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Further coordinate systems
Exercise A, Question 1

Question:

a Sketchthe following ellipses showing clearly where the curve crosses the
coordinate azes.
i x+4y°=15
i dxi4y*=36
i ox* 49y =25
b Find parametric equations for these curves.

Solution:

i 2+4yi=16
2 2

F
= —4+—=1 a :
16 4 YA
2
!_/4 =—-'1"
b Parametric equations x=4dcozs, y=2s5n6
i dx*+y' =36 a \

2 yﬁ

y A
X
=4+ =
9 36 /\
(

_Y

b Parametric equations x=3cosB, y=6smnf
i ox? 9y =25 a
2 2
x
N L P sl
5)
\ 3 ) -
LT E
; : 5
b Parametric equations x=5cosH,y=§smH
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Further coordinate systems
Exercise A, Question 2

Question:

a Sketch ellipses with the following parametric equations,

b Find a Cartesian equation for each ellipse.
1 x=2cosf, y=73znd
i x=4cosd, y=35snd
m x=cosf, y=>5:nf0

v x=4cosf, y="73znd

Solution:
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1 x=Z2cosf, y=73znd a _\"
—a=25=3 3

e
N

o)
(%]

b Cartesian equation

[\:-Nl e
'._»JM| St
Il

niy

n x=4cost, y=5snf a Ay

—g=45=5 /;,

DY
N

1.2
b Cartesian equation x_2+y_2=1
4° 5
m x=rcosH, y=>5snH a v A
—a=1b=5 (f’
( l T X
3
b Cartesian equation % Bt
5
v x=4dcosf, y=3z1nd a LY
—a=45b=3 /__\
!_/4 s
2 .2
b Cartesian equation :—2+§—2=1
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Further coordinate systems
Exercise B, Question 1

Question:

Find the equations of tangents and normals to the following ellipses at the points
given

a §+y2 =1at (Zeozd snth

a 2

b 2 =1 (Scosf 3sind)
25 9

Solution:

x=acosl, y=hant

¢ beos 8 - : bros
Y=- - Sotangent iz y—dsin = -1
i @sin b e gin 6

(x—acos )

Equation of tangent is: avsin & +bxcost = ab

asind . . cein B
© normal 150 y—bsin =

(x—acosH)
cosf boost

Mormal gradient is

Equation of normal is: hycos 8 —axsin 8= (b* —g*)sin Bcos @

a a=2,b6=1
w0 equation of tangent 15: 2ysin® + xcosH =2

Equation of normal 131 ycosB — 2xsin = —3sinfH cosf

a 2
24X i g=5b=13
25

2o equation of tangent 150 Svsin @ +3xcosd =15
Equation of normal 15: 3y cos@ —2xsinf =—1ésinf cosH
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Further coordinate systems
Exercise B, Question 2

Question:

Find equations of tangent and normals to the following ellipses at the points given,

P 2
a —+—=1at (4/5,—
5 (5.2)

Pt
b —+=—=1at (-2, .f3
b (-2.+/3)
Solution:
. 2% dy

X 2
a Z4+yl=12240y Y =
9 d 9 ydx

1.1E:_i soat |r\|||'§,gl‘l| m:—ﬁ
dx 9y T3] 6

Tangent at |r JEE] iz y—gz_ﬁ(x_ﬁj
g 3 %

LE. 6y+—\."f_:ux=9
y ‘A 2 6

Mormal at | ﬁg ‘ i y—g—ﬁ(‘x—\,@)

Pe 3By —25=182-18/5 ie 35y=18x-16./5

2 a
b B ey B VD
16 4 8 2dx
dy 1
T =l o soat (243 m=—x
dx ¥ o]

Tangent at (—2,—\@] 13 y—-\f{_=21ﬁ(x——2}

1E. E\Ey—x=8

NMormal at (~2,/3) i5 ¥—~3 = —2~3(x—-2)
1E. y+2ﬁx=—3\.@
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Further coordinate systems
Exercise B, Question 3

Question:

. e MR .
=how that the equation of the tangent to the ellipse _2+y_2 =1 at the point
@

(]

(@ cosi bani)is xboost+ yasini =ab

Solution:
7 2 2x 2y d
—2+y—2=1=5 —f+—{—y20
a A
d 5 : bz cost
,‘.—y=—T,at (acost,bant) m=—5——
dx a’y abeing
brosi
LB = ——
5111 E
Equation of tangent at {acosé, bain£) is:
: brost
y—bsini=————{x—acosi)
cd 511 £

ie. aysini—absin’t=—brcost+abcos ¢
Le bxcostt+aveini=ab,

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Further Pure Mathematics

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Further coordinate systems
Exercise B, Question 4

Question:

_}’2

a Show that the line = x+./3 15 a tangent to the ellipse with equation 5y +T =1

b Find the point of contact of this tangent.

Solution:

: . o
The line y=mx+¢ iz atangent to —2+y—2=1 if
a

b

alwt 48 =¢

a m=],c=\.'{§ ('.'y=x+ﬁ

2

f 2 2 A
= D= ] ‘-.-x—+"”’—=1|

T
it B =dxl+1= 3

LV = x40 15 atangent.
b Point of contact: ¥y = x+/5

1
§+y2=1=:-x?+(x+u"§)2=l

ox +40 +25x45) = 4
55 +8-f5x +16 =0
(\5x+4)* =0

WY

5
=35 =25

o point of contact 15 |If —%NE%\E ‘I|

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Further Pure Mathematics

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Further coordinate systems
Exercise B, Question 5

Question:

2
a Find an equation of the normal to the ellipse with equation i +2 =1 atthe point

Fi3cosd, 2sinth
This normal crosses the x-axis at the point (—%, 0.

b Find the wvalue of & and the exact coordinates of the possible positions of P

Solution:

} d Zoosf
a x=3cosH,y=251nH:~—y= .
dx  —3and
) . 3snd
oo Gradient of normal is
Zocosf
. ) . Zain H
s Equation of normal 150 y— 2sin 6 = H(x—3|:os &)
cos

1e. 2ycosfi—dcosfBant = 3anfx—9snf cosfl

2yrosH—3sinfx = —SeanfHcosd

b y=0,x=—g
e :
= —351nH|—E|=—5s1nHu:osH
5 | |
§=—5cosHors1nH:UorsmH:U

1 o
ie cosH=—§i.e.H= 0or 180 ie 8=00r 130

6 =120, 240°
i N i !
s Pis | -g,ﬁ |or ‘ —;—ﬁ | e Pis(3,0) or (-3, 0)
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Further coordinate systems
Exercise B, Question 6

Question:

2
The line y=2x+c¢ iz atangentto x° +%= 1. Find the possible values of 2,

Solution:

¥=pmx+c 15 atangent to —2+y—=1 if @®m® +b* =c*
a” b
y=2x+e =m=2,c="
2

xﬂ+3"?=1=-.. a=1,b=2

2
2

it 44 =0t = Ixd+4 =2
g 2

e =122
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Further coordinate systems
Exercise B, Question 7

Question:
e
The line with equation v =mx +3 is a tangent to x° +—=1.

Find the possible values of m2.

Solution:

|The a’m’ +b* =c? condition could be used as in question 6.

2
e 2
+—= 1 3 +
5 substitution = x° +M =1

y  =mx+3
fe, Sxt+(mx+37 =5
(S+mS+miin +émx+d =0

since the line 15 a tangent the discriminant of this equation must equal zeroe {must have

equal roots)

So 36w = 16(5+m%)

20m° =80
mt =4
I
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Further coordinate systems
Exercise B, Question 8

Question:

The line y=mx+4 (m=0) is a tangent to the ellipse & with equation §+

the point F.

a Find the value of .

b Find the coordinates of the point P.

The normal to & at F crosses the y-amis at the point A,
¢ Find the coordinates of 4.

The tangent to & at P crosses the y-axis at the point £
d Find the area of triangle A58

Solution:

2
a y=mx+4, é+%=l:ﬁc=4,a2=3,bg=4
LB et == 443 =16
Iwt =12
m=12butm=10
=2

3 a ) )
b J’=2-"’+4,%+%=1 substitute x—+w=1

= +3x +12x+12 =3
42 +12x+5=10
(2x+3)" =0

x =—§,y= 2x+d=1 ,‘,Pis[—g, 1|

¢ Gradient of normal =—%
. 1/ 2
Equation of normal: y_1=_§|,_.x__§ |
3 1 ' ‘l kY
x=0=>y=1——=—.'.A‘ 0,—
i L el

d Tangentiz y=2x+4 x=0=y=4. 504

- B
Lrea of AAPE = l‘ 4—l |/§

2l 4
P 1 15 3 45
LA i ey
0 16
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Further coordinate systems
Exercise B, Question 9

Question:

2
The ellipse & has equation E-PV?: 1.

a Show that the gradient of the tangent to & at the point PG cosd, 2an ) 15

—Ecotlﬁ'.
3

b Zhow that the point Q(% ,—%) lies on &

¢ Find the gradient of the tangent to & at (.
The tangents to & at the points F and £ are perpendicular.
d Find the value of tan @ and hence the exact coordinates of F.

Solution:
a d—y=2cosH,E=—35inH.'.d—y=—gcotH
46 df dx
2
5 5 s 16
h —+ =—+—=1=EH=
8 4 25 25
(9 %
| -, —= |lies on &
505
9 . , 3 .3 . e
¢ —=3cosd =rcosp== sooth=—=where (s (Soos ¢, 2sind)
] ] 4
——=2Zsing =sng=—— @=E§=l
] 5 dr 2 4 2
d Gradient of tangent at F=-2
.‘,—2=—E|:r:>th':;-ta.nH=l |
3 3 V1D |
= 3 1)
SR | B — 2 — or
SN ] B
3
i 9 2 b

V10
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Further coordinate systems
Exercise B, Question 10

Question:

2 2 2
¥

The line y=mx+c 15 a tangent to both the ellipses Y =tand T4 =1

45 25 14

Find the possible values of #2 and o

Solution:

2 _}’2

y=mx+c and x—+—=]=t~.:z2=9,b2=46
2 4b
b et =t = 4640t =0t O
2 2
y=mx+c and x—+y—=1:~a2=25,b2=]4
25 14
LB vt =t = 4 2mt =t @

D@ =32-16m* =0

=mt =2
I

pr=2 and 14425 = =c'=64
Soo =18

Lm=t2 o =48
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Further coordinate systems
Exercise C, Question 1

Question:

Pagel of 1

sketch the following hyperbolae showing clearly the intersections with the x-axis and

the equations of the asymptotes,
a x*-4y" =16
b 4x*—25y° =100

2
8 z
Solution:

2 2
.
16 4

a=4.b=2

b 4x* - 25y =100
=y

25 4

G2
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Further coordinate systems
Exercise C, Question 2

Question:

a Sketch the hyperbolae with the following parametric equations. Give the equations
of the asymptotes and show points of intersection with the x-amis.

b Find the Cartesian equation for each hyperbola
1 x=23zech

¥=3tant

1 x=4dcosht

¥ = 3anhi

m x= cosht

¥ = Zsinh ¢

v x= SzecH

y="Ttan f

Solution:
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1 x=2sectH v=73tant a
a=2546=3
L
2 2 3
b i—%:l::x_—y_zl
a® kb 4 9
1 x=4coshé y=73anht a
a=44=3
=y
3
Azymptotes y=:tzx
2 2
b Equation: F ol
16 9
m x=rcoshi, ¥=2snht a Ay
a=15=2 \
: e

.
Jol

2
b Equation: x° —y? =1 Asymptotes y=+2x

v x=D5sectH, v="Ttanfd a
a=5b=7

-
il s

b Equation:

2 2
£= ¥

25 45
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Further coordinate systems
Exercise D, Question 1

Question:

Find the equations of the tangents and normals to the hyperbolae with the following
eruations at the points indicated.

T
a ——2—=1 atthe point (12, 4
16 2 ¥ : :
xﬂ yﬂ
b ——2—=1 atthe point (12, &
% 1z k ( :
2y
——* =1 atthe pont (10, 3
25 3 F ( /
Solution:
P 2 2z 2y d
—z‘y—zzlﬁ_i__{_y:
Py f:n v E:‘ dx
Cdy Bx
Cdx azy
a ad=165=2 Y= maz 4y ,=3
dx 8y 8

A (12, 4) equation of tangent 13: y—4 = S(x— 12)
By =3x—4
: : ]
Equation of normal 15: y—4 = —g (x—12)
3y+Exr=108

T TN I At(12.6) y'=3
dx 3y 3

At {12, 6) equation of tangent 15: y— & = %(x—wj
3y =2x-6

Equation of normalis y— 6= —%(x— 12}

2y+3x =438
g gizos aiae o Bgarey o &
dx 25y 5

At {10, 3) equation of tangent 15: y— 3= %(x— 10
Sy =2x-5
; : 3
Equation of normal is: yp—3= _E (x—10)
2y+ix =36
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Further coordinate systems
Exercise D, Question 2

Question:

Find the equations of the tangents and normals to the hyperbolae with the following

equations at the points indicated.

2 2
il

a ——>—=1 atthe point (3 cosh, 2 sinh 2)
25 4
2
b ?—%=1 at the point (sect, 3tan i)
Solution:

a x=D5coshiy=2snh¢ d_y = 2|:j::-sh.ﬁ
dx Ssinhi
. . 2roshi
2 Equation of tangent: y— Z2sinhé = — {x—5coshs)
Sainhi

Sysinh i +10= Zxcoshs
Equation of normal:

Ssinh i

cosh g
2vcoshi+5xainhi = 2%9cosh £sinh ¢

y¥—2sinhf = — (x—Scoshi)

d Fsects 3zeci
b x=sect, y=73tan¢ WY =
dx  secitanf tané

: 3zect
o Equation of tangent: y—3tané = i

{x—sect)
tan £

ytani+3 = 3secix
tat i

3sect
3ysect+ xtant = 10secs tan ¢

Equation of normal: y—3tan: = —

(x—seci)
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Further coordinate systems
Exercise D, Question 3

Question:

. . Bt
Show that an equation of the tangent to the hyperbola with equation —— y—2 =1 atthe
e

[

point (asect btang) 15 bxrseci—aytani = ab

Solution:

x=aseci y=htant

dy ¥ bsec’t _ hsect

dxr & @secftans atané

Equation of tangent 1s:
bseci

y—hbtant = (x—asect)

e tan £
yatani—abtan® i = bsecéix—absec? s

ab =hrzect —aytani
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Further coordinate systems
Exercise D, Question 4

Question:
Foil s

Show that an equation of the normal to the hyperbola with equation ——=—=1 at the
a

5=

point (acosh ¢, bsinhé) is booshéyv+asinhix = (a® +5*Vsinhécoshs.

Solution:

x=acoshi y=hsnht
dv ¥ hcoshe

dx  x  asnhi

asinh é

brosht
.. Equation of normal 15

o gradient of normal =—

asinh
Broshi
yhroshs — b sinhs coshs = —asinh fx+a” cosh#sinh ¢

hroshzy +asinhix = (a® +8*)cosh £sinh ¢

(x—acoshé)

y—hainhé = -
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Further coordinate systems
Exercise D, Question 5

Question:

2
The point P4 cosh £, 3 sinh ) lies on the hyperbola with equation %—%=] :

The tangent at F crosses the y-axiz at the point A

a Find, in terms of £, the coordinates of A

The normal to the hyperbola at P crosses the v-axis at 5
b Find, in terms of £, the coordinates of 5.

¢ Find, in terms of ¢, the area of triangle AF5

Solution:

. dy  Zcoshi
x=4drcaosh: y=351nhﬁ:‘-—‘y= :
dr dsinhé
. . . drcoshi
s Equation of tangent 15 v —3sinhi="— {(x—4dcosh#)
dainh
: 3rosh?s 2
a x=0= y=73snh{—-— =——
sinh £ sinh ¢
= [ 30
oAl |0, ——
sinh i |

b Using question 4 with @ =4 =73
Mormal haz equation: 3yvcoshé +4xsinhf=25sinhécosh ¢

25 (25 \
x=0:~y=?sinhz .'.Bis| 0,?smh:

€ L o
4 cosh f5 P
5 L ¥
Areaof A= l| Esinh.ﬁ —— i I|4c:c-sh£
2 i sinh{ |
2 o
= = (25sinh®# + %) coth s
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Further coordinate systems
Exercise D, Question 6

Question:

7

2
The tangents from the points & and (! on the hyperbola with equation o _% =1

meet at the point (1, 07,
Find the exact coordinates of 2 and

Solution:

2 2
x__y_=1 x=2Z2zecia=2
4 9

y=3tani bh=3
From rquestion 3 the equation of the tangent 15
Axsect —2ytani =16

Tangents meetat (1,00 solet x=1,y=0
= 3geci =6

1.e. — =rcost

=]

g =41

w |

sacf i‘£ ‘ =2, tan | ‘|_'£
*5] 73

5 Pand O are (4,3+/3) and (4,-3.3)

A

P (4,33

Y

=0
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Further coordinate systems
Exercise D, Question 7

Question:

2
The line y=2x+¢ is atangent to the hyperbola %—%=1. Find the possible values

of &
Solution:
: : 7 .sz ¥l a2
TTzing the result y =mx+c iz a tangent to —z—b—:,:l for &%+ =am
&

y=2x+e . m=2

ﬁ—“ﬁ:l Lat=1064 =4
1 4
A+t =21 x10=40
2 =36
o =16
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Further coordinate systems
Exercise D, Question 8

Question:

]

2
The line y=mx+12 iz atangent to the hyperbola AL 2F

Find the possible walues of #.

Solution:
e R Sy B i x }’2_
TTee &%+ =am® for y=mx+e to be atangent to ?—b—g—l
y=mr+li=c=12
2 32
2 gt =490 =25
43 25
L25+128 = 497
169 = 49
, 13 ¢
Lot = |—
LY ? s
Som= iE

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

= =1 at the point F.

Pagel of 1



Heinemann Solutionbank: Further Pure Mathematics Pagel of 1

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Further coordinate systems
Exercise D, Question 9

Question:
2 2
il

The line y=—x +¢,c =0, touches the hyperbola %— T =1 at the point &

a Find the value of .
b Find the exact coordinates of P

Solution:
a m=-la=56=4 | se 22 +0? =a% for y=mx+ec tobea
16+c% = 25(-1)* s
- 2 tangent to o —2- =1
lect=9 g JRANE
dop =oks vexlie=3
b y=(3-x), substitute into hyperbola
o aEEnt.,
25 16

16x° —25(9+2" —6x) = 25x16
—9x% =225 4+150x = 400
0=9x"—150x+625

0=(3x-25"°
‘x:E y:—E
T3 3
i _ hl
SoPis|E,ﬂ
i
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Further coordinate systems
Exercise D, Question 10

Question:

2
The line with equation ¥ =mx+c is a tangent to both hyperbolae o —“:;—5 =1 and

2 A
9 95
Find the poszsible values of #2 and o
Solution:
Jopd di x sz
Tse &%+ =a®mwm” for y=mx+e to be atangent to —z—b—2=1.
a

2 2
Using -2 =1—=42=4 3 =15
4 15
S5+t =4t @
2

2
Using 2 —2_=1= a® =942 =95
9 95

ettt =gmt @

=olving
@-D  80= 5w
ot =16
=14
m=14 c* =4(16)-15

=49 o=41]
sm=tdandc =47

1e lines y=4x+7 and y=-4x+7
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Further coordinate systems
Exercise E, Question 1

Question:

Find the eccentricity ofthe following ellipses.

2
a £+‘y_=
8 3
2
16 8
2
4 B
Solution:
ae gl apt=s
=gi(1-¢b =:-E=1—»;?2 i =i e =—
9 o
b a*=16 2*=9
bz=ag(]—ezj:-i=l—é2 ,‘,e2=l ,‘.e=£
16 16 4
o gl=d shi=8
Need to use a® = b*(1—¢°) since ellipse is shape.
i=1—‘=3:*=*.-‘=3'2=l.‘,ea=i

2
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Further coordinate systems
Exercise E, Question 2

Question:

Find the foci and directrices of the following ellipses.

a —+_=

Solution:
a a'=4 B'=3
=a*1-b =>§:1—;:;2 e =

Foouz (tae, ) ={+1,0); directriz x= +2 . x=44
E

b a'=16 =7

b =ag(]—22):-1=1—22 g =£ .‘,e=E
16 16 4
: ; & 16
Focuz (tae, )= (£330} ; directriz x=i—=‘;x=i?
g

¢ a‘=55"=9

Since & Fa
Tse a° =bﬂ(1—eﬂj=;~§= 1-¢*

net=le=2

9 ki
Focuz 1z (0, +he) 16 focus {0, £2)
Directriz y=ifi 1E. y=ig
& 2
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Further coordinate systems
Exercise E, Question 3

Question:

Anellipse & has focus (3, 0% and the equation of the directriz 1z x =12 Find a the
value of the eccentricity b the equation of the ellipze.

Solution:

SaeX—=g° = 36
g
1
—1 g = 8=
2
b BP=at1-40
I L 3
=36| s |=36-—=2?
4 4
2 2
" equation 1s 2 e ey
77
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Further coordinate systems
Exercise E, Question 4

Question:

Anellipse & has focus (2, 00 and the directriz has equation x =58, Find a the value of
the eccentricity b the equation of the ellipze.

Solution:
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Further coordinate systems
Exercise E, Question 5

Question:

Find the eccentricity of the following hyperbolae.

a
- ﬁ_y_=1
5 3
a
b ﬁ_y_=1
g 7
a
¢ ﬁ_y_=1
9 16
Solution:

2 ]
E Py ies gty
5 3

a

Pty Dottt Yo 22N
5 5 G5 B
2 2
b Y oo pt =0t =7
9 7
bﬂ=a3(€3_1):,z=€3_1 .‘.22=E,',e=i
g 9 3
2 2
e LY o1 at=940 =16
9 16
b2=c12(é'2—1)=:-E=22—1 .‘.22=§.‘.Q=E
9 9 3
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Further coordinate systems
Exercise E, Question 6

Question:

Find the foci of the following hypetbolae and sketch them, showing clearly the
equations of the asymptotes

2
o ﬁ_y_=1
4 g
2
b ﬁ_y_=1
16 &
2
g ﬁ_y_=1
4 5
Solution:
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2 2
a T2 = a=2b=2V2
< 2
CRR D 8 _ 3
bi=ale" =1 = —=¢" =1
4
— 8 = '\:.3
5o foct are (£24 3,0
Asymptotes are y= '_|:~f2“x
L |
S -
I X
L S
J,I' = ﬁx y — —.ﬁx
2 3
b R ] a=4b=3
16 @
—>9=]5(92—1)—532=12?f.—1a=%
so foct are (j:g-. 0
Aevmptotes y= ':%x
|\-
Vo= i.l.' y =n:i X
] 1
2 2
£ Y
¢ ——=i—=] a=2 b=.J5
4 5 V5
g e L
= S=d(e’ —1) = ¢ =gq=e==
so foct are (23,00
Asymptotes v= tﬁx
. YA
= -
/ i \ |
» N k I
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Further coordinate systems
Exercise E, Question 7

Question:

¥

2
Ellipse & has equation —2—‘;—2 =1.The foct are at.¥ and &' and the point F 15 {0, &)
a

=how that cos(FP55" =, the eccentricity of &

Solution:

yi
¢ O ‘/ =

Consider AFPOS

dae
2 G o 1_ .1 2
et =h"+ate”, but B =a(l-2%)
et =gt —atet ratet =t
Lo=a

ae
S0 cosfl=—=¢g
a

If you use the result that 5P+ 5 P=2ga then since S P=25F it is clear SP=a

ag
Hence cosfi=—=¢
a
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Further coordinate systems
Exercise E, Question 8

Question:

The ellipse B has foct at 5 and 5. The point & on & s such that angle PSS 15 a right
angle and angle P55 =30",

=“how that the eccentricity of the ellipze, e, 13 %

Solution:

YA

Y

Sae,
5 (—ae, 0)
g 2
Eiis y where a—2+“;:—2 =1
¥ =1
¥ =baJ1- o
55 = 2ae
1y bfl-4
tan 30 = —="—=
J3 2ae Zag

But &% = a(1- &%)

L=a\il—£2 1- &
ﬁ Zae
Je
RS
N
eg+%e—1=0
spipdopnido ]
N 3
— g+i\2 :1+l:i
|, J?J 3 3
é!-l—i:i Q:L
B3 wuf3 3
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Further coordinate systems
Exercise F, Question 1

Question:

The tangent at Plap® 2ap) and the tangent at ({ag, 2ag) to the parabola with
equation y* =dax meet at &

a Find the coordinates of &

The chord P passes through the focus (g, 0) of the parabola

b Show that the locus of B is the line x=—a .

Given instead that the chord P00 has gradient 2,
¢ find the locus of &

Solution:

a Using table in Section 2.6 ¥
Tangent at Pis py = x+ap’ P
Tangent at 0'is gy = x+ag”
(p-gly=alp-g)ptq) ~y=alp+g) -
= apz +apyg = :J':+a:‘.t:'2 SoX=apg 0
=0 Bis (apg,alp+a))

b Chord PQ has gradient: 24}:_ dag _  Zalp—gq) _ 2

ap’—as’ alp-gip+q) (r+g)

o Equation of chord PO 150 y— 2ap =

ie. y(p+q)22aF" ~2apq = 2x 2ap’

1e vip+g) =2x+ 2apg
Chord pazses through (@, )= 0=2a + 2apg or pg=-1
Slecusof Rizs x=—a

I .
+d

¢ Gradient of chord P 1s =2=p+g=1

Ftg
Llocus ot Riss y=alptgl=a

1e y=a
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Further coordinate systems
Exercise F, Question 2

Question:

. e T B
The tangent at Plasec £, btan £) to the hyperbola with equation — — _}’_2 =1 cuts the
a

o

x-axis at A and the v-aziz at &
Find the locus of the mid-point of AR

Solution:
e

Equation of tangent to — —~5- =1 at (@ secf, b tanf) 15; baseci—aqytani =ab
a

&

SEE SUMMAary

VAN7AN

Adz where y=0=zx= =acost
Bsect
1e Aizcoss 0
: &
iz whete x=0= y= s =—hcot
—atant

1e B0, —bcots)
f a E:, i
Mid-point of 48 iz |  cost, — ot
@ s
X= —cosi=seci=—
2 x

& b
y=—§cotr=ﬁtanr=——

2y
Use sec’f=1+tans
2 2
= — =1+— which gives locus.
4z 4y
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Further coordinate systems
Exercise F, Question 3

Question:
w58

The normal at Plasec £, &tan £) to the hyperbola with equation ——==1 cuts the
e

=

x-axis at A and the v-azis at &
Find the locus of the mid-point of AR

Solution:
7 1 : : :
Mormal to — _y_2 =1 atthe point {2 sec £, btan ) is axsins+by= (2" +2*1tan¢
a” kb
AY

ST

B
-

I’ 2 ‘I - |‘ [az +b2} !
y=0= x=| |sen:£ soAis sect, ‘
|« . c

;oo a i ﬂ2+b2
;lr=CI:‘:-_y=|cz ;_b |tan.ﬁ B s U,[ ]tan.ﬁ
{ 2+b2 .2+b2 i1
Mid-point of A5 15 | (a :Isnac.ﬁ,(cI )tanr. |
\ [ J
(@ +54) 2ax
x=-———Cseci = seci = ———
2ot a“ +h
2,2
25 a“ +h

Tee sec’s =1+tan’s
c4at = (e +0%) + 437
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Further coordinate systems
Exercise F, Question 4

Question:
xﬁ 2
+“W2

The normal at Flacos £, &sin £) to the ellipse with equation — 7 =1 cuts the
a

x-axis at A and the v-aziz at &
Find the locus of the mid-point of AR

Solution:

2
MNormal to ellipse — +’;%=1 at{ cosf, bsin£) i3
a

axsinf—bycost = (a® —b%)costsins

y= 0= x= ||:-::-s.ﬁ Atz cosr.,Cl‘
@ a
gy (a® —&%)
x—U:‘:}f=—|a |s1nz Big| 0,—- smz‘
o (][]
Mid-point of A5 15 cosf,— sind
2
f_ag_bg | Zax
A= —/———Co5i = C05E= — 5
24 a’—h
241
I G- I L by
y=—————zsni{=sni=—

T :2
a”—hb
Tse sin®f+cosie=1

AR 1A = (gt -5
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Further coordinate systems
Exercise F, Question 5

Question:

The tangent from the point P| cp,i ‘ and the tangent from the point Q| cg,i | to the
. P L d

rectangular hyperbola xv=c*, intersect at the point &

a Show that B 1s |

Zepg 2e |
p+q p+q |

b Show that the chord PO haz equation ypg +x=c(p+g)
¢ Find the locus of & in the following cases

1 when the chord PO has gradient 2
1 when the chord P{ passes through the point (1, 0}
1 when the chord PO passes through the point {0, 1)

Solution:
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From table in Section 2.6 the equation of tangent at P is: x4+ p*y=2cp

a Similarly the equation of tangent at O is: x+¢°y = 2cg

Solving: (p~7) (p+q)y =2 (p-q) -y=—oe, 1= 22

p+q  p+g

,‘.Ris‘ bR, oc |
| p+e p+g )
& &

b Gl ket ot S 1

cp—cg  pgc(p—g)  pg

_ _ 1 _
- Equation of chord 1s: y—i=——(x—-:p) 1e. ypgtx=c(p+g)
r P
: 1 1
c 1 ——=2. . pg=——.
rq 2
Ris: x=——t =—C=:-y=—2x

g
Ptyg Ftyg
i Chord through (1,00 = 1=c(p +g)
dep 2e

Ris x=—3 ,y=T=‘.)y=2r:2
€ ¢
m Chord through (0,10 = pg=cip +4g)
2
Ris s pte) o0
(P +g)
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Further coordinate systems
Exercise F, Question 6

Question:

The chord P to the rectangular hyperbola xy =¢* passes through the point (0, 1.
Find the locus of the mid-point of PO as F and 0 wary.

Solution:

polap, JTJ}

Y

[ [

Gradient of chord: £— 9 = clg—7) =_L

cp—cg  pgcip—g)  pg

Equation of chord: »— £ = —L (x—ecp)
ey 2

Meof — o = —x+cp
LoMpgtx =c(ptg)
(cip+g) clp+g))

Mid-point of chord 15 .
2 2pg

Chord passes through (0, 1) = pg=c(p +g)

Mid-point 1z x = @
clp+
sy (2+g)
2pg
substitute pg =c(p tg)l= y= LPaRg L
delp+g) 2

slocus iz line y=§
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Further coordinate systems
Exercise G, Question 1

Question:

ol A : .
A hyperbola of the form ——‘y—2=] has asymptotes with equations y = twmx and

2
o

paszses through the point (2, 0.

a Find an equation of the hyperbola in terms of x, », @ and .

A point P on this hyperbola iz equidistant from one of its asymptotes and the x-asis.
b Prove that, for all values of w2, F lies on the curve with equation

(' =" =42’ (x" —a?) [E]

Solution:
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A N g

2
“,2 |!Ij2

a Asymptotes are y=i£x
"
2

Paszes through (a, 0) = ig—lifl =1
x

- Equation iz

B e
[ & M

B
2| o
1]
s

Stan o 2

TTaing tan 6= ==

pe =tan @

2
a8

1—tan 5 T

5-44‘-1-_-“ =

But P lies on the hyperbola .. x%m® — 3 =a

2

So mi= 2_}" - @
r—a

Tzing 0= and @ 4x2)y{ = 'yz’

(2*-y) *-a

7
ie. 4x° |::x2 —a*) = |:_J'c2 —y ']2
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Further coordinate systems
Exercise G, Question 2

Question:

a Prove that the gradient of the chord joining the point P‘ cp,i | and the point
P

Q‘ cg,E ‘ on the rectangular hyperbola with equation xy=¢* is ——.
\ 9 »q

The points P, { and & lie on a rectangular hypetbola, the angle QP& being a right

angle.

b Prowe that the angle between (% and the tangent at P 15 also a right angle.  [E]

Solution:

& c

a Gradient of chord = F 9 _ )ij(q—p) =__1
w—cd pafp—q) P4

L i - ’ { o \ i .y
Plep.— |: @) e~ | B|er— |
I P | I g | I L
e e
2d
Gradient of PR = —i
Br
2 " 1 1
P TEDPRESI = — Lt =
Pd Pr
= —1=pgr @

To find gradient of tangent at P let ¢ — p for chord PO

. Gradient of tangent at F iz — iz
I
Gradient of cherd RO = —l.
gr

But from @ pPgr=—1.. gradient of tangent at P x gradient of QR =—1.
Therefore tangent at P 15 perpendicular to chord OR
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Further coordinate systems
Exercise G, Question 3

Question:

a Show that an equation of the tangent to the rectangular hyperbola with equation
: N
r=c* (with ¢ = 0) at the point | cf,— ‘ is Py+x=2ct
| i)

Tangents are drawn from the point (—3,3) to the rectangular hyperbola with equation

=16,
b Find the coordinates of the points of contact of these tangents with the hyperbola
[E]
Solution:

a y=ci 1,x=c.ﬁ So—= =——

- Equation of tangent 15: y—
ie. yti—ct=—x+ct
of 2y +x=2et
[ o ;
b Let S| c8, — | be ancther point an xr =16z =4)
5

o tangent at Sis sy +x=2es
Intersection of tangents is: (¢ — &%)y = 2ot — &)

2
‘y_—
i+s
2ct*  2cis
xR = Zei— =—
i+s i+s=
: .. Bs B )
So when ¢ =4 intersection is ‘ PRt
\i+s i+5 |

3i+s) = 8 1=5
~3(t +5) = 8s|

Now x=-3,y=3=
X 1 _1\I i)
..3|Is E| =5

=35 —85-3=1
(3s+D(s—3) =0

,‘..'s=3or—l

3

£ =—lor3
3

So points are |f—§,—12 "‘ atd ‘{ 12,% ‘|
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Further coordinate systems
Exercise G, Question 4

Question:

The point P lies on the ellipse with equation 9x° + 25y = 225, and A and B are the
points (=4, 00 and {4, 0) respectively.

a Prove that P4+ P8 =10

b FProve also that the normal at P bisects the angle APES. [E]

Solution:

2 2

a 9x0+25yt=205 2 Y o
25 g

Y Ra=ob=5

)
5

P=g-H)=0=25(1-¢Y) .2° -

oo Fociare (24,00 S0 4 and B are the foct.

Since PS+ P8 = 2a
L EA4+ PR =2=5=10

v WA
X 4

Hormal at P is: Sxsing—3vcosi=16costsini
L& iswhen y=10 Le E|:c:>s£

FB* ={Scost—4) +(3sins)* =25ces” s —40cosz +16 4+ 9sin’ £
=16cos® s —40cost +25 =(4cosz —5)°

PR =5-4cost

~P4=10-PB=5+4cos¢

AX =4+§cosﬁ,3ﬁ'=4—§cosﬁ

Consider sine rule on AFAY .
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S0 (7 .'4 + L cosf,xl
o osin(180 — o0 A8 | 5] |
in = = . ;

AF S+4dcost
_sinod(5+4coss)
Si5+4cost)

st of

Lnl d=

Consider sine rule on AFPEX

sintf‘rﬂr—?cosﬁn‘

: BX sincr
sinf = =
PR S—dcost
_snodi5—4coss)
Si5—dcost)
q
= _sne
5

sosndh=sinf and since both = 90°8 =
o Normal bisects AFE
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Further coordinate systems
Exercise G, Question 5

Question:
A curve g given parametrically by x=af, y = .
i

. el L i
Show that an equation of the tangent to the curve at the point ‘ ct,— | is y4+x="2ct
L i

The point & 15 the foot ofthe perpendicular from the origin to this tangent

. . g ._2
b Show that the locus of F 15 the curve with equation (_xz + | = 4ty |E]
Solution:
dy -t 1
a y=ci 1,x=c£ .‘,—y= = S
dx e 4

: : 1
s Equation of tangent 1s: y— L — (x—ct)
£ i

ie. ytt—ci=-xtct
of 2y +x=2ct

~

P
0

.

e

. . 1
Gradient of tangent is — —
i

- Gradient of OF is ¢*

. Equation of OP iz y=¢x
Equation of tangent is 2y =2ct—x
Selving t'x = 2ot —x

- Zet’

x__, e T S
47 1+

]
2 2 Ac yackt Ao M
yo= =

X

A+ (4
1624
a4y = T x4y =ty
_ 4%t
RIS
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Further coordinate systems
Exercise G, Question 6

Question:

a Find the gradient of the parabola with equation ¥* =4ax at the point Plat?, 2af) .

b Hence show that the equation of the tangent at this peintis x—fy+as® =0,
The tangent meets the y-axiz at T, and O 15 the origin.
¢ Show that the coordinates of the centre of the circle through &, P and T are

d Deduce that, as £ varies, the locus of the centre of this circle 15 another parabola. [E]

Solution:
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y=2at| dy_2a _1

=i [ dx Zar ¢
: : 1
b Equation of tangent is: y— Zaf = = (x—at™)
i
or yt —2at’ = x—at’
ie vt =x+at
le.x—yt+at’ =0

v A
-
?" L
/ T !
"1-. -__ -
= 0 X

Tis (0, az)
¢ Centre of circle will be intersection of perpendicular bisectors of 0T and OF
| 2
Mid-point of OF iz a— e |
Za.ﬁ 2 : . : .
Gradient of OF =— =— . Equation of perpendicular bisector of &0F 13
at’ ¢
s 1 (. s
il S e ol
7 7]
5 o a7y
Intersects y—— When ——+ | x—— |
2 2
{ 2 g
. Centre of circle 15 ‘ a:+a— =
22

2
d X=a+%=bar.2=2(X—a)

=i;:,-2¢z=4}’

S(AYYE =da % 20X —ador 2Y =alX —a)
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Further coordinate systems
Exercise G, Question 7

Question:

The points Plap®, 2ap) and Olag®, 2ag) lie on the parabola with equation ¥* = dax .

The angle FOQ =590°, where O is the origin.

a Prove that pg =—4

Given that the normal at F to the parabola has equation

y+xp= cxp3 + 2ap

b write down an equation of the normal to the parabola at (.

¢ Show that these two normals meet at the point &, with coordinates

(apg +aq2 —Za.dalp+al

d Show that, as p and g vary, the locus of & has equation »* = 16ax—96a°.

Solution:

a Gradient OP=2if=_  eradient b= 2

ap P o

. . 4
=ince perpendicular —=-1 . pg=—4
Pd

b MNeormal at Qis y+xg =ag” + 2ag
¢ Mormal at P iz y+xp=ap3+2ap
Solving x(g —p) =alg’ — p’)+2alg —p)
x(g=PF) =alg="P) (¢’ +ap+p")+2a(g~F)
x =cx[q2+p2+qp+2]
y=ap3 +2ﬁf—apq2 —czp3 —agpz —;aﬁi_e_ y=—apgig+p)
Butif pg=—4 Riz [qu2+ap2—2cz,4a{p+q_]:|
4 X=al(p+q) —2pq-2=a[(p+g) +6]

Y=da(ptq) = pra=

A
]
ot
FE
X —6a = e s F =160k — 96a°
i
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Further coordinate systems
Exercise G, Question 8

Question:

Show that for all values of mz, the straight lines with equations ¥ = mx tfb* +a’m?

2
are tangents to the ellip se with equation —2+’;—2 =1 [E]
a

Solution:

2
i g
y=mr+ec and —+—==1
a’ b

= b*x* +a’ (mx+c)? =o'’
ie Bx? +almtnt +2atnoe +ac? = afb?
fe. 2 (b +am®) + 2a’mex +at (e -2 =0
For atangent the discriminant = 0
e datmie? = 4(b% vateat(e® - )
Le a'mie? =bic? — bt +aimie? — dtwlh?
e almid? +0 = b2
fee® =amt +b°
R T
ie lines y=mxtqfa’m® +5° are tangents
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Further coordinate systems
Exercise G, Question 9

Question:

The chord P, where P and (2 are points on zy=s", has gradient 1. Show that the
locus of the point of intersection of the tangents from F and () 12 the line y=—-x.

Solution:

N

[ [

Chord PQ has gradient £ 9 = clg-p) __ 1

cp—cg  pgcip—g)  pg
If gradient =1 then pg=-1

Tangent at P is p*y+x=2cp
Tangent at 0is ¢°y +x=Zeg

- 2
Intersection (p* —g*)y = Ec(p—g):.y=_c

P g
2ept 2
Lx=2ep— i S
pPt+g ptg
o[22 2
So His cpq, ‘
\ptg ptg |
: —2e
But pg=—-1. locusof Rz 2=
rtg
o
ptg

1 y=—%x
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Further coordinate systems
Exercise G, Question 10

Question:

a Show that the asymptotes of the hyperbola H with equation x° —y* =1 are

perpendicular.
i 1 1 N
TTeing (sec £, tan £) as a general point on & and the rotation matrix ) 1
L2 2

b show that a rotation of 457 will transform & into a rectangular hyperbola with
equation xy =" and find the positive value of e,

Solution:
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oy &
a Asymptotes of ———==lare y=+—x
a® b a
For ' —y'=1,a° =4* =1 S Asymptotes are y=xx e perpendicular

(sect ) i 3
b Let | i | be the position vector of a point on x° —y* =1
\ &l J

(1 1)
: 2 2 ; i
The matrixz &= 1 1 represents rotation of 45" about (0, )
LB 35 )
1 1) (sect tant)
o o | seci "_ \-"5 ﬁ
1 1 || tan ) sec:z+tan.ﬁ
W2 2 L2 W2
. 1
e, X =—iszeci—tans)
N2
1
F=—={(zect+tan{)
N
1
g =§|(secr—tan£)(seci+tanr)|

e X¥ = l(seczﬁ—tanz £ =l
2 >
- the hyperbola % —yz =1 when rotated by 45" gives the rectangular hyperbola

H:l’czi

27 2

YA _ v

X \ AN :
¥ ‘F) / +0 \ |

45°
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