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Hyperbolic functions
Exercise A, Question 1

Question:

TTze your calculator to find, to 2 decimal places, the value of

a sinh4
1

b cosh{—
(23'

¢ tanh{—2)
d sech 5.

Solution:

e ?ml‘h g =42?'29 (2 dip) +— Direct from calculator,
| D |
b coshl%]l =1132dp) +— Direct from calculator.
(05 4 05 \
bl T P |
2 |
¢ tanh(=2)=-036 {2dp) +— Direct from calculator.
i 4 9
f -1 \
| =096 |
= +1
d sechs= ! =0012dp)
cosh 5 ' .
i 2 i
=001
le*+e? |
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Hyperbolic functions
Exercise A, Question 2

Question:

“Write 1n terms of e

a sinhl
b coshd
¢ tanh 0.5
d sech (-1} .
Solution:
legraseal e
a sinh1=E T gt ©
2 2
4 4
b |:-::ush4=e te
el—1
¢ tanh 0.5 = -~ 221
g +1 Tse tanh x=——.
_E—]. e +1
e+1
2
d sech(—]]=17in
B te -— 1
2 TTze zechx = )
= cosh x
el+e
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Hyperbolic functions
Exercise A, Question 3

Question:

Find the exact value of

a sinh{ln 23
b coshiln®)
¢ tanh(ln2)

1 cosechilnar).

-,

Solution:
_ b2 _ -k
a sinh(ln &) = ——— y I I andem=ﬁml=l
1 ’ 2
g 3
2 4
k3, k3
_I_
b |:-::-sh|:1113]|=E 26 g Eh3:3,andeh3=8h31:%
1
P 0
P 2
2k _q
¢ tanhiln2) = ———
In2) BT e 7
_4=1 3
+1 5
2
d cosechilnm) = ——
B —B
_ 2 _ 2m
. 1 gty
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Hyperbolic functions
Exercise A, Question 4

Question:

TTze definitions of the hyperbolic functions (in terms of exponentials) to find your

answer, then check vour answer using an inwverse hyperbolic function on your
calculator,

Find, to 2 decimal places, the walues of x for which cosh x =2

Solution:
g" -l;a s s
e +e =4 "' Multiply throughout by ¥
e +1=4e"
e¥ —de"+1 =10
o = El im 4 Solve az a quadratic in &
2

e =3732 ar e” = (01268
x=1n3732=132(2dp)
P 26 R S B
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Hyperbolic functions
Exercise A, Question 5

Question:

TTze definitions of the hyperbolic functions (in terms of exponentials) to find your

answer, then check vour answer using an inverse hyperbolic function on your
calculator

Find, to 2 decimal places, the walue of x for which sinhx=1.

Solution:
e’ e’
z
el me =2 - Multiply throughout by &
o
e —2e"—1=10
S 2x44+4 . Solve as a quadratic in e".

2
e* =241d or e =-01.414

e = 2414 e |
x =1n2414=088(2dp)

e" cannot be negative.
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Hyperbolic functions
Exercise A, Question 6

Question:

TTze definitions of the hyperbolic functions (in terms of exponentials) to find your
answer, then check vour answer using an inwerse hyperbolic function on your
calculator,

Find, to 2 decimal places, the value of x for which tanh x=——

Solution:

e -1_ 1

1 2

2(e® 1) = (" +1)
Dei o Taw

3 =1
eili= L
3
2x =1n|l - |
x :%In[%]:—ﬂ.ﬁﬁ@dp.)
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Hyperbolic functions
Exercise A, Question 7

Question:

TTze definitions of the hyperbolic functions (in terms of exponentials) to find your
answer, then check wour answer using an inwerse hyperbolic function on your
calculator

Find, to 2 decimal places, the walue of x for which cothx =10,

Solution:
s
cothx = — bl e E— 1
LA cothr =
4y tanh x
B+
=10
23’_1
2 +1=10e¥ -10
9e¥ =11
62K=E
4
2% =1n|l E I
L &

1, (11}
r==In| — |=0.102dn
5 9__.| (2dp)
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Hyperbolic functions
Exercise A, Question 8

Question:

TTze definitions of the hyperbolic functions (in terms of exponentials) to find your
answer, then check vour answer using an inwerse hyperbolic function on your

calculator.

Find, to 2 decimal places, the values of x for which sech x =l.

Solution:
sechx = — . -
g +e
2 el
et T B
16 ="+
166" =¥ +1

e?* —16e +1=10

L l6+4/256—4
2
¥ =15.937 or & = 0.0627

x =1015937 =277 (2dp)
x =1n0.0627=-277 (2 dp)
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Hyperbolic functions
Exercise B, Question 1

Question:

O the same diagram, sketch the graphs of y=cosh 2x and y=2coshx .

Solution:

4+— For fizx)=coshzx,

y = j (5] X 1
¥y =Z2cosh x f{2xy=cosh2x, a horizontal

sketch of scale factor é :

v =cosh 2x

4— Forf(x)=coshx,
2 (x)=2cosh x, avertical
stretch of scale factor 2.

|
[ 2%
|
=
b
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Hyperbolic functions
Exercise B, Question 2

Question:

a Onthe same diagram, sketch the graphs of w=sech x and v =sinh x.

b Shew that, at the point of intersection of the graphs, x= %ln 2+ -\E) :

Solution:
a Ity
y=sinh x
24
/ y =sech x
k 'l 4 e e J.".-
-3 -2 =l »0 1 2 3
. 8
=24
=3d

b Atthe intersection,
sechx = sinh x

2 g¥ —e

i 2
d=(e"—e ™"+ ")

4=Eﬂx_'32x ‘

- Multiply throughout by e**.
4 =gt -1

e 4 1=0

e AE16HE o »

Solve as a quadratic in e

2
e’ =2£V5
2x =ln2+v 5 * 2—+5 iz negative, and e**
1 cannot be negative,
=51n(2+*~ 5]
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Hyperbolic functions
Exercise B, Question 3

Question:

Find the range of each hyperbolic function

a
b
c
d
e

f

fixi=snhx xR
f(xy=coshx,xe
f(xi=tanhx zc
fixy=sechx, xR
t(x)=cozechx,zc B, x=10

fixi=cothx, xR x=0

Solution:

a

b

d

f(x) el (All real numbers)
fixiz1

—“1<f(x) <1
[f(x] =1

0<f(x)<1

f(x) eIk, £(x)=0

(A1 real numbers except zero.)

F(x)<—1, f(x) =1
|£(x)]>1
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Hyperbolic functions
Exercise B, Question 4

Question:

a Sketchthe graph of y=1+cothx, xR, 220,

b Write down the equations of the asymptotes to this curve.

Solution:

a y=rcothx+1

Translation of v =coth x through

o
1)

0
=2
0

x
¥
¥
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Hyperbolic functions
Exercise B, Question 5

Question:

a Sketchthe graph of y=3tanhx, xR
b Write down the equations of the asymptotes to this curve.

Solution:

a y=I3tanh x

b y=-3
F=35

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Further Pure Mathematics

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Hyperbolic functions
Exercise C, Question 1

Question:

Drowe the following identity, using the definitions of sinh x and cosh x.
sinth 2.4 = 2ainh Acosh A

Solution:

EHE =2sinh Acosh A

(ef—e ) et e )
=iz
2

2

=anh 24=LHE
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Hyperbolic functions
Exercise C, Question 2

Question:

Drowe the following identity, using the definitions of sinh x and cosh x.
cosh({Ad—5)=cosh Acosh B —sinh Asinh &

Solution:

EHZ =coshdcosh B—sinh Asinh B

N S B e |
_|_ 5 ” 5 |_| 5 ” 5 |
|.B.|I1-3+e A.-B.+EJ13+.E A.B
B 4
A+ A EA-B_EAB_I_EAB
- 4
_2(e™E et
B 4
GAE A
- 2

= cosh(4-F)=L.HS.
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Hyperbolic functions
Exercise C, Question 3

Question:

Prowe the following identity, using the definitions of sinh x and cosh x.

cosh 34 =4cosh® A—3cosh A

Solution:

EHS =4cosh® A—3cosh 4

] ¢ \
EA_'_E_A:‘ ||E_.|1+EJ1||

2 2

_ 4|"

(e* +e “1)3 =™ 43 g4 1 3ph g M o ¥ 4| Use the expansion

=™ p3et 434

(x+y7 =2 +3x%y+ 30" +)°.

4+ 3 43074 e 3A_3(6A+E Ay
2 2

3d 34
e +e

2
=cosh3A=LH.E.

EHE
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Hyperbolic functions
Exercise C, Question 4

Question:

Drowe the following identity, using the definitions of sinh x and cosh x.

(A B (A+5)
sinh A—sinh B = 25inh‘ > |ctosh| ‘
Solution:
apiy (A+3)
R.H.S.=251nh| |.: h : \
4B AZ\( AE 4
_ 5 g d —g 2 g2 4g 2
2 2
{rﬁﬁ B A 4B 4B Ak AR
:_|ez T e R
2'.
1 A B ] A
=—{g" ="+ " —e™)
2
1 A A A ¥
=§(e pn el (e Rl

I
o,
=
=
oy

|
H.
=
=
]
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Hyperbolic functions
Exercise C, Question 5

Question:

Prowe the following identity, using the definitions of sinh x and cosh x.

coth A—tanh 4= 2cosech2A

Solution:

LHE =cothA—tanh A
_ e 41 M1
B ej‘q—]_ e 41
(62A+1:I2—(62A—]:I2
(e =™+

iy E R L e |

g1
B 4e
et -1 4 Divide top and bottom by e*.
_ 4 _ [ 2
T a4 24 2 24 24
" —e L e —e

2cosech 2ZA=F H.=.
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Hyperbolic functions
Exercise C, Question 6

Question:

TTze Osborn's Eule to write down the hyperbolic identity corresponding to the

following trigonometric identity.
sin(A—5Y=sin Acos 5 —cos Asin 5B

Solution:
sin(d— &) = sin Acos B—cosAsin B +— Replace sinx by sinh x and cos =
sinh{A—E8) = sinh Acosh & —cosh Asinh B by cosh x.
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Hyperbolic functions
Exercise C, Question 7

Question:

TTze Oshorn's Eule to write down the hyperbolic identity corresponding to the
tollowing trigonometric 1dentity.

sin3A=3sin A— dsin’® A

Solution:

sin 34 = 3sin A—4sin® A

= Fgin A—dsin Asin® A

. , o Eeplace sin® A, the product of
sinh 34 = 3ainh A+ 4 sinh™ A

two sine terms, by —sinh® 4.
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Hyperbolic functions
Exercise C, Question 8

Question:

TTze Osborn's Eule to write down the hyperbolic identity corresponding to the
following trigonometric identity.

cosﬂ+cos,.5‘:2c05|-’ A+E \|cog|F‘q;‘S \|
Solution:
cosd+tcos 8= ECOS[’ A+ 8 ‘-‘COS‘; A—RB)

| #+— Eeplace coz x by cosh x,

i \||:osh |-’ ﬂ \|

.|"
cosh A+cosh B = 2|:osh‘ 5 5
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Hyperbolic functions
Exercise C, Question 9

Question:

TTze Osborn's Eule to write down the hyperbolic identity corresponding to the
following trigonometric 1dentity.

.
R w
1+tan® A
Solution:
-
e %
1+tan™ A — gin? A
2 ; :
1+tanh® 4 tan® A= . so there 15 a product of two sines.
cosh2d=——F— cos” A
1—tanh” 4 Replace tan® 4 by —tanh® 4.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics Pagel of 1

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Hyperbolic functions
Exercise C, Question 10

Question:

TTze Osborn's Eule to write down the hyperbolic identity corresponding to the
following trigonometric identity.

cos2A=rcost A—sin* A

Solution:

cos 24 =cos* A—sin* A

= cos® A— (sin® A)sin® A) *— Replace sin® 4 by —sinh® 4.

cosh 2.4 = cosh* A—(—sinh® A(—sinh® 4)
= cosh* A—sinh* 4
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Hyperbolic functions
Exercise C, Question 11

Question:

Given that cosh x =2, find the exact value of

a sinhx
b tanh=x
¢ cosh 2x.

Solution:

a Using cosh® x—sinh® x=1

4—sinh?x=1
sinh® x =3
sinhx =%V3 3 Both positive and negative values
of sinh x are possible.
_ inh
b T:ing tanh x = Eitdattls
cosh x
\ 3
tanh x=®+—
2

¢ sing cosh 2x = 2cosh® x—1
cosh 2x = (2= 41 -1
=7
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Hyperbolic functions
Exercise C, Question 12

Question:

Given that sinh x =—1, find the exact value of
a coshx

b sinh 2x
¢ tanh Z2x.

Solution:

a Using cosh® x—sinh® x =1
cosh? x—(-1)* =1
cosh®x=2

coshx =% 2 +— cosh x cannot be negative,

b Wsing sinh 2x = Zsinh xcosh x
sinh2x=2x{-1)=xv 2

=22z
¢ Tzing tanh 2x = thhf +— Alternatively use
s 1+ta;1h A sinh 2x  sinh 2x
tanhx =2t = cosh2x  2cosh® x—1
coshx W2
&
tanh 2x = ——
i 1 !
1+‘ i |
| 2 )
_ 2 2
v2©3
O N
N2 3
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Hyperbolic functions
Exercise D, Question 1

Question:

sketchthe graph of y= artanhy, | x|= 1.

Solution:

y=artanhx, | x|<1.
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Hyperbolic functions
Exercise D, Question 2

Question:

slketch the graph of y=arsechx, 0= x=1.

Solution:

05

y=arsechx 0 =x=1
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Hyperbolic functions
Exercise D, Question 3

Question:

slketch the graph of y=arcosechx,x= 0.

Solution:

y=arcosechx, x = 0
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Hyperbolic functions
Exercise D, Question 4

Question:

Sketch the graph of y = (arsinhx)®.

Solution:
61)
54
_1_ L
3 "
2
1+

o ol oY S0 4

y = (arsinhx)?
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Hyperbolic functions
Exercise D, Question 5

Question:

=how that artanhx = —ln

|"1+x ||x|‘=il

Solution:
¥ = artanhx
il
e —1
x=tanh y=——
]

x(e? +1) =¥ -1
l+x=e?({1-1

eg}.=1+x
1-=x
2y—ln‘ (14
| ]+x
y__n‘1 x‘
arl:anhx——l ‘]+x
| x|<1

- i W
For |z|2 ],1n| 1+_x | 1z not defined, since 1+_x_ 0.
V1-x | 1-x
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Hyperbolic functions
Exercise D, Question 6

Question:

=1

i _ a %
Show that arsechx=lIn u JO<x
x
Solution:
¥ = arsechx
x = sechy = -
e +e
et +e =2
xe? —2+xe =0 <

2 -2 +x=0

Multiply throughout by &

Ey=2i1M—4f

2%

Solve as a quadratic in ¥,

IREUE

X

e

1+f1-x* |
=

y=In

b rpafieas)

X

arsechx =1n

.

arsech x 1z “single-wvalued’. So only the
positive value is required.

D=x=1 4—

If x=1, 1—x" is not real.
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Hyperbolic functions
Exercise D, Question 7

Question:

Express as natural logarithms.
a arsinh 2
b arcosh 3

C a:c‘l:anhl
2

Solution:

a arsinh2 = In(2 +-/2% +1
=In(2+%35)

b arcosh3=1n(3++3*-1)
= In(Z+VE)
=In(3+2%2)
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Hyperbolic functions
Exercise D, Question 8

Question:

Express as natural logarithms.
a arsinh u"E

b arcosh Jf_:u
¢ artanh 0.1

Solution:

a arsinh V2 =In(WZ ++/2+1)
=In(" 2+ 3)

b atcoshyS=In(v5+4J5-1)
=ln(Z2+v5)

(1+0.1}
1-0.1)
1. (11}
=_1n|_
i (F7

1
¢ atanh(0.1= Eln
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Hyperbolic functions
Exercise D, Question 9

Question:

Express as natural logarithms.
a arsinh(—3)

b :arc-::-shE

C a:c‘l:anhi

N;

Solution:

a arsinh(~3) = In(-3+.J(-3)* +1)

= ln(—3+10)

|_
LA}

1, [ ¥34+1)
—1n|
]
1. ([ ¥3+1 V341
=—1n| %
2 N 3_1 ) 3"‘1 |

l.1n| 44203 |

2 2

1
—In(Z+Y
Sz N2
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Hyperbolic functions
Exercise D, Question 10

Question:
; 2x—1
Given that a.rtanhx+artanhy=1n\.'§, show that v= :
-
Solution:
artanhx+artanhy
sl GFT | L Lo | 47)  «—— Use na+Ink=In(ad).
=lln 1+x’/1+y
2
=l 1+x+y+xy | . 1
2 BlmEx=phay Tse Elncx=1na3’.

S ‘ I+x+y+xv ‘
L=k
P kAT
l—x—y+xy
I+x+y+rp=3-3x-"3y+3xy
S Bop S sy Sapay s
2xy—dy =4x-2

wxr=21=2x-1
- 2x—1
x—2
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Hyperbolic functions
Exercise E, Question 1

Question:

=olve the following equation, giving your answer as natural logarithms.

Zsinhx+4dcoshx=4

Solution:

Zsinhx+4coshx=4

e —e ”}+4(ex+e ) -
2 2

Ze" -G 44" +4e =38

Te'-B+e T =0

Multiply throughout by &
7e — 8" +1 =0 € S

x _1 ¥ _1 = U
(le e =1 | Solve as a quadratic in ",

gt = l ore’ =1
7
o ln |Ir % 1'|, x= Cl ‘___,-—""_'f NC:tE:l tflat
_ 1
in |? |_ In(7 ™"
= —Iln7
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Hyperbolic functions
Exercise E, Question 2

Question:

=olve the following equation, giving vour answer as natural logarithme.
Tainhx—5Sceshzx=1

Solution:

Feinh x—S5cosh x =1
e ) Dl e -
2 2
Jef—Te " —5e" —%e T =2
2et—2-12e7" =10

e —1—fe =0 |
e et =0
(6" —3)(e"+2) = 0

E.'x:3-l—

MMultiply throughout by ¥

e" =—2 is not possible for real x.

x=In3
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Hyperbolic functions
Exercise E, Question 3

Question:

=olve the following equation, giving vour answer as natural logarithmes,
30cosh x =154+ 26sinh x

Solution:

Z0coshx =15+ 26zinh x
X ¥
30% —15426% % )

15" +157 =15+13"-1377
26" —15+28e " =0 « Multiply throughout by &*.
2e? —15e¥ 428 =0
(26" —Ti(e" —4) = 0
2

&

Zolve as a quadratic in ¥,

et =4

x=1n|lf%\'|, x=In4d
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Hyperbolic functions
Exercise E, Question 4

Question:

=olve the following equation, giving your answer as natural logarithmes.
13einh x—7coshx+1=10

Solution:

13sinh x—Tcosh x+1=10

L | ¥ ¥
s G D (S +; daspang
138" —13e " —Te"-Te " +2=10
G +2—-20e" =10
3" +1-10e =0 — | Multiply throughout by Bl
2 +e" —10=10
(3" —Se"+23=0

5 Zolve as a quadratic in &
e:r =i
3
r= 1HF;\ e =—2 is not possible for real x.
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Hyperbolic functions
Exercise E, Question 5

Question:

=olve the following equation, giving your answer as natural logarithms.

cosh 2x—5sinh x =13

Solution:

cosh 2x—D2ainh x =13
Using cosh2x =1+ 2sinh®x,
1+2sinh® x—Seinhx = 13
Zeinh® x—Ssinhx —12 = 0
(2zinh x+3)(sinhx -4 =0

3
sinhx=—§,sinhx =4

— =

Use arsinhx =In{x++/x° +1).

I" 3 9 \I
——+f—+w
L} 2 4 I
[ 34+V13)
= ln‘ —_ |
2

x=ln(d+:1641)

= In(4+17)

x = arsinh | —§| ,x=arsinh4

x=In
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Exercise E, Question 6

Question:

=olve the following equation, giving your answer as natural logarithms.
2tanh® x +5sech x —4 =0

Solution:

2tanh® x + Ssechx— 4 =0
Using sechx =1—tanh® x
2(1—sech®x) + Ssechx—4 =0
2sech®x —Ssechx +2 = 0
{Zzechx — Dizsechx —2) =0

sechx = l sechx=2 4+ (O<sechx =1, s0 secha=2 iz not possible,

sechx = l
2
coshx=2 * 1

Tze zechxr= )
cosh x

x = arcosh2, —arcosh 2 Use arcoshx =In(x ++/x° =1}, but remember that
x=1n(2£-/2" - 1) In{x—n{x* =1 is also a solution. ln{x—~x" =1} is
=ln(zEv3) the same as —ln(x+-/x* =1
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Exercise E, Question 7

Question:

=olve the following equation, giving your answer as natural logarithms.

Zsinh? x—13coshx+7=0

Solution:

3sinh® x—13cosh x+7=0

TTzing cosh® x—sinh® x =1,

3cosh® x—1)—13coshz+7=10
3cosh®*x—13coshx+4 =10
(Bcoshx—Di{coshx—41 =10

1 _ -— |
cosh x=— coshx =4 cosh x =1, 50 coshx =% 15 not possible.

coshx =4
x = arcoshd, —arcoshd +——mn—

x =ln(d £+f4% 1)

= In(4+V15)

Use arcoshx=Inlx++/x° =13,
but remember that ln{x—+fx* —=1)

1g also a solution.
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Exercise E, Question 8

Question:

=olve the following equation, giving your answer as natural logarithms.

sinhZ2x—Tanh x=10
Solution:
sinh 2x—7Fasinh x =10

Zeainhxcoshx—Tesinhx =10
sinh x{2cosh x =71 =0

sinhx=0,coshx = %

i !
x=U,x=iarcosh|§ | S a—

?F"
_+——1‘
2 Va4 |

(7+V45

arn:c-sh[ E I|=1n
\ 2 )

=1n

=In

r=0,x=In

© Pearson Education Ltd 2C
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Use arcoshx=In(x++/x" =1),

but remember that In{zx—+/x° = 1)

15 also a solution,
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Hyperbolic functions
Exercise E, Question 9

Question:

=Solve the following equation, giving your answer as natural logarithms.

deosh x+13 " =11

Solution:

dreoshxz+13e % =11
4$+13e" i

2et +ie T +13:e =11
2e" +15e 7 -11=10

2P 1l £15.20

(2e"—5)(e" =3 =0
2 5

ef=l"=3
2

x=1n|f§‘l|,x =1n3
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Solve as a quadratic in ¥
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Hyperbolic functions
Exercise E, Question 10

Question:

=Solve the following equation, giving your answer as natural logarithms.
2tanh x = cosh x

Solution:

2tanh x = cosh x

2sinh x —

cosh x
- 2
2einh x =cosh”x

Using cosh® x—sinh® x =1
2sinh x = 1+sinh® x

sinh® x— 2sinh x+1 =10

(sinh x—1)% =0

sinhx =1
x = arsinhl o
Use arsinhx =In{x++/2° +1).
x =In(l++f12 +1)
=1In{l1+42)
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Hyperbolic functions
Exercise F, Question 1

Question:

Find the exact value of
a zinhln 3)
b cosh {In 5

1
¢ tanhiln —).
(. 4]'

Solution:
. b3 _ln3
a sinh(ln3) = > 1 eh3=3,andeh3=ﬂh31=l.
ol ’
s
2 3
hS WS
e +e
b coshilnd) = > +— REI andeh5=em1=l
¢ 5
251
2 5
; md
o1 e *+-1
c tanh|1n5|= — e - h|l|2 1
LY e 4+] e “'=E-4- = —
(1_, 16
s
S
{EHI
I
17
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Exercise F, Question 2

Question:

a Sketch onthe same diagram the graphs of ¥ =2zech x and y=¢".
b Find the exact coordinates of the point of intersection of the graphs.

Solution:

b Atthe intersection,

Z2sechx = g*

4 .
¥ X =€
e +e
4 =tadvag]
E2x=
2x=1n3
=lln3
2

y=ef A F =3

coordinates are (12 In 3,43

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Hyperbolic functions
Exercise F, Question 3

Question:

TTsing the definitions of sinh x and cosh x| prove that
sinh({A—By=sinh Acosh B —cosh Asinh B

Solution:

EH.Z =snh Acosh B—cosh Asinh B

fet—e )P+ B) [eftret ) ef -7
e Gl b e ey
GAE _ -d+B | A-E 4B 4B | -M+B_ 4B _ -A-3
B 4 4
et -t gntel)

4
)
- 2

sinh(4—B)=LH3.
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Hyperbolic functions
Exercise F, Question 4

Question:

_ N _ . 5 tanh L x
TTzing definitions in terms of exponentials, prove that sinh x = —21 :
1-tanh® =X

Solution:

2tanhlx
RHES =—2—
l—tanh:"jx

Ztanhlx e 26 1)
2 e +1

F o e
l—tanhglx=l—| e =l
P | e F1 ]

G U
TS
_4e"
IS
i I +17

e" +1 4e”
("= D(e" +1)

2e”

|

2e”

se RHE =

=anhx=LHZ3
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Exercise F, Question 5

Question:

a Given that 13cosh x+5sinh x= Hcosh(x +a), B > 0, use the identity
cosh({A+B)=cosh Acosh B +zinh Asinh B to find the values of R and «, giving

the wvalue of & to 3 decimal places.

b “Write down the minimum walue of 13cosh x4+ 5sinh x.

Solution:

a 13cosh x+5sinh x = Rcosh xcosh o+ Rsinh xsinh o
S0 Heoshao =13

Fainheo =5
Ricosh*a - Rsinha=13 -5 *—| Use the identity
R*(cosh?or—sinhie) = 144 cosh® A -sinh® A=1.
R? =144
R =12
Aeinho 5
Reosha 13
tanhor = i
13
o =0405 +— Direct from calculator,

b 1Zcosh x+5sinhx=12cosh(x+ 0405 |
The minimum value of 13cosh x+5snh x 13 12,

Forany walue A, coshA=1
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Exercise F, Question 6

Question:

i a 3
a =how that, for x =0, arcosechxa=In ﬁ .

X

b Use the answer to part a to write down the value of arcosech 3.
¢ Tse the logarithmic form of arsinh x to venify that your answer to part b 15 the same

as the value for arsinh 1% J.

Solution:

a ¥=arcosechx

1 2
x = cosechy = — =
sinhy e —e™”
et —e =2
et —2—xe =10 e e

Multiply throughout by &
w2t —x=10

2
o D44 +4x

)
+— Solve as a quadratic in ¥

2x
s 1441+ 5
x
T+4f1+%°
"z e x>0 +— For x > 0, the positive s1gn gives
y \ aposttive value for e¥, whereas
. "
= ln‘ M x=0 the negative sign gives an
x _ impossible negative value for e
(144145
arcosechxy =ln e el ,x=0
x
(14310 )
b arcosech 3=In : |

I’ 1 Y I’ 1 1 ‘I
c arsinh| - |=1n‘ —+,|f—+1 ‘
= L3N8

{ 1 F B

=ln| - +,]—

29 |
[ 1+ 10
=
(Zame as the answer to part b).

=1In
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Exercise F, Question 7

Question:

=olve, giving wour answers as natural logarithms, L9 cosh x—5sinh x =15

Solution:

Scoshx—5snh x =15

9(3 +e :I_SI:E =) _15

2 2
¥ + P — 5" +5 7 =30
4 —3204+14e ¥ =10

28" —154+4Te T =0 o |

: Multiply throughout by &”.
2e =15 +7 =0

(26" — D" —7) =0

Solve as a quadratic in "

| —

g =

el =]

‘x =1n7

x=1n|l
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Hyperbolic functions
Exercise F, Question 8

Question:

Solve, giving wvour answers as natural logarithmes, L 23sinh x—17 cosh x+7 =10

Solution:

23sinh x—17ceshx+7 =10
o i S X ol 0

23" =23 17 =17 +14 =10
fe"+14 - 40 =10
N +T =207 =10

T 4T 20 =0 ]

Multiply throughout by ¥
(3" —Mie" +4H =0

¥

[ =

| wh

x=1n|

e" =—4 is not possible for real x.

i 5 3
3
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Exercise F, Question 9

Question:

Solwe, giving your answers as natural logarithms, L 3cosh® x +11sinh x =17

Solution:

3cosh?® x+11sinh x =17

Tsing cosh® x—sinh® x =1
3(1+sinh® x) +11sinh x =17
Zsinh® x +11sinh x—14 =0
(Zsinh x4+ 14 (sinh x -1 =0

sinhx=—E,sinhx=1

x=arsinh ‘-' —E 1'|,x = arsinhl

3
(14 fige )
x=1n‘ -——+, —+1 ‘
() 3 9 i
[ —14 +205
=1n| —|
3
x=In{l+1+1)
= n(l+V2)
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Use arsinhx=In{x++/x° +1).
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Hyperbolic functions
Exercise F, Question 10

Question:

Solve, giving yvour answers as natural logarithms, L 6tanh x — 7sech x =2

Solution:

Gtanh x— Tsech x =2
banhzx 7
coshx  coshx

Gsinh x—7 = 2coshx

=2

6(8 _; )_?:2(6 +e ")

" —Ze T T ="+ Multiply throughout by &”.
22 —T—de ™ =0

i ¥ —
EESEHAE 10 Solve as a quadratic in e”.
(2e" + D" —H =0 /
et =4
e e =_% 15 not possible for real x.
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Hyperbolic functions
Exercise F, Question 11

Question:

whow that sinh[ln(sin x)] = —%cos xcotx

Solution:

; : ghier) _ g ieina)
sinhilnlsin x)) = 5
Ghisix) _ hising] 1

2
_sinx—({snx) :
S—
_ BNl X—CoSEC X
s

=1

_sin®

2snx

IZ'ZI'S2 A

2sin x

1 fcosx
=——_ros x| |
| sinx |

1

=—§|:osxn:otx
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Exercise F, Question 12

Question:

a Onthe same diagram, sketch the graphs of y =6+ anh x and y=sinh 3x.
b Using the identity sinh 3x = 3sinh x + dsinh® x, show that the graphs intersect

where sinh x =1 and hence find the exact coordinates of the point of intersection

Solution:

v =6+ sinh x

vy =sinh 3x

b Atthe intersection,
&+sinh x = sinh 3x

6 +sinh x = 3sinh x+4sinh” x
4sinh® x+2sinhx—6=10

Zsinh® x+sinh x—3=10 +— Toucan see, by inspection, that

(sinh x— (2 sinh® x+ 2sinh x +3) = 0 sinh x =1 satisfies this equation.

The equation 2 sinh® x+ 2sinh x+3 =10 has no real roots, because
bi-dar=4-24<0.
The only intersection 1z where sinh x =1

For sinhx =1,

x = arsinhl
=ln(1+/1 +13
=In{l+v2)

Tsing ¥y =6 +anhx

y=7

Coordinates of the point of intersection are (In{l++v 2),70
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Exercise F, Question 13

Question:

Given that artanhx —artanhy =1n 5, find » in terms of x.

Solution:

artanhx — artanhy

1 (1+x) 1, (145 - (a0
2 | Uselna—lnb=ln|g|

2 1 1-x l1+y )
— g PETITW — 1
2 \l-zx+y-z| TTze 5111c;t=1nc;c2

+x—y—xy _ o5
l—x+y—xy
I+x—y—xp=20-25x+20y - 252y
2dxy — 26y = 24 - 26x
ylex=13y=12-15x%
_12-13x%

Y T 12213
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Hyperbolic functions
Exercise F, Question 14

Question:

a Ezpress 3coshx+5sinh x in the form Ranh(x+ o), where B >0, Give o to
3 decimal places.

b Tse the answer to part a to solve the equation 3cosh x+5sinh x =18, giving your
answer to 2 decimal places.

¢ molve 3coshx+5sinh x =8 by using the definitions of cosh x and sinh x.

Solution:
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a 3cosh x4+ 5sinh x = Ranh xcosh oo+ R cosh asinh o
S0 Reosho =5
Honho =3

Foosh?a—Risnhia =5 -3

E*(cosh® o—sinh® o) =16

Riv=lg
=4
Rsinho 3
Reosher 5
tanh o =E
]

o= 0693

+— TIze the identity

cosh? A—sinh® A=1

*+— Direct from calculator.

3rosh x +5sinh x =4sinh(x +0.697%)

b dainhiz+ 0693 =8
sinh(x +0.692) =2
x+0.693 = arsinh 2
=1444 3 dp)
x=075(2dp)
¢ Zcoshx+5sinhx=28
B(EX+E " +5(ex—e 2 _g
& 2
3" +3 T +9e" -5 =16
Be"—16—2e =0
de" —B—e " =10
4e* —8e" —1=0

S FE4J6d +16
2
e’ = liﬂ=li
2
gt = 1+£
2
x =1n| 1+..\—5 |
\ 2 |
=0732dp)
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+— Direct from calculator.

Multiply throughout by "

¢ Solve as a quadratic in e”.

V5
2

“— | S5 .
e =1——= 15 negative, 5o not
2

possible for real x.
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