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Exercise 6G

1 3
1 a A=
)
1 3 10
Al = "y
5 )
(1-2 3
13 1-2

det(A-AI)=(1-2)(1-1)-9
=1-2A+1>-9
—2*-24-8
=(1-4)(1+2)
The eigenvalues are the solutions of det (A —AI)=0
Hence:
(A-4)(A1+2)=0
A=-"2o0orA=4

So the eigenvalues of A are —2 and 4
To find an eigenvector of A corresponding to the eigenvalue —2:

N
LG

Equating the upper elements gives:

X+3y=-2x=>x=-y
Letx=1, theny=-1

Therefore, an eigenvector corresponding to the eigenvalue —2 is ( J

. 1),
The magnitude of (_1] is 4/1° +(—1)2 =2

1
V2
1

2

Hence a normalised eigenvector corresponding to the eigenvalue -2 is

To find an eigenvector of A corresponding to the eigenvalue 4:

I 3)(«x X
=4
3 1)\y y
x+3y) (4x
3x+y |4 y
Equating the upper elements gives:

x+3y=4x=x=y
Letx=1,theny=1

Therefore, an eigenvector corresponding to the eigenvalue 4 is (J
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The magnitude of Gj is VI +17 =42

1
L . . |2
Hence a normalised eigenvector corresponding to the eigenvalue 4 is {
V2
Forming the orthogonal matrix P from the normalised eigenvectors gives:
1 1
o | 2
LI
2 2
1 1
Pl 2 2
1 1
2 2
D=P'AP
L1 LI
N2 2 (1 3N V2 V2
IR U C VN B
2 2 2 2
1.3 3 _ 1yL L
N2 2 2 2| V2 2
[ LU T 0 D N
V2 V2 V2 202 2
2 2L L
N2 2 V2 2
|4 4 11
V2o 20 V2 V2
2 2 2 2
17272 272
| 4 4 4
LA A .
2 2 2
-2 0
Lo 4]
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ol 7
ol
(3 2)

det(A-A1)=(1-2)(4-2)-4

=4-51+1" -4
=1"-52
= A(A-5)
The eigenvalues are the solutions of det(A —AI)=0
Hence:
A(A-5)=0
A=0o0rA=5

So the eigenvalues of A are 0 and 5.
To find an eigenvector of A corresponding to the eigenvalue 0:

I 2)\x X
=0
-2 4 Ny y
x=2y ) (0
2x+4y) |0
Equating the upper elements gives:

x-2y=0=>x=2y
Lety=1,thenx=2

Therefore, an eigenvector corresponding to the eigenvalue 0 is [J

2
The magnitude of [J is V22412 =45

Hence a normalised eigenvector corresponding to the eigenvalue 0 is

Sl 5l

To find an eigenvector of A corresponding to the eigenvalue 5:
I -2)\(x X
=5
-2 4 \y b%
x=2y ) [5x
2x+4y) 5y
Equating the upper elements gives:

X—-2y=5x=2x=-y
Lety=2,thenx=-1

Therefore, an eigenvector corresponding to the eigenvalue 5 is (_2 ]
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. -1 . 2
The magnitude of [ 2} is /(1) +2° =5

1
Hence a normalised eigenvector corresponding to the eigenvalue 5 is ;/g
N
Forming the orthogonal matrix P from the normalised eigenvectors gives:
2 1
o |5
1 2
5 5
2 L
pT— 5 5
12
5 5
D=P'AP
2 1L 2 1
| 5 51 -2 5 5
L2 (—2 4j 12
5 5 5 5
2.2 4. 42 1
| V5 WS 5 W5 5 5
oL 4 2 801 2
5 W5 5 W5 5 5
o o)X L
S 15 ;
5s\E TR
0+0 0+0
= 10 10 5 20
5 5 5 5
(00
Lo —sj
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2 a A—(\E 4}
3 42 1 0
A‘“{ﬁ 4}”{0 J

[(3-2 A2
V2 4-2
det(A-AI)=(3-2)(4-1)-2
—12-TA+27 -2
=A*-72+10
~(2-2)(2-5)
The eigenvalues are the solutions of det (A —AI)=0
Hence:

(2-2)(A-5)=0
A=2o0rA=5
So the eigenvalues of A are 2 and 5
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2 b To find an eigenvector of A corresponding to the eigenvalue 2:
( 3 ﬁ}m B 2@
V2ooa )\y)
3x++/2 y| (2x
(\/Ex+4yJ - (2)’j
Equating the upper elements gives:

3x+x/§y=2x:>x=—\/§y
Let y =1, then x=—2

Therefore, an eigenvector corresponding to the eigenvalue 2 is [

@

1

The magnitude of [_\1/5] is (_\/5)2 1P =3

Hence a normalised eigenvector corresponding to the eigenvalue 2 is

- SIS

&l

To find an eigenvector of A corresponding to the eigenvalue 5:
3 2 (xj _s [xj
V2ooa \y) oy

3x+/2 Y| (SX]
V2x+4 v Sy
Equating the upper elements gives:

3x+\/§y:5x:x:%y

Lety =1, then ng

N

Therefore, an eigenvector corresponding to the eigenvalue Sis | 2

The magnitude of | 2 | is 5

1

Hence a normalised eigenvector corresponding to the eigenvalue 5 is:

\5_%\5

21 Lﬁ] I
2
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2 ¢ Forming the orthogonal matrix P from the normalised eigenvectors gives:
V2o
o | B B
L2
V33
Va1
po| BB
1 V2
BB
D=P'AP
Ao b
Jo o 32
1 1 1
S NN Y
2 1L
NG
1 1 2
Jo Vo e
pro| L L 1
NERNCIING]
L
V202
L L
Jo 3 2| V6 Jo e
ppro| L L Lyt 11
Jo 3 2| 3 3B
2 st Loy
J6 3 V22
1 1 1 1 2 1
—+—+—= —+——= ———+0
6 3 2 6 6 3
LR S L A L
6 3 2 6 6 3
g—l+0 g—l+0 i+l+0
6 3 6 6 3
1 00
=0 1 0
0 0 1

Hence P is an orthogonal matrix.
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123 3 (L 11
6 6 Yl 2 2% B V2
T 1 1 1 3 3 1 1 1
PAPSCE TR B2 2 Y TR R
I o | I T
22 NG
3 3 2 3 3 2 1 1 2
26 206 J6 246 26 6 6 o 6
3 3 1 3 3 1 1 1 1
T 5B o B B BB
3 3 3 3 1 1
m+m+0 —m—m+0 —2——2+0
2 2 4 1 1 1
Jo Jo Vo |6 BB 2
RS T O DR S S
BB BVe B2
3 .3 L2 L oy,
2 2 6 3
2.2.8 2 2 4 2 2 .,
6 6 6 Jis Ji1s V18 V12 V12
1 1 2 1 1 1 1 1
WsTUE s 333 B
3 3 6 3 3 3 3
\/ﬁ+\/ﬁ_\/ﬁ —%+%+0 5+5+0
2 0 0
=0 -1 O
0O 0 3

Hence PTAP is a diagonal matrix.

R
Jo 32
111
Vo 32
2Ly
Vo 3
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2 0 2 100
A-2I=|0 2 0[-4/0 1 ©
2 0 2 00 1
2-2 0 2
=l 0 2-2 0
2 0 2-2
2-2 0 2-4 2 0 2-2
det(A—-AI)=(2-1 ‘ ‘—o‘ ‘+2‘
0 2-2 2 2= 2 0

=2(2-2)(A-4)
The eigenvalues are the solutions of det (A —AI)=0
Hence:
A(2-4)(A-4)=0
Therefore A=0,A=2,1=4

To find an eigenvector of A corresponding to the eigenvalue 0:

2 0 2\ x X

0 2 O0fly|=0]y
2 0 20z z
2x+2z 0

2y |=|0
2x+2z 0

Equating the top elements gives:
2x4+2z=0=>x=-z

Setting x = 1 gives z =—1

Equating the middle elements gives:
2y=0=>y=0

Therefore, an eigenvector corresponding to the eigenvalue 0 is

1

The magnitude of | 0 | is /1> +0° +(—1)2 =2

-1

1
0
-1

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



INTERNATIONAL A LEVEL

Further Pure Maths 3 Solution Bank @ pearson

Hence a normalised eigenvector corresponding to the eigenvalue 0 is

_ o5~

S

To find an eigenvector of A corresponding to the eigenvalue 2:

2 0 2)\x X
0 2 Ofly|=2|y
2 0 2z z
2x+2z 2x
2y  |=|2y
2x+2z 2z

Equating the top elements gives:
2x+2z=2x=z=0

Equating the bottom elements gives:
2x+2z=2z=2z=0

Equating the middle elements gives:

2y=2y
Sosety=1
0
Therefore, an eigenvector corresponding to the eigenvalue 2 is | 1
0
0
The magnitude of | 1 | is V0> +1>+0° =1
0
0
Hence a normalised eigenvector corresponding to the eigenvalue 2 is | 1
0
To find an eigenvector of A corresponding to the eigenvalue 4:
2 0 2)\x X
0 2 0}ly|=4ly
2 0 20z z
2x+2z 4x
2y |=|4y
2x+2z 4z
Equating the top elements gives:
2x+2z=4x=>x=z
Setting x =1 gives z = 1
Equating the middle elements gives:
2y=4y=y=0
1
Therefore, an eigenvector corresponding to the eigenvalue 4 is | 0
1
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The magnitude of | 0 | is V1> + 0% +1% =42

1

Hence a normalised eigenvector corresponding to the eigenvalue 4 is

Forming the orthogonal matrix P from the normalised eigenvectors gives:

1o, L Loy L
V2 V2 V2 V2
P=| 0 1 O | and P'=| 0 1 0
Ly L 1, L
V202 V2 V2
Hence:
Loy L 1y L
V2 J2 (2 0 2 V2 V2
P'AP=| 0 1 0 0 2 0 0 I 0
1o Lj2o2) 11
V2 V2 V202
2 2 2 2 1
7?+O—7? 0+0+0 7?—73 7?
= 04+0+0 0+2+0 0+0+0 0
j%+0+5% 0+0+0 £%+0+£% —;%
1o, L
0 0| 2 2
=l 0 0 0 I 0
4o AL o, L
V2o 20 V2 2
0+0+0 0+0+0 0+0+0
= 0+0+0 0+2+0 0+0+0
i+O—i 0+0+0 i+0+i
2 2 2 2

sl = -
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5 3 3
5 a A=|3 1 1] haseigenvalues(,—1 and 8
311

To find an eigenvector of A corresponding to the eigenvalue 0:
5 3 3)\x X

3 1 1|y|=0]y
31 1)z
Sx+3y+3z 0

z

3x+y+z |=|0

3x+y+z 0
Equating the top elements gives:

5x+3y4+3z=0=>3z=-5x-3y 1)
Equating the middle elements gives:

3x+y+z=0=>z=-3x—-y ?2)
Substituting (2) into (1) gives:

3(—3x—y) =-5x-3y

-9x-3y=-5x-3y

4x=0=>x=0
Substituting x = 0 into (1) gives:

3z=0-3y=>z=-y
Setting y = 1 gives z =—1

0

Therefore, an eigenvector corresponding to the eigenvalue 0 is | 1

-1

0
The magnitude of | 1 | is {0 +1% +(~1)" =2
-1

Hence a normalised eigenvector corresponding to the eigenvalue 0 is

I s

S
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5 b An eigenvector of A corresponding to the eigenvalue —1 is | 1

-1
The magnitude of | 1 | is «/(—1)2 +12 41> =3
1

(98]

Hence a normalised eigenvector of A corresponding to the eigenvalue —1 is

S-S

2

An eigenvector of A corresponding to the eigenvalue 8 is | 1
1

2
The magnitude of | 1 | is V2> +1*+1%> =6

1

Hence a normalised eigenvector of A corresponding to the eigenvalue —1 is

5= 5= &

Forming the orthogonal matrix P from the normalised eigenvectors gives:

1y 2
3 J6
p_| L L 1
V3 2 6
R S
V3 2 6
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Step 1:
L, 2
NG) J6
1 1
det(P)—ﬁ ﬁ ﬁ
| 11
NG
11 11 11
__L[V2 Ve 3 Ve, 2\B 2
N1 RS S R U B VIR N
NPIEN I NERNT 3 P2
__1 L+Lj_0+i(_L_Lj
V32 iz 6\ 6 6
2 4
- 6 36
Step 2: 1
11 LR S B I S
V2o el |3 Vel |N3O2
N Loty 1
V2 Vel W3 Vel W32
o 2| |L.L 2y .1
M- Jo| | V3 Vel | 3
S O I S S O I O S
V2 Vel [V3oNel |3 V2
o 2| |LL 2y L
Jo| | B el | VB
11 11 11
V2 Jo| |3 ool |32
1 11 11
J2 V2 Vs is 6 6
a2 L2 1
Jizo Jis 18 e
o2 12 1
Jizoo 18 Jis Ve
2, 2
Jiz 6
2 3
N TN TN
2 3 1
BNV TN
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Step 3:
2, _Z
V12 J6
c-|--2 3 _1
Jizo 18 e
22 3 b
iz Jis o e
Step 4:
2 2 2
Ji2o V12 V2
T 3 3
C = 0 E E
N S
NN 3
Step 5:
a1 T
_det(P)
22 2
Vizo V2o 12
1, 3 3
-1 N/ERENIT]
2 b
N[N
2 2 2
2o V12 2
I O -
V18 18
2 1 1
NN
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e

[ ]2

NE
-3

SE

7\
N — -

N — -

v o on on
N—

o0
MR
|
EME
A |L— N [L—
a
N o

-1
-1

\O

P'AP=

ale

NENE
~s I

N

2 -t

f __J
HE

ale

AT

12 12 12

NYRINT

0+0+0

0+0+0

Jiz V2

e =%~ | *

O Mw 6__% _J _J | H

_ = <

2@ o) o 0
6@ 08_[ 25 oo_ﬂ
97m3__%
+ | +
o | + o 6W w ° 0 ° _6

6(97m3__% 2&08_,% 2_ﬁw8+ﬁ o o o

+
ol + 0+_% %06@ 2
g 2 el a8 <2 e -

_ — _ _ _

16

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



INTERNATIONAL A LEVEL

Further Pure Maths 3 Solution Bank @ pearson
7 0 =2
6 a A= 0 5 -2
-2 -2 6
7 0 =2 1 00
A=Al = 5 2|-4/0 1 0
-2 -2 6 0 0 1
7-4 0
= 0 5-2 —ZJ
-2 -2 6-4
dot(A— A1) = (7— )‘5 A0 ‘_0‘0 -2 ‘_2‘0 5-2
-2 6-4 -2 6-4 -2 2

(7-2)[(5-2)(6-4)-4]-0[0-4]-2[0+2(5-2)]
=(7- )(/12—11/1+30 4)-4(5-42)
[ 11/1+26)—4/1+20]

[ 11/12+26/1 TA2+772-182— 4/1+20]
=—[z3—18/12+99/1—162]

As 4 =9 is an eigenvalue, factorize by inspection with (4 — 9) in one bracket:

=-[(2-9)(#" -92+18)]
=-[(4-9)(2-6)(2-3)]
The eigenvalues are the solutions of det(A —AI)=0
Hence (/1—9)(/1—6)(/1—3) =0
Therefore Al=3,A=6and1=9
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6 b To find an eigenvector of A corresponding to the eigenvalue 3:
7 0 2)\x X

0 5 =2|y|=3y
-2 -2 6 )\z z
4x-2z 0
2y—-2z =0

—2x-2y+3z 0

Equating the upper elements:

4x-2z=0=2x=z

Setting x = 1 gives z =2

Equating the middle elements and substituting z = 2:
2y-2x2=0=>y=2

1
Therefore, an eigenvector corresponding to the eigenvalue 3 is | 2
2

To find an eigenvector of A corresponding to the eigenvalue 6:
7 0 2)\x X

0 5 =2|y|=6]y
-2 -2 6 )\z z
x—2z 0
-y=2z =0
2x-2y 0

Equating the upper elements:

x-2z=0=>x=2z

Setting z =1 gives x =2

Equating the middle elements and substituting z = 1:
—y=2x2=0=>y=-2

2
Therefore, an eigenvector corresponding to the eigenvalue 6 is | —2
1

To find an eigenvector of A corresponding to the eigenvalue 9:
7 0 2)\x X

0 5 =22|y|=9y
-2 -2 6 )\z z
—2x-2z 0
—4y-2z |=|0

—2x-2y-3z 0

Equating the middle elements:
—4y-2z=0=>z=-2y
Setting y =1 gives z = -2

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free. 18



INTERNATIONAL A LEVEL

Further Pure Maths 3 Solution Bank @Pearson

Equating the upper elements and substituting z = —2:
2x-2x(-2)=0=>x=2

Therefore, an eigenvector corresponding to the eigenvalue 91is | 1
-2

Construct P from the normalized eigenvectors (in any order).
Construct D from the eigenvalues (in the corresponding order).

Then P"'AP=D
But as A is a symmetric matrix, P will be an orthogonal matrix, so P'AP =D as required.

1
An eigenvector of A corresponding to the eigenvalue 3 is | 2
2
1
The magnitude of | 2 | is V1> +2> +2* =3
2
1
3
Hence a normalised eigenvector of A corresponding to the eigenvalue 3 is %
2
3
2
An eigenvector of A corresponding to the eigenvalue 6 is | —2
1
2
The magnitude of | =2 | is /2% +(-2)* +1° =3
1
2
3
Hence a normalised eigenvector of A corresponding to the eigenvalue 6 is —%
1
3
2
An eigenvector of A corresponding to the eigenvalue 9is | 1
-2
2
The magnitude of | 1 |is /2> +2>+(=2)’ =3
-2
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2
3
Hence a normalised eigenvector of A corresponding to the eigenvalue 9 is %
2
3
12 2
3 3 3 30 0
Then P = 2 21 and D={0 6 O
3 33 0 09
21 2
3 3 3
1 2 0
7a A=|2 1 5
0 V5 1
1 2 0 1 0 0
A-=|2 1 5]-2l0 1 0
0 V5 1 00 1
1-4 2 0
=l 2 1-2 5
0 5 1-2
1-1 5 2 1-4
det(A—AT)=(1-2) V5| 0
o=l o 1-4 o 5

=(1-A)[(1-2)(1-2)-5]-2[2(1-2)-0]+0(2V5+0)
If 4 is an eigenvalue of A then:
(1-4)[(1-4)(1-4)-5]-2[2(1-4)]=0
-12+12=0
Hence 4 is an eigenvalue of A.

det(A—AT)=(1-2)[(1-2)(1-2)-5]-2[2(1-2)-0]
(1-2)[(1-2)(1-2)=5]-4(1-2)

[(1-2)[(1-4)(1-2) 54]]

(1-2)(4*-24-8)

(I-2)(A-4)(A1+2)

det(A—A1)=0

(1-2)(A-4)(1+2)=0

A=-2o0orAl=lorA=4
Hence the eigenvalues of A are —2, 1 and 4
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7 b To find an eigenvector corresponding to eigenvalue 4:
I 2 0)\/x X
2 1 N5||y|=4|y

0 5 1 \z z

x+2y 4x
2x+y+\/§z =|4y
\/§y+z 4z

Equating the upper elements gives:
x+2y=4x=2y=3x

Setting x = 2 gives y =3

Equating the lower elements and substituting y = 3 gives:

3\/§+Z:4Z:>Z:\/§

2

Hence an eigenvector corresponding to eigenvalue 4 is | 3
J5
2
3 | has magnitude \/22 +3%+ (\/5)2 =32

NG

[s

(O8]
.—‘Q‘
[\

Hence a normalised eigenvector corresponding to eigenvalue 4 is

55

&
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-2
2
7 ¢ | 3 | has magnitude \/(—2)2+32+(—«/§) =32
5
2
s 31ﬁ
Hence a normalised eigenvector corresponding to | 3 | is ﬁ
-5
B
3V2
NG
2
0 | has magnitude (\/g) +(—2)2 =3
-2
s
J5) |3
Hence a normalised eigenvector correspondingto | 0 [is| O
) 2
3
22 ¥
W2 32 3
1 3
P=| = — O
V232
RENNECI
V2o 323
2L s
V2o N2 32
pro|_2 3 J5
W2 32 32
oo, 2
3 3
P'AP=D
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2 1 N5 2 2 5
V2o V2 32 1 2 0 32 W2 3
po|-2 3 B sl L 3
W2 32 32 o 1 232
5o, 2 N5 N5 2
3 3 32 32 3
—2 +—6 +0 4 + 3 + > 0+_3\/§+_\/§
32 32 W2 32 W2 32 32
26 4 3 5 35 5
= -—F4=+—F++0 - + - 0+ -
32 32 W2 32 32 32 32
£+0+0 2\/§+0_2\/§ 0+0—g
3 3 3 3
8 12 45 2 2 5
W2 32 W2 32 32 3
|4 6 w51 3
W2 32 W2 V2 W2
s 25 N 2
3 3 0\32 32 3
16 36 20 16 36 20 85 85
_ -4 __ 4 _ =" +O_
18 18 18 18 18 18 92 92
8 18 10 8 18 10 45 NG
= ———+=  ————- — +0-
18 18 18 18 18 18 942 2
2.5 YNNG 245 5 4
+0- - +0+ —+0+—
o2 W2 92 N2 9 9
4 0 0
-0 =2 0
0 0 1

[

s 5= &

|
w | N

5

W
‘wﬂ'\’
N

26 G

o w|&‘
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30 3-4] |3 3-4 |3 3
=(2-2)[(2-2)(3-2)-9]-2[2(3-2)+9]-3[6+3(2-12)]
If 6 is an eigenvalue of A then:
(2-6)[(2-6)(3-6)-9]-2[2(3-6)+9]-3[6+3(2-6)]|=0
~12-6+18=0
Hence 6 is an eigenvalue of A.
det(A—Al)=(2-4)[(2-2)(3-4)-9]-2[2(3-2)+9]-3[6+3(2-1)]
=(2-4)(2*-54-3)-2(15-22)-3(12-34)
=24"=10A-6- A" +51> +34-30+41-36+94
=1 +7A*+64-72
=1 +64°+ A -61+124-72
=—2*(A-6)+A(1-6)+12(1-6)
:(/1—6)(—22+/1+12)
=(A-6)(-1-3)(A-4)
=—(A-6)(A+3)(A1-4)
det(A-A1)=0
(1-6)(A+3)(A-4)=0
Hence the eigenvalues of A are 4, =6, 4, =4, 4, =-3

Further Pure Maths 3 Solution Bank @ pearson
2 2 3
8a A= 2 2 3
-3 3 3
2 2 3 1 00
A-AI={2 2 3 |-2/0 1 0
-3 3 3 0 0 1
2-4 2 -3
= 2 2-1 3
-3 3 3-4
det(A—lI):(2—l)‘2_l . ‘—2‘2 . ‘—3‘2 2_)“‘

b det(A)

‘2 3‘ ‘2 3‘ ‘2 2‘
2 -2 -3

33 -3 31 |3 3
2(6-9)-2(6+9)-3(6+6)
-6-30-36

=72

But also: 44,4, =6x4x(-3)=-72

Therefore det(A) = 44,4, as required

det(A)
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8 ¢ To find an eigenvector corresponding to eigenvalue 6 is
2 2 3)\x X

2 2 3 |y|=6ly
-3 3 3 )\z z
2x+2y-3z 6x
2x+2y+3z |=| 6y

—3x+3y+3z 6z

Equating the upper elements gives:
2x+2y-3z=6x=>2y=4x+3z

Equating the middle elements gives:
2x+2y+3z=6y=>4y=2x+3z

Hence by substituting for 2y in the second equation:
2(4x+3z) =2x+3z

8x+6z=2x+3z
6x =-3z
Setting x = 1 gives z = —2
Equating the lower elements and setting x = 1 and z = -2 gives:
-34+3y-6=-12=>y=-1
1
Hence an eigenvector corresponding to eigenvalue 6 is | —1

-2
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1 1 1
8 d A haseigenvectors | —1{,| 1 |and | -1
-2) {0 1
1
—1 | has magnitude \/12 +(-1)" +(-2)" =6
-2

1
-1
-2

Hence a normalised eigenvector corresponding to

1
1 | has magnitude V1> +1% =2
0

1
Hence a normalised eigenvector corresponding to | 1
0

1

—1 | has magnitude 4/1? +(—1)2 +1> =3

1

1
-1
1

Hence a normalised eigenvector corresponding to
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Challenge
138 4
9 9 9
m=| & 1L 4
9 9 9
447
9 9 9
1, 8 _3
9 9 9
moa-| 2 1, 2
9 9 9
A A
9 9 9
det(M - 21)=[ 12 (l—zj 1_1)_2}_§[§(l_zj+ﬁ}i{£+i(l_zﬂ
9 “)I\9 9 81] 9[99 81 9181 99

(L, l_§,1+,12_Ejﬁ(ﬁﬁmﬁj_i(ﬁ_iﬂj
ol81 9" 81) 981 9

(X2 8, 2 8(2 8,1 4 ﬁ_iﬂj
9 9" 81) 9ls1 9") 9ls1 9

=lﬂ.2—£ﬂ,—i—ﬂ,3+§ﬂ,2 iﬂ_ﬁ+ﬁﬂ_ﬂ+gi
9 81 729 9 81 729 81 729 8l
=-A+A+1-1
=(A-1)(A-1)(2+1)

det(M—AI)=0

(A-1)(2-1)(A+1)=0

A=-lori=1
Hence the eigenvalues of A are —1, and 1 repeated
To find an eigenvector corresponding to eigenvalue —1:

13 _4

9 9 91/« X
LI N N T

9 9 9

4 4 7 |\F z

9 9 9

N

9 97 9 x
§x+1y+iz =|-y

9 9 9
AT

9 97 9
Equating the upper elements gives:
éx+§y—i22—x24z=10x+8y

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



INTERNATIONAL A LEVEL

Further Pure Maths 3 Solution Bank @Pearson

Equating the middle elements gives:
8 1 4

9x+9y+9z y=>4z=-8x-10y

Hence:

10x+8y=—-8x—-10y

2x=-2y

X==y

Setting x =1 gives y =—1

Equating the lower elements and setting x = 1 and y = —1 gives:

4 4 7 16 8 1
————t—Zz=—ZI—ZzZ=—>Zz=—
9 9 9 9 9 2

2
Hence an eigenvector corresponding to eigenvalue —1 is | —2
1

To find an eigenvector corresponding to eigenvalue 1
8 4

s O|oco ©O|—
|~ o — o]

NN IS IR NN o

[u—
|oo ©
N

Equating the upper elements gives:

1 8 4 8 8 4
—X+—=—y——z=x=>-—x+—y—-—z=0
9 9 9 9 9 9
Equating the middle elements gives:

§x+l +£z— :§x—§ +iZ_O:>—§X+§ —iz—o
9 T TGI TV T 9N T 9" 979
Equating the lower elements gives:

4 4 7 4 4 2 8 8 4
——X+—y+—z=z=>-—x+—y——z=0=>—-——x+—y——2z=0
9 99 9 979 9 9 9

Setting y = 0 gives 2x = —z and setting x = —1 gives z =2
-1
Hence an eigenvector corresponding to eigenvalue 1 is | 0
2
Setting z = 0 gives x =y and setting x = 1 gives y = 1
1

Hence another eigenvector corresponding to eigenvalue 1 is | 1
0
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Geometrically, as M represents a reflection, the eigenvector with eigenvalue —1 must be normal to
the plane, and all eigenvectors with eigenvalue 1 must be parallel to the plane.
Note that there are many possible eigenvectors that can be found within the plane.

2
The equation of the plane is r.| -2 |=0
1

In Cartesian form, this is:
2x-2y+z=0
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