wector | 0
g 3

Find the walues of the constants @, & and .

Solution:
-1 3 6%a -8
1 42&|=0
Nt S M L z
—a+3b+60 -2
a+db+22 |=| 0
| 2a—3b+c 3

Enquating the elements
—a+3+bc=-8 @
a+db+2c =0 @
2a—Sh+c=3 3
D+@

Tb+Bc=-8 @

2x @+

b+13%c=-13 &

Tx @

Th+81le=-81 @

& —@

Bl =-R3=c=-1
Substituting ¢ =—1 inte &
E-13=-13=4=10
Substituting & =0 and c =-1 inte @
g+l-2=0=aq=2
ga=2.0 =0 c=-1

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Further Pure Mathematics

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Further matrix algebra
Exercise E, Question 8

Question:
f2 =1 2 34 40
The matriz S=|0 2 1 |andthe matrizx T=| -6 -7 —-&|.
il 30 3. 4 4 3]
a Find §71.

b Show that T =1.
The transformation S — R® is represented by the matriz S and the transformation

T B* — R is represented by the matriz T.
The transformation IF iz the transformation T followed by the transformation 5

e 6
The point | & | iz transformed by D to the point | =3 |
o | | 2 )

¢ Tind the values of the constants @, & and ¢

Solution:

PhysicsAndMathsTutor.com

Pagel of 3



Heinemann Solutionbank: Further Pure Mathematics Page2 of 3

21 1 0z
a deti§)1=2 (=1 +2
‘U]‘ ‘11 10‘
=2(2-0+10-1+2(0=-2"
=4-1-4=-1

The matriz of the minors 15 given by

21 (01 o2
‘D 1‘ 11‘ ‘1 0‘
: ‘—l 2‘ 22H2 —1‘
M=
01t o
—12‘ 22H2 —1‘
L2 1|0 1o 2
2 -1-2
=|-10 1
a4
The matriz of cofactors is given by
& a2
cC =10 -1
imisd 4
2 1-5
Ch=| L D=2
L2 =] 4
2 1-5 -2-113
S'1=%{'_'T=i 1 0=-2=-10 2
S Tl | Lo 9 =y
34 483 4 4 9-24+16 12=28+16 12-24+12
b T=|—6-7-6|-6-7-6|=|-18+42-24 —24+495-24 —24+42-18
4 4 3 14 4 3 12—24+412 16-28+12 l6—24+9
100
=010 =1, as recuired.
0o
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¢ Fromparth, T°=I=T'=T

i &
ST=|% |=| -3
C 2
] &
(STV'ST| & |=(STY| -3
P 2
o & &
bl=T'87 -3 =TS -3
c 2 2

34 4% (-2-15%6
=|-6-7-6||-10 2 | -3
44 3)l214)2

34 4 (-1243+10) (3 4 43 (1
=| 6-7-6|| 6+0 +4 |=| 676 |-2
443 ) 123-8)1443)|1

BBty ifix]
=| -6 +14—6 |=| 2
L4 -8+3) |1

a=-1b=2,c=-1
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Further matrix algebra
Exercise F, Question 1

Question:

Find the eigenvalues and corresponding eigenvectors of the matrices

i 2 4 N
a
| 1 4 |
i 4 _1 A
b
=1 4]
(3 =2
C .
o4 ‘
Solution:
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) 24Y (A 0) (2-A 4
A== 15e )
) L0 A 1
2-4 4
=(2=A)5=4
sl ene-

=10=TA+ A =4= A7 =TA+6 =(A~1)(A-6)
det (A= AT)= 0= (A-1)(A-6)=0=> A=1,6

The eigenvalues are 1 and €.

For A=1
i 4'||'x‘| ||'x'||
=i
'\“y.-'
(2x+4y) _(x)
R ] L]

Equating the upper elements
cxtdy=x=x=-4y
Let »=1, then x=-4

An eigenvector corresponding to the eigenvalue 11z -’ _14 \|.
For A=6 e
(24Y x)
sk )0

2x+4vy | Gx
|\ x+5y J L6 )

Equating the upper elements
2xt+dy=bx=y=x
Let x=1,then v=1

1)
An eigenvector corresponding to the eigenvalue 6 18 | 1 ]
"4—). -1
b A- )I—‘ I [ J ]
=l | =1 4-4
4 -4 -1 -
‘ \‘={4—.’".] =1
=1 4-=4 :
=16=-8A+A*=1=A*=8A+15=(A=-3)(L=5)
det(A-—AL)=0={A-3)(A-5)=0= A=3)

The eigenvalues are 3 and 5.

For A=3

|14" ]= J
[ 4x—y ) "3x
l_'x+4-:”;=l_33"_1

Equating the upper elements
dx-—y=3x=y=x
Let x=1, then v=1
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An eigenvector corresponding to the eigenvalue 3 iz | i |

For A=5

(4 —1V x) i

|,__—1 4 ";| B 5‘; |
[ dx—=p) 0%
|.. —x+4dv | " | ay |

Eqﬁating the upper élements
drx—y=dxr=y=—x
Let x=1, then y=-1

An eigenvector corresponding to the eigenvalue 5 is | _1 |
e amar=(> HOO P
(104 ] 10A) | O 4-4]
Gk =2
‘ 0 4_}4—{3—”{4—;‘.}

det(A—AT)=0= (3-A)(4-A)=0= A =34

The eigenvalues are 3 and 4.

For A=3
3=2YxY fx)
‘ 04 H 5 |= 3| > |
(B3x—2y ) 55
‘ 4y | B 3y ‘

Equating the lower elements
dy=3y = y=10
A3z x can take any non-zero value, let x=1

An eigenvector corresponding to the eigenvalue 3 15 | 0 |

For A=4

(3-2Yx) (%)
‘ 0 4 H y | B 4|,__ y |
(3x—2y) (4x)
‘ 4y | B | 4y |

Equating the uﬁnper elements
Ix—2dy=dx=x=-2y
Let =1, then x=-2

An eigenvector corresponding to the eigenvalue 4 is |
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Further matrix algebra
Exercise F, Question 2

Question:

i 3 4 3
A transformation T:IB* —R* is represented by the matrix .i'1=| 5 g

a Find the eigenvalues of A
b Find Cartesian equations of the two lines passing through the origin which are
invariant under 7.

Solution:
(34 (RO (3-L 4

a A_LI_‘._.—zg_.-‘_l-.OJ;j" |_‘ -2 8-4
‘3_—;. 9_;”‘ =(3-A)(9-1)+8

= 27124+ A% +8= A% 124 +35=(A—-5)(A-7)
det(A—AL)=0= {A=-0){A=-T)=0= A=57
The eigenvalues of A are 5 and 7.

b For A=5
FizaaNlsy: e
125 )57 15)
[ 3x+4y | _(5x)
| —2x+9y |_| ay |

Equating the upper. elemments

3x+4y=5x:~4y=2x=y=%x

For A=7

s AN sy
2557
[ 3x+4y | (7x
| —2x+9y |_ | Ty ‘

Equating the upper elements
Ix+dy=Tr=dy=dx=y=x

: : i : . 1
Cattesian equations of the invariant lines are y=§x and y=x.
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Further matrix algebra
Exercise F, Question 3

Question:

Find the eigenvalues and corresponding eigenvectors of the matrices

CT U
a 2 4 2
-2 0 1
4 =2 —4n
L (2 3 0
2 -5 -4
Solution:
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a

(300Yy(AD0Y) (3-4 0 0

A-JI=| 242 oi0]|=| 2 4-4 2
201 looa)l | 2 0o 1-4]
Sk B O : .
. assd 5 5 o g
2 4—4 2 |=(3-1) Py 40
__ e N TS | e T
28 B Hek

= (3-A)4-4)(1-4A)
det(A—AI)=0= (3=A)(4=-A)(1-A)=0= A=3,4,1

The eigenvalues are 1, 3 and 4

For 4 =1
{200V x) o
2421y | =1»
—201 AE) \Z )
3 25 Y
2x+dy+2z |=|
—2x+z l z |

Equating the top eletnents

Zx=x=x=10

Equating the middle elements and substituting x=0
O+dy+iz=y=3y=-2z

Let z=3, then y=-2

R
An eigenvector corresponding to the eigenvalue 115 | =2 |
=
For A=3 -
(2 00V x) ()
242w | =3 »
j 3x 1 [3x)
2x+dy+2z |=| 3y
—2x+z 3z

Equating the lowest elements
—2x4+z=3z=z=-x

Let x=1,then z=-1
Equating the middle elements and substituting x=1 and z=-1
dtdy—d=3y=y=10

1

0

—1)

An eigenvector corresponding to the eigenvalue 3 is

For =4
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{300V x) pon
242w | =3 ¥
'-._2 01 MNE ) L Z )
( 3x 1 [3x)
2x+dy+2z |=| 3y
—2x+z 32.)

Equating the léwe ét elements

—2xtz=3z=z=-x

Let x=1,then z=-1

Equating the middle elements and substituting x=1 and z=-1
2+dy—2=3y=y=10

£ 10

0

|1

An eigenvector corresponding to the eigenvalue 3 is

For A=4

e e
2421y =4 ¥
-201 Az} :27)
i 3x V(4= )
2x+dy+2z 4 ‘
x4z 4z |

Equating the top elements

3x=dxr=zx=10

Equating the lowest elements and substituting x=10
D+z=4z=2z=10

Az ycan take any non-zero value, let y=1

£
1]
19

An eigenvector corresponding to the eigenvalue 4 15

(4o 3 00 4=k =25 =4
230 |-loao P medk. 30
geseal Lo ok] | 2 =sreged)

b A-AIl=

d—h -2 -4
2 3-L 0 |=@-4)
2 -5 —4—A

Bes,
Shu e

2 0
of e

=@-A)B-A)A-A I 2-8-24)-4—(-10-6+24)
= (A -16)(3- 1) —16—4A+64 -84

=30 -7 -48+16A-12A+48

= AT B A = A = = A A=A+
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det(A—AT)=0= -A(A-4)(L+1)=0= A =041

The eigenvalues are —1,0 and 4

For A=-1
(424 x) ()
230 y|=-1 ¥
2=5-4 nE G,
(dx—2y—-dz) [-x)
2x+3v =| —y
Plx=dy=dz | |==

Equating the middle elements

2x+3y=-y=x=-2y

Let »=1,then x=-2

Equating the top elements and substituting v=1 and x=-2
—8-2-dz=2=z=-3

iy
An eigenvector corresponding to the eigenvalue —1 15 | 1
| =3]
For A=0 -
T £ 2 )
23 0y |=0 ¥
L 2i—5-~4 .2 ] =
(dx—2y—dz ) [0}
2x+3y = |0
(2x-5y-4z | |0

Equating the middle elements
2x+3y=0=3y=—"2x

Let x=3,then y=-2

Equating the top eletnents and substituting x=3 and y=-2
1244 -dz=0=z=4

o
=2 .

| 4]

An eigenvector corresponding to the eigenvalue 0 15

For 4 =4
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(49 aY %) £ )
230 vy |=4¥
i AZ ) \ Z )
(dx—2y—dz | [4x)

2x+3y =| 4y
|\ 2x—35y—4z | |4z

Equating the middle elements

2x+3v=dy=y=2x

Let x=1,then v=2

Equating the top elements and substituting x=1 and y=2

d-—d-dzr=4=z=-1

£ 17
2

f 1]

An eigenvector corresponding to the eigenvalue 4 iz

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise F, Question 4

Question:
(2 2 =2Y
The matrizx A=|-3 2 0
11 4 -3

a Show that —1 15 the only real eigenvalue of A
b Find an eigenvector corresponding to the eigenvalue —1.

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise F, Question 5

Question:
2 =1 23
The matriz A=|0 2 4|
o 2 0]

a Show that4 is an eigenvélue of A and find the other two eigenvalues of A
b Find an eigenvector corresponding to the eigenvalue 4.

Solution:
(213N (A 00N 2= =1 3
a A-AI=|024[-|0A0 =] 0 2-4 4
l0zoflooa)|{ o 2 -A]
2ok 13 2u1 4 04| _|p2-4
0 B-48% =peay® & L En sl
._ 2 —k 0-4 o 2
0 2 —A
=(2-A)(-2A+ A" -8)+0+0
= (2= ) (A —20-8)=(2-A)(A-4)(A+2)

det(A—AL)=0=(2— AN A-4)A+2)=0=A=24,-2

The eigenvalues of A are 4, as required, 2 and —2.

b For A=4
(513 x) e
D241y |=4»
0208 z) |z}
(2x—y+3z) (4x)
2y+4z |=|4dy
2y 4z

Equating the lowe st elements
2y=dz = y=2z

Let z=1, then y=2

Equating the top elements and substituting v=2 and z =1

2x—24+3=dx= 2x=1=‘;-x=%

L eigenvector cotresponding to the eigenvalue 4 13

— LD 2| —
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Further matrix algebra
Exercise F, Question 6

Question:
11 37
The matriz A=[2 4 -1/
4 4 3|

Giiven that 3 15 an eigenvalue of A,
a findthe other two eigenvalues of A,
b find eigenvectors corresponding to each of the eigenvalues of A

Solution:
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(11 3Y (AOOQY (1-4 1 3

a K-p=|eazrlslono |2 2 a=q =
(443 looa] | 4 4 3-2]
el B _ _
. T ST
3 A% 1 |=(i=4) 1= S
__ 4 3-Al W3- Tl 4
4 4 3-2

=(1=A)((4=A)(3-A)+4)—(6—-2A+4)+3(B-16+41)
=(1-A)(A*=T7A+16)+144-34
=LA +8LF —23A+16+144-34
=-A*+8A% 9418
Let A’ —8A% +94+18=(A-3)(A* +kA—6)
Equating the coefficients of A7
—8=-3+k=k=-5
Hence A*—8A% +94+18=(A-3)(A*-54—-6)=(A-3)(L—6)(A+1)
det (A-AT)=0=—(A-3)(A-6)(A+1)=0= A =361

The other eigenvalues of A are —1 and &.

b For A=-1
(113 Y x) oy
24-11»| =-1»
,._4 4 3 Az} Lz
[ x+y+3z [—x )
cx+dy—z |=| -y
,._4x+4y+3.z i

Equating the top elements

r+y+3z=-x

Zx+y+3z=0 @

Equating the middle elements

cxtdy—z=—y

Zx+Sy—z=0 @&

Y

dy—dz=0= y==z

Let z=1,then v=1

Substituting y=1 and z=1 into @

2x+l42=0=x=-2

£ —5)
1

10

An eigenvector corresponding to the eigenvalue —1 15
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For A=3

(113 =) {3x)
24-1 =3y
44 3z) |32

[ x+y+3z [ 3x )
2x+dv—z (=] 3y
da+dv+3z | 3z |

Equating the lowest elements
dxt+dy+iz=3z=y=—x
Let x=1, then v=-1
Equating the top eletnents and substituting x=1 and w=-1
1-14+3z=3=2z=1
Py
=11
L 1)

An eigenvector corresponding to the eigenvalue 3 15

For A=4
(113 Y x) £\
24-1 =6y

| 443 ]| iz

[ x+y+3z ) (bx)
2x+dy—=z (%

,._4x+4y+3.z bz

Equating the top eletnents
r+y+3z =6x

Z |

/ \

—Sx+y+3z=0 @

Equating the lowest elements

dx+dv+3z = bz

dx+dy—32z=0 &

D+

—x+ov=0= x=1y

Let w=1,then x=35

Substituting x=5 and y=1 into @&
—254+14+3z=0=z=8

£ 57
1]
5]

An eigenvector corresponding to the eigenvalue 6 is
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Further matrix algebra
Exercise F, Question 7

Question:
(2 2 1Y)
The matriz A=|-2 4 0.
4 2 3

a Show that 2 is.. an eigenvélue of A
b Find the other two eigenvalues of A

¢ Find a normalised eigenvector of A corresponding to the eigenvalue 2.

Solution:
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(2 21y (AOO0Y (2-4 2 1

a A-Al=|-240|-|0i0|=| =2 4-4 0
..4 25_. I_UUE,_I 4 2 5—;"',_.
When A =2
f0210h
A-2=|-220
._-4 23_.
nz1
. 20 —2 0 —2 2
det{A-2T)=-220|=0 -2 +1
253 4 3 4 2
4 23

=0-2x{—6 )+1{-4-8)=12-12=0
Hence 2 15 an eigenvector of A

2—A 2 1

b -2 4-4 0 [=(2-1)
4 2 5-4

d—A 0
2 5-4

2 0
-2 |+
‘4 5—4

Fop
4 2

= (2=A)(d-A)(5-A)+20—44+(~4—16+41)
= (2-2)(4=-2)(5-1)

det(A—AL)=(2—-A)d4-A)(5-A)=0=A=245
The other eigenvalues of A are d and 3.

c For A=2
(9 51V x) s
-240 =2y
| 442t Lz Lzl
[ 2x+2y+z | [ Zx)
—2x+dy |=| 2y
dx+2v+5z | iz |

Equating the middle elements

—2x+dy=2y=yv=x

Let x=1,then v=1

Equating the top elements and substituting x=1 and ¥y =1

2+2+z=2=z=-2

£ )
i

2]

An eigenvector corresponding to the eigenvalue 2 15

PhysicsAndMathsTutor.com

Page2 of 3



Heinemann Solutionbank: Further Pure Mathematics Page3 of 3

710
The magnitude of | 1 |15 {12 +12 +{—2J2 .}: s
L=< )
A normalised eigenvector cotresponding to the eigenvalue 2 iz
1
1 (1) -\]5
Vel L7 Vs
-2 _ 2]
N5

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise F, Question 8

Question:
F4 2 13
The matriz A=|-2 0 3|
|08 33 (4
a Show that —2 is an eigan.&raluna of A and that there 15 only one other distinct
elgenvalue.

b Find an eigenvector cotresponding to each of the eigenwvalues,

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise F, Question 9

Question:
1 =1 03
The matrizx A=|-1 0 1
12 1]

iven that 2 15 an eigenvalue of A,
a findthe other two eigenvalues of A,
b find eigenvectors corresponding to each of the eigenvalues of A

Solution:
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1 0% (A0 0N fIEREE O
a A—AI=[-101|-{odo]=| -1 -4 1
| & o loo k) Lo 2 12w
[=&=1 0 .
. 1 g
Sk T S =1 +0
pd paegl [, 2
t DA

=(1-A)(-A+A*-2)+1(-1+A-1)+0

=(1-A)A=2)(A+1)+1(A-2)

=(A=-2)((1-2)(1+ 1)+1)=(L-2)(2-2)
det (A-AL)=0=(2-A)(2- A )=0=A=2+2

The other eigenvalues of A are £V 2.

b For A=v2
fl =10y x x
-101 =2 ¥
T 2 1._. g | Z )
x—y V2x )
1 =|VZy
x+2y+z Y2z

Equatmg the top ellements

r—y=NZx= y= [_1— V2)x

Let x=1,then y=1-+2

Equating the middle elements and substituting x=1 and y=1-+2
—l+z=v2(1-V2)=V2-2=2="2-1

1
An eigenvector corresponding to the eigenvalue v 2 15 | 1= 2 |
k 2_] )
For A=—-V12
(1 -10Yy=x (%)
-101 V2| ¥
|1 21}z |z ]
x=y ) [-vax)
—-x+z =| -V 2y
| x+Z2y+z ]| | -viz |

Equating the top elements
x—y=—N2z=y= { 241 )x
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Equating the middle elemments and substituting x=1 and y=1++2
—l+z=—V2(14V2)==V2-2= z=-1-V2

An eigenvector corresponding to the eigenwvalue —v 2 1z

For A=2

T O )

-101||w|=2y

|1 21flz) |z }

AN O
—x+z =\ 2y
x+2y+z._, 22;

Equating the top elements

X—y=2x=y=—-x
Let x=1,then v=-1

Equating the middle elements and substituting x=1 and »=-1

“ltz=-Z2=z=-1

An eigenvector corresponding to the eigenvalue 2 1z

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise F, Question 10

Question:
{2 f4 1 2
Given that | 2 | iz an eigenvector of the matriz Awhere A= 1 a 0,
| —1) =0 i, B
'R
a findthe eigenvalue of A corresponding to | 2

=l ]

b find the value of @ and the value of &,
¢ show that A has only one real eigenvalue.

Solution:
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AN £ 9

a | lalO] 2 |=4A 2
-11& -1 -1
fB+2-2 % [ 240

24+2a |=| 24

p=2w2=b] |1k
Equating thé tor::- elerﬁents
B=2d=A=4

The eigenvalue i3 4,

b Equating the middle elements and substituting A =4
2+2a=8=a=73
Equating the lowest elements and substituting A =4
—h=—-A=-d=b=4

a=23 and A=4
(412) (AOOY (4-4 1 2
e mmr=| 1 gl one 2l @ B o
|-114]) looa]) | -1 1 4-a]
. B _, __
¥ 8% 0 ={4—,ﬁ,j‘3;’*41—1‘_1141+2‘_113_’”"
A He Beg ” :

=(4- AP (3-A)-1(4=A)+2(1+3- 1)
— (A=A (3=A)+1(4= )= (-1 ((4 - 1) (3-1)+1)
=(4-A)(A*-7A+13)
det (A-AL)=0= (4-A) (A2 -7A +13)=0= A=dor A2 -TA+13=0
The discriminant of A* =74 +13=0 is given by

B dar=49-52=-3=<0
There are no real solutions of 22— 71 +13=10
4 iz the only real eigenvalue of A

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise G, Question 1

Question:

Eeduce the following matrices to diagonal matrices.

.‘1 3‘.
R 1_,|

.’. 1 _2 b
b |._.—2 4
Solution:
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a Using det(A—-AL)=0
1-4 3 i 5
A=(1-A) -9=1-2A+4A"-9
3 1-4 '

=At-2A-8=(A-4)(A+2)=0

CaN Y day
-0)
1Y) \ )
[ x+32y) B [ —2x )
| 3x+ ¥ ‘ ‘ —2y |
Equating the upper elements
rt3y=-2x=y=-x
Let x=1,then y=-1

£l
An eigenvector corresponding to the eigenvalue —2 iz | |

il ; B
The magnitude of | i | i5 ¥ “2 +{_1J2_}= I

1
A nermalised eigenvector corresponding to the eigenvalue —2 13 ? :
v2)
For A =4
F13Y 1) oy
)4
G1ly) )
(z+3y) [4x
| 3x+y | | 4y ‘
Equating the upper elements
x+sy=dr=y=x
Let x=1, then y»=1
1)
An eigenvector corresponding to the eigenvalue 4 is | 1 |
. (1Y e
The magnitude of | i ‘ is V(1 +1 )=v2.
i 1 N
A normalised eigenvector corresponding to the eigenvalue 4 13 .'\12 :
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1 1 1 1
P= Ve N2 Pl V2 V2
" 1 1
V2 N2 V2 Ve
i 1 1 A |" 1 1 )
V2 W2 3| Y2 2
PTAP =| ' |
1 1 [3 11 1
LV 2 ek | 2 2
(1 _ 1y r_ 3 1+3‘f1 _ly_ 2 4
o V2 V2 V2 N2 N2 N2 = N 2 y 2 v 2 V2
1 1 el 2 i 1 1 1 2 4
L V2 v2 IVE N2 V2 N2 W2 Ve N W2 V2
==t By b= 10
=1l 2ty LU a4
b Using det(A-AL)=10
L2 (1-A)(4-A)-4=4-5)+A% -4
=|l—A —A)—a=8—2A+A —
gt =)
= A -50=A(A=-5)=0
A=035
For A=5
i 1 _2"||’x‘| fx"n
| E
(el R by
x=2y ) (3x)
| —2xk Sy J
Equating the upper elements
x—2y=5x= y=-2x
Let x=1, then y=-2
f 1 b
An eigenvector corresponding to the eigenvalue 5 is | 5 J
i (1 {42 2 .
The magnitude of ig V[1° +(=2) _}=\5.
L) A 1
A normalised eigenvector corresponding to the eigenvalue 5 is L g .
_Tﬁ
For A=0
(1 2Yx)_ (%)
Eorq sl T

[ 2eras) = o)

!
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Equating the upper elements
x—2y=0=x=2y

Let v=1,then z=2
An eigenvector corresponding to the eigenvalue 0 15 | i ‘

£y
The magnitude of | ; |is V(22 +1° J=Al5:

i 2 A
A normalised eigenvector corresponding to the eigenvalue 0 is ."15 :
1 2 (1 _ 2 )
P i " 5 k) 5 : PT E 5 " 5
2 1 2 1
k 5 b 5 J LY 5 h 5 J
[= 1 2 1 2i2)
N g 1 -2 Js A5
PT.'—"QLP au i 5 W 5 W 5 \ 5
2 1 | -2 4 11 2 1
N5 NS R L
1 Zipfe 4 2 23 (1 23 3
e T —_— _ 4+— _ —_ _—— _
= h 5 b 5 b 5 k) 5 k) 5 K 5 o h 5 N 5 b 5 0
2 1 2 B 4 3 4 2 1 A8
LI V5 L VS W5 V5 VL) (V5 N5 )
1+4 0y /5 0
_2—2o|_|ﬂo 0|
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Further matrix algebra
Exercise G, Question 2

Question:

The matriz A=

i )
Nz 4 ‘

a Find the eigaﬁvaluﬁs of A
b Find normalized eigenvectors of A corresponding to each of the two eigenvalues of

A
¢ Write down a matrix P and a diagonal matriz D such that PTAP =D
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Further matrix algebra
Exercise G, Question 3

Question:
(1 il 1 )
Vo B2
Th triz P : : L
e matrix P=| = —— —— |
NN NG
2 1
— — 0
SVNE
a Show that P15 an ortho gonal matrix
[z 20
- —= 1
2 2
The matriz A= —E E 1].
2 2
1 1 1]

b Show that PT.@ 15 a diagolnal matriz.

Solution:
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1 B 1 1 Y 1 1 2
VG V3 oW 2 W vé V6
PP e —ale sl ot panle ol
W 6 3/ 3 3 2 3/ 3 3 3 y 3
2 1 o4 L 1L 4
\ ) 6 b 3 s b 2 k) 2
1 1 1 1 1 1 2 1%
—t—t— —tZ—— Z—=
6 3 2 &6 3 2 & 3 100
111 1 1 1 21
=|—-+4+—-—— —+—4+4+=— ——= =010 |=I
3202 6 3 & 3 Hi
2_1 2_1 4+1
| 6 3 6 3 & 3
Hence P is an orthogonal matrix,
1 1 2 3 3 1"" 1
W VE NG 2 2 VG
1 1 1 3 3 1
| P i Yo o WO W . Y | P P |
1 1 1
slw goels B 2
N 2 ) 2 | ) 6
1 1 2 3 3 2
— ML R R
¥ 6 ¥ 6 6 2 ki 6 2 b 6 ki 6
1 1 1 3 3 2
=l-—= /= = |-ttt
N 3 N 3 N 3 2"‘- 6 2 N 6 N 6
1 1 1 1 2
— -— 0 — = t—
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Further matrix algebra
Exercise G, Question 4

Question:
(2 0 20

The matriz A=|0 2 0| Eeduce A to a diagonal matriz,
|2 0 2]

Solution:
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2
A-AI=| 0 2-4 0©
2 0 2-4]
I __
det(A—AT)=| 0 2-4 O :{2—;,]2;’”21— ‘221 ‘22_0’
3 i 2. :
= (2-4)-4(2-4)=(2-4)((2-A) - 4)=(2=2)(-A)(4- A)
= —A(2=2)(4=2)
det(A—AL)=0= —A(A-2)(A-4)=0=1=0,2,4
For A=0
Forghas ey
D20 | »|=0 »
L 2 0 2 Z L <
(2x+2z ) (0)
2y =0
2x+2z y

Equating the top elements
2x+2z=0=z=—x

Let x=1,then z=-1
Equating the middle elements

2y=0=y=10
{1
An eigenvector corresponding to the eigenvalue O1s | 0
-1
£ 1
The magnitude of | 0 [is 1212 0 +{—1J2 }= 9
-1

18
V2

A normalised eigenve ctor corresponding to the eigenvalue 0 13 0

1
K 2 4
For A=2
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(509Y x) s
D20 | »w|=2|¥
202 NE =
(2x+2z ) [2x )

2y = Ey‘
,__2x+ 2z 2z |

Equating the top elements
2x+2z=2x=z=10
Equating the lowest elements
Sx+ldz=2z=x=10

¥ can take any value

Let y=1
£
An eigenvector cotresponding to the eigenwalue 243 [ 1 |
L 0)

The magnitude of this vector 15 1, so it 15 already normalised.

For A=4

(50 5Y 1) Fy
D20 | v |=4|»
202 L, \ £ )
(2x+2z) (4=x)
2y | =4y
2x+2z 4z |

Equating the top elements
2xtlz=dxi=z=x
Let x=1,then z=1

Equating the middle elements

dy=dy=Zy=0=y=10

£1%
An eigenvector cotresponding to the eigenvalue 4 45 [ 0 |
1
{13
The magnitude of | 0 |1z {]2 +02 +12 J=v2

b1

1
V2
A normalised eigenve ctor corresponding to the eigenvalue d iz | 0 |
1
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Edexcel AS and A Level Modular Mathematics

Further matrix algebra
Exercise G, Question 5

Question:
(5 3 33
The matriz A=|3 1 1]
13 1 1]

The eigenvalues :ofﬁ are U —1 and 3.

a Find a normalized eigenvector corresponding to the eigenwalue 0.

Criven that | 1 | is an eigenvector of A corresponding to the eigenvalue —1 and that
il
£
1 |1z an eigenvector of A corresponding to the eigenvalue 8,

1
b find a matriz P and a diagonal matrizx D such that PAP=D .

Solution:
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a For A=0
(533 x) £
211 > =0 ¥
(311} 2| Lz )
(Sx+3y+3z) (0]
3x+y+z |=|0
3x+yv+tz : oy

Equating the top elements
Sx+3y+3z=0 @
Equating the middle elements
Zxt+y+z=0 @

Fx @D

x=10

Substituting x=10 into &
y+z=0=z=—y

Let »=1,then z=-1

£ 00
An eigenvector cotresponding to the eigenwalue 04z | 1
\—1)
£ 0
The magnitude of | 1 |is V(0% +1% +(=1)" )=+ 2
0
A normalised eigenvector corresponding to the eigenvalue 0 iz LE ;
1
Nz
f—1")
b The magnitude of | 1 [is V((=1)' + 1 +1*)=13
10
V3
A normalized eigenvector corresponding to the eigenvalue —1 iz %
1
V3

PhysicsAndMathsTutor.com
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9
The magnitude of | 1 [is V(22 + P +1* )=v6
1]
i 2 N
Rl
A normalised eigenvector corresponding to the eigenvalue 8 13 Ltﬁ .
1
» L 2)
1 -\13 f o 8 O
E= Nz V3 V& D=l0-10
N 1 1 .__CI 0 8_}
¥2 B “WE ]
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Further matrix algebra
Exercise G, Question 6

Question:
(7 0 23
The matriz A=| 0 o =2
| -2 -2 & |

a iven that 9 1z an eigenvalue of A, find the other two eigenvalues of A

b Find eigenvectors of A corresponding to each of the three eigenvalues of A

¢ Find a matrix P and a diagonal matriz D such that PTAP=D.

Solution:

PhysicsAndMathsTutor.com
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(7-A 0 -2
A-AI=| 0 5-4 -2
| 2 2 6-4|
7-A 0 =2
det(A-AT)=| 0 5-4 -2
-2 =2 6-A
=i -2 ‘0 -2 ‘
=(7-4) =0 |+(=2)
-2 6—-4 —26—A

=(T-A)((5- A)(6-A)-4)-2(10-24)

=(7T-A)(26-11A+ A% )-20+44

=182-1034+18A% - A* - 20 +4A=—(A* -184% + 994 - 162)

Let 4> —184% +99A-162=(A—9)(A* + kA +18)

Equating coefficients of A°
—18=-94+k=k=-0
Hence

A7 —18A% +994-162=(A—-9)(A*-94+18)=(A - 9)(A- 6)(A-3)
det(A-AI)=0=—(A-3)(A-6){A-9)=0=4=3,62

The other two eigenvalues of A are 3 and 6.

For A=3
(7 0 oYz (x)
05 2| »|=3»
|—2-2 6 )| z) |z )
Tx—2z  [3x)
Sy -2z = 3w
—2x—2y+6z ) 3z

Equating the top ele.ments
Trx—Z2z=3x=z=2x
Let x=1, then z=2

Equating the middle elements and substituting z =2

Sy—4=3y=y=2

An eigenvector corresponding to the eigenvalue 3 iz

For =6

PhysicsAndMathsTutor.com
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I‘x \I

(7 0-2Yx)
03 =2|xy|=6»
,__—2 -2 6 Nz ) 2
Tx—2z ) [é6x)
Sy—2z =ty
,__—2x—2y+62 | bz |

Equating the top elements

Trx—Zz=fxr=x=2z

Let z=1, then x=2

Equating the middle elements and substituting =z =1
Sy—2=fy = yr=-2

Fiom
An eigenvector corresponding to the eigenvalue 6 15 | —2 |
L 1)
For A =9 k&
(70 =5V x) o
05 =2|y|=59»
| =2=26. Rz iz
Tx—2z | [9x)
Sy —2z =| 9y
| —Z2x—Zyp+éz | | Bz
Equating the toI:; ele.men.ts
Tr—2z=%xr=z=—x
Let x=2,then z=-2
Equating the middle elements and substituting =z = -2
Sy +d=08y=y=1
'R
An eigenvector cotresponding to the eigenvalue 943 | 1
=
F1YV [ 9 £ 9y
¢ The magnitudes ofthe vectors | 2 || -2 |and | 1 |areall
2 1 -2
V(1P +22+2%)=+9=3
(1 2 21
33 3 T
pef2 2 L e m‘
ST
5 1 3 (00%
53 73
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Further matrix algebra
Exercise G, Question 7

Question:
(4 & o)
The matrix A=[2 1 45|
0 5 1

a Show that4 is an eigenvalué of A and find the other two eigenvalues of A

b Find a normalised eigenvector of A corresponding to the eigenvalue 4.

/ _2 ! i ﬁ 1
Giventhat | 2 |and | O |[are eigenvectors of A,
5] 12

¢ find a matriz P and a-diag-onal matriz D such that PAP=D.

Solution:

PhysicsAndMathsTutor.com
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a det(A-AL)=| 2 1-A V5

Substituting A =4,

-4 2 0] |32 0
2 1-4 V5|=|2 —3V3=(=3)
0 V51-4] |0 v5-3

= (-3)(9-5)-2(-6-0)=-12+12=0

Hence, by the factor theorem, 4 is an eigenvalue of A

s
b 5 _3

2V5
2

0 =3

2 =3
D "‘-5

+0‘

-4 2 0
2 1-4 V5|=(1-4)
0 V5 1-4
=(1-((1- A" =5 )-4+44

== A —2h—d—d+4i=—1"+31" +61-8

==+ 4A =D dh 4 2A -8 = A —d) - MA-d) +2(A- &)
=—(A-H(A? +A-2) = —(A—- A+ 2(A-T

1_.-'}.- k 5
v 1-A

2 "15
+0

0D1-4 05

‘21—;,

det (A-AD=—(A-NA+2L-D=0=4i=4-21
The other two eigenvalues of A are —2 and 1.

h For A=4
(12 0V £
2 1 N0 ||l v |=4 ¥
\0v> 1 }iz) \ 2 )
x+2y ) [4x)
2x+y+noz |=| 4y
Voy+z o4z,

Equating the top elements

x+ly=dx= 2y=>3x

Let x=2,then y=3

Equating the lowest elements and substituting v =13

ANidtz=dz=z=V5

£ 9
An eigenvector corresponding to the eigenvalue 4 15 | 3
V5 |
fign
The magnitude of | 3 [is V(2 +F +(V5) )=118
V5

PhysicsAndMathsTutor.com
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2
12
A normalized eigenvector corresponding to the eigenvalue 4 iz % .
Y 5
W18
(12 0y 2% { 246 Yy [ 4 -2
c 2 1 NG 2 =35 1= =6 |sl2) 3
U "15 1 _'-5 3'- 5_"'-5_. 2'-5 _"\-5_.
i,
An eigenvector corresponding to the eigenvalus —2 13 3
~V5 |
{2
f . X .2y
The magnitude of | 3 |is V((=2)" +3* +(=V5) |=v18
LY 0 ..1 5 i’ . -.
_z
18
A normalised eigenvector cotresponding to the eigenvalue —2 is AT
3
V18 )
i Y 5 A
An eigenvector corresponding to the eigenvalue 115 | 0
! _2 ¥
i \ 5 B
Fri oy \
The magnitude of | 0 |5 v[{V5) +0%+2° |=v8=3
i _2 i . .
f \ 5 A
3
A normalised eigenvector cotresponding to the eigenvalue 11 | 0

o 2. #s

ViE VB 3| 400
P= — — O D=|0-=20

18 W13

s W5 2 S

T Vs 3

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Further matrix algebra
Exercise G, Question 8

Question:

f2 2 =33
The eigenvalue of the matrix A=| 2 2 3 |are 4,1, 4, where 4, = 1, = 4.
- 3 3|

a Show that 4 =6 and find the ofher two eige.nwalues A, and 4.
b Verify that det(A)= 44,4 .

¢ Find an eigenvector corresponding to the value 4 =6,

(13 £ 1
Given that | 1 |and | =1 | are eigenvectors corresponding to 4, and A;,

LY D ) \ 1 !
d write down a matrix P such that PTAP is a diagonal matrix [F]
Solution:

PhysicsAndMathsTutor.com
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a

gy o 23
A-AI=| 2 2-4 3
[ -3 3 3-4
- W
det (A—AD=| 2 2-4 3
B B 8La
=(2—Pv)2_}" 3.__2‘2 3 ‘+(—3)‘2 B}
3 2Ll "laE 3 B

= (2= (2= MG M) =9)-2(6 24+ 91— 3(6 +6—3A)

= (2= ANA*—5A—3)—30 +4A—36+9A

= A TAR = TA—6-66+13A =— A3 +TA2 +6A -T2

== +6A%+ AP —6A+124-72

== 6+ A(A—6) +12(A—6) = —(A—6)(A* — A —12)
=—(A ) A—(A+3)

det (AT =0= (A —6) AL+ =0=1 =64 -3

Az A=Ay = Ay, A =06, asrequired, A, =4 and A, =-3.

2 23
. 23 23 22
det(a)=|2 2 3|=2]" -2 T+ =3
33 ENC] —= 3
—33 3
= 2(6-9)—2(6+9)=3(6+6)=—6-30-36
=-T72=6x4x(-3)= A4 A, asrequired
For 4,=6
(99 3y ) R
223 |y| =6y
,_.—3 33 j Bl \ 2 )
[ 2x+2y-3=z ) (6x)
2x+2y+3z |=| by
\—3x+3y+3z ] | 6z |

Equating the top elements
cxtly—l3z=bx=-dx+2y-3z=0 @&
Equating the middle elements
dx+2y+3z=6y=2x—dy+3z=0 @
D+@

—2x—-2y=0=y=-x

Let x=1, then y=-1

Substitute x =1 and y=-1 inte @

4 -2-Gz=0=z=-2

PhysicsAndMathsTutor.com
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£ 1
An eigenvector corresponding to the eigenvalue 615 | =1 |
g
£ 1)
d The magnitude of | =1 |is V(1 +{—1]2 +[_2'f '}z V6
—2 ‘ |
£13
The magnitude of | 1 |is V(1 +1* +0° )=+ 2
o)
/ 1' |
The magnitude of | —1 [is ¥ 1 IE: +{—1J2 T '}= W3
11 1
Ve vz V3
Hence P= —i i _i
VEN2 N3
2 1
6 ° 3 |

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise H, Question 1

Question:
1 0 2
A=l i 201
-2 -1 1]

Giver& that A 1= siﬁgular, find the value of .

Solution:
1 02
21 i1 i3
i 3 1=1 -0 +2
—11 —2 1 —2—1
—2—11

=13+l )+2(—+6)=16—2
Az As singular
det{A)=16-2%=0=:=3

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise H, Question 2

Question:
1 0 03
M=|x 2 0
13 1 1]

Find M7 interms of x.

Solution:
100
: 20 x 0 x2
det (M) =(x 2 0]=1 -0 +10
11 341 31
311
=2-0+0=2
The matrix of minors is
200z 0= 2]
1111311131
(2 xx—6&)
oop|nopo
=01 1
1131131
oo 2
ooprofro :
20 |x0f|x 2

The matrix of cofactors 15 given by

(2 —x x—6)

C =01 -1

(0.0 2 .

(“ 2 0 D)

T = -x 10

| x—6 -1 2
20 0)
I'= 1_ ct=2| —x 10
det (M) 2,_x—5—12_

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise H, Question 3

Question:

i 1 8 )
The matriz M has eigenvalues 4 =35 and 4, =-15 and I\,I=‘ - |
a For each eigenvalue, find a corresponding eigenvector. .- :

i 5 |:| k!
b Find a matriz P such that PTAP =| 5 | [E]

Solution:

a For ;=5

N 7S
| 811 H ; | = |; |
[ x+38y | [5x)
| 8x-11y | sy ‘

Equating the upper elements
x+8y=0x=x=2y
Let »=1,then x=2

An eigenvector corresponding to the eigenvalue 5 iz | ? |
For A, =-15
1 8 yx)_ { %)
|,_ 811 Hy J_ _15[_),- |
[ x+8y } [-15x)
| 8x—11y | _|, ~15y |

Equating the upi:ner elements
x+8y=—1ix=y=-2x
Let x=1, then y=-2

An eigenvector corresponding to the eigenvalue —15 is | i |

£
b The magnitude of ‘ : |is V(22 +12 }=V5

The magnitude of ‘ 5 ‘ ig | i +{—2J2 ] =5

*|_.

L_J'||Ml"'h

Hence P =

< . 2] a
sy

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise H, Question 4

Question:

(5 2 -1
The matriz A =| | and the matriz B —| .
2 #1Yy —
a Find AB.
b Verify that BTAT = (AB)T.

Solution:
D]y 108 =5 4)
a = = =
|21||—42‘ | 44 —2+2| |00|
b (aB) =|—10|
Flosg: 4ad)
BTJ‘T_|—1 2 ” 95 H S ) H—m

= {AB] . as required.

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise H, Question 5

Question:

|'_5 8 A
L transformation T:B* — RB? is represented by the matrix A=‘ 3 . ‘

a Find the eigenvalues of A
b Find Cartesian equations of the two lines passing through the origin which are
invariant under T

Solution:

. [-5-A B
a .-1—;',1=| ._ |
3 -4
—-5—4A B
3 =T-4
det(A—Al)=0=(A+1){(A+11)=0= A=-1,-11
The eigenvalues of A are —1 and —11.

‘={5+,ﬁ,]{7‘+ﬁ,]—24=EF+12£,+11=[£,+1]|[ﬁ,+11]

h For A=-1
(-5 B Yx) . (x)
| 3.9 " y |_ _1|,._ ¥ |
[Rostboint . i)
| 3x—Ty | _|._ —y |

Equating the upﬁer elements
1

—5x+8y=—x:-y=§x

For A=-11

(—5 8 \x)_ £ 2

| 3 -7 " ¥ |_ _“‘,__ ¥ |

[—5x+By | |"—11x |

| 32Ty ] =11y |

Equating the up}:;-er elemments
2
—ox+8y=-11x =:~y=—zx
Cartesian equations of the lines through the origin which are invariant under T are

y—lx andy——gx
2 4

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics Pagel of 2

Solutionbank FP3
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Further matrix algebra
Exercise H, Question 6

Question:

(3 1 03}
2 4 0
bl 0% 1)

Griven that 1 iz an eigenvalue of the matriz

El

a find a corresponding eigenvector,
b find the other eigenvalues of the matrix. [E]

Solution:

PhysicsAndMathsTutor.com
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a For A=1
(310Yx) (=)
2400 »|=1 »
11501 Jlezy ez )
[ x4y ) [ x)
2x+dy | =|»
x+z | = |

Equating the top elements
ixty=x=2x+y=0 @
Equating the middle elements
dxtdy=y=2x+3y=0 &

2 -
2y=0=y=10
Substituting y=10 into D
2x=0=x=10
z can take any non-zero value
Let z=1
£
An eigenvector corresponding to the eigenvalue 143 | 0 |,
&
3100 (3—A 1 0
b Let A={ 240 |, then A—AI=| 2 4-A4 0
ol Ol 1 0 1-4]
-4 1 0 . ;
- E=A 0 2 0 2 4-A
2 4=A 0 |=({3-4) -1 |0
) 0o 1-A 1 1-4A 1 0
1 0 1-4

= (3-A)4-A)1-A)-2(1-1)
=(1-A)((3-2)(4-A)-2)=(1-A)(A* =74 +10)
=(1-A)A-2)(A-5)

det(A—AT)= 0= (1-A)(A-2)(A-5)=0=A=1,2,5

The other eigenwvalues are 2 and 3.

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise H, Question 7

Question:

The transformation T:B* — R? is represented by the matriz T where

4 3 by
T=|0 -2 1
3 1 -2

The line J is transformed by Tto the line ;. The line 4 has vector equation

Y f 9
F=|0 |4+ =3 |, where { 15 a real parameter.
2] L0

Find Cartesian equations of .

Solution:
(1Y (27 (1420
r=|0 [+ -3 |=| -3 ‘
2 0 2
43 0 Y 1+2ey (0 d4+b—-% [ 4—t
Tr=|0-21 -3 |= bt +2 =| 246
| 3al2e). 20 e | BEbE=St=A] |=l+3E ]
Equati:::uns of I ;ai.'e give.nbﬁr o .
LB e, B
r=|y|=| 2+6
i O o

Equétin-g elements
x=4—fy=2+6fz=-1+3%
=4 y—2 z+4+1
-1 6 3
Cattesian equations of 1, are

i

x—4:_y‘—2:z+1
-1 & 3

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise H, Question 8

Question:
T B
A=l4 5 10
-4 0 1|

a Show that 3 15 an eigenvalue of A and find the other two eigenvalues.
b Find an eigenvector corresponding to the eigenvalue 3.

£ o £ o

Given that the wectors | 2 | and | —1 | are eigenvectors corresponding to the other two
| -1 / | 2 /

eigenvalues, o o

¢ find a matriz P such that PTAP is a diagonal matrix. [E]

Solution:

PhysicsAndMathsTutor.com
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(3—A 4 —4 )
a A-AI=| 4 5-4 0
4 0 1-4)
-4 4 -4 _ _
i J5=-4 0 4 0 |4 5-4
4 0-4 0 1=(3-4) : —4‘ A+ ‘
, 0 1-4 -4 1-4 -4 0
-4 0 1-4
=(3-A)5-A)1-A)-16+16A-B0+164
=(3-A)5-A)1-A)=-%6+324
=(3-A)5-A)(1-4)-32(3-4)
=(3-A)(5-A)1-4)=32)=(3-A)(A*-6A-27)
=(3-A)A+3)(A-5)

det (A= AT)=0= (3— AN A+3)(A-9)=0=A=3-30

31z an eigenvalue of A and the other eigenvalues are —3 and 9.

(3 4-4Yx [ x)
b | 450 |y|=3¥
401 L] | =)
(3x+dy—4z) [3x)
Ax+5oy =| 3y
—Ax+z | 3z |

Equatmg the rmddle elements
dx+ity=3v=y=-2x

Let x=1, then y=-2

Equating the lowest elements and substituting x =1
A tz=izr=z=-2

(1
An eigenvector corresponding to the eigenvalue 315 | =2 |
| —2 )
ERYEE 2ot
¢ The magnitudes of | -2 || 2 |and | -1 [ are all
l'. _2 .'I l'. _1 .'I .'. 2 .'.
V(F+22+28)=+9=3
Hence
(1 2 2
203 3
Pt 2 pan
3003 3
2 1z
3 33
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Further matrix algebra
Exercise H, Question 9

Question:
2 20
A=|-2 1 2
0 52 9
£ o {9
a Showthat | 2 |and [ -1 [ are eigenvectors of A, giving their corresponding
-1 1

eigenvalue ;.
b Given that & is the third eigenvalue of A, find a corresponding eigenvector,

¢ Hence write down a matriz such that P AP is a diagonal matrix. [E]

Solution:
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(2 =20Y 2Y (4-6407Y (-2) {2
a |—2 123 |=|4+3-2|=|-3|=-1 3
| O 2in sl Liness | L T ) =y
R
3 |iz aneigenvalue of A corresponding to the eigenvalue —1.
| ==1]
(2 =20y 2Y (44240 (6Y (2}
2 12]|-1=|4-1+2|=|-3[=3 -1
| 6 @250 f L0=a%8e. 3, PR
{9
—11, 1z an eigenvalue of A corresponding to the eigenvalue 3.
b %)
b For A=6
(5 5 0Y 1) i
-2 12|y |=6y
0 25 NZ ) i Zic)
Zx—2y ) (6x)
—2x+y+2z |=| by
2y+5z 6z |

Equating the top elements
2x—2y=6bx= y=-2x

Let x=1, then y=-2

Equating the lowe st elements and substituting v =-2

—A+iz=bzr=z=-4

o
-2
A _4 !
2
¢ The magnitude of | 3
oy
£ 9
The magnitude of | —1
1)
The magnitude of | -2
—4 |
Hence :
(2 2
Via Vs
) g et
W14 Wb
1 1
V14 Ve

1z an eigenvalue of A corresponding to the eigenvalue 6.

is V(243 + (1) )=V14

s V(24 (-1)+1*)=V6

is V(1 +(-2f +(-4) |]=v21
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Further matrix algebra
Exercise H, Question 10

Question:

-
a Calculate the inverse of the matriz Alx)=|2 0 2 |[,x=—.
(11 0]
(e (1 3 1)
The image of the vector | & | when it is transformed by the matriz |2 0 2 | is
) [ole 1 A0
4
the wector | 3 |
|2 )
b Find the vaiuejs of @, band e [E]
Solution:
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3 .__lx_l_r:uz 32] PO
a det{.ik{xjj—?lfl] i —1‘1U—x10‘+[—lj‘1 1‘
=-242x-3=2x-5
The matrixz of the minors is given by
02 3 230
1 O‘ ‘1 U‘ 11
(—2-2 5
M= _1‘ ‘1_1‘ | R
1 0|l ojjt1
| 2x 5 —3x |
x =11 =11 x| :
0 213 2(j30
The matrixz of the cofactors 15 given by
(—2 2 3
C =-1 1 =z-1
2x —5 —5x
(-2 -1 2x )
it =2 1 =5
3 x-1 —3x._.
-2 -1 2z
{A{x”lzdetii{x]]CTZEJr]—S L
: 3 x-1 —3x__.
b Substituting x =3
[—2-16)
(AG)) ' =| 2 1-5
52 2 5.
(a ) (—2-16 Y4) (-B=-3+307Y [ 15 )
b = 2 1-53]3|= 843-25 |=|-14
|z ) L3¢ 2 =8 45 [l2k6=45 |27

Equating elements
a=19h=-14 c=-27
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Further matrix algebra
Exercise H, Question 11

Question:

a Show that for all values of the constant «, an eigenvalue of the matriz A is 1,

fa 029
where A= 4 3 0]
st =1 By
£ 9
Aneigenvector of the matriz A 1s | -2 | and the corresponding eigenvalue iz
1)
FF#1).
b Find the walue of & and the value of 3
¢ Forvyour value of o, find the third eigenvalue of A [E]
Solution:
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f—4 0 2
a A-iI=| 4 3-4 0
| 22 TR
e— 4 0 2 : -
. N CE | 4 0 4 3— A
4 3-4 0 |=(x=2) -0 i
. -1 1-4A -2 1-4 |
-2 -1 1-4

={o—A)3-A)N1-A)+2{-4+6-24)
=(o-A)Z-A)1-A)+4(1-4)
=(1-A){(e-A)(3-1)+4)
Hence, forall o, A =115 a solution of det{A—AI)=0, and, forall o, an
eigenvalue of A 45 1.

. g 6 onpa iy
4 30(|-2|=p8|-2

l.__2 =11 N 1 1

so+2 ) (28 (20+2)
s5-6 |=|-2B|=| 2
~4+2+1) | B |

Equating the lowest elements
B—_q
¥

Equating the top elements and substituting 3 =-1
A +E2=-L=o=-2
o =-23d=-1

¢ Substituting o =—2 into = in part a and equating to 0

(1=2)((=2=2)(3-4)+4) =0
(1-A)(A*-A-2) =(1-A)(A-2)L+1)

A=1,2-1
The third eigenvalue 13 2.
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Further matrix algebra
Exercise H, Question 12

Question:

-1 3
The matriz A iz defined by A=[2 1 u
|[0: 1 i)
a Find A'interms of u, statiné the condiﬁon for which A is non-singular
e (1 -1 3}
The image vector of | & | when transformed by the matriz A=|2 1 4 |is
L) o 4 ¢
=281
53
I 2.3 ]
b find tﬂe values of @, & and e [E]
Solution:
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1-13
. 1 |2z |21
det(A)=[2 1a|=1 |=(-D)} |+3] .
011

=l-u+i2+6=9—u

Az singular if det{A)=0=9-u=0=u=2%

The condition for which A 15 non-singular 1z w25
The matrix of the minors 15 given by

lu| |2u| 21
11 |01 ‘01
[ 1-u 2 2
M= ‘—13‘ 13‘1—1‘= 4 {1
1 oot
| ——3 w—6 3|
-1 31 3((1 -1 d
‘1 gl l2u|l2 1
The matrixz of the cofactors is given by
[ 1-w =2 2)
c = 4 1 el
l-ti=3 61 5]
(1= 4 —3—u)
¢t =| -2 1 6-u
2 =1 3
(l1-u 4 —3-u)
b _spliee b e g gy ‘
det{A) 9—ut 5 1 3
substituting w=4
(=24 =T
at=1 51 2
2=l 3 )
[a) (28 (=34 7y -28)
pl=a 53 |=l21 2] 53
<) 2.3 2hlniE 2.3
(844+212-161) (13.3) ( 2.7 )
=—| 56+33+46 i 155 ]=| 3.1
—56-53+69 5.._ —4 | |08

Equating elemerts
a=27h=31c=-03
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Further matrix algebra
Exercise H, Question 13

Question:
20 00
M=1 1 1
14 -1 3

a show that the matriz M has only two distinct eigenvalues.
b Find an eigenvector corresponding to each of these eigenvalues.

Solution:

PhysicsAndMathsTutor.com
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(3-4 0 0
a A—AT=| 1 1-1 1
4 -1 3-4]
pan @ 0 jalt 11 1)
|1 1=4 1 |==-2) 7" o |+0| T8
. 1 3=&| M3=il 1 =
T |

=(3-A) (1= ) (3=A)+1)=(3- A)(A* —4i +4)

= (3-A)(A-2)’
det(A-Al)=0=(3-A)(A- 2_]2 =0= A=3,2 repeated.
There are only two distinct eigenvalues of A, 2 and 3.

h For A=2
(30 0V x) S
111w |=2¥»
'-.4 —13 NE ) \Z )
[ 3x Vo[ 2x)
x+y+z |=| 2»
,__4x—_y+32 2z |

Equating the top elements
x=Z2x=x=10
Equating the middle elements and substituting x=10
Ot+y+z=2y=y==z

Let z=1,then v=1

(0
An eigenvalue corresponding to the eigenvalue 215 | 1 |
1
For A=3 o
(30 0V x) pies
11 1\ »y|=3»
4-13 NZ ) \ Z |
( 3x Vo 3x)
x+y+z |=|3»
dr—y+3z 3z

Equating the lower elements
dx—yp+3z=3z = y=4x
Let x=1,then v=4
Equating the middle elements and substituting x=1 and y=4
+d+z=12=z=7
(13
4 |.
|7

An eigenvalue corresponding to the eigenvalue 3 1z
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Further matrix algebra
Exercise H, Question 14

Question:
(1 1 1)
2 2 W2
The matnz P = l —l —i :
2 2 R
LT

a Show that the matriz P s orthog.onal.

The transformation P:IR* — R? is represented by the matrix P.
The plane ff 1z ransformed by A to the plane ff, . The plane fI, has Cartesian

equation x+ y— -.,Ez =10,
b Find a Cartesian equation of the plane £,

Solution:
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(1 11 y1 1 1)
2 2 W2 2 2 N2
o PRl & e b dodemds L
2 2 N2 2 2 N2
2 N L s 55
\ K 2 K 2 N Y 2 K 2 )
1, .l 1 1 1 1 1
S S+i-—  —————+0
RN I RS
= —t——— —+—+= ———F+0 010 |=I
4 4 2 4 4 2 22 2WZ
1 1 1 1 1 e L
— +0 — +0  —+—+0 ' '
| 2 b 2 2 N 2 2 K 2 2 ) 2 2 2
Hence P iz orthogonal.
b As Pis orthogonal, PT =P}
x+ty—2z=10
Let x=s and v=¢, then Z=L2{S+.f.]
g
A parametric form of the general point on T, 15 i
1
— g+
2{ )
A parametric form for the general point of 11 1z given by
1 1 17
o) s s 21 21 '-12 , o
=p*! ¢ =pT £ —_— = — ¢
; 1 1 & el
\ %) —(s+¢) —(s+2) 1 1 —(s+¢)
fnsd), | ganii] [aee g gt
2 Nz /
| —S+lﬁ+l{5+f,) |
i 21 21 ol 4
= —s——i+—lg+i) 0
PAE 7 ¢ )
1 1 Rl o
——5———f+0 b
Y Y , /

Equating elements

x=3+i,y=0,z=%{s—.ﬁ_}

x and z can take any values
A Cartesian equation of T 15 »=10.
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Further matrix algebra
Exercise H, Question 15

Question:

(3 =3 &1
a Determine the eigenvalues of the matriz A=|0 2 -&
|0 0 -2
3
b Show that | 1 | is an eigenvector of A
o)
(7 —6 23
B=l1 2 3
1 -3 2
(3
¢ Show that | 1 |1z an eigenvector of B and write down the corresponding
L 0)
eigenvalue.: :
d Hence, or otherwize, write down an eigenvector of the matriz AR, and state the
cotresponding eigenvalue. [E]
Solution:
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(3-4 -3 6
a A-iI=| 0 2-i -8
0 0 —2-A|
3-4 -3 6 : :
. A -8 o -8 oz
0 2ok <5 [=3=4) iy |+8
_, : —2-A " Mo —2-i P o
00 —2-A

={3-AM2-AN-2-4)
det(A-Al)=0= (3-A}(2-A)(-2-A)=0= A=-2,2,3

The eigenvalues are —2,2 and 3.

(3.3 63\ (9-3\ (6) (3}
b |02 B|1|=| 2 |=l2]=2|1
0o -2 0 0 0 0
{3
1 |1z an eigenvector of A comresponding to the eigenvalue 2.
1 0}
[(7—62Y 3y (21-6Y [13Yy (3}
c [12Z2)1]|= 3+2 |=| 5 [=3]1
\ 1 _3 2 PR [:] ; X, 3_ 3 ! LY [:I s 5, D s
£
1 |iz an eigenvector of B corresponding to the eigenvalue 3.
oy
(2 (37 (3 (3 (2 (30
d AB|1|=A|B|1||=A5|1|=5A]|1|=5x2|1]|=10[1
s 0 . L L 0
!
1 |1z an eigenvector of AB corresponding to the eigenvalue 10,
0
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Further matrix algebra
Exercise H, Question 16

Question:
f1To0 1y
A=13 1 1
4 2 7

a Showing your working, find AL
The transformation 7:R* — R’ is represented by the matriz A

b Find Cartesian equations of the line which 12 mapped by Tonto the line x=

Solution:
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101
: 11 31 31
a det(A)=1311 =1‘2 ?‘—04?+]‘4 2‘
427
=7-24+6-4=7
The matrixz of the minors 15 given by
1112121
24 ‘4?‘42
{5172}
M:zﬂl‘ll‘lﬂz 539
274742
| =1=2:1
o1ty |o
11 ‘31 51
The matrixz of the cofactors 15 given by
[5=17 2}
Cc =2 3 -2
-1 2 1]
([ 3 2 =1}
C' =|-17 3 2
g &34 4
5 2 -1}
pre. L prallogses o
det (A) > 21
fx"u Fﬁ A
b Let x=£=£=£,then ¥ |=| 4¢
4 3 2| |
Equations of the original line are given by
£ £ (5 5 1V ¢ )
vil= AT e =% =17 3 2 || 4
'uz.-' '-.33.-' LY 2 _2 1 JII\3£.II
Se+8-3 ) (10|
= | =17e+12i 46 |==| ¢
28— &t + 3t 21
Equating elements
1V S
B L
Hence
X oy iZ
0.7 -3 7
Cartesian equations of the line are
X, W..'Z
1 -3
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