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Hyperbolic functions
Exercise A, Question 1

Question:

TTze your calculator to find, to 2 decimal places, the value of

a sinh4
1

b cosh{—
(23'

¢ tanh{—2)
d sech 5.

Solution:

e ?ml‘h g =42?'29 (2 dip) +— Direct from calculator,
| D |
b coshl%]l =1132dp) +— Direct from calculator.
(05 4 05 \
bl T P |
2 |
¢ tanh(=2)=-036 {2dp) +— Direct from calculator.
i 4 9
f -1 \
| =096 |
= +1
d sechs= ! =0012dp)
cosh 5 ' .
i 2 i
=001
le*+e? |
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Hyperbolic functions
Exercise A, Question 2

Question:

“Write 1n terms of e

a sinhl
b coshd
¢ tanh 0.5
d sech (-1} .
Solution:
legraseal e
a sinh1=E T gt ©
2 2
4 4
b |:-::ush4=e te
el—1
¢ tanh 0.5 = -~ 221
g +1 Tse tanh x=——.
_E—]. e +1
e+1
2
d sech(—]]=17in
B te -— 1
2 TTze zechx = )
= cosh x
el+e
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Hyperbolic functions
Exercise A, Question 3

Question:

Find the exact value of

a sinh{ln 23
b coshiln®)
¢ tanh(ln2)

1 cosechilnar).

-,

Solution:
_ b2 _ -k
a sinh(ln &) = ——— y I I andem=ﬁml=l
1 ’ 2
g 3
2 4
k3, k3
_I_
b |:-::-sh|:1113]|=E 26 g Eh3:3,andeh3=8h31:%
1
P 0
P 2
2k _q
¢ tanhiln2) = ———
In2) BT e 7
_4=1 3
+1 5
2
d cosechilnm) = ——
B —B
_ 2 _ 2m
. 1 gty
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Hyperbolic functions
Exercise A, Question 4

Question:

TTze definitions of the hyperbolic functions (in terms of exponentials) to find your

answer, then check vour answer using an inwverse hyperbolic function on your
calculator,

Find, to 2 decimal places, the walues of x for which cosh x =2

Solution:
g" -l;a s s
e +e =4 "' Multiply throughout by ¥
e +1=4e"
e¥ —de"+1 =10
o = El im 4 Solve az a quadratic in &
2

e =3732 ar e” = (01268
x=1n3732=132(2dp)
P 26 R S B
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Hyperbolic functions
Exercise A, Question 5

Question:

TTze definitions of the hyperbolic functions (in terms of exponentials) to find your

answer, then check vour answer using an inverse hyperbolic function on your
calculator

Find, to 2 decimal places, the walue of x for which sinhx=1.

Solution:
e’ e’
z
el me =2 - Multiply throughout by &
o
e —2e"—1=10
S 2x44+4 . Solve as a quadratic in e".

2
e* =241d or e =-01.414

e = 2414 e |
x =1n2414=088(2dp)

e" cannot be negative.
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Hyperbolic functions
Exercise A, Question 6

Question:

TTze definitions of the hyperbolic functions (in terms of exponentials) to find your
answer, then check vour answer using an inwerse hyperbolic function on your
calculator,

Find, to 2 decimal places, the value of x for which tanh x=——

Solution:

e -1_ 1

1 2

2(e® 1) = (" +1)
Dei o Taw

3 =1
eili= L
3
2x =1n|l - |
x :%In[%]:—ﬂ.ﬁﬁ@dp.)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics Pagel of 1

Solutionbank FP3
Edexcel AS and A Level Modular Mathematics

Hyperbolic functions
Exercise A, Question 7

Question:

TTze definitions of the hyperbolic functions (in terms of exponentials) to find your
answer, then check wour answer using an inwerse hyperbolic function on your
calculator

Find, to 2 decimal places, the walue of x for which cothx =10,

Solution:
s
cothx = — bl e E— 1
LA cothr =
4y tanh x
B+
=10
23’_1
2 +1=10e¥ -10
9e¥ =11
62K=E
4
2% =1n|l E I
L &

1, (11}
r==In| — |=0.102dn
5 9__.| (2dp)
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Hyperbolic functions
Exercise A, Question 8

Question:

TTze definitions of the hyperbolic functions (in terms of exponentials) to find your
answer, then check vour answer using an inwerse hyperbolic function on your

calculator.

Find, to 2 decimal places, the values of x for which sech x =l.

Solution:
sechx = — . -
g +e
2 el
et T B
16 ="+
166" =¥ +1

e?* —16e +1=10

L l6+4/256—4
2
¥ =15.937 or & = 0.0627

x =1015937 =277 (2dp)
x =1n0.0627=-277 (2 dp)
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Hyperbolic functions
Exercise B, Question 1

Question:

O the same diagram, sketch the graphs of y=cosh 2x and y=2coshx .

Solution:

4+— For fizx)=coshzx,

y = j (5] X 1
¥y =Z2cosh x f{2xy=cosh2x, a horizontal

sketch of scale factor é :

v =cosh 2x

4— Forf(x)=coshx,
2 (x)=2cosh x, avertical
stretch of scale factor 2.

|
[ 2%
|
=
b
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Hyperbolic functions
Exercise B, Question 2

Question:

a Onthe same diagram, sketch the graphs of w=sech x and v =sinh x.

b Shew that, at the point of intersection of the graphs, x= %ln 2+ -\E) :

Solution:
a Ity
y=sinh x
24
/ y =sech x
k 'l 4 e e J.".-
-3 -2 =l »0 1 2 3
. 8
=24
=3d

b Atthe intersection,
sechx = sinh x

2 g¥ —e

i 2
d=(e"—e ™"+ ")

4=Eﬂx_'32x ‘

- Multiply throughout by e**.
4 =gt -1

e 4 1=0

e AE16HE o »

Solve as a quadratic in e

2
e’ =2£V5
2x =ln2+v 5 * 2—+5 iz negative, and e**
1 cannot be negative,
=51n(2+*~ 5]
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Hyperbolic functions
Exercise B, Question 3

Question:

Find the range of each hyperbolic function

a
b
c
d
e

f

fixi=snhx xR
f(xy=coshx,xe
f(xi=tanhx zc
fixy=sechx, xR
t(x)=cozechx,zc B, x=10

fixi=cothx, xR x=0

Solution:

a

b

d

f(x) el (All real numbers)
fixiz1

—“1<f(x) <1
[f(x] =1

0<f(x)<1

f(x) eIk, £(x)=0

(A1 real numbers except zero.)

F(x)<—1, f(x) =1
|£(x)]>1
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Hyperbolic functions
Exercise B, Question 4

Question:

a Sketchthe graph of y=1+cothx, xR, 220,

b Write down the equations of the asymptotes to this curve.

Solution:

a y=rcothx+1

Translation of v =coth x through

o
1)

0
=2
0

x
¥
¥
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Hyperbolic functions
Exercise B, Question 5

Question:

a Sketchthe graph of y=3tanhx, xR
b Write down the equations of the asymptotes to this curve.

Solution:

a y=I3tanh x

b y=-3
F=35
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Hyperbolic functions
Exercise C, Question 1

Question:

Drowe the following identity, using the definitions of sinh x and cosh x.
sinth 2.4 = 2ainh Acosh A

Solution:

EHE =2sinh Acosh A

(ef—e ) et e )
=iz
2

2

=anh 24=LHE
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Hyperbolic functions
Exercise C, Question 2

Question:

Drowe the following identity, using the definitions of sinh x and cosh x.
cosh({Ad—5)=cosh Acosh B —sinh Asinh &

Solution:

EHZ =coshdcosh B—sinh Asinh B

N S B e |
_|_ 5 ” 5 |_| 5 ” 5 |
|.B.|I1-3+e A.-B.+EJ13+.E A.B
B 4
A+ A EA-B_EAB_I_EAB
- 4
_2(e™E et
B 4
GAE A
- 2

= cosh(4-F)=L.HS.
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Hyperbolic functions
Exercise C, Question 3

Question:

Prowe the following identity, using the definitions of sinh x and cosh x.

cosh 34 =4cosh® A—3cosh A

Solution:

EHS =4cosh® A—3cosh 4

] ¢ \
EA_'_E_A:‘ ||E_.|1+EJ1||

2 2

_ 4|"

(e* +e “1)3 =™ 43 g4 1 3ph g M o ¥ 4| Use the expansion

=™ p3et 434

(x+y7 =2 +3x%y+ 30" +)°.

4+ 3 43074 e 3A_3(6A+E Ay
2 2

3d 34
e +e

2
=cosh3A=LH.E.

EHE
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Hyperbolic functions
Exercise C, Question 4

Question:

Drowe the following identity, using the definitions of sinh x and cosh x.

(A B (A+5)
sinh A—sinh B = 25inh‘ > |ctosh| ‘
Solution:
apiy (A+3)
R.H.S.=251nh| |.: h : \
4B AZ\( AE 4
_ 5 g d —g 2 g2 4g 2
2 2
{rﬁﬁ B A 4B 4B Ak AR
:_|ez T e R
2'.
1 A B ] A
=—{g" ="+ " —e™)
2
1 A A A ¥
=§(e pn el (e Rl

I
o,
=
=
oy

|
H.
=
=
]
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Hyperbolic functions
Exercise C, Question 5

Question:

Prowe the following identity, using the definitions of sinh x and cosh x.

coth A—tanh 4= 2cosech2A

Solution:

LHE =cothA—tanh A
_ e 41 M1
B ej‘q—]_ e 41
(62A+1:I2—(62A—]:I2
(e =™+

iy E R L e |

g1
B 4e
et -1 4 Divide top and bottom by e*.
_ 4 _ [ 2
T a4 24 2 24 24
" —e L e —e

2cosech 2ZA=F H.=.
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Hyperbolic functions
Exercise C, Question 6

Question:

TTze Osborn's Eule to write down the hyperbolic identity corresponding to the

following trigonometric identity.
sin(A—5Y=sin Acos 5 —cos Asin 5B

Solution:
sin(d— &) = sin Acos B—cosAsin B +— Replace sinx by sinh x and cos =
sinh{A—E8) = sinh Acosh & —cosh Asinh B by cosh x.
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Hyperbolic functions
Exercise C, Question 7

Question:

TTze Oshorn's Eule to write down the hyperbolic identity corresponding to the
tollowing trigonometric 1dentity.

sin3A=3sin A— dsin’® A

Solution:

sin 34 = 3sin A—4sin® A

= Fgin A—dsin Asin® A

. , o Eeplace sin® A, the product of
sinh 34 = 3ainh A+ 4 sinh™ A

two sine terms, by —sinh® 4.
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Hyperbolic functions
Exercise C, Question 8

Question:

TTze Osborn's Eule to write down the hyperbolic identity corresponding to the
following trigonometric identity.

cosﬂ+cos,.5‘:2c05|-’ A+E \|cog|F‘q;‘S \|
Solution:
cosd+tcos 8= ECOS[’ A+ 8 ‘-‘COS‘; A—RB)

| #+— Eeplace coz x by cosh x,

i \||:osh |-’ ﬂ \|

.|"
cosh A+cosh B = 2|:osh‘ 5 5
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Hyperbolic functions
Exercise C, Question 9

Question:

TTze Osborn's Eule to write down the hyperbolic identity corresponding to the
following trigonometric 1dentity.

.
R w
1+tan® A
Solution:
-
e %
1+tan™ A — gin? A
2 ; :
1+tanh® 4 tan® A= . so there 15 a product of two sines.
cosh2d=——F— cos” A
1—tanh” 4 Replace tan® 4 by —tanh® 4.
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Hyperbolic functions
Exercise C, Question 10

Question:

TTze Osborn's Eule to write down the hyperbolic identity corresponding to the
following trigonometric identity.

cos2A=rcost A—sin* A

Solution:

cos 24 =cos* A—sin* A

= cos® A— (sin® A)sin® A) *— Replace sin® 4 by —sinh® 4.

cosh 2.4 = cosh* A—(—sinh® A(—sinh® 4)
= cosh* A—sinh* 4
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Hyperbolic functions
Exercise C, Question 11

Question:

Given that cosh x =2, find the exact value of

a sinhx
b tanh=x
¢ cosh 2x.

Solution:

a Using cosh® x—sinh® x=1

4—sinh?x=1
sinh® x =3
sinhx =%V3 3 Both positive and negative values
of sinh x are possible.
_ inh
b T:ing tanh x = Eitdattls
cosh x
\ 3
tanh x=®+—
2

¢ sing cosh 2x = 2cosh® x—1
cosh 2x = (2= 41 -1
=7
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Hyperbolic functions
Exercise C, Question 12

Question:

Given that sinh x =—1, find the exact value of
a coshx

b sinh 2x
¢ tanh Z2x.

Solution:

a Using cosh® x—sinh® x =1
cosh? x—(-1)* =1
cosh®x=2

coshx =% 2 +— cosh x cannot be negative,

b Wsing sinh 2x = Zsinh xcosh x
sinh2x=2x{-1)=xv 2

=22z
¢ Tzing tanh 2x = thhf +— Alternatively use
s 1+ta;1h A sinh 2x  sinh 2x
tanhx =2t = cosh2x  2cosh® x—1
coshx W2
&
tanh 2x = ——
i 1 !
1+‘ i |
| 2 )
_ 2 2
v2©3
O N
N2 3
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Hyperbolic functions
Exercise D, Question 1

Question:

sketchthe graph of y= artanhy, | x|= 1.

Solution:

y=artanhx, | x|<1.
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Hyperbolic functions
Exercise D, Question 2

Question:

slketch the graph of y=arsechx, 0= x=1.

Solution:

05

y=arsechx 0 =x=1
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Hyperbolic functions
Exercise D, Question 3

Question:

slketch the graph of y=arcosechx,x= 0.

Solution:

y=arcosechx, x = 0
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Hyperbolic functions
Exercise D, Question 4

Question:

Sketch the graph of y = (arsinhx)®.

Solution:
61)
54
_1_ L
3 "
2
1+

o ol oY S0 4

y = (arsinhx)?
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Hyperbolic functions
Exercise D, Question 5

Question:

=how that artanhx = —ln

|"1+x ||x|‘=il

Solution:
¥ = artanhx
il
e —1
x=tanh y=——
]

x(e? +1) =¥ -1
l+x=e?({1-1

eg}.=1+x
1-=x
2y—ln‘ (14
| ]+x
y__n‘1 x‘
arl:anhx——l ‘]+x
| x|<1

- i W
For |z|2 ],1n| 1+_x | 1z not defined, since 1+_x_ 0.
V1-x | 1-x
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Hyperbolic functions
Exercise D, Question 6

Question:

=1

i _ a %
Show that arsechx=lIn u JO<x
x
Solution:
¥ = arsechx
x = sechy = -
e +e
et +e =2
xe? —2+xe =0 <

2 -2 +x=0

Multiply throughout by &

Ey=2i1M—4f

2%

Solve as a quadratic in ¥,

IREUE

X

e

1+f1-x* |
=

y=In

b rpafieas)

X

arsechx =1n

.

arsech x 1z “single-wvalued’. So only the
positive value is required.

D=x=1 4—

If x=1, 1—x" is not real.
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Hyperbolic functions
Exercise D, Question 7

Question:

Express as natural logarithms.
a arsinh 2
b arcosh 3

C a:c‘l:anhl
2

Solution:

a arsinh2 = In(2 +-/2% +1
=In(2+%35)

b arcosh3=1n(3++3*-1)
= In(Z+VE)
=In(3+2%2)
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Hyperbolic functions
Exercise D, Question 8

Question:

Express as natural logarithms.
a arsinh u"E

b arcosh Jf_:u
¢ artanh 0.1

Solution:

a arsinh V2 =In(WZ ++/2+1)
=In(" 2+ 3)

b atcoshyS=In(v5+4J5-1)
=ln(Z2+v5)

(1+0.1}
1-0.1)
1. (11}
=_1n|_
i (F7

1
¢ atanh(0.1= Eln

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics Pagel of 1

Solutionbank FP3
Edexcel AS and A Level Modular Mathematics

Hyperbolic functions
Exercise D, Question 9

Question:

Express as natural logarithms.
a arsinh(—3)

b :arc-::-shE

C a:c‘l:anhi

N;

Solution:

a arsinh(~3) = In(-3+.J(-3)* +1)

= ln(—3+10)

|_
LA}

1, [ ¥34+1)
—1n|
]
1. ([ ¥3+1 V341
=—1n| %
2 N 3_1 ) 3"‘1 |

l.1n| 44203 |

2 2

1
—In(Z+Y
Sz N2
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Hyperbolic functions
Exercise D, Question 10

Question:
; 2x—1
Given that a.rtanhx+artanhy=1n\.'§, show that v= :
-
Solution:
artanhx+artanhy
sl GFT | L Lo | 47)  «—— Use na+Ink=In(ad).
=lln 1+x’/1+y
2
=l 1+x+y+xy | . 1
2 BlmEx=phay Tse Elncx=1na3’.

S ‘ I+x+y+xv ‘
L=k
P kAT
l—x—y+xy
I+x+y+rp=3-3x-"3y+3xy
S Bop S sy Sapay s
2xy—dy =4x-2

wxr=21=2x-1
- 2x—1
x—2
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Hyperbolic functions
Exercise E, Question 1

Question:

=olve the following equation, giving your answer as natural logarithms.

Zsinhx+4dcoshx=4

Solution:

Zsinhx+4coshx=4

e —e ”}+4(ex+e ) -
2 2

Ze" -G 44" +4e =38

Te'-B+e T =0

Multiply throughout by &
7e — 8" +1 =0 € S

x _1 ¥ _1 = U
(le e =1 | Solve as a quadratic in ",

gt = l ore’ =1
7
o ln |Ir % 1'|, x= Cl ‘___,-—""_'f NC:tE:l tflat
_ 1
in |? |_ In(7 ™"
= —Iln7
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Hyperbolic functions
Exercise E, Question 2

Question:

=olve the following equation, giving vour answer as natural logarithme.
Tainhx—5Sceshzx=1

Solution:

Feinh x—S5cosh x =1
e ) Dl e -
2 2
Jef—Te " —5e" —%e T =2
2et—2-12e7" =10

e —1—fe =0 |
e et =0
(6" —3)(e"+2) = 0

E.'x:3-l—

MMultiply throughout by ¥

e" =—2 is not possible for real x.

x=In3
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Hyperbolic functions
Exercise E, Question 3

Question:

=olve the following equation, giving vour answer as natural logarithmes,
30cosh x =154+ 26sinh x

Solution:

Z0coshx =15+ 26zinh x
X ¥
30% —15426% % )

15" +157 =15+13"-1377
26" —15+28e " =0 « Multiply throughout by &*.
2e? —15e¥ 428 =0
(26" —Ti(e" —4) = 0
2

&

Zolve as a quadratic in ¥,

et =4

x=1n|lf%\'|, x=In4d

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Hyperbolic functions
Exercise E, Question 4

Question:

=olve the following equation, giving your answer as natural logarithmes.
13einh x—7coshx+1=10

Solution:

13sinh x—Tcosh x+1=10

L | ¥ ¥
s G D (S +; daspang
138" —13e " —Te"-Te " +2=10
G +2—-20e" =10
3" +1-10e =0 — | Multiply throughout by Bl
2 +e" —10=10
(3" —Se"+23=0

5 Zolve as a quadratic in &
e:r =i
3
r= 1HF;\ e =—2 is not possible for real x.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Further Pure Mathematics Pagel of 1

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Hyperbolic functions
Exercise E, Question 5

Question:

=olve the following equation, giving your answer as natural logarithms.

cosh 2x—5sinh x =13

Solution:

cosh 2x—D2ainh x =13
Using cosh2x =1+ 2sinh®x,
1+2sinh® x—Seinhx = 13
Zeinh® x—Ssinhx —12 = 0
(2zinh x+3)(sinhx -4 =0

3
sinhx=—§,sinhx =4

— =

Use arsinhx =In{x++/x° +1).

I" 3 9 \I
——+f—+w
L} 2 4 I
[ 34+V13)
= ln‘ —_ |
2

x=ln(d+:1641)

= In(4+17)

x = arsinh | —§| ,x=arsinh4

x=In
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Hyperbolic functions
Exercise E, Question 6

Question:

=olve the following equation, giving your answer as natural logarithms.
2tanh® x +5sech x —4 =0

Solution:

2tanh® x + Ssechx— 4 =0
Using sechx =1—tanh® x
2(1—sech®x) + Ssechx—4 =0
2sech®x —Ssechx +2 = 0
{Zzechx — Dizsechx —2) =0

sechx = l sechx=2 4+ (O<sechx =1, s0 secha=2 iz not possible,

sechx = l
2
coshx=2 * 1

Tze zechxr= )
cosh x

x = arcosh2, —arcosh 2 Use arcoshx =In(x ++/x° =1}, but remember that
x=1n(2£-/2" - 1) In{x—n{x* =1 is also a solution. ln{x—~x" =1} is
=ln(zEv3) the same as —ln(x+-/x* =1
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Exercise E, Question 7

Question:

=olve the following equation, giving your answer as natural logarithms.

Zsinh? x—13coshx+7=0

Solution:

3sinh® x—13cosh x+7=0

TTzing cosh® x—sinh® x =1,

3cosh® x—1)—13coshz+7=10
3cosh®*x—13coshx+4 =10
(Bcoshx—Di{coshx—41 =10

1 _ -— |
cosh x=— coshx =4 cosh x =1, 50 coshx =% 15 not possible.

coshx =4
x = arcoshd, —arcoshd +——mn—

x =ln(d £+f4% 1)

= In(4+V15)

Use arcoshx=Inlx++/x° =13,
but remember that ln{x—+fx* —=1)

1g also a solution.
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Hyperbolic functions
Exercise E, Question 8

Question:

=olve the following equation, giving your answer as natural logarithms.

sinhZ2x—Tanh x=10
Solution:
sinh 2x—7Fasinh x =10

Zeainhxcoshx—Tesinhx =10
sinh x{2cosh x =71 =0

sinhx=0,coshx = %

i !
x=U,x=iarcosh|§ | S a—

?F"
_+——1‘
2 Va4 |

(7+V45

arn:c-sh[ E I|=1n
\ 2 )

=1n

=In

r=0,x=In

© Pearson Education Ltd 2C
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but remember that In{zx—+/x° = 1)

15 also a solution,
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Hyperbolic functions
Exercise E, Question 9

Question:

=Solve the following equation, giving your answer as natural logarithms.

deosh x+13 " =11

Solution:

dreoshxz+13e % =11
4$+13e" i

2et +ie T +13:e =11
2e" +15e 7 -11=10

2P 1l £15.20

(2e"—5)(e" =3 =0
2 5

ef=l"=3
2

x=1n|f§‘l|,x =1n3

© Pearson Education Ltd 2C
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Hyperbolic functions
Exercise E, Question 10

Question:

=Solve the following equation, giving your answer as natural logarithms.
2tanh x = cosh x

Solution:

2tanh x = cosh x

2sinh x —

cosh x
- 2
2einh x =cosh”x

Using cosh® x—sinh® x =1
2sinh x = 1+sinh® x

sinh® x— 2sinh x+1 =10

(sinh x—1)% =0

sinhx =1
x = arsinhl o
Use arsinhx =In{x++/2° +1).
x =In(l++f12 +1)
=1In{l1+42)
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Hyperbolic functions
Exercise F, Question 1

Question:

Find the exact value of
a zinhln 3)
b cosh {In 5

1
¢ tanhiln —).
(. 4]'

Solution:
. b3 _ln3
a sinh(ln3) = > 1 eh3=3,andeh3=ﬂh31=l.
ol ’
s
2 3
hS WS
e +e
b coshilnd) = > +— REI andeh5=em1=l
¢ 5
251
2 5
; md
o1 e *+-1
c tanh|1n5|= — e - h|l|2 1
LY e 4+] e “'=E-4- = —
(1_, 16
s
S
{EHI
I
17
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Hyperbolic functions
Exercise F, Question 2

Question:

a Sketch onthe same diagram the graphs of ¥ =2zech x and y=¢".
b Find the exact coordinates of the point of intersection of the graphs.

Solution:

b Atthe intersection,

Z2sechx = g*

4 .
¥ X =€
e +e
4 =tadvag]
E2x=
2x=1n3
=lln3
2

y=ef A F =3

coordinates are (12 In 3,43
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Hyperbolic functions
Exercise F, Question 3

Question:

TTsing the definitions of sinh x and cosh x| prove that
sinh({A—By=sinh Acosh B —cosh Asinh B

Solution:

EH.Z =snh Acosh B—cosh Asinh B

fet—e )P+ B) [eftret ) ef -7
e Gl b e ey
GAE _ -d+B | A-E 4B 4B | -M+B_ 4B _ -A-3
B 4 4
et -t gntel)

4
)
- 2

sinh(4—B)=LH3.
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Hyperbolic functions
Exercise F, Question 4

Question:

_ N _ . 5 tanh L x
TTzing definitions in terms of exponentials, prove that sinh x = —21 :
1-tanh® =X

Solution:

2tanhlx
RHES =—2—
l—tanh:"jx

Ztanhlx e 26 1)
2 e +1

F o e
l—tanhglx=l—| e =l
P | e F1 ]

G U
TS
_4e"
IS
i I +17

e" +1 4e”
("= D(e" +1)

2e”

|

2e”

se RHE =

=anhx=LHZ3
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Exercise F, Question 5

Question:

a Given that 13cosh x+5sinh x= Hcosh(x +a), B > 0, use the identity
cosh({A+B)=cosh Acosh B +zinh Asinh B to find the values of R and «, giving

the wvalue of & to 3 decimal places.

b “Write down the minimum walue of 13cosh x4+ 5sinh x.

Solution:

a 13cosh x+5sinh x = Rcosh xcosh o+ Rsinh xsinh o
S0 Heoshao =13

Fainheo =5
Ricosh*a - Rsinha=13 -5 *—| Use the identity
R*(cosh?or—sinhie) = 144 cosh® A -sinh® A=1.
R? =144
R =12
Aeinho 5
Reosha 13
tanhor = i
13
o =0405 +— Direct from calculator,

b 1Zcosh x+5sinhx=12cosh(x+ 0405 |
The minimum value of 13cosh x+5snh x 13 12,

Forany walue A, coshA=1
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Exercise F, Question 6

Question:

i a 3
a =how that, for x =0, arcosechxa=In ﬁ .

X

b Use the answer to part a to write down the value of arcosech 3.
¢ Tse the logarithmic form of arsinh x to venify that your answer to part b 15 the same

as the value for arsinh 1% J.

Solution:

a ¥=arcosechx

1 2
x = cosechy = — =
sinhy e —e™”
et —e =2
et —2—xe =10 e e

Multiply throughout by &
w2t —x=10

2
o D44 +4x

)
+— Solve as a quadratic in ¥

2x
s 1441+ 5
x
T+4f1+%°
"z e x>0 +— For x > 0, the positive s1gn gives
y \ aposttive value for e¥, whereas
. "
= ln‘ M x=0 the negative sign gives an
x _ impossible negative value for e
(144145
arcosechxy =ln e el ,x=0
x
(14310 )
b arcosech 3=In : |

I’ 1 Y I’ 1 1 ‘I
c arsinh| - |=1n‘ —+,|f—+1 ‘
= L3N8

{ 1 F B

=ln| - +,]—

29 |
[ 1+ 10
=
(Zame as the answer to part b).

=1In

© Pearson Education Ltd 2C
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Hyperbolic functions
Exercise F, Question 7

Question:

=olve, giving wour answers as natural logarithms, L9 cosh x—5sinh x =15

Solution:

Scoshx—5snh x =15

9(3 +e :I_SI:E =) _15

2 2
¥ + P — 5" +5 7 =30
4 —3204+14e ¥ =10

28" —154+4Te T =0 o |

: Multiply throughout by &”.
2e =15 +7 =0

(26" — D" —7) =0

Solve as a quadratic in "

| —

g =

el =]

‘x =1n7

x=1n|l
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Hyperbolic functions
Exercise F, Question 8

Question:

Solve, giving wvour answers as natural logarithmes, L 23sinh x—17 cosh x+7 =10

Solution:

23sinh x—17ceshx+7 =10
o i S X ol 0

23" =23 17 =17 +14 =10
fe"+14 - 40 =10
N +T =207 =10

T 4T 20 =0 ]

Multiply throughout by ¥
(3" —Mie" +4H =0

¥

[ =

| wh

x=1n|

e" =—4 is not possible for real x.

i 5 3
3
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Hyperbolic functions
Exercise F, Question 9

Question:

Solwe, giving your answers as natural logarithms, L 3cosh® x +11sinh x =17

Solution:

3cosh?® x+11sinh x =17

Tsing cosh® x—sinh® x =1
3(1+sinh® x) +11sinh x =17
Zsinh® x +11sinh x—14 =0
(Zsinh x4+ 14 (sinh x -1 =0

sinhx=—E,sinhx=1

x=arsinh ‘-' —E 1'|,x = arsinhl

3
(14 fige )
x=1n‘ -——+, —+1 ‘
() 3 9 i
[ —14 +205
=1n| —|
3
x=In{l+1+1)
= n(l+V2)

© Pearson Education Ltd 2C
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Hyperbolic functions
Exercise F, Question 10

Question:

Solve, giving yvour answers as natural logarithms, L 6tanh x — 7sech x =2

Solution:

Gtanh x— Tsech x =2
banhzx 7
coshx  coshx

Gsinh x—7 = 2coshx

=2

6(8 _; )_?:2(6 +e ")

" —Ze T T ="+ Multiply throughout by &”.
22 —T—de ™ =0

i ¥ —
EESEHAE 10 Solve as a quadratic in e”.
(2e" + D" —H =0 /
et =4
e e =_% 15 not possible for real x.
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Hyperbolic functions
Exercise F, Question 11

Question:

whow that sinh[ln(sin x)] = —%cos xcotx

Solution:

; : ghier) _ g ieina)
sinhilnlsin x)) = 5
Ghisix) _ hising] 1

2
_sinx—({snx) :
S—
_ BNl X—CoSEC X
s

=1

_sin®

2snx

IZ'ZI'S2 A

2sin x

1 fcosx
=——_ros x| |
| sinx |

1

=—§|:osxn:otx
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Hyperbalic functions
Exercise F, Question 12

Question:

a Onthe same diagram, sketch the graphs of y =6+ anh x and y=sinh 3x.
b Using the identity sinh 3x = 3sinh x + dsinh® x, show that the graphs intersect

where sinh x =1 and hence find the exact coordinates of the point of intersection

Solution:

v =6+ sinh x

vy =sinh 3x

b Atthe intersection,
&+sinh x = sinh 3x

6 +sinh x = 3sinh x+4sinh” x
4sinh® x+2sinhx—6=10

Zsinh® x+sinh x—3=10 +— Toucan see, by inspection, that

(sinh x— (2 sinh® x+ 2sinh x +3) = 0 sinh x =1 satisfies this equation.

The equation 2 sinh® x+ 2sinh x+3 =10 has no real roots, because
bi-dar=4-24<0.
The only intersection 1z where sinh x =1

For sinhx =1,

x = arsinhl
=ln(1+/1 +13
=In{l+v2)

Tsing ¥y =6 +anhx

y=7

Coordinates of the point of intersection are (In{l++v 2),70
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Hyperbolic functions
Exercise F, Question 13

Question:

Given that artanhx —artanhy =1n 5, find » in terms of x.

Solution:

artanhx — artanhy

1 (1+x) 1, (145 - (a0
2 | Uselna—lnb=ln|g|

2 1 1-x l1+y )
— g PETITW — 1
2 \l-zx+y-z| TTze 5111c;t=1nc;c2

+x—y—xy _ o5
l—x+y—xy
I+x—y—xp=20-25x+20y - 252y
2dxy — 26y = 24 - 26x
ylex=13y=12-15x%
_12-13x%

Y T 12213
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Hyperbolic functions
Exercise F, Question 14

Question:

a Ezpress 3coshx+5sinh x in the form Ranh(x+ o), where B >0, Give o to
3 decimal places.

b Tse the answer to part a to solve the equation 3cosh x+5sinh x =18, giving your
answer to 2 decimal places.

¢ molve 3coshx+5sinh x =8 by using the definitions of cosh x and sinh x.

Solution:

PhysicsAndMathsTutor.com
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a 3cosh x4+ 5sinh x = Ranh xcosh oo+ R cosh asinh o
S0 Reosho =5
Honho =3

Foosh?a—Risnhia =5 -3

E*(cosh® o—sinh® o) =16

Riv=lg
=4
Rsinho 3
Reosher 5
tanh o =E
]

o= 0693

+— TIze the identity

cosh? A—sinh® A=1

*+— Direct from calculator.

3rosh x +5sinh x =4sinh(x +0.697%)

b dainhiz+ 0693 =8
sinh(x +0.692) =2
x+0.693 = arsinh 2
=1444 3 dp)
x=075(2dp)
¢ Zcoshx+5sinhx=28
B(EX+E " +5(ex—e 2 _g
& 2
3" +3 T +9e" -5 =16
Be"—16—2e =0
de" —B—e " =10
4e* —8e" —1=0

S FE4J6d +16
2
e’ = liﬂ=li
2
gt = 1+£
2
x =1n| 1+..\—5 |
\ 2 |
=0732dp)

© Pearson Education Ltd 2C
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+— Direct from calculator.

Multiply throughout by "

¢ Solve as a quadratic in e”.

V5
2

“— | S5 .
e =1——= 15 negative, 5o not
2

possible for real x.
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Further coordinate systems
Exercise A, Question 1

Question:

a Sketchthe following ellipses showing clearly where the curve crosses the
coordinate azes.
i x+4y°=15
i dxi4y*=36
i ox* 49y =25
b Find parametric equations for these curves.

Solution:

i 2+4yi=16
2 2

F
= —4+—=1 a :
16 4 YA
2
!_/4 =—-'1"
b Parametric equations x=4dcozs, y=2s5n6
i dx*+y' =36 a \

2 yﬁ

y A
X
=4+ =
9 36 /\
(

_Y

b Parametric equations x=3cosB, y=6smnf
i ox? 9y =25 a
2 2
x
N L P sl
5)
\ 3 ) -
LT E
; : 5
b Parametric equations x=5cosH,y=§smH
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Further coordinate systems
Exercise A, Question 2

Question:

a Sketch ellipses with the following parametric equations,

b Find a Cartesian equation for each ellipse.
1 x=2cosf, y=73znd
i x=4cosd, y=35snd
m x=cosf, y=>5:nf0

v x=4cosf, y="73znd

Solution:

PhysicsAndMathsTutor.com
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1 x=Z2cosf, y=73znd a _\"
—a=25=3 3

e
N

o)
(%]

b Cartesian equation

[\:-Nl e
'._»JM| St
Il

niy

n x=4cost, y=5snf a Ay

—g=45=5 /;,

DY
N

1.2
b Cartesian equation x_2+y_2=1
4° 5
m x=rcosH, y=>5snH a v A
—a=1b=5 (f’
( l T X
3
b Cartesian equation % Bt
5
v x=4dcosf, y=3z1nd a LY
—a=45b=3 /__\
!_/4 s
2 .2
b Cartesian equation :—2+§—2=1
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Further coordinate systems
Exercise B, Question 1

Question:

Find the equations of tangents and normals to the following ellipses at the points
given

a §+y2 =1at (Zeozd snth

a 2

b 2 =1 (Scosf 3sind)
25 9

Solution:

x=acosl, y=hant

¢ beos 8 - : bros
Y=- - Sotangent iz y—dsin = -1
i @sin b e gin 6

(x—acos )

Equation of tangent is: avsin & +bxcost = ab

asind . . cein B
© normal 150 y—bsin =

(x—acosH)
cosf boost

Mormal gradient is

Equation of normal is: hycos 8 —axsin 8= (b* —g*)sin Bcos @

a a=2,b6=1
w0 equation of tangent 15: 2ysin® + xcosH =2

Equation of normal 131 ycosB — 2xsin = —3sinfH cosf

a 2
24X i g=5b=13
25

2o equation of tangent 150 Svsin @ +3xcosd =15
Equation of normal 15: 3y cos@ —2xsinf =—1ésinf cosH
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Further coordinate systems
Exercise B, Question 2

Question:

Find equations of tangent and normals to the following ellipses at the points given,

P 2
a —+—=1at (4/5,—
5 (5.2)

Pt
b —+=—=1at (-2, .f3
b (-2.+/3)
Solution:
. 2% dy

X 2
a Z4+yl=12240y Y =
9 d 9 ydx

1.1E:_i soat |r\|||'§,gl‘l| m:—ﬁ
dx 9y T3] 6

Tangent at |r JEE] iz y—gz_ﬁ(x_ﬁj
g 3 %

LE. 6y+—\."f_:ux=9
y ‘A 2 6

Mormal at | ﬁg ‘ i y—g—ﬁ(‘x—\,@)

Pe 3By —25=182-18/5 ie 35y=18x-16./5

2 a
b B ey B VD
16 4 8 2dx
dy 1
T =l o soat (243 m=—x
dx ¥ o]

Tangent at (—2,—\@] 13 y—-\f{_=21ﬁ(x——2}

1E. E\Ey—x=8

NMormal at (~2,/3) i5 ¥—~3 = —2~3(x—-2)
1E. y+2ﬁx=—3\.@
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Further coordinate systems
Exercise B, Question 3

Question:

. e MR .
=how that the equation of the tangent to the ellipse _2+y_2 =1 at the point
@

(]

(@ cosi bani)is xboost+ yasini =ab

Solution:
7 2 2x 2y d
—2+y—2=1=5 —f+—{—y20
a A
d 5 : bz cost
,‘.—y=—T,at (acost,bant) m=—5——
dx a’y abeing
brosi
LB = ——
5111 E
Equation of tangent at {acosé, bain£) is:
: brost
y—bsini=————{x—acosi)
cd 511 £

ie. aysini—absin’t=—brcost+abcos ¢
Le bxcostt+aveini=ab,
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Further coordinate systems
Exercise B, Question 4

Question:

_}’2

a Show that the line = x+./3 15 a tangent to the ellipse with equation 5y +T =1

b Find the point of contact of this tangent.

Solution:

: . o
The line y=mx+¢ iz atangent to —2+y—2=1 if
a

b

alwt 48 =¢

a m=],c=\.'{§ ('.'y=x+ﬁ

2

f 2 2 A
= D= ] ‘-.-x—+"”’—=1|

T
it B =dxl+1= 3

LV = x40 15 atangent.
b Point of contact: ¥y = x+/5

1
§+y2=1=:-x?+(x+u"§)2=l

ox +40 +25x45) = 4
55 +8-f5x +16 =0
(\5x+4)* =0

WY

5
=35 =25

o point of contact 15 |If —%NE%\E ‘I|
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Further coordinate systems
Exercise B, Question 5

Question:

2
a Find an equation of the normal to the ellipse with equation i +2 =1 atthe point

Fi3cosd, 2sinth
This normal crosses the x-axis at the point (—%, 0.

b Find the wvalue of & and the exact coordinates of the possible positions of P

Solution:

} d Zoosf
a x=3cosH,y=251nH:~—y= .
dx  —3and
) . 3snd
oo Gradient of normal is
Zocosf
. ) . Zain H
s Equation of normal 150 y— 2sin 6 = H(x—3|:os &)
cos

1e. 2ycosfi—dcosfBant = 3anfx—9snf cosfl

2yrosH—3sinfx = —SeanfHcosd

b y=0,x=—g
e :
= —351nH|—E|=—5s1nHu:osH
5 | |
§=—5cosHors1nH:UorsmH:U

1 o
ie cosH=—§i.e.H= 0or 180 ie 8=00r 130

6 =120, 240°
i N i !
s Pis | -g,ﬁ |or ‘ —;—ﬁ | e Pis(3,0) or (-3, 0)
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Further coordinate systems
Exercise B, Question 6

Question:

2
The line y=2x+c¢ iz atangentto x° +%= 1. Find the possible values of 2,

Solution:

¥=pmx+c 15 atangent to —2+y—=1 if @®m® +b* =c*
a” b
y=2x+e =m=2,c="
2

xﬂ+3"?=1=-.. a=1,b=2

2
2

it 44 =0t = Ixd+4 =2
g 2

e =122
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Further coordinate systems
Exercise B, Question 7

Question:
e
The line with equation v =mx +3 is a tangent to x° +—=1.

Find the possible values of m2.

Solution:

|The a’m’ +b* =c? condition could be used as in question 6.

2
e 2
+—= 1 3 +
5 substitution = x° +M =1

y  =mx+3
fe, Sxt+(mx+37 =5
(S+mS+miin +émx+d =0

since the line 15 a tangent the discriminant of this equation must equal zeroe {must have

equal roots)

So 36w = 16(5+m%)

20m° =80
mt =4
I
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Further coordinate systems
Exercise B, Question 8

Question:

The line y=mx+4 (m=0) is a tangent to the ellipse & with equation §+

the point F.

a Find the value of .

b Find the coordinates of the point P.

The normal to & at F crosses the y-amis at the point A,
¢ Find the coordinates of 4.

The tangent to & at P crosses the y-axis at the point £
d Find the area of triangle A58

Solution:

2
a y=mx+4, é+%=l:ﬁc=4,a2=3,bg=4
LB et == 443 =16
Iwt =12
m=12butm=10
=2

3 a ) )
b J’=2-"’+4,%+%=1 substitute x—+w=1

= +3x +12x+12 =3
42 +12x+5=10
(2x+3)" =0

x =—§,y= 2x+d=1 ,‘,Pis[—g, 1|

¢ Gradient of normal =—%
. 1/ 2
Equation of normal: y_1=_§|,_.x__§ |
3 1 ' ‘l kY
x=0=>y=1——=—.'.A‘ 0,—
i L el

d Tangentiz y=2x+4 x=0=y=4. 504

- B
Lrea of AAPE = l‘ 4—l |/§

2l 4
P 1 15 3 45
LA i ey
0 16
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Further coordinate systems
Exercise B, Question 9

Question:

2
The ellipse & has equation E-PV?: 1.

a Show that the gradient of the tangent to & at the point PG cosd, 2an ) 15

—Ecotlﬁ'.
3

b Zhow that the point Q(% ,—%) lies on &

¢ Find the gradient of the tangent to & at (.
The tangents to & at the points F and £ are perpendicular.
d Find the value of tan @ and hence the exact coordinates of F.

Solution:
a d—y=2cosH,E=—35inH.'.d—y=—gcotH
46 df dx
2
5 5 s 16
h —+ =—+—=1=EH=
8 4 25 25
(9 %
| -, —= |lies on &
505
9 . , 3 .3 . e
¢ —=3cosd =rcosp== sooth=—=where (s (Soos ¢, 2sind)
] ] 4
——=2Zsing =sng=—— @=E§=l
] 5 dr 2 4 2
d Gradient of tangent at F=-2
.‘,—2=—E|:r:>th':;-ta.nH=l |
3 3 V1D |
= 3 1)
SR | B — 2 — or
SN ] B
3
i 9 2 b

V10
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Further coordinate systems
Exercise B, Question 10

Question:

2 2 2
¥

The line y=mx+c 15 a tangent to both the ellipses Y =tand T4 =1

45 25 14

Find the possible values of #2 and o

Solution:

2 _}’2

y=mx+c and x—+—=]=t~.:z2=9,b2=46
2 4b
b et =t = 4640t =0t O
2 2
y=mx+c and x—+y—=1:~a2=25,b2=]4
25 14
LB vt =t = 4 2mt =t @

D@ =32-16m* =0

=mt =2
I

pr=2 and 14425 = =c'=64
Soo =18

Lm=t2 o =48
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Further coordinate systems
Exercise C, Question 1

Question:

Pagel of 1

sketch the following hyperbolae showing clearly the intersections with the x-axis and

the equations of the asymptotes,
a x*-4y" =16
b 4x*—25y° =100

2
8 z
Solution:

2 2
.
16 4

a=4.b=2

b 4x* - 25y =100
=y

25 4

G2
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Further coordinate systems
Exercise C, Question 2

Question:

a Sketch the hyperbolae with the following parametric equations. Give the equations
of the asymptotes and show points of intersection with the x-amis.

b Find the Cartesian equation for each hyperbola
1 x=23zech

¥=3tant

1 x=4dcosht

¥ = 3anhi

m x= cosht

¥ = Zsinh ¢

v x= SzecH

y="Ttan f

Solution:

PhysicsAndMathsTutor.com
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1 x=2sectH v=73tant a
a=2546=3
L
2 2 3
b i—%:l::x_—y_zl
a® kb 4 9
1 x=4coshé y=73anht a
a=44=3
=y
3
Azymptotes y=:tzx
2 2
b Equation: F ol
16 9
m x=rcoshi, ¥=2snht a Ay
a=15=2 \
: e

.
Jol

2
b Equation: x° —y? =1 Asymptotes y=+2x

v x=D5sectH, v="Ttanfd a
a=5b=7

-
il s

b Equation:

2 2
£= ¥

25 45
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Further coordinate systems
Exercise D, Question 1

Question:

Find the equations of the tangents and normals to the hyperbolae with the following
eruations at the points indicated.

T
a ——2—=1 atthe point (12, 4
16 2 ¥ : :
xﬂ yﬂ
b ——2—=1 atthe point (12, &
% 1z k ( :
2y
——* =1 atthe pont (10, 3
25 3 F ( /
Solution:
P 2 2z 2y d
—z‘y—zzlﬁ_i__{_y:
Py f:n v E:‘ dx
Cdy Bx
Cdx azy
a ad=165=2 Y= maz 4y ,=3
dx 8y 8

A (12, 4) equation of tangent 13: y—4 = S(x— 12)
By =3x—4
: : ]
Equation of normal 15: y—4 = —g (x—12)
3y+Exr=108

T TN I At(12.6) y'=3
dx 3y 3

At {12, 6) equation of tangent 15: y— & = %(x—wj
3y =2x-6

Equation of normalis y— 6= —%(x— 12}

2y+3x =438
g gizos aiae o Bgarey o &
dx 25y 5

At {10, 3) equation of tangent 15: y— 3= %(x— 10
Sy =2x-5
; : 3
Equation of normal is: yp—3= _E (x—10)
2y+ix =36
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Further coordinate systems
Exercise D, Question 2

Question:

Find the equations of the tangents and normals to the hyperbolae with the following

equations at the points indicated.

2 2
il

a ——>—=1 atthe point (3 cosh, 2 sinh 2)
25 4
2
b ?—%=1 at the point (sect, 3tan i)
Solution:

a x=D5coshiy=2snh¢ d_y = 2|:j::-sh.ﬁ
dx Ssinhi
. . 2roshi
2 Equation of tangent: y— Z2sinhé = — {x—5coshs)
Sainhi

Sysinh i +10= Zxcoshs
Equation of normal:

Ssinh i

cosh g
2vcoshi+5xainhi = 2%9cosh £sinh ¢

y¥—2sinhf = — (x—Scoshi)

d Fsects 3zeci
b x=sect, y=73tan¢ WY =
dx  secitanf tané

: 3zect
o Equation of tangent: y—3tané = i

{x—sect)
tan £

ytani+3 = 3secix
tat i

3sect
3ysect+ xtant = 10secs tan ¢

Equation of normal: y—3tan: = —

(x—seci)
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Further coordinate systems
Exercise D, Question 3

Question:

. . Bt
Show that an equation of the tangent to the hyperbola with equation —— y—2 =1 atthe
e

[

point (asect btang) 15 bxrseci—aytani = ab

Solution:

x=aseci y=htant

dy ¥ bsec’t _ hsect

dxr & @secftans atané

Equation of tangent 1s:
bseci

y—hbtant = (x—asect)

e tan £
yatani—abtan® i = bsecéix—absec? s

ab =hrzect —aytani

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Further Pure Mathematics

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Further coordinate systems
Exercise D, Question 4

Question:
Foil s

Show that an equation of the normal to the hyperbola with equation ——=—=1 at the
a

5=

point (acosh ¢, bsinhé) is booshéyv+asinhix = (a® +5*Vsinhécoshs.

Solution:

x=acoshi y=hsnht
dv ¥ hcoshe

dx  x  asnhi

asinh é

brosht
.. Equation of normal 15

o gradient of normal =—

asinh
Broshi
yhroshs — b sinhs coshs = —asinh fx+a” cosh#sinh ¢

hroshzy +asinhix = (a® +8*)cosh £sinh ¢

(x—acoshé)

y—hainhé = -
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Further coordinate systems
Exercise D, Question 5

Question:

2
The point P4 cosh £, 3 sinh ) lies on the hyperbola with equation %—%=] :

The tangent at F crosses the y-axiz at the point A

a Find, in terms of £, the coordinates of A

The normal to the hyperbola at P crosses the v-axis at 5
b Find, in terms of £, the coordinates of 5.

¢ Find, in terms of ¢, the area of triangle AF5

Solution:

. dy  Zcoshi
x=4drcaosh: y=351nhﬁ:‘-—‘y= :
dr dsinhé
. . . drcoshi
s Equation of tangent 15 v —3sinhi="— {(x—4dcosh#)
dainh
: 3rosh?s 2
a x=0= y=73snh{—-— =——
sinh £ sinh ¢
= [ 30
oAl |0, ——
sinh i |

b Using question 4 with @ =4 =73
Mormal haz equation: 3yvcoshé +4xsinhf=25sinhécosh ¢

25 (25 \
x=0:~y=?sinhz .'.Bis| 0,?smh:

€ L o
4 cosh f5 P
5 L ¥
Areaof A= l| Esinh.ﬁ —— i I|4c:c-sh£
2 i sinh{ |
2 o
= = (25sinh®# + %) coth s

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Further Pure Mathematics

Solutionbank FP3

.
A

Edexcel AS and A Level Modular Mathematics

Further coordinate systems
Exercise D, Question 6

Question:

7

2
The tangents from the points & and (! on the hyperbola with equation o _% =1

meet at the point (1, 07,
Find the exact coordinates of 2 and

Solution:

2 2
x__y_=1 x=2Z2zecia=2
4 9

y=3tani bh=3
From rquestion 3 the equation of the tangent 15
Axsect —2ytani =16

Tangents meetat (1,00 solet x=1,y=0
= 3geci =6

1.e. — =rcost

=]

g =41

w |

sacf i‘£ ‘ =2, tan | ‘|_'£
*5] 73

5 Pand O are (4,3+/3) and (4,-3.3)

A

P (4,33

Y

=0
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Further coordinate systems
Exercise D, Question 7

Question:

2
The line y=2x+¢ is atangent to the hyperbola %—%=1. Find the possible values

of &
Solution:
: : 7 .sz ¥l a2
TTzing the result y =mx+c iz a tangent to —z—b—:,:l for &%+ =am
&

y=2x+e . m=2

ﬁ—“ﬁ:l Lat=1064 =4
1 4
A+t =21 x10=40
2 =36
o =16
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Further coordinate systems
Exercise D, Question 8

Question:

]

2
The line y=mx+12 iz atangent to the hyperbola AL 2F

Find the possible walues of #.

Solution:
e R Sy B i x }’2_
TTee &%+ =am® for y=mx+e to be atangent to ?—b—g—l
y=mr+li=c=12
2 32
2 gt =490 =25
43 25
L25+128 = 497
169 = 49
, 13 ¢
Lot = |—
LY ? s
Som= iE
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Further coordinate systems
Exercise D, Question 9

Question:
2 2
il

The line y=—x +¢,c =0, touches the hyperbola %— T =1 at the point &

a Find the value of .
b Find the exact coordinates of P

Solution:
a m=-la=56=4 | se 22 +0? =a% for y=mx+ec tobea
16+c% = 25(-1)* s
- 2 tangent to o —2- =1
lect=9 g JRANE
dop =oks vexlie=3
b y=(3-x), substitute into hyperbola
o aEEnt.,
25 16

16x° —25(9+2" —6x) = 25x16
—9x% =225 4+150x = 400
0=9x"—150x+625

0=(3x-25"°
‘x:E y:—E
T3 3
i _ hl
SoPis|E,ﬂ
i
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Further coordinate systems
Exercise D, Question 10

Question:

2
The line with equation ¥ =mx+c is a tangent to both hyperbolae o —“:;—5 =1 and

2 A
9 95
Find the poszsible values of #2 and o
Solution:
Jopd di x sz
Tse &%+ =a®mwm” for y=mx+e to be atangent to —z—b—2=1.
a

2 2
Using -2 =1—=42=4 3 =15
4 15
S5+t =4t @
2

2
Using 2 —2_=1= a® =942 =95
9 95

ettt =gmt @

=olving
@-D  80= 5w
ot =16
=14
m=14 c* =4(16)-15

=49 o=41]
sm=tdandc =47

1e lines y=4x+7 and y=-4x+7

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics Pagel of 1

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Further coordinate systems
Exercise E, Question 1

Question:

Find the eccentricity ofthe following ellipses.

2
a £+‘y_=
8 3
2
16 8
2
4 B
Solution:
ae gl apt=s
=gi(1-¢b =:-E=1—»;?2 i =i e =—
9 o
b a*=16 2*=9
bz=ag(]—ezj:-i=l—é2 ,‘,e2=l ,‘.e=£
16 16 4
o gl=d shi=8
Need to use a® = b*(1—¢°) since ellipse is shape.
i=1—‘=3:*=*.-‘=3'2=l.‘,ea=i

2

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics Pagel of 1

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Further coordinate systems
Exercise E, Question 2

Question:

Find the foci and directrices of the following ellipses.

a —+_=

Solution:
a a'=4 B'=3
=a*1-b =>§:1—;:;2 e =

Foouz (tae, ) ={+1,0); directriz x= +2 . x=44
E

b a'=16 =7

b =ag(]—22):-1=1—22 g =£ .‘,e=E
16 16 4
: ; & 16
Focuz (tae, )= (£330} ; directriz x=i—=‘;x=i?
g

¢ a‘=55"=9

Since & Fa
Tse a° =bﬂ(1—eﬂj=;~§= 1-¢*

net=le=2

9 ki
Focuz 1z (0, +he) 16 focus {0, £2)
Directriz y=ifi 1E. y=ig
& 2
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Further coordinate systems
Exercise E, Question 3

Question:

Anellipse & has focus (3, 0% and the equation of the directriz 1z x =12 Find a the
value of the eccentricity b the equation of the ellipze.

Solution:

SaeX—=g° = 36
g
1
—1 g = 8=
2
b BP=at1-40
I L 3
=36| s |=36-—=2?
4 4
2 2
" equation 1s 2 e ey
77
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Further coordinate systems
Exercise E, Question 4

Question:

Anellipse & has focus (2, 00 and the directriz has equation x =58, Find a the value of
the eccentricity b the equation of the ellipze.

Solution:
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Further coordinate systems
Exercise E, Question 5

Question:

Find the eccentricity of the following hyperbolae.

a
- ﬁ_y_=1
5 3
a
b ﬁ_y_=1
g 7
a
¢ ﬁ_y_=1
9 16
Solution:

2 ]
E Py ies gty
5 3

a

Pty Dottt Yo 22N
5 5 G5 B
2 2
b Y oo pt =0t =7
9 7
bﬂ=a3(€3_1):,z=€3_1 .‘.22=E,',e=i
g 9 3
2 2
e LY o1 at=940 =16
9 16
b2=c12(é'2—1)=:-E=22—1 .‘.22=§.‘.Q=E
9 9 3
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Further coordinate systems
Exercise E, Question 6

Question:

Find the foci of the following hypetbolae and sketch them, showing clearly the
equations of the asymptotes

2
o ﬁ_y_=1
4 g
2
b ﬁ_y_=1
16 &
2
g ﬁ_y_=1
4 5
Solution:

PhysicsAndMathsTutor.com
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2 2
a T2 = a=2b=2V2
< 2
CRR D 8 _ 3
bi=ale" =1 = —=¢" =1
4
— 8 = '\:.3
5o foct are (£24 3,0
Asymptotes are y= '_|:~f2“x
L |
S -
I X
L S
J,I' = ﬁx y — —.ﬁx
2 3
b R ] a=4b=3
16 @
—>9=]5(92—1)—532=12?f.—1a=%
so foct are (j:g-. 0
Aevmptotes y= ':%x
|\-
Vo= i.l.' y =n:i X
] 1
2 2
£ Y
¢ ——=i—=] a=2 b=.J5
4 5 V5
g e L
= S=d(e’ —1) = ¢ =gq=e==
so foct are (23,00
Asymptotes v= tﬁx
. YA
= -
/ i \ |
» N k I
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Further coordinate systems
Exercise E, Question 7

Question:

¥

2
Ellipse & has equation —2—‘;—2 =1.The foct are at.¥ and &' and the point F 15 {0, &)
a

=how that cos(FP55" =, the eccentricity of &

Solution:

yi
¢ O ‘/ =

Consider AFPOS

dae
2 G o 1_ .1 2
et =h"+ate”, but B =a(l-2%)
et =gt —atet ratet =t
Lo=a

ae
S0 cosfl=—=¢g
a

If you use the result that 5P+ 5 P=2ga then since S P=25F it is clear SP=a

ag
Hence cosfi=—=¢
a
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Further coordinate systems
Exercise E, Question 8

Question:

The ellipse B has foct at 5 and 5. The point & on & s such that angle PSS 15 a right
angle and angle P55 =30",

=“how that the eccentricity of the ellipze, e, 13 %

Solution:

YA

Y

Sae,
5 (—ae, 0)
g 2
Eiis y where a—2+“;:—2 =1
¥ =1
¥ =baJ1- o
55 = 2ae
1y bfl-4
tan 30 = —="—=
J3 2ae Zag

But &% = a(1- &%)

L=a\il—£2 1- &
ﬁ Zae
Je
RS
N
eg+%e—1=0
spipdopnido ]
N 3
— g+i\2 :1+l:i
|, J?J 3 3
é!-l—i:i Q:L
B3 wuf3 3

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics Pagel of 1

Solutionbank FP3
Edexcel AS and A Level Modular Mathematics

Further coordinate systems
Exercise F, Question 1

Question:

The tangent at Plap® 2ap) and the tangent at ({ag, 2ag) to the parabola with
equation y* =dax meet at &

a Find the coordinates of &

The chord P passes through the focus (g, 0) of the parabola

b Show that the locus of B is the line x=—a .

Given instead that the chord P00 has gradient 2,
¢ find the locus of &

Solution:

a Using table in Section 2.6 ¥
Tangent at Pis py = x+ap’ P
Tangent at 0'is gy = x+ag”
(p-gly=alp-g)ptq) ~y=alp+g) -
= apz +apyg = :J':+a:‘.t:'2 SoX=apg 0
=0 Bis (apg,alp+a))

b Chord PQ has gradient: 24}:_ dag _  Zalp—gq) _ 2

ap’—as’ alp-gip+q) (r+g)

o Equation of chord PO 150 y— 2ap =

ie. y(p+q)22aF" ~2apq = 2x 2ap’

1e vip+g) =2x+ 2apg
Chord pazses through (@, )= 0=2a + 2apg or pg=-1
Slecusof Rizs x=—a

I .
+d

¢ Gradient of chord P 1s =2=p+g=1

Ftg
Llocus ot Riss y=alptgl=a

1e y=a

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Further coordinate systems
Exercise F, Question 2

Question:

. e T B
The tangent at Plasec £, btan £) to the hyperbola with equation — — _}’_2 =1 cuts the
a

o

x-axis at A and the v-aziz at &
Find the locus of the mid-point of AR

Solution:
e

Equation of tangent to — —~5- =1 at (@ secf, b tanf) 15; baseci—aqytani =ab
a

&

SEE SUMMAary

VAN7AN

Adz where y=0=zx= =acost
Bsect
1e Aizcoss 0
: &
iz whete x=0= y= s =—hcot
—atant

1e B0, —bcots)
f a E:, i
Mid-point of 48 iz |  cost, — ot
@ s
X= —cosi=seci=—
2 x

& b
y=—§cotr=ﬁtanr=——

2y
Use sec’f=1+tans
2 2
= — =1+— which gives locus.
4z 4y
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Further coordinate systems
Exercise F, Question 3

Question:
w58

The normal at Plasec £, &tan £) to the hyperbola with equation ——==1 cuts the
e

=

x-axis at A and the v-azis at &
Find the locus of the mid-point of AR

Solution:
7 1 : : :
Mormal to — _y_2 =1 atthe point {2 sec £, btan ) is axsins+by= (2" +2*1tan¢
a” kb
AY

ST

B
-

I’ 2 ‘I - |‘ [az +b2} !
y=0= x=| |sen:£ soAis sect, ‘
|« . c

;oo a i ﬂ2+b2
;lr=CI:‘:-_y=|cz ;_b |tan.ﬁ B s U,[ ]tan.ﬁ
{ 2+b2 .2+b2 i1
Mid-point of A5 15 | (a :Isnac.ﬁ,(cI )tanr. |
\ [ J
(@ +54) 2ax
x=-———Cseci = seci = ———
2ot a“ +h
2,2
25 a“ +h

Tee sec’s =1+tan’s
c4at = (e +0%) + 437
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Further coordinate systems
Exercise F, Question 4

Question:
xﬁ 2
+“W2

The normal at Flacos £, &sin £) to the ellipse with equation — 7 =1 cuts the
a

x-axis at A and the v-aziz at &
Find the locus of the mid-point of AR

Solution:

2
MNormal to ellipse — +’;%=1 at{ cosf, bsin£) i3
a

axsinf—bycost = (a® —b%)costsins

y= 0= x= ||:-::-s.ﬁ Atz cosr.,Cl‘
@ a
gy (a® —&%)
x—U:‘:}f=—|a |s1nz Big| 0,—- smz‘
o (][]
Mid-point of A5 15 cosf,— sind
2
f_ag_bg | Zax
A= —/———Co5i = C05E= — 5
24 a’—h
241
I G- I L by
y=—————zsni{=sni=—

T :2
a”—hb
Tse sin®f+cosie=1

AR 1A = (gt -5
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Further coordinate systems
Exercise F, Question 5

Question:

The tangent from the point P| cp,i ‘ and the tangent from the point Q| cg,i | to the
. P L d

rectangular hyperbola xv=c*, intersect at the point &

a Show that B 1s |

Zepg 2e |
p+q p+q |

b Show that the chord PO haz equation ypg +x=c(p+g)
¢ Find the locus of & in the following cases

1 when the chord PO has gradient 2
1 when the chord P{ passes through the point (1, 0}
1 when the chord PO passes through the point {0, 1)

Solution:
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From table in Section 2.6 the equation of tangent at P is: x4+ p*y=2cp

a Similarly the equation of tangent at O is: x+¢°y = 2cg

Solving: (p~7) (p+q)y =2 (p-q) -y=—oe, 1= 22

p+q  p+g

,‘.Ris‘ bR, oc |
| p+e p+g )
& &

b Gl ket ot S 1

cp—cg  pgc(p—g)  pg

_ _ 1 _
- Equation of chord 1s: y—i=——(x—-:p) 1e. ypgtx=c(p+g)
r P
: 1 1
c 1 ——=2. . pg=——.
rq 2
Ris: x=——t =—C=:-y=—2x

g
Ptyg Ftyg
i Chord through (1,00 = 1=c(p +g)
dep 2e

Ris x=—3 ,y=T=‘.)y=2r:2
€ ¢
m Chord through (0,10 = pg=cip +4g)
2
Ris s pte) o0
(P +g)
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Further coordinate systems
Exercise F, Question 6

Question:

The chord P to the rectangular hyperbola xy =¢* passes through the point (0, 1.
Find the locus of the mid-point of PO as F and 0 wary.

Solution:

polap, JTJ}

Y

[ [

Gradient of chord: £— 9 = clg—7) =_L

cp—cg  pgcip—g)  pg

Equation of chord: »— £ = —L (x—ecp)
ey 2

Meof — o = —x+cp
LoMpgtx =c(ptg)
(cip+g) clp+g))

Mid-point of chord 15 .
2 2pg

Chord passes through (0, 1) = pg=c(p +g)

Mid-point 1z x = @
clp+
sy (2+g)
2pg
substitute pg =c(p tg)l= y= LPaRg L
delp+g) 2

slocus iz line y=§
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Further coordinate systems
Exercise G, Question 1

Question:

ol A : .
A hyperbola of the form ——‘y—2=] has asymptotes with equations y = twmx and

2
o

paszses through the point (2, 0.

a Find an equation of the hyperbola in terms of x, », @ and .

A point P on this hyperbola iz equidistant from one of its asymptotes and the x-asis.
b Prove that, for all values of w2, F lies on the curve with equation

(' =" =42’ (x" —a?) [E]

Solution:
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A N g

2
“,2 |!Ij2

a Asymptotes are y=i£x
"
2

Paszes through (a, 0) = ig—lifl =1
x

- Equation iz

B e
[ & M

B
2| o
1]
s

Stan o 2

TTaing tan 6= ==

pe =tan @

2
a8

1—tan 5 T

5-44‘-1-_-“ =

But P lies on the hyperbola .. x%m® — 3 =a

2

So mi= 2_}" - @
r—a

Tzing 0= and @ 4x2)y{ = 'yz’

(2*-y) *-a

7
ie. 4x° |::x2 —a*) = |:_J'c2 —y ']2
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Further coordinate systems
Exercise G, Question 2

Question:

a Prove that the gradient of the chord joining the point P‘ cp,i | and the point
P

Q‘ cg,E ‘ on the rectangular hyperbola with equation xy=¢* is ——.
\ 9 »q

The points P, { and & lie on a rectangular hypetbola, the angle QP& being a right

angle.

b Prowe that the angle between (% and the tangent at P 15 also a right angle.  [E]

Solution:

& c

a Gradient of chord = F 9 _ )ij(q—p) =__1
w—cd pafp—q) P4

L i - ’ { o \ i .y
Plep.— |: @) e~ | B|er— |
I P | I g | I L
e e
2d
Gradient of PR = —i
Br
2 " 1 1
P TEDPRESI = — Lt =
Pd Pr
= —1=pgr @

To find gradient of tangent at P let ¢ — p for chord PO

. Gradient of tangent at F iz — iz
I
Gradient of cherd RO = —l.
gr

But from @ pPgr=—1.. gradient of tangent at P x gradient of QR =—1.
Therefore tangent at P 15 perpendicular to chord OR
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Further coordinate systems
Exercise G, Question 3

Question:

a Show that an equation of the tangent to the rectangular hyperbola with equation
: N
r=c* (with ¢ = 0) at the point | cf,— ‘ is Py+x=2ct
| i)

Tangents are drawn from the point (—3,3) to the rectangular hyperbola with equation

=16,
b Find the coordinates of the points of contact of these tangents with the hyperbola
[E]
Solution:

a y=ci 1,x=c.ﬁ So—= =——

- Equation of tangent 15: y—
ie. yti—ct=—x+ct
of 2y +x=2et
[ o ;
b Let S| c8, — | be ancther point an xr =16z =4)
5

o tangent at Sis sy +x=2es
Intersection of tangents is: (¢ — &%)y = 2ot — &)

2
‘y_—
i+s
2ct*  2cis
xR = Zei— =—
i+s i+s=
: .. Bs B )
So when ¢ =4 intersection is ‘ PRt
\i+s i+5 |

3i+s) = 8 1=5
~3(t +5) = 8s|

Now x=-3,y=3=
X 1 _1\I i)
..3|Is E| =5

=35 —85-3=1
(3s+D(s—3) =0

,‘..'s=3or—l

3

£ =—lor3
3

So points are |f—§,—12 "‘ atd ‘{ 12,% ‘|
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Further coordinate systems
Exercise G, Question 4

Question:

The point P lies on the ellipse with equation 9x° + 25y = 225, and A and B are the
points (=4, 00 and {4, 0) respectively.

a Prove that P4+ P8 =10

b FProve also that the normal at P bisects the angle APES. [E]

Solution:

2 2

a 9x0+25yt=205 2 Y o
25 g

Y Ra=ob=5

)
5

P=g-H)=0=25(1-¢Y) .2° -

oo Fociare (24,00 S0 4 and B are the foct.

Since PS+ P8 = 2a
L EA4+ PR =2=5=10

v WA
X 4

Hormal at P is: Sxsing—3vcosi=16costsini
L& iswhen y=10 Le E|:c:>s£

FB* ={Scost—4) +(3sins)* =25ces” s —40cosz +16 4+ 9sin’ £
=16cos® s —40cost +25 =(4cosz —5)°

PR =5-4cost

~P4=10-PB=5+4cos¢

AX =4+§cosﬁ,3ﬁ'=4—§cosﬁ

Consider sine rule on AFAY .
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S0 (7 .'4 + L cosf,xl
o osin(180 — o0 A8 | 5] |
in = = . ;

AF S+4dcost
_sinod(5+4coss)
Si5+4cost)

st of

Lnl d=

Consider sine rule on AFPEX

sintf‘rﬂr—?cosﬁn‘

: BX sincr
sinf = =
PR S—dcost
_snodi5—4coss)
Si5—dcost)
q
= _sne
5

sosndh=sinf and since both = 90°8 =
o Normal bisects AFE
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Further coordinate systems
Exercise G, Question 5

Question:
A curve g given parametrically by x=af, y = .
i

. el L i
Show that an equation of the tangent to the curve at the point ‘ ct,— | is y4+x="2ct
L i

The point & 15 the foot ofthe perpendicular from the origin to this tangent

. . g ._2
b Show that the locus of F 15 the curve with equation (_xz + | = 4ty |E]
Solution:
dy -t 1
a y=ci 1,x=c£ .‘,—y= = S
dx e 4

: : 1
s Equation of tangent 1s: y— L — (x—ct)
£ i

ie. ytt—ci=-xtct
of 2y +x=2ct

~

P
0

.

e

. . 1
Gradient of tangent is — —
i

- Gradient of OF is ¢*

. Equation of OP iz y=¢x
Equation of tangent is 2y =2ct—x
Selving t'x = 2ot —x

- Zet’

x__, e T S
47 1+

]
2 2 Ac yackt Ao M
yo= =

X

A+ (4
1624
a4y = T x4y =ty
_ 4%t
RIS
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Further coordinate systems
Exercise G, Question 6

Question:

a Find the gradient of the parabola with equation ¥* =4ax at the point Plat?, 2af) .

b Hence show that the equation of the tangent at this peintis x—fy+as® =0,
The tangent meets the y-axiz at T, and O 15 the origin.
¢ Show that the coordinates of the centre of the circle through &, P and T are

d Deduce that, as £ varies, the locus of the centre of this circle 15 another parabola. [E]

Solution:
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y=2at| dy_2a _1

=i [ dx Zar ¢
: : 1
b Equation of tangent is: y— Zaf = = (x—at™)
i
or yt —2at’ = x—at’
ie vt =x+at
le.x—yt+at’ =0

v A
-
?" L
/ T !
"1-. -__ -
= 0 X

Tis (0, az)
¢ Centre of circle will be intersection of perpendicular bisectors of 0T and OF
| 2
Mid-point of OF iz a— e |
Za.ﬁ 2 : . : .
Gradient of OF =— =— . Equation of perpendicular bisector of &0F 13
at’ ¢
s 1 (. s
il S e ol
7 7]
5 o a7y
Intersects y—— When ——+ | x—— |
2 2
{ 2 g
. Centre of circle 15 ‘ a:+a— =
22

2
d X=a+%=bar.2=2(X—a)

=i;:,-2¢z=4}’

S(AYYE =da % 20X —ador 2Y =alX —a)
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Further coordinate systems
Exercise G, Question 7

Question:

The points Plap®, 2ap) and Olag®, 2ag) lie on the parabola with equation ¥* = dax .

The angle FOQ =590°, where O is the origin.

a Prove that pg =—4

Given that the normal at F to the parabola has equation

y+xp= cxp3 + 2ap

b write down an equation of the normal to the parabola at (.

¢ Show that these two normals meet at the point &, with coordinates

(apg +aq2 —Za.dalp+al

d Show that, as p and g vary, the locus of & has equation »* = 16ax—96a°.

Solution:

a Gradient OP=2if=_  eradient b= 2

ap P o

. . 4
=ince perpendicular —=-1 . pg=—4
Pd

b MNeormal at Qis y+xg =ag” + 2ag
¢ Mormal at P iz y+xp=ap3+2ap
Solving x(g —p) =alg’ — p’)+2alg —p)
x(g=PF) =alg="P) (¢’ +ap+p")+2a(g~F)
x =cx[q2+p2+qp+2]
y=ap3 +2ﬁf—apq2 —czp3 —agpz —;aﬁi_e_ y=—apgig+p)
Butif pg=—4 Riz [qu2+ap2—2cz,4a{p+q_]:|
4 X=al(p+q) —2pq-2=a[(p+g) +6]

Y=da(ptq) = pra=

A
]
ot
FE
X —6a = e s F =160k — 96a°
i
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Further coordinate systems
Exercise G, Question 8

Question:

Show that for all values of mz, the straight lines with equations ¥ = mx tfb* +a’m?

2
are tangents to the ellip se with equation —2+’;—2 =1 [E]
a

Solution:

2
i g
y=mr+ec and —+—==1
a’ b

= b*x* +a’ (mx+c)? =o'’
ie Bx? +almtnt +2atnoe +ac? = afb?
fe. 2 (b +am®) + 2a’mex +at (e -2 =0
For atangent the discriminant = 0
e datmie? = 4(b% vateat(e® - )
Le a'mie? =bic? — bt +aimie? — dtwlh?
e almid? +0 = b2
fee® =amt +b°
R T
ie lines y=mxtqfa’m® +5° are tangents
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Further coordinate systems
Exercise G, Question 9

Question:

The chord P, where P and (2 are points on zy=s", has gradient 1. Show that the
locus of the point of intersection of the tangents from F and () 12 the line y=—-x.

Solution:

N

[ [

Chord PQ has gradient £ 9 = clg-p) __ 1

cp—cg  pgcip—g)  pg
If gradient =1 then pg=-1

Tangent at P is p*y+x=2cp
Tangent at 0is ¢°y +x=Zeg

- 2
Intersection (p* —g*)y = Ec(p—g):.y=_c

P g
2ept 2
Lx=2ep— i S
pPt+g ptg
o[22 2
So His cpq, ‘
\ptg ptg |
: —2e
But pg=—-1. locusof Rz 2=
rtg
o
ptg

1 y=—%x
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Further coordinate systems
Exercise G, Question 10

Question:

a Show that the asymptotes of the hyperbola H with equation x° —y* =1 are

perpendicular.
i 1 1 N
TTeing (sec £, tan £) as a general point on & and the rotation matrix ) 1
L2 2

b show that a rotation of 457 will transform & into a rectangular hyperbola with
equation xy =" and find the positive value of e,

Solution:

PhysicsAndMathsTutor.com
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oy &
a Asymptotes of ———==lare y=+—x
a® b a
For ' —y'=1,a° =4* =1 S Asymptotes are y=xx e perpendicular

(sect ) i 3
b Let | i | be the position vector of a point on x° —y* =1
\ &l J

(1 1)
: 2 2 ; i
The matrixz &= 1 1 represents rotation of 45" about (0, )
LB 35 )
1 1) (sect tant)
o o | seci "_ \-"5 ﬁ
1 1 || tan ) sec:z+tan.ﬁ
W2 2 L2 W2
. 1
e, X =—iszeci—tans)
N2
1
F=—={(zect+tan{)
N
1
g =§|(secr—tan£)(seci+tanr)|

e X¥ = l(seczﬁ—tanz £ =l
2 >
- the hyperbola % —yz =1 when rotated by 45" gives the rectangular hyperbola

H:l’czi

27 2

YA _ v

X \ AN :
¥ ‘F) / +0 \ |

45°
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Differentiation
Exercise A, Question 1

Question:
Differentiate with respect to x.
sinh 2x

Solution:

i {sinh 2x)= 2cosh 2x
dx
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Differentiation
Exercise A, Question 2

Question:

Differentiate with respectto x.

cosh 5x
Solution:

d -1 :
—(n:osh 5x)= —————— xZsinh 2x
dx {cosh 2)

sinh 2x 1
=-2 ®

COS2X  COSZ2X
= —Ztan 2x sechdx
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Differentiation
Exercise A, Question 3

Question:

Differentiate with respect to x.
tanh 2x

Solution:

%(tanh 2x)= Psech?2x
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Differentiation
Exercise A, Question 4

Question:
Differentiate with respect to x.
sinh 2x

Solution:

i(sinh 3ij= 3cosh 3x
dx
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Differentiation
Exercise A, Question 5

Question:

Differentiate with respectto x.
coth 4x

Solution:

i(coth 4x>= —dcosech?dx
dx
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Differentiation
Exercise A, Question 6

Question:

Differentiate with respect to x.

sech 2% 4—un | 1
Hint: zech 2x=

cosh 2x

Solution:
i(snsn:h 2x>= _—12:& 2sinh 2x
dx {cosh 2x)
sinh 2x 1
=-2 ¥
cosh2x coshZ2x
=—Z2tanh 2xsech2x
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Differentiation
Exercise A, Question 7

Question:

Differentiate with respect to x.
e sinh x

Solution:

d (e sinhx)=—-e" sinh x+e " cosh x
dx

= e (cosh x—sinh x)
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Differentiation
Exercise A, Question 8

Question:
Differentiate with respect to x.
x cosh 3x

Solution:

%(x cosh 3x>= cosh3x+ 3xsinh 3x
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Differentiation
Exercise A, Question 9

Question:

Differentiate with respect to x.
sinth x

3x

Solution:

dx

d(sinhxy coshx sinhx
3x 3x 3z
_ xcoshx—sinh x

25
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Differentiation
Exercise A, Question 10

Question:

Differentiate with respect to x.
x* cosh 3x

Solution:

i[xg cosh 3x:| = 2xcosh 3x+ 2 % 3sinh 3x
dx

= x(2|:osh 3x+3xsinh 3xj}
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Differentiation
Exercise A, Question 11

Question:

Differentiate with respect to x.
sinh 2x cosh 3x

Solution:

%(sinh 2xcosh 3?:} = Zcosh 2xcosh 3x+sinh 2xx 3sinh 3x

= Zcosh Zxcosh 3x+ 3sinh 2xsinh 3x
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Differentiation
Exercise A, Question 12

Question:

Differentiate with respect to x.

Ini{cosh x)
Solution:
d )
—(ln cosh xj = * sinh x
dx cosh x
=tanh x
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Differentiation
Exercise A, Question 13

Question:

Differentiate with respect to x.
sinh x*

Solution:

i[sinh x3:|= Ixtcosh &

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Differentiation
Exercise A, Question 14

Question:

Differentiate with respect to x.
cosh® 2x

Solution:

%(coshj 2x:l = Zcosh 2x2sinh 2x
=4dcosh 2xsinh 2x
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Differentiation
Exercise A, Question 15

Question:

Differentiate with respect to x.

ceh
E-:x

Solution:

d .
—[ec“hx)= sitth xe ™"

dx
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Differentiation
Exercise A, Question 16

Question:

Differentiate with respect to x.
cosechy  #— 00 |

1

Hint: cosech x=— :
sinh x

Solution:

d[ 1 ]_ O—1»coshzx

%(cosechx)= pres

sinh x sinh® x

= —coth zcosechx
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Differentiation
Exercise A, Question 17

Question:

If y=acoshax+bsinh sx , where @ and b are constants, prove that —“1:

Solution:

y=acoshax+hbsinh nx
Differentiate with respectto x

Yo ansinh #x+xhcosh 2x

4* -

EJ; = an’ cosh nx+bn° sinh #x
= (cz cosh ax+bsinh ?ex:j

dz}’ _ .1

3 2
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Differentiation
Exercise A, Question 18

Question:

Find the stationary values of the curve with equation ¥ =12cosh x—sinh x

Solution:

y=12cosh x—sinhx

di: 12sinh x—cosh x

At stationary values d_y =1
dx
O0=1Zsinhx—coshx

coshx =12sinh x

i =tanh x
12

x=tanh™ —

12
x =0.0835

The stationary walue 15 therefore ¥ = 12c0sh 0.0835 —sinh 0. 0835
=12.13
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Differentiation
Exercise A, Question 19

Question:

2
Giiven that ¥ = cosh 3xsinh x| find d—‘:;.
dx

Solution:

¥ =cosh 3xsinh x

E =3sinh 3xsnh x+cosh 3xcosh x

2

E‘f =Ycosh 3xsinh x+ 3ainh 3xcosh x+3snh 3xcosh x +cosh 3xainh x

=10cosh3xsinh x+6anh 3xcosh x
= 21:5 cosh 2xsinh x4+ 2sinh 2xcosh xj
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Differentiation
Exercise A, Question 20

Question:

2 2

Find the equation of the tangent and normal to the hyperbola 22 =1 atthe point

256 16
(16 cosheg, d sinh g

Solution:

dy
E _dcoshg  coshg
dx " 16sinhg  4sinhg
dg

dy
dx

Equation of tangent

: h
y—dsinhg = L

—16cosh
4sinhg(x e qj

dysinh g —16sinh®* g = xcoshg—16cosh®y
dvsinh g — xcoshg =16[sinh2g—cosh2g>
dvsinhg — xcoshg =-16

of xcoshg—dysinh g =16

Equation of normal

y—danhg = m(x—lﬁcoshg)
cosh g

1.e. yooshg —4sinh goosh g = —4xsinh g +64 sinh g coshg
1.e. yooshg +dxsinhg = 68sinh goosh g
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Differentiation
Exercise B, Question 1

Question:

Dnfferentiate
arcosh 2x
arsinh (x+1)

artanh 3x
arsech x

oo

C
d
a
e arcoshx
f arcosh 3x
2

g xarcoshx

., %
h arsinh —
. A
i " arsinhx
j arsinh x arcosh x

k arcoshx sechx
1 xarcosh 3x

Solution:
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a Let y=arcosh2x then cosh y=2x
Differentiate with respect to x

: dv
hy—=2
sin ydx
dy 2
dr sinhy

= #but cosh y=2x

JJeosh? y—1
dx 42 -1

b Let y=arsinh(x+]) then sinh y=x+1

dy
cosh p— =1
2 dx
d 1
dx  coshy

= ;but sinh ¥=x+1

..||'sinh2 y+1

dy 1

so =
dx q,||'(x+1j2+1

¢ Let y=artanh3x

tanh v = 3x
a_dy _
sech yE—B

dy 3
ax sech®y
dy 3
dx _1—tanh2y
dy 3
dx 1-94°
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d Let y=arsechx

sechy = x
1
=x
cosh
1 =zxcoshy

Differentiate with respect to x

: dy
0 =cosh v+ xsinh v —
Y ydx

. dy
xsinh y— = —cosh
¥ o ¥

dy  —coshy

dx xsinh ¥
1

B xtanh ¥

1

- 1
x[l —zech 23:)5

-1
I

x[l—xz}i
e Let y=arcoshx®

Let t=x* y=arcoshs

dx di WJif -1
b __
dx -1

f y=arcosh3x
Let t=3x y=arcoshs

N N
dr o dx -1
dv 3

A fort o1

g y=x’arcoshx

di = Zxarcoshx +
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X
h y=arsinh =
& 2
Let i=§ ¥y =arsinhi
d_1 &_ 1
dr 2 & W4
dv 1
dx 2
v f] +1
2
_ 1
x+4
i y= e“zarsinhx
3
di = 3xge*33rsinhx+ %
2 +1
j ¥y =arsinhxarcoshx
di = ! arcoshx + arsinhx
dx = +1 -1

k v = arcoshxsechx
dy 1

&l

x4 —

=sechx ! —arcoshxtanh x
-1

1 v =rxarcosh3x

d
iR arcosh3x+xx

3
SJaxt -1
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Differentiation
Exercise B, Question 2

Question:

Prove that

d
— ha) =
a {arcoshx)

=
d 1
b —{attanhx) =
dx( ) —
Solution:
a ¥ = arcoshx
coshy =x
. dy
sinhy— =1=
"
dy 1 1

d 1
dr -1
b ¥ = artanhx
tanhy ==x
2 dy
zech ya =1
b 1 1
dx _sechzy_l—tanhgy
tut tanh y = x so
dr 1
dr 1-4°
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Differentiation
Exercise B, Question 3

Question:

¥

d
Given that ¥ = artanh [%J . prove that {4- ™ )ay =2e".

Solution:
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Differentiation
Exercise B, Question 4

Question:

Giiven that ¥ = arsinhx , show that

3 2
(1+x2)ix—{+3x%+d—y=

Solution:

y=arsinh x

1
Y =4
dx 41
Ay 1 -2
yz_gl:xz'i_l) 2)-(2?:
—X
- ]
(x* 4132
R 1
&y —1(x2+])2—§(x2+1)2><2x><—x
a2 2 +1)°
1 3
3R E DT (2T +))?
(x* 4+1)°
3% 1
- R F
(* +DF  (F41DF
4y 2 1
(X2+1)—3: E_ l
(2 4+1? (F24D2
&y dy
— 3,0y Y
dx? dx
&y &y | dy
. 2
II(1+XJF+BX? E:O
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Differentiation
Exercise B, Question 5

Question:

2
If y=(arcoshx)?, find %

Solution:

¥ =(arn:oshx)2

d_y = Zarcoshxx
dx

—

-
-
= 2[}:2—1;1 *arcoshx

2 3 1
—“J; = —Iip':2 - 1)_5 2xarcoshx + 2[2:2 —1;;5:& 2;
=1

[

_ —Zzarcoshx 2

- S
szz—lji -1
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Differentiation
Exercise B, Question 6

Question:

: _ . 12 _ .
Find the equation of the tangent at the point where x= — on the curve with equation

y=artanhx.
Solution:
12 1 1 1
y=attanhx xr=— =—In S =—InZ5=In3
13 2 Wl-=x 2
dr 1 1 1469
dr 1-x° : 12Y 25
13
Tangent iz

1690 12
RS L [
(y=1n3) Eﬁ[x 13]

20y—25ln 5= 1689x-156
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Differentiation
Exercise C, Question 1

Question:

Given that y = arccosx prove that

dy 1

dx 1-x*

Solution:

V= arccosx

COsSyY =X

SIICE COSY =X
dr -1

&
iy
|
;1
[ =]
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Differentiation
Exercise C, Question 2

Question:

Differentiate with respect to x
a arccos 2x

x
b arctan —

arcsin 5x
arccot x
Arcsec x
arccosec X

o[
arcsin | ——
x—1

E’L‘[’CCEZ?IS.'K:2

Lo T - — T |

L]

et arccosx
arcsin xcogx

S

2
k x"atccosx
| B

Solution:
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a Let y=arcosZx
Let i =2x y=arcost

dzzd_yz—l

then — =
dx de f1-47
& _ -1 ¥ 7
N
=2
1-4x°
b Let y=arn:tan§
Let i=— w=arctant
d 1 4 1
dr 2 dt 144
dy 1 1 1 2 2

r— x el
dxr  1+£2 2 2[1+x2J d+x° 44

c Let y = arcsin&x
sny =3x
dy
c-:)sya=3
dr_ 3 _ 3
dx  cosy \l{l—sinjy
_ 3
1-9x°
_ 3
1-9x°
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d Let y=arccotx

coty==x
d
—coseczy—y =1
dx

o -l

dr  cosec’y
-1
B 1+cot?y
-1
R

e Let v =arcsecx
seCy = X%

secytany%=l

dy 1
dx  secytan y
1

sec yqfzect y—1

1

xfxd =1

f Let y=arccosecx

COSECY = X
dy

—cosecycot y— =1
ooty ]

dy -1
dx  cosecycoty
-1

COSECY (n:os ecty —])

-1

, x
g Let v= arcsm[ ]

. x
siny =——
=1

PhysicsAndMathsTutor.com
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-1

cosy—y = —
dx  (x-1)
v 1 -1

S rm—
dx cosw (x—l)
1 -1

x* x—17
1_(x—'l ( )
= 1 x =1
\/(x—l)z - ':x_]'}j
(x=1)

1
-afl=2x, =1
2T " (x=1)
-1

B (x—1)1-2x

h Let _)‘r=3|:rcc-c:us:xj

Let
t =z Yy =arccost
Af —
dx de f1-4°
v -1
—_—= ®2x
dx 1-#
_ —2x
1-x*

i Let v=ce"arccosx

x x
— = £ AICCoOsA—¢&
dx '_I_—_');2

e E"[arl:l:osx— ! ]
nf1 =%

j Let w=arcsinxcosx

k Let y = x"arccosx

2 1

i = 2xarccosx— X

= 2xarccosx —
1—x

x
= x| 2arccosx —
[ 1=x* ]

1 Let y= g™

&le

cm.'m:r
1+x
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Differentiation
Exercise C, Question 3

Question:
dy
If tan y = xarctan x, find —.
dx

Solution:

tan ¥ = xarctanx

d x
sec? yi = arctanx + 5
dx 1+x

dy 1 x

—_— = 7 arctanx + p

dr sec” ¥ 1+x
1

x
=ﬁ[arctanx+ 2]
1+x (arn:tanx:l T+x
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Differentiation
Exercise C, Question 4

Question:

Given that y = arcsin x prove that

2
(1—xf*)jx—f—xi1—d§=o [E]

Solution:

¥ = arcsnx
dy 1

dx 1-x°

1
dzy 1] —%I:l— = 31_5 ¥ —2x

& (Vi-2)

1-x* lzl—x:{:l
d* d
lzl—xz)ﬁ = xa’v

2
(l—xzjlg—x% =0
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Differentiation
Exercise C, Question 5

Question:

Find an equation of the tangent to the curve with equation y=arcsin 2x at the point

where x=—.

Solution:

19 1 2 T
=arcsnsy x=— y=arcsin| — |=—
g g 1%

2 2 _4
dr  fi—di \(1_% N
Tangent 13
Ty 4 1
(%))
3

ng——ﬂ6 =4x-1
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Differentiation
Exercise D, Question 1

Question:

Given y=rcosh 2x, find @
dx

Solution:

¥=cosh2x

dﬁ = Zsinh 2%
dx
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Differentiation
Exercise D, Question 2

Question:

Differentiate with respect to x.
a arsinh 2x

b arsinhx®

x
¢ arcosh—
d xlarcosh2x

Solution:
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a y=arsinh3x

Lett =3x y=arsinhé

& . oAy 1
dx di Af?+1
dx 4 +1

3

~9x 41

b y=arsinhx®
2

Lets=x" y=arsinhf
dax A
e | % 2K
di WA +1
_ 2x
xt+1
x
c =arcosh —
4 2
Let i = % ¥ = arcosht
d 1 & 1
de 2 dt 2 _q
dy 1 1
e o
dx #_1 2
_ 1 1
2 —
5 154 _sz 4
4

d y=xlarceshlx
dy

= = 2xarcosh2x+1x %
dx

= 2x[arcosh2x+
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Differentiation
Exercise D, Question 3

Question:

Given that y = arctan x |, prove that

dy 1
dx  1+x°
Solution:

y=arctan x

then tan v = x

tan y = x
dv
2
gect y—=1
ydx
dr 1
dr  secty
butsec? y = 1+tan® y =14 2*
eyh 1
50— = -
dr 1+=x

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics Pagel of 1

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Differentiation
Exercise D, Question 4

Question:

Given that y= {arsinhx)? prove that

2
(1+x2)%+x%—2=0

Solution:
;13=(arsinhx)2
dy E(arsinhle
dx Jrt+1
1 = .
wdxt +1= (22 +17 2% 2x% Zarsinhx
O e A
z 3
(\;x2+1)
[fﬂ)dz“"—z—zx 2 1'% inh
e [x + :1 arsinhx
=2—_",t:d_"}r
dx
a
[x3+1}jx2_?’+ Y 59
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Differentiation
Exercise D, Question 5

Question:

Given ¥ = Scosh x—3sinh x
a find d_y
dx

b find the minimum turning points.

Solution:

¥ =1Sceshx—3sinh x

di: Ssinhx—3ceshx
dx

. . d
At mazimum and minimum &= 0

0 =%snhx—3coshx

Jcoshx = Sanhx

Z =tanh x
;r:=;51rl:anhE
)
1 +x
Tze artanhx = —In| ——
2 1-x
]
1 g
=_ln| 3
! 2n[§]
x=lm4
2
=ln2
1 1
y=b3723

= turming pointis (n2, 4)
2
d—);: Scoshx—3sinhx=dat x=1ln2
dx
2

d : i o
K}; =0at (o2, 4) o this pointis a minimum
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Differentiation
Exercise D, Question 6

Question:

Given that y = (arcsinz)® show that

a
(l—x:{)jx—f—xii—j;—2=0

Solution:

y= (arn:sin x)z
1

1-x*

dyr :
9
po (arcsin x)

5 2w !
d”y 1-x

1
¥, l—xz—Zarcsinxxl[l—x2>ﬂ§x—2x
2 2

w -7
[]_xgjji_{: L XX Earcsirll x
(1-2"F
= 2+xd—y

2
[1—xg>jx—{—x%— 2=0
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Differentiation
Exercise D, Question 7

Question:

Differentiate arcosh (sinh 2x)

Solution:

¥ =atcash (sinh 2x)
Lets =znh 2x  y=arcoshs
1

i -1

E = Zcosh 2x
dx

&€

dy 1
= = ¥ 2cosh 2x
dx i -1

2cosh 2x

enh?2x—1
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Differentiation
Exercise D, Question 8

Question:
a 2
Given that ¥ = x—arctan x, prove that d—“‘:‘ =2x ]_d__y
dx dx
Solution:

¥=x—arctan x

1
dx 1+
djy = (U—Zx)
e 2 F
dx |:1+x :l
m 2E

(1+2 )

B 2;{1—[1_ 1+1x2 ]T

a 2
d_J; = 2,{]_@]
dx dx
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Differentiation
Exercise D, Question 9

Question:

X

N .

Differentiate arcsin

Solution:

¥ = arcsin

x
A+ 2
x .
¥ =arcsiné
NIES'

1 1
N _1(]+x2)2 —%(]+x2) Ix2xxx

Let £=

) dy_ 1

dx (14 ™) & fi_A
! 1

d_ 1 |0 =204 2]

dx \,r]_gg 1+x°

1 p l[1+x2—x2]]

— 2
s [[H T
14+

o O V!
. R e

+x
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Differentiation
Exercise D, Question 10

Question:

. . & .
“how that the curve with equation y=sech x has —"-:‘=CI at the point where
dx

x=Zlnp and state a value of p.

Solution:
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¥y =zechx

di = —tanh xsechx
dx

d2
—“‘;f = sech®zzechx + tanh x(—tanh xzec x)

= sech®x— sechxtanh® x

= snan:hm:seu:h2 x— tanh® x}

= sechxl:l —tanh® x — tanh* x}
= sechx(l- 2tanh® x)

2
TWhen d—‘y—
Ax*

0= sechxl:l — Ztanh® le

s0 tanh? —%:::tanhx +—

N7
x_artanm%_mm[fj

—
+

-

b | —
—
|

,
-i-.l
b 8-

1l

[+

.I_:_L

=
Bic

)
Ve

T2 QF—J
ﬁ+1 «_E+1
2B T

\EH)Q

1|
2 2-1

~a

e

.
=i121n(~4"§+1)2

=+In [d@+l) p=~2+1{Hote p= u'@— lis also acceptable.)
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Differentiation
Exercise D, Question 11

Question:
&y

Find the equation of the tangent and normal to the hyperbola ——===1 at the point
i

[

{2 cosh g, & sinh g).

Solution:

x=acoshg y=hsinhg

dy  hcoshg

dx a sinh g

brash g

Equation of tangent y—&sinhg = (x—acoshg )

a sinh g
aysinh g —absinh®g = xbcoshg—abcosh®g
ayvsinh g — xbcosh g +cch:'|:|:-::-sh2 g — sinh® q:l =10

aveinh g —xbooshg+ab =0
atsinh g

Equation of normal y—&sinhg =— (x—acoshg)

brooshg
bycoshg—4?sinh groshg = —axsinhg +a’sinhg coshg
axsinh g +&vcosh g —sinh g coshg[a2 +b :I =10
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Integration
Exercise A, Question 1

Question:

Integrate the following with respect to x.
a sinhx+3coshz

b Ssech ’x
. 1
sinh” x
1
d coshx— =
cosh® x
sinh x
£ 7
cosh® x
£ 3

sinh x tanh x
sech x(sech x +tanh x)

L]

h {sechx +cosechx)(sech x—cosechx)

Solution:

-

a |isinh x+3cosh x) dx =cosh x4+ 3sinh x +

-

b |S5sech® xdr=Stanh x+

F 1
C — dx=Jcosech2xdx=—com x+C
J sinh® x
* 1 i a
d cosh x— 3 |dx=J(coshx—sen:h Xdr =sinh x —tanh x +C
Ji cosh® x |
[ sinh 1 inh
e an gx = i dx = |eechxtanh x dx = —cechx+C
J cosh® x coshx coshx
[ 2
f — dx= BJcosechxcothx dr =—3cosechx+C
J sinh xtanh x

-

sechx(sechx +tanh x)dx = | (s ech®x +sechxtanh x)dx =tanh x —sechx+C

1E]

-

h (sechzx—cosechzx}dx=tanhx+cothx+c

»
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I ntegration
Exercise A, Question 2

Question:

Find

a

d

L]

sinh 2x dx

-cc:-sh[r % “dx

sech® (2x—1dx

cosech® 5% dx

cosech 2xcoth 2x dx

{ sech | % :]tanh | % |dx

.|r Ssinh 5x —dcoshdx + Isech? | %‘ | dx

Solution:

d

-

sinh 2x de%cosh 2+

1

cosh| |dx——smh| |+C 331nh| |+C

5]
i 1
sech® (2x —1dx = Etanh(zx— D+

1
cosech® Sxdx = —gcoth Sx+C

-

cosechZx coth 2x dx = —% cosech2x+C

sech| J_|tanh‘ J_|dx—

sech‘ |+C \-"—sech| |+C’
B
1

[ ]

L

Ssinh 5x—4cosh4x+35&ch2‘ % ‘dx:ﬁ -%cosh Sx—d 3131nh4x+3 ta.nh|

&)

cosh 5x—sinh dx+6tanh ‘ % I|+C"
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Exercise A, Question 3

Question:

Write down the results of the following. (This 1z a recognition exercise and also
inwvolve some integrals from 24

a

d

s

h

[ 1
1+x°
1

—dx
J J1+ 2

(1+x)° &

»

Solution:

d

1]

arctan x4+
arsinhx +C
In|l+x|+C
In(l1+zH+C
arcsin x +O7

arcoshx+C

I P L

N
(1+ %)
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Exercise A, Question 4

Question:

Find

Solution:

2% +1 _J 2% J 1
) (ST o] o W R
J.,/(]—xzj Ji1-x% J(l—xf*)
=2Jx(1—x2)%dx+J L&
NS

=-2{1-x) +arsinx +C

1+ x I 1 i x
b dx = dx dx
J,/(f—l} J Ji7 =1 +. J(xﬂ—lj

= - 1
= L e x(x*=1) 3 dx
» (xz—] *

= arcoshx +-/(x° =11+
. J =3 e x dx 3

dx
J(l +x%) J o Jil+xh J .J(l+x2)

= .x(1+x2} % dx—J .
J (1+x4)

Ja+ x4 =3Zarsinhx + C

B
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Exercise A, Question 5

Question:
2
a Show that i T =1- 12
1+ x 1+ x
2
b Henceﬂndj i gdx
1+ x
Solution:
0 1+x -1 142 1 1

- =1

]

1+x2_ 1+ % 1+x _l+x2

s | 1] :
= drx=|i1-——1ax +— Tsing a.
b ,[1+x2 ,[l 1+x° |

= x—arctan x+C
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Exercise B, Question 1

Question:

Find

a sinh® xcosh x dx
b tanh 4x dx

C tanh” xsech” x dx

d |cosech’ xcoth x dx

[ ~joosh 2x sinh 2x dx

f sech!”3xtanh 3x dx

Ly

Solution:
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-

1
a sinhgxcoshde::J(sinh x)3 cosh x dx=zsinh4x+f_'f

b tanh4xdx=J e

coshdx

dx=%1n coshdx+C

-

1
c tanhjxsechgxdx='[(tmh x}ssechzxdx=gtanhﬁx+c

d Jcosech’ xcoth xdx = c-:)sechﬁx(cosechx coth x)dx

= —J(cosech}ﬁ( —cosechacoth x)dx

=— l cosech’x 4+
=

L]

1
J‘u'cosh 2x sinh 2x dx = %J(cosh 2x)%(2sinh 2x)dx

3
| (cosh 2x J2 Lo
2 (3
NER
5

(cosh 2x)2 +C

1

| =

1
f JsechMthanh ixdx= —§Jsec b’ Zx(—3gech3xtanh 3x)dx

_1\_[sechw3xl+c
AT |

=- Lsechm3x+c
30
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Exercise B, Question 2

Question:

Find

sinh x

J 2+3coshx
[ 1+ tanh x

a

J cosh® x
[ Scoshx+ 2sinh %

8 cosh x

Solution:

A sinh x F 1 Zsinh x &
2+3coshx 32 24 3cosh x

= %1n(2+3coshxj +C

-
b Jﬂ dx = J(Htanh x)sech®x dx

cosh? x

= J(sec h*x +tanh xsechzx]ldx

= tanhx+%tanh2 x+C or tanh x—%sech2x+c

Jﬁcoshx +Z2szinh x
c
cosh x

dx = J(S +2tanh x)dx
=5x+2lncoshx+C
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Exercise B, Question 3

Question:

a Show that Jcothx dr=Ilnsinhx+C .

2 I "
b Show that J coth2x dx=1n 82+L2|.
1 e” |

Solution:

a Jcothxdx=JCOth dr=lnsinhx+T

sinh x

b Jcoth 2x dx=%1n sinh 2x+C

¥

2
Soj coth2x={%lnsinh Zx} =%(1n sinh 4 —1n sinh 2)
1 1
1. (sinh4)
- (k)
2 |sinh2 |
1, (et —e?)
= -1
2 n| e —e |
by omes w 1 Using a* - =(a+b)(a—1b)
=_Infe"+e7) . 2 2
2 with a =e*, b =e

|| 1
=In,Je* +—
&
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Exercise B, Question 4

Question:

TTze integration by parts to find
a Jx sinh 3x dx

b stechgx dx .

Solution:

1 I -— du
i i T = s i d 1
a stmh 3xdx 3J'rc:-::-sh 3x J3cosh 3xdx Using J ldxzuv—Jv—dx with

xcosh 3x—%sinh Ix+d

w=x and —v=sinh3x

] =

b J‘xsnachgxdx=xtanhx—'[tanhxdx *— TTaing integration by parts with

chy 2
= xtanh x—Incosh x+ u=x and EZSECh x

© Pearson Education Ltd 2C
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Exercise B, Question 5

Question:

Find
a |e"cosh xdx

b e #sinh 3xdx

c cosh xcosh 3x dx.

L

Solution:

a Jex cosh xdx = Jex

=1J{e2*+1]dx

(" +e™

‘dx 4+— Youcannot use integration by
parts.

2

= legx+lx+6’
4 o

3% 3%
. E —E . .
b Je ¥ sinh 3x dx = Je s — |dx +— Youcould use integration by
parts twice.

i x+ LT 3x+ 3x
C Jcoshxcosthdx=J| £ 28 |'3 s |dx

of write as ]5{ coshdx +oosh 2x)

= &J{E”-'_E et e dx
=ie4x—ie4x+leh—le T S lsinh4x+lsinh2x+c
16 16 2 2 2
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Exercise B, Question 6

Question:

By writing cosh®x in exponential form, find Jcoshg 3x dr and show that it iz

equivalent to the result found in Example 5h

Solution:

Jcoshz Axdx = %J(eh +e 3?{)2 dx

=%J(eﬁ”+2+e "y dx

1 1 1
=—"—— e x4+
24 24 2

= i sinh 6x+% x+C which was resultin Example 3b
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Exercise B, Question 7

Question:
' 1

Evaluate | ————— dx, giving your answer in terms of e,
g sinh x+coshx

Solution:

sinhx+coshx=1§{e*—e x]+%|_rex+e i

1 1 ~I_1x__x__
5o ,|‘.;.|._.sinh;lr+|:-::ushx__,|dx_'|‘c,E dx—[ g ]u_] E
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Exercise B, Question 8

Question:

TTze appropriate identities to find
-

;g
a sinh * x dx

-

b |isech x—tanh x}zdx

" cosh® 3x

3
J sinh” 3x
:

d sinh® xcosh” x dx

-

[ cosh? xdx
f | tanh®2x dx.
Solution:
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1)

1 1 1
J.sinhzxdx=§I(cosh2x—]}dx=Zsinh 2x—§x+C’

b J(sec hx—tanh sz dr = |z ech®x— 2sechx tanh x+tanh® xhdx
= | (sech®x — 2sechxtanh x+1—sech®x)dx
= | (1—2sechxtanh x)dx
= x+2zechx+ T
2
J'M dx = J-cothj 3x dx
sinh® 3x
= I(]+cosech23x}dx
1
= x—gcoth ix+C
f ‘1 \2
d J‘sinh:" xcosh? xdx = J-| Esinh 2x | dx
1 J e
= = | sinh” 2x dx
4

Tsing cosh2u =1+ 2asinh®u

_ 1 [ coshdx-1) \Idx
= e

=—lx+Lsinh4x+C
g 32

[ Icoshj xdx = Jcoslf‘ xcosh x dx

-

= | (1+sinh? x)* cosh x dx

= | (1+2sinh® x +sinh* x) cosh xdx

= | (cosh x+ 2sinh? x cosh x +sinh* xcosh x)dx

= sinh x+§sinh3 x+lsinh3 r+C

f Jtanh3 2x dx = _[mh’ 2xtanh 2x dx
= j(l —sech? 2x) tanh 2x dx
= j{tanh 2x —tanh 2xsech® 2x)dx
| 1 :
=_lncoshZx ——tanh* 2x+C
2 4
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Exercise B, Question 9

Question:
2 £ 1
Show that J cosh2| 4 |dx=—(3+1n16).
: 2] 8
Solution:
2 7 " hi ~
J cosh2| x |dx=J |1+|:oshx |:1Jr
0 L2 ) o L\ 2 )
=%|x+sinthl2
1 (ol _ -2
=—|ln2+ —— -~ -
Eln | 2 | ehzzz,emg:ehgzl
— =
=—{1n2+—}
2 4
1
=—[3+4ln 2]
3]
1'|L3+1 16)
e fn
]
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Exercise B, Question 10

Question:

The region bounded by the curve y=sinh x| the line x =1 and the positive x-axis iz

rotated threugh 260° about the x-axiz. Show that the volume of the solid of rewvolution

formed is lﬂ (e* —de’ 1),
ge”

Solution:

=1 e 1
Volume =7 | sinh®x dx = E,[ {cosh 2x—1)x

Wi 1]

1 1
—sinh 2x— x}
2 o

[1
—sinh 2—1i|
2
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Exercise B, Question 11

Question:

TTzing the result for Jseu:h x dx given in Example 7, find
E 2

J coshx

b |sech 2xdx

o

a

Solution:

TTzing Jsech xdx=2arctan{e” )+

cosh x

2
a J dx='|‘256chxdx=4arctan(ex}+tff

b Tsing the substitution @ = 2x,

i 1 hl
| or usingjf (ax +B)dx = — flax +5) +C'6x |

3

1 . ;
Jsech?xdx = 3 sec hu du = arctan {_e” |+ = aru:tan{_egx |+

3|

i tanh:’[' % | dx=Jsen:h |% |dx = iEarctan[ eg "|+C

3)

8]

b =

=4 arctan| e

+
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Exercise B, Question 12

Question:

Tzing the substitution & = %% or otherwise, find

a Jx coshg(xgjdx

x
——dx
J‘n:-::-sh2 (x* )

Solution:

TTzing the substitution & = 2 du = 2xdx,

- 1
a So J‘xc:-::-sh2 {_x:" Jdx = EJ‘coshg udz

= %J{cosh 2 +1)du

sinh?u+§+|::’

2
sinh (222 )+ 2 +¢
- 4

ool — | —

b 3o J‘;dx= xsech® (x° )dx

cosh® (%)

= ljsechgudu

= —tanhu+C

t:anh{;r2 J+C

[ I O T B o
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Exercise C, Question 1

Question:

TTze the substitution x=atan @ to show that
at+x ]

1 { x)
2-::l:r=—a.t’|:1:an| — |+C.
|2 )
Solution:

Using x=atan®, dr=asec* 6 d6

1 1
S0 3 7 dx= WQSECEHdH
a“+x a’ +a tan” B

2
&
:Jasec 46

atsecto

I
e,
o

T
+
G

-~ —

B2l—= Rl—= R =

[ x) I i
arn:tan‘;|+ x=cxtanH=;~H=arctan‘—|
| & )
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Integration
Exercise C, Question 2

Question:

TTze the substitution x =cosf to show that J =
1-x

Solution:
TTaing x=cosf dx=—an G4

1 1
—dx= N ——-
= J‘m.l'l—x2 J«fl—cosgﬁ

=‘J‘”‘

=—0+C

= —arccosx+

(—sinf )de

© Pearson Education Ltd 2C
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Integration
Exercise C, Question 3

Question:

Tze suitable substitutions to find
-
3

d | ————dx.

J fdxt 425

Solution:
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a Let x=2szn8 5o dr=2cosd d0
J 3 dx—J 3
N JA—4sin’@
=J6costH
Zoost

=30

=39+

ZrosH dd

= 3arn:sin|r % \I|+C

b Let x=3coshu, so dxr=3snhwudu
L 3sinh wdu

1

S adeen e -
Jxﬂxg—g o ~..|'9|:osh2u—9
[ 1 ;
= | ———"sinhu du
J Gfeoshiu—1
_ 35?nhudu
3sinh u

= |1du

=u+C
=ar|:osh|l 2 I|+C
e
¢ Let x=£tanH,so dx=—\.',f_nsec:2HdH

J i dx=J ? '\J{f:seu:ngH

S+ 54+5tan’ @

4\'{§SEC2H
=,[ Ssec” 6 40 5+5tan® # =5(1+tan” 6 )= 5sec’ 6

45
5

= g4c

= % arctan | % |+ &
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d Touneed 42° =25znh®n , or 2x=5sinhu , then dx=§coshudu

J dx = J | —c:oshu |d.u
x}4x Eo5 -.l"2551nh2u+2

coshu i

Y Sfsinh?u +1

coshu S

J coshu

ldu

L

w+l

arsmh| — |+C’

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page3 of 3



Heinemann Solutionbank: Further Pure Mathematics Pagel of 1

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise C, Question 4

Question:

TWrite down the results for the following:
[ 1
a | —dx

d

»

16+ %

Solution:

1 . X -
7 ——dx= (Ui s PR 1 X
? J fog _ 2 Sk | i |+ Using J 7= dx= aru:sml- 2 J+C’
3 R P
b J dx =Zarsinh| — 4 O *——u o iy
x4 | 3 | Tsing ot dx=arsinh| N |+C.
J o3 +a L

-

dx = arcosh ‘%HC W o | T

1 , o
R A 1 {x
J‘ ||x2_2 Jﬁ dx=ar|:05h‘l..g:l|+c

2 1
d - dx =2 - dx
16+ x 16+ x

l 1 { x \'l e F %
o= Uiig [ s de= acn( ] )-

—

= —arctan | i \I|+C
2 4 )
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Exercise C, Question 5

Question:

TTnless a substitution is given or asked for, use the standard results 7 to 14, Give
numerical answers to 3 significant figures, unless otherwise stated.

Find
[ 1
——dx

a

d | ———dx.
J Ji-dxt

Solution:
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1 1
S S| [ S
J:Mf—lE .[ l4( x3_3

¢ [ J\[f

: x )
=—arcsin| — |+C
2 J3 m— s B V3
— a‘==soag=—
L2 ) 4 2
= %arcsm | fr—;| +
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Exercise C, Question 6

Question:

TTnless a substitution is given or asked for, use the standard results 7 to 14, Give
numeric al answers to 3 significant figures, unless otherwise stated.

Evaluate
] .3 2
ol 1+ Xz
2
3
b dx

l+dx?
T
J21-32

Solution:

»

1
2
1

3 o
a J dx=2[arctanx|f
1

1+

= Z{arctan 3 —arctan 1)

= 0927 (3sf) -«

Eemember that yvou need to be 1n
radian mode.

w3 1

E arsinh__—x_
2 |1}
24

[arsinh{Zx]]?

[arsinhd— arsinh 2]

oo v ro W
T

977 (3sf)

. J‘Q;dxzir;dx
121322 N B

© Pearson Education Ltd 2C
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Exercise C, Question 7

Question:
TTnless a substitution is given or asked for, use the standard results 7 to 14, Give
numerical answers to 2 significant figures, unless otherwise stated.

Evaluate, giving your answers in terms of o or as a single natural logarithm,
whichever 15 appropriate.

=4
1

a —dx
J0 x,'xz-i-ltﬁ
=15 1

b —_—dx
Jo A xt —144
E

C dx
w2 4_:&'2

Solution:
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Eeminder: The logarithmic form of an inverse hyperbolic function i in the Edexcel

formulae boolklet.
4

4 £,
1 sl X
a dx =| arsinh| =
Jln Jxt 416 { | 4 ﬂn
= arsinhl— arsinh 0

=1n {1+u’§} Tsing arsinhxr=1n {x+~..,l'x:" +]}

15 1 £ 15
8 .[3 144 dx_{armh |E ,.-|L

(5 13
= arcosh | r J—arn:oshl 12 | A Using arcoshx =1n {x +M}

] |
_ln.l;\/%i}_ml% g_l}

=1n2—1n| s |
=1n|% | e Tsing 1na—1nb=1n‘i%j|
X} PN TE
c J : - dx={arcsin| 2 @
S ad—x L 2) g
= arcsin| — |— arcsin| —
7 el 7|
“3113)
=)
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Exercise C, Question 8

Question:

TTnless a substitution is given or asked for, uge the standard results 7 to 14, Give
numerical answers to 3 significant figures, unless otherwisze stated.

2
The curve C has equation ¥ = ——=_ The region & iz bounded by O, the

N2t 49

coordinate axes and the ines x=-1 and x=3.
a Find the area of A

The region & iz rotated through 3607 about the x-amis.
b Find the volume of the solid generated.

Solution:

PhysicsAndMathsTutor.com
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a Areaof R=J

3 3
2
ydx=J  dx
1 1427 + 9

3
= J # dx +— Curve is always above x-axis
L {x2 +E }
r =
= 2| arsinh - i g
5]
_ J -
= 2| arsinh E ]
L \ .
=7 arsinhﬁ—arsinh —% ‘]
=227 (3f)
3 3 4
b TurﬁlumE:.."TJ‘ ygdxz,.-,r —_—
1 12:{ +49
S
= 2,¢J : dx
1x2 +‘I — |
\ B
=2m | - 3 arctan%
= %),
y W . B
I 2\5* I ( ».JIIE;J; )
=‘ arn:tan‘ —_—
\ 3 / ) 3 ]

1327 (35£)=4.13(3s£)
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Integration
Exercise C, Question 9

Question:

TTnless a substitution is given or asked for, use the standard results 7 to 14, Give
numerical answers to 3 significant figures, unless otherwise stated.

A circle © has centre the origin and radius »

¥
a Show that the area of & can be written as 4J r?— 2t dx
]

b Hence show that the area of O is wr®.

Solution:

a Cattesian equation of circle 13 x° +3° =#7

Area of O can be written as 4J ¥ dx=4j NP —x dx
0

0
b Tze substitution x=rant, so dor=rcosd 48,

4J -“'rj —x dx =4J2q;r2—r2 sin®@ roos@ do
] o

3
=4rt| “costt do
Jo

- —

z
=2r"| " (1 +cos 26 je
Wi

=20+

sin EHT

I
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Question:
o % 5
a Uze the substitution x=—tan @ to find . dx .
3 9x°+4
b Use the substitution x=sinh®x to find Jq f—ildx x=0.
53

Solution:

a “With x=%tanH and dx=%secszH,

f4 b
9x2+4=9| §ta.n2H ‘+4=4tan2H+4=4{tan2H+1]=4sec2H

4 2
e zatan b _ tan® 0
9x* +4  dsec’ B Ysect O
2 2
x tan“ & 2
20 > dr = —2-—secszH
9x* +4 Szecfd 3

27
2 2

= |(sec’6-1)de
2700

=2i{tanH—H']+C

and

b With x=sinh®s and dx=2sinh ucoshy du,
x _ sinh*u _ sinh*u

and =— = -
x+1 snh m+1 cosh'u

.- - h
de= i 2sinhu coshu du
x+1 J coshw

= | 2sinh®u du
= | (cosh 2u—1)du
_ smh2u_u+c

sinhu = \E and

coshu = +f1+sinh?u

sinh 2 cosh 1 — arsinh hEHC

w";-‘.'1+ x —arsinh 1\1'; }+C
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Question:
TTnless a substitution is given or asked for, use the standard results 7 to 14, Give
numerical answers to 3 significant figures, unless otherwise stated.

By splitting up each integral inte two separate integrals, or otherwise, find
-
=2

a

1+3°

L

Solution:

el byl i
= -4 —2arcosh|l_.§;|+c

2x1

=22 —x —aru:s1n| |+C
243 2 3
T dx= S |
1+3x 1+ 3x 1+3x°

ZEJ‘-;-.dx"'lJ‘igdx
3 11+x2j 2J 1+3x

1
i —arn:tan
a

B
Il

&

—z—farctanhrx

_1n{1+3x J+C

|+C
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Question:

Tnless a substitution is given or asked for, use the standard results 7 to 14, Give
numerical answers to 3 significant figures, unless otherwise stated

2
TTze the method of partial fractions to find J‘x-1-34—x+10dxx =0

¥ +5x

Solution:

f+4x+10=£+ﬂ
x{x2+5] x 45
=x +4x+10= A(x* +5)+ Bx+O)x

=0 =10=54 = A=2
Coeffictentef x = 4=0C

Coefficient of * = 1= A4+B = B=-1

- J‘x +4x+l|:ldx J‘| x+4

=etting up the model

4+ 5x = +5

JI— m‘axugl

—21nx+iarctan| | —ln x +5] +i

NG
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Question:

Tnless a substitution is given or asked for, use the standard results 7 to 14, Give
numerical answers to 3 significant figures, unless otherwise stated.

1
2
Show that J

,—.dx=l{¢r+21n2'J.
o (x+1)(2* +1) 4

Solution:

2 A4 Bx+C
i % e
(x+1)(x*+1) =+1 x"+1

=etting up the model

= 2=A(x" +1)+(Bx+C)(x+1)
r=—1=2=24=4=1
Coefficient of x° = 0= A+B = B=-1
Coefficient of x = 0=8+C =C=1

1 1 1
Soj‘;gdx='|‘ ! dx+J1;—xdx
o (x+1)(x* +1) o (x+1) o (x* +1)

1 1 1
=J L.dX+J‘ : dx—J * dx
o (x+1) o (x* +1) o (2 +1)

1

= [ln {1+x]]; +[arctanx|; —[%ln (1+ £ ]}

0

=In 2+arn:tan1—%1n2

i
2

| =

“+=1ln?

Sl il 8

(7 +21n2)
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Question:

TTnless a substitution is given or asked for, use the standard results 7 to 14, Give
numerical answers to 3 significant figures, unless otherwise stated.

*oox

By using the substitution z = x° evaluate J
1 x =1

Solution:

With = x° and du=2x dx,

=l

= |ar coshu Ii
=grcosh¥—coshd
=084 (3]
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Question:

(2«rr 37

. . 1.
Ev using the substitution x= 5 sin &, show that J

J—

Solution:

“With x=%sinH,dx=%cosH 4

¢ sin® @

1-4x22 =1-5in°0 =cos’ O and so =
,h_4x3 dcosh

=1Jﬁsin2HdH
8o
1 (% |
=— | {l-cos2B)dB
16 Jq

1 sin 260 E
=_|lg-
15{ 2 L

ZLF ﬂ

166 4

1 \
= |27 -33
192" \.'{_}
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Question:
TTnless a substitution is given or asked for, use the standard results 7 to 14, Give
numerical answers to 2 significant figures, unless otherwize stated.

a Use the substitution x=Zcoshu to show that

Jﬂﬂxz—4dx=%xvxz—4—2:arcosh‘lr%\|+c'.

2
b Find the area enclozed between the hyperbola with equation %—% =1 and the
line x=4.
Solution:
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a Teing x=Zcoshe , dv=2ainh u du

vaz—él dx = JE cosh®a—1% 2sinh u du
=4Jsinh2udu

= EJ{cosh du—1)du

_ o)sinhZu |

=2 —up+
1 °

= Zasnhucoshu— 23+

| - h i |—2aru:osh| |+c

=2 2arn:osh| |+C

=—ijx — Earcosh‘ |+C

4
b Area=2j ydx

2

2 2
Eearranging %—% =1 gives 9x* —4y* =36
4y* = 9x® - 36

=9 [xz —4) B

c:oshuc=E and
2

sinhu = xfcoshj w—1

3 , : :
=0 y= Ex,'xz — 4, taking the +wve walue, representing the part of curve in first

euadrant

4 ¢ AT
Area= BJ Mt -4 dx = {%:W'xz—-’-l —6arn:osh| % ﬂ
2 Ve

TTeing result from a

= [6«_."'1_2— Garcosh 2]— [0- 6arcoshl]

=129 (3af)
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Question:

TTnless a substitution is given or asked for, use the standard results 7 to 14, Give
numerical answers to 2 significant figures, unless otherwize stated

2e”
e +3
1

2cosh x—sinh x

dx.

Zcoshx—sinh x

a Show that J dx can be written as J

b Hence, by using the substitution u =¢", find J

Solution:

a 2coshx—sinhx=2| i |—‘ g w |=e 6
. = 2 2
1 2
o J— = J‘ﬁ
Zeosh x—sinh x e +3e Multiplying num erator
= J 2e” dx and denominator by e”.
6™ +3

b T:zing the substitution =%, du =" dx and

X
EL"IZE ;ii
et 4+ 3 wi+3
2

= E arctan[: % ‘+C
= % arn:tan[ ET; ‘-Hf
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Question:

1
h
TTzing the substitution & = Esinh x, evaluate J s dx
3 o 4sinh? x+9

Solution:

Wih w= %sinh x,du= %cosh xdx or cosh xdx=§du

2, W
4sinh2x+9:4| 3%“ | +9 =0 +9=9(e* +1)

1 2ekhl
v cosh x g J3 1 /E a5
0 3 2

dsinh? x+ 9

0 Wt +1
= %arsinh {t+) between the given limits
= larsinh ‘ Esinhl |

2 %
=0260(3:1)
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Question:

: dx .
a Find Jag— =| x|=a, by using
1 partial fractions,

1 the substitution x=atanh @ .

i B
b Deduce the loganthmic form of artanh| 2 |
L@ )

Solution:

111
al—zx' Zala-x cz+x[

ay dr 1 [] 1 1]
a-x Zalla-=x a+x[

a 1 Tlzsing partial fractions

dx

! |:—1n|a—x|+ln|a+x|:|+if

g+ x

2a

1
b o
it

In
a—x

ii Using the substitution x =atanh @, dx =@ sech’d d6
dx asech’6
Tz |z 746
@ —x @ sech™d

=lH+D
[

T | 4 ~'|+ D
] \ @ )
1

; : {x a+x
b TTzing the result in a artanh| — ‘=§1n
\ @ )

+ constant

X

1

( x) a+x
At x=0,0=0+constant,= constant =0 and so artanh| = |=§1n
L@

& X
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Question:

TTzing the substitution x =gecd, find

iy -
st

il W
X

Solution:

With x=3zecd,

1 J 1
a dr=| — ——secttan d df
Jxﬁéxz—l sectfsecio—1

- secHtan B4R

=tanf -G+
= JeecB-1-6+C

= fx*—1—-arcsecx+ 7

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics Pagel of 4

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise D, Question 1

Question:

Find the following

1

a ——dx
o {5—4x—x:"

[ 1

b —dx
J 5 —dx—12

[ 1

c —_—dx

J A2+ Ex+10
¥ 1

—  dx
J Jxlx =2
F 1
2xt+dx+7
3 1
f | ———dx
v S
[ 1
JoAf1d—12x—25°
3 1
h | ——dx
J Jaxt —8x+1

d

w

dx

L]

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics Page2 of 4

a S—4r-r*==(# +4x-5)=-{(x+2) -9} =9-(x+2f

1 1
2o J—dx=J—dx
J5—4x-x* fo—(x+2)
Let u=(x+2), 50 du=4dx.

1 1
Th _— i = | ———du
o Jx.l'ﬁ—dlx—xj Jwég—uj

e
=arcs1n| g ‘+C

ozt
= aru:s1n|
L3

b x2—4x—1é={{x—2jg—]6}

1 1
=0 J dx=J
¥x?-4x-12 Jx-2) 16

Let u={x—2), 50 du=dx.

1 1
Then J—dx= J—dx
Mrt—dx—12 At 16

= arcosh |I‘§~I|+C

"|+ &

dx

= arcosh|r%zn‘+tf
¢ ©+6x+10={(x+3) +1]

1 1
Soj dx=J dx
S +6x+10 Ja+3f +1

Let u={x+3), 50 du=dx.

1 1
Then J—dx= J—dﬂ
S +6x+10 NS
= arsinh (u )+ T
= arsinh (x+3)+C
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d x{x—2]=x2—2x={{x—]f—]}

3 J‘;dx='|‘;dx
Jr(x-2) Jx-17 -1

Let u={x—1), 50 duu=4dx.

1 1
Then J—.dx='|‘—du
.‘||'x{x—2) Jiit =1
= arcosh (z )+ C
= arcosh (x—1)+C
i '_lln"\ 5
e 2x° +4x+?=2| 5 +2x+§ |=2J|{x+1_]2 +§1

Let u=(x+1), 50 du=dx.

1 1 1
Then | ——dx=- | ——— du
sz +4x+7 2J X

2[5
L +‘[EI
I{J_Mcan‘ Vx| } +C
2|5
:@m—ctm —J_L%—i_l]l"i'c
/ 3 / %
f —4x3—12x:—4(x3+3x]:—4-||x+3|—El:4-|5—|x+§|l
2] a2
OJ 1 dx:lJ‘ : dx
"I—-4x2—12x o \ﬁ,BT | +3\||2
f— —_— x —
L2 24

Letu—| x+—| so du=dx.

Then J 1 J; i
x||'—4x —12x 3
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g 14-12x-2x = -2(x* +6x-7)

=-2((x+3) -16)

=2(16—(x+3)")

1 1 1
So J— dr= —J— dx
Jia—12z-22  2J @ (xi3)

Letu=x+3, 50 du=dx

1 1 1
Then J— dr = _J— o
Vld-12z-22  ~2J it

= Laru:sin| o ‘I|+C
2 \4 )
=Larcs1n| +3\I| (e
2
h 9x2—8x+1=9‘rx2—§x+l‘l‘=9c||rx—iT_ll
S REY B | S A1
S J‘; :l 1 dx
Jort —gx+1 3 \/| 4\]2 p _ﬁ@
|5 ] ‘\, EN

Let u=|fx—%\|,so du=dx.

Then J‘;dx: lj—
u'9x2—8x+1 2 f i
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Question:

Find
J‘ 1
e e =
NAxt—12x+10
1
b j—dx.
4 —12x +4

Solution:

dx

a 4x2—12x+10=4‘{x2—3x+i‘l‘=4<||rx—g‘r+l
2) U7 2) T4

dx:l

Jax2r —122+10 2

Il 3‘-
Letu=| xs s ‘,so du=dx.

Then J; dx =
Jaxz2 — 122410 2

arsinh (2u )+ C

arsinh (2x-3)+C

b 4;:2—12x+4=4(x3—3x+1)=4]l‘rx—g| —3}
"2

1

20 J% d\x=5'[ =
4zt —12x +4 g I
E:

|l OS]
|

i 3\
Letz.;=| x—E ‘,so du=dx.

Then J; dx =
Jaxt—12z+4 2
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Question:

Evaluate the following, giving answers to 3 significant figures.

=3
1
a —_—dx
J1 A2+ 25 45
o3
b 5 ;
J i +x+l
] 1
C —_—dx
..n:ua-.,|'2+3;'r—2:x2
Solution:
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a x*+2x+5=(x+1) +4

dx

1 1
1 1
So I —dx=J —_—
0 Nx? +2x+5 Uqlll{xlljzl-4

Let u=1{zx+1), so du=dx.

1 2
1 1
Then‘[—dx=‘[—du
o2t +2x+5 1 afue® + 27

K
= [arsinh |f % \I|J
L} A1

i 1 A
= arsinh'l—arsinh| iy ‘
| 3

= 0.400 (35.£)

5 : 1
hj—2 1dx='[—r s dx
1 X + x4+ 1
1._x+§_} +2
bt

Lttz.;:[xf%J,so di = dx.

\

Let u={x—E..| 80 du=dx.
4/

1 E
1 1 |3 1
Then J —dx=—J —_— du
0~ 24 3x-2x° 2J2 {E'}z_uz
13,

1
= : [aru:sinrdliﬁr

T L ] JTz
Uiy (=3
= ﬁ aru:s1n|l. 3 | aru:sm‘l. 5 |
=0.597 (2]
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Question:

Evaluate

3

1
5 S S
Jl Nrt—2x+2
b r—l
1 x,'1+6x—3x2

Solution:

dx, giving wvour answer az a single natural logarithm,

dx, giving your answer in the form .

a ©-2x+2=(x-1)+1

3 3
1 1
2o J 7dx='|‘ S —F
152 =25+ 0 1 1||{Jr—1:]2+1

:[arsinh{x—]J]f

= arsinh 2 : I

=].ﬂ {2+J§} ﬂrsinhx:ln Ff+ x2+] ]
b 1e6x-30 =3t - 20 J=-3fx-1f - 232 61 |

dx

1
2

| —(x-1)’

2 1 1 JAQ
S 7.&‘7":_
° Jl -w..,1'1+6x—3;r2 ﬁ 1 oo
5

) 1[ | "ﬁ{x—l]"‘r
= —=| arcsin| —
2 I

arcsin

= f_‘u‘l|"‘ on

&
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Question:
s 1 1 N
whow that J ——dx=—1In{Z +f3).
1 A3 —6x+ T \E
Solution:

i ’_liu"‘u 4
3%~ 6x+7=3 x2—2x+§ |=3J|{x—l_]2+§

[ S|

1 1 1
T | VU B, | O
’ Jnf3x2—6x+? ﬁ.[ EE:
(x=1) +| T

dx

Let u={x—1), 50 du=dx.

e

3 2
1 1
Then j e =_j
1 ~3xt —6x+7 ‘\E 0

= [ arsinh

e % arsinhu@

=%1n{ﬁ+ﬁ} arsinhx=ln{x+ x2+1}
= i111{2+~.f§]>
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Question:

TTzing a suitable hyperbolic or trigonometric sub stitution find
1
o [
NI +dx+5
1
b J—dx.
=2 +4x+5

Solution:

a rf+dx+5=(x+2) +1

Solet (x+2)=sinhu, then dx=coshu du and [x+2_]2+1=sinh2u+1=cosh2u
1

Then J; dx = J
Vxt +dx+5 coshu

=J1d‘”

=u+{
= arsinh (x+2 )+

b - +dx+5=—( - 4x-5)=-{(x-2)' -9} =9-(a-2)
Solet (x—2)=3s1n0, then dxr=3cesBd0

cosh o du

and 9—(x-2) =9(1-sin’ 6 )=9cos’ @
1

Then J; b =J
M- +4x+5 3cos®

=J1dH

=6+C

IcosB 46

. X
= EL'[’CSIH|

"|+ 85

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise D, Question 7

Question:

g 1

: - 1 :
Tlaing the substitution x=—{43tand — 17, obtain S
- 5(J ) ,[0325x:"+][]x+4

giving ¥our answer in terms of .
Solution:
: o 1y Y 3
Teing the substitution x= s {\Etan 0-1)dx= %s&c2 & 46 and

252% +10x+4 = (3tan? 0 — 2B tan 0 +1)+ 2(~Fran6-1)+4
= 3tan® 0 +3

= 3{1:51112 B+1)= Zeect @

0 L
Then +M=£ ’ 5 sec? 0 4o
,:,_225?: +10x+4 5 i} ESE.'C &
=£ G]_dH
15 ),
Y
a0
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Question:

dx, giving your answer inthe form In(a +E:-—\."'E) . where a,

4
1

Eval —_—

vauateL E

b and ¢ are integers to be found.

Solution:

(x—2)(x+4)=x"+2x-8=(x+1)" -9

4 1 4 1
o || m—tr= | s
3 flx—2)(xt4) 3 H_x+1f—37‘

Let u={x+1), 50 du=dx.

4 1 Jj -1
Then | ——da= | —— du
.L JG=2)x+4) S

5

= {arn:osh[% ﬂ
Rk

= arcosh| — ‘I‘—arcosh| - |
Zlﬂ{|§|+ 2_;_1}'_1111[521"'«”'?_1} cxrcoshx:ln{X+xm}
=1n3—1n{4+3ﬁ}
_j g \ o
e n._.4+ﬁ__.‘ lna—lnfnzlnLEJ
= 1nl 91'4_ﬁ'} ‘ Eationalising the denominator
g
=1n{4-~7) |
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Question:

Tzing the substitution x =14sinh &, show that

J x dx = x=1
P =
(x2—2x+2}3 r—2x+2

Solution:

TTzing the substitution x=1+anh@, dx=cosh & 46 and
x2—2x+2={sinh2H+ESinhH+1]—2{sinhH+1_]+2=sinh2H+1=cosh2H

Soj{x —2x+2p T '[

= Jsec hio do

cosh 240

=tanh B+

_ x—1

sith® =x—1

T o O | coO=iesinh®0 =22+
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Question:

TTze the substitution x=2sn #—1 to find J‘; dx.
43— 2x—xt

Solution:

Tsing the substitution x=2sn -1, dx=2cosd 46
and 3-2x— =3—2{25inH—1J—{4sin2H—4sinH+1J
=4—4sin* 6
= 4oz’ 6
2ein -1

“ [
B_Dx—x ECOSH

=J{25inH—]]dH

-Z2cost dO

=—2cosf—-0+4C cosH=A1—sin’ 0

and smH—x—H
2

=—f3-2x—-2 —arn:sin| Tl \I|+C
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Exercise E, Question 1

Question:

a Show that Jarsinhx dx = xarsinhx —1+ x° +C.

1

b Evaluate J arsinhx dx |, giving yvour answer to 2 significant figures,
0

¢ [Tsing the substitutionz = 2x+1 and the result in a, or otherwise,

find Jarsinh (2x+1) dx.

Solution:

a f =Jl-arsinhx dx
dv

Let w=arsinhy —=1

du 1

mo —=

dr x4l

g f=xarsinhx—J :f i s | Tsing integration by parts
Jxt+1

= ;r:arsinh.vr—«u'x2 +14+Z - Using
1
Jf” (x)f'(x)dx=—f”'l(x)+if,n =-1
n+1

V=X

1
b J arsinhx = [Jrarsinhx—ﬂ,.'.ﬂt2 +]}

1
a 0

= [arsinhl—ﬁ]—[—1|

=0467(3:1)
¢ Letu—=2x+1s0du=dx

Then J‘ar sinh(2x +1dx = %J‘ar sinhsedx

1
= Ear sinhz — 145" +C using &

= %(2x+1} sinh(2x+1) —f4x +dx+2+C
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Exercise E, Question 2

Question:

i
=how that Jarn:tan 3xdx = xarctan 3x—gln(1+9x2)+c.

Solution:

Let w=arctan 3x _v=1
dx

S0 e v=1x
dx 1+{3x]2 ) TTzing %=ﬁ-£,where 1 = arctan
' 3 dr  dt dx
x
Then Jarctaandx=xarctan3x—J—2 and £=3x
1+ 5%
IJ‘ 18x
= xarctan 3x—— -
6J 1+ 9%

xarctaan—éln[1+9x2]+C
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Question:

a Show that Jarcoshx dx = xarcoshx —Nx° =1+

1

b Hence show that J arn:oshx=1n(?+4«,."§)—\."§.

1

Solution:

a Let & =arcoshx E=]
dx

s 1

so —=

dx St |

=X

X

x}x:" -1
= xarn:oshx—xij -1+

dx

S0 Jaru:oshx dx = xaru:oshx—J

b Tlsing limits

f arcoshz = | 2arcosh2—f3 |~ [arcosh]=| 2arcosh2 =3 | | as arcoshl=0
As arcoshr =ln |x++/x" 1]
faru:oshx =[2tn fo+45}-+5 ]

= [m b3l _ﬁ}

=In(7+43)-V3
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Exercise E, Question 4

Question:

1
a Show that Jarctanxdx=xarctanx—§1n{l+x2f]+if.

& (443-3)r 1
b Hence show that J arctan x dx=—— ——1In

1 12 2
The curve O has equation ¥ = Zarctan x . The region & is enclosed by O, the y-axis, the
line y=m and the line x=3.

¢ Find the area of &, giving vour answer to 3 significant figures.

Solution:

a I=J1/aru:tanxdx

WM
Let u=arctanzx — =1
dx

S0 O v=x
dr 1+ Tsing integration by parts
x *”/;
so = xarctanx—'[—dx
1+X2 EI{IJ .
1 z Tsing J—.dx=1nf{xj+C
=xarctanx—§1n{1+x |+ £ix)

N 1 &
b J arctan x = [xaru:tan x—Eln[1+xz ]}

1 1

- |:-J§arctanwr—%ln4:|—|:— arctan{—lj—%lnz}

e —1n2+|' wJ "+l1n 2
3 42
(43-3)r
e il .
12 2

3

¢ Areaof B=areacf rectangle—J Zarctan x dx
D

= 3,?—2[xarctanx—%ln {’1+x2 \)T Tsing @
b

=3r—barctan 3 +1n 10
=4 23(3:1f)
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Exercise E, Question 5

Question:

Evaluate
N

T :
a '[ arcsin xdx
0

1
b J xarctan x dx giving vour answets in tertns of .
0

Solution:
a Let u=arcsin x E=1
So E= i v=x
dx At

-2
Thenj arcsinxdx=[xarcsinx|£—'|‘?;dx
0 i 01—
A
:[XEICSinX‘l"-.]'Il—XzF

=[§§+\E]_[+1|

= %:T—l+§ =0262(3s1L)

i 1 %
[s] 5 3 =
dr 14z 2

r 1, \
=2 _1J|1_ ]2|dx
| B 2Jdol 1+x* )
=_%_—%|x—arctanxt

_[z _1[1_1}
18] 2 4
_m-2
4
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Question:

. . dy
TTzing the result that if y = arcsecx, then —= , show that
x«hfx2 -1
Jarn:sen:xdx = xa:rn:snan:x—ln{x+wjx2 -1 +C.

Solution:

Let w=arcsecx E=1
dx

2o 0 : v=1x
dr  xafxt—1
and Jarn:s ecx dx = xarn:seu:x—J il dx
x -1

= yarcsecx—arcoshx+ O

= xarcsecx —ln {x+ - —1}+C
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Question:

2
a =how that [arsinh(2x+])dx= Xarsinh(2x+1)—".7xjdx
JU22+10 41
2
b Find J.—xgdx uzsing the substitution 2x4+1=sin He , and hence find
A 2x+107 +1

Iarcsin (Z2x+1idx

Solution:

a Let w=arainhi 2x+1) d_v=1
dx

So e 2 v=x
dr o fiox+17 41
Then Imsinh-2x+1-dx=xarsinh-2x+1-—"'igdx
Jizx+17 +1

b Let 2x+1=sinhu then 2 dr=coshu du

dxr= -

J' lj'-smhu 1)
Jx 1) +1 coshu

1 :
= —U-smhu du—u:|

=—[coshu—u]+C

:%:,/l+.2x+1-2 _ arsinh | 2x+]|:+C

J.arsinhl 2x+11dx = zarsinh ( 2x+1 I+%arsinhl 2x+1.—%Jl+. 2x+17 +¢ | Usingaand b.

] 1 2
—(2x+1) hi2 +1.—_.."]+.2 +17 +
x arsinh ( 2x s x

cosho du

L2 — D

[\J
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Exercise F, Question 1

Question:

Given that /, =Jx”e§dx ;
a show that [, = 2xel — 2nl L mz1

x

b Hence find Jx3n3§dx.

Solution:
a Integrating by parts with 2 = x" and ii—d: = e%
g0 E=mx” L= 2&5
So I, = 2x”e% —JEnx” le% dx
= 2x”e% —EHJx” le% dx
=2x e% —inl,
boL= 22:3&% =i substituting #=14,2 and 1

respectively in =

¥

H i 5 hl H H
= 2x%e7 —12x%7 +24‘ oxe? —21, | where 7, =Je§ dr=2ef +C

w w I
= 2x'e? —12x%? +48xe? — 481,

¥ &

2o Jx3e§ dr=2x%2 —12x%% + 48z — 96e? + (7
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Question:

Given that /, =J xlnxdx ne NV,
1
2

a show that 7, =E——Efx LHeEN.
2 2

ed -3

b Hence show that J xlnx)tdxr=
1

Solution:

WH-1

. 1 g
a Letu=(lnx) and ﬁ=:Jr,so %:m{nx] ,V_x
' dx dx x 2

Integration by parts:
1

: o [xg {lnx]?’]e *ux (lnz)
Jx{lnx] dr=| 2200 —J Y
1 2 | 2x

2

Sg §, =y
3

b J x(nx) dx=1,
1

substituting #=494,3 2 and 1 respectively in the reduction formula =

2
e* 4
h=g73"
] §
=6__2|B__§;2|
P 2 2
2 ¢ 2
=e——eg+3| E——Efl‘
2 |2
2 2 ; Fe s
=e——E2+3i—3‘E——lfu | where [y = | xdx= i WLl
2 2 . 2 1 2. 2 2
& 2 . 2 ;oA \
- 3 3 3 1%
So | xlln xf dx = E——eg+i_i+_| L.
1 2 2 L N
_62_3_32—3
4 4 4
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Question:

2

1
In Example 21, you saw that, if [, = J x «,,I'l —xdx, then [, =
0
1
TTze this reduction formula to evaluate J (x+10x+ 21— xdx
0

Solution:

J1[1x+1]{x+2]ﬁ]dx=Jl[{xz +3x+2)yT-x | dx

a

_ Ll[fm]m Ll[zxm]m Ll[zm]dx

Iu=zl

=L, +35+2]
1 2L PR
Mow ID=J 1—xdx={—g{1—xﬁ} =0—‘ —3|=E
0 3 g L 53] 3
fo= Efu = | 2 ” 2 \I|= = +— Tlzing the given formula with 2 =1
3 L5 3 15
4. (4 4] 16 : : :
i Efl _| 7 " G 105 44— TIsing the given formula with #=2

: : : 6w 4™Y oif2)
o [Lisrniearisho g5 o]
_16+12(7)+4(35)
B 105
24016

ms 7
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Question:

Given that T =Jx”e ¥ dx, where # iz apositive inte ger,
a showthat [, = —x"e ™ +al, ,n=21
b Find Jx3e " dx

1
4 e .
¢ Ewvaluate Jx e "dx, giving your answer in terms of e,
0

Solution:

o : . e
a Using integration by parts with & = x" and i =7

oy
50 —=nx" " and v=—¢"
dx

Jix”e Tdx=—x"e X—J—nx” et dr,s0 I =—x"e T +al_,
b Eepeatedly using the reduction formula to find &
I, =—xe™+3l,
=-xe" +3[—xze "+24))
=-xe -3 e T +6]
=—xe" -3 +6(-xe +1,)

But ID=JE Tdx=—e"+C

So L=-xe" -3 —6xe -6+ KX
¢ I =-x¢"+4l

=—x'e ™ +4(-x'e " -3x"e T —6xe¥ —6e " +C) | Using the result from b

1

S0 J e dx=[—x4e T dxte T _12x%e T = 2dxe Y — 2de x]:

0
=[-65¢" |- [-24]

2de —65

=

=24—§5e! or
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Exercise F, Question 5

Question:
L= J‘tanh?d xdx,
a By writing tanh™ x=tanh™ * xtanh® x , show that for » 22,
L2 E—Ltanh” &
n-1

b Find Jtanhs xdx

s 84
¢ Show that tanh* x dx=ln2 -
125

1]

Solution:
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a [, = Jtanh” xdr= Jtanh” ? xtanh® x dx
=Jtanh“ EX{I—SEEhszdx
=J‘tanh:'é 2J{—J‘tanhM Ygech?x dx
1

so b,=1, ,———tan

K lx w21
n—1

1
b Jtanhjxdx=f5 = f3—Ztanh4 x

=|I Il—ltanh:"x I—ltanh4x
z |4

Tsing 1-tanh*x = sech’x

= Jtanh xdx—%tanhz x—%tanh" x

=1Incosh x—%tanhz Jr—%tanh4 x+Z

Page2 of 2

1
c Abg J‘tanh?d xdr= J‘tanh?d ? xdx— —tanh® lx,it follows that
i
hz hz , 2
J tanh”xdx=J tanh“gxdx—[—tanh’“x}
o ] n—1 i
1
ph? _ 2 2_5 3 Reminder; e 22 =gb =4
MNow tanh(ln 2} = = . i
g teE spl 2
2 3
3 v2 1 (37| Using = with n=4 and tanh (In2) =2
Soj tanh"xdx=J tanhzxdx—g-|§| 5
0 0

= tanhnxdx—lx‘rg] -

s

In2 P

B 05

g 1o
125
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Exercise F, Question 6

Question:

1
Given that Jtan” rdrs ———ofan” lx—'[tan” xdx {derived in Example 23)

S
a find Jtaﬂ‘ xdx.

b Evaluate J4tmj xdx.
0

£ 9@'@

¢ Zhow that J3tmﬁxdx=——£.
p 5 3

Solution:
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| —

a J‘tan"xdx: tanzx—'[tangxdx

3
= %tan3x—|l tan x—Jtanu xdx |
- . )
=§tan x—tanx+ | 1dx
T
=§tan x—tanx+x+C
% ] ] -1 % % x-2 1 % »-2
b tan® x dx=| —tan™ x| — tan® “xdr=——-— tan® * xdx
0 =l o 0 el 0
i . 1
Let [ = | tan"xdx, then f,=——-1 ,
] L
fj=l— 3=l—|ll—fl I|=l—l+ 4tanxdx=l—l+[1nsecx|%
4 4 12 ] 4 2 ) 4 2 L

AT S
= —Z+1_1nJ§—1n1_}

oty J‘l‘tanjxdx:ln«f_—i
0

_ 3
¢ Defining J, =J tan® x dx,
0

Tole- : =1
PR R \ 5
(+/3) (V3] (3] (3] (V] (5
So J, = i - S LN ‘——Ju
5 5 3 5 3 | 1
_A_S JD=J31dx:i,JEtmﬁxdxzﬁ—B_ﬁ+,\B—£=E—'r
0 3 Ju ] 3 3 ] 3
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Exercise F, Question 7

Question:

a

Given that [, =J (ln x)* dx, where @ =1 is a constant,
1

a showthat, for #2217 =allna)" —»l, .

2
b Find the exact value of J (In 1% dx.

1

¢ Show that J (n 21" dx =5(53e—144).
1

Solution:
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a fx=‘[ (Inxj’e dx=I l(lnxjn dx
1 1

n-1
" 1
Let u=(lnx> and d—v=1, 50 %=nﬂ,v=x
dx dax x
Integration by patts:

Ilﬂ(ln xJ dx=[x(nx} ] - f@x dx

= I:a(ln c::j'd - Cli|—n‘[ I:In x)x_l dx
1
So I,=a(ln c;tjé —uk,

2
b Putting a =2,1, =I (InxY dx=2(1n2Y —nl,,
1

I :r(lnxf dx=2(1n2¥ - 31,
= 2(1n2Y - 3{2(ln 2Y' - 21,
= 2(ln2Y - 6(1n 2 +6{2(In 2)- 1, }
= 2(In2¥ - 6(1n 2 +12(1n 2)- 6,

2
As ID=I ldx =[] =1,
1
b
I (Inx) dr=2(In 2¥ - 6(In 2Y +12(1n2)~6
1
¢ Puiting a=e, ], =I (ln xjﬁ dr=ellne) —nl,  =e—nl,
1

fﬁzj (Inx) dx =e— 61,
1

=e-6{e—5{7

=e—6e+30(e—4L)
=e—-6e+30e—-120(e—-3L,)
=e—fe+30e-120e+ 360 e— 21,
=e—b6e+30e—120e+360e-720(e— 1, )

A ID=I 1dx=[x:|: =e-1,
1

I I:In xjﬁ dr=e—-6e+30e—120e+260e—T720e+720(e—1)
1

= 265 —720
= 5(53e—144)
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Exercise F, Question 8

Question:

Tzing the results given in Example 22, evaluate

-
-—

2
a sin’ xdx
Wi

-
-—

b sin? xcost x dx

i

|

c 2afl—xdx, using the substitution x=szinf
L D

L
-—

a6, . . . .
d sin® 3 de using a suitable substitution.

.D
Solution:
& 4 2 14
a L=—x—-x—-xl=—
5 3 35

L =z hE
2 2 2 2
2 4 32 32 2 4 .6
h I s xcos xdx=I sin x[l—sm le dx=I [sm x—2sin” x+sn x}:lx
0 0 0

=I,— 21, +1,
1 & 3 T4 5 ST
- R Y T A S D

s ‘[zsing xoost xdxzi—gj-q-ﬁi:i
0 4 8 32 32

1 T
¢ sing x=sin E,I 2ol dx=‘[jsin55' cos8(cosd d&)
0 0

= ,[2 sinjxlzl— sin® x:ldx = Ij - ET
0

Ij=ixg><1=E and f?=]— froma
5 3 5

15

0 15 35 105 105
. T . T, (1 1
d Using x=3,| sin"Zdi=| an'z| —dx |==1,
0 0 : :
1 7 5 3 1 & 357
= MM oMK —H—=——
28 6 4 2 2 768

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics Pagel of 2

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise F, Question 9

Question:

sin® x

dx,

Grvern that 7, =
cosx
sin?* ! x

2n+1

a write down a similar expression for £ and hence show that [ -7, =

Lk

b Find J“““ % dx and hence show that J A gy =1n {1+-,E_}—%.

COSX g COSX

Solution:
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B+l

T 2
sin x
a f =I dx

COS X
L o Ined
st x—sin %
S0 Ix _f?h-l = dx
o Cosx
s sin x[l— sin? x:l
i Cosx
* . A 1_ L L ]
= | sin*® xcos x dx as sant x=rcos*x
w
s du+l
sin
S0 Ix _f?h-l =
2n+1
sin " x [+ not necessary at this stage]
o j:'41-1 = f:u = b2
2n+1
.4
: sin’ X
b i dpe=
Cosx

sin’ x

substituting #=11n % gives [, =1 -

= [Iu—mllx ]— s1n3 £ using = 0in =

1
IE,:I dx=Isecxdx=ln|(secx+tanx}|+C

cosx

o | P
fn” x : gin” x
o dr=In|{secx+tan x)|—sinx— +i
COSX 3

Applying the given limits gives

T T
T it o s I
1 . +
I i xdx:|:1n|(secx+tanx)|—s1nx— 51n3 :|

0
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Integration
Exercise F, Question 10

Question:

1

a Given that [, = J (1= Y dx , show that I, = "
I In+2

fyr.n21. | Hint: After integrating
by parts, write x* as

1= (1-x%)}

b Use your reduction formula to evaluate /7, .

Solution:

a Let u=|:1—x3)x and i%’:x,so %=n[1—x3}m_l[—3xj:|,v:x—;

Integration by parts gives
1 2 1 1 2
I x[l—xz:l?é dx=|:x—|:1—x3:|xi| —I —3nx2[1—x3:|x_lx—dx
1] 2 o il 2
[ x-1 L
:[D—U]+E‘[ x"[l—zj} dx providing # =0
0
1
Writing ' = x2° = x{1-(1- )} and J, :I x(1-#) dx
0

3 ! 1-1
we have [, =??z Dx[l—[l—f}}[l—f} dx

3n

=" xf1-3* dr—22 | x1-2*7 dx
] [ T
Z% x—l_g_ﬂfx
2 2
= (Gu+2), =3l 50, = foa.nzl
Gas2)l, * 3e+2 "7
1
b pol2, 125, 129 6, 125 63 1296 3f
14 14 11 14 11 8 14 11 8 35 14 11 8 5);

12 % & 3 1 243
= —x—X—-X—X—=—
14 11 5 5 2 1340
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Exercise F, Question 11

Question:

a

Given that J, = J (a® — x*)" dx, where a is a positive constant,
0

2
a show that, for # = 0,7, =2ﬂf

N
b Tse the reduction formula to evaluate
sl
i (1—x") dx
v

3

i | 9-x" dx
ol

w2

i | 4-xtdr.
Jo
¢ Check your answer to part b il by using ancther method.

Solution:
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a Integrating by parts with u =|:a:" —x2>| and d_v =1
dx

e O
So Lﬂ[aﬂ —xY dx = |:x|:az —fﬂ: - Lﬂx{—znx[aﬂ —xﬂj"l} d
=[0-0]+ 2nr

1]

x I:c;tj = xgjlm_l dx= 2?2‘[1:{2[:@2 —xgjlx_l dx(if =0

0
Writing x° as [cxg —[a2 —xgjl} and defining [, =I [ag —x? jlx dr,
D

we have

i = 2?3‘[: {ag (cz:" - xz)m_l —(cz:" - Jrg)?d }dx

= 2na’l_, - 2nl

So (2n+1), =2na’l, |
1

b i With a =1, f,é=‘[ (1-2*Y dx and J, =———1,,
0 Zn+1

So dy ——f =B Ef2=§xéxifl=§xﬁxixle Lo Li=]| dx=a
9% 9 77 97 5t 9753 315 ;
3
i Witha=3,fx=‘[ (9-2*Y dx and 4, = M e
0 2?3+1

SO i?3=Ef2=EXEII=EXEXEID=EXEXEK3 34992
7 7 D iy Lo 705 3 S35

B
2n+1

wo iy = 91_2‘[ —2|:ar|:sm[x]:[=23rc:sin1=2x£=;r
7 AJ4- i 2

¢ Taing the substitution x=2sn8,

‘[2[4—;;2)% dx = I%(zcosa)(zcosa 487

Fo5

iii Witha=2,fx—‘[ (4-2 dr and I, =

=2r(1+msza):15
i}
=[29+5in 26 =
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Integration
Exercise F, Question 12

Question:

4
Given that [, =J xtafd—xdx,
0

a establish the reduction formula I, = n

2n+3

— I ezl

4
b Ewvaluate J x4 — x| giving vour answer correct to 3 significant figures.
0

Solution:

a Integrating by parts with = x" and % =aJd-x

i

E_H ———(4 x}l

o L Az dx = |:——x (4- x}zT—J.:——mx

3
“'1(4— xf dx

3
You need to write (4— x}i

as (4— xjm

0

4 3
:[0—0]%;3‘[ (4= 2P dx (> 0)
0
o
=§n e {(4—){)«.#4—:{}(1:{
2 ‘.4 2 4
=§n 2404 - x dx+§m‘[ -t {—xw..'4—x}dx
J 0
a 5 ot
=§n x”_lu'd‘r—xdx—gn‘[ ad—x dx
Wi 1]
So 1, =Enfm_l—gnfm
3 3
Bt
= (2n+3) =8nf =] =——J1 ,n2l
(H )x My kS Vi3 #-1:7%
4
24 24 16 24 16 8 1024
WAsxdr=f=tlp =y i sl
_[]x . 9 STClE G T L
4 34 3
4 gy= nf4—xdx=|:—§(4—x)5i| =[ [i (4)] =
o

‘[J— _% 1—;—520(35f)
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Integration
Exercise F, Question 13

Question:

Given that 7, = J cos” x dx,

a establish, for » =22, the reduction formula »/, = cos®

Lxsinx+(n—1)1,_,.

pr ]
Defining J, =J cost xdx,
0

b write down areduction formularelating J, and J, 5 for w22,

¢ Hence evaluate

i al

ioJ.

d Show that if # iz odd, J, 15 always equal to zero.

Solution:

) x-1
a IH=J.|:os xdx=J.|:os xcosxdx

-1 dv
x and —=cosx

X

Integrating by parts with « = cos”
du : .
Z=(r-1ces"  x(—sinx), v=sinx

o L, = ‘I.c-::-s’d xdx=cos"  xsnx —J. —-(m-1 cos™™ xsin® xdx

=cos" xsin x+(n— 1)I cos™ x(l—cos® x)dx

= cos* xsin x+(n— I)I cos™™ xdxr—(n— 1)'[&05’d xdx

Giving I, = cos™ xsin x+(n— DI, —(a-11

So nl, =cos™ xsin x+(n-11,_,
2

It follows that P@I

T ar
dr
1 -2
costxdx = [l:os’é xsin x]o +(?2—1)I cos” “xdx
0 0

Seal,=x-1)J,,, as [cos”_l xEin :J:]Ecr =0

Ar 2r
i J4=I cos"xdx=é.f2=§xliu=§‘[ 1ci:1r=§)<2;'r=3ir
n 4 4 2 2Ja 3 4

Ar
ii jg:,[ CossxdFE;ﬁ:ExE;_‘:E 4:%,(3;”:35_”
0 8 48 48 4 &4

using c i

It s 1z odd, J, always reduces to a multiple of J),

ir
but J :,[ cosxde[sin x]ﬁw =0,
0

(Toucould also consider the graphical representation. )
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Integration
Exercise F, Question 14

Question:

1
Given J, = J xx.\f(]—xgjldx,?ﬂ =0, Hint: Write x"\1— 2" as
0

a showthat (n+2)[, = (n—1)1,_,n= 2. x"‘l{x\h—T} before
b Hence evaluate Jlx? [1— % Jdx inlegraling by pasts.
0
Solution:
a Integrating by parte with z = 2™ ' and % = x—\h——x2 Using the hint.
du | 2

—=(r—- 2 v=—— —Xz 2
= (n=T)x" ", 3(1 ]

1 7 N 3
So I, =j P el 2 }’dx:{—lx:'d 1(1—x2)§} +szx’d =xidr

0 i}
_(n- 1)j . 2 { 1 T
(1-x*dx as | ——x*"1-2F] =
_(n- DJ 21— I dx

= (ﬂ_l) J‘E{x" -5 = f1- A }’dx

- w PR
= B+(-D}, =(-1)],,
= @mtl, =H-1),,

1
¥ Uzingw S e Dt g e 15 Fediie
95 9 7773 775 T 31s),
_m[ 1, i)
315| 3 u
=ﬁ[l}=£
31512] 315
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Exercise F, Question 15

Question:

Given £, = Jx” cosh x dx
a show that for » 22,7 = x"sinh x—»ux™ cosh x +a(n— 1)1,

b Find 7, =Jx4 cosh x dx.

1
¢ Ewaluate | x° cosh x, giving your answer in terms of e
o

Solution:

PhysicsAndMathsTutor.com
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i : o
a Integrating by parts with = x" and é =coshx

i )
Z—nx"! v=sinhx

S0 Jx” coshxdr = x"sinh x — me” Yainh xdx

Integrating by parts again with z = 2" ' and %=sinhx
%Z(?ﬂ—l_]x” * wv=rcoshx
Soid =" sinhx—nc: ' cosh Jr—J{M—l_]:f’é gcoshxdx}'

n-1

= x"sinh x —nx |:c:-s}:1;':+n{;rz—1]f;,é . HZ2

b f, =xtsinhx—4x cosh x+127,, *

substituting 2 =4 in =

= x* sinh x— 42" cosh X+]2{X2 sinh x—2xcoshx +24; ¢

= xtsinhx— 4% cosh x+12 {xz sinh x—2xcosh x}»|~ 24| cosh xdx

= x'sinh x— 4% cosh X+]2{X2 sinh x—2x cosh x}|~ 24sinh x+C

= (z* +12x% + 24 pinh x— (42° +24x Jeosh x +C

1 1
C '[ ** cosh xdx=[x3 sinh x—3x° costh+6J xcosh xdx

1} 1]

1]

[sinh 1—3cosh 1} + 6 {sink 1— [cosh 1- 1]}
Fsinh1-9cosh1+6

R N i1 1%
=?|E! = |_9|E!+E! |+6
A, 2 ! A 2 !

be—e’—8

1
=6t—eg—8e or
£

© Pearson Education Ltd 2C
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Integration
Exercise F, Question 16

Question:

sin ux

- dx sn=0,
sinx

Given that [, = J

a write down a simnilar expression for 7, 5, and hence show that
_ Zanip-1=x

f:u_fxﬂ |

b Find
in4

i J‘Slfl xdx
S ox

1 the exact value of J

Solution:
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sin{n—2)x
a l,=|———
sin X
Fainmx—sin(w—2)x
sorboslaes — — dx
, 5in X
peosd 2t (=2)] L [r=(2=2)]
. bOE 1 [xsm ] 5 [x TTzing Edexcel formula boollet
= : dx
. BIIL X
[ 2 —1)xs
” cos{n. stmxdx
. sin x
= |2cos(n—1)x dx
251 -1
= M,HE 2 It is not necessary to have +C.
i
in 4
b i J“_n L ax=1,
BN X

Tsingawith #=4; {, =1, +

= JE cos xdx+

=Zsin x+

i Usingawith w=>5: I, =15+

s

25in 3x 44— S

2sinxcosx

)

J

sin x sin x

-]

2sin 3%

2sin 3x

+Z

Zeindx

2sin 2x1+25in4x

L+

N

= Jl drx+sn2x+

=x+sn2x+

fnox

dx

It follows that J_E

sin X

4

sindx

|

sindx

sindx

H

}E
3
s

~+
&

= {x+5in 2x+

|

T

T N33

2 4

B

& 2

5

S

N3,
2

|

_ ,-'!'—3\5
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Integration
Exercise F, Question 17

Question:

Givern that 7, = J‘sinh?4 xdrne N,

a derive the reduction formula »7, =sinh™ xcoshx— (2101, 222

b Hence

I3

1 evaluate J sinh” xdx,
0

areirhl

1 showthatj

1]

sinh“xdx=%{31n{1+ﬁ}—,j§}_

Solution:
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a I, = Jsinh” xdx= Jsinh” ' xsinh xdx
. . . -1 dv .
Integrating by patrts with & =sinh™ x and o =znhx

dlas

— =(r-Dsinh®*xcosh x, v=rcoshx

So l, = Jsinh” xdx =sinh™ ' xcosh x—J(n —Dsink” ? xcosh® xdx
= sinh™ xcosh x— [H—I]Jsinh“ : Jr:{_l—l—sinh2 x )dx

= sinh™ xcosh x—[;rz—l]'[sinh?d . xdx—{n—l]Jsinh” xdx

Giving [, = sinh™ xcosh x—(2—1)1, , —(n—1),

o ?zf,d:sinh“xc:oshx—{n—ljf, nza *

b1 J =lﬁsinh4xcoshx—§f3 + using = with # =5
=lsinh4xcoshx—i]lsinhzxcoshx—Efl
5 5|3 34
1,4 4 4 2 [ .
= _zinh xcoshx——sinh® xcosh x+— | sinh xdx
] 15 15
1. .4 4 4 8
=§s1nh xrcosh x——sinh® xcosh x+Ecoshx+C
1 1
B3 _ -3 3—_ Yk W 94
When Jr=1113,sinhx=E E - 3=i,|:oshx=E s = 3=E
2 2 3 2 2 3
When x=0, sinhx=0,coshx=1
Applying the limits 0 and In 3 to the resultin b
I3 G ke G P
J snnnde=| 1 2] [2) -2 2] (2} £(2) {owi}
0 513)13) 1513313) 151 3] 15
=E=U.619(35.£)
1215
1 3 : :
1n Jsinh4xdx=f4 =Zsinh3xcoshx—zfz a+ TTzing = with =4

sinh® xcosh x— E llsinh xcosh x—lfu
4|2 Al

R I N B o

3 3
sinh® xcosh x— Esinh xcosh x+§J] dx

sinh® xcosh x—gsinh xcosh x+§x+c

PhysicsAndMathsTutor.com
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When x=arsinh] sinh x=1,cosh x=1+sinh’®x = \E
When x=0 snha=0 coshz=1
Applying the limits 0 and arsinh 1 gives

J sinh*xdx:E(lf(ﬁ)—_(l)(ﬁngmmhl
1}
=% 3\8'{_+ In 11+~J12 J

*’{_ 31 (1+42)
[1n|1+\f" \a"]

l:><:||-—l
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Integration
Exercise G, Question 1

Question:

. . . 12 .
Find the length of the arc of the curve with equation y= Ex:* , from the origin to the

point with x-coordinate 12

Solution:

© Pearson Education Ltd 2C
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Integration
Exercise G, Question 2

Question:

The curve C' has equation ¥ =In cos x - Find the length ofthe arc of O between the

: : : T
points with x-coordinates 0 and —.

Solution:

. o
Oi Hn ox

v=Incosx,s =—tan x

Arclength = J3xf1+tm2 xdx= JB secx dx
0 0

Cos X

= [1n{secx+tanx]:|§

=1n(2+V3)
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Integration
Exercise G, Question 3

Question:

i A
Find the length of the arc on the catenary, with equation y=2 cosh‘ % | between the
points with x-coordinates U and ln 4.

Solution:

y=2cosh|{§\|, 4] %=sinh‘{§\|

arc length = J

1]

;T
= 2sinh|f|
L2,
It ha
7 _ . 2
— B e :
2 "_”_,,—/—"" Az lnd=In2"=2In2
— 2 _ -l
=2_%=§ "—AS Ehk._jcelnk.zé‘hk. =k1
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Integration
Exercise G, Question 4

Question:

: : : 4 ¢ 3
Find the length of the arc of the curve with equation y* = 5 x, from the origin to the

point (3,2+/3)

Solution:

1
y2=ix3,so 2y£=ix:‘=‘ady 2%
9 dri 3 dr 3y

3
arc length =J S+ xdx
0

3

3
3 i
=3[3_1|=4E
3 3

© Pearson Education Ltd 2C
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Integration
Exercise G, Question 5

Question:

The curve C has equation ¥y = %sinh2 2x . Find the length of the arc on O from the

origin to the point whose x-coordinate 1s 1, giving yvour answer to 3 significant figures.

Solution:

y=lsinh2 2x, 80 di: 2einh 2xcosh 2x=sinhdx
2 dx
1
=0 arc length = J 14 sinh® 4xdx
0
1
=J cosh 4 xdx
0
1
= — [sinh 4x E

sinh4=682 (3af)

= s
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Integration
Exercise G, Question 6

Question:

The curve C' has equation ¥ = —(22{ —Iln %), x> 0. The pointz A and & on T hawve
x-coordinates 1 and 2 respectwely. Show that the length of the arc from 4 to B is

1
~(6+1n2).
T )

Solution:

y=l{2xg—ln x), 50 %=x—4i
x
2
i i b
|dy|_1 x—l+ 12:x2+l+ 12:|x+i|
2 léx 2 léx 4x |

=o arc length =J | J'r+i ‘dx
1
[eeo]
=
2
{2+—1n2} [ }

(6+1n2)

iy
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Integration
Exercise G, Question 7

Question:

i W
Find the length of the arc on the curve 3= 23rn:osh| % | from the point at which the

: : : : 5 .
curve crosses the x-amis to the point with x-coordinate = Compate your answer with

that in Example 25 and explain the relationship.

Solution:

s (%) A 2 1 2
y—Zarn:oshlEJ,so SEma —~ —sz_dl
\/l.z | <
2 2
1+‘Fd—y\ =1+ 24 = f
| x| -4 x-4

The curve crosses the x-ams at x =2,
5

2 1
=0 Mclength=J2x(x2—4)§ dx

2

25
(7=
2
=135
Elitninating £ from the two equations in Example 23, wvou find that the Cartesian
i i) i i
eeuation is g=cosh| % | For i 21, the crve s y= 2arn:osh| % | The litnits in both
gquestions cotrespond, and so they are ezsentially the same question.

i k!
[For 0=z =1, the reflection of y= Earcosh| % | in the x-amis iz generated.]
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Integration
Exercise G, Question 8

Question:

The line y=4 intersects the parabela with equation y= x* at the points 4 and B Find

the length of the arc of the parabola from A to B

Solution:

The line y=4 intersects the parabola with equation y=x" where x=-2 and

=42,

1

b

TTasing symmetry arc length = EJ
0

Tzing the substitution 2x =sinhu, 2o that 2dx = coshueda |

-‘.ﬂl+sinh2 1 coshadu

& awehhd

atc length
vi

& wsih g

= cosh®n du

Wi

» s 4
1+ cosh 2u
(1+cos )du
0 2

[

arsitdid

| |

1
i +§sinh 22;}

0

+anh s coshu | bt

=

2
= 2J i+ 422 dr \
1]

]

_ 1 \
hd + —(41+16 ) 4+—
R 2(\ ) Taing coshw =x|'1+sinh2u and sinhu =4

arsinhd + 217

e A i e e o

In (4 +17 }+2u‘fﬁ Using arsinhx =In [x+ {1+Jr2 )

]
J

b S

29(3sf)
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Integration
Exercise G, Question 9

Question:

The circle O has parametric equations x=rcosf, y=rsin 8 Tze the formula for arc
length onpage 79 for to show that the length of the circumference 13 2w

Solution:

; dx : d
As x=rcos, y=rsin0,—=—rsin6, > =rcos 0
d dé

7 1
W )
| i M) | =r{cos? B +sine)=#*

( dx
o) |ds)

So‘d—

The circumference of the circle = 4J i »de
]

TTzing symmetry.

=4r [H |05

=2rr
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Integration
Exercise G, Question 10

Question:

The diagratn shows the astroid, with parametric equations
=2 cos3£,y= Pasin®t, 0<f < 2.

Find the length of the arc of the curve A5, and hence find the
total length of the curve.

Solution:

: dx o4 ;
x=2acos f,v =24 sn®t, s0 E =—fa cosgfsmr,ay =fasin’ f cost,

p 2
‘ +| Ey | =36 (ot foin®t+sint teoss )= 262 sin® cos £ lcos £ 4ain’ )

i dx
|z ||

= 36a’sintcosis

T

Atd =0 ,atR t=—,

2

i
so arc length A% = J fex siné cost di
0

:mjﬁmz¢
1]

a|-cos 2 |Di

| e IS I e Y

a|1-(-1)]

I
g’

Total length of curve =4% 32 =12a (symmetry)
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Integration
Exercise G, Question 11

Question:

Calculate the length of the arc on the curve with parametric equations x = tanhu |

y=zech i, between the points with parameters u=0 and x =1,

Solution:

x=tanhu,y=zechu, so % =zech’y, d_y = —gechutanhw ,
i dx \2 |" 2
| | Al | = sech*u + sech®u tanh® & = sech fsech 1 +tanh® o |= sech’u
1
So arc length = J sechu du . wee Example 7.
0

1
='[ Hzﬁdu
.;.E:—i-e

(E ) +1
= E[arctan (e }];

= Darctan {e)—% or 0866 (35£)
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Integration
Exercise G, Question 12

Question:

The cycloid has parametric equations x=a(f +aind), ¥y =a(l—cos ). Find the length

of the arc from =0 to 8 =7

Solution:

A x=a{H+sinH],y=a{]—cosH],E=a{1+cosH],d—y=asinH
! S de T de

.2

p 2
|E + d_y| =a2[l+2cosH+cong+sin2H]
\de | | d8 ) -
=a2[2+2cosH]
Yy o = _ (8 )
:4azcosn| — ‘ Tzing cos 24="2c0:" A—1 with A=| = |

I / H 1
Soarc length = EQJ cos| — ‘dH
N

=da sin|r E | E
L2

=dn

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Further Pure Mathematics Pagel of 1

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise G, Question 13

Question:

=how that the length of the arc, between the points with parameters ¢ =0 and ¢ =g

oft the curve defined by the equations x=¢+siné, y=1-cost, 15 2.

Solution:

x=t¢+sng, y=1-cost

dx d :

—=1+|:os£,—y=smr.
ds

i \2 i \2
So | % | +| jz_y | = [(1+ 2cos£+coszi]+(sin2f.)}

2:"3 A
=2{l+cest)=4cos | 5 |

|
Tzing &= J
t

A

3
arc length = J

1]

4 [ sin | % ﬂ?
V=

=2
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Integration
Exercise G, Question 14

Question:

Find the length of the arc of the curve given by the equations x=¢' coss, y=¢'sing,

: : T
ketween the points with parameters =0 and f=—.

Solution:

¥ o
X=g cost,y=¢esini

dy

dax ; ;
E=E’{cosr—smr_], =e’{51nr+cos£_]

p
y
So|— | +| | =it ] rfn:os t—2sintcost+sins)+(sin® £+ 2sins cost +roos? ﬁ]-l

=2[E:I ]g{sm i+rcos .ﬁ]

2

=2[e

_(J

-l T
=ﬁlef—1]or1_69 (3s£)
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Integration
Exercise G, Question 15

Question:

a Denoting the length of one complete wawe of the sine curve with equation

y=n3sn x by L, show that L=4J2«f1+3cosz xdx
0

b The ellipse has parametric equations x =cosé, ¥ = 2sing . Show that the length of
its circumference 1z equal to that of the wave in a.

Solution:

: d
a y=~/3snzx,so £=\f§cosx

Tzing the symmetry of the sine curve 5 = 4J
0

b x=rcoss y=2sn¢

%=—sini,l—y=2cosi
|E r +|r E ‘r =sin’f+dcos ¢
Lde )L e

-

=1-rcos?i+dcos?s
=1+3c0ss
From the diagram, at 4, :=0,

-

B =2
2

sousing the symmetry of the ellipse, the length of the circumference is

i | |
4J J1+3cos®s df, equal to that of the sine curve in a
D
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Integration
Exercise H, Question 1

Question:

: : 3 : : : i
a The zection of the line y=Ex between points with x-coordinates 4 and 2 1z rotated

completely about the x-axis. Tee integration to find the area of the surface
generated.

b The same section of line is rotated completely about the y-axis. Show that the area
of the surface generated 1z &0

Solution:

i "|2
4 dr 4 Ve [ 16
8 3 w5
Surface area =J 2l = x | = |dx ; ’f (dy ¥
4 L4 14 Tsing J 2my 1+| = | dx
15 ! (&)
= _.TJ‘ xdx
g
2
= E'f | =45z
8 2],
b Eotating about the y-ams: Although it 15 quicker to use
/ 32 g 7 2
From the wotk in a 1+|E| =1+E=E o ]+'d_y'| dx
dy 9 G | dx ]
Az integration 15 w.rt ¥, the integrand must be in terms of ¥ . " -
i - = )
The limits for y are 3 (':rhan x=4% and & (when x=81, bere S 1_|_| dx | 3
. £H NEEN |y |
so area of surface 15 2,-'.'| -y " — |dy . » LR
3 5 3 13 used to give an example of its
40 yﬂ i use.
B
_40x27 €0
ax2
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Exercise H, Question 2

Question:

The arc of the curve y=x", between the origin and the point (1, 1), is rotated through

4 right-angles about the x-axis. Find the area of the surface generated.

Solution:

Tsing Jx 2y 1+| | dx,
"

the area of the surface 13 J a1+ 9xt dx

1]

on [
= ;J 61+ 95" dx
36

3 1

=2—{ (1+9x* P }
36 :

l?[mﬂ 1] 356,3sf)
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Exercise H, Question 3

Question:

1 i ; .
The arc of the curve ¥ = Exz . between the origin and the point (2, 2), 13 rotated

through 4 right-angles about the y-axis. Find the area of the surface generated.

Solution:

Usi J o i 2) ax
sing Tx = )
a2
wd

the area of the surface 13 erxdl+ 2 dx

w2
=] exf1+x%dx

wi

=n _%(1+x2 }gl
- 2[5
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Exercise H, Question 4

Question:

The points 4 and B, in the first quadrant, on the curve y* =16x have x-coordinates 5

and 12 respectively. Find, in terms | the area of the surface generated when the arc
AR 1z rotated completely about the x-axis.

Solution:
d d
2 v v
=l6x so 2y—=16= =
¥ ydx i

{ \2
1+| % | =1+%=1+i=er4

Using J on | dx
¥
= d+x
the area of the surface 15 '[ 2.-'.'4«,.’; dx
5 X
12
=8r| fd+xdx
5
5
= 8'{— (4 +xﬁ}
5
= 16_'r [37]
3
_ 59Gm
x
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Exercise H, Question 5

Question:

The curve C has equation ¥ =cosh x. The arc £ on O, has end points (0, 1) and

(1, cosh 1)
a Find the area of the surface generated when ¢ iz rotated completely about the x-amis,
b Show that the area of the surface generated when & is rotated completely about the

i fe—=11}
V-ais 18 241-| — |
| E

Solution:
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d :
y=coshx, 50 P = sinhx
dx

f \2
1+| ii—d}; | =1+sinh® x=cosh?®x

a zing Jﬂ 2my 1+"d_y | dx
by |.__ dx ,_.| ’

1

the area of the surface 15 '[ 2 cosh? x dx
]

1
= .TJ‘ {cosh 2x+1)dx
i

{sinh 2x T
= +x
2 o

=n [sinhxcosh x+x|;
=7 [sinh lcosh1+1]
=884 (3:1)

X i W2

b Usingj 2mx 1+| d_y| dx,

. Y
1

the area of the surface 15 J 2rxcosh x dx

1}

T |
I ][“mhx b _L s dx[ Using integration by parts

=21 {sinh 1- [cosh x |;}

=2 [sinhl—cosh1+1}

e crpest] B s Ll
=2 1_I_.E_E_E_E |+1}'
I 10
=17
=on| — |
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Question:

3
X

The curve C' has equation ¥ = —+—.
2x 6

a Show that 1+‘-' % T = %‘ x + Lg |
x

The arc of the curve between points with x-coordinates 1 and 2 is rotated completely
about the x-amis.
b Find the area of the surface generated

Solution:

\2 1|"
=1+—| -2+ -
41 x )

L ’:|= %| x4+2+x—14?|=%[ xﬂ+l‘|

i 1 1 ]
— |
X

e FBEE 00, S
the area of the surface 15 |—+— || 4= |dx
w2z 6l A
3 5 Y
T,[ |E+x—+L |dx
¥l 3 6 2%
i 1 i
=+ -—
3036 4x )

23%; =726 (3sf)
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Exercise H, Question 7

Question:

Vb

The diagram shows part of the curve with equation .
12 i

x* +3F =4 Find the area of the surface generated when this
arc is rotated completely about the y-axis.

Ed

Solution:

:%:241(351“.)
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Question:

a The arc of the circle with equation x° +y* = E*, between the points (— &, 0) and

(&, 0, 15 rotated through 2+ radians about the x-axiz. Tse integration to find the
surface area of the sphere & formed.

b The axis of a cylinder O of radius & 15 the x-axis. Show that the areas of the surface
of & and O, contained between plane s with equations x=a and x=24& , where
a < b< B, are equal

Solution:

= 4HJ‘ Rdx +—— Using the symmetry
0

=4 R[]}
= 4n R*

oy Y
b The required area 1z 2,T'[ v — [dx " see diagram
o _}’

&
v
:2,TJ Rdx .l .._.IJ._“-_..

=2,¢Rﬂ[b—aj ﬂ m
R I_
U\

This 15 the same area as that of a cylinder of
radiuz R and height (A—a ).
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Question:

The finite arc of the parabola with parametric equations x=aé®, y = 2a¢, where @ is a

positive constant, cut off by the line x =4a, is rotated through 1807 about the x-amis.

=howr that the area of the surface generated iz gﬂag (5\5— 1.

Solution:

dy

x=a32,y=2aﬁ,so E=2c3:.ﬁ,——2ac _
de de ] =

Sof—\2+{E\2=4a2£2+4a2=4a21‘1+4‘,2]
2] %] (1+4)

x=4da when =12 (See diagram.) 0 T5
A rotation of m radians gives a surface which
would be found by rotating the section y 20, 1e

i=10 to i=2 through 27 radians. i
_ : [ i 2

L0 am — |+ =]
ang [ 2| S4{ 5] o

j

2
the area of the surface 13 2IJ daiaf1+ £ ds
0
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Question:

The arc, in the first quadrant, of the curve with parametric equations
x=zsech ¢,y =tanh{ , between the points where i =0 and :=1n?2 15 rotated

: .2
completely about the x-axis. Show that the atea of the surface generated iz i

Solution:

x=zgecht, y=tanh ¢, so E = —gechs tanhr,d—y =zech’s
df df

'rdxm'z 'rd}“"'2 2 2 4 2 2 2 2
|E +|E| =gech*ftanh f.+seu:h£=sen:hf.(tanh z+sech£)=sech.ﬁ

b
Tsing J
y

h2
the area of the surface 13 2:'.'J tanhfsechs d¢

1]

=21 |-seche Eﬂ

- 5 bl
=2m|—— -
e +e |
S L25
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Question:

The arc of the curve given by x=3%", y=2¢ from =0 and £ =2, is completely
rotated about the y-axis.

2
a Show that the area of the surface generated can be expressed as 361‘1"[ Eql+e2de.

0
b Using integration by parts, find the exact value of this area

Solution:

a x=3£2,y=2£3,so E=E§.ﬁ,d—‘y=6¢‘.2
i i

+|Fd_~”’ T =36¢2 (22 +1)

.fdx‘\2
=) '

e

t
Tzing J
4

2
the area of the surface 1s E,TJ 3w b1+ £ de
]

2
=36,¢J 142 &
0o

b Let u =E,%=m’1+zg

3

So %=25,v=1{]+52 |2
dt 3
36*'[252(ﬁm)dz—%*-[[lzz(lﬂgﬁr Jzzz(lﬂz??di‘
N e }5 L di3 [
=12,¢_53(1+53)%—§(1+53}§]
=12r :4 (55 )—% (2516}%}

=12r 10@%}
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Exercise H, Question 12

Question:

: : : 1 .
The arc of the curve with parametric equations x=¢,y=¢ —553, between the points

where ¢ =0 and £ =1, iz rotated through 360" about the x-axiz Calculate the area of
the surface generated.

Solution:

,y=£—lf,3,so E=2:,d—=1—z2
3 ds ds

1, ;
the area of the surface 1= 2;TJ | a‘.—%f ‘{1+52 ]dé
1 LY )

= J ‘ t+= z ——t |dz

a 6 Tt
— o i+i_i
2 & 1B .

117

g
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Question:

The astroid ' has parametric equations x =acos’ f,y =asin’ {, where 2 i3 a positive
T T _
constant. The arc of O, between = E and = E 15 rotated through 2o radians about

the x-zoiz. Find the area of the surface of revelution formed.

Solution:

. dx : d ]
x=.:z|:os3r.,y=asm3f.,so —=—3acoszzsm.ﬁ, £=3cxsm2£cosz
’ 2 W2
f dx ¥ i d ¥ _ )

‘— | +| i | =9a2{cos4zsm2£+sm4.ﬁcosza‘.]
Lde )| d ) -

=9a”sin’ tcos® £ (cos® £ +sin’ ¢ )

2.2 2
=89a sin" fcos i

. I .
the area of the surface 1s 2,?!"[ asin’t(3asincoss )de

]

7
= 6,-'T.:12J sinttooss de

fi

=éma’ {lsinjzr
2 L
3
- 6ma’ 1_l
5 3z
_ 93ma’
20
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Question:

The part of the curve y=e", between (0, 13 and (In 2,2) , is rotated completely about
the  x-ams.  Shoew  that the area of the surface  generated s

miarsinh 2 — arsinh1 +2+/5 —~/2) .

Solution:

Usi J ony | & | dx
sing Ty — )
Com (2]

i

the area of the surface 1z 27 e fl+e dx
0

Make the substitution " =sinhu, 5o e"dr = coshudu
Limits: when x=In 2,u =arsinhe™ = arsinh 2

when x=0x =arsinhe =arsinhl

ekl
Then the area of the surface 13 27 cosh?u du
arsirhil
arsirh
=,-'.'J {1+cosh 2u ) du
areiil
{ sinh 2 }mg
=Tlu+
2 areivh 1 cosh o =~.|'1+sinh2u

ars ki 2
arskil

=n [arsinhZ +2+/5 —(arsinh1+ (1) {JEH

= 1 |u + sinhu cosh u |
arsinh
arsiibl
= 7 {arsinh 2 —arsinh1+24/5 - 2 )
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Question:

=how that the volume of the solid generated when the finite region enclosed by the
curve with equation y=tanh x, the line x=1 and the x-axis is rotated through 24

: .2
radians about the x-ais iz ﬂg ; [E]
1+e
Solution:
1 1
Wolume = "J yidr=nm| tanh®x dx
0 0

1
*J {] —sech®x Wx
0

=,-'r[x—tanhpf|; tanhlze—ellzez—l
=m(l-tanhl) gte g +1
= .'r‘rl_ﬁ‘l

et
_im
1+’
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Question:

42 4+dn+17 =(ax+2F 4,2 > 0.

a Find the values of @, & and .
15
1

b Find the exact value of J ———dx [E]
0s 4.71' +4X+]?

Solution:

4x2+4x+175{ax+b_]2+c, a=0
a 4x2+4x+1?5[2x+£:]2+c g=2

45 +dbx +58 +¢

Comparing coefficient of 0 =1
Comparing constant term: 17 =14+c=c=16

b Usinga,J 5 ! dx=J ]2, dx
4x" +4x+17 (2x+1) +16

Tet 2x+1=4dtan @  then 2dx=4dsec’do

2
H
dj 12 ZJ 25&213 48
(2x+1) +16 16tan“ 6 +16

2
ZJ dsec 2H 46
16zec” H
:lH+C
2
=larc:tan| el I|+C
3 4]
L3 1 1
Soj zidx=—[arctan]—arctan0|
0_54}{ +4x+17" 8
&
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Question:

Find the following
a sinhdxcoshéx dx

[ sech xtanh x
J 1+ 2zech x

-

¢ |efsinhzxdx

L

Solution:

a TTaing the definitions of sinhdx and coshéx

'[ 4r oy o

|dx Tou could use hyperbolic
] identities to split up into a
difference of two sinhs.

:ll wa e mxl_Hj
4110 2 —10
zl.lelﬂx-l_e 2xl+c
4110 10 2 | e e
; : as coshax= >
= —rcoshl0x——cosh2x+C
20 4

Jsechxtanhx 4 1 J—Esechxtanh x

B 1+ 2zechx

1
ciai— - dr=——ln(1+2sechx 4T
14+ 2zechx 2 2

¢ Tourcannot use by parts for Jex sinh xdx

TTzing the definition of sinhx

Jﬁ” sinhxdx=Jﬁxl g E |dx
= %J{egx—ljdx
= l‘ leh—x I|+C

28
= legx —x+
4 2
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Question:

The diagram shows the cross-zsection & of an artificial ski slope. The slope 15 modelled
by the curve with equation

10
y=——0<x<35.
(4% +9)

Criven that 1 unit on each axis represents 10 metres, use integration to calculate the
area B Show your method clearly and give your answer to 2 significant figures.  [E]

Solution:

3
Areaunder curve= J ydx=
0

5
J‘ 0 .
Dx{4xg+9

5
s
E',|'Jr2+3

= 5{afsinh |2_3x ﬂ) Using ﬁ dx = arsinh |§ |

= Darsinh ‘ g | (s units)

. C(10)
‘Real’ area =Sar51nh| < ‘ 100 m* =960 (2 5.5)
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Question:

142
a Findj ~dx
1+4x

b Find the exact value of
s "
s 1+4x°

Solution:

142 1 2
a J—ﬂdpj dx+J T dx
1+4x 4 1+4x

)

1+4x°

:J#dﬂ_lj‘ BX 4
4(l+xz 4J) 1+4x°
4

%arn:tan 2x+%1n(1+4x2)+6"

s
1+2x2 dax =larc:tan1+lln2
g 1+4x 2 4
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Question:

A rope iz hung fom points two points on the same horizontal level. The curve formed
by the rope 1z modelled by the equation

i x'\
y=4cosh| = |—20_x_ 20,
|4 )
Find the length of the rope, giving vour answer to 3 significant figures,

Solution:

y=4|:osh|lr§\‘, 50 %=%sinh[%\|=sinh|r£\"

Tzing the symmetry of the catenary

=danh 5
=59 (Zaf)
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Question:

1
“how that JEManhx dx = %ln{ % | where @ and & are positive integers to be found.
0

Solution:

Let w=artanhx — =1

=0 %= 12 v=x
dr 1-x

1-x

1
3 . 3

Then j artanh xdx =[x artanh x]g—j T dr
0 1}

- X

L. o
=[x artanh x]3 +%j ng dx
0

1 . |2
=| x attanh x+§1n(l—x h
o

= el el B)
2 v2) 2 \ 4]
el 5
_%{%ln i [+%ln|§| Tsing artanhx=%1ni1i—i:
=lln3+lln|r§‘
4 2 L4
].[ ,3321
:Z]1n3+21n|23;| I'
H | 3]
=ﬂ1n3+1n|—6\[
1

- 2
:—1n| =l | soq =27 andb =16
4116
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Question:

L4

Given that J, =J2x” cos x dx,
0
a find the values of

i I, and

i J,

et d
b show, by using integration by parts twice, that J =| g | —un=DL. 22

¢ Hence show that J 2?.‘3 cosx dx= é (m® — 24w+ 48y
0

b2 A

4 : :
d Ewaluate J x cosxdx, leaving your answer in terms of .
0

Solution:

PhysicsAndMathsTutor.com
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5
. 2 : n
ai Iﬂ:,[ c:osxdx=[51nx|ui=1
0

. 2 ; = 7,
i Il:J- xcosxdx=[xsmx|§—j sin x dxe
0 0

T a
=§+[cosx|§
=2 i[o-1]=Z-1
2 2
. : » dv
b Integrating by parts with & = 2™ and d—=cosx
X
du :
—=ux*! v=szinx
dx

Tsing integration by parts

3 cocnh PR
So i, =-[ " cosxdx=[x” sin ng n-l- A sinx dx
0 0

{3 z
n 2 a-l -
=|—= ‘ n‘[ 2 ain x dx
L} 2 A a
y ]
Integrating by parts on J i
0

1

de
E={n—1]x” 1 y=—cosx

m

d

sin x dx with =2 and a=smx

= i =
F x F
- e 1 2
gives J‘ z smxdx=l_—x” cosx_lg +(n—1}j " cosxdx
0 0

i

=(n-1},, as [—x” Leos xJE =0

Substituting in =
(7 Y

! =._ > | —u(n—=1)I .

= iy
¢ J’fcosxdx:fsz[i | -3,
2 =

= T—3—3" +&
]
@ %{;—:3 —24m +48)

z N
d J.zx“cosxdx:fﬁ =[ = | -4,
: [

3t ey

=[%J —12“ > J — 2614,

=X agiiog
16
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Question:

dx
a Find J—
S or LD

dx
boFisd |
- Jf—2x+10

1 i \
: : : i ‘,4'”_?”@}
¢ By using the substitution x = sinfd , show that = :

] \’{1— x J &4

[E]

Solution:

PhysicsAndMathsTutor.com

Pagel of 2



Heinemann Solutionbank: Further Pure Mathematics Page2 of 2

a 2 -2x+10=(x-1) +9

J dx ) dx

=0 =

v -2z+10 J f(x-1) +9
Let x—1=3snhu, then dr=3coshudu

soj dx _ [ 3coshu
Jxi—2x+10  J 3coshu
=u+

= arzinh | %_1 | +

dx _ dx
b b = 3
=2x+10 (x=1) +9

Let x—1=3tan @, then dx= 3sec’ @ d6

dx 3sec’ O
50 7 = 5 46
x=2x+10 Stan @ +9

2
:JBSEC HdH

Dsec” @

=1H+C
3

= larn:tan ‘ x_—l ‘I‘+C
3 2 |

¢ Using the substitution x=szin 0 | s0 dr=rcosH 46

1 n
J‘i = dx _J‘Esin“HcostH
0 .J[l—xgj 0 cost

e g 46 o fooaa 1 2
=1 s sin 0 =(sin® 9) =Z“_COSEH}
’ .

s IS[1—2::032H+c:oszEHJdH
40 "

=ljﬁ| 1—2::052H+M |:iH
4Jo | 2

=l B—H—sin2H+sm4H :
41 2 o
iz _¥5,5)
44 2 16
(47 -743)

&
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Integration
Exercisel, Question 10

Question:

1 1
Given that [, = J 1-x3dxnz0,

1]

a showthat 7, = i f.nzl
3n 44
1
b Hence find the exact value of J. (x +13(1-x)%. [E]

Solution:

. : . o
a Using integration by parts on [, , with &= 2" and i =(1-xF

4
50 i‘i=mr’“1anciv=—§ xF
.4
r 4 4
fm=—§_x”{l—xﬁj|i+i—n'[ fH(1-xF dx
3?1 a3
=— x“{l—xﬁdx
4 Jo
a3 1
5 -z )1-xF dx
4 Jo
3 1 s 8 1
=6nJ‘ A1(1-xF dx——J (1-xF dx
1] 4 1]
3 24
Y T Y iy gy .y
4 30 +4

1 4 1 1
b J (14+x)(1-z)° dx=J (1+ 21— 2% de =1, - I,
1]

1

3 “} 3
3 I
J 1+ dx= { 4(1 x) i

1]

Using a 1, —EI—B 3 ” %

5 a7 B

1
oj (1+x)(1—x)? G o A0 _ 2
0 4 140 140 70
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Exercisel, Question 11

Question:

Ik

-

a)

The curve O has parametric equations
xr=i—Ini,

y=dafE 12t <4,

a Show that the length of C'1s 3+1n 4.

The curve 1s rotated through 2w radians about the x-axis.
b Find the exact area of the curved surface generated.

Solution:

1

r=i—lInf, o E=1——
ds

the area of the surface i3 EIJ‘

1
i Y
i 1 !
=81 \f'z-+—
-1|l_ '\{EJdJ
[z 1 Tt
=8n Ezi+2£5}
3 1

_sa|[ 244 )( 242 ”
_ 1607
T 3
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Integration
Exercisel, Question 12

Question:

=¥

0 3

Above iz a sketeh of part of the curve with equation

2 {
»=x"arsinhx .

The region &, shown shaded, 15 bounded by the curve, the x-axis and the line x =3
Show that the area of & 13

91n(3+-.‘ﬁ)—%(2+?¢'1_0). [E]

Solution:
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3 3
Area =J ydx= J x*arsinhx dx
0

0
o : : : v
Using integration by parts on 7, . with u = arsinhx and = =l

3

Page2 of 2

i 1 x
50 — = ——=— and v="—
dx 1+ x°
a . ]. 3 ¢ ]J x3
xarsinhx dx = —x arsinhx —— | — dx
J 3 3 A1 2
LE: x=sinhz so dx=coshudu - You could use integration by
& ATE " 3 ¥
J * arsinhx dx = 9;3.1’sinh3—l it coshudu PRt
0 ER cosh u=xgand%= T
e PR
= Yarsinh3—— sinh“n di
30 i}
1 & ek
= QarsinhE—g sintbw [coshgu—lj
v
1 1 are i s
= Yarsinh3— —{—c-::ush3 L— coshui|
33 .
When x=3sinhu=3 so coshu =~f1+sinh’y =\-'{1E arsinhx =1n-[x+ 1+ ]

o JEanrsinhxdx =91ln {3+J1_0}—1{EJ1_0—\!1_0—|F1—1 ”
0 33 3
= 91n {3+m}—é[?ﬂ+ 2]
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Exercisel, Question 13

Question:

1
X

a Tse the substitution & = x° to find J. T dx
o 1+ x
b Find
[ 1
1 dx
J Jdx—
[ 42
i T dx.
J fdx -zt

Hence, or otherwise, evaluate

[t 5_2x
il dx.
V3 w.;'4x—x2
Solution:

PhysicsAndMathsTutor.com
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a Using x* =u ‘2x dx’ becomes * du’

Son LSNP
.;,1+x4 2 01+H2

= ! |a.r|:ta.nu |1
5 i

b i dx-—zxt =—(x:“'—4x}:—|:{x_2f_4]

=4-(x-2Y)
B e

[ x— g
i =ar|:s1n‘ — ‘+C
a |

s 2) Usin J;
—aru:sml- 2 J+C g S ._

ﬁj4_2xdx

Az Motice that %{4x—x2J=4—2x
- L
=2{_4x—x2]2+{,"
Yosoox 01 4-2x |
il — " dx=1 4 s
J; Jdx—x* 3 L,Mx—xg J4x_x2[
Y R S~ 2
3 odx— 3 dx—at
(x—2) L NP
:[arcsin| x22 |+2{4x—x2]2} Taing 1 and 11

“(ZHE 28528
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Integration
Exercisel, Question 14

Question:

The curve O shown in the diagram has equation ¥ =4x,0< x=1.

The part of the curve in the first quadrant 1s rotated through 2 radians about the x-

1
a =how that the surface area of the solid generated 1z given by 4*rrJ SO+ 2
0

b Find the exact wvalue of this surface area.
¢ Show also that the length of the curve &, between the points (1,-2) and {1, 2), 15

1 .
given by EJ x_+1 |dx.
T L

d Tse the substitution x = sinh® 6 to show that the exact value of this length is

2[+f2 +In(1+42)]. [E]

Solution:

PhysicsAndMathsTutor.com
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y= E\E represents the section of curve for x2 0,020 50

. ¥ F d_:l-" ‘.2
a Tzing EHJ‘ ¥ 1+| E‘ dx

sl
area of surface = 27 2\."'; 1+ldx
i X
w1
—an | Jr
i X
ol
=41 | Jfl+xdx
0
1 5 -
b 4JT,|‘ SJl+xdr=4n §{1+xﬁ}
0

0
== (2v2-1)

¢ Tsing the symmetry of the parabola, arc length 1z 2 the length of arc from origin

to (1, 2)

1+|'%’r r dx

u

so arc length = EJ

P41
-2f =

d Using x=sinh® @, dx = 2sinh fcosh A6

|2 sinh @ cosh 646

sinh®B +1
sinh?@

=4 | cosh®6de

-

=2 | {l+coshif )d#

sinh 26 "|+ o

= 2" f+
= 2{.H +sinhH|:c-.shH]+C
= 2{arsinhfx + 247 p+C

(24 '|dx = 2(arsinh1+~/2 )

x|

1
=0 arc length = EJ
0

&<

-

=2[Va+in(1+V2)]

© Pearson Education Ltd 2C
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I ntegration
Exercisel, Question 15
Question:
1 1
a Show that Ixaru:oshx dx = 0 (2.7:2 —liarcoshx— Zx«.n'xg -1+
b Hence, using the substitution x=u" find Jarcosh(ﬁ)dx.

Solution:

2o : ; v
a Using integration by parts with w = arcoshx and = =x,

e 1 b
E= 2 aﬂd 'P=E
Kl 2 : Toucould use integration by
S0 Jxarcoshxdx=—arcoshx—J i dr = parts with 1 = x and
2 244x% -1 dy_ x
2 dx N
cubstitute x = coshu in J L dx gives x -1
x -1
2 2
J L dx= JE‘?Sh % sinhudy
1 sinh
= J.c:oshgudu
1 ;
= 3 {1+ cosh 2u Jdu

= %[u +sinhucoshy [+

= %[aru:oshx+xu‘xg —1]+C

2
So Jxarcoshxdx = %arcoshx— %[arcoshx +xafx? — l]+ ' from =

= i{&xg —1]arcc:ush.?r—%;nc-\.'x2 et

b Let x=u°, s0 dx=2udu,
then Jarcosh‘j-q")_r de = 2Jumcoshu du

{Eug -1 )arcoshu —%um‘uz -1+
{2x—1jarcoshx!7_r—%ﬁm'x—l +

© Pearson Education Ltd 2C
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Integration
Exercisel, Question 16

Question:

sin(2u+1)x

sin x

Given that /, = J

sm Emr

a show that 1, —J,
b

b Hence find 7.

o %sin 2u+x
¢ Show that, for all positive integers #, g
a sin X

which should be found.

Solution:

sin{2un+1)x—sin{2n-1)x
. fx—f,”=J[ (22+1) (2n-1)z]

dx always has the same wvalue,

gin X
_JEcos 2mxsinxdx
) smx (4+B) (A-B)
s x sinﬁ—sin3=2cos| |sin 5 |
=J2cos 2nxdx ' j
_ sin2ax
P
B s1n10x,f4_i,3= smBJrJE_Jrg » s1n6.7r,fj_lr1= sindx
L—=1I,=sin2x
Adding: I, = smSlUx 5 31n48x i s1n36x i 51n24x IR R

where J =J] dr=x+C

_anllx  sinbsx  sinéx sindx

+ tanlx+x+C
5 4 3
f J‘%sin{gn+1]xdx_J%sin{;n—ljxdx {sinE?@xT sin{M'J
0 SN X 0 5N X
2n+l 2n—1

=0, 1f # iz any a positive integer stmi e ]xdx J‘zsmi & ]x dx=10

0 fin X sin X

=}J%sin{?n+l_]xdx_'|‘zs1n12n 1)x =m='|‘zs1nx _n

0 sifnx 0 sin X p Sinx 2
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Exercisel, Question 17

Question:

The diagram shows part of the graph ofthe curve with equation y* = % xx-1%.

a Show that the length of the loop 13 g 4

The arc CA {in boys) is rotated completely about the x-amis.
b Find the area of the surface generated.

Solution:

PhysicsAndMathsTutor.com
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a The point A onthe curve has coordinates (1, 00,
1

Taing symmetry, the length of the loop is EJ
0

Asg y2=lx{x—l]2=l(x3—2x2+xl
3 : Eig g
B Ll 1
2y — =—3x* -4z +1)==(32-1)(x-1)
ydx 3 S B & !

1 ) \ .
Sodizgﬁx_l}{x_l]__'_ 1 (3x-1)

J_rz\E{x—lJ 23 x

X —bfx+1_ 9x*+6x+1 _{3Jr+1]2

and 1+| | =1+ = =
1ax l2x lex
1
Therefore, arc length = EJ‘ i;r_:}_ dx
-, 34';
z
l x +2-J"_1
_43
3
b Using E,TJ ¥ 1+‘ — | dx for area of surface generated about the x-axis
' 3x+1
Area of surface = 2;TJ %ﬁ{l—x]{j_’]dx
f i 12z Mote: yis +we for O4, so you need to
:EJ (1= x)(3x+1) dx _ Ar(x-1) Jz-®
3 take ¥ = =
g E
=1J (1+2x-32% )dx
3 Jo
o T g
_E[JH_X —x Ju
g

© Pearson Education Ltd 2C
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Integration
Exercisel, Question 18

Question:

a Find J‘;dx
sinh x+2cosh x
Yooax—

1 \;'xg —2x+10

b Show that dr =9(~2 — 1)+ 2arsinh1. [E]

Solution:

a Using the exponential forms

Y S
sinh x+ 2cosh x Jlef=eT Y [ef+e)
ERre
L 2 4 i 2
e [ 2
J 3ef+e®
_ " 2e"
J 2t 41

. - g
Tsing the substitution u =¢", then - =¢" 0 e" dx’ can be replaced by “du’,

1 2
o J . dX:J 3 die
sinh x+ 2cosh x 3ut +1
2 1
S
3
= %1\5 }arctan H@u }+C'

= i arctan 1'\|'§E:x }+ -

e

b oA -2x+10=(x-1) +9
Solet x—1=3anhu, then dx=3coshu du
2x-1 dx = Yainhu+2
2 —2x+10 J9sinh?u +9

= JM3COS}1H iz

3coshu

and Zcoshu du

=Bcoshu+2n+C
PR 1)
=9 1+‘x—‘ + 2arsinh| x—|+c
3 N
So FL = [9JE+ 2arsmh1]—[9]
1A 22410
= 9{;\5—1)+2;arsinhl
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Exercisel, Question 19

Question:

Given that [, = Jsec“ xdx;

a by writing sec® x =sec® xzec? x, show that, for 2 22,
(n—1)1, =sec *xtanx+(n—2)J,,.
b Find I,.

¢ Hence show that J4secj x dx=é{7\5+3ln(l+ﬁ)}

]

Solution:

® n-a 2
a Jsec xdx=Jsec xzec xdx

I dv !
Let w=sec*™ x and a=sec x

i

E={n—2_}sec”3x{secxtanx_]={n—2]seu:”gxta.nx and v=tanx

Integrating by parts
sec” xdr =1, =sec”  xtanx—(n—2) | sec® * xtan® x dx

=sec”? xtan x—(n—2) | sec” 2x{sec:zx—l]-::ix

=sec”  xtanx—(n—2) | sec” ;rd;vc+{n—2:|'|‘sec?é Yxdr

L

I =sed *xtanx—(n—-2)I +(n-2)I_,

So (n—1)1, =sec” * xtan x+{n-2)1 ,.nz2,

1 : - :
b Jsecs xdr=1, =Zsec3xtanx+zf3 4+— | Substituting # =35 in =

31 1)
sec’ xta.nx+z‘ Esecxtanx+5f1 +—— Sybstituting # =3 in =

] o=

But [, = Jsec xdr=lIn|secx+tan x|+C +—— On Edexcel formula sheet

1 3 3
S0 Jsecjxdx=fj=gsec3xtan x+§secxtanx+§1n |secx+tan x|+
c J4secjxdx=lh.'§}+§1-\,E}+§1n|~,f§+1}
: ga¥e) Tolkve ot J
- %[?JE +3ln {JEH}}

© Pearson Education Ltd 2C
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Integration
Exercisel, Question 20

Question:

a Show by using a suitable substitution for x, that
J‘mdx=§arcsin|f§ .I|+§m+tf

b Hence show that the areat—oft;he region enclosed by the ellipse with equation
L

o =115 wab.
17,3

Solution:

: dx

a Let x=as=znd , then — =acosd
e

S0 ijag—xz dr= |a®cos® 0 do

1
= %J{l+cos 26 )do

i i H‘I
=i|H+sm2 | o
2\ ]
a .
=E{H+sianosH]+C

b Areaenclosed by the ellipse =4 area enclosed by arc in first quadrant and the
positive coordinate axes (syminetry)

P T b -
i +Jf_= 1= y=+2 7 _ 2 +ve square root required
a’ b ]
b 2 I.- \I i
a w fexel ax
So oarea =4= —arn:s1n| — |+—~.4'ch . from a
al 2 Va2 5
= Zabarcsin ]
= mTab
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Exercisel, Question 21

Question:

a Show by using a suitable substitution for x, that

2
J. .:1::‘—J;‘ﬁ'::br=c%arn:sin[i]+§~.,fc;t2—Jr:4 +

a
b Hence show that the area of the region enclosed by the ellipse with equation

2
i+“;—2=1 15 kb .

Solution:

. dx
a Let xr=agsind, then — =agcosd

S0 J. at— dx=".cz2cos:"5'd5'
2

=S J.-l+|:os 28148

B
2 N
=a;[5l+s1n25'J+c
2
2

]

2

b Areaenclosed by the ellipse =4 area enclozed by arc in first quadrant
(zyminetry)

2 : ;
i A S 1= y= ié ot — 1 | +ve square root recuired|
a® b cz
[
bla®
So area = 4= iarcs1n[£}+£ Gt from a
al 2 i 2 5
= Zabarcsin ]
= Mah
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Vectors
Exercise A, Question 1

Question:

simplify
a Ijxk
b Zixk

¢ LkxGi

d ZixFi-j+k)

e 2jx(Gi+j-k)

I Gi+j-kix 2y

g Gi+2j-k)xdi-j+3k)
h (Gi-j+6k)xi-25+2k)
1 (i+5-4dkx2i—-j-k)
i Gi+lox{i-j+2k)

Solution:

PhysicsAndMathsTutor.com
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= 5j/k:5{j/k_]=5i *—| Usethe results ixi=jxj=kxk =0

b Gixk=3(ixk)=-3 ixj=k,jxk=i and Lxi=j

e kx 3 =3(kxi) =3 and jxi =k, kxj=—i amd ixk=-j
d Gix({i—j+k)=FA=%-3ixj+3ixk

= 27 (ixi)=3(ixj )+ 3(ixk)
= 0—3k - 3]

2i=(3+j-k)=2j=3+2]%j-2jxk
=6(jxi)+2(jxj)-2(ixk)
=—fk— 21

3]

——

(Zi+j-k)=2j =3x2j +x 2§ —kx2j
= 6(ixj)+2(j i )-2(kx])
=6k+21
ijk
(5i+2j—k )x(i—j+3k)=15 2 -1
1-173
= (2x3— (=D (=) (53—l )+ (5= (-1 -2x1)k
= % —16§—7k
ik
(2i—j+6k )< (i-2j+3k)=[2-16
123

=]

=

=((—Dx3-ox{—2i—(2x3-ox1)j+(2x-2-(-1)x 1)k
=9-0j-z2k
=9-3k

ik
i(i+5) -4k )< (2i-j-k)={1 5 —4
predy

= (5%(~1)~ (~4)x(~ 1) )i~ (1X(~1) - (-4)x 2)j +(1x~1-5x 2)k
=% -7j-11k

ijk
i (Bitk)x(i-j+2k)=[3 0 1
1-12
= (0x2-Tx (1) )i—(3x2-1x1)j+(3x-1-0x1)k
=1-5 -2k
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Vectors
Exercise A, Question 2

Question:

Find the wector product of the vectors a and b, leaving your answers in terms of 4 in
each case.

a a=(li+2j+k) b=01-3k)

b a=(2i—-j+7k) bh=(i- 4+3k)

Solution:

A a=(a+2i+k)b={-3k) 4— TIse the determinant method to

11k find the vector product

axh=1L2 1

10-3

= (2x(-3)—1Ix0)i—(Ax(-3)—1x1)j +(Ax0-2x1)k
=—fi+({34+1))-2k

b S ) Bl A )
e
axb=|2-17
1-A3
= (-1x3-Tx(-A))i—(2x3-Tx1)j+(2x (-A) - (-1)x 1)k
= (TA-3)i+j+(1-24)k
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Vectors
Exercise A, Question 3

Question:

Find a unit vector that i1z perpendicular to both 2i—j and to di+j+ 3k .

Solution:

Let a=2i—j and b =(di+j+3k)
1 1k
Then axb =(2-110
41 2
=-S1—-f)+6k

+— Find the vector product of the two
given vectors — then divide by its
modulus.

axb iz perpendicular to both a and b,

axb |= J(=3) +(=6)' +6°

- Vi

=5

=0 %(ﬂ <h’ 15 a unit vector perpendicular to both a and b

- Eequired vector is é{—Bi— &) +6k)

1 2
3 2 B

Another possible answer 15 —1+—j—

© Pearson Education Ltd 2C
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Vectors
Exercise A, Question 4

Question:

Find a unit vector that 15 perpendicular to both of di+k and j— \f'_Ek .

Solution:

Let a=ditk and b=~ "Ek #+— Find the vector product of the two

1) k given vectors, then find its meodulus,

Then axb =40 1

012

= —i+44/2j + 4k

- 2
Now |axh | = \/(—1]2 +(442) +4°

= ~,|I'i+32+16
- Ji5

=7
=0 %‘—1 +4~,Ej +4k } 1z a unit vector, which is perpendicular to di +k and to

-2k

© Pearson Education Ltd 2C
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Vectors
Exercise A, Question 5

Question:

Find a unit vector that is perpendicular to both i—j and 3 +4j-6k.

Solution:

Let a=i—j and b =3i+4j— 6k

&

i] k
Then axb =|1-1 0
34 6
=f+6]+7k
Also laxb|= 8 +62+ 7
_ EE

=0 l—l_li_ﬁi +6)+ 7k ) 13 the required unit vector.

© Pearson Education Ltd 2C
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Vectors
Exercise A, Question 6

Question:

Find a unit vector that iz perpendicular to both i +é6j+4k and to Si+5% +8k .

Solution:

Let a=1+6)+4k and b =51+9%)+8k .

ik
Then axh =16 4 — |ijk
593 16 4|= (6xB—4xTYi—(1x8—dx 5)j+ (1x9— 6 x5k

= 1241221k 598
Also |axb | = 127 +12° + (-21)

= i34 1144 1 441

= fiz8

=27

%{IEi +125-21k )= %{éﬁ +43—"7k ) 1z the required unit vecter.
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Vectors
Exercise A, Question 7

Question:

Find a vector of magnitude 5 which iz perpendicular to both 4 +k and JE_j+k.

Solution:
S a Z\E‘] i 4+— Find the wvector product of the two
1]k given vectors and compare its
Then axb =14 0 1 magnitude with 5.
0421
= 21— 4j+ 442k
f 2 : / \2
But |axb| = V| (—v2) +(-4)* + (44 |
=4 (2+16+432)
=50
= 5.2
1 : :
o axb ) has magnitude 5
ﬁ[ )
%{—ﬁi— 43+ 442k _]= —i—2+/2) +4k is the required vector.

© Pearson Education Ltd 2C
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Vectors
Exercise A, Question 8

Question:

Find the magnitude of {i+j-kIx i—-j+k).

Solution:

Let a=i+j—k and b=i—j+k

[E]

F

1] k
Then axbh =11 -1
1-11
=Mh-2j-2k
=-2j-2k

So |axb |= J(<2) +(<2)

=4 +4
=8 or 2Zor 283 (t03sf)

© Pearson Education Ltd 2C
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Vectors
Exercise A, Question 9

Question:

Given that a=—i+2j— 9k, b=5i-2j+k find

a ab

b axh

¢ the unit vector in the direction axh. [E]

Solution:

a=—i+2j—5kb=>5i-2j+k
a ab=(-1)x5+2x(-2)+(-5)=1
=_5-4-5
s
Pa P
b axb=-12 -5
5-21
=-81—24j -8k

¢ Jaxb|=J(-8) +(=24) +(-8)"

=2 (1) +(-3) +(-1)

=211

oo unit wector in direction axh 13

kg (~8i- 24§ -2k )=

gf11

© Pearson Education Ltd 2C
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Exercise A, Question 10

Question:

Find the zsine of the angle between a and b in each of the following You may leave
your answers as surds, in their simplest form.

a a=3i—4j, h=2i+2j+k

b a=j+2k, b=5i+4j-2k

c a=5i+2j+2k, b=4i+4j+k

Solution:
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a a=3%—4jb=2i+2j+k
la| =) +(—4) . [bj=y2? +22 + P
=5 =3
ik
axb =|3-40|=—4i—3j+14k
221

sJaxb | =4f(-4F +(=3) +14* =221

If & iz the angle between a and b then —] _|axh]|

_ 221 221 Uze asin @ Y
T a

b a=j+db=5+4j- 2k

|a| =~u’]2+22,|h|=,?52+42+{—2]2

=5 =45
ijk
axb =01 2 |=—10i +10j- 5k
5 4 -2

AJaxb|=f(-10F +(10)} +(=5) =5f(-2)" + 22 +(-1)

=15
If & 1z the angle between a and b then
s]_nH:L:E:l

Joxnfa5 15

¢ a=%5i+2j+2kb=4i+4j+k

la| =5 +2° 427 |b|=4% +4% +7°

=533 =33
ijk
axh =522
441

= —6i+3j+12k =3(-2i +j+4k)

Jaxb|=3f(-2f +1 +4°

=321
If & iz the angle between a and b then
321 _ W21
T =~ St
NN Y

© Pearson Education Ltd 2C
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Exercise A, Question 11

Question:

The line /| has equation r={-7)+A{i+2j+3k) and the line 7 has equation
r=2i+j+k)+u2i—j+k). Find a vector that is perpendicular to both 4 and [,

Solution:

The direction of ine J 15 1+2) +3k | N
1

The direction of line 1, is 2i—j+k
BRI NE Akt ol ] 1, is in the direction 21 —j+k .

A wector perpendicular to beth [ and £, is

in the direction:

1 1 k

12 3=h+5-3k

2-11

Any multiple of (1+)-k) is perpendicular to lines J; and I,

© Pearson Education Ltd 2C
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Exercise A, Question 12

Question:

Ttz giventhat a=i+3j—k and h =Z2i+uj+vk and that axh =wi—6j -7k,
where %, v and w are scalar constants. Find the values of w, v and w.

Solution:
1)k 4+— Calculate the wector product of a
axbh =(13-1 atd b, then equate coefficients of
T 1,jand k.

=(Fv+u)i—-(v+2)j+{z—-6)k
But axbh =wi1-§) -7k
=0 equating i, j and k components gives
ru=w @

v+2=46 6
w—6=-7 @
From @ v=4

From 3 u=-1

From M w=12-1 iew=11
Sou=-1,v=4 and w=11.

© Pearson Education Ltd 2C
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Vectors
Exercise A, Question 13

Question:

Giiven that p =ai—j+4k , that q =j—k and that their vector product

qxp = 3i—j+&k where @ and & are scalar constants,

a findthe values of @ and &,

b find the value of the cosine of the angle between p and q

Solution:
1]k
a qxp=|01 -1
a—1 4
=51 —a)—ak

But qxp=31—j +bk z0 equate
components of 1, J and k.
~La=1—from j component.

—a =54 —from k component.
Lh==1

Soa=1and &=-1

rq

Ipllal
pgq=axl+-Ixl+4d=(-11=-5

lp|= .‘|'c:c:*+{—]]2 +4' =8 asa=1
o] = +(-1] =42
=5

3
Soogl =S —/m/ —=——
Jig2 6

b TIse cosf =

© Pearson Education Ltd 2C
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TTze zealar product and the definition
_a'b
lall® |

Maote that this gives the obtuse angle
between the wectors. The cosine of the

; : 5
cotresponding acute angle will be g
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Exercise A, Question 14

Question:

Ifaxh=0,,and a=2i+j—k, and h =31+ 1j+ pk , where 1 and u are scalar
constants, find the values of 4 and p.

Solution:

a=zi+j-kbh=31+4)+uk

; +— Ifthe vector product of two wectors is
Given axb =10

zero, then one iz a multiple of the

Thiz implies that a is parallel to b Sl
te. a=ch where ¢ 15 a scalar constant. '
F 2N (30
1 |=| ie
| =1) | pe
S0 as 30 =2
2
C 1
3
P 2 R
LMl=—A=A=2
3 2
Also—1= E,l.' = U=—=

Alternative method

ik

axb =[2 11| = (p+2)i— (20 +3)j+(2.—3)k
34U

Butaxb =0, 0+4i=020+3=0,24-3=0

;‘vﬁ.=§ and ,u=—§.

© Pearson Education Ltd 2C
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Exercise A, Question 15

Question:

Ifthree vectors a, b and e satisfy a+h+c=0, show that

axh=hxc=cxa

Solution:

Given a+h+e=10

Take the wvector product of this with a
ax{a+b+c)=ax0

teaxataxb+taxe =0

But axa=0 and axc=—cxa

sLaxh—cxa=0

1e. axh=cxa

Liultiply a+h +c=0_ firstbya
and then by .

Thiz time multiply equation # by b, using vector product.

bx{a+b+c) =hx0
Sbhxa+bxb+bhxc=0

EBut bxa=—axb and hxb =0
SL—axh+04+hxe=0
Sbhxe=axh

S0 axb=bxc=cxa

© Pearson Education Ltd 2C
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Exercise B, Question 1

Question:

Find the area of triangle QAL where O 15 the origin, A iz the point with position vector

a and & 1z the point with position wector h, when
a=i+j—4k h=21-j-2k

Solution:

i il L +— Find the vector product of aand b

1] k and usze the formula
axb =1 1-4
2-1-2
=—61—6)—3k

arﬁa=l|z|-h|.
2

“Jaxh | = (-6 F +(-6) +(-3)’

=51

=9
. 1
SoArea of triangle =5 |axh|
=45

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics Pagel of 1

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise B, Question 2

Question:

Find the area of triangle QAE, where & 15 the origin, A 15 the point with position vector
a and 5 15 the point with position wector h, when
a=3i+4-5k b=2i+j-2k

Solution:

e +4]._ ?k’h SR 4— TIze the formula that area of
ijk | ;
Laxbh =34 -5 ’mangle=§|f|-h|_
21-2
=-a-4)-3k
2 2 :
If-fh|=\j1—3J +(-4) +(-5}
=50
=507
SoArea of triangle=%|ﬂ/h|
_5f2
2

© Pearson Education Ltd 2C
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Exercise B, Question 3

Question:

Find the area of triangle QAL where O 15 the origin, A 15 the point with position
vector a and & 1z the point with position wector h, when

2 2
a=|2 h=| &
0 -9
Solution:
£ TR
a=|3|and h=| &
0 -
1]k
Soaxh=|23 0
26 -9

=-271+18]+ 6k =3(-51+ 6]+ 2k

|axb | =3,)(=9) +6 +22
=3/121

=33

sobrea of tnangle= % iZ=165

© Pearson Education Ltd 2C
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Exercise B, Question 4

Question:

Find the area of the triangle with vertices A0, 0,04, 5(1,-2.1% and C'(2,-1,-1).

Solution:

£ 1
-2
L 1)

£ 90
-1
-1

Use area of triangle=%|£-ﬁ|.

AB=|-2 |and AC =

Area of triangle =%|E/E|
i) k
ABx AT =|1-2 1
2=1-1
=314+3)+3k

cohrea of tnangle = %m@z +3¢ +32

© Pearson Education Ltd 2C
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Exercise B, Question 5

Question:

Find the area of triangle AR, where the position vectors of 4, 5 and Care a, band ¢

respectively, in the following cases:
i a=i-j-k b=di+j+k,c=4i-3j+k

0 1 2
i a=|{1|bh=|0|c=| 0
2 2 =10

Solution:

PhysicsAndMathsTutor.com
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1 a=i—j-kb=di+j+k,c=4i-3j+k

—_—

AE =h—-a

First find AF and E then calculate

their wvector product.

=3i+2j + 2k
Ezf—ﬂ
=3i-2j+2k
Area of triangle ABC = %| ABx AC |
1 ] k
1
=5F 22
322

=1§|[Bi+oj—1zk||

=|h -6k |
=52
= 2.f13
£ 0 13 5
u a=|1[b=|0|andc=| 0
2_.- 2,- -.__10_.-
(1) 2
AE =b-a=|-1|mdACT=c—a=| -1
0 -1z
1] k
LABxXAC=[1-1 0
2—-1-12
=l12a+12)+k

Soarea of triangle ABC = élﬁ/ﬁl

=| 6i+6j+1§k |

© Pearson Education Ltd 2C
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Exercise B, Question 6

Question:

Find the area of the triangle with vertices A(1,0,2), 8(2,-2,Mand C'(3,-1,1).

Solution:
FoX 1Y 13 S
0 T SR R o Find A8 and AT, then use
Lortal -2 area=%|ﬁ-ﬁ|
Poa ser oy
AC=c—a =|-1|-|0|=| -1
Y 1 i LY 2 i \ _1 Fi
ijk
ABxAC =[1 -2 -2
D 1]
= 0i—3j+3k
- Area of triangle ABC = %|—3j +3k|
T BT
2
o i
2
"2
=42
2
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Exercise B, Question 7

Question:

Find the area of the triangle with vertices A ( — 1,1, 10.5{1,0.2Y and {0,347

Solution:
fZ1V (1) £
a=| 1 [b=|0|and e=| =
1 2 4
£ 2 13
s AB=b-a=|-1|amd AC=c—a=|2
| 1 ! -.3.-
11k
~ABxAC =|2-11
123
=-ti—-+3k

- Area of triangle ABC = %|—5i — 5 + k|

=§|—i—j+k|

=§J{—1f+{—1f+1ﬂ
5
N

© Pearson Education Ltd 2C
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Exercise B, Question 8

Question:

Find the area of the parallelogram A 50D, shown in the figure, where the position
vectors of 4, Band Dare i+j+k, —3i+4j+k and 21 —j respectively.

/ / rl
A [

Solution:
1 F—2 £ 9 — —
y Find AR and AD and calculate
a=|1|b=| 4 |and d=[-1 |EE|
1 1 0
[ ey
~AB=b-a=| 3 |and AD=d-a=|-2
0 -1
1 31 k
So ABxAD=|-4 3 0
1 -2-1
=-G1—-4)+3k

| ABxAD | = (3] +(4) + 5
=50
=52

=0 area of parallelogram ARCD = 5«4‘5.

© Pearson Education Ltd 2C
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Exercise B, Question 9

Question:

Find the area of the parallelogram A8CD, shown in the figure, in which the vertices A,

Fand D have coordinates (0, 2, 3, (2,1,-1) and {1, &, &) respectively.

/ / rl
A n

Solution:
(N (23 1)
a=|5|b=| 1 |and d=|6
-.3.- ! -1 ! -.6.-
nAB=b-a=|-4 |mdAD=d-a=|1
e 3
ijk
LABxAD =|2-4 -4
A B
= 8- 10j+ 6k
JABxAD| = yf(-8) +(-10) + 6
= /200
=102

cobhrea of parallelogram = 10«,@

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Find AF and AD and use
area =| A8 = AL},
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Vectors
Exercise B, Question 10

Question:

Find the area of the parallelogram ASCD, shown in the figure, where the position
vectors of A, B and Dare j.i+4) +k and 21+67+ 3k respectively.

/ / tl
A i

Solution:
0 1 /9y —= —=
. Find AL and AD and then use area
a5l = dafmdd s of parallelogram =|EE|
0 1 3
(1) (5
AB=b-a=|3|and AD=d-a=|5
1 3
13k
ABxAD =[131|=4i-j-k
253

The area of ABCD =| ABx AD|= \(42 =y w1y
- Jig
=32

© Pearson Education Ltd 2C
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Exercise B, Question 11

Question:

Eelative to an origin &, the points P and { have position vectors p and g respectively,
where p =a(i+j+2k) and q =a2i+j+3k) and @ > 0. Find the area of triangle

QPQ. [E]

Solution:

p=cali+j+2k).q=al2i+j+3k)
ijk
Prq =|a ala
2a & 3a

=a'i+a’j-a'k

coArea of tnangle OF0 = %| A1+a‘j-a’k |

! & 1P+ +(-1)

2
[

e |

ol
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Exercise B, Question 12

Question:

a Show that the area of the parallelogram ABCT 15 alse given by the formula
|(b-a)x (c-a)]|.

b Shew that (h—a)x(e—a)=(b—a)x(d—a) implies that (bh—a)x (c—d) =10 and
explain the geometrical significance of this vector product.

Solution:

+— Draw a diagram and divide the parallelogram
inte two triangles by drawing the line AC. Find
the area of triangle A8C and deduce the area of
B the patrallelogram.

Area of parallelogram ASCT = 2xarea of tnangle ASC
:2/%|ﬁ/ﬁ|
=| AB < AT |
4s AB=(b-a) and AC =(c—a)
Area=|{b—a)x{c—a)|

b (b—a)<{c—a)=({b-a)x(d-a)
Sfb—api(c—a)—(b-a)p(d-a)=0
~(b-a)<[(c—a)-(d-a)] =0
te(b—a)pe—d) =0
This implies ABFx DC =0
e AR isparallel to DO

© Pearson Education Ltd 2C
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Vectors
Exercise B, Question 13

Question:

a Show that the area of the parallelogram ABCD is alse given by the formula
| (b—a)x(c—a)].

b Show that (b—a)x{c—a)=(b—a)=(d—a) implies that (b —a)={c—d)=0 and

explain the geometrical significance of this vector product.

Solution:

=

) C
g *+— Draw a diagram and divide the parallelogram
into two triangles by drawing the line AC Find
the area of triangle A8C and deduce the area of
B the parallelogram.

Area of parallelogram A5CD = 2xarea of trangle ABC

=2x%|ﬁxﬁ|

= | AB % AC|
As E=-h—ﬂ- and E='f—ﬂ'
Area=|lb—aix{c—a)|
].l l]_‘l—ﬂlXI(‘—:{u:lh—ﬂuxl[l—ﬂ.

Sdh—aixic—al—(b—aix{d—ai=10
-h—ﬂnxl:-c—ﬂ-—wl—ﬂ-:l =10
telb—aixic—di =0
This implies ABx DT =0
1e. AF 1z parallel to DT

© Pearson Education Ltd 2C
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Exercise C, Question 1

Question:

Given that a=5%i+2j—k,b=i+j+k and ¢ =5i+4k

find

a a(hxc)
h h-icxa)
c c iaxh).

Solution:

a a=5i+2j-kb=i+j+k, c=3i+4k

ijk
bxe ={111|=4i-j—3k
304
sa(bxe)=(5+2j-k) (4i—j—3k)
=20-2+3
=21

b ik
exa=[30 4|=-8i+23j+6k
521
2bo(exa)= (i+j+k)(-8i+23j+6k)
= 842346
=21

: ijk
axb ={52-1=3-6j+%
111
e(axb) = (3i+4k ) (3i-6j+3k)
=9+12
=21

© Pearson Education Ltd 2C
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Vectors
Exercise C, Question 2

Question:
Given that a=i—j—2l,b=2i+j—k and ¢ =21—-3j-3k
find a- (bx ). What can vou deduce about the vecters a, b and ¢

Solution:

a=i—j—2kb=2i+j-k c=21-3—5%

ik
bxe =2 1 =1l|=-Hi+&8j—&k
2=3-5
sa(bxe)=(i—j—2k)(-Bi+8—8k) If a-{bxc)=0 thenais
=—8—8+1// perpendicular to bxe.
=0

ais parallel to the plane containing b and ¢ (in fact a= lh + gf).
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Exercise C, Question 3

Question:

Find the volume of the parallelepped ASCDEFGH where the vertices A, B, Dand B
hawe coordinates (0, 0, 0%, (3,0, 10, (1, 2, W and {1, 1, 3 respectively.

H G
‘/ 7
D
J.'/"C
A B
Solution:
ijk
ABx AD =30 1|=-2i+j+ 6k
120
Then AE-(ABxAD)=(i+j+3k) (-2i+j+6k)
—EDE TR " Tee wolume=a-(bxc)
=17

s The wolume of the parallelepiped 12 17,
Alternative method:

g & 8| (113
Weolume = b By B (=301

dydydy| (120
=1(0-2)-1(0—-1)+3(6-0)
=17
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Vectors
Exercise C, Question 4

Question:

Find the volume of the parallelepped ASCDEFGH where the vertices A, B, Dand B
have coordinates (1,0, 10, (3,0, -10,{2,2,0% and (2, 1, 2) respectively.

H G
E ] '
D
1= C
A B
Solution:

a=-i+kb=3i-kd=2i+2jamde=2i+j+2k
Ezh—a=4i—2k,ﬁzd—a=3i+2j—k +— Find the wvectors in the directions

and E:e_ﬂ:3i+j+k ﬁ E and AD and use these
it the triple scalar product.
311
S Weolume =4 0 =2
32-1
=3(0+4)-1(—2+6)+1(8-0)
=12-2+%1
=17
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Exercise C, Question 5

Question:

A tetrahedron has vertices at A(1, 2, 33, B4, 3,4, C(1, 3, 1y and 203, 1, 4). Find the

volume of the tetrahedron.

Solution:

a=i+2j+3k,b=4i+3j+dk,e=i+3 +k +— ]
and d=3i+j+dk

L ABE=b-a=3i+j+k

AC =c—a=j-2k
and AD =d-a="2i-j+k

Uze volume of

tetrahedron =%| a-{b=e)|.

311
Volume of tetrahedron = l 01-2
2-11
1 . : .
. g {3{1—2]—]{U+4J+]{D—2]}‘
1
o g{‘3‘4‘2}‘
_ _E‘
&
_ _E‘
2
_:
2
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Exercise C, Question 6

Question:

A tetrahedron has wertices at A2, 2,10, B(5,-1,2), C(1,1,3) and 203, 1, 4.

a Find the area of base BCO0.
b Find a unit vector normal to the face B0
¢ Find the volume of the tetrahedron.

Solution:

PhysicsAndMathsTutor.com
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dah 78 (3
a b=|-1]e=|1|andd=|1 | Find BCxBD and use this for
2 | 3 | [ 4 | partz a and b
(=20 0
BEC=c-b=| 2 |and BD=d-b=| 2
L1 1 / '.2.'
Butareaof;gr:*ﬂ:%|ﬁ-g_ﬂ’|
ijk
BCxBD =|221
022
= 2i +4j—4k
- Area of ABCD = 12429 +4 (4]

=3

b The normal to the face 500 15 1n the dwection of E/B’_ﬁ 1e. in the direction
21+4—-4k

As |2i+dj—dk|= 2 +42 + (-4}

=6

The unit vector normal to the face is é{ 2i+4) -4k

1
=_1+2)-2k)
3 ] y
£ 9
¢ (Given also that a=| 2 |, the volume ofthe +—— R B ﬂ{ﬁ/ B—D“l
| 1} '

to answer patt ¢

tetrahedron ABC'D is é\ 24 (BCxED)

A
ﬂ=ﬂ—h =| 3
-1
:.‘Jolume=l[—2+l2 +4} =E: 21
& 3
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Exercise C, Question 7

Question:

A tetrahedron has vertices at A0, 0,00, B{2,0,0, (1, \.'{_ 2,00 and D[ %

iz

a Show that the tetrahedron iz regular,
b Find the volume of the tetrahedron,

Solution:
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— L ¢ PR
a |AB|= 2|;‘1C’|=,,||12 +(\~.EJ = +— A tetrahedron iz regular if all of
itz edges are the same length

7 (2 / 2
|E|=\/12+‘§ +—2§% =\/1+l+—4'6:2

8

L)

"—1\' .
BC =| 3 |and| BC= f(-1 + () =2

BC =
] I:]|
5
F o2 F, L2
B = V3 and|§5|=\/(—1f+‘ﬁ‘ +‘&‘ =2
3 3] | 3
26
L5
0
2 F wl
| 2 |waimie | 2] (8]
3
33

All 6 edges have the same length and the tetrahedron iz regular.

20 0
1
b volumezglﬁ 0

< 2

3003

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics Pagel of 1

Solutionbank FP3
Edexcel AS and A Level Modular Mathematics

Vectors
Exercise C, Question 8

Question:

A tetrahedron OABC has itz vertices at the points C(0, 0,00, 471, 2,-17, 8(-1.1,2) and
2, -1,10.

a "Write down expressions for AF and AC interms ofi,j and k and find ABx AT,
b Deduce the area of triangle 4 5C

¢ Find the volume of the tetrahedron. [F]
Solution:
a a=1+2)-kb=—+)+2k c=2i—)+k

AB =b-a=-2i—j+3k
AT =c—a=i-3+2%k
i ik
AB AT =|=0/=13
O v,
=7i+7j+7k

b Area of triangle ABC = %| ABx AT |
R
Nz

] A= | —

&

~1

x

[\J ‘

¢ Wolume oftetrahedron is | %E 1@ EH

=l|{—i—2j+k]-[?i+?j+?k]| +—| Tou may use your answer to patt a
6 atid formm the triple scalar product

—a-{ﬁ/ﬁ} or —h-{E/ﬁjl ar

— (AB~7T)

d | -l Chlz

© Pearson Education Ltd 2C
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Question:
The points A, B, T and I have position vectors
a={2i+3) b=0CGi—j+k) c={-2j-k) d=(2i—3+3k) respectively.

a Find AEx BC and BDx DC .
b Hence find
1 the area of triangle A5
i the volume of the tetrahedron ABCD [E]

Solution:

a a=(2i+j)b=Gi—j+k)e=(-2j-k)d=(2i—j+3k)
AB=b-a=i-2j+k, BC=c—b=(-3i—j—2k)

ik
LABxBC =|1 -2 1
o
=5—j-Tk
Also BD=d-b=—i+% DC=c—d=(-2i—j—4k)
ik
ZBDxDC=|-10 2
g’ A
= 2i-8j+k
. 1 = =
b i ﬁreaof;ﬂBC—§|BA BC| — Ai”giz_%qfﬁaﬂd
L sigie) | AE xBC |=| BA=BC|)
2
=%J25+1+49
=il los
2
5
=25
2(

i Volume oftetrabedron ARCD = %|Elﬁ EI|
s %||j—i+2k]-|j—5i+j +7k)|

:B
é
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Exercise C, Question 10

Question:

The edges OF, 00, OF of atetrahedron OFPQR are the vectors a, b and ¢ respectively,
where

a = 2i+4j
b=2i-j+3%k
¢ =4i-2j+5k

a Ewaluate (hxe) and deduce that &0F i3 perpendicular to the plane OO R

b Write down the length of OF and the area of triangle OO'R and hence the volume of
the tetrahedron.

¢ Verify your result by evaluating a- (hxc) . [E]
Solution:

a a=2+4,b=21—34+3k,c=h-27+3k
1]k
hxe=|2-13
4 -2 5
=1i+2j
As ﬂ=2{h/f'],ﬁ 15 perpendicular to @ and to ﬁ% ie. OP is perpendicular
to the plane GOF

b |OP|=a|= 27 +47 =20=245

Area of OQR=%|]J/C|

s olume of tetrahedron = —xbase<height +—— Tse volume of

el | =

/%/ 2\."'5

tetrahedron = %base <height.

wilh W] —

Dedag
e af(bxec)=[2-13=2-(4x-2)=10
4-25
or a-(bxc)=(2i+4j)-(i+2j)=2+8=10

This 1z &xvolume of tetrahedron so verified.

© Pearson Education Ltd 2C
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Exercise D, Question 1

Question:

Find an equation of the straight line passing through the point with position vector a
which 15 parallel to the vector b, giving your answer in the form rxh=¢ , where ¢ 15
evaluated:

a a=2i+j+%k h=3+j-2k
b a=2i-3k b =i+j+5k
¢ a=4i-2j+k  h=—i-2j+3k

Solution:

= [1~_{zi+j+2k_]]-{3i+;i—2k.]=':'

. 1] k 4+— In each case ¢ 12 obtained by
LrxfGi4j-2k) =21 2 calculating axh
31-2

ierx(3i+j—2k)=—4i+10j-k
b [r—(2i-3k)[x(i+j+5k)=0
ijk
srx(i+j+5k)=1{20-3
11 5
srxfitj+5k)=3-13+2k
e [r—(4i-2j+k)]x(-i-2j+3k)=0
i jk
4 -21
-1-23
41 -13—10k
e rx(-i-2j+3k)=—4i-13-10k

srx(-i—2j+3k)

© Pearson Education Ltd 2C
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Exercise D, Question 2

Question:

Find a Cartesian equation for each of the lines given in question 1.

Solution:

x—2 y-1_=z-12
£ 1 e

=1

© Pearson Education Ltd 2C
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Exercise D, Question 3

Question:

Find, in the form (r —a)xbh =0 an equation of the straight line passing through the
points with coordinates

(1,3,2,(6,4,2)

b 3,4,1,&,3, D

c (—2,2,60,03,7.11

d 4,2,-4.(1,1,1

1]

Solution:
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a The line 13 in the dwection

(B ERY 08 +— Ineach question one selution 15 given but there are
4 =3 =] 1 anumber of alternatives. Either given point may
5 5 _3 bg sub stituted for a and any multiple of the
direction wector may be used az b,
(1] (50
The equation s [r—| 3 ‘ 1 |=0
b The line 1z in the direction
(AN (3Y (1)
30— 4 =] -1
5 12 el
T 10
The equation 1 [r—| 4 -1 =0
L12]] =iy
¢ The line is in the diwection
PO pen gen
Tl 2 |=|2
11 & ]
o] (5)
The equation is |r—| 2 S|=0
6 E
d The line 15 in the direction
1N 4y (=33
11— 2 |=[-1
1 g 3
(1] (=3
The equation iz [r—| 1 ‘ -1|=0
1 E

© Pearson Education Ltd 2C
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Exercise D, Question 4

Question:

Find a Cartesian equation for each of the lines given in question =

Solution:

x—lzy—3:z—5:jv

3 1 =3
b x—3=_y—4=z—]2=jv
1 -1 =7
c x;2:y;2:z;6:£ oras i+j+k iz also in the direction of the line

xti=y-—2=z-6=Q
x—4=y—2=z+4=;
3 1 -5

© Pearson Education Ltd 2C
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Exercise D, Question 5

Question:

Find, in the form (r —a)xh =0 an equation of the straight line given by the equation,

where A is scalar

a r=i+j—-2k+A2i-k)

h r=i+4+AEH+j-2k)

¢ r=3i+4)—4dk+121i-2j-3k)

Solution:

a [r—(i+j-&)[x(2-k)=0
b [r—(i+4))]<(3i+j-Tk)=0
¢ [r—(3i+4j-4k)]x(21-2j-%k)=0

© Pearson Education Ltd 2C
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Exercise D, Question 6

Question:

Find, in the form
1 rxb=c, and also in the form
i r=a+th_ where £ 1z a scalar parameter, the equation of the straight line with

=3 _ D _(z-3_

Cattesian equation

5 ki
Solution:
When x—3 :y+1: 22—3:;,
5 3
2 +1 z-2
then 2 2= z 2=
2 ) 3

The direction of the line, b =2i+3j + gk
A point on the line has position vector

ﬂ=3i—j+Ek.
o

i 3 i) { 3 Yoo 3 3
a ~rx| 2i+5j+=k |:‘ 3i—j+-k H 2i+5j+=k
b 2 ! 5 2 LAY 2 !
ijk

|z _q3

=313

3

25 3
ol i '|=—9i—§j+1?k
2 2
R 3.
b r=3i—j+§k+z| 2i+5j+§k

orr =3i—j+§k+s{4i+10j+3k]

© Pearson Education Ltd 2C
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Exercise D, Question 7

Question:

Civen that the point with coordinates (z, ¢, 1) lies on the line with equation

2 g8

rx| 1 |=| =7 |, find the values of p and g
3 =3

Solution:

Az (p.g.1)lies an the line with equation

(2) (8] (P) (2] (8 ) — Find the vector product of
rx|1|=|=7|then | g |x|1|=|-=7 (2 £ o [ 80
3 -.__3_.- 1 3 -.__3 g |and | 1 |and equateto | =7 |
(Y (2Y ( 2g-1) 1] 13 ] | 3 ]
But|g [x|1|=]2-3p _ _
1 3 I W 2q
(221 (&)
L 2=3p = |7
\p-2g) -3

1 3g-1=8=4g=73
a=3p=-T=p=3
1ee p=3and g=73

© Pearson Education Ltd 2C
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Exercise D, Question 8

Question:
1 —1} 1 Hint: Let a=aji+a,j+axk
Given that the equation of a straight line is rx| 1 [=| 2 |, and zet up simultaneous
-1 1 ecuations.

find an equation for the line in the form r = a+tb | where £ 15 a scalar parameter.

Solution:

The line with equation

Fn pin
r=| 1 |=| 2
\ _1 J \ 1 )
£ 13
has direction i +j—k,1e | 1
=1
It passes through apoint (&, a,,a;) where
(a ) (1Y) (-1)
I ¥ B b Let a=ai +a,) +ak and set up
Al simultaneous equations. These
%)\ 1) (1) equations have an infinite number of
[—a,—a; | (1) solutions so let @ =0 and find a,
Le| ata; [=| 2 and .
L 1.

Let oy =0, thenas @ +a, =2 and & —a, =1 this implies that @, =2 and o, =-1
s A0,-1,2) lies on the line.

=o the line equation may be written as

r=—j+2k+:{i+j-k)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics

Solutionbank FP3
Edexcel AS and A Level Modular Mathematics

Vectors
Exercise E, Question 1

Question:

Find, in the form r-n = p, an equation of the plane that passes through the point with
position vector a and is perpendicular to the vector n where
a a=i—j-k and n=2i+j+k
b a=i+2j+k and n=5i—-j-3k
¢ a==2zi—3k and n=i+3j+4k
a=4i—-2j+k and n=4i+j-3k

Solution:

a  r(Zitjtk)=(i-j-k)(2i+j+k)
=2-1-1
ier (2i+j+k)=0

b or(5i-j-3k)=(i+2j+k)(5i—j-3%k)
=507
ier (5i-j-3k)=0

c r(i+3j+4k )= (21-3k ) (i+3j +4k )
=2-12
Ler-{i+3+4k)=-10
d r(d4i+j-5k)=(4i-2j+k) (41+]-5k)
=16—-2-5
ter-(di+j-3k)=3

© Pearson Education Ltd 2C
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Exercise E, Question 2

Question:

Find a Cartesian equation for each of the planes in question 1.

Solution:

a 2x+y+z=10

b Sx—y-32=10
x+5y+dz=-10

d dx+y-5z=9

© Pearson Education Ltd 2C
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Exercise E, Question 3

Question:

Find, in the form r =a+1h +pc an equation of the plane that passes through the

points

a (1,2,00,(31,-11 and {4, 3, 2)
b 3.4, 1,=1,-2,00 and {2, 1,4}
c (2,-1,-10,03,1,2) and (4,0, 1}
d (—1,1,20,(-1,2,5) and (0, 4, 43

Solution:

a Let a=1+2),b={31+j-k)-{1+2j)=21—]-k
and e={H+3+2k)-(i+2j)=3+]+2k
sr=i+2j+ A2k )+ ul(G+j+ 2k )

b Let a=3i+4j+kb=—i-2j—(3i+4j+k)=—di—6j-k
and ¢ = 2i+j+dk—(3i+4j+k)=-i-3 +3k
Ar =3+ +k+ A(—di-6j -k )+ p(-1-3j+3k)
orr=3i+dj+k+A (di+6j+k )+ u(—1-3+3%k)

¢ Leta=2i—j—-kb=3i+j+2k—(2i—j-k)
—i+2j+3k
and e=di+k—(2i—j-k)=2i+j+ 2k
Sr=2i—j-k+A(i+2+ 3k )+ p(2+j+2k)

d Let a=—i+j+3k,b=-i+2j+5k—(—-i+j+3k)
=j+2k
and e =4j+4k —(-i+j+3k )=i+3j+k
sr=—i+j+3k+A(j+2k)+uli+3+k)

© Pearson Education Ltd 2C
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hawe position vector a then
let the other two points hawve
position vectors a+h and
a+c respectively
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Exercise E, Question 4

Question:

Find a Cartesian equation for each of the planes in question 3.

Solution:
1]k 4— Find the equation in the form
a IMNormal to plane is in direction 2 -1 -1|=—-1-T73+3k r-n=a-n using a from
31 2 euestion 3 and finding n=hx¢
o L. LN, : from question 3.
o Equationis v-(—-7j+3k)={1+2) ) (4 -7+ 3k

In Cartesian form: —x—7y+5z=-15
of x+7Fy—50z=15

1 jk
b Mormal to plane is in direction |4 & 1|=201-13;—-6k
—-1-33
s Equationis v (26-13— 8k )= (G +4)+k ) (21i—-13j -6k )
te 2la—13y—6z=63-52-6
1e 2lx—-13y—fz=23

1]k
¢ Mormal to plane 15 in direction |1 2 3|=1+4) -3k
212
s Equationis v(i+4j-3k ) ={21—j-k ) {i+4j -3k )
=2-4+3
1e. x+dy—2z=1
1)k
d Mormal to plane iz in direction |01 2|=-01+ 21—k
131
5 Equatienis r-(—5i+2j-k)=(-i+j+3k ) (-5i+2j-k)
=5+2-3

1e. —Sx+z2y—z=4

© Pearson Education Ltd 2C
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Exercise E, Question 5

Question:

Find a Cartesian equation of the plane that passes through the points
(0,4, 20, (1,1, 2yand (-1,5,00

b (1,1,00,{2,3,-3) and (3,7,-2)

c (3.00,20-1andid, 1,3

d (1,-1,60.03.1,-2) and (4, 1, 0.

=1

Solution:

PhysicsAndMathsTutor.com
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fi X ot e ol paegs
_ _ +— Find two directions in the plane and
z [ |52 ==t pad] 3 sl ST take their vector product to give a
2 2 0 0 2 I T normal to the plane.
are two directions in the plane.
1 k
The normal to the plane 15 n where n=[1 =3 0

-1 1 -2
ten=+i+2)-2k and Z+j)-—k iz also normal to plane
o Equation of plane is v-(Gi+j-k)=(4j+2k ) G+j-k)
1e. 3x+ty—z=2

b 2i+3-3k—-(i+])=i+2j-3k and Zi+7j—-2k —(i+]j)=21+6 -2k are two
directions in the plane.
1] k
The normal to the plane 1s n where n=|1 2 -3
26-2
teen=1h-4+k and H1-2)+k 15 also a normal
s Equation of plane is
r (7Ti-2j+k)=(i+j) (7i-2j+k)
e Jx—2y+z=35

¢ (2i-k)-{3)=—--k and (di+j+3k)-31=1+j+3k are two directions in the

plane.
1 3k

The normal to the plane 1s n where n=|-10-1|=1+2) -k
113

The equation an of the plane iz
r-(i+2j-k)=3-(i+2j-k)
Lx+Z2y—z =3

d Two directions in the plane are:
A+)-2k—(i—j+6k )= 2i+2)- 8k and
di+j—(i—j+6k ) =3+2j- 6k

The normal to the plane 15 n where
1] k
n=|22-8=h-123-2k
326
The equation of the plane 1s
r{4h-12)-2k)=(1—)+6k ) (d1-125-2k)
=4
te dx—liy—2z=4 or dx—by—z=2

© Pearson Education Ltd 2C
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Exercise E, Question 6

Question:

Find, in the form r n = p | an equation of the plane which contains the line [ and the
point with position vector a where

a Jhasequation r=i+j—2k+A2i-k) and a=4i+3j+k

b fhasequation r=i+2Zj+2k+A2i+j-3k) and a=3i+5j+k

c Jhasequation r=2i—j+k+ A0+ 2j+2k) and a="71+8j+6k

Solution:

PhysicsAndMathsTutor.com

Pagel of 2



Heinemann Solutionbank: Further Pure Mathematics Page2 of 2

a The line has direction 21—k, and this 1z a direction in the plane.

Another vector in the plane is i+3j+k —{i+]—

2k )

e +23+3k

The notmal to the plane iz in direction
{2i-k )=(3i+2j+3k)

1e n=2i—9% +4k

-— |

The equation of the line includes the
position vector of another point on the
plane and includes a direction vector in
the plane.

.~ The plane has equation

ro(20-9j+4k )= (4i+3j+k ) (20— 9+ 4k)

ier (2-9%+4k) =8-27+4
ier (2-9%+4k) =—15

b The line has direction (21+j -2k

Another wector in the plane is A+5j+k—(i+2j+2k)

ie (21+3-k)
1]k

o the normal to the plane 15 |2 1 =3|=FRi—4)+4k

23-1
- Equation of the plane is
ro(Bi-43+4k )= (Zi+5+k) (Si—-4+4k)
=24-204+4
=8
ter-{Zi—-j+k)=2

¢ F1+8)+6k iz the position vector of a point on the plane. +— Yeou need 2 directions in the
21—]+k 1z the position wector of another point on the plane. | plane. One 15 the direction of

The wector joining these pointz is 51+ 92 + 2k
This lies 1n the plane.

A zecond vector which lies in the plane 13 1+2) +2k.

1jk
The normal to the plane n={59% 5

122
1e-n=81-93)+k
oo The equation of the plane is

re(a-o+k) =(+E+6k ) (a-5+k)
=56—-40+6

sre(f-5+k) =22

© Pearson Education Ltd 2C
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Exercise E, Question 7

Question:

Find a Cartesian equation of the plane which paszses through the point (1, 1, 1) and

containg the line with equation

1 2

Solution:

=2 y+4 =z-1

The line 15 in the direction 51 +j+ 2k . This lies in the plane.

(2,—4,1) 1z a point on the line. This alse lies in the plane, as dees the point (1, 1, 1.

First obtain the equation of the
plane in the form r-n =a-n, then
convert to Cartesian form.

£o% FPY LN
=4 || 1|=| -5 |15 a direction in the plane.
1 1 s
1] k
The normal to the plane n ={1-3 0
31 2
=101 -2 +16k

2. The equation of the plane iz
r-(-10i-2j+16k ) = (1+j+k )-(-10i— 25+ 16k
e —10x—2y+1éz =4

This 15 a Cartesian equation of the plane.

© Pearson Education Ltd 2C
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Exercise F, Question 1

Question:

In each case establish whether lines J and I, meet and if they meet find the

coordinates of their point of intersection:

a / has equation ¥ =i+3+ A(1—-J+3k) and X has equation
r=—i-3+2k+pi+j+2k)

b/ has equation r =3i+2j+k +Ali+j+2k) and I, has equation
r=4di+3+u-i+j-k)

¢/ has equation r=i+3j+3k +A{2i+3j+k) and [, has equation

r=i+2%j+2%k+,u(i+j—2k)
{In each of the above cases 1 and 4 are scalars)

Solution:

PhysicsAndMathsTutor.com
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a The line § hasg equation

FON PN £ N
y|=| 3 |+4 -1
lz ) 1ol 5]

and the line I, has equation

v R, R T
Y= -3 |+ul1
lz) 2] 12

These lines meet when

e 1HAE 4 @
3—A=-3+n @

Sh=2+2u @
Add equations (D and @
d=-4+20u

L2 =28

te =4
Substitute into equation ()

Jl+A=-1+4

le: A =2

Substitute A = 2 into equation for line §

~xy,2)=(3,1,10)

substitute 1 =4 inte equation for line /)

Sz i=EA10)

So the two lines do meet at the point (3, 1, 100

PhysicsAndMathsTutor.com

Tze column vector form for clarity, Put
the two equations equal and compare x, ¥
and z cotmponents. Then solve
simultanecus equations.

N (1Y (=1 (1)
3HAl-L = -3 [+u| 1
o) L5 ) 2]

L2 )
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FaN FEN N
b /) has equation | ¥ |=| 2 [+ 4| 1 | and
L2 )k 1 2
AN N R
£ has equation | ¥ [=| 3 |+| 1
2ol ok g -1
3V (1Y (4) (=1}
These lines meetwhen | 2 [+A[ 1 |=| 3 [+u| 1
-.1.- -.2.- -.O.- -._1.-
ite. 3+Ai=4-u @ = AR re
2+h=3+p @
1+2L=-n @
Add equations (D and @
L5+ 2A=7
ie:d =1
Substitute into equation (0
L3+1=4-p
e u =10

Substitute A =1 into equation for line i
Sl =.35

Substitute [0 =0 into line Z:
cilxyiz =14, 3:0)

This 15 a contradiction and the lines do not meet.
[NB. 4=1and u=0 do not satisfy equation @ abowve.]
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R 9
¢ /) has equation | ¥ |=|3 H+A| 3
Z; \ 5 ! \ 1 /
o Tl 1
L, has equation | v [= 2% +ul 1
\ = ) 1 _2 !
(Y 723 |1 1
L omeets [ when | 3 |+A| 3 |= 215 e 1
5] L1) |a -2 )
S e i )

ite. 1+42A=1+pu @

3+3ﬁ,=21§+y &

5+},=21—2y @
2

Subtract equation (D from equation @

il
2
i 1
le. A =—=
2
Substitute inte equation (1)
Sl=-1=1+p
e u=-1
Substitute A =—1§ into equation for line 4

i 1 ] 4
sx vz .]=‘l. 0,15,45 |
substitute 1 = -1 inte equation for line £
1
E 2

i ‘1".
.‘.[x,y,z]=‘l 0,1 45 |

i "|
=o the two lines do meet at the point U,l%,dl% :

© Pearson Education Ltd 2C
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Vectors
Exercise F, Question 2

Question:

In each case establish whether the line / meets the plane 7 and, if they meet, find the
coordinates of their point of intersection.
a lr=i+j+k+A-2i+j-4k)
Tr GA-4+2k)=16
b Jir=2i+3-2k+Ali+j+k)
HFri+j-2k3=1
¢ Jr=i+j+k+(2j- A
For (Gi-j-6k) =1

(It each of the abowe cases 1 iz a scalar)

Solution:
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a The line meets the plane when

[(1-24)i+(1+A)j+(1-4A)k] (3i—4j+ %)=16

ie 3(1-24)=-4(1+ A )+2(1-40)=16 Azzume that the line meets the
S3-6A-d-4i+2-BA=16 plane and perform the scalar
W jerruide product. Solve the resulting
equation to find the value of A . If

te.—184 =15 there is no value for A, then the
A= _E line does not meet the plane,
18
.. =5
e A =—
&
substitute into the equation of the line
. [, 10 5 200
sy z)i=l 14—, 1-=,1+—
%) ‘ 6" 6 6 )
:‘ 23,1,41 |
\ 36 3]

b The line meets the plane when
[(2+A)i+(3+A)j+(-2+A)k ] (i+i-2k)=1
ie (2+A)+(3+A)-2(-2+4) =1
L24+A4H34+A+4-24 =1
L=
This 15 a contradiction.

There are no values of A for which the line meets the plane.
The line 15 parallel to the plane.

¢ The line meets the plane when
[i+(1+24)j+(1-2A)k] (3i-j—6k)=1
res {2160 -24%) =1
le3-1-2i-6+124 =1

n10A-4 =1
.1

S ==

2

substitute into the equation of the line

© Pearson Education Ltd 2C
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Vectors
Exercise F, Question 3

Question:

Find the equation of the line of intersection of the planes I and Ff where

a fI hasequation r- (3i—-2j—-k) =5 and ff has equation r- (4i-j-2k) =5

b [ has equation r- (5i—j— k) =16 and II haz equation r (161 -5j—4k) =53
¢ i has equation 1 (i—-3j+k) =10 and fi has equation r- (4i-3j-2Zk)=1.

Solution:
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The planes have equations
Zx—2y—z=5ad @
dx—y—2z=5 @

Multiply D by 2 then subtract @
L2x=3v =1

3y

-2

Substitute this into (D

{(5+3y)

SoX

P

—2y—z=35

The planes have equations
Sx—y—2z=16 @O
adléx—5Sy—dz =53 @

Ezxpress the equations of the

planes in Cartesian form then
eliminate one of the variables
(x,yor z) from the equations,

*+— Express the equations of the

planes in Cartesian form then
eliminate one ofthe variakles

Multiply equation (0 by 5 then subtract equation @& (x,y or z) from the equations.

L8x—bz =27
x_2?+62_9+22
8 3
Substitute into equation (D
9+2z
T i S B
{(9+2z)
Ly=35 —2z—16
A
2
Letz=4
Then x=9+2f" and y=4ﬁ"“3 and z=4

PhysicsAndMathsTutor.com
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ox=3 ¥+l
2 = T—z— A
3
This 15 the equation of the line of intersection.

In vector formm:

=
3

2. 4 )
=({A-) )+ A c1+=)+k
r={ia1-j) .__31 3

¢ The planes have equations

=3y+z=10 @ +—| Express the equations of the
Gl o=, & planes in Cartesian form then
A i eliminate one of the variables

Subtract equation (D from equation @ (x.y or z) from the equations.

SA3x—3z=-9

e Gl A
Substitute into equation (D
Lz=3-3y+z=10

1.3y =2z-13
0513
e 3
Letz=4
Then x=24A-3 and y= 2f.;13 and z=4
+13
‘x+3_"y e
s 1 = E =Z=A
3

This iz the Cartesian form of the equation of the line of intersection
The vector fortn is
18 e
r=|-3i-—j|tA
37

2 A
1+—3+k
3

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Vectors
Exercise F, Question 4

Question:
Find the acute angle between the planes with equations r- {i+2j—-2k) =1 and
r-(—4i+4+7k) =7 respectively.

Solution:

The angle & between the two normal vectors 1+2) -2k and —41 +43+7k 1z given by

cosf = {1_+ 2]__ s {_%14—4_] i) First find the angle between the

|1+2) -2k || -di+45+ 7k | two normal vectors.

_ —4+8-14
(P2 (2F Y + 4+ 7

_—10
NN

wy P10

27

The acute angle, o, between the two planes iz such that
o +68 =130°
S0 cost = —cosh
_ 10
27
Lo =683 (3:f)

© Pearson Education Ltd 2C
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Vectors
Exercise F, Question 5

Question:
Find the acute angle between the planes with equations r- (3i-4j+12k) =9 and
r-(5i—12k) =7 respectively.

Solution:

The angle & between the two normal vectors 51— 4)+12k and 21—12k 15 given by

cost = {Bi__ 4j_+12k ) {5_i wide) <+— First find the angle between the
[31—4j+12k |51 - 12k | two nerrmal e ctors.
_ 15-144
JF (4] #1285 4 (-12)
=g
J169 J165
129
169
The acute angle o between the planes 15 such that o +6 =180°
S0 cosol =—cosf =E
169

Lo =402 (3sf)

© Pearson Education Ltd 2C
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Vectors
Exercise F, Question 6

Question:

Find the acute angle between the line with equation r =2i +j — Sk + Wi+ 45+ 7k)
and the plane with equation r- 21+ —2k)=13.

Solution:

ling -
4+— Find the acute angle between the

given line and the normal to the

plane
normial

;
w =/
plane ¢
[

;

plane, then subtract from 207,

Let & be the acute angle between the line and the normal to the plane.

(4i+4j+7k) (2i+j-2k)

Then cosf

4P P (2)
B4+d—14
NGNG
o
27| 27
Let & bethe angle between the line and the plane.

Then & +o =90

Soosing = cosH=—

o =425 (35f)

© Pearson Education Ltd 2C
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Exercise F, Question 7

Question:

Find the acute angle between the line with equation r=—1-7j+13k + 15+ 4§ - 12k}
and the plane with equation r- (4i-4j-7k)=9.

Solution:

Let & be the acute angle between the line and the normal to the plane.
(31+4j—12k ) (di—4)-Tk )

Thencosf = - -
VB +(-12) £ +(=4T +(=7)
= w 4+— Find the acute angle between the
‘*169@ given line and the normal to the
o 80 plane, then subtract from 907
139
_ 80
117

Let ¢ be the angle between the line and the plane.
Then #+o =30°
Sosino = cosH =ﬂ

117
s =43.T7 (35.£)
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Vectors
Exercise F, Question 8

Question:

Find the acute angle between the line with equation (r =3 {—H -] +4k) =0 and

the plane with equation r = 1di —j-k)+ pidi- 53+ k).

Solution:

First find anormal o to the plane
1] k
n=ih—j-kyxEh-5-zk =14 -1-1
4 -5 3
=-B1-16) 16k
=0 asimple normal to the plane 12 1-2j— 2k

Let & be the acute angle between the line and the normal to the plane,

Then u:-::-sH=| (-7 +4k) 1+ 2+ 2k)
2+ TR+ 8 JRr 2 423

Let & be the angle between the line and the plane.
10

Then & +o =90 z0 sint£=cosH=—?.

_|4-14+8
REEEE

no =217 (3af)
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Vectors
Exercise F, Question 9

Question:

The plane 7 haz equation v (10 +10j+ 23k) =81,
a Find the perpendicular distance from the origin to plane

b Find the perpendicular distance from the point (—1,-1,4) to the plane 1f.

¢ Find the perpendicular distance from the point (2, 1, 2) to the plane 17,

d Find the perpendicular distance from the point (6,12, -9 to the plane fT

Solution:

PhysicsAndMathsTutor.com
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a The length of the normal vector 101+ 10§+ 23k is /10° +10° +23° =729 = 27

%{mi +105+ 22k ) 15 a unit vector normal to the plane.

The plane has equation
r-(10i+10j+ 23k ) = 81

or T -i[10i+10j +23k)= Al

21 27

o The perpendicular distance from the origin to the plane is 2.

b A plane parallel to m through the point {—1,—1,4) has equation

1 . . .
(100 +10§+ 23k )= (mi—j+4k ) —(10i + 10§ + 23k
1 2?'[ i+10j )= 1—i=] ,127'[ i+10j )

_clo_10 5
Zh SEETET

72

-

R

=3

; : ;s : 5 gz
o The perpendicular distance from the origin to this new plane 1s 25.

The distance between the planes 1z 3-2 % = l

[N

. The perpendicular distance from the point {—1,—1,4) to the plane 7 i3 %

¢ A plane parallel to m through the point (2, 1, 3 has equation
1 ; w ] :
r-— (10041054 23k | = {214+ + 3k ) — (101 + 105+ 23k
27 27
20 10 &%
27 21 27
sl
27
-
3

: : = : 5 g
o The perpendicular distance from the origin to this new plane is 35

2 2

~ The distances between this plane and 7 15 3—-3=—

3

oo The perpendicular distance from (2, 1, 3 to o iz %

PhysicsAndMathsTutor.com
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d A plane parallel to & through the point (6,12, -9 ) has equation

r 2—1?{10i+10j+23k]={6i+12j—9k ]-%{10i+10j+23k]

_ 60, 120 207
LT VT

_ 2

-

=-1

s The perpendicular distance from the origin to this new plane iz 1, in the opposite

direction
. The distance between this plane and 7 iz 3—(-1)=4
s The perpendicular distance from (2, 1, 2 to m 12 4,

© Pearson Education Ltd 2C
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Vectors
Exercise F, Question 10

Question:
Find the shortest distance between the parallel planes.
a r(i+6-7k)=55 and r- (61 +6] - 7k) =22
b r=3i+4j+k+Adi+k)+ pBi+3j+2k) and
r=14+2j+ Ak +A0G +l)+u{d -9 -k)

Solution:

PhysicsAndMathsTutor.com
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55
J6+6 +(-7)

a The distance from the erigin to the plane v-(61+6j -7k )=155 is

]
- ﬁ <4— First find the distance from the
55 origin to each plane, then
e subtract.
11
= 3

22
JE 6 +(-7)

The distance from the origin to the plane v (61 +6j—7k) =22 iz

~ The distance between the planes 13 5—-2=3

b r=3+4j+k+A{di+k)+p(8i+3+3k) o | Express the equations of the
The normal to the plane 15 n where planes in the form r-n=a-mn

n =(di+k p<{8i+3j+3k)
1jk
=4 01|=-3-43+12k
533
s Equation of plane may be written
r{-s5i-4+12k)=G+H+k ) (-5 -4 +12k )
ter-(—31-43+12k )= -13

; i . ; -13
The distance from the origin to this plane 1z =-1

J3F + (-4 +122

The second plane
r=14+2j+2k +A (3 +k )+ {8 - % -k ) has normal n where

1] k
n=|0 2 1|=6i+8-24k *—— This shows it is parallel to the first plane as
I the normal wectors are parallel.

o Equation of second plane may be written
ro(6i+8j—24k ) = (14i+ 2j+ 2k ) (61 +8) — 24k
ler-(6i+8j— 24k )=52orr-(—3i—4j+12k )=-26
The distance from the origin to this plane i3 2 == -2
JB 4 +(-12)

. The distance between the two planes 13 —1-(-2)=1.
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Exercise F, Question 11

Question:

Find the shortest distance between the two skew lines with equations
r=i+A(-3-12+11k) and r =3I —j+k+ p(2i+6j -3k}, where 1 and p are

scalars.

Solution:

{a—c)(bxd) ]

The shortest distance 1z found by using the formula TTse the formula for

_ e | shortest distance between
a—c=1—(A-j+k)=-2i+j-k skew lines.
bxd ={-31-125+11k {21+ 6] -k )
1 ] k
=-3-12 11
2 6 =5
=—6i+7)+6k

(=2i +j —k)- (~6i +7j+6k)
J-6) +7 +6
s

Jizl
—
11

. shortest distance =

© Pearson Education Ltd 2C
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Vectors
Exercise F, Question 12

Question:

Find the shortest distance between the parallel lines with equations
r=2i—-j+k+A-3-4j+5k) and r=j+k +p(-3i—4j+ k), where 1 and py are
scalars.

Solution:

Let A be a general point on the first line and B be a general point on the second line,

9% Fiay
then AB=|+2 |+¢| -4 .where t=u—4.
T B +— Find the minimum value of the

gquadratic by using calculus, or

Let the distance A5 = x then :
completion of the square.

2= (—2-3) +(2—4¢) + (% f

=2 —4f +50¢*

(i 2
The minimum value of x° cccurs when 5=E.

S0 x° =8—i+ﬂ
S
18
25
Jis8

or 281 (3af)

SE=

5

© Pearson Education Ltd 2C
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Vectors
Exercise F, Question 13

Question:

Determine whether the lines /| and /, meet. If they do, find their point of intersection.

Ifthey do not, find the shortest distance between them. (In each of the following cases
A and 4 are scalars.)

a [ has equation r=i+j+ A2i—j+5k) and [, has equation
r=—i+j+zk+p2i-5j+k

b} has equation r =2i+j -2k + 421 - 2j +2Zk) and L, has equation
r=1—j+2k+puli-j+k)

¢} has equation ¥ =i+j+3k+ A2i+j— 2k} and [, has equation
r=—i—j+k+puii+j+k)

Solution:
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a Agsume that § and [, meet.

(1+24Y (—1+2u)
Then | 1-4 |=| 1-5u
54 ST
LE: -

1+24i=-1+2u @
1-A=1-5u &
Sh =2+ 3
Add @ +2x @
~3=1-8u
1

1el=——

4
Substitute into equation ()

nlplk =—1l
2

RN
4
But for these values of A and o equation @ does not hold true. There is a

contradiction.
.. The lines do not meet.

They must be skew so the shortest distance between them 1s calculated from the
formula

{a—c)(bxd)
b x|

‘Wherezi—c = 21—k and

11k

b=xd=|2-15

2-51

= 24i+8j— &k

21—2k (241458 -8k |

S Distance = 2 L Ee AL e 4Nfﬁo 1.21

= = t
sfF+4(-1) | BT 1

b Assume that 4 and [, meet:

((2+24 ) ( 1+u )
1-24 |= —1—,1:‘
=2+ 24

| 3+p |
te. 2+2i=1+pn @
1-2h=-1-u @

—24+2L=3+pu @
Adding equations (D and @ gives 3=0

This 15 a contradiction.
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- Lines do not meet,
The lines are in fact parallel as 21 —-2)+ 2k iz a multiple of 1 -3 +k .

The distance between them is found by considering A on line J; and
Bonline i,
Then AB = —i—2j +5%k +¢(i—j+k)
|AE P=5* = (-1+¢) + (=22 +(5+¢ )
=1-2¢+£ +4+4:+2* +25+10: +¢°
= 30+12¢ +3°

d(x*)
{ f o

The minimum value of x* occurs when

st =30-24412
=18

nx =J18=32 or 4.24 (35.5)

¢ Let 4 meet [, then
(1+24) (=1+p)

o
1+A [=|-1+1 | &
5—2;:) k 24 ) @
Subtract @ — &
Then A =10
Substitute into equation (D
Then p=2

But A =0, 1 =2 does not satisfy equation
So the lines do not meet,

They are skew.

(a—c)(bxd)

Tzing the formula distance =
[bxd |

a=¢ =21+ 2j+3k
bxd ={21+j—-2k )=<{i+] +k)
=&-41+k
‘{2i+2j+3k']-{3i—4j +1 )
J32+[—4]2+12
-8+43

coshortest distance =

=3

21~
T [
h

0.196 (35.£)
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Exercise F, Question 14

Question:

Find the shortest distance between the point with coordinates (4,1,—1) and the line
with equation
r=3i—j+2k+puZi—j—-k), where 4 15 ascalar.

Solution:

Let.A be the point (4,1,—1) and B be the point
(3+2t,—1-£,2—¢) which lies on the line. bindyhiewdistacebenmctn

i (4,1,-1) and (3+2¢,—1—2,2—¢)
Then BA=a-h : :
at a point on the line.
=[4-(3+2),1-{-1-2),-1-(2-¢)]
[1-2¢,2+2-3+¢]
A|BAP = (1-20 +(2+1) +(-3+¢)°
=6 — 61 +14

|ﬂ| 15 a rminimum when |ﬂ [ is minimum

Thiz minimum walue can be found by calculus or completion of the square.

| BAP =6 —¢)+14

+14-8
4

2| o=

/ 2
=)

. o 1
This 12 a minimum when #=— and

| AP =ttt e
5 0

— 1
s BA| = 125 =354 (3s.£)
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Vectors
Exercise F, Question 15

Question:

The plane I has equation r {i+j-k) =4
a Show that the line with equation r =21 +3 +k+ -1+ 2j+ k) lies in the plane

7
b Show that the line with equation r =—1+2) +4k + A{—1+ 2]+ k) 15 parallel to the

plane JI and find the shortest distance from the line to the plane.

Solution:

a Theline r=2i+3+k+A(—+2j+k) +—— Checl that the line iz
passes through the peint (2, 3, 1) perpendicular to the normal t-g
The point (2, 3, 1) also lies on the plane the plane and check that the line
r(i+j-k)=4 as 2x1+3x1-1=4 and plane have a common point.

=0 the line and plane have a point in common,

The line iz in the direction —1+2j+k.

This direction 15 parallel to the plane as it 15 perpendicular to the normal 1+j—-k |
as —Ix14+2x1+1x-1=0.

Az the line alzo has a comimon point with the plane it lies in the plane.

b Theline r=—i+2j+4dk +A({-i+2j+k ) iz al
Faned v At 2j+k) is also =how that there 1z a point on the

parallel to the plane as its direction 15 -1+ 2] +k line which does not lie on the plane.

which s perpendicular to the normal to the plane

{zee a).
The point (-1,2,4) lies on the line. It does not lie
onthe plane as (—i+2j+4k ) (i+j-k)
=-1+2-4
=-3
=4
:. This line is parallel to the plane m but lies on the plane r-(i+j-k)=-3

4—{-3
The distance between the two planes 13 ¥=l

i+i-k| 3
: , T3
o The shortest distance from the line to the plane 15 2 =404 (351
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Vectors
Exercise G, Question 1

Question:

Find the shortest distance between the lines with vector equations
r=3i+g-k and r=%-2j-k+ii-2j+k)
where g, £ are scalars, [E]

Solution:

(a—c) bxd)
b |

+— Write the first equation in the

TTze the formula form r=3i-k+g

with a=31-kb=jc=%-2)-k and d=1-2j+k .
Then a—c=—68i+2j
and hxd=1-k

(—6i+2j) (i-k)

B+ (1)

.. The shortest distance is

-7
o
= 3./2 or 4.24
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Vectors
Exercise G, Question 2

Question:

Cbtain the shortest distance between the lines with equations
r=3s-Ni—-g+s+1k
and r=(3++(2-2)j+k

where g, £ are parameters, [E]
Solution:
{a—c)bxd
TTze the formula |————
|bxd |

with a=-31+kb=31-j+kc=31-2J+k and d=1+2j

1]k
Then a—ec=—6i+2j and bxd=2-11

120

=-21+j+7k

(=6i+2j) (=2i +j +7k)
JE2F B+ T
_12+2

o shortest distance =

_.
[
2= 5

Il
—
I=

%

orl 81 (3s1)
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Question:

The position vectors of the points A, &, O and D relative to a fized origin &, are
(= +2k), -3 +3k), (21— 2§+ 7k) and (j+2k) respectively.

a Find p = AExCD.
h Calculate E-p.

Hence determine the shortest distance between the line containing A5 and the line
containing C0) [E]
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Exercise G, Question 4

Question:

Eelative to a fized origin &, the point M has position vector —d1+j -2k

The straight line / has equation rx OM =5i—10k .

a Ezxpressthe equation of the line Jin the form r = a+dh , where a and b are constant
vectors and ¢ 15 a parameter.

b Verify that the point AN with coordinates (2,3, 1) lies on [ and find the area of

AOMN. [E]

Solution:

a b=0OM=-4i+j- 2k
Let a=m++2k
Then as a represents a point on the line
A+y+zk={—di+j—-2k)=5-10k
1 3k
te. |z ¥ z|=m-10k
—4 1 -2
=2y —z)i+(2x—4z)j+(x+4y )k =51-10k
Compare coefficients
—2y—z=75 o
2x—4z=10 @
a+dy=-10 @&
Let x=2 zay
Then from equation @ dy=-12 . y=-3

Also from equation @ 4 - 4z=0 . .z=1
5 (2,-3,1) is one point on the line.

[Any walue that you take for x will give a point on the ling ]
=0 equation of line may be written

r=2i-3+k+A(-4i+j-2k)

b It has already been shown that (2,—3.1) lies on the line.

AreaiOM=%|ﬁ/ﬁf|=%|5i—le|

S50y

S5 or 559 (3£

| e R e (S
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Exercise G, Question 5

Question:

The line [ haz equation ¥ =i—J+ A1 +2j+3k) and the line [, has equation
r=Zi+j+k+uldi-j+k).

a Find a vecter which is perpendicular to both [ and J,.

The point A lies on [ and the point B lies on [, Given that 45 15 also perpendicular to
4 oand I,

b find the coordinates of 4 and 5. [E]

Solution:

a A vecter perpendicularto 4 and [ iz

ik
(i+2§+3)<(2i-j+k)=|1 2 3
2-11
= 5i+5) -5k
b AZ=h-a
(2+z2py ( 1+4
= 1-u ‘— —-1+24
| 1+u ) | 34
GE T
=|2-pu—-24
| 1k p—=34 |

Asthis is perpendicular to [ and to 4, it is a multiple of (i+j-k)
Sl+Zu-A=2—-pu-2i=3u+i=1 @
and1+2u—A=—{1+pu-31)=3u-4Li=-2 @
Subtract T —@

Then 5,5.:3:-5,22

Substitute into equation (D),

Then 3p = I—E
B

.

13

LU=

; . ; .31 .4) : : :
»o A s the point with coordinates | 12, 2, 1= | and B 1z the point with
L5057 s

i %

. 4 13 2
coordinates | 2— = 12 |
T
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Exercise G, Question 6

Question:

A plane passes through the three points 4, B, O, whose position vectors, referred to an
origin & are {(1+3]+3k), G+ +4k), (21 +43+k) respectively.
a Find in the form i+ +#k), a unit vector normal to this plane.

b Find also a Cartesian equation of the plane.
¢ Find the perpendicular distance from the origin to thiz plane. [E]

Solution:

a AB=(3i+j+4k)—(i+3j+3%k)

=2i-2)+k
AC = (2i+4j+k)—(i+3i+3k)
=i+j-2k
A wvector normal to this plane A8 iz in the direction ABxAC .
1] k
re |22 1|=31+3+4k
11 -2

A unit vector normal to the plane 13 ; (A+5+4k)
N R

=L (3i5i+aK)

50

b The equation of the plane may be written as

r(3i+5+4k )= (i+3)+3k) (3i+5)+4k )
=3+15+12
=30

1e 3x+oy+4z=730

¢ The perpendicular distance from the origin to the plane is

30 30 —30"@—3@

NN ST '
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Question:

a =Show that the vector 1+kis perpendicular to the plane with vector equation
r=i+g+i{i—-k).

b Find the perpendicular distance from the origin to this plane.

¢ Hence or otherwizse obtain a Cartesian equation of the plane. [E]

Solution:

The plane with vector equation

r=i+sj+i{i-k)

is perpendicularto 1+k, as (i+k)j=0 and (i+k){i-k)=1-1=10
The plane also has equation

r-{i+k)=i{i+k), asiis the position vecter of a point on the plane.

te. r{i+k)=1

The perpendicular distance from the origin to this plane is =—=— o

Q707 (53 :1£)
The Cartesian form of the equation of the plane 1z x+z=1
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Exercise G, Question 8

Question:

The points 4, & and C have position vectors 1+] +k, m—2)3+k and 3+ 25+6k

respectively, referred to an origin O,

a Find a vector perpendicular to the plane containing the points 4, B and O

b Hence, or otherwize, find an equation for the plane which contains the points A, B
and O, in the form ax +dv+ez+ad =10

The point 2 has coordinates (1, 5, &)
¢ Find the velume of the tetrahedron ARC D, [E]

Solution:

a AB=0F—0A=(5i-2j+k)-(i+j+k)

=d41-3
AC =0C-OA=(3i+2j+ 6k )—(i+j+k)
=21+j+3k
Perpendicular vector to the plane is in direction
1]k
ABx AC =4 -3 0|=-15i—- 20§ +10k
213

b The equation on of plane containing A, 5 and ' 15
r(-15i-20j+10k )= (i+j+k) (-15i-20j +10k )
1e —1ax—20p+10z = =25
of 3x+dyv—2z-5 =10

¢ Volume of tetrahedron ABCD =

145 (a5 E_}‘
AD=0D0-0A4=(i+5j+6k)—(i+j+k)
=4j+%
- Volume = %|{4j+5k]-{—15i—20j +10k )|
=l|{—80+5oj|
6
=15
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Question:

The plane 7 passzes through A(3, -5,-1), B(-1,5,7 and C(2,-3,00.
a Find ACxBC .
b Hence, or otherwize, find the equation, in the form r-n = p, of the plane fF.

¢ The perpendicular from the point (2,3, -2) to ff meets the plane at P. Find the
coordinates of P, [E]

Solution:

a AC=c—a=(21-3)-(3i-5-k)

= -i+2j+k
BC=c-b =(2i-3%)-(-i+5+7k)
= 3-8 -7k
ik
ZACxEC =12 1|=-6i-4j+2k
3 -8-7

b Equation of the plane 7 iz
r-(—-6i-4j+ik)=(3i-5-k) (-6i—4j+2k)
=-18+20-2
=10
or v-(3i+2j—-k)=0

¢ The perpendicular from (2,3,-2) to m has equation
r=21+3j-2k+A{G+2j-k)
This meets the plane 7 when
(2434 0+ (3+24A )+ (-2-A)k) (A+2j-k)=0
1 3(2+43A )+ 2(3+24)-1(2-A) =0
1eldi+14 =0

LA =-1
o eubstitute into equation of line
r=-i+j-k

.. Foot of perpendicular is at (-1,1,-1)
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Question:

Griven that & and (' are the points with position vectors p and q respectively, relative
to an origin O, and that

p=3i—-j+7k
q=2+j-k,
a find pxq.

b Hence, or otherwizse, find an equation of the plane containing &, F and () in the
form ax+bhyt+ez =4 .

The line with equation (r —p)*q =0 meets the plane with equation v - (1+j+k)=2
at the point T
¢ Find the coordinates of the point T [F]

Solution:

a pxq={3i—j+2k)<(2i+j-k)
1] k
=|3-1 2
21 -1
=—1+7j+3k
b The equation of the plane iz
r-(-i+7j+5k)=Gi—-j+2k ) (-1+7j+53k )
e, —x+7y+oz=10
¢ The line equation may be written in the form
r=3i—j+2k+Ai{2i+j-k)
This meets the plane r-(i+j+k)=2 when (3+24 )+ (-1+A)+(2-A)=2
ite. 2A+4=2
sLA=-1
substitute into the line equation
Then r=i—2j+3k
The coordinates of point Tare (1,-2,3)
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Question:

The planes [ and Ff are defined by the equations 2x +2y—z=9% and x— 2y =7

respectively.
a Find the acute angle between I and I, giving your answer to the nearest degree.

b Find in the form r=u=v an equation of the line of intersection of I and 73 [E]

Solution:
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a The normals to the planes are
n, =Zi+2j—-k andn, =1-2j
The angle between the normals 15 8 where

sooge TG oo 2x1-2x2

llng | 22 22 -1y 1 +(-2)

245

s The acute angle o between the planes iz given by cosc =?,

te o =727 =7% (nearest degree)

b The planes have equations 2x+2y—z=9 @
andx—2y =7 @
Add D+ @
Then 3x—=z=16
z+16&
e
Alse from equation @
e
1
Let x=4
7
—0 y+=
Then D= 1 =Z+16=£‘L
1 3 3

This may be written

1~/|ri+%j+3k "|=|"_—;j—15k "|/"'i+%j+3k |
1] k
i.e1~/|ri+%j+3k "|= U—%—lé
| Ll
2

=|"%’“+8 "|i—16j+§k
— e
2 2
1/ i+%j+3k :]=[:—§i—]6j+§k |
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Question:

A pyramid haz a square base QPR and vertex & Eeferred to O, the points B, O, &
and 5 have position vectors OF =21, 00 =2i+2j, 0B =2j.05 =i +j +4k .

a Ezxpress B interms of 1, ] and k.

b Show that the vector —4) +k 15 perpendicular to O and 25

¢ Find to the nearest degree the acute angle between the line 50 and the plane OSF.
[E]

Solution:

a PS=05-0P
=i+j+4k—2i
=-1+)+4k
b (4j+k)(i+j+4k)=—4+4=0
sy +k 15 perpendicular to oF .
Also (j+k)-(—i+j+4k)=—-4+4=0
s +k iz perpendicular to PS.
¢ —4) +k 1z normal to the plane OSF
S¢=00-08
=2i+2j—(i+j+4k)
=i1+])—4k
The acute angle & between @ and the normal to the plane 1z given by
(—+k)(1+)—4k)
JAP 47 P 4P 4 (-4)
-3 8

NTN TN TN

The angle o between the line 5S¢ and the plane OSF 12 such that o +6 = 90° and

cosf =

50 8Nt = ———== and o =27 (nearest degree)

VI7418
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Question:

The plane T has vector equation

1Y (4Y (3
r=|3 4|l |+v| 2 |, whereu and v are paratmeters.
4 2 !
oY (20
The line D has wector equation v=| 1 [+Z[ 3 |, where { is aparameter,
\ _3 ) \ _4 i
a Show that [ is parallel to ff S
b Find the shortest distance between L and FT [E]

Solution:
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a The normal to the plane I7 1z in the direction (d+j +2k) - Gi+2)-k)
1]k
e, 41 2|=-51+105+ 3k
322-1

The line L iz in the direction 2i +3j—4k
A (-01+10)+5k) - (21i+ 3 -4k =0
the line £ 15 perpendicular to the normal to the plane.

Thus L is parallel to the plane f7,
b The line £ passes through point (2,1, —32)

The perpendicular to plane wthrough (2,1, — ) has equation
r=21+3-3k+4 (-5 +105 + 5k}

The equation of the plane may be written

ro{(—o+10j + 3k =0+ 3 +4k) (o +107 + 5k
=45

This perpendicular meets plane 7 when

((2-501+(1+10% 3 +(=-3+50) k }{—51+10j +2k) =45
Le —10+253+104+100% 15+ 253 = 45

Le 150h=60= ?F%

: i 2 . :
substitute A = = into the equation of the perpendicular.

Then r=5-k
Le. The perpendicular to T from (2,1,—3) meets the plane at (0,5,-1)
o Bhortest distance from L to fTis

J2=0) +(1=5 +(=3-(-1)

= Jd+16+4
= f24 =26 or 4.90
ar
10 R
Take pointd on | 53| and Bonl | 1
=y =5
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—?.

Distance =|E-ﬁ|

In| = (=57 +10% +5* = 150 = 5./6
{—1)

1
=] 2
NG
il
1IRINE 12
“Distance = | -2 || 2 [|[=—=x12=22 =2F =490
v ]
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Exercise G, Question 14

Question:

Planes ff and JI have equations given by
Hor2i-j+k)=0,

Lor-a+5+3k)=1.

a Show that the point A(2,-2,%) liesin £,
b Show that ff is perpendicular to I

¢ Find, in wector form, an equation of the straight line through 4 which iz
perpendicular to 1.

d Determine the coordinates of the point where this line meets 1.
e Find the perpendicular distance of A from JJ.
f Finda vector equation of the plane through A parallel to I

Solution:

PhysicsAndMathsTutor.com
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a (2i-2§j+3k) (i+5+3k)=2-10+9
=1
5(2,-2,3) lies on the plane [T,
b (2i—j+k)(i+5j+3k)=2-5+3
=10
o the normal to plane [T is perpendicular to the normal to plane 11,
M1 s perpendicular to T4,
e 1=21-2j+3k+A(2i—-j+k)
d This line meets the plane 1] when
[(2+2h)i+(-2-A)j+(3+A)k ] (2i-j+k)=0
ie. d+4A4+2+ 443+ 4=0

ie 6A+9=0
; 3
S ==
o
: i 3 =g B
substitute A =—§ into the equation of the line: then r=—1 _E] + 21\

i !
te The line meets Il atthe point | —1,—%,2 |

e The distance required iz

$E—P4M | —2- |——\yﬂ3—§ J-+2 +Z——JB%

3.67 (35.£)

for(2i—j+k)=(2i-2j+3k) (2i—j+k)
=4+42+3
ier (Zi-j+k)=9
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Exercise G, Question 15

Question:

The plane [T has equation 2x+ y+3z =21 and the origin 15 & The line  passes

through the point F(1,2,10 and is perpendicular to 17

a Find a vector equation of 7

The line / meets the plane ff at the point AL

b Find the coordinates of AL

¢ Find OPxOM .

d Hence, or otherwize, find the distance from F to the line OM, giving your answer in
surd form.

The point & 15 the reflection of P in ff

e Find the coordinates of (0 [E]

Solution:
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a r=i+2j+k+Ai{21+j+%k)
b Thiz line meets plane I'T when
(1+24) 2+(24+A4)1+(1434)3=21
te. 14A+7=21
te. A=1
Substitute A =1 into the equation of the line J.
Then v =31 +3) +4k
2o Mhas coordinates (3, 2, 4

¢ OPxOM =(i+2j+k)x(3i+3+4k)
= 5i—j- %k

d AreaofJ.OPM=%|5i—j—3k| a0

1 X 2
=— 57 +(-1) +(-3
2J )

- %@ i
1435
CoDistance from Fto line O = 12
= | OM |
2
1
_ = 35
NPT
_35
34

e PM= A+3+dk-(1+2)+k)=2+7+3k
MO =2i+jt3k
AndOQ = OM + M0 ="5i+4j+ Tk
£ has coordinates (5, 4, 7)
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Question:

With respect to a fixed origin &, the straight lines [ and [, are givenby
Lor=i—-j+A(2i+j-2),

Lor=i+2j+2k+ p(-3+4k ),

where 1 and @ are scalar parameters.

a Show that the lines intersect.

b Find the pozition vector of their point of intersection.

¢ Find the cosine of the acute angle contained between the lines.
d Find a wector equation of the plane containing the lines.

Solution:

a The lines / and 7, intersect if

(1+247Y (1-3u)
-1+A =] 2
|2k 2+4u |

hawe consistent selutions.
e 2A=-3n @

A=3 @
amd—2i=4u+2 @
Substitute A =3 from @ inte (D, then u=-2
Check in equation @ A =3 and u =-2 satisfy equation @

.. the lines intersect

b Substitute 4 =3 into equation of §
Then r="1+2)—¢k
This iz the position vector of the point of intersection.
¢ Let & bethe acute angle between the lines.
(2i+j—-2k ) (-3i+4k)
szﬂz +(-2) (-3 +4

Then cosf =

= ‘ﬂ
925
14

15

d r=i—j+A{2i+j-2k)+u{-3i+4k) iz a vector equation for the plane.
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Question:

Eelative to an origin &, the points 4 and 5 have position vectors a metres and

b metres respectively, where

a=h+2),b=21-7-3k

The point O mowves such that the volume of the tetrahedron OABC i3 always 5m’ .
Determine Cartesian equations of the locus of the point [E]

Solution:

Let O be the point with position vector x+)j+zk .
The volume of the tetrahedron JART 15 given by

1:J:N;uz
-5 20

2-1-3

1
=g[—6x+15y—92_]
As the volume is 5m°,
.‘.%[—6x+15y—92]=5

e —6x+15y—9%z=730
of 2x =53y + 3z +10=10, which is the locuz of the point T
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Exercise G, Question 18

Question:

The lines Iy and £, have equations r=a; +5b, and r = a, +b, respectively, where

a =3i-3j-2k, b;=j+2k,

a, =Bi+3], b, =3+4)-Zk

a Werify that the point P with position vector 3 —j+ 2k lies onboth L) and L,

b Find by xb,.

¢ Find a Cartesian equation of the plane containing 2y and L,

The points with positien vectors a; and a, are A4 and A4 respectively.

d By expressing ﬁ and @ as tultiples of by and b, respectively, or otherwise,
find the area of the triangle P44, [E]

Solution:

a Equation ef [ is
r=3-3-2k+A(j+2k)
When A=2r=31-)+2k 3o Flieson I
Equation of Z, 1z
r=8i+3j+u(5i+4j-2k)

When p=-1r=3-j+2k. 5o Flieson k.
1]k
b byxb, =01 2|=-10i+10j-5k
54 -2

¢ The normal te the plane iz in direction of by xb,. 5o —2i+2j—k 15 a normal
- Equation of plane is
r{—Zi+Zj-k)=(3-3-k ) (-Z21+2j-k)
=—H-6+2
L=2x+2v—z =-10
SA2x— 2y +z =10 iz a Cartesian equation of the plane.

d AF=(3-j+2k)(3i-3%-2k)=2j+4k=2b,
ﬁ= (3i—j+2k)—(8+3j)=(-5i—4j+ A )=-h,
Areaof PA A =%|Tp/ﬁ>" = %phl <, |

= by by |

.2

= J(-10) +(10 )} +(-5)
= 225
=15
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Question:

With respect to the origin & the points A, B, C have position wectors
ai—]-3k),al-h+4) -k}, et - 25+ 11k} respectively, where @ 15 a non-zero
constat.

Find

a awector equation for the line SO,

b awvector equation for the plane OAE,

¢ the cosine of the acute angle between the lines &4 and OF

Chbtain, in the form r-n = p , a vector equation for f7 | the plane which passes through

A and 1z perpendicular to 8C
Find Cartesian equations for
d the plane IF,

e the line O

Solution:
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a E=a{ﬁi—2j+11k]—a{—4i+4j—k]
=ag({%i-6j+12k)
- wector equation for the line B0 1s
r=a{di+4j-k )+ia({%i-6j+12k)
b A vector equation for the plane QAR 1=
r=a({5i—j—3k )+ia(5i—j—3k )+ pz{—di+4j-k)
¢ Let the acute angle between OA and Q5 ke 8
a-1-3k)a{-h+d-k
Then cosH=|a{ sl i S )
| ax25+1+9a 16 +16+1
-1z

RNENE
12
RN =N 5

The plane through A, perpendicular to BT has equation
r(%i—-6j+12k J=al(5—-j-3k )-(51-6j+12k

ie v (%-6j+12k)=15

of v-{3i—2j+4k )=5a

=0.353 (3 5.£)

d The Cartesian equation for this plane ff 15 3x -2y +4z=12a
e The Cartesian equation for the line 5C comes from

[ x) [=da) [ 9
¥ = | da |+A] ba
\ z ! \ i ) \ 12a !
x+da  yv—-da =z4+a
= = = Aa
8 -6 12
x+da v—-4da z4a
or = = =A
3 -2 4
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Vectors
Exercise G, Question 20

Question:

In a tetrahedron ABCT) the coordinates of the wertices &, O, 22 are respectively
(1,25, (2,3 3, (3, 2,4). Find

a the equation of the plane BCD

b the sine of the angle between 5 and the plane x+ 2y +3z=4

IF AT and AL are perpendicular to 80 and BC respectively and if AF = JE_E find the

coordinates of the two possible positions of A

Solution:

PhysicsAndMathsTutor.com
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BC = (2i+3%+3k)—(i+2j +3k)=i+j
BD=(3+2+4k)—(i+2j+3k)=2i+k

1]k
~BCxBD=|110
201

=i-j—-2% 4— This 1z normal to the plane 500

. The equation of the plane 5000 13
r(i—j—Zk)={1+2j+3k ) {1—-j-2k)
=1-2-6
=7
Thiz may be written x—y—2z+7=10

Let the required angle be o . Then sin o =cos® where 6 is the acute angle
between AC and the normal vector 1+2) +3k

i) E+2ik)
SRR EoA

3
N

Let A have coordinates (x, v, z).

Then AC=(2-xji+(E-y)+(3-2z)k
Also AD=(3-x)i+(2-y)j +(4-2z)k
Az AC 15 perpendicular to B0, AC - BD=0
L2{2-x)+0{3-y)+1{3-z)=0
Llx+z=7 @

Az AD s perpendicular to BT, AD-BC=0
SE—x)+ 12—y )+0(4—2)=0

Soos

=0.567 (3sL)

Lx+ty=5 @
Also AB=.J26 .

a(x=1F +(r -2V +(z-3) =26 @

Substitute z =7 —2x and y=5-x from equations () and @ into equation @

Then (x—1) + (3—x) +(4— 2x)’ =26
S6xt =245+ 26=26
~bx(x—4)=10
Lx=0ord
When x=0,yv=3 and z =7
When x=4, y=1and z=-1
- The two possible positions are (0, 3, 7 and (4,1, 1)
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Further matrix algebra
Exercise A, Question 1

Question:

Write down the transposes of the following matrices. In each case give the dimensions
of the transposed matriz

T B
i |
L=k 0% 4 ‘
i D 2‘.
b |
e )
o2 =10
c |-z 0 3
1 =3 0|
i1
d |2
|4}
Solution:

T 3-1
312 ; 3
a =10 dimension 3x 2
-104
24

-2

0 2% foeo -
= dimension 2x 2
20 20

0 el T 209

c |—20 3 | =2 0 =3 dimension 3x 3
B =8 D -13 0
1 T
d |2 =1 2 4, dimension 1x3
4

W
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Further matrix algebra
Exercise A, Question 2

Question:

, f 2 40
The matriz A= i
| =3 6]

a Write down i'xT
b Find AAT
¢ Find ATA

Solution:

a AT= o
) 46

e Rt 2 4% 2 -3
Z 364 6

4+16 —6+24
—6+24 9+36

{2018
R 45}
. 2—3}[2 4}
c AA=
46 |-36
(4+9 8-18
{8—1816+36J
(13 -10
{—10 52]
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Further matrix algebra
Exercise A, Question 3

Question:

) f 3 20 ) 1 6
The matrix A=| 5 1 | and the matrix B=| 0 |

a Find BA
b Verify that ATBT =(BA)".

Solution:

16 32

a BA=
04 1-21
ot
0+3 0—4

B -5 3
|8 -4
b Froma

-9 8
(BAJ = o 4} ( BA is symimetric |

argr _[372)1 0
21 )64

_(3-120+8
246 04

-5 3 T .
= = BA ,asrequired.

8 —4
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Further matrix algebra
Exercise A, Question 4

Question:
i1 =4 B
The matriz A=|4 -7 -4
2 4 1

a Write down AT
b Show that AAT =811,

Solution:

Al =

1 45

—4-74

B —41

1-4 8% 1 48
4-7-4|-4-74
Bid Hhigady
1+16+64 4+28-32 §-16+8
4+28-3216+49+16 32-28—4
8-16+8 32-28-4 64+16+1

100 100
0810 |=21 010 (=811, as required.
008 001
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Further matrix algebra
Exercise A, Question 5

Question:
0 3 50 = 1 =13
The matriz A=|-3 0 -1|andthe matriz B=| 1 5 2
-5 1 0] —2 0 3

iven that C =AB,
a find C,
b werify that the matriz C 15 symmetric.

Solution:
0=5Y-41-1
a C=|-30-1115 2z
=510 V=303

O+3-150+154+0 0+6+15
=[12+04+3-3+04+034+04+-2
ettt L B s
-12 15 21
=15 -30
L2 30, 7

-12 15 21
b C'=| 15 =30 |=C
21 0 7

Hence the matriz C iz symmetric,
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Further matrix algebra
Exercise A, Question 6

Question:
o3 50 1 1 =1
The matriz A=|2 0 —1|andthe matrniz B=[ 0 1 0O
11 0 s 0 3
a Find AB.

b Verify that (AB)T =BTAT

Solution:

033y 11-1
a AB=|20-1] 010
110 40-103
O+0-50+34+0 040415
= 2+0+124+0+0-240-2
LT 00 IR0l R0 +0
5313
=3 2-5
L e

b Froma

-3 3 1

(AB) =| 3 2 2

15 -5-1

10-1y021

B'AT" =| 110301

103 1510

O+0-5 24+0+1 1+040
=| 0+3+0 2+0+0 1+1+0
O+0+15-2+0-3-1+0+0
-5 3 1

= 3 2 2 |=AB IT,asrequired.
15 -5-1
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Further matrix algebra
Exercise B, Question 1

Question:

Find the walues of the determinants.

1 00
a [0 2 0
oo 3
o 4 0
b |5 -2 3
21
1 01
c 2 4 1
35 2
2 =3 4
d |2 2
3
Solution:
100
20 0o 02
a [0z20=1 -0 +10
03 03 0n
nos
=16-0—-0+0=4§
040
—2 3 53 5 -2
3-23=0 -4 +0
b 14 24 21
214
=0-4(20—-6 1+0==-54&
101
1 21 24
c |241]=1 -0 +
52 32 35
352
=1E8=-5—-0+110-12
=3-2=1
2-34
2z 22 22
22 2|=2 - =3 +4
d 24 55 B
DS

=2(10-10 +3(10-10 )+4{10-10 =0
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Further matrix algebra
Exercise B, Question 2

Question:

Find the walues of the determinants.

L |
a |2 =2 0
o 4 -2
3 -2 1
b 4 1 =3
7 2
5 =2 =3
c |6 4 2
—2 -4 -3
Solution:
4 3 -1
—2 0 20 2 -2
a [2-2 0|=4 —30 7 |+i-10
4 -2 0n-z 04
o4 -z
=44 -0 =3 =<4-0)-1{8=-0)
=16+12-8=20
2-21
1o 4-3 |41
b1 -3=3 I econ Bl |
Do Tl D
il
= 3(~4+6)+2(-16+21)+1(8=7)
=6+10+1=17
5 -2-3
4 2 6 2 &4
C 6 4 2 =5 —I—ZI +|—3|
Rl o 5 -2 4
24 -3

=5 -12+8 +2(-18+4 -3 =24 +8)
=5k (=4 +2x =14 —3x( =16
— 20— 28+48=0
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Further matrix algebra
Exercise B, Question 3

Question:
2 1 =4y
The matriz A=|2k+1 3 k&
1 o1 |

Given that A is singular, find the value of the constant k.

Solution:
2 1 -4
det(Ay=[2k+1 3 &
1 01
3k 2k+1 k& 2k+1 3
=2 -1 +i{—
01 1 1 1 0

=2(3-0-1{2k+1-k -4/ 0-3,
=6-k-1+12=17-k
Az As singular,
det{Ay =10
17-k=10
k=17
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Further matrix algebra
Exercise B, Question 4

Question:
fz2 -1 3

The matriz A=| & 2 4 |, where & 15 a constant.
-2 1 k+:Z

(iwen that the de-.tarminant of A is 8, find the possible values of k.

Solution:
2 -1 3
det(Ay=|k 2 4
-2 1 k+3
2 4 k4 k2
= - -1 +3
1 k+3 -2 k43 -2 1
=2(2k+6—-4 + 1 &* +3k+8 1+ 3 k+4)
=4k +4+1 + 3k +8+3k+12
=k +10k +24
As det(A)=28

B +10k+24 =8

Hl0k+16 =0

iE+3ik+2)=0
k=-8-2
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Further matrix algebra
Exercise B, Question 5

Question:
2 5 33 0 O N VR
The matriz A=| -2 0 4 |andthe matnz B=|1 2 2
L3 “ i8:) [0 =g =i
a Show that A ié singular. . . .
b Find AB.

¢ Show that AB 15 also singular.

Solution:

2 53
a det{A)=|-2 04
3108
O L -
_2‘108 38 7|3 m‘
=2(0-40 -5 -16-12 +3(-20-0
=-80+140-60=0
Hence A is singular.

RN

2 53y1 10

h AB=[-204|12 2

L 3 T0e =0l

2+3+0  2+10-6  0+10-3
=|=-2+0+0 -24+0-8 0+0-4
I+10+0 34+20-16 0+20-8
76 7

=|-2-10-+4

13 7 12

7 6 7
¢ det(AB)=|-2-10-4
13 7 12
_ ‘—10—4_6‘—2—4 —2—10‘
7 12| [1312| 13 7
=7(-120+28 -6 24+ 52 1+ 7( —14+130 )
= Tx(-92)-6x 28+ Tx 116

=-6d44-16E+812=10
Hence AB 15 also singular.
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Further matrix algebra
Exercise B, Question 6

Question:
45 =20
The matriz A=|2 -3 2
|2 -4 3|

a Find det (A)
b Write down AT
¢ Verify that det(AT) = det(A).

Solution:
A5 e
a det(A)=[2-3 2
24 3
:4‘—32_ ‘22+|_2 |‘2—3‘
43 T|23 2 -4
=4(—9+8 -5 6—4 —2(-8+6
=—4-10+4=-10
4 2 2
b AT=| 534
22 3
4 2 2
¢ det(AT=|5 34
-2 2 3
=4‘—3—4‘_ ‘5 —4+2 5 —3‘
2 3| 23| Tlzoz
=4(-9+8—2(15-8 +2(10-6
=—4-144+8=-10

= det(A)), as required.
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Further matrix algebra
Exercise B, Question 7

Question:

0 e =b)
a Show that, for all valuesz of @, » and ¢, the matriz | —2 0 ¢ |iz singular.
& —c 0]
fe =2 40
b Show that, for all real values of x, the matriz | 3 x» =2 |is non-singular.
,__—1 3 x
Solution:
0 a -&
0z — —a 0
a |[—a 0 ¢ |=0 — +(=h
— 0 b0 b —c
h— 0

=0—agil—chi=blar-0)
= abe —abe =10
Hence the matrix iz singular for all @, & and ¢

2 =24
x—2 3 -2 3x
b |3 x -2|=2 —(=2) +4
3 x —1 x —13
-13 =

=2+ 2 3x=2 44 9+x

=22 +12+6x—4+36+4x
=2x +10x+44

=2(x" +5x |1+ 44

2 2
=i x2+5x+[5] +44—2x[§]
J 2

sY 1.1
= 2[x+—] +31=-231= forall real x
2 2 2

Hence the determinant cannot be zero and the matrix i non-singular for all real x.
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Further matrix algebra
Exercise B, Question 8

Question:

fx—3 =2 0
Find all the values of x for which the matrix 1 x  —2 |15 singular.
L = =1 2l
Solution:
x=3-2 0
x =2 1 -2 1 x
1 x =2(=(x-3) —i=2 +0
-1 x+1 -2 x+1 -2 —1
-2 -1x+1

=(x-30 2" +x-2 +2 x+1-4 40

=X +x - 2x-3x" - 3x+6+2x—6

=x* -2+ -3x
For the matriz to be singular, the determinant must be zero.
F-2x-3x=zxx-2x-3=x(x-3)x+1)=0

x=-1,0,3
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Further matrix algebra
Exercise C, Question 1

Question:

Find the inverses of these matrices.

0

M1
a |0
|0
i1
b [0
| 0
1
c | D
0
Solution:

PhysicsAndMathsTutor.com
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2
1
o
2
0

Lh| I Lh b o

1
2
0)
0
3
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100
a Let A=|021
n1z
21 01 0z
det( A =1 -0 +0
12 nz 01
=14-1-0+0=23

The matrixz of the minors 15 given by

210102
120201
oot
120201
oot
2 1f[01oa
a0n
=021
012

The matriz of cofactors is given by

300
€ =02 2
L0-12
3000
ct =|n2
L0-1 2

200
1

Al= ef= Ll gumug |2l
det(A) 3
0-12

| ra o
Ll =

-
el | —
(WS

b By inspection

1005 1?0

0z0| =10=0
2
ons

001

y 5
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10 0
¢ Let A= DE—i
5 5
i 2
e o

] I T B

%ﬂﬁ}=]j 35—0 ;-+0 j

5 fx 02 i

53 5 5

=1 i+i -0+0=1
20 =25

The matrixz of the minors is given by
4 0 E
5
4
s
5

10
i
5

10

.
|
e
=
|
I

(Y
[=)

[=
= Lh| b D LA W
| | o

=
=
Il
[ ="
=oanlw o u-.lwu_ll
—t

—L

|
=

|

I
=
|

| e
N
)

Lh|ld =
IUh
IUh

-~

Lh| i o

| d=
Lhlwy Lh| I O

.
The matriz of cofactors 15 given by

100

d o= pinil
5 04

g 2
O
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100
¢l = Ugi
95 5
033
" 55
1 00 1 00
= ](_1T=l[j§i=g§i
deti A 1 S5t 5 5: 5
Bl | | Guadad
', 55 ' 25
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Further matrix algebra
Exercise C, Question 2

Question:

Find the inverses of these matrices.
f1o=3 0 2n

=

Lo R L C I < R W% T - S WY B o
|
]

Solution:
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1-32
a Let A=10-21
30D
-2 1
n 2
=1 4-0+30-2+2/0+6)
=—4-9+12=-1
The matriz of the minors 15 given by
-2 1||0 1] |0 -2
02323 0
-3 2|1 2|1 -3
02 [EFe=0
-3 2||1 2|1 -3
—2 1|0 1|0 -2
-4 -3 6
=|-6-4 8
L A T

The matrix of cofactors is given by

01 0-2

det(A) =1‘ ‘_._3 ‘

M=

'

-4 3 §
C =| 6 —4-9
I 12
46 1
el o= 3 =41
6 -9 -2
-4 6 1 4 —6 -1
at=_ 1 et g 4 q|c| 34 1

T odet(A) | -1
g g wgimn | g g o
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232
b Let A=|3-21
211
det(A) = 2‘_2 1‘—3‘3 1‘+2‘3 _2‘
1.4 21 21
=2(-2-1-3(3-2 +2(3+4,
=—-6-3+14=5
The matrixz of the minors is given by
—21 |31 [3-2
R
2 273
1 b
3 szz ‘2 3‘
L2 1][3:1] j5=2
o
= 1 -2 -4

7 -4 -13

The matrixz of cofactors 18 given by

1121
22| |22
M=
11 1

231 4
@ =(=pep W
7 4 -13
S5 5
cT =[-1-2 4
3 s

3
i W J
_pna (sl &
7 4 -13

Al .

= = ol

1
deti Ay 5

PhysicsAndMathsTutor.com

Page3 of 4



Heinemann Solutionbank: Further Pure Mathematics Paged of 4

32 -7
¢ Let A=1-31

nz -2

-3 1‘_2‘1 1 ]—3‘
2 =2 0-2 0z
=36=-2 -2 =2-0 =7 2-0)
=12+4-14=12

The matrixz of the minors 15 given by

det| A 1= 3‘

=+ —7 |‘

-3 1|1 1([1-3
2 =20 =20 2

2= E=7 32
it |

22| jo-2[ jo2
2 7lz-7]3 2
‘—31‘1 1 ‘1—3‘
4 -2 2
=| 10 -6 &
~19 10 —11

The matrix of cofactors is given by

i 5
C =|-10 -6 -6
L —19-10 -11
] Ly
el B s i
L2 -6 —11

1 4-10-19 5
At

= ¢T=25.26 10 =123 5
det( A ) 2
2 -6 -11 11
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Further matrix algebra
Exercise C, Question 3

Question:
1 0 13 21 =1y
The matrizz A=|0 1 0|andthe matriz B=[1 0 1
|2 0 ] i 52 3
a Find AL
b Find B
2 1 1
3 2 2
} 1 1 1
Given that (ABY =] 1 —-—= ——|,
2 2
2 1 _1
L3 2 2 |

¢ verify that BA'=(AB) .

Solution:
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10 on 01
a deti A =1 =0 +1
IR
=1-0-2=-1

The matriz of the minors is given by

10[oof]o 1
01ff2 1|20
o1 tyfio
012120
o1lft 1|10
10/[oo]]o 1
10 -2
=[0-10
-10 1

The matriz of cofactors is given by

M=

1 0 -2
C =|0-10
-10 1
1 0 -1
¢’ =|l0-10
-2 01
1 0-1 -101
.ﬂfl=#£‘T=i 0=-101= 010
AL Sl e n ) Lo
01 |11 10
b detiBy=2 (-1 |+i-1}
‘2]‘ ‘11 ‘12
=—4-0-2=-6
The matriz of the minors 15 given by
a1 11 fto
2]‘ 11 12
— ‘1 —IHZ—I‘ZI
21011z
1—1H2—1‘21
L0 11 1|10
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202
=l 3353
1 3-1
The matrix of cofactors i given by
-2 0 2
C =[-33 -3
1 —B=1
-2-31
cT=[0 3-3
L 2 —2E
L ab &l
-2-3 1 e o
et =
2:i=3+=1 Ern
32 6
i L
3 = Wy
sty 11
c BA =0 -——— D10
2 2
111 2 0-1
32 6
—l+liil—l D+l+0 l+CI+l
2 2 &
1 1
=| 0+0+1 O—=+0 0+0-=
2 2
—+0+= O+l+0 —1+Cl—l
L 2 2
a2 A vl
32 2
=| 1 —l—l =i AR -_l,asrequirﬁd.
2 2
2 1 1
3 2 2
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Further matrix algebra
Exercise C, Question 4

Question:
f2 0 3
The matriz A=|% 1 1]
111 4

a Show that det(A) =30k +13
b Given that k= —1, find A™.
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Further matrix algebra
Exercise C, Question 5

Question:

(5 a 40
The matriz A=|5& -7 &
lies =28 e

Given that A=A find the values of the constants @, & and «.

Solution:

A=A"
Llultiplying throughout by A

AA =AAT
A% =T
Sadiiad
A =|p-78|2-78
wd—de fd—2e
ab+33  —2a-8 Ba+dc+20) {100
=| 16-2& ab+33  4b+8c-56 |=| 010
L —2b+20+10 2a-20+14  £P-8 001

Equating the second elements in the first row
—2a-8=0=a=—4

Equating the first elements in the second row
l6—2b=0=4=3

Equating the first elements in the third row and using & =32

—2h+2c+10 =0= -16+2c+10=10
de=b=c =3

a=-4.b=8c=3
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Further matrix algebra
Exercise C, Question 6

Question:
f2 =1 13
The matrniz A=| 4 =3 0|
e 1)

a Show that A =1,
b Hence find A

Solution:
2 -11% 2 =11
a A'=|4 30| 4 -30
-331)-331

4453 S2%3+3 A 0+1
= 8-124+0 —44+940 44+0+10
LEeElE=E 55098 ShR0g]
-34 3
=[-4 5 4
St

Sziar Vo
A'=A*A=|-45 4 | 4 =30
3 g1z | wmeae

Seii6=8 312590 5E0is

=|-8+20-12 4-15+412 —4+0+4

W PR T L

100
=|010|=1,asrequired
001
b A*=AA*=T
Comparing with the definition of an inverse
AAT =T
-34 z
Al=A%=|4 5 4
3 =32
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Further matrix algebra
Exercise C, Question 7

Question:
1 1 0
The matriz A=|3 -3 1|
03 2|

a Show that A*=13A-151.
b Deduce that 15A 1 =131— A®
¢ Hence find A

Solution:
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1104110
a A'=[3-31]3-31
nzz2lozz2
1+34+0 1-34+0 0+1+40
=[3-940 345435 0-3242
L Oea=l dl=n0am6 O o ed

4 -2 1
=|-615-1
L9 -37
4 0%kt 1 8
A'=A'A=|-8515-1|3-31
9 w2l 2 2

4 -6 +0 4 +6 +3 n-2 +2
=|-6+45+0 —-6-45 =3 0+15 =2
9 -9 +0 9 +% +21 0-3 +14

-2 13 0
=| 39 -5413
0 39 11

1313 0% (150 0
13A-15I=|39-3313 |-| 0150
0 39 26) Lo o015
=2 13
=|39-5413 |= A’
0 39 11

Hence
A*=13A-151, as required.
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b MMultiply the result of part a throughout by A™

A'ATT=13aA7 1514
Ar=131-15A"
Eearranging
15A71 =131- A?, as required.

¢ Tlsing the result of part b

1300 4 -2 1
15A7T=13I-A*=| 013 0 |-| -6 15 -1

0 a13 B =37

g 2 -1
= & =21
-89 3 &
Hence
5 9 2 -1
Al=_| 6 -21
15
-9 3 5
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Further matrix algebra
Exercise C, Question 8

Question:
f2 0 15
The matriz A=|4 3 -2
0 3 -4,

a Show that A is singular.
The matriz C 13 the matrix of the cofactors of A
b Find C.

¢ Show that ACT =0,

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics Page2 of 2

-2 4 -2 43
a deti A =2

34| jo-4| |03
= 2(-12+6)-0+1(12-0)
=-12+12=0

Hence A iz singular.

_D‘

+1‘

b The matriz of the minors 15 given by

224 -2 43
E-4 0|03
211120
S-4 10|03
0112 1|20
324243
—6 —16 12
=|-3-E &
=guss b
The matriz of cofactors is given by

-6 16 12

C=| 3 -8-6
-3 8 &

M=

'

201y -63 -3
¢ ACT=|43-2|16-8 8
OeBimd gl 26 46
-12+0+12 &+0-6 —6+0+6
=|-24+48-24 12-24+12 -12+24-12
L 0+48-48 0-24+24 0+24-24
aon
=000 [=0,as required.
000
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Further matrix algebra
Exercise D, Question 1

Question:

(zY ( x=y ) (x) (2x—3y—z)

y+z
2x—3z |

and 7 : 2v+3z |, find matrices

Sz

Given that T = ¥ |

(1 Z I

¥
\ z i

reprezenting
a T

b IF

c 717

Solution:
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10 1
| 0+0|=
2-0
0-1 =1
1+0 |=
0-0
-0
| 0+1 |=
(=8

-~

-~
— D D D e D D T et
—_ T i

=3

-~

1-10
The matrix representing Tis [0 1 1
20 =3
2—0-0 2
x| 0+0 |=|0
0
U=3-0 -3
2+0 =
0
n—0-1 -1
| 0+3 |=| 3

-~

-~

— T T D et D T D e

P

2 -3 -1
The matrix representing s [0 2 3
oo 35

¢ The matrix representing 707 15 given by

1-107%y2-5-1 24040 —3-24+0 -1-3+40
01 1 02 3 |=0+0+0 0+2+0 0+3+5 =
20=31010 5 4+0+0 —6+4+0+0 —-2+0-15
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Further matrix algebra
Exercise D, Question 2

Question:

£1
The point with position wecter | 3 | 15 transformed by the linear transformation
.
f4 -1 0 { &)
represented by the matriz | -2 2 3 | to the point with position vector | =3 |
3 =21

Find the values of the constants @, & and c.

Solution:

4 -10%1 &
-2 2313|=|-5
5 -21)a -

1 &
443z |=| -5
—1+a P

Equating the top elements

b=1

Equating the middle elements

d+3g=-5S=a=-3

Equating the lowest elements and using ¢ = -2
—l+a=-1-3=c=e=-4

a=-3,b=1ec=-4

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

! C ¥

Pagel of 1



Heinemann Solutionbank: Further Pure Mathematics

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Further matrix algebra
Exercise D, Question 3

Question:

The transformation 7 B* — B® is represented by the matriz T.

(5 e
The wector | 0 |is transformed by Tto the vector | 2 |
0 4
7 o
The vecter | O |13 transformed by Tto the vector | 3
| =i
0 2
The wecter | 1 | istransformed by Tto the wector | =1 |
-1 -2
Find T. o
Solution:
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abc
let T=|de f

ghi
ab e et )
def|0|=] 24 [=|2
ghi )0 2g 4

Equating the elements
2o =6H=a=3

dd =2=d=1
deg=d=g==2
Ibhey 3 9—r¢ -2
lef |0 |=3-F|=
aki )-1 b—1i
Equating the elements
Q—r=-—2=r=11
I—f=3=F =10
f—i=0=i =1
AB11Y 0 b-11 2
leQ 1 ]=] & |[=]-1
2k 1 1-1 h-1 -2
Equating the elements
b-11=2=h=13

g =-1
h-l=-2=h=-1
31311
T=1-10
2-11
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Further matrix algebra
Exercise D, Question 4

Question:

The transformation 7 R* —R® is represented by the matriz T where

Pl =l )
IT={z2 5 |
2 2 1]
The l.ine FARE: tran.sfc-rmed by Tte the line 4, The line | hag vector equation
LoN: sdagN
r=|4 [+¢ =2 |, where ¢ ig a real parameter.
1 5

Find a vector equation of .

Solution:

D ] Dt
r=| 4 |+ =2 |=|4-2
1 3 1+3
0-12Y 2-¢ 002 —2) =104 - 26) + 201+ %)
25 =4 | 4-2¢|=| 22-5)+5(4 - 20— 401+ 3)
32 10 1+%) (3@-0+2(4-2%+11+%)

Sgaos -2 i

=| 2024z |=| 20 [+£| —24

L 154 15 -4
i 8
Anequatien of L 15 v=| 20 |+ -24
15 -4
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Further matrix algebra
Exercise D, Question 5

Question:

£ {9
The points 4 and 5 have position vectors | 1 |and | 3 | respectively. The points A |
i 0 / | . !
and B are transformed by the linear transformation Tto the points A' and B
respectively.
(1 =3 43
The transformation Tis represented by the matriz T, where T=|2 3 -2
[ B w2 0
a Find the position vectors of 4" and 5" . |
b Hence find a vector equation of the line A'5".
Solution:
a f1-347%Y2 2=3+0 -1
23 =21 (={4+3+0|=| 7
02 5 .40 O+2+0 2
1-3 4 y-2 —2-9+16 5
23 =21 3 |=| 4+%-8 |=| -3
02 5 14 O+6+20 26
-1 5
The position vector of A" 15 | 7 | and the position vector of B' 12 | =3 |
2 26
b r=a+iib'-a')
-1 5-(-1) -1 &
=| 7 |+ -3-7F |=| 7 ¢ -10
2 26— 2 2 24
-1 &
A vector equation of A'B' iz r= 7 [+ -10 |
2 24

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics

Solutionbank FP3
Edexcel AS and A Level Modular Mathematics

Further matrix algebra
Exercise D, Question 6

Question:

The transformation T:B* — R® is represented by the matriz T where

(3 -2 -2
T=|-2 -8 4
-2 4 0|

The plane ff 1z transformed by Tto the plane 1L . The plane £ has Cartesian
equation x— 2y +z=10.
Find a Cartesian equation of £

Solution:

Let yv=z and z =¢,then x=2y—z=25—¢

25—t
A parametric form of the general point on 1] is &
i
3 =2 =2Y 25—¢ f5—3t— 25— 2t 45— 5¢
—2-84 g |=|ds+2-Bs+dt |=| —125+6¢
-2 4 0 £ —ds+2¢+4s 2t
Parametric equations of JL, are
x=4s-% @
y=—12z+6¢ @&
z=2t
From @ ¢ =§
Substituting for # in @ and &
x=4s e &
2

y=—12s+3z @
IxE 4+ 3x+y=—9—22:> bx+2y+9z=10

A Cartesian equation of I, 15 6x+2p+9%2=0,
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Further matrix algebra
Exercise D, Question 7

Question:

The transformation 7 B* —B® is represented by the matriz T where

(s 050 =5
T=|-1 2 1
1 0 1}
The f:lane FART: ﬁ’ansformed by Ttothe plane ff . The plane f3 has vector equation
Oy (1Y (3
=1 |+gl =1 |+ 0|, where s and £ are real parameters.
1 2 4

Find an equation of I inthe formr m=p.

Solution:
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0 1 3 g+ 3¢
r=|1[+s =1 |+ 0 |= 1-=5
1 2 4 1+ 25+
4 53 g+ ds+12f+5-5s-3-bz—12¢
-12 1 l-=& =| —s—3t+2-Zs+1+2s+4t
101 Al+ds+4 ) | F+3E+1+2s+4¢
&="ls 2 =7 0
=| Z-g+i |=|3 e -1 |+ 1
L1+ 3s+7¢ 1 3 7!
2 =7 0
A wector equation of I 15 v=| 3 [+a| -1 [+ 1| =
1 |3 7
=7 0
To find a vector perpendicular to both | =1 and[l
L3 7
=7 0 1 3k
1|1 |=}7-13 =i_13‘—j‘_? 3‘+k‘_? _]‘
2 g 50 (8 17 07 01
—-10
=-101+4%-7k=| 49
=i
—-10
Taking the scalar product of equation # throughout with | 49 | and using the
=7

property that the scalar product of perpendicular vectors 15 0

-10 2y(-10
ro| 4% |=| 3 | 4% |=-20+147-7 =120
H Lonhlsagl
%10
A wector equation of I5 12 v | 45 (=120,
=7
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Further matrix algebra
Exercise D, Question 8

Question:

The transformation 7 B* — B® is represented by the matriz T where

(4 1 =23
T=|=> 5 o4
=1 @0 2§

There ic a line thr;augh the origin for which every point on the line iz mapped onto
itself under T

Find a wector equation of this line.

Solution:

ot

Let a point which 1s unchanged by Thave coordinates | & |

c
4 1-2Va &
234 | k| =|&
\-10 2 )¢ €
da+&—2c e
—2a+3b+de |=| b
L smaskie €
Equating the lowest elements
—atir=c=c=a
Equating the top elements and substituting e =a
dag+bh-—2a=a=b=—a
(Equating the middle elements also gives b =—a)
a 1

The general form of a point which is unchanged iz | —a |=a| -1

i 1
1

L vector equation of the line iz v =¢] -1 |.

1
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Further matrix algebra
Exercise E, Question 1

Question:

A transformation T:[B° — B® is represented by the matriz T where

(2 3 =)
T'=|-1 4 35|
2 1 1)
"ﬂ 5
The point with position vecter | & | iz transformed by Tto the point with position
c
F—120
vector | =7
8

a Find.the v.alues of the constants ¢, & and ¢
A line J which passes through the origin is transformed by 7 to the line Z,.

£ooy
A sector equation of £, 13 v =2 =2 |
L 1)
b Find a vector equation of 7.
Solution:
a o 2 38012
a |&|=T" -7 |=|-145]| -7
£ 8 2110 8

—24-21+ 24 -21
=| 12-26+40 [=| 24
—24 -7 +38 —-23

@ =-21,b=240=-23

233N 2 4-6+3 1
b [-145] -2 |=|-2-8+5 |=| -5
21101 4-2+1 et

A wector equation of [ 15 v =2 =3 |.
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Further matrix algebra
Exercise E, Question 2

Question:

The transformation 7:R® — R® is represented by the matriz T where

(2 0 -3}
T=|0 1 2
=2 22 e
a Find T
i ach
The wector | & | is transformed by Tto the wector | 5
c 16

b Find the ;raliles of the constants @, & and ¢

Solution:
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102 0z 01
a detiTi=2 =0 +( =3
‘2 8‘ ‘—3 8‘ ‘—3 2‘

=2(8-4-0-30+3
=E-9=-1
The matrix of the minors 15 given by

12 (02|01

2

0D-=3112 =3(120

P

0—3‘ ‘2 —3‘ ‘2 0‘

120z |01

463

=674

L34 2

The matrixz of cofactors is given by
4 —6 3

C=| -6 7 -4

a4 2
Az Cis symmetric CT=C

I

1 1 4 -6 3 -4 6 -3
Tlee OF=— S6ili=d|=| 6 =74
deti T | -1
342 -3 4 -2
a w6 N g g N g 20+ 30— 48 2
b Bl=TY 5 |=| 6 =74 | 5 |=| -30-35+64 |=| -1
c 16 -3 4 -2 )16 15+20-32 3

ga=2h=-1c=3
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Further matrix algebra
Exercise E, Question 3

Question:

The transformation T:B* — RB® is represented by the matriz T where
(1 1 24
o 2 2
w5t 02 =g

T=

a Find T
The line 4 is transformed by 7to the line ;. The line /4 has vector equation
(oY (-1}
4 0

1) 1)

b Find a vector equation of .

r= +i , where { iz a real parameter.

Solution:
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22 n oz oz

a det(Ti=1 -1 +2
0 —4 —2 —4 —20
=1i—-8-0=10+& +20+6&)
=—8=-6+12=-2

The matrixz of the minors 15 given by

22|10 210 2
0 —4||-3-4[|-2 0

S ‘1 EHI 2H1 1‘
0-4|-3-4||-30
12‘ ‘1 2‘ ‘11‘
L 22 |02 0z
(-8 66
=423
-2 22
The matrix of cofactors iz given by
-8B -6 &
C =4 2 -3
-2 =2 2
-8 4 -2
(LR e o
£ =3 2
SR ean P |
:r-l:dﬁtl(T) :'_-T=i2 e lwl @
6 =3 2 _3 E _1
2 -1 2—t
b A general point on /, has coordinates | 4 |+2| O [=| 4
1 1 1+¢
'
2-t 4 -2 1 |2-¢
TV 4 [=|3-11] 4
1+: _3 g 1 1+
2
(8—4t—8+1+¢ ) 1-35¢ 1 -3
=| 6=3=4+1+¢ |=| 3=2¢ |=| 3 |+¢ =2
—6+3+6-1-¢) L -1+2¢ -1 2
1 -3
A vector equation of § is v =] 3 |+ -2 |
-1 2
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Further matrix algebra
Exercise E, Question 4

Question:
fa 1 271
The matriz T=[4 0 0 |, where 2 iz a constant.
oo -1

a Find T in térms of a.

The transformation 7:B® — R® is represented by the matriz T. The point with
(1 TR
g 2
L") -.__1

position vector 1z transformed by Tto the point with position vector

b Findp, g and .r.

Solution:
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a det(Ti=a
n-1 0-1 on

=0+4+0=4
The matrixz of the minors 15 given by

00 40‘ ‘40‘
+ 2

_1‘

00
-
12
0-1
12
00

M= ‘

4 0
U—l‘
2
U—l‘
o 2
40

40
0o
a1

oo

a1

40

'
0-40
=|-1-a 0
L0 -84

The matrixz of cofactors is given by

04 0
C =[1-20
08 —4
OE. 1
T =|4-a 3
L0 0 -4
01 0
s 4 o ohl ey g |y
det(T) 4
0 Hy
by
|
G 2
h4 2 o
o
= g Wil I O )
- 4
r -1 00 -1 .L—]
b
p—gq——?ﬂ r=1
4’ 4"’
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Further matrix algebra
Exercise E, Question 5

Question:
(1 2 1
The matriz S=| 2 0 -2
1 W21

a Show that 88T =4I | stating the value of &.
The transformation S B* — R® is represented by the matriz S.

/23 ’ 2\@ "
The wector | & | is transformed by Sto the vector ﬁ .
\¢) 242 |
b Find the values of the constants @, & and ¢ .- :
Solution:
s I o=f2 1 1+2+1 24042 1-2+1
a 88" = 42 o —ﬁz -2 0 A2 |=[d2+0-+2 24042 A240-42
1 -2 1 1-2+41 N2+0-+2 1+2+1
400
040 (=41
non4d

lxsﬂ—wu¢s4:iﬂ
a 2+ 2 T a0 e oo
b =%ST {2 :H -2 0 dz| A2
e 242 1 =21 | -242
1
2y 2+2-2+2 2 o
U vo-a =Y sl 2
4 4
242-2-2+42 -2) |1
2
a =l’b=—2,c=—_
2
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Further matrix algebra
Exercise E, Question 6

Question:
(-3 =5 #1) 3 @ —30

The matrizx A=|-2 3 0 |andthe matrizx B=[ & -1 -2 | Giventhat AB=1,
4 3 1] -18 11 ¢

a findthe valueé of the c:on;stants a, & ande.
The transformation 4:B* —R* is represented by the matriz A
The plane ff is transformed by A to the plane ff,. The plane Ff, has vector equation

1N =1y (0)
r=|11|+s| 0 |+ 1 |, where s and ¢ are real parameters.
ol a2 11

b Find a vector equation of the plane fI

Solution:
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351y 3 a -3
2300 & -1-2
4 311-1811 ¢
9+55-18 3a-5+11 -9-10+c 100

o
%
I

=010
001
Equating the elements in the firstrow
I+ -18=1=2b=10=h=2
ZJa-0+ll=0=3a=-6b=a=-2
-0+ =0=c=19
a=-2h=2,=19
3 -2-3
b AB=I=A"=B=| 2 -1-2
-1811 1%
1 -1 0 1-5
The general pointon S 15 | 1 [+s| O [+ 1 |=| 144
L0 2 1 2e+i
-5 3 =2-3% 1-s 3-35—-2-2i—-65-3
A 1+ = 2 —1-2| 14 |= 2-25-1-t—4s- 2
2+t -18 1119 )\ 25+¢ —183+18s+11+11L+38s+15¢
1-9g—5¢ 1 -9 -3
= 1-6s=-3¢& |=| 1 |+& =6 |+ =3
=7 +56s+30¢ =7 o6 a0
1 -9 -5
A wector equation of I s v=| 1 ol -6 |+£] -3 |

=7 56 30
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Further matrix algebra
Exercise E, Question 7

Question:

The transformation T:B* — RB® is represented by the matriz T where

(-1 2 &)
T=|1 4 2|
12 5 1]
R (—8Y
The wector | & | is transformed by o the wector | 0
g 3

Find the walues of the constants @, & and .

Solution:
-1 3 6%a -8
1 42&|=0
Nt S M L z
—a+3b+60 -2
a+db+22 |=| 0
| 2a—3b+c 3

Enquating the elements
—a+3+bc=-8 @
a+db+2c =0 @
2a—Sh+c=3 3
D+@

Tb+Bc=-8 @

2x @+

b+13%c=-13 &

Tx @

Th+81le=-81 @

& —@

Bl =-R3=c=-1
Substituting ¢ =—1 inte &
E-13=-13=4=10
Substituting & =0 and c =-1 inte @
g+l-2=0=aq=2
ga=2.0 =0 c=-1
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Further matrix algebra
Exercise E, Question 8

Question:
f2 =1 2 34 40
The matriz S=|0 2 1 |andthe matrizx T=| -6 -7 —-&|.
il 30 3. 4 4 3]
a Find §71.

b Show that T =1.
The transformation S — R® is represented by the matriz S and the transformation

T B* — R is represented by the matriz T.
The transformation IF iz the transformation T followed by the transformation 5

e 6
The point | & | iz transformed by D to the point | =3 |
o | | 2 )

¢ Tind the values of the constants @, & and ¢

Solution:

PhysicsAndMathsTutor.com

Pagel of 3



Heinemann Solutionbank: Further Pure Mathematics Page2 of 3

21 1 0z
a deti§)1=2 (=1 +2
‘U]‘ ‘11 10‘
=2(2-0+10-1+2(0=-2"
=4-1-4=-1

The matriz of the minors 15 given by

21 (01 o2
‘D 1‘ 11‘ ‘1 0‘
: ‘—l 2‘ 22H2 —1‘
M=
01t o
—12‘ 22H2 —1‘
L2 1|0 1o 2
2 -1-2
=|-10 1
a4
The matriz of cofactors is given by
& a2
cC =10 -1
imisd 4
2 1-5
Ch=| L D=2
L2 =] 4
2 1-5 -2-113
S'1=%{'_'T=i 1 0=-2=-10 2
S Tl | Lo 9 =y
34 483 4 4 9-24+16 12=28+16 12-24+12
b T=|—6-7-6|-6-7-6|=|-18+42-24 —24+495-24 —24+42-18
4 4 3 14 4 3 12—24+412 16-28+12 l6—24+9
100
=010 =1, as recuired.
0o
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¢ Fromparth, T°=I=T'=T

i &
ST=|% |=| -3
C 2
] &
(STV'ST| & |=(STY| -3
P 2
o & &
bl=T'87 -3 =TS -3
c 2 2

34 4% (-2-15%6
=|-6-7-6||-10 2 | -3
44 3)l214)2

34 4 (-1243+10) (3 4 43 (1
=| 6-7-6|| 6+0 +4 |=| 676 |-2
443 ) 123-8)1443)|1

BBty ifix]
=| -6 +14—6 |=| 2
L4 -8+3) |1

a=-1b=2,c=-1

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise F, Question 1

Question:

Find the eigenvalues and corresponding eigenvectors of the matrices

i 2 4 N
a
| 1 4 |
i 4 _1 A
b
=1 4]
(3 =2
C .
o4 ‘
Solution:
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) 24Y (A 0) (2-A 4
A== 15e )
) L0 A 1
2-4 4
=(2=A)5=4
sl ene-

=10=TA+ A =4= A7 =TA+6 =(A~1)(A-6)
det (A= AT)= 0= (A-1)(A-6)=0=> A=1,6

The eigenvalues are 1 and €.

For A=1
i 4'||'x‘| ||'x'||
=i
'\“y.-'
(2x+4y) _(x)
R ] L]

Equating the upper elements
cxtdy=x=x=-4y
Let »=1, then x=-4

An eigenvector corresponding to the eigenvalue 11z -’ _14 \|.
For A=6 e
(24Y x)
sk )0

2x+4vy | Gx
|\ x+5y J L6 )

Equating the upper elements
2xt+dy=bx=y=x
Let x=1,then v=1

1)
An eigenvector corresponding to the eigenvalue 6 18 | 1 ]
"4—). -1
b A- )I—‘ I [ J ]
=l | =1 4-4
4 -4 -1 -
‘ \‘={4—.’".] =1
=1 4-=4 :
=16=-8A+A*=1=A*=8A+15=(A=-3)(L=5)
det(A-—AL)=0={A-3)(A-5)=0= A=3)

The eigenvalues are 3 and 5.

For A=3

|14" ]= J
[ 4x—y ) "3x
l_'x+4-:”;=l_33"_1

Equating the upper elements
dx-—y=3x=y=x
Let x=1, then v=1
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An eigenvector corresponding to the eigenvalue 3 iz | i |

For A=5

(4 —1V x) i

|,__—1 4 ";| B 5‘; |
[ dx—=p) 0%
|.. —x+4dv | " | ay |

Eqﬁating the upper élements
drx—y=dxr=y=—x
Let x=1, then y=-1

An eigenvector corresponding to the eigenvalue 5 is | _1 |
e amar=(> HOO P
(104 ] 10A) | O 4-4]
Gk =2
‘ 0 4_}4—{3—”{4—;‘.}

det(A—AT)=0= (3-A)(4-A)=0= A =34

The eigenvalues are 3 and 4.

For A=3
3=2YxY fx)
‘ 04 H 5 |= 3| > |
(B3x—2y ) 55
‘ 4y | B 3y ‘

Equating the lower elements
dy=3y = y=10
A3z x can take any non-zero value, let x=1

An eigenvector corresponding to the eigenvalue 3 15 | 0 |

For A=4

(3-2Yx) (%)
‘ 0 4 H y | B 4|,__ y |
(3x—2y) (4x)
‘ 4y | B | 4y |

Equating the uﬁnper elements
Ix—2dy=dx=x=-2y
Let =1, then x=-2

An eigenvector corresponding to the eigenvalue 4 is |

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise F, Question 2

Question:

i 3 4 3
A transformation T:IB* —R* is represented by the matrix .i'1=| 5 g

a Find the eigenvalues of A
b Find Cartesian equations of the two lines passing through the origin which are
invariant under 7.

Solution:
(34 (RO (3-L 4

a A_LI_‘._.—zg_.-‘_l-.OJ;j" |_‘ -2 8-4
‘3_—;. 9_;”‘ =(3-A)(9-1)+8

= 27124+ A% +8= A% 124 +35=(A—-5)(A-7)
det(A—AL)=0= {A=-0){A=-T)=0= A=57
The eigenvalues of A are 5 and 7.

b For A=5
FizaaNlsy: e
125 )57 15)
[ 3x+4y | _(5x)
| —2x+9y |_| ay |

Equating the upper. elemments

3x+4y=5x:~4y=2x=y=%x

For A=7

s AN sy
2557
[ 3x+4y | (7x
| —2x+9y |_ | Ty ‘

Equating the upper elements
Ix+dy=Tr=dy=dx=y=x

: : i : . 1
Cattesian equations of the invariant lines are y=§x and y=x.

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise F, Question 3

Question:

Find the eigenvalues and corresponding eigenvectors of the matrices

CT U
a 2 4 2
-2 0 1
4 =2 —4n
L (2 3 0
2 -5 -4
Solution:
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a

(300Yy(AD0Y) (3-4 0 0

A-JI=| 242 oi0]|=| 2 4-4 2
201 looa)l | 2 0o 1-4]
Sk B O : .
. assd 5 5 o g
2 4—4 2 |=(3-1) Py 40
__ e N TS | e T
28 B Hek

= (3-A)4-4)(1-4A)
det(A—AI)=0= (3=A)(4=-A)(1-A)=0= A=3,4,1

The eigenvalues are 1, 3 and 4

For 4 =1
{200V x) o
2421y | =1»
—201 AE) \Z )
3 25 Y
2x+dy+2z |=|
—2x+z l z |

Equating the top eletnents

Zx=x=x=10

Equating the middle elements and substituting x=0
O+dy+iz=y=3y=-2z

Let z=3, then y=-2

R
An eigenvector corresponding to the eigenvalue 115 | =2 |
=
For A=3 -
(2 00V x) ()
242w | =3 »
j 3x 1 [3x)
2x+dy+2z |=| 3y
—2x+z 3z

Equating the lowest elements
—2x4+z=3z=z=-x

Let x=1,then z=-1
Equating the middle elements and substituting x=1 and z=-1
dtdy—d=3y=y=10

1

0

—1)

An eigenvector corresponding to the eigenvalue 3 is

For =4
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{300V x) pon
242w | =3 ¥
'-._2 01 MNE ) L Z )
( 3x 1 [3x)
2x+dy+2z |=| 3y
—2x+z 32.)

Equating the léwe ét elements

—2xtz=3z=z=-x

Let x=1,then z=-1

Equating the middle elements and substituting x=1 and z=-1
2+dy—2=3y=y=10

£ 10

0

|1

An eigenvector corresponding to the eigenvalue 3 is

For A=4

e e
2421y =4 ¥
-201 Az} :27)
i 3x V(4= )
2x+dy+2z 4 ‘
x4z 4z |

Equating the top elements

3x=dxr=zx=10

Equating the lowest elements and substituting x=10
D+z=4z=2z=10

Az ycan take any non-zero value, let y=1

£
1]
19

An eigenvector corresponding to the eigenvalue 4 15

(4o 3 00 4=k =25 =4
230 |-loao P medk. 30
geseal Lo ok] | 2 =sreged)

b A-AIl=

d—h -2 -4
2 3-L 0 |=@-4)
2 -5 —4—A

Bes,
Shu e

2 0
of e

=@-A)B-A)A-A I 2-8-24)-4—(-10-6+24)
= (A -16)(3- 1) —16—4A+64 -84

=30 -7 -48+16A-12A+48

= AT B A = A = = A A=A+
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det(A—AT)=0= -A(A-4)(L+1)=0= A =041

The eigenvalues are —1,0 and 4

For A=-1
(424 x) ()
230 y|=-1 ¥
2=5-4 nE G,
(dx—2y—-dz) [-x)
2x+3v =| —y
Plx=dy=dz | |==

Equating the middle elements

2x+3y=-y=x=-2y

Let »=1,then x=-2

Equating the top elements and substituting v=1 and x=-2
—8-2-dz=2=z=-3

iy
An eigenvector corresponding to the eigenvalue —1 15 | 1
| =3]
For A=0 -
T £ 2 )
23 0y |=0 ¥
L 2i—5-~4 .2 ] =
(dx—2y—dz ) [0}
2x+3y = |0
(2x-5y-4z | |0

Equating the middle elements
2x+3y=0=3y=—"2x

Let x=3,then y=-2

Equating the top eletnents and substituting x=3 and y=-2
1244 -dz=0=z=4

o
=2 .

| 4]

An eigenvector corresponding to the eigenvalue 0 15

For 4 =4
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(49 aY %) £ )
230 vy |=4¥
i AZ ) \ Z )
(dx—2y—dz | [4x)

2x+3y =| 4y
|\ 2x—35y—4z | |4z

Equating the middle elements

2x+3v=dy=y=2x

Let x=1,then v=2

Equating the top elements and substituting x=1 and y=2

d-—d-dzr=4=z=-1

£ 17
2

f 1]

An eigenvector corresponding to the eigenvalue 4 iz

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise F, Question 4

Question:
(2 2 =2Y
The matrizx A=|-3 2 0
11 4 -3

a Show that —1 15 the only real eigenvalue of A
b Find an eigenvector corresponding to the eigenvalue —1.

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise F, Question 5

Question:
2 =1 23
The matriz A=|0 2 4|
o 2 0]

a Show that4 is an eigenvélue of A and find the other two eigenvalues of A
b Find an eigenvector corresponding to the eigenvalue 4.

Solution:
(213N (A 00N 2= =1 3
a A-AI=|024[-|0A0 =] 0 2-4 4
l0zoflooa)|{ o 2 -A]
2ok 13 2u1 4 04| _|p2-4
0 B-48% =peay® & L En sl
._ 2 —k 0-4 o 2
0 2 —A
=(2-A)(-2A+ A" -8)+0+0
= (2= ) (A —20-8)=(2-A)(A-4)(A+2)

det(A—AL)=0=(2— AN A-4)A+2)=0=A=24,-2

The eigenvalues of A are 4, as required, 2 and —2.

b For A=4
(513 x) e
D241y |=4»
0208 z) |z}
(2x—y+3z) (4x)
2y+4z |=|4dy
2y 4z

Equating the lowe st elements
2y=dz = y=2z

Let z=1, then y=2

Equating the top elements and substituting v=2 and z =1

2x—24+3=dx= 2x=1=‘;-x=%

L eigenvector cotresponding to the eigenvalue 4 13

— LD 2| —

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise F, Question 6

Question:
11 37
The matriz A=[2 4 -1/
4 4 3|

Giiven that 3 15 an eigenvalue of A,
a findthe other two eigenvalues of A,
b find eigenvectors corresponding to each of the eigenvalues of A

Solution:
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(11 3Y (AOOQY (1-4 1 3

a K-p=|eazrlslono |2 2 a=q =
(443 looa] | 4 4 3-2]
el B _ _
. T ST
3 A% 1 |=(i=4) 1= S
__ 4 3-Al W3- Tl 4
4 4 3-2

=(1=A)((4=A)(3-A)+4)—(6—-2A+4)+3(B-16+41)
=(1-A)(A*=T7A+16)+144-34
=LA +8LF —23A+16+144-34
=-A*+8A% 9418
Let A’ —8A% +94+18=(A-3)(A* +kA—6)
Equating the coefficients of A7
—8=-3+k=k=-5
Hence A*—8A% +94+18=(A-3)(A*-54—-6)=(A-3)(L—6)(A+1)
det (A-AT)=0=—(A-3)(A-6)(A+1)=0= A =361

The other eigenvalues of A are —1 and &.

b For A=-1
(113 Y x) oy
24-11»| =-1»
,._4 4 3 Az} Lz
[ x+y+3z [—x )
cx+dy—z |=| -y
,._4x+4y+3.z i

Equating the top elements

r+y+3z=-x

Zx+y+3z=0 @

Equating the middle elements

cxtdy—z=—y

Zx+Sy—z=0 @&

Y

dy—dz=0= y==z

Let z=1,then v=1

Substituting y=1 and z=1 into @

2x+l42=0=x=-2

£ —5)
1

10

An eigenvector corresponding to the eigenvalue —1 15
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For A=3

(113 =) {3x)
24-1 =3y
44 3z) |32

[ x+y+3z [ 3x )
2x+dv—z (=] 3y
da+dv+3z | 3z |

Equating the lowest elements
dxt+dy+iz=3z=y=—x
Let x=1, then v=-1
Equating the top eletnents and substituting x=1 and w=-1
1-14+3z=3=2z=1
Py
=11
L 1)

An eigenvector corresponding to the eigenvalue 3 15

For A=4
(113 Y x) £\
24-1 =6y

| 443 ]| iz

[ x+y+3z ) (bx)
2x+dy—=z (%

,._4x+4y+3.z bz

Equating the top eletnents
r+y+3z =6x

Z |

/ \

—Sx+y+3z=0 @

Equating the lowest elements

dx+dv+3z = bz

dx+dy—32z=0 &

D+

—x+ov=0= x=1y

Let w=1,then x=35

Substituting x=5 and y=1 into @&
—254+14+3z=0=z=8

£ 57
1]
5]

An eigenvector corresponding to the eigenvalue 6 is

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise F, Question 7

Question:
(2 2 1Y)
The matriz A=|-2 4 0.
4 2 3

a Show that 2 is.. an eigenvélue of A
b Find the other two eigenvalues of A

¢ Find a normalised eigenvector of A corresponding to the eigenvalue 2.

Solution:

PhysicsAndMathsTutor.com
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(2 21y (AOO0Y (2-4 2 1

a A-Al=|-240|-|0i0|=| =2 4-4 0
..4 25_. I_UUE,_I 4 2 5—;"',_.
When A =2
f0210h
A-2=|-220
._-4 23_.
nz1
. 20 —2 0 —2 2
det{A-2T)=-220|=0 -2 +1
253 4 3 4 2
4 23

=0-2x{—6 )+1{-4-8)=12-12=0
Hence 2 15 an eigenvector of A

2—A 2 1

b -2 4-4 0 [=(2-1)
4 2 5-4

d—A 0
2 5-4

2 0
-2 |+
‘4 5—4

Fop
4 2

= (2=A)(d-A)(5-A)+20—44+(~4—16+41)
= (2-2)(4=-2)(5-1)

det(A—AL)=(2—-A)d4-A)(5-A)=0=A=245
The other eigenvalues of A are d and 3.

c For A=2
(9 51V x) s
-240 =2y
| 442t Lz Lzl
[ 2x+2y+z | [ Zx)
—2x+dy |=| 2y
dx+2v+5z | iz |

Equating the middle elements

—2x+dy=2y=yv=x

Let x=1,then v=1

Equating the top elements and substituting x=1 and ¥y =1

2+2+z=2=z=-2

£ )
i

2]

An eigenvector corresponding to the eigenvalue 2 15
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710
The magnitude of | 1 |15 {12 +12 +{—2J2 .}: s
L=< )
A normalised eigenvector cotresponding to the eigenvalue 2 iz
1
1 (1) -\]5
Vel L7 Vs
-2 _ 2]
N5

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise F, Question 8

Question:
F4 2 13
The matriz A=|-2 0 3|
|08 33 (4
a Show that —2 is an eigan.&raluna of A and that there 15 only one other distinct
elgenvalue.

b Find an eigenvector cotresponding to each of the eigenwvalues,

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise F, Question 9

Question:
1 =1 03
The matrizx A=|-1 0 1
12 1]

iven that 2 15 an eigenvalue of A,
a findthe other two eigenvalues of A,
b find eigenvectors corresponding to each of the eigenvalues of A

Solution:
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1 0% (A0 0N fIEREE O
a A—AI=[-101|-{odo]=| -1 -4 1
| & o loo k) Lo 2 12w
[=&=1 0 .
. 1 g
Sk T S =1 +0
pd paegl [, 2
t DA

=(1-A)(-A+A*-2)+1(-1+A-1)+0

=(1-A)A=2)(A+1)+1(A-2)

=(A=-2)((1-2)(1+ 1)+1)=(L-2)(2-2)
det (A-AL)=0=(2-A)(2- A )=0=A=2+2

The other eigenvalues of A are £V 2.

b For A=v2
fl =10y x x
-101 =2 ¥
T 2 1._. g | Z )
x—y V2x )
1 =|VZy
x+2y+z Y2z

Equatmg the top ellements

r—y=NZx= y= [_1— V2)x

Let x=1,then y=1-+2

Equating the middle elements and substituting x=1 and y=1-+2
—l+z=v2(1-V2)=V2-2=2="2-1

1
An eigenvector corresponding to the eigenvalue v 2 15 | 1= 2 |
k 2_] )
For A=—-V12
(1 -10Yy=x (%)
-101 V2| ¥
|1 21}z |z ]
x=y ) [-vax)
—-x+z =| -V 2y
| x+Z2y+z ]| | -viz |

Equating the top elements
x—y=—N2z=y= { 241 )x
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Equating the middle elemments and substituting x=1 and y=1++2
—l+z=—V2(14V2)==V2-2= z=-1-V2

An eigenvector corresponding to the eigenwvalue —v 2 1z

For A=2

T O )

-101||w|=2y

|1 21flz) |z }

AN O
—x+z =\ 2y
x+2y+z._, 22;

Equating the top elements

X—y=2x=y=—-x
Let x=1,then v=-1

Equating the middle elements and substituting x=1 and »=-1

“ltz=-Z2=z=-1

An eigenvector corresponding to the eigenvalue 2 1z

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise F, Question 10

Question:
{2 f4 1 2
Given that | 2 | iz an eigenvector of the matriz Awhere A= 1 a 0,
| —1) =0 i, B
'R
a findthe eigenvalue of A corresponding to | 2

=l ]

b find the value of @ and the value of &,
¢ show that A has only one real eigenvalue.

Solution:
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AN £ 9

a | lalO] 2 |=4A 2
-11& -1 -1
fB+2-2 % [ 240

24+2a |=| 24

p=2w2=b] |1k
Equating thé tor::- elerﬁents
B=2d=A=4

The eigenvalue i3 4,

b Equating the middle elements and substituting A =4
2+2a=8=a=73
Equating the lowest elements and substituting A =4
—h=—-A=-d=b=4

a=23 and A=4
(412) (AOOY (4-4 1 2
e mmr=| 1 gl one 2l @ B o
|-114]) looa]) | -1 1 4-a]
. B _, __
¥ 8% 0 ={4—,ﬁ,j‘3;’*41—1‘_1141+2‘_113_’”"
A He Beg ” :

=(4- AP (3-A)-1(4=A)+2(1+3- 1)
— (A=A (3=A)+1(4= )= (-1 ((4 - 1) (3-1)+1)
=(4-A)(A*-7A+13)
det (A-AL)=0= (4-A) (A2 -7A +13)=0= A=dor A2 -TA+13=0
The discriminant of A* =74 +13=0 is given by

B dar=49-52=-3=<0
There are no real solutions of 22— 71 +13=10
4 iz the only real eigenvalue of A

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise G, Question 1

Question:

Eeduce the following matrices to diagonal matrices.

.‘1 3‘.
R 1_,|

.’. 1 _2 b
b |._.—2 4
Solution:
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a Using det(A—-AL)=0
1-4 3 i 5
A=(1-A) -9=1-2A+4A"-9
3 1-4 '

=At-2A-8=(A-4)(A+2)=0

CaN Y day
-0)
1Y) \ )
[ x+32y) B [ —2x )
| 3x+ ¥ ‘ ‘ —2y |
Equating the upper elements
rt3y=-2x=y=-x
Let x=1,then y=-1

£l
An eigenvector corresponding to the eigenvalue —2 iz | |

il ; B
The magnitude of | i | i5 ¥ “2 +{_1J2_}= I

1
A nermalised eigenvector corresponding to the eigenvalue —2 13 ? :
v2)
For A =4
F13Y 1) oy
)4
G1ly) )
(z+3y) [4x
| 3x+y | | 4y ‘
Equating the upper elements
x+sy=dr=y=x
Let x=1, then y»=1
1)
An eigenvector corresponding to the eigenvalue 4 is | 1 |
. (1Y e
The magnitude of | i ‘ is V(1 +1 )=v2.
i 1 N
A normalised eigenvector corresponding to the eigenvalue 4 13 .'\12 :
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1 1 1 1
P= Ve N2 Pl V2 V2
" 1 1
V2 N2 V2 Ve
i 1 1 A |" 1 1 )
V2 W2 3| Y2 2
PTAP =| ' |
1 1 [3 11 1
LV 2 ek | 2 2
(1 _ 1y r_ 3 1+3‘f1 _ly_ 2 4
o V2 V2 V2 N2 N2 N2 = N 2 y 2 v 2 V2
1 1 el 2 i 1 1 1 2 4
L V2 v2 IVE N2 V2 N2 W2 Ve N W2 V2
==t By b= 10
=1l 2ty LU a4
b Using det(A-AL)=10
L2 (1-A)(4-A)-4=4-5)+A% -4
=|l—A —A)—a=8—2A+A —
gt =)
= A -50=A(A=-5)=0
A=035
For A=5
i 1 _2"||’x‘| fx"n
| E
(el R by
x=2y ) (3x)
| —2xk Sy J
Equating the upper elements
x—2y=5x= y=-2x
Let x=1, then y=-2
f 1 b
An eigenvector corresponding to the eigenvalue 5 is | 5 J
i (1 {42 2 .
The magnitude of ig V[1° +(=2) _}=\5.
L) A 1
A normalised eigenvector corresponding to the eigenvalue 5 is L g .
_Tﬁ
For A=0
(1 2Yx)_ (%)
Eorq sl T

[ 2eras) = o)

!
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Equating the upper elements
x—2y=0=x=2y

Let v=1,then z=2
An eigenvector corresponding to the eigenvalue 0 15 | i ‘

£y
The magnitude of | ; |is V(22 +1° J=Al5:

i 2 A
A normalised eigenvector corresponding to the eigenvalue 0 is ."15 :
1 2 (1 _ 2 )
P i " 5 k) 5 : PT E 5 " 5
2 1 2 1
k 5 b 5 J LY 5 h 5 J
[= 1 2 1 2i2)
N g 1 -2 Js A5
PT.'—"QLP au i 5 W 5 W 5 \ 5
2 1 | -2 4 11 2 1
N5 NS R L
1 Zipfe 4 2 23 (1 23 3
e T —_— _ 4+— _ —_ _—— _
= h 5 b 5 b 5 k) 5 k) 5 K 5 o h 5 N 5 b 5 0
2 1 2 B 4 3 4 2 1 A8
LI V5 L VS W5 V5 VL) (V5 N5 )
1+4 0y /5 0
_2—2o|_|ﬂo 0|
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Further matrix algebra
Exercise G, Question 2

Question:

The matriz A=

i )
Nz 4 ‘

a Find the eigaﬁvaluﬁs of A
b Find normalized eigenvectors of A corresponding to each of the two eigenvalues of

A
¢ Write down a matrix P and a diagonal matriz D such that PTAP =D

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise G, Question 3

Question:
(1 il 1 )
Vo B2
Th triz P : : L
e matrix P=| = —— —— |
NN NG
2 1
— — 0
SVNE
a Show that P15 an ortho gonal matrix
[z 20
- —= 1
2 2
The matriz A= —E E 1].
2 2
1 1 1]

b Show that PT.@ 15 a diagolnal matriz.

Solution:
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1 B 1 1 Y 1 1 2
VG V3 oW 2 W vé V6
PP e —ale sl ot panle ol
W 6 3/ 3 3 2 3/ 3 3 3 y 3
2 1 o4 L 1L 4
\ ) 6 b 3 s b 2 k) 2
1 1 1 1 1 1 2 1%
—t—t— —tZ—— Z—=
6 3 2 &6 3 2 & 3 100
111 1 1 1 21
=|—-+4+—-—— —+—4+4+=— ——= =010 |=I
3202 6 3 & 3 Hi
2_1 2_1 4+1
| 6 3 6 3 & 3
Hence P is an orthogonal matrix,
1 1 2 3 3 1"" 1
W VE NG 2 2 VG
1 1 1 3 3 1
| P i Yo o WO W . Y | P P |
1 1 1
slw goels B 2
N 2 ) 2 | ) 6
1 1 2 3 3 2
— ML R R
¥ 6 ¥ 6 6 2 ki 6 2 b 6 ki 6
1 1 1 3 3 2
=l-—= /= = |-ttt
N 3 N 3 N 3 2"‘- 6 2 N 6 N 6
1 1 1 1 2
— -— 0 — = t—
V2 V2 W& vE W6
1 1 23y 2 1 3 2
ki 6 ¥ 6 ¥ 6 b 6 ki 3 k| 2 6
_ 1 1 1 2 1 3 3 2
V33 3|l vWe W3 W2 | 18
SR NP | IR 2
Y2 V32 JALVe N3 ) V12
f2 000
=|0-10 |, adiagonal matrix
003
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Further matrix algebra
Exercise G, Question 4

Question:
(2 0 20

The matriz A=|0 2 0| Eeduce A to a diagonal matriz,
|2 0 2]

Solution:
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2
A-AI=| 0 2-4 0©
2 0 2-4]
I __
det(A—AT)=| 0 2-4 O :{2—;,]2;’”21— ‘221 ‘22_0’
3 i 2. :
= (2-4)-4(2-4)=(2-4)((2-A) - 4)=(2=2)(-A)(4- A)
= —A(2=2)(4=2)
det(A—AL)=0= —A(A-2)(A-4)=0=1=0,2,4
For A=0
Forghas ey
D20 | »|=0 »
L 2 0 2 Z L <
(2x+2z ) (0)
2y =0
2x+2z y

Equating the top elements
2x+2z=0=z=—x

Let x=1,then z=-1
Equating the middle elements

2y=0=y=10
{1
An eigenvector corresponding to the eigenvalue O1s | 0
-1
£ 1
The magnitude of | 0 [is 1212 0 +{—1J2 }= 9
-1

18
V2

A normalised eigenve ctor corresponding to the eigenvalue 0 13 0

1
K 2 4
For A=2
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(509Y x) s
D20 | »w|=2|¥
202 NE =
(2x+2z ) [2x )

2y = Ey‘
,__2x+ 2z 2z |

Equating the top elements
2x+2z=2x=z=10
Equating the lowest elements
Sx+ldz=2z=x=10

¥ can take any value

Let y=1
£
An eigenvector cotresponding to the eigenwalue 243 [ 1 |
L 0)

The magnitude of this vector 15 1, so it 15 already normalised.

For A=4

(50 5Y 1) Fy
D20 | v |=4|»
202 L, \ £ )
(2x+2z) (4=x)
2y | =4y
2x+2z 4z |

Equating the top elements
2xtlz=dxi=z=x
Let x=1,then z=1

Equating the middle elements

dy=dy=Zy=0=y=10

£1%
An eigenvector cotresponding to the eigenvalue 4 45 [ 0 |
1
{13
The magnitude of | 0 |1z {]2 +02 +12 J=v2

b1

1
V2
A normalised eigenve ctor corresponding to the eigenvalue d iz | 0 |
1

PhysicsAndMathsTutor.com

Page3 of 4



Heinemann Solutionbank: Further Pure Mathematics Paged of 4

oty off ol
._\2 ._‘2
Let P = o 1 0
o8
"12 "‘-2__.
[ 1 1) 1 1}
— 0 ; L= 00—
Yo S22 0 2) 2 V2
Then PTAP=| 0 1 0 o 20 o 1 0
1, tlzoz)| 1t 1
V2 V2 | L Y2 7 2]
T § il e e g e e ol e DA b ol
L V2 V2 2 L 2 V2 L
= 0 1 0 0 2 a |=( 0 1 0 o2 0
Eog 0 [l e sl e [ g 8 P 2
i\ 2 K 2 P Y b 2 2 h 2 K 2 ¥ 2 k 2 ¥ N 2 L
FO00 2=2 0000
= [:I 2 [:| = 020
|00 2+2) (004
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Further matrix algebra
Exercise G, Question 5

Question:
(5 3 33
The matriz A=|3 1 1]
13 1 1]

The eigenvalues :ofﬁ are U —1 and 3.

a Find a normalized eigenvector corresponding to the eigenwalue 0.

Criven that | 1 | is an eigenvector of A corresponding to the eigenvalue —1 and that
il
£
1 |1z an eigenvector of A corresponding to the eigenvalue 8,

1
b find a matriz P and a diagonal matrizx D such that PAP=D .

Solution:
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a For A=0
(533 x) £
211 > =0 ¥
(311} 2| Lz )
(Sx+3y+3z) (0]
3x+y+z |=|0
3x+yv+tz : oy

Equating the top elements
Sx+3y+3z=0 @
Equating the middle elements
Zxt+y+z=0 @

Fx @D

x=10

Substituting x=10 into &
y+z=0=z=—y

Let »=1,then z=-1

£ 00
An eigenvector cotresponding to the eigenwalue 04z | 1
\—1)
£ 0
The magnitude of | 1 |is V(0% +1% +(=1)" )=+ 2
0
A normalised eigenvector corresponding to the eigenvalue 0 iz LE ;
1
Nz
f—1")
b The magnitude of | 1 [is V((=1)' + 1 +1*)=13
10
V3
A normalized eigenvector corresponding to the eigenvalue —1 iz %
1
V3

PhysicsAndMathsTutor.com
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9
The magnitude of | 1 [is V(22 + P +1* )=v6
1]
i 2 N
Rl
A normalised eigenvector corresponding to the eigenvalue 8 13 Ltﬁ .
1
» L 2)
1 -\13 f o 8 O
E= Nz V3 V& D=l0-10
N 1 1 .__CI 0 8_}
¥2 B “WE ]

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise G, Question 6

Question:
(7 0 23
The matriz A=| 0 o =2
| -2 -2 & |

a iven that 9 1z an eigenvalue of A, find the other two eigenvalues of A

b Find eigenvectors of A corresponding to each of the three eigenvalues of A

¢ Find a matrix P and a diagonal matriz D such that PTAP=D.

Solution:

PhysicsAndMathsTutor.com
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(7-A 0 -2
A-AI=| 0 5-4 -2
| 2 2 6-4|
7-A 0 =2
det(A-AT)=| 0 5-4 -2
-2 =2 6-A
=i -2 ‘0 -2 ‘
=(7-4) =0 |+(=2)
-2 6—-4 —26—A

=(T-A)((5- A)(6-A)-4)-2(10-24)

=(7T-A)(26-11A+ A% )-20+44

=182-1034+18A% - A* - 20 +4A=—(A* -184% + 994 - 162)

Let 4> —184% +99A-162=(A—9)(A* + kA +18)

Equating coefficients of A°
—18=-94+k=k=-0
Hence

A7 —18A% +994-162=(A—-9)(A*-94+18)=(A - 9)(A- 6)(A-3)
det(A-AI)=0=—(A-3)(A-6){A-9)=0=4=3,62

The other two eigenvalues of A are 3 and 6.

For A=3
(7 0 oYz (x)
05 2| »|=3»
|—2-2 6 )| z) |z )
Tx—2z  [3x)
Sy -2z = 3w
—2x—2y+6z ) 3z

Equating the top ele.ments
Trx—Z2z=3x=z=2x
Let x=1, then z=2

Equating the middle elements and substituting z =2

Sy—4=3y=y=2

An eigenvector corresponding to the eigenvalue 3 iz

For =6

PhysicsAndMathsTutor.com
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I‘x \I

(7 0-2Yx)
03 =2|xy|=6»
,__—2 -2 6 Nz ) 2
Tx—2z ) [é6x)
Sy—2z =ty
,__—2x—2y+62 | bz |

Equating the top elements

Trx—Zz=fxr=x=2z

Let z=1, then x=2

Equating the middle elements and substituting =z =1
Sy—2=fy = yr=-2

Fiom
An eigenvector corresponding to the eigenvalue 6 15 | —2 |
L 1)
For A =9 k&
(70 =5V x) o
05 =2|y|=59»
| =2=26. Rz iz
Tx—2z | [9x)
Sy —2z =| 9y
| —Z2x—Zyp+éz | | Bz
Equating the toI:; ele.men.ts
Tr—2z=%xr=z=—x
Let x=2,then z=-2
Equating the middle elements and substituting =z = -2
Sy +d=08y=y=1
'R
An eigenvector cotresponding to the eigenvalue 943 | 1
=
F1YV [ 9 £ 9y
¢ The magnitudes ofthe vectors | 2 || -2 |and | 1 |areall
2 1 -2
V(1P +22+2%)=+9=3
(1 2 21
33 3 T
pef2 2 L e m‘
ST
5 1 3 (00%
53 73

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise G, Question 7

Question:
(4 & o)
The matrix A=[2 1 45|
0 5 1

a Show that4 is an eigenvalué of A and find the other two eigenvalues of A

b Find a normalised eigenvector of A corresponding to the eigenvalue 4.

/ _2 ! i ﬁ 1
Giventhat | 2 |and | O |[are eigenvectors of A,
5] 12

¢ find a matriz P and a-diag-onal matriz D such that PAP=D.

Solution:

PhysicsAndMathsTutor.com
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a det(A-AL)=| 2 1-A V5

Substituting A =4,

-4 2 0] |32 0
2 1-4 V5|=|2 —3V3=(=3)
0 V51-4] |0 v5-3

= (-3)(9-5)-2(-6-0)=-12+12=0

Hence, by the factor theorem, 4 is an eigenvalue of A

s
b 5 _3

2V5
2

0 =3

2 =3
D "‘-5

+0‘

-4 2 0
2 1-4 V5|=(1-4)
0 V5 1-4
=(1-((1- A" =5 )-4+44

== A —2h—d—d+4i=—1"+31" +61-8

==+ 4A =D dh 4 2A -8 = A —d) - MA-d) +2(A- &)
=—(A-H(A? +A-2) = —(A—- A+ 2(A-T

1_.-'}.- k 5
v 1-A

2 "15
+0

0D1-4 05

‘21—;,

det (A-AD=—(A-NA+2L-D=0=4i=4-21
The other two eigenvalues of A are —2 and 1.

h For A=4
(12 0V £
2 1 N0 ||l v |=4 ¥
\0v> 1 }iz) \ 2 )
x+2y ) [4x)
2x+y+noz |=| 4y
Voy+z o4z,

Equating the top elements

x+ly=dx= 2y=>3x

Let x=2,then y=3

Equating the lowest elements and substituting v =13

ANidtz=dz=z=V5

£ 9
An eigenvector corresponding to the eigenvalue 4 15 | 3
V5 |
fign
The magnitude of | 3 [is V(2 +F +(V5) )=118
V5
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2
12
A normalized eigenvector corresponding to the eigenvalue 4 iz % .
Y 5
W18
(12 0y 2% { 246 Yy [ 4 -2
c 2 1 NG 2 =35 1= =6 |sl2) 3
U "15 1 _'-5 3'- 5_"'-5_. 2'-5 _"\-5_.
i,
An eigenvector corresponding to the eigenvalus —2 13 3
~V5 |
{2
f . X .2y
The magnitude of | 3 |is V((=2)" +3* +(=V5) |=v18
LY 0 ..1 5 i’ . -.
_z
18
A normalised eigenvector cotresponding to the eigenvalue —2 is AT
3
V18 )
i Y 5 A
An eigenvector corresponding to the eigenvalue 115 | 0
! _2 ¥
i \ 5 B
Fri oy \
The magnitude of | 0 |5 v[{V5) +0%+2° |=v8=3
i _2 i . .
f \ 5 A
3
A normalised eigenvector cotresponding to the eigenvalue 11 | 0

o 2. #s

ViE VB 3| 400
P= — — O D=|0-=20

18 W13

s W5 2 S

T Vs 3

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise G, Question 8

Question:

f2 2 =33
The eigenvalue of the matrix A=| 2 2 3 |are 4,1, 4, where 4, = 1, = 4.
- 3 3|

a Show that 4 =6 and find the ofher two eige.nwalues A, and 4.
b Verify that det(A)= 44,4 .

¢ Find an eigenvector corresponding to the value 4 =6,

(13 £ 1
Given that | 1 |and | =1 | are eigenvectors corresponding to 4, and A;,

LY D ) \ 1 !
d write down a matrix P such that PTAP is a diagonal matrix [F]
Solution:
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a

gy o 23
A-AI=| 2 2-4 3
[ -3 3 3-4
- W
det (A—AD=| 2 2-4 3
B B 8La
=(2—Pv)2_}" 3.__2‘2 3 ‘+(—3)‘2 B}
3 2Ll "laE 3 B

= (2= (2= MG M) =9)-2(6 24+ 91— 3(6 +6—3A)

= (2= ANA*—5A—3)—30 +4A—36+9A

= A TAR = TA—6-66+13A =— A3 +TA2 +6A -T2

== +6A%+ AP —6A+124-72

== 6+ A(A—6) +12(A—6) = —(A—6)(A* — A —12)
=—(A ) A—(A+3)

det (AT =0= (A —6) AL+ =0=1 =64 -3

Az A=Ay = Ay, A =06, asrequired, A, =4 and A, =-3.

2 23
. 23 23 22
det(a)=|2 2 3|=2]" -2 T+ =3
33 ENC] —= 3
—33 3
= 2(6-9)—2(6+9)=3(6+6)=—6-30-36
=-T72=6x4x(-3)= A4 A, asrequired
For 4,=6
(99 3y ) R
223 |y| =6y
,_.—3 33 j Bl \ 2 )
[ 2x+2y-3=z ) (6x)
2x+2y+3z |=| by
\—3x+3y+3z ] | 6z |

Equating the top elements
cxtly—l3z=bx=-dx+2y-3z=0 @&
Equating the middle elements
dx+2y+3z=6y=2x—dy+3z=0 @
D+@

—2x—-2y=0=y=-x

Let x=1, then y=-1

Substitute x =1 and y=-1 inte @

4 -2-Gz=0=z=-2

PhysicsAndMathsTutor.com
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£ 1
An eigenvector corresponding to the eigenvalue 615 | =1 |
g
£ 1)
d The magnitude of | =1 |is V(1 +{—1]2 +[_2'f '}z V6
—2 ‘ |
£13
The magnitude of | 1 |is V(1 +1* +0° )=+ 2
o)
/ 1' |
The magnitude of | —1 [is ¥ 1 IE: +{—1J2 T '}= W3
11 1
Ve vz V3
Hence P= —i i _i
VEN2 N3
2 1
6 ° 3 |

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise H, Question 1

Question:
1 0 2
A=l i 201
-2 -1 1]

Giver& that A 1= siﬁgular, find the value of .

Solution:
1 02
21 i1 i3
i 3 1=1 -0 +2
—11 —2 1 —2—1
—2—11

=13+l )+2(—+6)=16—2
Az As singular
det{A)=16-2%=0=:=3

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise H, Question 2

Question:
1 0 03
M=|x 2 0
13 1 1]

Find M7 interms of x.

Solution:
100
: 20 x 0 x2
det (M) =(x 2 0]=1 -0 +10
11 341 31
311
=2-0+0=2
The matrix of minors is
200z 0= 2]
1111311131
(2 xx—6&)
oop|nopo
=01 1
1131131
oo 2
ooprofro :
20 |x0f|x 2

The matrix of cofactors 15 given by

(2 —x x—6)

C =01 -1

(0.0 2 .

(“ 2 0 D)

T = -x 10

| x—6 -1 2
20 0)
I'= 1_ ct=2| —x 10
det (M) 2,_x—5—12_

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise H, Question 3

Question:

i 1 8 )
The matriz M has eigenvalues 4 =35 and 4, =-15 and I\,I=‘ - |
a For each eigenvalue, find a corresponding eigenvector. .- :

i 5 |:| k!
b Find a matriz P such that PTAP =| 5 | [E]

Solution:

a For ;=5

N 7S
| 811 H ; | = |; |
[ x+38y | [5x)
| 8x-11y | sy ‘

Equating the upper elements
x+8y=0x=x=2y
Let »=1,then x=2

An eigenvector corresponding to the eigenvalue 5 iz | ? |
For A, =-15
1 8 yx)_ { %)
|,_ 811 Hy J_ _15[_),- |
[ x+8y } [-15x)
| 8x—11y | _|, ~15y |

Equating the upi:ner elements
x+8y=—1ix=y=-2x
Let x=1, then y=-2

An eigenvector corresponding to the eigenvalue —15 is | i |

£
b The magnitude of ‘ : |is V(22 +12 }=V5

The magnitude of ‘ 5 ‘ ig | i +{—2J2 ] =5

*|_.

L_J'||Ml"'h

Hence P =

< . 2] a
sy

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise H, Question 4

Question:

(5 2 -1
The matriz A =| | and the matriz B —| .
2 #1Yy —
a Find AB.
b Verify that BTAT = (AB)T.

Solution:
D]y 108 =5 4)
a = = =
|21||—42‘ | 44 —2+2| |00|
b (aB) =|—10|
Flosg: 4ad)
BTJ‘T_|—1 2 ” 95 H S ) H—m

= {AB] . as required.

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise H, Question 5

Question:

|'_5 8 A
L transformation T:B* — RB? is represented by the matrix A=‘ 3 . ‘

a Find the eigenvalues of A
b Find Cartesian equations of the two lines passing through the origin which are
invariant under T

Solution:

. [-5-A B
a .-1—;',1=| ._ |
3 -4
—-5—4A B
3 =T-4
det(A—Al)=0=(A+1){(A+11)=0= A=-1,-11
The eigenvalues of A are —1 and —11.

‘={5+,ﬁ,]{7‘+ﬁ,]—24=EF+12£,+11=[£,+1]|[ﬁ,+11]

h For A=-1
(-5 B Yx) . (x)
| 3.9 " y |_ _1|,._ ¥ |
[Rostboint . i)
| 3x—Ty | _|._ —y |

Equating the upﬁer elements
1

—5x+8y=—x:-y=§x

For A=-11

(—5 8 \x)_ £ 2

| 3 -7 " ¥ |_ _“‘,__ ¥ |

[—5x+By | |"—11x |

| 32Ty ] =11y |

Equating the up}:;-er elemments
2
—ox+8y=-11x =:~y=—zx
Cartesian equations of the lines through the origin which are invariant under T are

y—lx andy——gx
2 4

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise H, Question 6

Question:

(3 1 03}
2 4 0
bl 0% 1)

Griven that 1 iz an eigenvalue of the matriz

El

a find a corresponding eigenvector,
b find the other eigenvalues of the matrix. [E]

Solution:

PhysicsAndMathsTutor.com
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a For A=1
(310Yx) (=)
2400 »|=1 »
11501 Jlezy ez )
[ x4y ) [ x)
2x+dy | =|»
x+z | = |

Equating the top elements
ixty=x=2x+y=0 @
Equating the middle elements
dxtdy=y=2x+3y=0 &

2 -
2y=0=y=10
Substituting y=10 into D
2x=0=x=10
z can take any non-zero value
Let z=1
£
An eigenvector corresponding to the eigenvalue 143 | 0 |,
&
3100 (3—A 1 0
b Let A={ 240 |, then A—AI=| 2 4-A4 0
ol Ol 1 0 1-4]
-4 1 0 . ;
- E=A 0 2 0 2 4-A
2 4=A 0 |=({3-4) -1 |0
) 0o 1-A 1 1-4A 1 0
1 0 1-4

= (3-A)4-A)1-A)-2(1-1)
=(1-A)((3-2)(4-A)-2)=(1-A)(A* =74 +10)
=(1-A)A-2)(A-5)

det(A—AT)= 0= (1-A)(A-2)(A-5)=0=A=1,2,5

The other eigenwvalues are 2 and 3.
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Further matrix algebra
Exercise H, Question 7

Question:

The transformation T:B* — R? is represented by the matriz T where

4 3 by
T=|0 -2 1
3 1 -2

The line J is transformed by Tto the line ;. The line 4 has vector equation

Y f 9
F=|0 |4+ =3 |, where { 15 a real parameter.
2] L0

Find Cartesian equations of .

Solution:
(1Y (27 (1420
r=|0 [+ -3 |=| -3 ‘
2 0 2
43 0 Y 1+2ey (0 d4+b—-% [ 4—t
Tr=|0-21 -3 |= bt +2 =| 246
| 3al2e). 20 e | BEbE=St=A] |=l+3E ]
Equati:::uns of I ;ai.'e give.nbﬁr o .
LB e, B
r=|y|=| 2+6
i O o

Equétin-g elements
x=4—fy=2+6fz=-1+3%
=4 y—2 z+4+1
-1 6 3
Cattesian equations of 1, are

i

x—4:_y‘—2:z+1
-1 & 3

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise H, Question 8

Question:
T B
A=l4 5 10
-4 0 1|

a Show that 3 15 an eigenvalue of A and find the other two eigenvalues.
b Find an eigenvector corresponding to the eigenvalue 3.

£ o £ o

Given that the wectors | 2 | and | —1 | are eigenvectors corresponding to the other two
| -1 / | 2 /

eigenvalues, o o

¢ find a matriz P such that PTAP is a diagonal matrix. [E]

Solution:

PhysicsAndMathsTutor.com
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(3—A 4 —4 )
a A-AI=| 4 5-4 0
4 0 1-4)
-4 4 -4 _ _
i J5=-4 0 4 0 |4 5-4
4 0-4 0 1=(3-4) : —4‘ A+ ‘
, 0 1-4 -4 1-4 -4 0
-4 0 1-4
=(3-A)5-A)1-A)-16+16A-B0+164
=(3-A)5-A)1-A)=-%6+324
=(3-A)5-A)(1-4)-32(3-4)
=(3-A)(5-A)1-4)=32)=(3-A)(A*-6A-27)
=(3-A)A+3)(A-5)

det (A= AT)=0= (3— AN A+3)(A-9)=0=A=3-30

31z an eigenvalue of A and the other eigenvalues are —3 and 9.

(3 4-4Yx [ x)
b | 450 |y|=3¥
401 L] | =)
(3x+dy—4z) [3x)
Ax+5oy =| 3y
—Ax+z | 3z |

Equatmg the rmddle elements
dx+ity=3v=y=-2x

Let x=1, then y=-2

Equating the lowest elements and substituting x =1
A tz=izr=z=-2

(1
An eigenvector corresponding to the eigenvalue 315 | =2 |
| —2 )
ERYEE 2ot
¢ The magnitudes of | -2 || 2 |and | -1 [ are all
l'. _2 .'I l'. _1 .'I .'. 2 .'.
V(F+22+28)=+9=3
Hence
(1 2 2
203 3
Pt 2 pan
3003 3
2 1z
3 33

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise H, Question 9

Question:
2 20
A=|-2 1 2
0 52 9
£ o {9
a Showthat | 2 |and [ -1 [ are eigenvectors of A, giving their corresponding
-1 1

eigenvalue ;.
b Given that & is the third eigenvalue of A, find a corresponding eigenvector,

¢ Hence write down a matriz such that P AP is a diagonal matrix. [E]

Solution:
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(2 =20Y 2Y (4-6407Y (-2) {2
a |—2 123 |=|4+3-2|=|-3|=-1 3
| O 2in sl Liness | L T ) =y
R
3 |iz aneigenvalue of A corresponding to the eigenvalue —1.
| ==1]
(2 =20y 2Y (44240 (6Y (2}
2 12]|-1=|4-1+2|=|-3[=3 -1
| 6 @250 f L0=a%8e. 3, PR
{9
—11, 1z an eigenvalue of A corresponding to the eigenvalue 3.
b %)
b For A=6
(5 5 0Y 1) i
-2 12|y |=6y
0 25 NZ ) i Zic)
Zx—2y ) (6x)
—2x+y+2z |=| by
2y+5z 6z |

Equating the top elements
2x—2y=6bx= y=-2x

Let x=1, then y=-2

Equating the lowe st elements and substituting v =-2

—A+iz=bzr=z=-4

o
-2
A _4 !
2
¢ The magnitude of | 3
oy
£ 9
The magnitude of | —1
1)
The magnitude of | -2
—4 |
Hence :
(2 2
Via Vs
) g et
W14 Wb
1 1
V14 Ve

1z an eigenvalue of A corresponding to the eigenvalue 6.

is V(243 + (1) )=V14

s V(24 (-1)+1*)=V6

is V(1 +(-2f +(-4) |]=v21

PhysicsAndMathsTutor.com

Page2 of 3



Heinemann Solutionbank: Further Pure Mathematics Page3 of 3

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics Pagel of 2

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Further matrix algebra
Exercise H, Question 10

Question:

-
a Calculate the inverse of the matriz Alx)=|2 0 2 |[,x=—.
(11 0]
(e (1 3 1)
The image of the vector | & | when it is transformed by the matriz |2 0 2 | is
) [ole 1 A0
4
the wector | 3 |
|2 )
b Find the vaiuejs of @, band e [E]
Solution:
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3 .__lx_l_r:uz 32] PO
a det{.ik{xjj—?lfl] i —1‘1U—x10‘+[—lj‘1 1‘
=-242x-3=2x-5
The matrixz of the minors is given by
02 3 230
1 O‘ ‘1 U‘ 11
(—2-2 5
M= _1‘ ‘1_1‘ | R
1 0|l ojjt1
| 2x 5 —3x |
x =11 =11 x| :
0 213 2(j30
The matrixz of the cofactors 15 given by
(—2 2 3
C =-1 1 =z-1
2x —5 —5x
(-2 -1 2x )
it =2 1 =5
3 x-1 —3x._.
-2 -1 2z
{A{x”lzdetii{x]]CTZEJr]—S L
: 3 x-1 —3x__.
b Substituting x =3
[—2-16)
(AG)) ' =| 2 1-5
52 2 5.
(a ) (—2-16 Y4) (-B=-3+307Y [ 15 )
b = 2 1-53]3|= 843-25 |=|-14
|z ) L3¢ 2 =8 45 [l2k6=45 |27

Equating elements
a=19h=-14 c=-27

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise H, Question 11

Question:

a Show that for all values of the constant «, an eigenvalue of the matriz A is 1,

fa 029
where A= 4 3 0]
st =1 By
£ 9
Aneigenvector of the matriz A 1s | -2 | and the corresponding eigenvalue iz
1)
FF#1).
b Find the walue of & and the value of 3
¢ Forvyour value of o, find the third eigenvalue of A [E]
Solution:
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f—4 0 2
a A-iI=| 4 3-4 0
| 22 TR
e— 4 0 2 : -
. N CE | 4 0 4 3— A
4 3-4 0 |=(x=2) -0 i
. -1 1-4A -2 1-4 |
-2 -1 1-4

={o—A)3-A)N1-A)+2{-4+6-24)
=(o-A)Z-A)1-A)+4(1-4)
=(1-A){(e-A)(3-1)+4)
Hence, forall o, A =115 a solution of det{A—AI)=0, and, forall o, an
eigenvalue of A 45 1.

. g 6 onpa iy
4 30(|-2|=p8|-2

l.__2 =11 N 1 1

so+2 ) (28 (20+2)
s5-6 |=|-2B|=| 2
~4+2+1) | B |

Equating the lowest elements
B—_q
¥

Equating the top elements and substituting 3 =-1
A +E2=-L=o=-2
o =-23d=-1

¢ Substituting o =—2 into = in part a and equating to 0

(1=2)((=2=2)(3-4)+4) =0
(1-A)(A*-A-2) =(1-A)(A-2)L+1)

A=1,2-1
The third eigenvalue 13 2.

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise H, Question 12

Question:

-1 3
The matriz A iz defined by A=[2 1 u
|[0: 1 i)
a Find A'interms of u, statiné the condiﬁon for which A is non-singular
e (1 -1 3}
The image vector of | & | when transformed by the matriz A=|2 1 4 |is
L) o 4 ¢
=281
53
I 2.3 ]
b find tﬂe values of @, & and e [E]
Solution:

PhysicsAndMathsTutor.com
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1-13
. 1 |2z |21
det(A)=[2 1a|=1 |=(-D)} |+3] .
011

=l-u+i2+6=9—u

Az singular if det{A)=0=9-u=0=u=2%

The condition for which A 15 non-singular 1z w25
The matrix of the minors 15 given by

lu| |2u| 21
11 |01 ‘01
[ 1-u 2 2
M= ‘—13‘ 13‘1—1‘= 4 {1
1 oot
| ——3 w—6 3|
-1 31 3((1 -1 d
‘1 gl l2u|l2 1
The matrixz of the cofactors is given by
[ 1-w =2 2)
c = 4 1 el
l-ti=3 61 5]
(1= 4 —3—u)
¢t =| -2 1 6-u
2 =1 3
(l1-u 4 —3-u)
b _spliee b e g gy ‘
det{A) 9—ut 5 1 3
substituting w=4
(=24 =T
at=1 51 2
2=l 3 )
[a) (28 (=34 7y -28)
pl=a 53 |=l21 2] 53
<) 2.3 2hlniE 2.3
(844+212-161) (13.3) ( 2.7 )
=—| 56+33+46 i 155 ]=| 3.1
—56-53+69 5.._ —4 | |08

Equating elemerts
a=27h=31c=-03

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise H, Question 13

Question:
20 00
M=1 1 1
14 -1 3

a show that the matriz M has only two distinct eigenvalues.
b Find an eigenvector corresponding to each of these eigenvalues.

Solution:

PhysicsAndMathsTutor.com
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(3-4 0 0
a A—AT=| 1 1-1 1
4 -1 3-4]
pan @ 0 jalt 11 1)
|1 1=4 1 |==-2) 7" o |+0| T8
. 1 3=&| M3=il 1 =
T |

=(3-A) (1= ) (3=A)+1)=(3- A)(A* —4i +4)

= (3-A)(A-2)’
det(A-Al)=0=(3-A)(A- 2_]2 =0= A=3,2 repeated.
There are only two distinct eigenvalues of A, 2 and 3.

h For A=2
(30 0V x) S
111w |=2¥»
'-.4 —13 NE ) \Z )
[ 3x Vo[ 2x)
x+y+z |=| 2»
,__4x—_y+32 2z |

Equating the top elements
x=Z2x=x=10
Equating the middle elements and substituting x=10
Ot+y+z=2y=y==z

Let z=1,then v=1

(0
An eigenvalue corresponding to the eigenvalue 215 | 1 |
1
For A=3 o
(30 0V x) pies
11 1\ »y|=3»
4-13 NZ ) \ Z |
( 3x Vo 3x)
x+y+z |=|3»
dr—y+3z 3z

Equating the lower elements
dx—yp+3z=3z = y=4x
Let x=1,then v=4
Equating the middle elements and substituting x=1 and y=4
+d+z=12=z=7
(13
4 |.
|7

An eigenvalue corresponding to the eigenvalue 3 1z

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise H, Question 14

Question:
(1 1 1)
2 2 W2
The matnz P = l —l —i :
2 2 R
LT

a Show that the matriz P s orthog.onal.

The transformation P:IR* — R? is represented by the matrix P.
The plane ff 1z ransformed by A to the plane ff, . The plane fI, has Cartesian

equation x+ y— -.,Ez =10,
b Find a Cartesian equation of the plane £,

Solution:
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(1 11 y1 1 1)
2 2 W2 2 2 N2
o PRl & e b dodemds L
2 2 N2 2 2 N2
2 N L s 55
\ K 2 K 2 N Y 2 K 2 )
1, .l 1 1 1 1 1
S S+i-—  —————+0
RN I RS
= —t——— —+—+= ———F+0 010 |=I
4 4 2 4 4 2 22 2WZ
1 1 1 1 1 e L
— +0 — +0  —+—+0 ' '
| 2 b 2 2 N 2 2 K 2 2 ) 2 2 2
Hence P iz orthogonal.
b As Pis orthogonal, PT =P}
x+ty—2z=10
Let x=s and v=¢, then Z=L2{S+.f.]
g
A parametric form of the general point on T, 15 i
1
— g+
2{ )
A parametric form for the general point of 11 1z given by
1 1 17
o) s s 21 21 '-12 , o
=p*! ¢ =pT £ —_— = — ¢
; 1 1 & el
\ %) —(s+¢) —(s+2) 1 1 —(s+¢)
fnsd), | ganii] [aee g gt
2 Nz /
| —S+lﬁ+l{5+f,) |
i 21 21 ol 4
= —s——i+—lg+i) 0
PAE 7 ¢ )
1 1 Rl o
——5———f+0 b
Y Y , /

Equating elements

x=3+i,y=0,z=%{s—.ﬁ_}

x and z can take any values
A Cartesian equation of T 15 »=10.

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise H, Question 15

Question:

(3 =3 &1
a Determine the eigenvalues of the matriz A=|0 2 -&
|0 0 -2
3
b Show that | 1 | is an eigenvector of A
o)
(7 —6 23
B=l1 2 3
1 -3 2
(3
¢ Show that | 1 |1z an eigenvector of B and write down the corresponding
L 0)
eigenvalue.: :
d Hence, or otherwize, write down an eigenvector of the matriz AR, and state the
cotresponding eigenvalue. [E]
Solution:

PhysicsAndMathsTutor.com
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(3-4 -3 6
a A-iI=| 0 2-i -8
0 0 —2-A|
3-4 -3 6 : :
. A -8 o -8 oz
0 2ok <5 [=3=4) iy |+8
_, : —2-A " Mo —2-i P o
00 —2-A

={3-AM2-AN-2-4)
det(A-Al)=0= (3-A}(2-A)(-2-A)=0= A=-2,2,3

The eigenvalues are —2,2 and 3.

(3.3 63\ (9-3\ (6) (3}
b |02 B|1|=| 2 |=l2]=2|1
0o -2 0 0 0 0
{3
1 |1z an eigenvector of A comresponding to the eigenvalue 2.
1 0}
[(7—62Y 3y (21-6Y [13Yy (3}
c [12Z2)1]|= 3+2 |=| 5 [=3]1
\ 1 _3 2 PR [:] ; X, 3_ 3 ! LY [:I s 5, D s
£
1 |iz an eigenvector of B corresponding to the eigenvalue 3.
oy
(2 (37 (3 (3 (2 (30
d AB|1|=A|B|1||=A5|1|=5A]|1|=5x2|1]|=10[1
s 0 . L L 0
!
1 |1z an eigenvector of AB corresponding to the eigenvalue 10,
0

© Pearson Education Ltd 2C
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Further matrix algebra
Exercise H, Question 16

Question:
f1To0 1y
A=13 1 1
4 2 7

a Showing your working, find AL
The transformation 7:R* — R’ is represented by the matriz A

b Find Cartesian equations of the line which 12 mapped by Tonto the line x=

Solution:
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101
: 11 31 31
a det(A)=1311 =1‘2 ?‘—04?+]‘4 2‘
427
=7-24+6-4=7
The matrixz of the minors 15 given by
1112121
24 ‘4?‘42
{5172}
M:zﬂl‘ll‘lﬂz 539
274742
| =1=2:1
o1ty |o
11 ‘31 51
The matrixz of the cofactors 15 given by
[5=17 2}
Cc =2 3 -2
-1 2 1]
([ 3 2 =1}
C' =|-17 3 2
g &34 4
5 2 -1}
pre. L prallogses o
det (A) > 21
fx"u Fﬁ A
b Let x=£=£=£,then ¥ |=| 4¢
4 3 2| |
Equations of the original line are given by
£ £ (5 5 1V ¢ )
vil= AT e =% =17 3 2 || 4
'uz.-' '-.33.-' LY 2 _2 1 JII\3£.II
Se+8-3 ) (10|
= | =17e+12i 46 |==| ¢
28— &t + 3t 21
Equating elements
1V S
B L
Hence
X oy iZ
0.7 -3 7
Cartesian equations of the line are
X, W..'Z
1 -3
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Review Exercise 1
Exercise A, Question 1

Question:

Find the value of x for which
2tanh x—1=10,
giving your answer in terms of a natural logarithm. [E]

Solution:

e?{_e—?{
sitth x 2 g —e
tanh x= = =
2tanh x—1=10 / coshx  ef+e™ o4
Kiposs K 2
g —&
2 . . =1
A
2et —fe =" 4™
eh =g
¥ =3

2x=ln3 \ Toutake the logarithms of both sides of this
i lln 3 equation and use the property that In e = 2x .

Py You multiply both sides of this

equation by e

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 2

Question:

starting from the definition of cosh x interms of exponentials, find, in terms of natural

logarithms, the values of x for which 5= 3cosh x

Solution:

5=3coshx

-

10 =3"+

2" —10+37 =0
¥ —10e*+3=10
(3e"=1Ye*=31=0

© Pearson Education Ltd 2C
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" +e”

¥

2

J

[E]

4

to use the definition cosh x =

The wording of the question requires you

e +e™

Tou multiply this equation
throughout by ",

then, factorise,
3y? —10y+3=(3y—1)¥—3)=0. This gives

You may find it helpful to substitute ¥y =¢" and

y=% and ¥=3 and, hence, ex=% and e" =3

The answer x=—In3

would also be acceptable.

‘\"With practice, the substitution can be omitted.
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Review Exercise 1
Exercise A, Question 3

Question:

The curves with equations y= 9sinh x and y=4cosh x meet at the point Alln p, g3

Find the exact wvalues of p and g.

Solution:

The curves intersect when
Ssinh x =4coshx

[E]

Tou use the definitions

LI

3

B R Y B +&
2 2
Se" =S = 4" 44277

" =%

Eﬂx =9

2x =In? /

%1n9=lrﬂ[9=ln3

xr =

20

© Pearson Education Ltd 2C
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: £
sinh x = and

b -
" +e
cosh x =

Using the law of logarithms #lna =1na”™ with

=l and a=19.
2
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1na—1nb=1n£.
]

using ln1=0 and the law of logarithms
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Review Exercise 1
Exercise A, Question 4

Question:

Find the walues of x for which
Scoshx— 2sinh x=11,

giving your answers as natural logarithms. [E]
Solution:
Scoshx—2sinhx =11 You use the definitions sinhx="—"— and
5[“& J_E[e-ﬁ J=11 L ewer
2 2 o
Se" +5e —2e" +2e7 = 22
3" -22+7e =0 —
e _00F 47 =) You multiply this equation throughout by ™

I3Ex—1IIEx—7I=D -q_._._______________-_

i3
p" =

Toumay find it helpful to substitute y=¢' and
7 then, factorising

3yt — 22y +7 =GBy -D(y-T)=0.

Thiz gives y=% and y=7 and, hence, &* =%

e | =

x =1nl,1n7

and e’ =7 . With practice, the substitution can
be omitted.
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Review Exercise 1
Exercise A, Question 5

Question:

By expressing sinh 2x and cosh 2x in terms of exponentials, find the exact values of x
for which
Gsinh 2x+%9cosh 2x=7,

e : 1 : :
giwving each answer in the form Eln P . where p 1z a rational number. [¥]

Solution:

Geoinh2x+%cosh 2x =7

ax =2x 2x -ax
g — e e” +e - ¥ -k
6{ 5 ]"’9[ 5 J: 7 You use the definitions sinh x= i 26

Ge — e+ 0eM + 0 =14 et e ¥
1563 — 144367 = @ et g

15e¥ - 146 +3=0 \

replacing x by 2x.

(3 _1Y5%¥_3)= 0 You multiply thiz equation throughout by
e?¥.
2 13 : 3
" =—,— *+— Toutake the logarithms of both sides
373 of thiz equation and uee the property
zx :]_nl lné that ].nﬂgx:Ex.
sl
e
2T
B = 13z
3'5
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Review Exercise 1
Exercise A, Question 6

Question:

Criven that
sinhx+Z2cosh x=1£&,
whete I 15 a positive constant,

a findthe set of values of & for which at |
b zolve the equation when k=2,

Solution:

a sinhx+Z2coshx=k%

east one real solution of this equation exists,

[E]

e”—e'x+2[e”+e'”]:k :

e —e 2" + 227 = 2k

.. } e
Tou use the defimtions sinh x =

x =X

e +e

and cosh x=

Taing  the quadratic  formula

b - dac )

- 2a '

3" —Zk+eT =0
3% — 2k +1=10
Let y=¢"
3y — 2y +1=0
2kl -12y |
l}?:
6
(-3
= - =
3
For real

2
g L P T S8 BBt M#’

bz y=e" >0 for all real x, k< -3 is rejected.

k=3

k=it =3) _
and —————— are negative.

3

b Uszing * above with k=2 <+
_2#+4{4-3) 241
3 ]

®

J=E¢E

Tou could solve the equation in part h
without using part a but it 1z efficient to
use the work you have already done.

e* =1,l:> x=1n1,1nl=0,—1n3
3 3

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 7

Question:

TTzing the definitions of cosh x and sinh x in terms of exponentials,

a prove that cosh® x—sinh® x=1,

b zolve the equation cosech x —Z2eoth x =2, giving vour answer in the form Floa,

where kb and @ are integers.

Solution:

Pagel of 1

2 2
x - x -
i e+ e e"—e
a cosh?x—sinh?zx= - ¥, -x 2 ox
2 o |e +e | =l e

R T L B

]t

b cosechx—Zcothx =2

4

2 i r
P +2e e et

=e 42+

=1, as required.

o s
1 2coshx:2

sinhx  sinhx
¥ zinh x
1-Z2cosh x=2sinh x

Zsinhx+2coshx=1

1
Touuse cozsechx=—
sinh x
cosh x
and coth x = — :
sinh x

2[ e’ ;E_x }_2[ grengs le‘——_ You use the definitions sinh x and

2
g - e+ =1
2" =1= e”=l
2

x=1n%=—ln2 -
E=-1la=2

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

cosh x interms of exponentials to
obtain an equation in exponentials
which you solve using logarithms.

1n%=1n1—1n2=—1n2,35 Inl=0.
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Review Exercise 1
Exercise A, Question 8

Question:

a From the definition of cosh x interms of exponentials, show that
cosh 2x=2cosh® x-1.

b Solve the equation cosh 2x—5cosh x =2, giving the answers in terms of natural
logarithms. [E]

Solution:

X - 2
a 2cosh2x—]=2[e i ]—]4—-—-— sl 1 . e
o (e +e | =(e | +2e & +ie |
2% -2¥ =g +2+e"
_o, f tete™
4
2" 4 2e7H
= +—+ -1
4 4 4
2 —2x
= % =cosh 2x, as required
b Tsing the result in part a
cosh 2x—5coshx =2 If arcoshx = 0 then arceshx=In{z+¥(x* - 1)).
Pcosh®x—1-5coshz=2 Howewver of cosh x=a, where @ = 0, then there
2eosh®x—5coshx—3 =10 are two answers x = =*In{a ++(a" - 1))
(2cosh x+T(cosh x—3) =10 Yt

: \ g I/ v=oshx
coshx=—§,coshx= 3 \/

T e, . : '
coshx=—§ 1z impossible o x

x=+arcoshx=%In(3++8)

‘_‘_-_‘_‘_-_‘_-_'_'—\—'—-—._

These answers can also be written as
x=In| 3+£V81.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 9

Question:

a Using the definition of cosh x in terms of exponentials, prove that

4cosh® x—3coshx = cosh 3x.
b Hence, or otherwize, solve the equation cosh 3x = Scosh x, giving your answer as
natural logarithms. [F]

Solution:

Pagel of 1

2 : : : .

e e Tzing the binomial expansion

e +3e" +3e +e7"  3e" +37 N
= - (e*+e™

2 2

3 2
g +e . =(e"| +3(e") e
= ———=rosh 3x, as required.

k4 - 3 k4 -
a 4cosh3x—3coshx=4[e +; J—B{E *e J

—¥

_AZe
+3F e He T

b cosh3x=5coshx = 43 43T e
Tsing the result in part a

drosh® x—3coshx =S5cosh x

dcosh®x—8Bcoshx =0
drcosh x(cosh?x—2)=0

Agfor allx, coshx>1,

There are 2 possible answers to this

cubic, cosh x=0, cosh x=—+v2 and

cosh x=+ 2 As for all real x, cosh x> 1
onilly the last of the three gives real values

coshx=+2 of x.
x=xln(¥2+1) @ Uising
_ — 1 2 3
—lnIN[2+ll=ln[ : J:ln I x“‘[z 1) | arcoshx=ln(x+V(x*-1)) with
A 241 No4+1 A 2-1 -

=1n[‘\{[21_1]=1n|42—1|

The zolutions of cosh 3x = Scosh x, asz natural logarithins, are x=1n| o241

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 10

Question:

a Starting from the definitions of cosh x and sinh x in terms of exponentials, prowve
that cosh(A—5)=rcosh Acosh B —sinh Asinh &

b Hence, or otherwize, given that cosh{x—1)=sinh x, show that

e? +1

tanh x = ————. E
e skl [E]

Solution:

a coshdcosh & —sinh Asinh B

A _pusdoys By o=B A _—dANS BB —
- [ E SRE J[ E e ]_[ et ][ i ] ‘ — When multiplying out the
2 2 2 2 brackets you must be careful to

ohtain all eight terms with the

1 -+ — A+, —. -A- -+ —A+ - —A-
:Z{E_AB_'_E B | A | AE_ B | heB | AB_ -4-E) ok ol
Ty P
=242 = ——— o
4{ ' 2 s You use the definition
=cash(A— 5, as recuired. g +e
{ ) ;! cosh x= with x=4-5.

b coshxcoshl-sinhxsinhl=sinhx | :
_ _ _ You expand cosh(x-1) using
cosh xcosh 1= sinh x(1+:nh 1)

the result of part a
coshl
tanh x = :
I+sinh1 Diwvide both sides of this equation by
cosh x( 1+sinh 1) and vse tanh x= sinh x .
cosh x
ete
-1 2
tanh x = 2 e Zhiii e EE 2. L as required.
E—E 2+e—e"  e'+Ze-1
1+ >

© Pearson Education Ltd 2C
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Exercise A, Question 11

Question:

EJ' -V

a Starting from the definition sinh y =

arsinhx =In[x++/(1+x° ].

b Hence, or otherwise, prove that, for 0 =8 =,

g
arsinh (cot &) =ln[cot§]. [E]

, prove that, for all real values of x,

Solution:

a Let y=arsinhx

F

g —e7?

then x=sinh y= _ _ _
‘/’/2/// Tou multiply this equation throughout by & and

dx=e"—e* treat the result as a quadratic in e¥.

e —Zxe?—1=10

2
y=2x+wf.4x +4)

£ The quadratic formula has + in

5 242 1 it. However x—+ 2 +1is
X+ P x +10
= — 5 =x+¥(x* +1) negative for all real x and does

not have areal logarithm, o you

Taking the natural logarithms of both sides, | ., ignore the negative sign.

y=In I:x+*1[| 2 +1 |], as required.

TTzing the result of part a with

b arsinhicetd = 1n|in:ot5'+%ru 1+cot?d |:| // x=cotd.

=lnicot@+cosecd | g— 0o |

[cosé‘ 1 ] [cos.5'+1J
=In + =In

sin & sin & sin &

g

2 o5t —

=ln — % @ +— Touuse both double angle
25in§cos§

Using cosec’d =1+cot’ 8.

formulae cos2x=2cos® x—1 and
gnZ2r=2sinxcosx with 2x=48.

Cos—

il |12 e g -
ln 3 In [cot . J as required.

sl —

© Pearson Education Ltd 2C
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Question:
h? i
iven that #e &7,z [ and M= CO_S gx CO_S zx .prove that ME =M. [E]
—sinh®x —sinh® x
Solution:
Let n=1
The result M* =M becomes M =M, which is true.
Assume the result 1z true for x=k% . Tou can prove this result using
That 15 mathematical induction, a method of
cosh®x  cosh®x proof you learnt in the FP1 module.
M =M= d B s The prerequisites in the FP2
—szsinh®x —sinh” x : .

- s-, specification state that a knowledge
M™ =M'M of FP1 is assumed and may be tested.
3 cosh®z  cosh®x cosh®z  cosh®x
Cl—sinh®x —sinh?x )| —sinh®x  —sinh?x
: cosh® x —cosh® x sinh® xcesh® x—cosh? xsinh® x
| —sinh? x cosh? x +sinh® x —sinh® x cosh®+sinh
cosh* x—cosh® xsinh® x = cosh® x(cosh® x—sinh® x) €——— You use the identity

=cosh®x cosh? x—sinh® x =1 to simplify
—sinh® xcosh® x+sinh®* x = sinh® x(— cosh® x+sinh?® 2) the terms 1n the matrix.
=—sinh®x

—sinh® x —sinh® x

Hence MY :[ cosh® x cosh®x J

and this 15 the result for 2 =% +1.
The result iz true for 2 =1, and, if it 15 true for 2 =X, then it 1s true for n=k+1.

By mathematical induction the result is true for all positive integers ».

© Pearson Education Ltd 2C
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Exercise A, Question 13

Question:

Solve for real x and y, the simultanecus equations
coshx = 3ainh ¥

2sinhx = 5— 6oosh v,
EXpressing your answers in terms of natural logarithms.

Solution:

PhysicsAndMathsTutor.com
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cosh x = 3sinh y
Multiply by 2

2cosh x=f6sinh ¥
Souaring both sides

dcosh® x =36snh’y @

2sinhx = 5—fcoshy

/

When you square an equation, you may
introduce false solutions. In this case equation @
will contain any solutions of 2cosh x =—6sinh ¥
aswell as 2cosh x=46&sinh v, so vou will need

to check any selutions you obtain,

Souaring both sides
4sinh®x=(5-6coshy e
D—@

dcosh® x—4sinh® x=326sinh® y—(5—6cosh y ?

4 = EtSsinI;gy— 25+ 60 cosh y— 36 cosh® y/
4 = 60cosh y— 25—36(cosh? y—sinh® y

4 =é0cosh y—25-36

&0cosh y =65 = coshy=%

y==ln E+ E—1 =+In E+ 2
144 19

2 [ED

Az cosh x =3sinh v, this gives
5 5

coshx=3x—-—=-—

12 4

The identity cosh® & —sinh*8d =1
15 used twice,

If cosh x =a, then there are two
possible values of x,

x=+n{a+4ia* =11 You need

to checl: that both answers are
possible,

3 : ]
If y=1In=, then sinhy=-— and
4 2 4 12

5] L i
cosh x = Z and this 15 the correct

solution,

Az cosh x21 for all real x, this iz imposzible and the solution ¥ = —lng 1z rejected.

25inhx=5—6coshy=5—6xE=—E
12 2

sinh x =—=
4

If sinh x =@, then there 13 just
one possible value of x,

x=1n|a+“-|[|a2+1||.

© Pearson Education Ltd 2C
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Exercise A, Question 14

Question:

a Starting from the definition of tanh x in terms of &%, show that
1 1
artanh x = Eln[ﬂJ

1-x
and sketch the graph of 3= artanh x

b Sclve the equation x =tanh[ln.J{6éx)] for 0= x <1

Solution:

PhysicsAndMathsTutor.com

[E]
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a Let y=artanh x

E'JJ—E'}I

x=tanhy=——— * ] You have been asked to prove a
ehapect standard result in this question
= ¢ Tou should learn the proof of this
T T 2 T and other sim.ilar results as part of
1 vour preparation for the
= — examination,
g™ +1

e x =1

N

e (1-x) = 1+x

Make e the subject of the
formulas and then talke
lo garithms.

.. 1+
1-x
Dy =1n|' 147 )
V1-x |

i h
y=artanh x = lln| i as required.
il et

vi .

()

Tou need to ke able to sketch the graphs of
the hyperbolic and inverse hyperbolic
functions. When you sketch a graph you
should show any important features of the
curve. Inthis case, you should show the
asymptotes x=—1 and x=1 of the curve.

Graph of y = artanh x

b x = tanh [ln {6x_]]
In ™ [6x]=artanhx=llnl 1+_x I
) \1-x )
: 1)
1n'-{6x]=1n\"—x ]
1=z )
\ fﬁxJ =“\.,'I |I 1+I !
\1-x )
Souaring
x= 11X
1-x

bx—6x° =1+x
6x* —5x+1=(3x-1)(2x-1)=0
1
5,

xr =

| —

© Pearson Education Ltd 2C
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Tou uge the rezult in part a.

Az you have squared this equation, you
might have introduced an incorrect
solution It would be sensible to check

1
ol your calculater that x = 5e are

solutions of x =tanh [ln {6):_]]. In

this case, both are correct.
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Exercise A, Question 15

Question:

a Show that, for 0= x<1.

1- ul—xgu 1+ ll—le
' S PR D, A

X X

In

b Using the definitions of cosh x and sinh x in terms of exponentials, show that, for

D=x=1,

1+ 11—

X

arsechx =In

¢ =olve the equation
3tanh® x—dsech z+1=10
giving exact answers in terms of natural logarithms,

Solution:

PhysicsAndMathsTutor.com
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b Let y»= arcechx

sechy = x
2 =X
e’+e”?

Page2 of 2

There are a number of different ways
of starting this question. The methed
used here begins by using the log rule
loga +tlogh=logab,

This 15 the difference of two
squares a° —b° ={a—b)Na+d)

with @ =1 and d="(1-x"),

, a8 required,

2=xe”+xey"_-_—_-_-_-__—-d

2 -2 +x=0

Multiply throughout by & and treat
the result as a quadratic in ¥

, 2xV(4-427) 12V(1-#*)
e’ = =

ax x
(143 (1-2")] [1-V(-")
y=In J,ln
x x
\ L Either of the two answers iz
I {1__;;2)" possible but it is conventional to
=tln| ——— = |, using theresult of a | take 0 <arsechzx =<1
x
[(1+4(1-%%)) .
y =arsechx=In , as required
LY & g
¢ Using sech®x =1 tanh® x
Ftanh® x—dsech x+1 =0,
3-3sech®x—4dsech x+1=10
3sech’x +dsech x—4 =0
(Bgechx— 2)(zech x+2) =0 = sech x=-2 ig impossible with
real values of x,

sechx =—
3

1+‘\'[1—§] g

x =fin| — L /| ilnt

w ] re

© Pearson Education Ltd 2C
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Exercise A, Question 16

Question:

a Ezxpress cosh 38 and cosh 58 in terms of cosh &
b Hence determine the real roots of the equation

2cosh S5x+10cosh 3x+ 20 cosh x = 243,

giving your answers to 2 decimal places, [E]

Solution:

a cosh 38 = cosh(20 +6) In a complicated calculation like this, it is

= cosh 260 cosh  +sinh 28 sinh 8 sensible to use the abbreviated notation suggested
cosht =¢ and sinhf = 5 - here but, if you intend to use a notation like this,
cosh 38 = (2¢? =1z + 260 X & you should state the notation 1n the solution so

that the marker knows what you are doing.

=23 +25%
=207 —o4+2(c* -1

=20 —c+207 - 2¢

= 4cosh®6 - 3cosh & Tou usge the ‘double angle’ for
cosh 26 = cosh(30 4+ 2680 = cosh 36 cosh 26 +sinh 30 sinh 26 tigpeibolies
cosh 30 cosh 26 = (4c° — 3302 —1) coch 20 = 2 coch?0 -1 and
=8 —10c% +3¢ sinh 260 = 2zsinh @ cosh @ and the
sinh 38 sinh 209 = sinh (209 + &) sinh 26 identity cosh?@ —sinh®*@ =1. The
= (sinh 260 cosh B +cosh 26 sinh &) sinh 26 signs in these formulae can be
= (Zacx o+ (2 — 151250 wotlked out using Osborn's 1ule.

= 2(4c® — )&%

= 2(4z% —iie — e

=87 -10¢* +2¢
Cotnbining the results
cosh 59 = 827 —102° + 30+ 87 —106° + 22

=16cosh’@—20cosh®8 + 5cosh @

b Zcosh5x+10cosh 3x+20cosh x =243,

Letting cosh x =¢ and using the results in a
32¢7 — 402 +10¢ +402° — 302 + 20c = 243

o A 3
cT=E—— =
32

/ Tou can use an inverse

2
2 hyperbolic button on your
x = iarn:osha = 10.96

calculator to find arcosh E :

© Pearson Education Ltd 2C
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Exercise A, Question 17

Question:
2

Anellipse has equation — +2 =1,
16 9

a Sketch the ellipse.
b Find the value of the eccentricity 2.

¢ otate the coordinates of the foci of the ellipse. [E]
Solution:
a Vi

9=16(1-¢" |=16—16¢"
., 16-9 7
él fr N I e S
16 16
"‘-F."'
él=_
4

¢ The coordinates ofthe foci are given by

3 +— When vou draw a sketch, you should
/‘\ curve. When drawing an ellipse, you

show the importtant features of the

should show that it 15 a simple closed
curve and indicate the coordinates of
the points where the curve intersects
the axes.

Pagel of 1

) ( .'1? A / \
{i‘aei,ﬂ,l:‘ 14/7,0 ‘=|[_J_r-, 7.0)
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The formula you need for calculating the
eccentricity and the coordinates of the foci are
given in the Edexcel formula booklet you are
allowed to use in the examination You should
ke familiar with the formulae in that booklet
Tou should quote any formulae you use in your
solution,
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Exercise A, Question 18

Question:

2
The hyperbola A has equation %—% =1 Find

a the value of the eccentricity of A,

b the distance between the foci of A
2

The ellipse & has equation e =
16 4

¢ Sketch K and & onthe same diagram, showing the coordinates of the points where

each curve crosses the azes, [E]
Solution:
a k=gt {gg -1) * The formula for calculating the eccentricity

is b* = (& —1). It is important not to

4 =16(e* —1J=16€2 =16
: confuse this with the formula for
= =" = calculating the eccentricity of an ellipse

16 16 4 =gt (1-2%)

" g

b The coordinates of the foct are given by

V5 ) = The formulae for the foci of an ellipse
{i‘ae,UJ=‘ + \?,U ‘={.i2 N5,0) and a hyperbola are the same (+we, 0).

The distance between the foct 15 44 5.

c v 4

In this sketch, vou should show where
the curves cross the azes. Label which
curve 12 A and which 1z B These two
curves touch each other on the x-azis.

© Pearson Education Ltd 2C
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Exercise A, Question 19

Question:
2 2 2

The ellipse 2 has equation %+% =1 and the ellipse & has equation I_'_%: iz

a Sketch D and & onthe same diagram, showing the coordinates of the points where
each curve crosses the axzes.

The point iz a focus of D and the point Tis a focuz of &

b Find the length of 57 [F]

Solution:

PhysicsAndMathsTutor.com
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b For DD
Br=gt1-4%)

Asthe coordinates of a focus of D
are (ae, 00, you first need to find the
9 = 25{]_32 J=25- 55,2 eccentricity of the ellipse using

5 =a*(1-¢") with a =5 and

g 25-9 16

2 55 o5 h=3,

o
Il

Lh| =

Az an ellipse has two focd, you could choose
either for & and there are also two possible
(4 choices for T The symmetries of the diagram
For & {ae,0 ]:| Sx=_0 ‘:1.4, 0) show that you would always get the same
= distance for ST whichever you choose. It does

For & not matter which yvou choose but it is sensible
b= a_z{l—gz ] to choose the positive coordinate.
4 =9(1-¢*)=9-9 %\
g 9-4 3 The major axis for ellipse & is along the y-axis,
&= g g zo its foci have coordinates (0, 2ae ). You find
g sl 5 the eccentricity of Fusing &° =4 (1-¢° ) with
3 a=73and b=2, & is always the semi-major axis
and & the semi-minor axis, so g = b,

' \15\
ForTiU,aéJ=\ 0,3%— J:{o,x 5)

2 P o
ST =47+ (V3] =21 <— VoA
ol =n21
T
N \
¥ =y
o 4 5
Agthe focus of iz on the x-axis and the focus of B i
on the y-axis, you find the distance between them
using Pythagoras’ Theorem.

© Pearson Education Ltd 2C
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Exercise A, Question 20

Question:

2
An ellipse, with equation §+"‘% =1, has foci S and S

a Find the coordinates of the foci of the ellipse.

b Using the focus-directrix property of the ellipse, show that, for any point & on the
ellipse,
mE+ s F=6 [E]

Solution:

PhysicsAndMathsTutor.com
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a b2=a2{]—egj
4= 9(1-¢")=9-9¢"
2 9_4
9

g = —_—=

W | LA

._‘5
—=e=—
3

Az the coordinates of the foci of an
ellipse are {tae,0), vou first need to
find the eccentricity of the ellipse
using &° =a’ (1—¢* ) with @ =3 and

h=2.

The coordinates ofthe foct are given by

{i‘ae,ﬂ]=‘

+3x—-,0 ‘= (£v5,0)

]_] Va

_,_,..--'-"'_'_'_'_“"'--..\_‘_-l”

In this question, you are not asked to
N draw a diagram but with questions on

coordinate geometry it 15 usually a
good idea to sketch a diagram zo you

x can see what 13 going on.

. . . it
The equations of the directrices are x=+—.

gupld sg 8
V5 ¥ 5

3

g

Let the line through F parallel to the x-axis intersect the directrices at AMand AN', as

shown in the diagram

N'Nzg.izﬁ
TG

——

If wou introduce points, like Mand N' here, you
should define them in your selution and mark
them on your diagram. This helps the examiner
follow your solution.

The focus directrix property of the ellipse gives that

SP =ePN and §'P=ePN'
SP4+ 5'P=poFN+eFN
=e(PWN+FPN')=eN'N
o 18
T

=, as required.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 21

Question:

a Find the eccentricity of the ellipse with equation 3x° +4y° =12,
b Find an equation ofthe tangent to the ellipse with equation 3x* +4y* =12 at the

. . . {3
point with coordinates | 1,5 |

This tangent meets the y-axis at & Given that 5 and &' are the foct of the ellipse,
¢ find the area of ASS'F [F]

Solution:

PhysicsAndMathsTutor.com
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2 [
a 3+dyi=la 4+— You divide this equation by 12,

Jr_2 i _}f_:" il Comparing the result with

4 3 .o 2

tir=1,a'=4 and b =3
b —cxg(l—a:"} at b
3=4“_€2}=4_4€2 and you uge bg=a2{1 ez}to
4-3 1 | calculate 2.
4 4 2

b 3P +4y =12

Differentiate imnplicitly with respectto x

6x+ 83"’% = +— Differentiating implicitly using the chain
d o oa dv d oo dy
rule, — {4y === = (4y° |= =By,
dx HBy 4y
At 1,3]
". 2 s
di_—Bxlz_l
dx 3 2
P
2

sketching a diagram malkces it clear
that the area of the triangle 12 to be
found using the standard expression

The coordinates of 5 are

maﬂk{2~%ﬁ]=ﬂﬂ}

lzbasexheight with the base 5'S
and the height O,

EBv symmetry, the coordinates of &' are (—1,0). The y-coordinate of & is given by

y=0+2=2

= You find the y-coordinate of & by substituting x=10

inte the answer to part a.

ASS'G = —basexheight

S OO

P [ s= B2 = B2 ] —

2x2=2

© Pearson Education Ltd 2C
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Exercise A, Question 22

Question:

2
The point P lies on the hyperbola i— y—z =1, and A 15 the foot of the perpendicular
e

from F onto the x-axizs. The tangent to the hyperbola at P meets the x-asiz at T
Show that OT ON =a*, where O iz the origin. [E]

Solution:

To find the coordinates of T, it 12
easiest to carry out your calculation

B i terms of a parameter. As the

7] ‘:; N - gquestion specifies no particular
parametric form, you can choose your
own. The hyperbolic form has been
uzed here but {x sec £, & tan £) would
wotle as well and there are other
possible alternatives.

o

Let the point & have coordinates ( cosh i, & sinh £)

To find an equation of the tangent FP7T,
E = asinhf,d—y =bcoshi
dt dt

dy _dy & _dy dx _bcoshi
dx dt dx At asinhe

Using y—y =mlx—x) To find the x-coordinate of T, you

_ broosh s / substitute v =0 1inte a equation of
y—hanhi=— {x—acoshi) ih

s : e tangent at F, so first you must
ay sinh £ —absinhd¢ = bxcoshi—abcosh? s wbtain an equation for the tangent.
avsinhf =bxcoshi—ab [c:c-shz f—sinh?¢ )
=bxcosht —ab TTzing the identity

For7, y=0 « cosh®z —sinh®z=1.

brcoshi=agb=x=

cosh i
The coordinates of MNare (@ cosh ¢, O)
OF - ON = 2 .y acosht=a*, as required.
cosh £

© Pearson Education Ltd 2C
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Exercise A, Question 23

Question:
e oy

The hyperbola © has equation —— .
i

a Show that an equation of the normal to O at the point P (@sect, btans) 1z

axsint+by = (a* +b)tans.
The normal to C7 at F cuts the x-axis at the point A and 515 a focus of C Given that the

eccentricity of O is g ated that O =305 where O i3 the origin,

b determine the poszible values of ¢, for 0=f< 2, [E]

Solution:
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dx d
a —= asecztanz,—y=bsec2£
i s

dy _ bsec’s  bsect b

dr  a@secftani wtanf{ asind

Taing s’ =—1, the gradient of the normal

ot 51 d

b

Anequation of the normal iz
y-n=m(x-x)

a@sind

1z given by m'=—

y—htani = — {x—asect)

by—bztanr. = —axsint+a’ tant

axsing+by =(a® +° Jtanz, as required

To find the gradient of the tangent,
'/ yvou uze a version of the chain rule

dy
dﬁ:@/ﬁ:i
dx  dt dr  dx
e

vou would be unlikely to see that there
are four possible points where

The x-coordinate of 4 15 given by
axsinz+0= (o + & |tan ¢

gt /tanf,_a:2+f:'2

X -
a ginf a@cosi
2, .2
at+ i
Hence Qd =
@cost

Using &° =" (& —1) with ¢ =§

i Y 2
b2:a2| L |:5i
Faa
a::{+5ﬂtj
g —
nd OA=a + & _ A Yz
@Cost @Cosé drost
by o=2

PhysicsAndMathsTutor.com

24 = 304 . There are two to the right
of the v-amis, corresponding to the
tocus & with coordinates (ae, 0, and
two to the left of the y-amxis,
cotresponding to the focus, here

marked S', with coordinates (—ae,0).

A diagram 1s essential here Without it,

Tou need to eliminate & from the
length OA to obtain a solvable
equation in £ from the condition
O =345
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OS=ae=3—a
2
04 =308
S By
= —=cosi=—
dcost 2 2
ﬁ:i,
3

S_T +— These values give two points 2,
. (2a,V3) and (2a,—V3).

These are the solutions in the first and fourth quadrants,
From the diagram, by syminetry, there are also solutions in the second and third

cuadrants giving

2 dn P
a3

The possible values of £ are

5 1% 2r 4xm Sm
3"3 73" 3

© Pearson Education Ltd 2C
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These correspond to the two points {:—24, 33:':}

and '::_2'13,—"~ 35:'.] where cos =—§_
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Exercise A, Question 24

Question:

2

An ellipse has equation —2+’;:—2 =1, where & and & are constants and a = &
e

a Find an equation of the tangent at the point Placosf, bainf) .
b Find an equation of the normal at the point Placesé, baing).

The normal at & meets the x-axis at the point . The tangent at & meets the y-axis at
the point &,
¢ Find, interms of @, & and ¢, the coordinates of A, the mid-point of O

: T
Given that 0 =f = E

2 2
d Zhow that, as # varies, the locus of 3 has equation [ 22:;:;;2 ] +[2i] =1. [E]
y

Solution:

PhysicsAndMathsTutor.com
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a x=acosf, y=hani

ﬁ = —czsinf.,di=bcosz
ot de
dy
dv g brost
dr  dx asing
ds
For e tarigent _ &5 the question asks for no particular
ypml sy form for the equation of the tangent
: brost ; this 15 an acceptable form for the
Fhelliy == (x—acost) 4—— apswer However the calculation in

¢ S d

aysinf—absn®t = —brcosi+abros’ s Sl R

the equation at this stage using
aveing+hxcost = ab {sin2 f+cos?s J sintitrosii=1

avsinf+bxcost = ab

d broost : o
b oA F=o C?S Lusing mem'=—1, the gradient of the normal i given by
dx asini
. asind
brost
y=—n=m{(x-x)
! it .
y—hbsint = e (x—acosi)
brost

bycosi—bisinfcost = axsini—a® sinfcost

axsint—bycost = (a®—4* Jsinscoss

-
-

M 7 The condition 0 <¢ {E implies

L}

1\,

/@ \ that P 1z in the first quadrant.

Substituting ¥ =10 inte the answer to part b

2_&2

axsint=(a’ —&* Jsintrost = x=
' & substituting v =10 into the
equation you found for the

cosd | Youfind the x-coordinate of O by

nermal in part b and solving for x

PhysicsAndMathsTutor.com
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cost, ()

: i
The coordinates of ( are
&

Substituting x =10 into the answer to patt a

avsini=ab = y=—0
s

h!

i
The coordinates of X are | Ij,_i
sAni |

The coordinates of A are éiven by

—

Page3 of 3

You find the y-coordinate of Rby
substituting x =0 into the equation
vou found for the tangent in part a
and solving for v,

/ G S S \
(x+x +y, ) (@ =k )
D — ,yl 3 |=‘ Cost,— |
2 2 2 Zsint |
: a® —p? 2ax
d Ifthe coordinates of A are (x, 3) then x= 3 cost = cost=—— and
B i
& :
= =inf=—
Zoint 2y 1 .3
; / _at =k 3
As cos®f+sin®£=1, the locus of = cossrandip= — are the
Zex 2 sin §

) 1
Mis ‘

G, :
% | +| i | =1, az required
g =ht ) oL 2y )

© Pearson Education Ltd 2C
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parametric equations of the locus of M To find
the Cartesian equation, vou must elimninate £ The
form of the answer given in the question gives
vou a hint that vou can use the identity

cos?f+sin’ =1 to do this.
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Exercise A, Question 25

Question:

The points 5] and &, have Cartesian coordinates [—%ﬁ,(ﬁlj and [%«EU]

respectively.

a Find a Cartesian equation of the ellipse which has 5] and 5, as its two foct, and a
semi-major axis of length a

b Write down an equation of a directriz of this ellipse.

Given that parametric equations of this ellipse are

x=acosp,¥=Hbsiny,

¢ express doin terms of @

The point P 15 given by =§ and the point O by = g .

il Show that an equation of the chord PO 12
(NZ-Dix+2y-a=0 [E]

Solution:

PhysicsAndMathsTutor.com
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. [ a )
a &, has coordinates | E 3.0 |

Hence
r R \_3 . E— 'l e b
2 Comparing | > Yy 3,0 ‘ with the formula
=gt 1-4*) :
L = for the focus (as,0).e=—.
. 4] 4

!
Anequation of the ellipse iz = +2 =1 *—— Youare given that @ is the semi-major axis,

T : . :

_ a” b so a can be left in the equation. The data in
Using = the question does not include &, s0 & must
be replaced.

The required equation is

Ayt
e b

*+dyt =a°
b Equations of the directrices are
pd gt ped
5 b 3 k! 3
2

a
¢ From # above, b=—

d For 2

| A h o
| @ Cos, — o sin =| CICOS—,ECISIHE |

(e a Y [a¥2 a¥2)
| -\2’2-12__] | 2 4 ‘
For P
i . o rl . =m)
@ CosQ, —asing =| @ COS—, — Sl —
2 2,2 2 )

=|03]

PhysicsAndMathsTutor.com
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Page3 of 3
For PO
};_E +— Tlzing the formula from module C1 for a
AR y-)y _ x—X
TR T T liet s chlindf s dnle
i B
x

=0 M xz_xl.
dy—da 2
V2-2 v 2

4N2y—2V2a=(2V2-4)x

(4-2V2)x+4V2y—2V2a =0

The @ rcancels throughout the denominators
of thiz equation. On the left-hand zide

j i
4|._,y_ 2 | _4y-2a
4|"£_1 | V-2
Diwviding throughoutby 2+ 2 2
1 2-1 }x+2_y‘—a =1, as required.

© Pearson Education Ltd 2C
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Exercise A, Question 26

Question:

=how that the equations of the tangents with gradient sz to the hyperbola with equation

x* —4}?2 =4

are

y= mxiq,f'(dlmz -1}, where| 22| 12
Solution:

Let the equation of the tangent be y=mx+c
Eliminating v between vy =smx+e and G e 4}32 =4

[E]

Pagel of 1

x —4{mx+c:f =4
At 2 - Bmox—dct =4

(4 —1)2° +Brmcx+4(c* +1) =0

Az the line iz a tangent, equation * has repeated
roots

B dge =0

6dm’c® —16(dm” —1)(c* +1) = 0
G c® — 6dmie? — 6dm® +16c” +16 =0
16¢* = 64m* —16

& =dm’ —1=c =2V (4" -1)

Ifthe line was a chord, it would cut the curve
in two distinet points and this equation
would have a posttive discriminant. As the
line 1z a tangent it touches the curve at just
one point and this equation has a repeated
root. The discriminant 1s zero.

The equation of the tangent is
.  —

1 :
v =mxt (dw — 1), where | m|> > as required.

(i —1) would be the

" s

If|m|‘=:%,then

square root of a negative number and
there would be no real answer. The cases

m =1 — are interesting. For these values

2
_ 1
the equations are ¥ = iax. These are

the asymptotes of the hyperbola and do
not touch it at any point with finite
coordinates. Asymptotes can be thought
of as tangents to the curve “at infinity "

© Pearson Education Ltd 2C
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Exercise A, Question 27

Question:

The line with equation ¥ =mx+¢ i3 a tangent to the ellipse with equation

2y
a
a Show that o2 =am’+3"

b Hence, or otherwize, find the equations of the tangents from the point (3, 47 to the
2

) ) ) ¥
ellipze with equation — +=—=1. E
p q 7 oz [E]

Solution:

PhysicsAndMathsTutor.com
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2
i+y—=1

a Substituting y=mx+¢ into E:-
a

2 i : : :
£ (mxtc ) = 1% | Multiply thiz equation throughout by
a’b* Then multiply out the bracket

a’ e
.2
Pt +df (mxt+e) =o'

i DA, WAy 2 132 2,2
xttatmt T+ 2atmxe tact = ath

and collect the terms together as a
quadratic in x.

(P +2% ) x* + 2a*mex+a® (c* 2% )= 10

Az the line 1z a tangent this equation has repeated roots

B odac=0"

datnie? — 4{a2m:" +47 ]a:" {_-52 —&? ) =0

3.12.3 2.3, p2Yf.2_ 13
amret —atmt b7 (" =07 ) =0
[ J{ ) and then rearrange to make ¢ the

M_ W+agm%2 —2%? 4 bt = 0D e—— subject of the formula.

2

Divide this equation throughout by b*

3 3w
8 =a'm +b7 as required

b (3,4)s y=mx+c

Hence 4=3m+c=c=4-3m 1  <4— Thetangents have equations of the

For this ellipse, @ =4 and & =25 and the
result in part a becomes
=16m*+25 @

satisfy this relation

form y=mx+e and x=3,v=4 must

Substituting I inte @
(4=3m] =16m" +25
16— 24m+9m® = 16m* +25
Tod® + 24m+9 ={m+3)Tm+3)=10

Iftm=-3 c=4-3m=4+5=13

Ifm:—E, C=4—3m=4+2=£ . Vi
7 77

The equations of the tangents are

3
=-3x+13and y=—-—x+— / e
¥ pe e

negative gradients.

There are two tangents to the ellipse
which pass through (3, 43, Both have

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 28

Question:

oy : .
—2+y—2 =1 and the line I has equation v =mx+c , where

The ellipse X has equation )

]

m=0and o= 0

a Show that, if [ and & have any points of intersection, the x-coordinates of these
points are the roots of the equation (2 +am® )x* + 2a’mex+a°(=* - =10,

Hence, given that L 1z a tangent to &,

b show that &% = &% +am® .

The tangent £ meets the negative x-axis at the point A and the positive y-axis at the

point B, and & 1z the origin.

¢ Find, in terms of i, @ and &, the area of the triangle 048

d Prove that, az m varies, the minimum area of the triangle OAF 15 ab.

e Find, in terms of @, the x-coordinate of the point of contact of & and & when the
area of the triangle 15 a minimum. [E]

Solution:

PhysicsAndMathsTutor.com
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2
a Substituting ¥ =mx+e into = +";:—2 =1
2
¥ (mxtc)
a_z+ n? =1 1 Multiply this equation throughout by
11 3 a. . 5 2*b* Then multiply out the bracket
Ex'ta’ mxte) =ath and collect the terms together as a
B+ atntn? + 2t mie + a0 = o quadratic in x.
(2% +am? )x* + 20 mex+a® (e —2*) = 0, as required

b Acsthe line iz a tangent the result of part a has repeated roots
"B —dac=0
Aatmic? - 4{5:-2 +atmr ]c::2 {62 —b? ) =0 4

Diwvide this equation throughout
a'mic? = (b +atm )(F -2%) =0 by 4a’.

233 433 34 3 33, 3 21
aimreT —h e+ h —atmrtet Tt =1

e? = a’m’ +b*, as required. e

Diwvide this equation throughout by
b* and then rearrange to make ¢ the
subiect of the formula

_~1B | As ot =a*mt 4% y = +o could

T~_E hawe the forms
, 7 N

S y=@mx {E:-z +atmt ). Howewver, the

A 0 question specifies that the tangent
M ' / crosses the positive y-amis. As the line
i e has a positive ¥ intercept, you can
I reject the negative possibility.

Anequation of L 15y =mx + {E:-z +a2m2]

Ford, v=10
V(B L at
0=+ {bz+a2m2]=‘,~ x=——{ ar)
: m
{b2+a2m2]
Hence Od= —— ©
m
For 8, =10

p=1 {bﬂ_i_aﬂmﬁjl

Hence GB = (&% +a’m’)

PhysicsAndMathsTutor.com
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The area of triangle CAEB, T say, 15 given by

V(b +atnd)
T=1oaxoB= l(— (B* +a'm® )
2 2 w1 ; :
B tratmt
2m
PR (i
[1 T:M:lbz 1+la_2m
i 2 2
For a minimum
£ = —lbgm 2 +la2 = I:I
s 2 2
52 g - The diagram shows that the tangent has a
Ty T AnSEREE positive gradient and so the possible value
! a 5
As L has apositive gradient —— can be ignored.
& ol
m 1 (PR
e
P T e
2 e
2 2 3
At e =é ﬁ =b— =2 =0 and so this gives a minimum value of

a dmt  wi b
.
¥ ta| > | o
T: L a A g

-=ah, as required.

5 4
i) \ @ )
2
e At o =é,c2 =am® +&° =c22|lr é \'| +&% =257
a )

o b : :
substituting s = — and ¢ =V 25 into the result in patt a
@

i bﬂ 3 b :
b2+a:"/—2 2+ 22" xZx 2&x+az{_2&2—b2]= 0

2
2bxt 100 2abir+aib? =0 by &

a” | & / Divide this equation througheut

22242 Rax+at =0

Page3 of 3

' 2
(V2x+a) =0
: 4 Az the line is a tangent, this

y =—_2% | quadratic must factorise to a

euadratic formula

complete square. If you cannot
see the factors, you can use the

© Pearson Education Ltd 2C
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Exercise A, Question 29

Question:

2
Find the eccentricity of the ellipse o +% =1.

Find also the coordinates of both foci and equations of both directrices of this
ellipse.
Show that an equation for the tangent to thiz ellipse at the point PS8 cosf 2ein ) is

g inf
xeost  ysind _

1.
2 2
d Show that, az & varies, the foot of the perpendicular from the origin to the tangent
at P lies onthe curve (x° +3°) = 92° +45°. [E]
Solution:
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a b =a'(1-¢")
4 =9(1-¢")=9-5%"
. 9-4

g e AL AT, -

._15
=g=—"
9 3

W | LA

b The coordinates of the foci are
. i \ 5 A : :
{i‘cxe,Uj=‘ +3x—,0 ‘={_ia 5,0)

The equations of the directrices are

x:if:ii:ii
] NS W3
3

¢ x=713cosf, y=2snb

= —3z1n H,d—y= Zrozf
d6

d6
dr _ dy d8 _ ZcosH
dx d6  dx 3snd
y-yn=m{x—x)
; 2cost :
—2snfl =— x—Zcosf
H 35inH{ )

The formulae vou need for caloulating the
eccentricity, the coordinates of the foci, and the
equations of the directrices are given in the
Edexzcel formula boollet you are allowed to use in
the examination Howewer, it wastes time checking
wour texthook every titne you need to use these
formulae and 1t iz worthwhile remembering them.
Remember to quote any formulae you use in vour
solution

3ysinB—6sin’f =—2xcosB+6co0s’ 0

2xcosO+3ysin® = 6 (cos” 6 +sin® 6 )= 6 «——— Divide this line throughout by &,

xcosH sin &
+.J”

=1, as required

3

d

2

i

-

_ N
s o HI.M\P
N
J,

-

e

B

R

X

Let the foot of the perpendicular from & to the tangent at & be A
TTaing meme' = —1, the gradient of ON 15 given by

'=_i= 3sin A
& 2cosd
dx

PhysicsAndMathsTutor.com
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3sin B

An equation of DA 15 v = x

2oosh
Eliminating y between equation = and the answer to patt ¢
xcosf sin® | 3sind "|_

3 2 | 2cos®
"f dcos?64+9snt 60 ‘ _q
12cosf
_ 12c0s8 —— 12cosd s
dcos® B+ %sin’ o I_4.;.333H+Qsin3f4
18sin 6

substituting this expression for x into equation = s

dcos B +9sin” 0
parametric equations of the locus.

s Jsinf 12cosf gy 18sin & Eliminating & between them to
Zcost dcos 0+9sn 0  dcos O+9sin’ 0 obtain a Cartesian equation 15 not

12 cos ~.|3 f 1% sin @ ¢ | easy and you will need to use the

4.5 3
Ayt = _ |
dcos? @ +9sin’ ] o4 cos® @ +9sin’ @ printed answer to help you.

144 cos® 6+ 324 sin® 6 X 36(4cos® B+9sin’ )
B (dcos” B4+ %zin® 6 N (dcos’ B4 9zin” B
_ a6

" dcost@+9sin’ B

9% 144 cos® B +4%3245in* @

9x* +4y* = ,
{4:052 8+ 9sin’ )
_1296cos® B+1296sin 0 1296
(4cos® B+9sin® 6)° (4cos 0+ 9sin® 6)°

_ "’ 26
dcos @+ 9sin’ 0

The locus of Mis (x° +3*)* = 92° +4y* | as required.

o2
| =@+

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page3 of 3



Heinemann Solutionbank: Further Pure Mathematics Pagel of 3

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 30

Question:

a Show that the hyperbola z* —y* =a®.a = 0, has eccentricity equal to xE
b Hence state the coordinates of the focus 5 and an equation of the corresponding
directriz L, where both 5 and Z lie in the region x> 0.

The perpendicular from 5 to the line yw= x meets the line y=x at P and the
perpendicular from 5 to the line ¥ =—x meets the line y=—-x at (!

¢ Show that both & and (O lie on the directriz [ and give the coordinates of P and &
Given that the line SF meets the hyperbola at the point &,
d prove that the tangent at X passes through the point & [E]

Solution:

PhysicsAndMathsTutor.com
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2 53
X ¥ .
2 ] YO
a’ a e
1_ ,2(,.2
B =a’(e*-1)

For this hyperbola &% =2

hyperbola in which a =4

—

2
A i—‘y—g=l.Thi5 is an
i)

b}

gl =a’(d-1)=21=-12¢" =2

g = 2 asrequired
b The coordinates of & are
{ae,0)= {cx V2.0)

Anequation of £ is

x:____
g N2 2
c A 5
Y y=2x
.F’E
VYR
0 N 7% X
0
av2

SF 1z perpendicular to v = x, so itz gradient 15 —1. An equation of SF 12

¥ =—1[:x—a:"~ 2)=—xtan
yrx=avi
SF meets ¥ = x where

a:"»2
rtx=ayVil= x=

Hence P iz on the directriz L.
S0 s perpendicular to y=—x,
so dte gradient is 1.

Anequation of S0 is

PhysicsAndMathsTutor.com

21\\

-

The asymptotes to the hyperbola
y

é—y—:!:l are y=iéx. These

& &
formulae are given in the Edexcel
formulae booklet With this hyperbola
@ =b and the asymptotes are y=1x.
Thiz question iz about the intersection of
line with the asymptotes. The lines y=x
and ¥=—x are perpendicular to each
other and a hyperbola with perpendicular
asymptotes 15 called a rectangular

hyperbola. In Module FP1, wou studied

another rectangular hypetbola, xy=c*.
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y= 1{_x—cz'x 2)=x—av2

y=x—avi
[ I 2

St meets y=—x where —x=x—aVi=x= .
Hence iz on the directriz L.
Both P and O lie on the directriz L.

i y 2 y 2 3
The coordinates of F are - ,a: |

i y 2 y 2 5
The coordinates of O are 42 ,_a: > ‘

d SP. y+x=avz @ +— To find the coordinates of &, you

Hyperbola x° —y* =a* @ solve equations @ and @
From @ y=av2-x @ simultanecusly.

Substitute @ inte @

: 2
—(av2—x) =4

—2at 42V 2ax—x* =4°
5 2z 242 * | Thecoordinates of X are
2N Z2ax =3a" = x= s i s (3y2 2
an 2 4 ‘ ks Whaia A
4 4
Substituting for x 1in G /
e V2
=gV 2— g=—a
4 4 4
To find the tangent to the hyperbola at &
2oyt =gt
o dv  x
2x— EJ’E =02 =2 Differentiating the equation of the
dx dxr ¥ 2 el )
hyperbola implicitly with respect to x.
At R
3 N 2
i Ee A s
dx ¥ _2a
This 1z the equation of the tangent to the
y-—n=mlx—x) hyperbola at £ To establish that & paszes
; f ; \ X through O, vou substitute the
e 342 82 : : : ;
I Tﬂ = 3| X—Tﬂ |=31— @ | x-coordinate of O into this equation and
\ / show that this gives the y-coordinate
Yy=3x—-Zvia «—— of 0

\ 2 i y 2
d 2 ‘— oV 2g=-

Arx=222 5 =3
ST

Thiz 15 the y—coordihate of [
Hence the tangent at R passes through &,

@z

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 31

Question:

. Xy .
a Show that an equation of the normal to the ellipse _2_'_}?_2 =1 at the point
@

=

Flacosf bsinf) iz axsecf—bycosec  =a* —b*.
The normal at & cuts the x-ams at &
b Show that the coordinates of M, the mid-point of P, are

2a® — b b
|I .:12 ]cosﬁ,[a]sin EJ:|
a

¢ chow that, as € varies, the locus of M 1z an ellipse and determine the equation of

this locus,
Given that the normal at P meets the y-axis at & and that O iz the origin,
d show that, if @ = b, area AOMG areaAOGH =5% : 2(a* - b%) . [E]
Solution:
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a x=acosH, y=hsnf

. )
s =—a51nH,—y=bcosH
dd

de
d _ dy _dB6 _ broost
dx 48 dx asinf

TTaing mem' =—1, the gradient of the
normal is given by
¢ sin 6

B brosh
y—y =m'(x-x)

e

¢ sin H

y—hbaunfl =
boozt

{x—acosf)

bycosf —b*sinfcost = axsin @ —asinfcos 6

axsin —bycozf = {ag - Jsin 6 cos 8 «—— Divide this equation throughout

ax b
_ .}’ = 4% _p?
sin

cos

by sinfcos .

231 -
axsecH—bycosec @ = g® —b°, as required

b Substituting v=0 inthe result to part a

2 47
axsecl =g =%

2 ;2
a’—b

X = cos B

a

Y
a —b

+— Youfind the x-coordinate of Ghy

substituting v =10 into the equation of
the normal at F and solving the
resulting equation for x.

P:{acosH,bsinH],G:| cosB 0

The coordinates {x,,, ¥, ) of M the mid-point of P are given by

i b
|}\’1'|'?C2 _’]-!’l‘l'v].f2 |

2 7z )
2%t
acosf+ cos @
- i
g = >
cosB| a® +a® b ) [ 22t —h%)
= | = ||:osH
2 @ Il Za

Hence, the coordinates of M are

|‘2a2_bﬂ ! ,'E:l‘-,. .
| _ |c:c-s H,| — ‘smH . a8 required
@ L2 )
¢ Fordf
.‘zaﬂ_bﬂ Y "J_EI"'_
x =| _ ||:osH,y=| — ‘smH
2a ] | 2 )

PhysicsAndMathsTutor.com
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cosf = - ; 2‘,sinﬁ;':,L
[ Zat =k |' Ei '|
|_ et | 2
cost B +sin” 6 =1
2 2
: 7t 2 gk <
i zaz_bﬂ b fb‘.
|_ 2(1 | |-.. ..l|
This iz an ellipze. & Cartesian equation of this
ellipse iz
e
: 7 7
(24 -8*) &

d

Any curve with an equation of the

}"2

form —+> =1 1sanellipse If
a® ok

you are asked to show that a locus

1z an ellipse, it 1z sufficient to show

that it has a Cartesian equation of

this form.

H

/

substituting x =0 into the equation of the normal

1_p2

—bycosecO=a —b* = y=— sin f

2 a
a” —h" .
sin B .

Hence OF =

areaAOMG | B coordinate of Af
area\NOGH O
||. o

. |sinH
| 2

=i ke
a’—u .
sin A

2
e ;
= ——— asrequired

2(a*-2")

© Pearson Education Ltd 2C
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#— The triangles OMZ and OGH can be

looked at as having the same base
O Asthe area of a triangle iz

é <basexheight , triangles with the

satne baze will have areas
propottional to their heights, The
height of the triangle OGM is shown
by a dotted line in the diagram and is
given by the y-coordinate of Af
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Review Exercise 1
Exercise A, Question 32

Question:

a Find equations for the tangent and normal to the rectangular hyperbola z° —3* =1,
at the point P with coordinates (coshé sinhg) >0

The tangent and normal intersect the x-axis at 7and Frespectively. The perpendicular
from P to the x-axis meets an asymptote in the firet quadrant at O
b Show that (2 1z perpendicular to this asymptote.

The normal intercepts the y-axis at &
¢ Show that & lies on the circle with centre at T and radins 77 [E]

Solution:
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a To find an equation of the tangent at 7.
x =rcoshi, y=sinhs

— =szinh{, d—y=cosh.ﬁ
i

dy dy/E: cosh ¢

dx  df dxr  zinhi
Using y—y =mlx—x)

. coshi
¥—sinhé =

x—cosh £
sinh£{ )

ysinht—sinh®s = xcosht—cosh?s

yainhi = xcoshi— {n:-::ush:4 ¢ —sink £

=zxcoshi-1 -+
xcoshi—ysinhéi=1 @
To find the equation of the normal at P

Tzing the identity

cosh®f—sinh®z =1

TTzing mere' = —1, the gradient of the normal 12 given by

: sinh
m'=—
coshi
ke 1 st
y—sinhi =— S (x—cosht)
cosh

veooshi—sinhfcoshé = —xsinhf+sinhicosht
xsinh i+ yeoshi = 2sinh fcoshe @

PhysicsAndMathsTutor.com
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Substitute ¥ =10 into &
xsinhé = Z2asinhfcoshi

x = Z2coshi
The coordinates of G are (2 cosh g, O,

The x-coordinate of O is cosh s

re Mathematics

To find the coordinates of 7, vou
substitute ¥ =0 into the equation of

the normal found in part a.

Page3 of 3

The asymptote in the first quadrant has equation y=x. 4 The asymptotes to the
Hence the coordinates of 0 are (coshi, cosh flj. ) T _z_if_: il s
: e g — & i @
The gradient of G iz given by ATV = =-1 2
% —x Zooshi-coshs y==1—x. These formulae are
Azthe gradient of y=x 151 and 1x—-1=-1, G 1s ; a
L M e e given in the Edexzcel formulae
LRP LR booklet, With this hyperbola
@ =k =1 and the asymptotes
are ¥ =xx. The asymptote in
the first quadrant has equation
Y=x.
¢ Substitute y=0 into @
1 *— To find the coordinates of T, wou
xcoshi=1l=x= W substitute ¥ =10 into the equation
cos .
Coq \ of the tangent found in part a.
The coordinates of T are | L0 |
\ coshi

Substitute x =10 inte @
veoosht=2sinhcoshs = y=2sinhs
The coordinates of R are (0, 2 sinh £)

+— To find the coordinates of &, vou

substitute x =0 into the equation
of the normal found in part a.

T =2coshi-
cosh ¢
L (1 1
TR® = OR* +0T° =(2sinh ¢) +
B ‘ cosh £ | +— If acircle can be drawn through &
1 with centre T and radius 717 then
=4sinh’s + = 4(C°3h2 £l ]"‘ TE must alzo be a radius of the
cosh? ¢ ' cosh®
circle. Se you can solve the
=drash®i—d4+ - problem by showing that TR and
cosh™s T have the same length.
; %
=| 2coshi— =T
cosht |

Hence TR =T and & lies onthe circle with centre at 7 and radiug 75

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 33

Question:
a3t

a Find the equations for the tangent and normal to the hyperbola ——-%==1 at the
a

=

point (asecd btand).

b Ifthese lines meet the y-amiz at F and O respectively, show that the citcle described
ott PO as diameter passes through the foci of the hyperbola, [E]

Solution:

PhysicsAndMathsTutor.com
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a To find the equation of the tangent at {sec® btand )
% =asecH, y=5btan®

dx

a6

b _ bsec’ @ _ bsech _ B

)
=a@sect tan H,E‘}j:bsecgﬁl

dx asecHtan? agtan®@ asind
Y-y =mi{x—x)

Page2 of 3

y—btan = ——(x—asech ) < Lz the question asks for no
csin ; :
15 particular form for the equation of
ay sin H_ab R bx—absec B the tangent this 15 an acceptable
cos form for the answer. However,
5 _ ; (1—sin?0 ) . cosl @ the calculation in part b will be
x—aysnft =a | |=a et i i i i
| ooz o sasier if you simplify the equation
, . / at this stage.
bx—ayeinf =aghcosl @

To find the equation of the normal at (zsecO btan® )
TTzing meme' = —1, the gradient of the normal 1z given by

; asind
m' =
b
y=n=m'(x-x)
asinf . “When you multiply the bracket out,
y—btanf =— " {x—asecH]"_'_'_ﬁ_—ﬂ ¥ siniy
. _ 5 sinfBgec B = =tant
Ay—b tanf = —gxsin B+ a” tan 6 cosH

axsin® +hy=(a’ +5* ftan6 @

Thiz problem will be solved uszing
the property that the angle in a
semi-circle 15 a right angle and
vou need to show that P8 and 0N
are perpendicular. All five of the

points, B, O, (asecO btan @) and

the two foct lie on the same
circle.

PhysicsAndMathsTutor.com
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Substitute x=10 inte @

B e e To find the coordinates of P, you

substitute x =0 into the equation of the
tangent found in part a

The coordinates of P are (0,—bcot@).
Substitute x=10 into @

1, 32
by =(a* +&° Jtan B = y= e tan 8| To find the coordinates of &, vou
: b substitute x =0 into the equation of the
a* +4° tor1 8 ) nermal found in patt a
anf |

0,

The coordinates of (3 are

The focus 5 has coordinatés (e,
M-y “hoetB-0 b

The gradient of P55 given by m = = —rcotf
X 0— e e
The gradient of 0% 15 given by
2,12
a +h
tan 6 —10 2, 32
e —(a” +h&
s i Wi I _ e Doy
XA 0—ue ahe
, b a’ +b a’ +b°
i = —cot Bx— 1:;aI1H=—T
ae abe a‘e
The formula for the eccentricity 13
B =a(et 1)

=g o' = atet =at + b1

a’+ b __ag +E
a‘s a’ +b

w0 PS5 perpendicular to 05 and LRS00 =907,

E¥w the converse of the theorem that the angle
in a semi-circle 15 a right angle, the circle
described on P as diameter pazzes through the focus &
Ev symmetry, the circle also passes through the focus &

Hence mm'=— -1

4— There is no need to repeat the
caleulations for PS5 and O8It
1z evident from the diagram that
the whole diagram 15 symmetrical
about the y-ams, so, if the circle
passes through &) it passes
through &' It is quite acceptable
to appeal to symmetry to
complete vour proof

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 34

Question:

Given that r =2 = 0 and 0 < arcsin [E}i g show that
r

i aru:sin[i] S S [E]
dr r rdirt—at

Solution:

Fa_ h!
Let y:arcsin| — |
\ 7 )
]
Letu=—=qar!
F
S +— Youcan use the chain rule to
dy  dy du _ . oy
N differentiate aru:sin| . |
1 O
i {]—uzj
s 4 &
dr r
Py Toutake one of the 75 inside the square root sign in
1 ¢ the denominator. In detail
Hence — = - ==

]
y (1 _uz } ’ r_z 5 i aﬂ B 5 i an N -:. gv i az N
r 1-2_|| » |1——|=r\r‘ |1——|
| e | 2 | ._ 2

B a . /
= as required —
ry {rz —czz]

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 35

Question:

Given that y = (arcsin x)%,

dy :
a prove that (1-x°)| = | =4y,
P ( )[dx] y

2
b deduce that (1—x3)d—f—
dx

Solution:

et
a y={arcsinzx)

Let w = arcsin x

xd_yz
dx

[E]

This result 1z 1n the Edexcel formula boollet,
which iz provided for use with the paper. It is

a good idea to quote any formulae you use in

Fyo-u
dy d_y‘/du
dr de dx
i
il 1 /
dx {1—X2] your solution
Hence
d—y=224/ 1 : _Earcsmzx
dx V(1-7) V(1-z)
V(1-2 ]d_y = 2arcsin x -
: dx
% 2

(-2

| = 4{arcsin x]z

=4y, asrequired

solution.

squate both sides of this solution and use

. .
the givenn ¥ =(arcsinx ) te complete the

b Differentiating the result of part a implicitly with respect to x

Pagel of 1

Using the chain rule

2

‘ dyddy|

@ dly

ST

() L dly by
d
o) =
{1— . jx—“"g— E=2,as required

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 36

Question:

it +1
ok
b Given that £(x) = px—tanh 2x, where p 15 a constant, find the value of p for which

a Show that, for x=1Ink_ where & 15 a positive constant, cosh 2x =

fix) has a stationary value at x=1n 2, giving your answer as an exact fraction. [F]

Solution:
2, - 3wk, _-2hk
a cosh2x =" cal i o
2 2
1
Ehkz + EhF Ty w012y +— TIsing the law of logarithms
= 5 :§|’§: +? | alnz=Inx", with n=-2,
1 +1) J;:4_;_1_ . —21nk=lnk:"=lni2.
=—| —— ‘=—2, as recquired L'y
2l kB 2k
b f(x)=px—tanh 2x
For a stationary value
f'(x)=p—2sech ?2x=0
2
= 2sech 2x=——
= cosh? 2x
Tsing the result of part a with £ =24 '"There 15 no "hence’ in this
If x=In 2 gquestion but using the result in
1 17 patt a shortens the working. The
cosh 2x = 5 = i gquestion requites an exact
Hence * fraction for the answer and you
5 128 should not use a calculator other
= == — than, possibly, for multiplying
|" E ‘ 288 and dividing fractions
M

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 37

Question:

The curve with equation ¥ =—x+tanh 4x, x> 0 has a maximum turning point 4.

a Find, in exact logarithmic form, the x-coordinate of 4.

b Show that the y-coordinate of 4 is i{Eﬁ—ln(2+\E)}. [E]

Solution:

a y=-x+tanhdx

dﬁ =—1+4sech *x=10
dx

1 Az cosh x21 for all real x,
sech “4x = ZﬁV coshdxr=-2 1z impossible.
coshdx =2

4x = arcoshZ =In {_2"' 3} For x =0, there 15 only one value of x which
g . gives a stationary value. The question tells you
x=—In {_2"‘ v3) +— | thatthe curve has a maximum point so, in this
d gquestion, you need not show that this point iz a
maximum by, for example, examining the
second derivative.

b tanh®4xr=1-sech *dx=1- l = E *+— YTouneed a value for tanh 4x and this 12
4 4 easiest found uzing the hyperbolic
Az 220 tanh4x=£ identity sech x=1—tanh®x.

At x= l1r1{'2+ v 3)
4 )
Y
.‘J"f:_:JL—'i'ta.'lf].]:].4:’{=——]_n[2_’_1 3 |+_
4 Py
= %{2 K 3—111 {2 + 3 :I}, as required.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 38

Question:

The curve O has equation y=arcsec e, x> 0,02y = Efrr .

1
(=% 1)
b Sketch the graph of O

a Prowe that g=

The point A on T has x-coordinate In 2. The tangent to O at 4 intersects the y-axis at
the point 5
¢ Find the exact walue of the y-coordinate of B [F]

Solution:

PhysicsAndMathsTutor.com
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a y=arcsece’
secy=¢g"
Differentiating implicitly with respect to x
d
sen:ytany—y =e
dx

®

dy E
dx  secytan y

As secy=e" tan’y =zec’ y—1=¢e% -1

tan y = 'x{eh—l]a'.

tan 3 = —V (e** = 1) is, in general,

é _ = _ sasreeired possible. Inthis case, the question

ex y {Eﬂx_-l] .,\{eﬂx_-l]

. 1
specifies that x>0 and 0 < p = ET
and, with these ranges, arcsece” is an

: : : dy
increasing function of x and s — i3

positive [ tan ¥ is positive),

L y4
Ty
7
& +— In your sketch, you must shew any
important features of the curve. In
thiz case, you need to show that the
0 T curwve statts at the origin and that the

T

line ¥ =é 1z an asymptote to the

curve.
¢ At x=In2, the gradient of the curve is given by
oy 1 _ 1
dx "m{Eh—-l] ._\{Eﬂhﬂ_-ll
- 1 g A g d
{eh“ o R G M
At x=1n2,
e — O :
y=arcsec e’ =arcsec e™ = arcsec2 =— Arcsecd = 31"35':'55 g In questions
involving calculus you must use
An equation of the tangent is radians.

y=n=m{x-x)

y_é = __—{x—ln 2) 4— There 15 no need to simplify this equation.
ny: x=‘[] You only need to find the walue of v at
T 2 1 Ao
=—-———=—{7-v3n2)
3 N3 3

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 39

Question:
* 1

Evaluate = |dx, giving your answer as an exact logarithm.  [E]
1 (x"—2x+17)

Solution:

=2x+17=x"-2x+1+16= {x_l.]z +4 It 1z usually a good idea to begin any
Hence integration invelving the square root
4 1 4 1 of a quadratic by completing the
j R TR R =j ———dx square.
1Y [x —-2x+17) 1V ((x=1) +4°)

Pagel of 1

x—1T 3
= {arsinh —:| = arsinh ——arsinh
4 4

! #+—— This iz a direct application of the
—tn| 24 V[ 241 ) |=taf 24V 2] || formola
| 4 | 16 | | | 4 | 16 | |

=m[§+§]=m2
1377

tormula correctly if the

was not 1.

J% dx= arsinh‘l E I|
{_x +a’ ) \a )
which 15 given in the Edexcel

formulae bocklet. You would
need to be careful to adapt this

coefficient of x* in the quadratic

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 40

Question:
2 1

Evaluate I —dx, giving vour answer as an exact logarithm [E]
1 ».,|||(;':2 +4x—10)

Solution:

P tdx—5=x +dx+4-9=(x+2) - F

Hence
j3 1 j3 1 s arcoshl=10
—dx ey A e WLy
1 V(& +4x-5) 1y ({x+2f—32)
= {arcosh i T = arcosh g —arcoshl
: ) . % ) "-—_ To obtain the answer as an
_ & | E+ A/ ‘ E—l | | =1n|l E+'\." | 16 | | exact logarithm, you can use the
3 | @ 3 o formula
=1n|l'2+iﬁ=ln3 arcoshx=1n{x+'x {xg—l]:I.If
;2 3] you forget this, or can't

remember the sign, you can find
it in the Edexcel formulae
booklet which 15 provided for
usze with the paper. Thiz booklet
contains many of the formulae
needed for the calculus topics in
the FP3 module,

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 41

Question:

Tse the substitution x= , where @ 15 a constant, to show that, for x> 0,2 =0,

sinh @
1 I o= i
— e dx=——arsinh| — |+ constant [E]
x.,l}- 2 4a? B &
Solution:
x= -a = alsinh )"
sinh
acoshd

—— +— When substituting remember to
sinh” f substitute for the dx as well as the rest
of the integral.

E =—alsinh ) cosh B = —
46

%dx: ! 3 LT
x'x(x +cz) a i a . do@
x "| g t+a
sinh & sinh*
_ he : i
—af Coz —1{coshf Tee 1+sinh®8 =cosh®@ to simplify
= %dﬁ oo 46 this expression.
a“~1+sinh® @ @ J cost
sinh2 e}

1 2]
- —_j CORMY B ljldH
¢ J cosh@ e

i ' i

1 Az x=— ,then sinh & =—

= ——f +constant sinh & x
a

fa"l
and H=ars1nh| = |
| =}

I ,
=——ars1nh| — |+|:onstant, as required.
a | x ]

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 42

Question:

a Prove that the derivative of artanh x, —1<x <1, 13

1-x

b Find IMth dx. [E]
Solution:
a Let y=artanhx

tanh v = x

Differentiate implicitly with respectto x| To differentiate a function i3

. dy 1 1 with respectto x you use a
sech ya_]:' 9 iseen T version of the chain rule

= . as recquired

Tzing integration by parts and the result inpatt a

d . dy
= (F =F'[yx 2
EON)=£)

jafcanhx dx = jl « artanhx dx -]

= xartanhx—j%dx
1-x

E xartanhx+%ln {l—x2 J+A

- dw = o
Touuse puw—dr=uv— p—dx
| e ligrs
with & = artanhx and d—v=1.
dx

You lnow % from patt a.
dx

Thizs solution uses the result

J.Tjdx—lnf(x} =0

j _sz dx=1In{1- x*) and you multiply
=ik
this by —% to complete the solution. This

iz a question whete there are a number of
possible alternative forms of the answer,

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 43

Question:
1
a Find J.de.
11-44)
03
. ) 1+x

b Find, to 2 decimal places, the value of j ——dx. [E]
0o f1-4s |

Solution:

1+ 1 x
a W i1— = 1 — a2 dr+ 1442 A ] Tou tust treat this integral as two
V(1-4x) V(1-4%*) V(1457 ) g
' ' - separate integrals added together.
Let 2x=s5in@ , then 2 E =cosf = E = l cosf Both integrals have been solved
de 46 2 here using substitution. This iz a
1 p 1 dx 46 safe method of solution but you
V(1- 45 ] I (1- sint o ]d_H may be a_ble to sherten the worliing
: ; by adapting standard formulae or
_ j 1 /l coslidih= jl 46 inapection.
cosf 2
1

=_0+4d= larcsin2x+fi
2 2

Let z* =1-4x* then differentiating implicitly with respect to x
1

2uE=—8x:‘ax—=——u
dx dus

j;dx=jl/XEdu=jl/_ludu
V(1-47" ) v du u 4

4 4 4\

Combining the integrals
J‘H—xdx=larcsin2x—%'x [1—4,12 I+

V(1-4x') 2
03 03
.Ide = [l arcsinEJr—l V(1-47° ]}
o ¥ {.1—-4;':2 J 2 4 0 a
1 . 1 (. 1)
= —arcan .6 —= (1—4x 0.09}—‘ 0—= | *+— Tou can use your
2 4 L 4] calculator at any stage to
1 : 1 evaluate this definite
- Earcsm[].ﬁ N 0'2+Z integral. The calculator
=0372 (3dp) must be in radian mode.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 44

Question:

a (mven that v = arctan 3x , and assuming the derivative of tan x, prove that
d 3
dr  1+49x°

[%n

1

b Show that I } 6x arctan 3x = S 33

1]

Solution:

PhysicsAndMathsTutor.com
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a y=arctan=x
tan v = 3x
Differentiating implicitly with respect to x
sec? ydﬁ =3
dx
d 3 3
& sect y B 1+tan® y

3 , - dv = du
= YTouvuse p—da=wv— p—dx
T as required }u & Jv o

with & = artanh 3% and %=6x.

b Using integration by parts and the result in part a AT % from patt a
= .

[ 3
6xarctan?x dx = 3xarctan 3x — 3x2/—2dx
o 1+5x ‘\
[ 922 +1-1
= 32 arctan 3x — ——— Teou have to integrate -
J 1+3x 1+9x
* ] the degree of the numerator 15
=3xarctan 3x— |1dx+ e equal to the degree of the
v denominator, you must divide the
g +1 e detio mi_n ator in_t-::- the numerator
3 before integrating,

H

1 5 The adaptation of the formula given in
{3?:231":1:&113?:— it g arn:taan} the Edexcel formulae boollet,
0 i M
V2 ¥ (3 jz#fh:ltaﬂ il |t0 this inte gral
= 3x| - | arctan ¥ 3—— +—arctan ¥ 3 el ! : R N
|55 ] 15 not straightforward.
, 1 1 1
4 V3 j_dxz_j dx
= —arctan v 3——— 2
3 arclarn 3 1+9x 9 l+ Xz
= i_, B X0 (4m =34 3), as required
303 3 a9t 4 1 1 x
= —x —arctan| — [=—arctan3x.
g 1 I
2 | 3

You may prefer to find such an inte gral
uzing the substitution 3x=tan

© Pearson Education Ltd 2C
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Exercise A, Question 45

Question:

a Starting from the definition of sinh x in terms of e*, prove that
a:rsinhx=1n[x+ﬂ'(x:l +11].
1

b Prove that the derivative of arsinh x is (1+x° )_5.

; e 4 :
¢ Show that the equation (1 +x2)—"]; +x X _0=10 is satisfied when
dx dx
y = (arsinhx)®.
1
d TTze integration by parts to find I arsinhx dr, giving your answer in terms of a
0
natural logarithm. [E]

Solution:
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. . g —e™?
a Let y=arsinhx then x=sinh y= :
Bttt 1 *+— Youmultply this equation throughout
2 by e and treat the result as a quadratic
g =Zxe’=1=10 A
) in e” .
2x+V (4x" +4)
g —
2 " 4+— The guadratic formula has + in it
_ 2x+ 2 {X +1_}= gl {xz 1y However x— I:;r:4 +1) is negative for all
2 real x and doesz not have a real logarithm,
g0 you can ignore the negative sign.

Taleing the natural logarithms ofboth sides, ¥ = ln[ X+ {xz +1) ] . as required.

b ¥ =arsinhx

sinh y =x

Differentiating implicitly with respect to x
de 1
dx  cosh ¥

dy
coshy—=1=
g
cosh?® y
d ;
Hence — (arsinhx )= ———=
dx Y {'l + x }

c y= {arsinhxjg

B3]

G = Zarsinh:x('l+x2 ]

&y

dxﬂ

%] [N

= 2{:1 + x° } e Zxarsinhx{l + %0 }

2
Substituting for ot and d—“::‘ inta
dx

x
dx

=1+sinh® y=1+x* = cosh y=" {1+.7r2 }

= {_1 +x2 } 1, as required,

1 1 f )
=2(1+x* )3 (1+x*) 2 + 2arsinhzx| -% |{2x](1+x2 )

arsinh x 15 an increasing function
of x for all x. So its gradient is
always pozitive and vou need not

consider the negative square root.

Tou uge the product rule for
differentiation

25 i[ucv"]=vﬁluE with
dax

=1 Z2arsinh x and

1
v={1+x") 7

' 3 1
= (1+x* ']L 2(1+ %) 1—2xarsinhx{1+ x)7 J+xv Rarsinhx(1+x° ) T-2

1

1

= 2 —2xarsinhx(1+ x° ) 7 + 2xarsinhx (142 ) 7 -2

=0, as required.

1 1

d j arsinhxdx = j 1= arsinhxdx
0 0

1

' 1 x
= |xarsinhx| — | —————
| l” L V(1+x%)

=arsinhl—[ \{1+x2]]:

=In(1+V2)=V2+1

© Pearson Education Ltd 2C
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—| (+x ) |==x2ax(1+x2 )7 = —xnt

dxt{' ”}J 5 ekl V({i+a)
X i 3

L _.1{1+x2}dx='-1{]+xzj.
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Exercise A, Question 46

Question:

a Tsing the substitution uw=e%, find Isen:h xdx.

b Sketch the curve with equation ¥ =sech x.

The finite region & 1z bounded by the curve with equation ¥ = sech x| the lines

x=2, x=-2 and the x-axis.

¢ Using vour result from a, find the area of &, giving vour answer to 3 decimal
places. [E]

Solution:

PhysicsAndMathsTutor.com
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r du k3
a p=et= _=pf=
dx
Hence
dx sl
i ]
jsechxdx= 2 X/Ed.u
e +e iz
[2xlen[2w
LA e+
]
= Zarctans + A

= Zarctan {ex J+ A

b ¥
44— The specification requires you to know
the graphs of cosh and sech. The sketch
below illustrates the relation between
> them.
) X .

a— v=cosh x

yv=sechx

) X

¢ Teing the symmetry of the curve in b, the area, 4, of & is given by

2

A= zj sechxdx=[4arctan{ex ]T +— The curve 15 symmetric, so that
0 ' : the area bounded by the lines

x=—2 and x=2 is twice the

area between the y-axis and the

= darctan (¢® )-m = 2.604 (3dp) line x=2.

= darctan (ez )—4arctan 1

TTzing the result from patt a.

© Pearson Education Ltd 2C
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Exercise A, Question 47

Question:

a Prove that arsinhx =111[.7E+1|||I:X2 +11].

b 1 Find, to 2 decimal places, the coordinates of the stationary points on the curve
with equation y = x—Zarsinhx
1 Determine the nature of each stationary point.

m Hence, sketch the curve with equation ¥ = x— Zdarsinhx |

0
¢ Ewvaluate I (x— 2arsinhx)dx. [E]
-

Solution:

PhysicsAndMathsTutor.com
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oz
a Let y=arsinhx then x=sinh y= 5
Sr=pg’ —pg* < Tou multiply this equation
L throughout by & and treat the
s {4x2 +4) result as a quadratic in .
E'}I N ———
2 ‘\
Dx 4 2 (x2+] | : The negative sign can be ignored
= 5 =x+n {x $1 in the quadratic formula as it

gives & negative less possible.

Taking the natural logarithms of both sides, \

=l [x+ {xﬁ o ]] GELnEd, The specification requires you to

prove this and similar results,
Teour preparation for the
examination should include
learning how to prove the
tormulae which express arsinh x,
arcosh x and artanh x as natural

lo garithms.
b 1 y=zx—Zarsinhx

L P R,

dx V(1+5%)
V(145 )=2=1+x" =4= x=4V3
At x=V3,
y="3-ZarsinhV3=3-2In(V 3+ (3+1))

=3-2In(2+V3)=-0902 (3dp)

At x=—+3,
¥ ==\ 3= 2arsinh (—V3)=—=V3-2In (-V3+V(3+1))

=-V3-2In(2-V3)=0.902 (3dp.)

To = decimal places the coordinates of the stationary points are

(1.732,-0.902),(-1.732,0.902).

1
il d£=1—2{1+x2J§
dx \,
4 (1) 3
£ =2 et
2x

PhysicsAndMathsTutor.com
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Atx="3

gl . s

(143

Atx = -3

dz—‘:;j= = 33=—;¢U:-maximum
&= ae

= T = 0= minitmum * | These calculations show you that

the curve has a mazimum point in
the second quadrant and a
minimum point in the fourth
gquadrant. This helps vou to sketch
the graph correctly.

-+

Hence (1.732,-0.902) iz a minimum point and

(—1.732,0.902) is a maximum point.

-10.902

Page3 of 3

+— The curve has rotational

syminetry about the origin.

_\"3 a

—.902

C jarsinhxdx = jl <arsinhxdy

= xarsinhx— Lﬂ
V(1+ ")

= rarsinhx— (1+x°)
Hence J.E;{x — 2arsinhx Jdx
0
= [g — 2xarsinhx + 2 (1+ %2 \}i|
) 2

= (2)- (2 +4arsinh (-2)+2V5)

=1.302(3dp)

© Pearson Education Ltd 2C
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+— Integrating arsinh x 15 not easy in

et (_2 + 5)_ 345 "._._'___}__._____,.—-—- This 15 not obwvious from the

itzelf and it 1z a good 1dea to work
this out separately before
attempting the whaole integral
Tou integrate arsinh x using parts,

This exact answer 15 an
acceptable answer to the question
but reference to the graph shows
the answer should be positive,

expression and it 1z worthwhile
evaluating it to check your work
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Exercise A, Question 48

Question:

1
Tse the substitution " =¢— E or otherwise, to find I— [¥]
5 A+5cosh x
Solution:
3 , . .
Ifie == = +— Differentiate the equation
implicitly with respect to £,
;dx
then e — =1
di
(, 3Y 6 9
and e =| psi | ey i
L3 50025
j L4 J 1 dx Multiply th d
e g M= | o %% +— Multiply the numerator an
3+35cosh '
oS 3+ 5| il J dencminator of the right hand
- side of this equation by 2 &"
2&"
ol Bt
jtﬂe +5e +5
[ 2
= e —— | g — |d£ .
J oe® +6e" 451 df Tsing the standard result
* 2 1 1 fxY
= o T {1)de ﬂ:2ergci.":=;a.ru:tan|E|W11:h
2 | | o 5, !
J 5l —3ﬁ+ﬁ_||+6|_ﬁ—§_||+5 ’
T a = —_
2 2 ds 3

. 5:3—6:+§+6z—§+5

. 2 1
N j T
Gt ST B

3 23

—

Eemember to  return  to

g arn:tan‘
5

'._AI_&.|I:-9.

‘+A

the

original variable, which iz x not £,

Se4+3)

:larctan‘ —| "+ 2 ||+A—lar|:tan| |+_r'1
2 3 2

© Pearson Education Ltd 2C
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Exercise A, Question 49

Question:

0 ¥

The figure above shows a sketch of the curve with equation ¥ = xarcoshx, 1= x <2,
The region &, shaded in the figure, iz bounded by the curve, the x-axis and the line

x=2.
=how that the area of A iz %111(2 +J§} - % : [E]
Solution:

PhysicsAndMathsTutor.com
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2 2
jxarcoshxdx= J'C—arn:-::-shx— jx—zdx
2 29 (x -1}

To find the remaining integral, let x =cosh &
dr
—=snh
dé
cosh® A | dx
| dd

xﬂ
dii=i foee T o dd
jza (x* 1) jz (cosh? 6-1) ‘

20
= jEOSh sinh 046 = %jcoshg Bda

2zinh @

= %J.{n:osh 20+1)de ——e ]

_sinh 2680 B sinhBcosh B i f

5 4 4 4

_ [V -1z 4

+— arcoshx
4 4

Hence the area, A, of iz given by

s 2 2
A= x—arcoshx—lx'x {xg—lj—larcoshx
2 4 ' 4 :

2

2

- |

4— Thiz solution uses integration by

d i
patts, u—vdx=uv— —dx,
dx dx

: o
with @ = arcoshx and — ==x.

There are other possible
approaches to this question, for
example, substituting

u = arcoshr

TTsing the identity
cosh 26 = 2cosh®O - 1.

sinh 6 = (cosh?6 —1)=(x* -1}

= | L I|arn:oshx—lx'x (x*-1)
L 28 4 = 1
= Earn:osh2—§]—[[]| ]

In (2 4+ 3= ?3 as required.

N R
| P

As arcoshl=10 and v (1*-1)=0,

both terms are zero at the lower
litnit.

© Pearson Education Ltd 2C
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Exercise A, Question 50

Question:

4x* +4x+5=(pr+q)* +r
a Find the wvalues of the constants p, g and »

1
b Hence, or otherwise, find I—dx
A% +4x+5
8
¢ Show that [— dr=1n[Zx+1) +1,|'(4x2 +4x+ 5]+ %k, where k1z
,Ill4x2 +dx+5)
an arbitrary constant. [E]

Solution:

a 4 +4x+5=(px |-q.]2ir

=p’x* +2pgx+g’ +r

Equating coefficients of z°

d=p' = p=2 ——m— | The conditions of the gquestion
Equating coefficients of x allowy ==t deian aneiger, bus

4=2pg=dg =g=1 the negative sign would make the
integrals following awkward, so

Equating constant coefficients [
4 s choose the positive root.

o =g2+r=1+r--ﬁr=4

p=2g=1r=4

PhysicsAndMathsTutor.com
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il 1
————dx= | —————dxr *——— If you know a formula of the type
j4xﬂ+4x+5 j{2x+lf+4 3 1 i ,a;ﬁf
Let 2x+1=2tan @ j—a2x2+b2dx=£arctanI? . OF FOu
E = ZseciH = L =gect are confident at writing dewn integrals
H by inspection, you may be able to find
il _ 1 this integral without wotking. It 1s,
{2x+1f 14 ) 4tan? H+4|. 46 | howewer, very easy to make errors with
L the constant and get, for example, the
1 i i
= J.ﬁ (ﬁf"ﬁ}ﬁ)dﬁ' COMITON Brror Earu:tan 2l +7
1 .
=—6+C
4
=larc | crel I|+C'
4 2
o - 2 i
[4x2+4x+5] {{2x+1]2 +4'} +— Asinpart b, you may be able to

Let 2x+1=2snh6

write down this integral without

wotking,
EE =2coshH:~E=coshH
d6 df
2 - 2
(zx+1) +4) V(4sinh® 6 +4 ]| de |
= {cosh® )dé = |1d6
Z2coshd
=f4+C= arsmh‘ Sty +C
Tsing arsinhx=In {x+'- [x +1]]
T 3 Y
(2x+1Y) ff (2x+1
j+4x=1n = +\‘{I—J+1 e
V(dx®+4x+3) 4 |
| 2x+1 \|| gt ipda iyl 14 ‘ e
4 .
[ Zx
= In | (42 +4x+5) |+
ln[ (Z2x+1)+ -4x +-4x+5]i|—1I12+'1jF +— —1n2+ an atbitrary constant is
: another arbitrary constant
1n[[2x+] + {4){ +4x+5]]+k, as required.

© Pearson Education Ltd 2C
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Exercise A, Question 51

Question:

1 1

3
Using the substitution x = 2cosh®z —sinh” ¢ |, evaluate I (x—11%(x—2)%dx.
2

Solution:

PhysicsAndMathsTutor.com
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If x=2cosh®f—sinh?®s then
x—1=2cosh®z—sinh®s—1

re Mathematics

= 2cosh®s—(1+sinh?®z) <

= 2cosh®s—cosh®s=cosh?s
x—2=2cosh?r—sinh?s -2

= 2{cosh2£—1 ]—sinhgf. 1 Gimplify using

= 2sinh®f—sinh®¢f = sinh?®¢
dx

simplify using
1+sinh® £ = cosh®s.

cosh®f—1=sinh®z

E =dcoshisinh{—2coshisinhi=2coshésinh

Substituting into the inte gral
1 1 " 1
j{x—l]‘z{x—zjidF {cosh®¢ |2 (sinh*s

de

&le

J§

= |coshisinhé{2coshising )de

2

= |2(coshesinhe | de

Page2 of 3

+— To find the integral wou need the
hyperbolic identities
sinh 2 = 2sinhicosht and

= T
=12j51nh223dﬁ=%j{c05h4ﬁ—l]dﬁ C05h4£—1+251nh 2&‘,

0o g L
16 4

For the limits
At x=2

2 =2cosh®t—sinh®s = cosh®s+ {coshz t—sinh®z ]

2=coshii+1=rcoshi=1=¢=0
At x=3

3 =2cosh?f—sinh®s =cosh?s +{cosh2 f—sinh? :]

Z=rosh’i+1= cosh =2

cosh ¢ '-2=:~£=1n{:'x2+1} |

sinhf =" (cosh®e-1)="(2-1)=1

Hence at x=3

Tzing the formula

arcoshx = 1n{x+ {xg - 1]],
arcoshy 2=1In{V 2+ (2-1))
=In{v2+1)

PhysicsAndMathsTutor.com
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Ty s - 3
16 SERE T sl oS The evaluation of l sinh 4¢f at
= l{ESinhf.coshf.]{l-l-Esinhz.ﬁ ] the upper limit requires the use of
8 ' two hyperbolic double angle
R YR \_3¥2 tormulae and it 15 a good 1dea to
= E{E * EHH_EJ_ 4 wotk this out as a separate
Heniee calculation before attempting the
complete integral.
3 1 1 1 P, LARMEN N
(x—12({x—-ZRpdx= [—sinhéhf——}
. 16 4 I
w202, L)
4 ;

© Pearson Education Ltd 2C
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Exercise A, Question 52

Question:

f(x)y=arcsin x

1

a Show that f (x) = ——.
[ 1— % |

: ; . d : :
b Given that = arcsin 2x, obtain a‘y as an algebraic fraction.

-

¢ T[Tsing the substitution x= l sin &, show that M dr = i it —ﬂu@) [E]
2 o H, 1—452 ) 48

Solution:

PhysicsAndMathsTutor.com
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a Let y=fix)=arcsinx

siny=x

Differentiating implicitly with respect to x
dy

Cosy— =

¥ dx /
dr 1 1 - 1
dx cosy v {l—singyj {l—x:‘]
E: (x) = , a8 required

)

b y=arcsin 2x

Let u=2x,%=2
dx

¥ = arcsinu
TTzing the chain rule
dy _ dy du
dr  du dx

. 1 s 2

CV([-a2) T V(1-447)

¢ x=—snt =—=—cosfll B S
At =l,—=—sinH=‘,~sinH=—=:-H:£
4 &

At x=0,0=lzsinH:~sinH=U:~H=U

1. ol cerend
»—sinBarcsin (sinf ), s

Page2 of 3

Unless otherwise stated, arcsin x
15 taken to have the range

T T

_é < arcen x < 5 These are the

principal values of arcsin x. In
this range, arcein x is an

. . . dy
mcreasing function of x, — 13

positive and you can take the
positive value of the square root.

In this question it 15 convenient to
catry out the substitution without
returning to the original variable
X, =0 at somme stage you must
change the x limits to 6 limits,

Ev definition, arcsin(sind)=#.

Tou usge integration by parts,

juﬁ =uv— jv% 48, with
da dd

dv )
=8 and —H=s1nH.

jxaru:smi;xdxz — ‘—]dH
[1—4x ) {l—sm g) |de ]
s —zin x| .
= lmsH |dH —
J ces@ {2
=l Han 646 +—
4
1 1
=——0fcosf+— | cosd 48
4 4
:—chosH+lsinH
4 4
Hence
1 n
1 ; I3
b et zgxdx={—chosH+lsinH}
i k, {1_4x ] 4 4 ]

T

={—icos£+lsin;—'}—[0|
24 £ 4 6

¥3 1.1
e e e,
2

E

=—§,
0 (6—m3), as required
agt o7 '

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 53

Question:
a Show that a:tanh[sin;—r]=1n(l+\f§).

b Given that ¥ = artanh{sin x) , show that % =seCx.
¢ Find the exact value of I ! sin xartanh (sin x)dx. [E]
0

Solution:
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lr '|'
a Using artanhx=—1n| L and sin— i
| 4 2
# Sx r 1+i | +— Mdultiply the numerator and
artanh‘ Sin'lz' |= ~lIn —12 denominator of this fraction by
' 1-— J2.
1 2+41) : : -
= Eln 51 | +— Eationalise the denominator of
the fraction by multiplying the
e Y i,
iy \ (V2+1) numerator and denominator by
=lln 2+1/ 2+1 =ll . ) (V241).
2 G s T o 1 \ /

= 2/%1n{:1+‘1 2}=1n{1+‘1 2), as required\
Tse the property of lo garithms
Ina*=2lna.

b y=artanh{sin x)

; dz
Let u=snx,then —=cosx

¥ =artanhi
TTzing the chain rule
dy dy cr
dr du dx
1
= - d 1,
1—g? RIS The formula — (artanhx)=——= 1z
dx o l-x
— FI—C given in the Edexcel formulae booklet
1-sin® x cos® x which is provided for uze with the paper.
1 .
= =secx, as requred.
COSX
¢ jsin xartanh (sin x Jdx 4+— From part a, you know that you can
differentiate artanh (sin x) and this
= —artanh (sin x Jcosx + jcos xsec xdx suggests using integration by parts,
o s .
ju—vdx=uv—jv—dx, with
= —artanh (sin x]n:osx+j]dx dx dx
o dv
;o 1 =artanh (sin x) and — =sinx.
= —artanh (sin x Jcosx+ x dx

Hence

T : _ x
j sin xartanh (sin x Jdx = I:—artanh (sinx Jcosx+x:|t‘l‘

! +— Youevaluate the upper limit
using the result proved in part a

={—artanh|rsin£\I|c:os£+£}—[0| P iy
o4 44 that artanh| sin% |=1n {'1+ v2).

=—ln(1+v 2}/L+£
- d k| 2 4

—"—1n(1+ 2)

Z

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 54

Question:

Ya

-
%

7] q
The figure shows part of the curve © with equation v = arsinh(ﬁ}, x=0.

a Find the gradient of < at the point where x=4
The region &, shown shaded in the figure, 1z bounded by O, the x-axiz and the line

x=4.

b sing the substitution x= sinh® 6 , or otherwise, show that the area of B is

Eln(2 +J§} = JE , whete I is a constant, [E]

Solution:
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a y=arsinh (" x]
3

Let u=vzx=x

de 1.3

dx 2

¥ = arsinhu

TTzing the chain rule

dy_@fxdu

dx duw dx

1
= b gl .—— ;
'x{u2+1} 54 As w=2x% then »® =x and
i V(w? +1)=V(x+1).

22\x\{x+1]

Atx=4

dy 1 1 A5

dx 2vdv{4+1) 4vs 20

b If x=snh? ,%=25inthoshH=sinh2H

jarsinh v xdx = |arsinh l N {sinh2 & }}x;ﬂﬁ df

Ev definiti inh (sinh @ )=8 .
= |arsinh (sinh 6 )« sinh 26 d6 y definition arsinh (sinh 6)

= |fsinh 2640 / Tou use integration by parts,

i dv du :

: 7 7 — il =uv v—d#f , with
_#0 l:oszh 2f _jc-::uslzl 2f 46 J‘ 6 j 7

i i cosh 26 B sinh 26
2 4

. e .
6 (1+23mh 6 }_ 2sinh@cosh @ 4+——— This solution uses double angle

2 4 formulae to transform the
arsirh (A 5 Y1 + %5 EXpression back to the _origma_l

{ A :I_ vy liva) variable x before substituting in
2 2 the limits.

w=1 and E =zinh 261
do

Hence the area, A, of R is given by

7 _arsinh{\x}{‘l+2x] '-\;r'-~[1+xJ]4
- 2 T2

1]

2 2

:'arsinhw){gj_z\{sw_lol

=§1n{2+\5}—\5

This 15 the required result with = %

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 55

Question:

L]

3
I”=J Meosxdraz0.
0

a Prowve that [ =[g] —nln-101 _,nz2.

b Find an exact expression for J;.

Solution:
a {,= | x"cosxdx
0

£ b
X - 21 .
=|:.7|’ smx]é‘—j HX sin x dx
]

. - =

tar 2
+[M:}:’é leos :J.':IU2 —j nin=1r"2cosx dx
0

i

=2
o *_._’__)_,_,—-" You repeat integration by parts

2 -u(rn-1)I

4. 88 required

®

(xY
b fﬁ=‘[5‘| - 651,

+— You use integration by parts,

[E]

d .
i e vde,Wlth
dx dx

#=x" and d—v=cosx. Then
dx

Y=3nx.

this time with & = »z"* and

dv

— =sinx.

This expression 15 zero at both the
lower and upper lunit.

Fg tlﬁ i i ‘.4 k!
- \[ > _.| -30‘ |.§ J —4x 3L,

A Fals.
= \ E | - 30\. E | +3601,

(o8 e
=z

This 15 the result of part a with 6
substituted for . You have now
reduced the integral to w=4.
Youthen repeat the procedure
until you reach an integral which
vou can evaluate directly.

o fr
| +360‘ |§| —2x1/,

PR P ¢
=| s | 30| | +360] - | -7204,

Iu=j cosxdx=[sin x|7 =1-0=1
0

7 7
ID=J x”u:osxdx=j cosxdx and
0 0

as the integral of cos x 13 210 x you
can work this out without further
uge of the reduction formula.

P PO P
I = 5 ‘ —360\ E | +360|I E ‘ -720

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 56

Question:

4
Given that [, =I o d-xidr, ez 0.
0
B

a showthat J, = l.uzl

2n+3

4
(iven that I Jid—xda = g
0

4

b use the result in part a to find the exact value of j 2. J(d—x)dx .

1]

Solution:

PhysicsAndMathsTutor.com
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4
@ =jx” V{4 —x)dx
0

= ST & 3
=[—E[4—x]5 x”} +EJ‘ nx*t (4-x)2
3 s

1]

Page2 of 2

Tou uze integration by parts,

uﬁdx=uv— vde,with g=x" and
dx dx

1
d—v={4—x]§.Thﬁn
- .
3
1 il 2 3
v:JM—x]ﬁ gl Bl Sy
4 _1-E 3 L
2

Tou eplit this integral into two

separate integrals using
3 1

(4—x )

(4-x) (4-xf
{4—x]{4—x]%
1

=Hd-x)P-x(d-x)2

—

Collect the terms in J, on one

side of the equation and solve for
I, interme ofmwand 7, .

1
=% *1ig x B dx—
Sl
=%m1_2_?gjm
3 3
Hence
f:,d+&i':,é=s-:>3-'_2M
3 3
m=—8?ﬂ £, . as required.
2n+3
Bx 2 16
b I, = =—7
T L \
_l6, 81, 168,
To2x1+3 75
_16_8_16_2048
705 3 105

This 1z the result of part a with 2
substituted for 2. You have now
reduced the integralto =1 You
then repeat the procedure
reaching » =0 and, in this
guestion, you have been given J,.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 57

Question:

Given that ¥ = sinh™™ zcesh x,

a show that %= (n—11sinh™> x +nsinh® x.

arsiihl
The integral 7, 15 defined by J, =j sinh® x dx,n2 0.

]

b Using the result in part a, or otherwize, show that »/, = N'E —in=-1i, _nz2.

¢ Hence find the value of J, .

Solution:

PhysicsAndMathsTutor.com
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- 1
a y=snh" xcoshx

d . . :
Y- {#—1)sinh™* xcosh xx cosh x + sinh™ ™ xxsinh x

= (n—1)sinh™ * xcosh® x +sinh™ x

= (n—1)sinh"? x(1+sinh® x )+ sinh®

= (n—1)sinh™ * x+(x2—1)sinh® x+sinh® x
= (n—1)sinh™* x+nsinh™ x, as required.

TTzing the product rule for
differentiation.

1 You usze the identity
x cosh® x—sinh® x =1 to write this
expression in terms of the powers
of sinh x only.

b Integrating the result of part a throughout with respect to x.

4
j£m=jm4mm“xm+ﬁmwxm

_y‘=j{n—l]sin]ﬂ?d Y xdx+ J‘stinh?é xdx

sinh® 'xcoshx= J‘{n—]_]sinh?é P xdr+ jn sinh” x dx

Between the limits 0 and arsinh 1

*_”’,_”’ Az integration is the reverse
process of differentiation
dy

1wl
y=sinh*" xcosh x.

— dx =y and, in this question,
. 0

. o sty arskihl - - skl . )
[smh xcoshx]u = (2-1)sinh*“ x dx+ meinh® x dx
0 0

1N 2=0=(n-1)], ,+nl, +«—— r=arsinhl = sinhx=1 and, as

i, =N 2—(n-1){ _,, asrequired

V2 o on—1

¢ Fremparth J=—-—17 .
b #
Hence
vz 3
I“':T_Zfz
47 B, )5, A
4 41 2 2 ] ]

arsizhl arsiehl Tsing arsinhx =In [x + { 41 ]]
%zj mﬂxmzj ldx G s
1] i

=[x ™ =arsinh1-0 =1n (147 2)

Hence

cosh? x=1+sinh? x, then
cosh®l=1+sinh* x=2 = cosh1=1+2

&=éhhﬂ+xﬂ—xﬂ ——

It is usual to give values involving
inverse hyperbolic functions in terms of
natural logarithms but, as this question
specifies no form of the answer,

é{?arsinh] — 2} would be acceptable.

© Pearson Education Ltd 2C
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Exercise A, Question 58

Question:

2 1
Given that 7, :I -2 drnz0,

1]

a showthat J, = 24n Laazl
Sm+4
- b
b Hence find the exact value of I x+E—x1dx. [E]
0

Solution:
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Tou use
A uﬁd?.’:uv— vﬂdx,with
dx dx
1
w=x" and d—v—iB o T8
|(8 x)3dx dx
4
L (B—x)F
v=|{8-xp dx=
=—jx* 18— (8- x)3dx A
3
8 1 3 ok
=—j 2 NENE - x}3dx——jx“(x}(8—x)3dx =_Z{8_xJ3
0

3 [ :
=0n j x(R- x}3dx——j B —x)dx
o 0

Tou split this integral into two

I, =6al, 1——}2{;, separate integrals using
s Rl o
£ Zah 4 +73 (B—x)p =(B—x)(8-xp
|1+; B ;”fﬁwﬂ il -
=({B—x){8—xf
_ 2dn 7 ] 1
YU3mig M =8(8—xfF—x(8—xF.

Collect the terms in J, on one

side of the equation and solve for
L, interms of wand 7, |

2 2
b jx{x+5][8—xj_; dx=j {:xz+5x][8—xJ%dx
o

a

g 1 8 1
=jx2{8—x]§ dx+5j x(8—xp dx
0 0
=5, +5
<A
1 o E
7 —j{s— ¥lar o 2
= u
4 2 i i"
={_E{g_x]§} =0_|_E/33 |
4 I .
=E/16=12
4
Tsing the result of part a
L —EI —% 12—?*— These fractions are awkward. Tse
yvour calculator to manipulate the
i =ﬁj _ﬁ @_6912‘/ fractions.
1t w7 35

B 1
j 2(x+5)(8—x B dx = 1, +51,
0

6912 o 288 2016
35 7 5
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Review Exercise 1
Exercise A, Question 59

Question:

"

i =J51nnxdxn>0,nez.

SifX
— : 2siniz+1
a Bycensidering /, -7, or otherwise, showthat [, = &1)5’4‘}” :
»+
Tain fx s :
b Hence evaluate I : dx , giving your answer in the form pﬁ—kgﬁ . where
£ SN X
p and ¢ are rational numbers to be found. [E]
Solution:

PhysicsAndMathsTutor.com
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Tou usze the trigonometric identity

A+E . A-5

gitl
2

with A={n+2)x and & =nx. The

identity can be found among the
formulae for module 3 in the
Edezcel formulae boolklet which is
provided for use in the examination.
The specification for FP3 requires
knowledge of the specifications for
21,22, C3, C4 and FP1 and their

associated formulae.

sin A—sin F=2Z2cos

Iy canbe found directly. Tou

should not reduce the integral to
Iy as the first line ofthe question

specifies » = 0.

+2)x - g
a fx.g—fx=J51n{H )x dx—JSi_nnxdx
fin x sin x
sin(#+2)x—sin xx /
J fanx
_ r2cos(n+1)xsinx
J sin x
JZcos{n+1]xdx
231n{n+1]
n+l1
Hence
Loa = el D +1,, as required.
n+1
b Tsing the result in part a
- 251115;:_”4
5
251n5x 25111 3x s
- jsm 2x e jEsm xn:osx
sin x Sin X
-—
= jEcosxdx=25in x+C

The constant of integration will
dizappear when limits are applied.

Hence
Fores 2511515x+251n3x+23inx+c
51_116xdx= 251n5x+25m3x+23inx
I SNX ] ] n
4
= E/—_+E/[:]+2 £|—|E/
= 2 )13
4 17
= =7 3__"\- 2
5 15

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 60

Question:

1 1
fx=jx” e dx and J, =J.x” e dr,nz 0.
0 0

a show that, for n21, J,=e—and,
b Find a similar formula for J,.

¢ how that J, =2—E.

S

1
d Show that I x* cosh xdx = % (Lt )

0
1

e Hence, or otherwize, evaluate Ix cosh xdx, giving vour answer in terms of e, [E]
0

Solution:
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1
a Ix=jx”e”dx
0

1
=[x" e”];—jmx"le” dx
0

1

.1 w1

—E—U—mjx e dx
0

=e—nf, ,as required.

¢ J,=—et+27,
=—et+2(-e+J, )=3e7t+ 2],
1
EK
i

1
o unﬁ E

0
=[—e ”]1 =—el—(-1)=1-¢"

1]

Henee
J, =3 +2(1-e" J=2-3¢"

3 .
= 2——, as required.

=
i b3 x
e +e

1 1
d jx” cosh xdx = jx”
0 Y
1 1
= l :J'c;"na;'{':iﬂr+l e tdx
2 Jo 2 Jo

‘,|dx

i
2

PhysicsAndMathsTutor.com

Touuse J;Aii—d:dx=uv—jv%dx,

with 2= x" and d—v=ﬁx.
dx

Lz youare asked to find a similar
formula, it is sensible to pattern
vour solution to part b on that of
patt a. Here you use

d :
u—vdx=uv— vgdx,wﬂh
dx dx

dv
w=x" and —=e".

—

You uge the result of part b twice
and evaluate J; directly.

e +é J, = % (1, +J, ). as required.

Page2 of 3
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Hence
L=—e+2{e-1)=e-2
1 1
J.xz coshzde  =—(L+J,)
H 2
ol b
21

© Pearson Education Ltd 2C
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You use the result of part a twice
and evaluate [ directly.

*+— Thiz is the result of part d with

n==2.
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Review Exercise 1
Exercise A, Question 61

Question:

iven that 7, = JAsecx xdx,

a showthat (#-1)7, =tan xsec x+(n— SV Py

-

3 n :
b Hence find the exact value of I sec’ x dx, giving vour answer in terms of natural
0

logarithms and surds. [E]

Solution:

PhysicsAndMathsTutor.com
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E u-3 2
fx:jsec xdxzjsec xzec” xdx
(*

+— Youuse
-l 3 dv
=ger” “xtanx— | (x— Z)sec” xsec xtan x> tan xdx —dxr=uv— |v— dx, with
»
22 »2 2 o H2 dv _ 9
=gec” “xtanx— | (x—2)sec” T xtan” xdx g=zec’ " x and — =gec’x.

{m— 21 sec” : x(secj x—1dx :

Using the chain rule gt (sec®

-2 |
=gec ~xtanx— ) x)

=sec" :"xtanx—(n—E]ljsec:” xdx+(n—2]ljsec:” ? xdx

3

={n—2)zec" xi{secx]
) i )

o _ w3
= sec® xtan x— (n - 21, +(n—2)I, = (-2 )sec” " xxsecxtanzx

I +(n—21 =tanxsec® x+(n— 27,

(2—1)], =tan xsec” A x+({rn—2), , as required

tan xsec® x  n—2
Fromparta J =
n—1 n—1

+

]
substituting # =13
z

tan xsecx 1
e ——
2 2

4 =Jsecxdx=ln{secx+tanx]+[f -~

The formula for integrating sec x
can be found among the formulae

Hence 7, =

tan xzecx

for module C4 in the Edexcel
formula booklet, which 15

1
+=In{secx+tan x )+
2 provided for use in the
examination.

-

With the limits x=0 and z==

3
j sec” xdx={
]

tan xsecx 1 b
————+—In{secx+tan xj}
2 2 o

I.-l . 1 . : I‘I
_| Zx 3 2+§1n{_2+~3j.l|—0 -] tan = /3 and
—V3+1in(24V3) seel=—_=l=2.
- ) 3 |
CoOs— =
3z

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 62

Question:

1
£ =I (1-xdx,220.
1}

a Prove that (Za+1)7, =20/ .22 1.

b Prove by induction that 2[ i

] for ne &". [E]
2n+1

Solution:
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a Q=Lh—ffﬁ=£ﬁﬂ—ffﬁ
-[x0-27] -

0

_jxxnﬂ—xﬂ”ﬁ—zxﬁx
1]

x-1

Tou use
d e :
u—vdx=uv— v— dx , with
dx dx
L dv
= (l<xtYy  Zi=1andi,
' odx
v=1x.

zzni}ﬁﬁ—xﬂ dx ‘EH“EHRHE

1
:mj{f—uqm—fflm
]

You split this
integrals uzing algebra.

integral into two separate

S Lo | R =) = (- (-2
=—%jﬂ—f]&+%jﬂ—f]dx ' ' '
0

0
=—Znl, +2nl |

(En+1)] =2nf

n

1- &8 recquired

= (2 -1)(1-2) +1(1-2)
(-2 +(1-2)"

P g :
|— by mathematical induction.

i
b Toprove I_‘z ]
2R+

Let n=1

gzjh—ffu:jh—fmx

{ f}l 1 2 ( 2x1 Y

&l ** 3 3 | ot
-‘H
Hence for ”=1,f,¢£3| 2m /
| 22 +1 )

i
Aszsume the inequality iz true for # =4k that1s 1| _|

Wlathematical induction 1z a topic
it the FP1 specification. The FP3
specification assumes knowledge
of the FP1 specific ation.

For =1, equality holds.

2n
Frompatta, [, =—1
P "ol ™ « —
With # =Xk +1 and using the induction hypothesis
_ok+2 . _2k+2( 2k ¥

Mok +3 YT 2k 43| 2% +1 )
To complete the proof it 15 necessary to show that,

B s, s S
Sk+1 2k+3

2k Y
2k+1)
To complete the proof the 2l :
+

in the braclet needs to be

replaced by ik i

, which 15 the
k+3

with m=k+1.

EXprESSion
Zn+1

You are also using the property
that, for positive numbers,

ash=a"<d

PhysicsAndMathsTutor.com
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2k 2k+2  2k(2k+3)-(2k+2)(2k+1)

2k+1 2k+3 (2k+1)(2k+3)
40 + 6k —(4k* +6k+2)
C (2k+1)(2k+3)
2
=L __Lapepapise)
(2k+1)(2k+3)
2k Zk+2 ok 2% Y ozke2f 22X 2k
Hence = and {, | = < =|
Sk+1 2k+3 o3\ 2k+1)  2k+3\ 2k+3) | 2k+3)

This iz the inequality with # =%t +1.

The inequality iz true for 2 =1, and, if it iz true for # =X , then it is true for
n=k+1

Ew mathematical induction the inequality is true for all positive integers »

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 63

Question:

A curve 15 defined by x=i+siné, y=1-rcosi, where f 13 a parameter.

Find the length of the curve from =0 to ¢ = g giving your answer in surd form. [F]

Solution:

x=f+snt y=1l-cost?

d )
— = l+4cost i=smz

/

It iz alwayz a good 1dea to quote
any formula you are going to use
it answering a question,

i i
[ . Tl L2
= (&) 42 )%
Cde )L de

|%| +|% = {1+c:osr.)2+sin2£

=1+2cost +cos  f+sin’ ¢
=2+ 2cosé

=4cos i
2

Hence, the length of the curve 15 given by

5= j§ -\/‘I’4coszixl‘d£=j§2cos£d.ﬁ /
0 2) 0 2
: -

={45inE =4gin =
2 4

—ax L =242
._‘2

© Pearson Education Ltd 2C
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Tou simplify this expression
using the identity
sin£+cos®z=1 and the double
angle formula

: £
cos2x=2cost x—1, with x=—.

i =
P 2sin— p
Zoos—df = 2=4sin—
2 2

B o—
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Review Exercise 1
Exercise A, Question 64

Question:

Parametric equations for the curve Care x=coshi+2, y=coshi—£:20,
whow that the length of the arc of the curve O between points at which =0 and

=g, where @ is a positive constant, is (\.'5) sinh et . [E]

Solution:

x=rcoshéi+f y=coshi—¢

E =14szinh ¢ d— sinhé—1 *— To save a lot of writing, it i3 often
sensible to worlc out complic:ated
3
o ((dx d.:v‘
§= J“\/“ & | +| | ‘dﬁ expressions like | — | |
and to transform them 1nto a form
| | ‘ ‘ = {s1nh.§+]f+{s1nh.ﬁ—1)2 where a square root can be easily
found, before substituting into the
=sinh® 7+ 2sinh +1+sinh® s — 2sinhi+1 integral.
= 2ginh’s+2=2cosh?¢

'\

Hence, the length of the curve 15 given by

S:j V(2cosh®s )de =1 EJ cosh ¢ df
0 0

\ 2[sinh¢ |; =% 2{sinh @ —sinh 0)

Y Zsinhea, as required.

Using cosh®z—sinh®s=1

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 65

Question:

L
1

¢ ki

—ka

A rope 1z hung from points & and & on the same horizontal line, as shown in the

figure. The curve formed iz modelled by the equation y =g cosh[f],—ka o e

a

where @ and k are constants.

a Prove that the length of the rope 15 22 sinh &

7iven that the length of the rope 15 Ba,

b find the coordinates of O, leaving vour answer in terms of natural logarithmes and
surds, where appropriate. [E]

Solution:

PhysicsAndMathsTutor.com
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%
a y=acosh|—|

d—y—lxasmh| |—s1nh| — |

s—jV H| “m
1+‘ | —]+s1nh2‘ — |—c:osh2| - ‘

The length of the rope iz given b}.r

.

Rz P
5= EJ cc-sh| . |dx b
0 | 2

e from Fto { 1s twice the length of
= 2|:a smh| - ﬂ = 2a(sinhk—sinh 0) the rope from the point where
Vg IZUtOQ.

= Zasinh k, as required.

From the symmetry of the
diagram, the length of the rope

b Zasinhk =8
sinhk =4= k=arsinhd

=1In(4+17)

-

Tou use the formula arsinhx =1n {x+ {xz +1]}

to find the x-coordinate of (! in terms of a
natural logarithm. The question specifies that
vou should give your answer in this form.

At O x=ka=aln(4+V17) and

y=cz|:osh| & |=a:|:osh| — |=acoshk *— As youlknow that sinh =4, you
| @ |

can find the value of cosh kusing

Coshg .'c.'.- = 1+Slnh2k=1+42 =1FJ'| = COSh.';: = 1? the 1dent1‘ty Eoshg x:1+ Sj_n_]:']2 x

The coordinates of ( are {aln {4 +V17 ),V 17 ]

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 66

Question:

The figure shows the curve with parametric equations

x=acos E,y=asin39,053 < 2.

a Find the total length of the curve.

The curve 15 rotated through o radians about the x-axis.

b Find the area of the surface generated. [E]

Solution:

PhysicsAndMathsTutor.com
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3 .3
a x=acos B y=aauan f

= Zacost @il d_y =3asin’BrosH
dd dg
T 2 F, W
S=j\"|£|+|d—y ‘dH
1 l'. dH .'l l'. dH .'I ¥
3 ; .

/ I
e | +| B (—3acos® Bsin H]z
\de | | d8 ) :

+[3a sin® @ cosH]z

=92 cos* Oain 0+ 92 cos? Baint B

= 9a” cos” Bsin® B cos” @ +sin f)

=9  cos* Bain @
Hence the length of the curve 15 given by

The symmetries of the diagram
show that the total length of the
curwve iz four times the length in
the first quadrant As

3 <
x(=acos ) varies from 0 to a,

cost wartes from 0 to 1, and 50
0 varies from — to 0 in that

order.

.
5= 4/j {942 cos @sin’ f)de
0
.2;
=]2aj cosfsin Gdo
0
%
=]2a{lsin2H}
2 o
=12a|'l—r:u ‘
| 2
= bua
20
| d \
b A=27 “ gl ‘dH
dH o) |

There are number of alternative
ways of evaluating this integral.
Toucould use a double angle
formula.

The area of the surface generated 15 given by

__
A=2x2m asm B 3xcoslsin A do
0

_ 2 E
=12ma j sin” Heosd d8
0

9 j j |'
=12mz{45m H} =12m2|
0

oy ‘
]

Lh| —

12 4
— T
5

The total area iz twice the area
formed by rotating the two
pottions of the curve on the
positive side of the x-axis

You hawe alreadjr Worked out

\I IId\

and there is no need to repeat the
wotlking here.

inpatta

Here the integral 15 found using
the formula

sin®'!

n+1

# =4 If you do not know this
tormula, ¥ou can find the integral
uzing the substitution u =sin &

with

J.sin;'é Hroosd de =

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 67

Question:

a Byusing the definition of cosh x in terms of exponentials, show that
1
cosh? x=5(cosh 2x+17.

b The arc of the curve with equation ¥ =cosh x from x=0te x=In2 15 rotated

through 2o radians about the x-axis. Determine the area of the curved surface
generated, leaving your answer in terms of [¥]

Solution:
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a cosh2x=‘

_ T e _eh+e 2 .

(cosh 2x+1), as required.

[ e® +e

2

sina

+—

4

¥ te

2

{ex+e xf ={Exf+2&xe x+{e xf

=e* +2+e

4 4
ax 0
+l=lcosh 2x+l
2z 2

b y=coshx;‘vd—y=sinhx
dx

sinh({ln2)

cosh (In2)=

Hence the area is given by A= T|

Page2 of 2

4 |-

- I|' f F dy W
or |y N1+ = | |dx
y ‘ &) ‘
P Tou use the identity shown
T , 5 2
2n . cosh [1+51nh x ) dx in patt a to find the integral
ah2
2m cosh® xdx
v
phIy 2
am E{cosh2x+1]dx=,-'r {cosh 2x+1)dx
v 0
{sinh 2x Tj
n +x
2 o
n [sinh xcoshx+x |]Dng +— Tlzing the identity
1 sinh 2x = 2sinh xcosh x.
2 h2 =2_§=E
2 2 4 \
1 1
In2 h: P4l L
e te " _ 2:2 As, for any x, e BF =M hx=ﬁm"
i 2 4
\ g i
then e 7" =—.
2
(3 5 i1
“X=+in2 |=n| —+In2 |
44 !

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 1

Question:

Find the magnitude of the vector (—1—j4+k)x(—14j—k). [E]

Solution:

(—imj+k w(—i+j-k

1 3 k
=1-11
-11 -1
-1 1| -1 1] [1-1
= - it I
1 -1 |-1-1 |11

Formulae for finding the vector product are

given in the Edexcel formulae booklet which

1z prowided for the examination One form it
1 ] k

gives i axh =|a o, | andthathas

‘bl bﬂ ‘bZ

been used here.

==l =1=ilwl ) i—{{ =1 =11—(=1xlijj+{ =1l = -1x -1k

='1_1'i_|1—l—1 "j+'_1_1'k =_2j_2k
Hence
—i—jtk i —i+j-k | =((-2 F =21
=g =0l

© Pearson Education Ltd 2C
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magnitude of a vector
|ri+yi+zk|=A 2 +y*+27 ).
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Review Exercise 2
Exercise A, Question 2

Question:

Criven that p =%1+k and q =143 +ck, find the walue of the constant « for which

the wector (pxq)4p is parallel to the vector k. [E]
Solution:
17k
pxq =301 Tou work out 2x 2 determinants
13 using the formula
c
a b
o1 21 |zo =ad —be , which is
= li-|” lj+|” |k c d
3¢ le 13 in the FP1 specification
=—G1—-3-13+% Enowledge of the FP1
pxq+p =(—2i—(3c—1)j+% )+ Zi+k ) spﬁciﬂcation.is aprﬁrﬁquisite of
| mme wdi the FP3 specification.
= |- |]+ 'y

If pxq+p 15 parallel to k then

] —ooo—" If'a wector iz parallel to k then both its 1 and j

el =§ cotnponents must be 00 The 1 component of
pxq+p i 0 and the j component, 1- 3¢
must equal 0, which gives wyou a simple
equation to find .

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 3

Question:

Eeferred to a fized origin O, the position vectors of three non-linear pointz A, 8 and C
are a, b and ¢ respectively. By considering Afx E prove that the area of AARC

can be expressed in the form ]5|z1><lr +hxec+exal [E]

Solution:

E=h—ﬂ, AT =c—a
Exﬁ=-h—ﬂ ¥ C—a

bz axb=-bxa cxa=-axc and axa=0
ABx AT =bhxc+axb+cxa
=axb+bxc+cxa

i

b

The atea of the triangle, A, say, 15 given by

ﬂ=lbcsinﬁ
2
=1§ACxABsinA |
Vi
=—|AB><AC’ — |
7

axb+bxc+exal, as required.

© Pearson Education Ltd 2C
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e

=bxc—bxa—axc+axa /

Tou multiply out the brackets using the usual
tules of algebra You must take care with the
arder in which the vectors are multiplied as
the vector product 15 not commutative. For a
vector product xx v=—vx x.

The magnitude of the wector product
[h|sin5', where & iz the angle

axbh 1z [a

between the vectors. The vector product
can be interpreted as a vector with

magnitude twice the area of the triangle
which has the vectors asz two of its sides,
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Review Exercise 2
Exercise A, Question 4

Question:

The figure shows a right prism with triangular ends ABC and DEF, and parallel edges

Al BE CF.

Given that A is (2,7,—1), B is (5, 8, 2), C is (6, 7, 4) and

Dis (12,1,-9,

a find EXE

b find AD.(ABxAC).

¢ Calculate the wolume of the prism.

Solution:
a AR =(5i+8j+2k - 2i+7j -k |
=3i+j+3k
AT =(6i+7j+4k — 2i+7i-k
= 4i+5k
ABx AC = (3i+j+3k m(4i+ 5%k )
ijk
=313
405
13 33]. |31
B 05‘1_‘4 5‘”‘4 o‘k
= 5i—3j—4k

b AD=(12i+j-% - 2i+7j-k |

] 106 k=253 4k s
= 10i— 6j— 8k

AD | ABx AC 1= (10i—6j— % »(5i—3j -4k |
=10x 5+ -6 (=3 1+ -8 (-4

=50+18+32=100

¢ The volume of the prism, F say, is given by

PZ%EwExEl:%xlOU:ﬁU/

© Pearson Education Ltd 2C
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AF=0F-04 Ttis impottant to

E

getthe vectors the right way
round. Tt is a common error to use
A= 04-0F8 and obtain the
negative of the correct answer.

AD and ABx AC are parallel.
Asthe vector product 1s
perpendicular to A5 and AC, it
follows that the line A5 15

perpendicular to the plane of the
triangle A8C

In this case, the wolume ofthe prism 1s
the area of the triangle AT, which iz
half the magnitude of ABx E
multiplied by the distance A0 (Even if
the line A 15 not perpendicular to the
plane ofthe triangle A8, the triple
scalar product 15 still twice the volume of
the prism.)
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Review Exercise 2
Exercise A, Question 5

Question:

The plane If, has vector equation v = (51+]) +u(—4i +) +3k) +v(j + 2k}, where
and v are parameters,
a Find a vector m; normal to JF

The plane ff has equation 3x4+y—z =3,

b Write down a vector n, normal to ff,.

¢ Show that 4 +13) +25k 15 perpendicular to both n; and n,. Given that the point
(1,1, 1) liez onboth £ and ff,

d write down an equation efthe line of intersection of If and fI inthe form

r =a-¢b |, where { 15 a parameter. [F]

Solution:

PhysicsAndMathsTutor.com

Pagel of 2



Heinemann Solutionbank: Further Pure Mathematics Page2 of 2

1k 4—— If'the equation of a plane 12 given
a n =413 to you in the form r=a+ub +ve,
0o then you can find a normal to the
13| 43| |41 plane by finding hxc.
=] |Ji- ks k
12 02 01
=-i+8 -4k

b on,=3i+j-k «— | The Cattesian equation 3x+ y—z = 3 can be written in the
vector form r- (S1+]—k =3, where r =+ +zk
Cotmparison with the standard form, r-n= g , gives you

that 3i+j—k 1s perpendicular te 17,

1)k - The scalar product n;xn, 15 perpendicular
¢ mxn,=|-18-4 to both n; and n,. 5o to show that a vecter,
31-1 1 zay, is perpendicular to two other vectors,
g_d]  |-1-4| |-1% you can show that v 1s parallel to the wector
= ‘ ‘i—‘ it ‘k preduct of the two other vectors. An
1-1 5 -1 31 alternative method iz to show that the scalar
=—h-131-22k =-1{h+15+23k | product of v with each of the other two
vectors 18 zero,

N

ny % n, is perpendicular to the plane containing
n; and n,, and +13)+23k 1z a multiple of
n;xn,. Hence 4i+13j+ 23k iz perpendicular

to both my; and n,.

d r=1+j+k+i(h+15+20k S — n, 4

m .

m! &

n; X n;
Thiz diagram illustrates that the line of
intersection of the planes 77, and 17,

liez in the direction of n; xn,. Inthiz
case, 41 +13j+ 25k =-n, xn, and can

be used as the direction of the line, as
can any other multiple ofthis vector.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 6

Question:

The points 4, B and O lie on the plane [T and, relative to a fized origin &, they have
position vectors

a=31—-7+4k,b=-1+2;],

c=51-3+7k

respectively.

a Find ABxAC .
b Obtain the equation of J7 inthe form ron=p.

The point 1 has position vector 21 -4+27 + 3k
¢ Calculate the wolume of the tetrahedron 4500 [F]

Solution:

PhysicsAndMathsTutor.com
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JR—

AB=0F-0d Ttis important to
get the vectors the right way
round. It 15 a common error to use
AR =304 -0F8 and obtain the
negative of the correct answer,

Page2 of 2

Once you have a vector n perpendicular to
the plane, you can find a wvector equation of
the plane vsing v-n==a n, where a iz the
posttion vector of any point on the plane.
Here the position wector of 4 has been used
but the position vectors of B and & would do
st as well. As the scalar product 15 quite
gquickly worked out, it 1z a useful check to
recalculate, using one of the other points. All
should give the zatne answer, here 7.

a B=—i+2j—(3i—j+dk |  —
= —4i+3j -4k
AC = 5i-3j+7k —(3i—j +4k |
= 2i-2j+%k
ABx AC =(—di+3j—4k m(2i-2j+3k )
i jk
=14 3 -4
2 -2 3
e T ‘—4 3‘_
= I 1k k
somal |3 gl | g
=i+dj+2k
b Anequation of JT 13 e
ri+dj+2k = (3i—j+dk ) (i+4j+ 2k
=3xl+i-1mxd+4x2
=3-4+8=7
c AD = 5i+2j+ % —(G—j+dk |
= 2i+3j-k
AD. [ ABx AC |=(2i+3j-k ) (i+4j+2k )

=2n1+3xnd+ (-1 2
=2+12-2=12
The wolume, ¥ say, of the tetrahedron 15 given by

V=%E-.E><E =%x12=2

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 7

Question:

The pointz A and B have position vectors di4+j—"7k and 21 4+6) 4 2 respectively
relative to a fizxed origin O,

a Show that angle A08 15 aright angle.

b Find a vector equation for the median AM of the triangle QA E.

¢ Find a vector equation of the plane AL, giving your answer in the form r-n=p .

[E]
Solution:
a O4-0B={di+j-Tk}(ad+6j+k ) +—— Agthe scalar product of two
=dx 2+1xb+( =T %2 vectors a-h=|a||h|cos$',where
=8+6-14=0 & is the angle between the
Hence £AOB =907, as required. wectors, if the scalar product of
two non-rero wvectors 18 zero, then
cosf =0 and the angle between
the wectors 15 aright angle.
]J A (}

*— The median AM of a triangle 1z
the line joining the vertex A of the
M triangle to the mid-point M of the
side of the triangle which iz
opposite to A

B
The coordinates of A, the mid-point of O{0, 0, 0Y and B (2, 6, 2) are
[ 042 0+6 0+2 ] - -

—_— . — |=i 1,31 There are many possible alternative
_% 2 2 forms for this answer. For example,
AM =143 +k - d+3-Thk vou could use M as the “starting point’

= -3 +2j +% of the line and obtain an answer such as
r=i+3+k+A(5-25+3k).

Anequation of AM s r=h+)-Th+ A -G +2)+5k

ijk

¢ OAxOB=41-7

56 2 Toucan use 4d1— 22)+ 22k or any

multiple of this vector as n in
1-7, @47, @41 rn=p.

= 1— i+

6 2 22

2 6/ 2i—j+k is used here as it gives a
= 44i - 22j+ 22k simpler answer.

A wector parallel to 4di—22)+ 22k iz 2i—)+k

Anequation of JT is v+( 2i—j+k )= (0 «——| As the plane goes through the origin,

the p in rn=p mustbe zero.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 8

Question:

Eeferred to a fixed origin O, the point A has position vector a4+ 2k) and the
plane I7 has equation v (1 —257 +3k) = 5a, where @ 15 a scalar constant.

a Show that A lies in the plane I7.
The point & has position vector a(21+11)—4k) .

b Show that B4 is perpendicular to the plane 17
¢ Calculate, to the nearest one tenth of a degree, £O8A4.

Solution:

a alh+)+2k - +3k i=maldel+1n -5+ 223
=ag(d-5+6 =5
Hence A lies in the plane [T, as required.

[E]

For A to lie on the plane with
equation rn=25g, when r is
replaced by the position vector of
A, rn must give Sa.

b BA=aidi+j+2k —al 2i+11j— 4k |
= q(2i-10j+6k )
BA=2a(i-5+%

When a plane has an equation of
the form rnm = p, the vector m is

perpendicular to the plane.

BA is parallel to the vector 1—259+3k , which 1z perpendicular to the plane J7 .

Hence BA is perpendicular to the plane [T | as required.

& 0 4—— The angle 084 15 the angle between 50 and
B4, Boththese line segments have a definite
sense and so vou must use the scalar product

& BOBA to find 8. If you used @ﬂ Fou
B - A would obtain the supplementary angle

Let £OAB=28

(180" — &1, which iz not the correct answer.

[BO| = av( =28y + (=112 +4% |= (141}
|Zd] = a( 22+ (=102 + 6% 1= o[ 140 )
BOEBA=a(-2i—11+4k 1a(2i-10j +6k |

50| [Balcos g = a? | (-2)% 2 +(=1Dx (~10)+4x 6 |
aN (14D xaV(140)cos 8 =a (-4 +110+ 24

~ 130
A4 (140

#=22.3" (to the nearest one tenth of a degree)

cosd = 0925272 .

© Pearson Education Ltd 2C
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Finding the angle between two vectors
using the scalar product 15 part of the C4

specification. Knowledge of the C4

specification 15 a pre-requisite of the FP3

specification.
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Review Exercise 2
Exercise A, Question 9

Question:

The points 4, B, T and D have coordinates (3, 1, 23, (3,2,—13, (4, 4, 5) and
(—7,6,—3) respectively.

a Find ACx AD.

b Find a vector equation of the line threugh A which iz perpendicular to AT and

AD
¢ Werify that 5 lies on this line.

d Find the volume of the tetrahedron ABC 0 [E]

Solution:
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'
. 6 3 3 *+— For writing vectors, you can use either the
a AT=|4|-[1]|=|3 form with iz, j2 and ks, or column vectors,
5 2 3 which are used in this solution. Sometimes it
s tay even be appropriate to use a mixture of
= = 3 -10 the two, The form using 1, j and k vsually
A= & |-|1[=] 5 gives a more compact solution but many find
-3 o -5 column vectors quicker to write. The choice
= iz entirely up to vou and you may choose to
2 =10 IX(=3)=3x2 vary it from question to question
ACx AD =3 x| 5 |[=]|3x (=10 -3x(-5]
(5 -5 3x5-3x-10)
=30
=15
| 45
3 -2 F _30
B T= ; a4 _31 The wector | —15 | is perpendicular to both AC

45

and AD . This vector or any multiple of it may be
used for the equation of the line.

¢ For Bto lie on the line there must be a value of A for which

5 3 -2
2 1=[1 [+ -1
=1 2 3

Equating the x components of the vectors
S=3-2i=i=-1

Checking thiz walue of A for the other components
¥ component;

I+Ax =1 =1+ -1 -11=2, as required
Z component:
24dx3=24=1x 3==1, as required

Hence, & lies on the line.

Sea 3 2
d AB=|2 |-[1]=] 1
L-1) L2} |-3
2 =30
AB. (ACx AD)=| 1 || =15 |=2x(=30)+1x (=15 )+( -3 x 45
-3)1 45

=-60-15-135=-210
The volume of the tetrahedron, I zav, i given by

V=l AE (AT » AD ||=l|—210|: lx 210 =35 *+— The volume of the tetrahedron is one
& 6 & sizth of the triple scalar product.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 10

Question:

The line J has equation v =i+ 6] —k +A(21 +3k) and the line [, has equation
r=>a1+4pj+pii—2)+k), where p i3 a constant.

The plane I containg { and /[,

a Find a vector which 1s normal to f.

b Show that an equation for 8 15 éx+y—4z =16,

¢ Find the value of p.

The plane ff has equatien v A+ 2 +k)=2.

d Find an equatien for the line of intersection of Ff and II | giving your answer in

the form (r —a)xh =0 [E]

Solution:

a A wvector nperpendicular to [ and L 15 given by

n=i2+3k xii-Zj+k o R
ik i
=203
1-21 A+3k ]
03 |23 |20 The wector 21+ 3k 1is parallel to
e I e }, and i-2j+k is parallel to f;.
— 6t i—dk The wector product of two wectors
1 1z perpendicular to both vectors
and zo is perpendicular to the
plane containing both lines

b Anequation for I7; has the form
rioi+j—4dk i=p
p=l1+6)-k i b1+)-4k

=6+6+4 =14

A wector equation of 17 15

rifi+j—4k =148 To obtain a Cartesian equation of
a plane when you have a vector

A Cartesian equation of 17 iz given by R
equation in the form rn=p,

P . 2 . s . *—-—'—'_'_._._._
(3 +)j+2zk).(6i+j -4k ) =16 replace v by x+y)+zk and

brx+y—4z =16, as required work out the scalar product.

¢ The point with coordinates (3, p, 00 lieg on /) and, hence, must lie on J7;.

cubstituting (3, p, U0 into the result of part b
1B+p=16t=p=-2

PhysicsAndMathsTutor.com
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d The line of intersection lies in the direction given by

ijk 6i +j — 4Kk
A+2j+k)x (Bi+j—4k)=[1 2 1 t
6 1 —4 424k e 1,
21| 11| e
i — + -
14 -4 [6 1 « m|

i 410§ 1Kk ~9i + 10j - 11k T

) ] line of intersection
To find one point that lies enboth 77, and I7,

. bx+y-dz=16 @
. z4+2y+z=2 @

Youneed to find just one point that 15 on both
planes and there are infinitely many possibilities.

D +4x @ gives 10x+3y =24 Here yvou can choose any pair of values of x and
Choose x==-3,y=56 ywhich it thiz equation. & choice here has been
o T e made which gives whole numbers but vou may
_tguapnins Shiniiige b find, for example, ¥y =0, x=24 easier to see.

One point on the line 12 (—3,6,-7

An equation of the line 15

ll‘—l—3i+5j—?l{ IIXI—9i+10j—11k =0 —— The form n1‘—ﬂnxh=0,forthe

equation of a straight line,
represents a line that passes
through the point with position
vector a and iz parallel to the
wector b
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Review Exercise 2

Exercise A, Question 11

Question:

The plane 7 passzes through the points A—2,3, 50, 8(1,—3, 1) and C'(4,—6,-"71.

a Find ACxEC .

b Hence, or otherwize, find the equation of the plane I7 inthe form rm=p.

The perpendicular from the point (25, 5, 7 to FT meets the plane at the point 7.
¢ Find the coordinates of 7.

Solution:
S 6
a AT =| -6 =| -9
[ 7 | -12
4 1 3
BC=|-6|-| -3 |=| -3
-7) L1) |-8
6 3 72— 36
ACx BC =| -9 [x| -3 |=| -36+48
—-12) [ -8) | -18+27
36
=12 -
L9
b Anequation of JF 15
125 (.2 ;
r| 4 |=| 3 || 4 |==24+12+15
3 5 )13
12
r.| 4 [=3

[E]

PhysicsAndMathsTutor.com

This vector, or any multiple of
thizs vector, can be used for the
vector perpendicular to JT in part
b. The working in later parts of
the question will usually be
sinplest if you take the multiple
which gives the smallest possible
integers. In this case one third of
the vector has been used in part b,

The position vector of the point A
has been used to evaluate p in
run=p. Youcould use the

position vector of any of the
points, A, B and O
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c (25,5.7)
{
...... L F The equation v = a+tb represents a line
passing through the point with position
1 25
_ _ _ wector a, 10 this case | O |, which 1s
An equation of the line, { say, which passes .
through (25, 5, 7 and i3 perpendicular to J7 15
95 12 parallel to the vector b In this case, 13
r=|5 el 4 i
2 3 -+ patallel to the normal to the plane, | 4
2

Parametric equations of § are
x=20+412L, y =04,z =7 +3¢
A Cartesian equation of J7 13

12x+d4y+3% =3 i

substituting ( 254+ 1285 +4£, 7+ 3 | into the
Cattesian equation of J7
120 25+12¢ + 4 54+4: 1 +3(7T+3% =3
A00+14 + 204+ 166+ 21+ % =3
169 =338
t=-2

X

Writing r =| ¥ |, the vector equation

z
12

r.| 4 [=3 becomes the Cartesian
3

equation 12x+4y+3z2 =3

The coordinates of F are given by

F254+12¢ 544,77+ 3 ) 1=—2
=(25-24,5-8,7-16

=(1,-3,1)

point where the line intersects the plane.
cubstituting £ =-2 into the parametric form of
the line then gives youthe coordinates of &

13 the value of the parameter ¢ at the

© Pearson Education Ltd 2C
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Exercise A, Question 12

Question:

The plane T passes through the points B(—1,3, 20,004, —1,—1) and R(3, 0, 2),
where ¢ 15 a constant.
a TFind, in terms of c,ﬁx@.

Given that RPx E =314 dj+k, where & 15 a constant,

b find the value of' ¢ and show that & =4
¢ Find an equation of I7 in the form v n=p , where p 1z a constant.

The point 5 has position vector 1457 +10k . The point 5" 15 the image of S under
reflection in f7.
d Find the position vector of 5" [E]

Solution:

PhysicsAndMathsTutor.com
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. -1 3 - In this solution, the vector product has ke
a REF=| 3 |-[0]=] 3 found using the formula
~2 4 —a-c e & ayby — by
3 1 iy %] By 5| cedy—apdy | This formula
@= -1-|0|=] -1 i &, il —dgly
-1 i s can be found in the Edexcel formulae
booklet which 15 prowvided for the
- = 1 examination.
RPy RO =| 3 -1
bmamey il
A-1-ci—(24+c¢) —-5—4c
=| =2-c—41+c) |=|-b-5
. 4-3 1
=5-4 3
b | —6-5c |=| d
1 1

Equating the x components
—S—de=i=mdr=—R=v=-2
Equating the v components

d =—6-0c=-6-0x(-2)=-6+10

=4, as required.

¢ When c=-1
—5—de —-5+8 3
RExRO=|-6-5% |=|-6+10 |=| 4
1 1 1

Anequation of JT is

=143
=| 32 [|4 |=-3+12-2
-2 /11

3
4
1
3
4
1

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Mathematics Page3 of 3

d : o . ; . ]
S 4—| In this diagram, the point A7 15 the intersection of

ao ' and the plane. As 5 iz the reflection of 5in
Ir, S8 s perpendicular to J7 and M iz the
tid-point of S5 Hence the translation (or

7 dizplacement) from S'to A is the same as the

[/ N translation (or displacement) from MNto S

e The method uszed in thiz solution is to find the
posttion vector of A and, then, to find the translation
which maps & to & This translation can then be used
to find the position vector of 5 from the position
vector of A

g

A wector equation of S5 is
1 3

r=|5 [+ 4
10 1

Parametric equations for S5 are
x=1+3%.y=5+4dz=10+: @

A Cartesian equation of 77 iz

Fx+dv+z=7 @

To find the position vector of N, the point of
intersection of 55" and JJ, substitute @ inte @

3|]+3f, |+4|5+4f, |+10+f=?
3+ %+ 20+166+10+: =7
2i=—20=i =-1

1+ 3¢ 1-3 -2
The position vector of M1z | 5+ [=| 5-4 |=| 1
10 +¢ 10-1 9
The translation which mapz 5 to N is represented by the vector

-2 1 -3 4— The translation which maps 5 to
T I e e Nwill also map Mto S
9 10 -1
The position vector of 5 15 givenby — :
_o L = #+— The position vector of &' 15 the
posttion vector of A added to the
i 1<) =2 vector representing the translation.
9 el B

© Pearson Education Ltd 2C
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Exercise A, Question 13

Question:

The points 4, 5 and C lie on the plane ff and, relative to a fized origin &, they have
position vectors

a=1+3)-kb=5+3 -4k,

c=5-2j-2k

respectively.

a Find (b—a)x{c—a)..

b Find an equation of ff |, giving your answer in the form r n=p.
The plane I, has Cartesian equation x+z=73 and ff and fI intersect in the line /.
¢ Find an equation of / in the form r—plxg=20.

The point P 15 the point on/ that 1z nearest to the origin O
d Find the coordinates of P [E]

Solution:

PhysicsAndMathsTutor.com
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a  b-a=3i+3j-4k—(i+3j-k )=2i-3k

c—a=500-2j-2k-1+3-ki=d-5-k

1] k
(bh=axic=—a)=[2 0 =3 qﬁ__‘_‘_\‘_‘_‘_“\
4 -5 -1
0 -3 |2-3 |20
= i- i+ k
-5 —1 4d -1 4 -5

=-=15-10j-10k

b A wector perpendicular to J7 15 S+ 2j+2k
A vector equation of J4) 18
v A2 42k I =(i+3 -k (3i+2j+2k)
=3+6-2=7

¢ The line /] iz parallel to the vector
1]k
ii+k xiZ1+23+2k =(10 1
3:2:2
==-2i+j+ 2k
To find one point on beth JJ and 171,
For I
Let z=0,then x=3

rx+z=3

The wector (h—aixic—a)is
perpendicular to both A8 and AT
and, o, 15 perpendicular to the
plane JI. Tou can use this
vector, or any parallel vector, as
the m in the equation rn=p in
part b, Here each coefficient has
keen divided by —5. This eases
later working and avoids negative
signs

-

The form (r —p ix q =0 is that of a
line paszzing through a point with
position vector p, parallel to the vector
0. 3o you need to find one point on the
line; that is any point which is on both
A and JI . Asthere are infinitely
many such points, there are many
possible answers to this question. The
choice of z =0 here 1z an arbitrary
o,

cubstituting z =0,x =3 inte a Cartesian equation of JJ,

Zx+2y+z="7
8+2y+0 =7=y=-1

One point on Jf and JI, and, hence on 15 (3,-1,0)

Hence, a vector equation of J 15 (r—(31—3 i x(—21+3+ 2k =10

d A vector equation of J 15
r=(%—-)+i-A+)+2k
= (3-2f i+ =1+7 5 +2tk
At P, ris perpendicular to
((3=2¢ a4 =14f J+2k | (=21+]+2k =0

-« — |

—bt+di-1+i+dt=0=28=7T=¢ =§

The coordinates of & are

13 2 14
G-galig oy 2 et 2
& [ g gy ]

© Pearson Education Ltd 2C
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At the point & which is nearest to
the erigin O, the position vector
of F, r, iz perpendicular to the
direction of the line, q. Forming
the scalar product r.q and
equating to zero gives you an
equation in .
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Exercise A, Question 14

Question:

The points A2, 0,—13 and B4, 3, 1) have position vectors a and b respectively with

respect to a fized origin O,
a Find axb.
The plane ff containg the points &, 4 and B

b Verify that an equation of fI 15 x—2y+2z=0.
The plane If has equation v n=d where #=31+)—k and d 1z a constant. Given

that B liez on 1%,
¢ findthe value of d.
The planes If and Ff intersect in the line L.

d Find an equation of L in the form r =p 4éq, where { 13 a parameter.
e Find the position wector of the point X on £ where OF 13 perpendicular to £ [F]

Solution:

PhysicsAndMathsTutor.com
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a

d

axb =i{2i-k x(dh+3+k |
1]k
=[20-l=3-6)+6k
431
substituting (0, 0, O inte x— 2y + 22
O—2x0+2x0=10

oo the plane with equation x— 2y + 2z =10 contains &

similatly as

=20+ 2n{-11=2-2=0

and 4—-2x342x1=4-6+2=0,

the plane with equation x—2y+2z=10

containg A(2,0,-1) and 54,510

For B to lie on the plane with equation
rn=d
T+ +k L Zi+y-k =4

“Werify” means check that the
equation is satisfied by the data of
this particular question. To do this
¥ou can just show that the
coordinates of &, 4 and B satisfy
x—2y+2z=0_Toudo not have

to shew any general methods.

d = 4% E4+3x1+1x(-1)=12+3-1=14

The line of intersection £ lies in the direction given by

ij k
(i-2j+2k w(3i+j-k =[1-2 2
i P

= 0i+7j+7k

A vector parallel to 73+7k 15 3+k and

this 1z parallel to the line £
The point £, which has position vector

4 +3)+k, lies onboth Jf and JT, and,

hence, on £
A wector equation of £ 15

r=4i+3j+k+:j+k |

Eearranging the answer to part d
r=d+3+i g+ 1+ 1k

Page2 of 2

I "

] -
n; X n,

The vector ny =1— 2j+ 2k 1z perpendicular
to Jd and the vector n,=3i+j-k 15
perpendicular to S, This diagram

lustrates the line of intersection of the
planes 1s parallel to n;xn,. This gives you

the direction of L. To find the equation of £,

vou alse need one point on 5. In this case,
the information given in the question shows
yvou that you already have such a point, 5.

Atthe point X on L where OX iz perpendicular to ©

1‘.|j+l{ =10
(dh+i 3+ p+i1+2 k Lj+k i=3+£+1+£6=10
===t =-2

The position vector of X 1z
H+(3-2 5+ 1-2 k=dh+)-k

© Pearson Education Ltd 2C
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Exercise A, Question 15

Question:

The points A, B and C have position wvectors, relative to a fizxed origin O,
a=21—-j,b=1+2j+3k,

c =21+ +2k,

respectively. The plane fT passes through A, 8 and O

a Find ABxAC .
b Zhow that a Cartesian equation of F 15 3x—y4+22=7.

The line { has equation r —51—5)—3k)=Z2i—)j—2k)=10.
The line { and the plane ff intersect at the point T

¢ Find the coordinates of T
d Show that A, B and T lie on the same straight line. [E]

Solution:

PhysicsAndMathsTutor.com
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1 2 -1
a AB=|2||-1]=| 3
3 0 3
2 2 a
AC=|3|-|-1|=|4
L 2 Uil 2
-1 0 —5
ABxAC=| 3 [x| 4 |=| 2
L 3 24 alg=d
—& 2
b A wector equation of iz 1| 2 |=| -1
-4 0
x
Letr=|»
z
—6 x5
r| 2 |=|¥|| 2 |=m-fx+2y—4z=-14
-4 z ) -4

& Cartesian equation of J7 iz
—bx+2y—dz=-14
Dividing throughout by -2
3x—y+2z="T, asrequired

¢ & wector equation of the line § 15

-6

2 |=-12-2=-14

—4

Page2 of 3

-—

Unce you have a vector no
perpendicular to the plane, vou can find
a vector equation of the plane using
run=an, where ais the position
vector of any point on the plane. Here
the pozition vector of A has been uged
bt the position vectors of 5 and C
would do just as well. Az the scalar
product 15 quite quickly worked out, it
1z a useful check to recalculate, using
one of the other points. A1l should give
the same answer, here —14.

sy (o o
r=|5 |+ -1
3] l=p

Parametric equations of [ are

The tweo vector forms of a straight line
ir—axb=0and r=a+h are

equivalent and you can always interchange
one with the other, Here

X=5+21y=5-12=3-2 > 2
substituting the parametric a=|53| and b=|-1}|
eruations into ] -2
Sx—y+2dz =7
3O4+2 - (00— 21532t )=7
159+6-0+i+6-4f =7
3 =-9=i=-3

The coordinates of Tare
(942583 —261=(59—6,5+3.3+6

=(-1,8.9)

PhysicsAndMathsTutor.com
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# o W B g il 1 -2 +— When A, 8 and Tlie on the same
d BT=0T-08=|8 |-| 2= & straight line, A5 and BT are in the same
o 3 5 direction. 3o you show that the wectors
From part a AR and BT are parallel.

Hence

AB= %ﬁ and AB is parallel to BT

Hence A, 5 and T lie in the same straight line. *+——] Points which lie on the same straight line
are called colhnear points.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 16

Question:

The plane [T passes through the points A—1,—1,13, 5(4, 2. 1) and C{2, 1, 0.

a Find a vector equation of the line perpendicular to f7 which paszzes through the
point 201, 2, 3

b Find the volume of the tetrahedron ABC D

¢ Obtain the equation of ff inthe form r-n=p.

The perpendicular from 2 to the plane JT meets IT at the point &

d Find the coordinates of X

e Show that DE= %

The point D' is the reflection of Din 1T
f Find the coordinates of D' [E]

Solution:

PhysicsAndMathsTutor.com
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d

4 -1 5
AB=|2 | -1|
1 1 %
2 -1 3 = —_— =
AC=| 1)1 2 by detiition, porpeadicaar o
o) LT -l both 48 and AC. So it will also be
5 3 —3 perpendicular to the plane
Trxac =3kl 2 |=| 5 ) conttaining A8 and AC
o) l-1) L1 )
An equation of the line, 7 say, which passes
1 -2
through 2 and is perpendicular to Jlis r=| 2 [+£] 3
3 1
1 -1 2
An=|2 |- -1|=|3
3 1 2
23
AD(ABxAC)=|3 || 5 |=-6+15+2=11
2111

The volume of the tetrahedron, Feay, i given by

=1|E.{Exﬁj ol L
& & &
An equation for J7 is
-3 -13{-2
r| 5 |=[-1} 2 [=2-5+1 =
1 1 1 The vector equation v.| & |=p
ey €
r| s |=-1 = and the Cartesian equation
1 ax+&v+ez=p are equivalents
A Cartesian equation for Jfis End one can always be replaced
SEesa iy ¥ the other.

Parametric equations cotresponding to the equation of / found in part a are
x=1-3 =242, z=3+;
substituting these parametric equations into the Cartesian equation for J7

=3 1=3 +5 245 +3+f=-1
—A+2%+10+ 2% +3+f =-1

PhysicsAndMathsTutor.com
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g5 gyl
35

The coordinates of B are given by
(1—3, 2453+

=[1+3x£,2—5:’<H 3—2]
35735735
2 2 2
e  DE? =[1—@] +[2—E] +[3—%J
) ) 35

-G E)-5)

34550411 4235 121

35 3577 35
(815.5) |

Tze vour calculator to help you worlk
out these awlkward fractions.

Of course, E =E and this 1s
35 o

acceptable as part of the answer,
Howrever, the subsequent working is
easier if all the coordinates have the
same denominator.

Page3 of 3

4— The distance & between points with

coordinates (x,x,. % ) and (3, 9.5

1z given by

. 2 2 2
=lm-—nl Ha-mnitua-yl.

, as required.

D

D'

Az Dz the reflection of D in JF, Eis the
tmid-point of 20 and the translation which maps D
to & also maps Eto D' 5o youcan find the position

33
33

35 1225, 35
[(121% 11 11435
Hence DE= ‘\j [E]_E_—ﬁ
f The translation mapping 2 to & iz represented by the vector
63 33
b i i ——
35 1 35
o R I O I
35 35
94 g 11
L35 35
The position vector of ' iz given by
68 33 101
a5 35 35
0D'=0F+DE=| = || -2 |=| -2
35 35 35
94 il 83
35) L 35) | 35

5

vector of D' by adding to the position vector

1
35
of 5.

The coordinates of ' are E—ﬂﬁ
Cis T

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 17

Question:

The points 4, B and C have position wvectors (4 2k), 2143 +k) and (i4j+3k),
respectively, relative to the origin O The plane T contains the points A, B and O

a Find a vector which iz perpendicular to fF

b Find the area of AABC

¢ Find a vector equation of IT in the form r n=p.

d Hence, or otherwise, obtain a Cartesian equation of fF .
e Find the distance of the origin & from I7.

The point I has position vector (3i+4j+k) . The distance of D from 7 12 s Ly

V17
f TUsing thiz distance, or otherwise, calculate the acute angle between the line A2 and
T, giving your answer in degrees to one decimal place, [E]

Solution:
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a Let a=j+2kb=21+3+k, and c=1+j+3k
b-a=21+3j+k-(j+2k \=2+2)-k
c—a =i+j+3k-ij+k j=i+k
& wvector which is perpendicular to JJ7 iz

The wector product

ib—cixic—al is, by definition,
perpendicular to both b —a and
c—a and, so, it 15 perpendicular

to both AF and AC . Tt will also be
perpendicular to the plane

containing AF and AC

11 k
ib—amie—a)=|2 2-1
101
=z2i-3-2k
1
b MBC=E|-IJ—£| Mic—a)| 4——
—1|2i—3j—2k|
2

:%‘\{[I 22+| —3 |2-|—| —2 |2 |

The wector product can be
mterpreted az a vector with
magnitude twice the area of the
triangle which has the vectors as
two of ite sides,

11
2

¢ A vector equation of JFis
ri21-3j-2k i=(j+2k ) 21-3j-2k i=0-3-4

ot

The wector equation | & |= p

=7 - /
7

d & Cartesian equation of J7is 2x -2y -2z =—

s

atd the Cartesian equation
ax+byv+ez=p are equivalents.

Page2 of 3

e The distance from apoint (=, 5,3 ) to aplane

|n1cx +a S tay+d

mE TRy thE+d =0 15 e
| Alnf +ug +nd |

Hence the distance from {0, 0, O to 2x -2y -2z =-7

7 7

15

Thiz formula iz given in the Edesxcel
formulae booklet. If you use a formula
from the booklet, it is sensible to quote
it in your selution. The distance of a
point from a plane 1z defined to be the
shortest distance from the point to the
plane; that is the perpendicular distance
from the point to the plane.

(2 +(=3) +(-2)") A1

f D:(3,4,1)

[

A “:v.-"l*:l I
V17
8 A (0, 1,2)

Let the angle between A0 and [T ke &
ADP = (3-0Y +(4-1F +(1-2) =9+9+1=19
amr=lly

73)
17
419
g =32(1dp)

sand = =0.055641...
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Review Exercise 2
Exercise A, Question 18

Question:

Eelative to a fized origin O the lines 4 and 4, have equations

ir=—1+2)-dk+a(-21+j+3k) L r =)+ 7k +i-1+)-k),

where = and i are variable parameters.

a Show that the lines intersect and are perpendicular to each other.

b Find a vector equation of the straight line & which passes through the point of
intersection of & and J, and the point with position vector 41+ 4 —3k , where 4
1z areal number.

The line kL makes an angle & with the plane containing [ and L.

¢ Find sinf mterms of 4.
Given that [.7, and L are coplanar,

d find the value of 4. [E]

Solution:
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a Equating the x components
—1-25=—
Equating the ¥ components
2+a=-1+; @

D+E l-s=-1=s=2 equal and then you show that
Substitute =2 into @ d=-1+f=¢=35 these walues malke the third
Checking the z components components equal

Fori:—4+3s=-4+6=12

4+— To show that two lines intersect,
D
you find the values of the two
parameters, here 5 and ¢, which
make two of the components

For i, 7-¢=7-5=2

These are the same, so 4 and L intersect.
The lines § and 7, are parallel to

-2 +])+3k and —1+)—-k respectively.

Az the scalar product a-h = |1'|||]J|C2055',

where 8 iz the angle between the
wvectors, if, for non-zero wectors, the

L2l +3k (=it —k)j=2%1-3=0 & | scalar produce is zero then coz8=10
Hence § is perpendicular to . and &= 50"

b Substituting £=2 into the equation for [, the commeon point has positien vector

—i+2j— 4k +2(=21+j+ 3k )=—5i+4j+ 2k

Teing r=a+uib—a), anequation of L 13 +—]
r=-S1+4j+2k+uidi+Ad)-k - -S+4)+ 2k )|
=-S+d)+2k+u(N+(A-4 -k

r=a+ulb—aj is the appropriate
torm of the equation of a straight
line going through two points
with position vectors a and b,
Here

a=-01+4)+2k

b =4i+1;-3k

¢ A wector mperpenticular to the plane, 5 say, containing [ and I s

n=(-1+j-kx(-21+j+3k)
ijk
=-11-1=4i+5j+k
it
Let the angle between [, and I be &

PhysicsAndMathsTutor.com
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d

nf' = 4% +5° +17 =42

Page3 of