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Exercise 6F

2 4
1 a A=
)
2 4 1 0
A-Al= )
1 )
(2-4 4
L1 5=

det(A-Al)=(2-1)(5-1)-4
=10-74+1° -4
=A*-TA+6
The eigenvalues are the solutions of det(A—A1)=0

Hence:

AT =TA+6=0

(A-1)(A-6)=0

A=lorA=6

So the eigenvalues of A are 1 and 6.

To find an eigenvector of A corresponding to the eigenvalue 1:

i s6)-0)
a)-G)

Equating the upper elements gives:

2x+4y=x=>x=-4y
Lety=1, thenx=-+4

Therefore, an eigenvector corresponding to the eigenvalue 1 is (_1 ]
To find an eigenvector of A corresponding to the eigenvalue 6:

2 4)\(x X

=6

I S)\y y

2x+4y) (6x

x+5y 6 y
Equating the upper elements gives:

2x+4y=6x=>y=x
Lety=1,thenx=1

Therefore, an eigenvector corresponding to the eigenvalue 6 is (J
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1b A=(fl':j
a4 )
=[{;% 4:;j

det(A—-Al)=(4-2)(4-1)-1
=16-81+47 -1
=1 -81+15
The eigenvalues are the solutions of det(A—A1)=0

Hence:

A7 —81+15=0

(2-3)(A=5)=0

A=30rA=5

So the eigenvalues of A are 3 and 5.

To find an eigenvector of A corresponding to the eigenvalue 3:

[—41 ﬂ@ =3@
()6

Equating the upper elements gives:

4x—y=3x=>x=y
Lety=1,thenx=1

Therefore, an eigenvector corresponding to the eigenvalue 3 is [J
To find an eigenvector of A corresponding to the eigenvalue 5:

4 -1)\(x x

=5

-1 4 )y b%

dx—y | (5x

-x+4y 5 y
Equating the upper elements gives:

dx—y=5x=>y=—x
Lety=1, thenx=-1

Therefore, an eigenvector corresponding to the eigenvalue 5 is (_1 j
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3 -2
1 c A=[O 4j

(3 —2) (1 oj
A—Al = -y
0 4 0 1
(3-2 2
o 4-2
det(A—AI)=(3-2)(4-1)—0
=1 —T7A+12

The eigenvalues are the solutions of det(A—AI)=0

Hence:

AP =TA+12=0

(2-3)(2-4)=0

A=30ri=4

So the eigenvalues of A are 3 and 4.

To find an eigenvector of A corresponding to the eigenvalue 3:

o <))
0 4 )\y y
3x-2y 3x
( 4y j:[3y]
Equating the upper elements gives:
3x-2y=3x=>y=0

3x) (3x
A
Therefore, an eigenvector corresponding to the eigenvalue 3 is [Oj
To find an eigenvector of A corresponding to the eigenvalue 4:

3 2)\(x X

=4

[0 4j(yj [yj

3x-2y 4x
[ 4y )=(4yj
Equating the upper elements gives:

3x-2y=4x=>x=-2y
Lety=1, thenx=-2

-2
Therefore, an eigenvector corresponding to the eigenvalue 4 is ( : ]
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3 4
2 a A=

2

3 4 10
A—Al= )

3 ok )
(3-4 4
2 9-21

det(A—AI)=(3-1)(9-1)+38
=27-12A+ A" +8
=A*-124+35
The eigenvalues are the solutions of det(A—A1)=0
Hence:
AT =124+35=0
(2-5)(2-7)=0
A=5o0riA=7
So the eigenvalues of A are 5 and 7.

3 4)\(«x X
=5
-2 9)N\y h%
3x+4y ) (5x
—2x+9y 5 y
Equating the upper elements gives:

3x+4y=>5x
1

=—X
Y7

3 4)\(x x

=7

-2 9 )N\y h%

3x+4y | (Tx

—2x+9y |7 y
Equating the upper elements gives:

3x+4y="Tx
y=x
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0 0
3 a A= 4 2
-2 0 1
300 1 00
A-Al=| 2 4 2|-4{0 1 0
-2 0 1 0 0 1
3-4 0 0
=l 2 4-1 2
-2 0 1-2
det(A—/II)=(3—}L)‘4_/1 0‘—0‘2 2‘+0‘2 4_}“‘

0 1-4 -2 1-2
(3= 2)[(4-2)(1-4)-0]
(3 2)(4-2)(1-2)

The eigenvalues are the solutions of det(A—AI)=0

-2 0

Hence:

(3-4)(4-2)(1-2)=0

Therefore Al=1,A=3,1=4

To find an eigenvector of A corresponding to the eigenvalue 1:

3 0 0)x X
2 4 2y|=1y
-2 0 1){z z
3x X
2x+4y+2zy |=|y
—2x+z z

Equating the top elements gives:
3Ax=x=>x=0
Equating the middle elements and setting x = 0 gives:
4y+2z=y=3y-2z
Setting z =3 gives y =2
0
Therefore, an eigenvector corresponding to the eigenvalue 1 is | -2
3
To find an eigenvector of A corresponding to the eigenvalue 3:
3 0 0)(x X
2 4 2|y|=3y
-2 0 1){z z
3x 3x

2x+4y+2z |=|3y

-2x+z 3z

Equating the top elements gives:
Ix=3x=>x=1
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Equating the bottom elements and setting x = 1 gives:
2=2z=>z=-1
Equating the middle elements and setting x = 1 and z =—1 gives:
2+4y-2=3y=4y=3y=y=0
1

Therefore, an eigenvector corresponding to the eigenvalue 3is | 0

-1
To find an eigenvector of A corresponding to the eigenvalue 4:
3 0 0)\x X
2 4 2| y|=4|y
-2 0 1){z z
3x 4x
2x+4y+2z |=|4y
—2x+z 4z
Equating the top elements gives:
3x=4x=>x=0
Equating the bottom elements and setting x = 0 gives:
z=4z=2z=0
Equating the middle elements and setting x = 0 and z = 0 gives:
4y=4y=y=1
0
Therefore, an eigenvector corresponding to the eigenvalue 4 is | 1
0
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4 2 -4
3 b A=|2 3 0
2 -5 —4
-2 -4 1 00
A-AI={2 3 0 |-4/0 1 0
-5 4 0 0 1
4-4 =2 -4
=l 2 3-2 0

)
|
()]
|
S
|
~

3-14 0 2 0 2 3-2
T A (=
(4-2)[(3-4)(-4-12)-0]+2[2(-4-1)-0]-4[-10-2(3- 1) ]
—(4-2)(3-2)(4+2)—4(4+1)+40+8(3-1)
~(16-27)(3-2)-16-42+40+24-84
—(48-164-327 + 1*)-122+48

—48+16A+347 - 1> —121+48
=4A+31° -4
=A(4+32-4%)
=2(4-2)(1+2)

The eigenvalues are the solutions of det(A—A1)=0

Hence:

2,(4—/1)(1+/1) =0

Therefore A=0,A=-1,1=4

To find an eigenvector of A corresponding to the eigenvalue —1:

4 -2 4)\(x X
2 3 O0|lyl=—-1y
2 5 4z z

4x-2y—-4z -X
2x+3y

Il
|
<

2x—-5y—4z -z
Equating the middle elements gives:

2x=-4y=>x=-2y
Setting y = 1 gives x =2
Equating the top elements and setting x = -2 and y = 1 gives:

—8-2-4z=2=4z=-12=2z=-3

-2

Therefore, an eigenvector corresponding to the eigenvalue —1 is | 1
-3
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To find an eigenvector of A corresponding to the eigenvalue 0:
4 -2 4\(x X
2 3 0 (|y|=0]y

2 -5 4)\z z
4x-2y—-4z 0
2x+3y  |=|0

2x—-5Sy—4z 0
Equating the middle elements gives:
2x=-3y
Setting y = 2 gives x =3
Equating the top elements and setting x =—3 and y = 2 gives:
—12-4-4z=0=4z=-16=>z=-4
-3
Therefore, an eigenvector corresponding to the eigenvalue 0 is | 2
—4
To find an eigenvector of A corresponding to the eigenvalue 4:
4 -2 4\(x b
2 3 0 |y|=4y
2 -5 4)\z z
4x—-2y—-4z 4x
2x+3y  |=|4y
2x-5y—4z 4z

Equating the middle elements gives:
2x=y

Setting x = 1 gives y =2
Equating the top elements and setting x = 1 and y = 2 gives:
—4z=4=z=-1
1
Therefore, an eigenvector corresponding to the eigenvalue 4 is | 2

-1
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2 2 2
4 a A=|-3 2 0
1 4 3
2 2 2 1 0
A-AI=|-3 2 0 |-4]0 0
1 4 3 0 1

H
B
|
(98]
|
NS

2— -3 0 -3 2-4
det(A—ﬂI):(Z—ﬂ)‘ ‘_ ‘ ‘_2‘ ‘
4 3-4 |1 -3-4] |1 4
(2-4)[(2-2)(-3-4)-0]-2[-3(-3-2)-0]-2[-12-1(2-2) ]
—(2-2)(2-2)(3+2)-6(3+2)+24+2(2—-1)
—(4-42+27)(3+2)-18-64+24+4-24
=—(12-122+327 +44-427 + 2*) -84 +10
—12412A4-3A7—4A+42* - 21> -84 +10
=2+ -1
The eigenvalues are the solutions of det(A—A1)=0
Hence:
2+ -1=0
Try A=-1
—2+1+1=0
Therefore, 1+1 is a factor of 2+ 4> -1’ =0
-1’ +21-2
A+1)-20 + 12 +04-2

A=A
247 +04
20 24
—24-2
—24-2

0
Hence:

(A+1)(-A"+22-2)=0
AP +22-2=0
AP=20+2=0
(A-1)=1+2=0
(A-1) =-1

A-1=+/-1

Therefore, 1 =—1 is the only real eigenvalue of A.
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4 b To find an eigenvector of A corresponding to the eigenvalue —1:
2 2 2)\(x X
-3 2 0 y|=-1y
1 4 -3){z z
2x+2y-2z —X
3x+2y |=|—-y
x+4y-3z -z

Equating the middle elements gives:
3y=3x=y=x
Setting y =1 gives y =1
Equating the top elements and setting x =1 and y = 1 gives:

2+2—22=—1:>Z=§

1
Therefore, an eigenvector corresponding to the eigenvalue —1 is | 1
5
2
2 -1 3
5a A=|0 2 4
0 2 0
2 -1 3 1 00
A-AI={0 2 4|-4|/0 1 O
0 2 0 0 0 1
2-4 -1 3
= 0 2-1 4
0 2 -2
2-14 4 0 4 0 2-4
det(A—Al)=(2- i)‘ +1 +3 ‘
2 A |0 -4 |0 2
=(2-4)[-4(2-4)-8]+1(0-0)+3(0-0)
=(2-4)(24*-24- 8)

=(2-2)(1-4)(21+2)
The eigenvalues are the solutions of det(A—AI)=0

Hence:
(2-2)(A-4)(4+2)=0
Therefore Al=-2,A=2,1=4

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.

10



INTERNATIONAL A LEVEL

Further Pure Maths 3 Solution Bank @ pearson

5 b To find an eigenvector of A corresponding to the eigenvalue 4:
2 -1 3)\(x x

0 2 4|l y|=4|y
0 2 0)\z z
2x—-y+3z 4x

2y+4z |=|4y

2y 4z

Equating the bottom elements gives:

2y=4z=>y=2z
Setting z =1 gives y =2
Equating the top elements and setting z = 1 and y = 2 gives:

2x—2+3=4x:>x:%

Therefore, an eigenvector corresponding to the eigenvalue 4 is

— NN
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0
1
0
- 1
= 2 4-2 1}
4 4 3-2

det(A— A1) =(1- ﬂ,‘ ! ‘—

_l_
3-4] |4 3-4 |4 4

2 —1‘ ‘2 4-1
3

)
=(1-2)[(4-2)(3-2)+4]-1[2(3-1)+4]+3[8-4(4-2)]
=(1-2)[12-74+ 27 +4]-1(6-24+4)+3(8-16+41)

1- zx12—7z+ug+2z 10+3(42-8)

—TA+16—2° +72° =164 +24-10+121 24
=-2’+817-91-18
The eigenvalues are the solutions of det(A—AI)=0
Hence:
-1’ +81*-91-18=0
Since 3 is an eigenvalue of A, 1—3 is a factor of —1° +81> -91-18
A —=51-6
A=3)4°-BA’ +94+18
A =317
~527+92
—5A%+152
—-64+18
—64+18
0

I
—

[l
>~

Hence:

A1 —812+91+18= (12 54— 6)

-3)
( 3)(2-6)(2+1)

Therefore Al=—-1,A=3,1=6
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6 b To find an eigenvector of A corresponding to the eigenvalue —1:

I 1 3)\x x
2 4 -1||y|=-1y
4 4 3 )\z z
x+y+3z —X
2x+4y—z |=| -y
4x+4y+3z -z

Equating the top elements gives:
2x+y+3z=0 (1)

Equating the middle elements gives:
2x+5y—-z=0 (2)

Subtracting (1) from (2) gives:
4y-4z=0=>y=z

Setting y =1 gives z = 1

Substituting y =1 and z = 1 into (1) gives:
2x+1+3=0=>x=-2

-2
Therefore, an eigenvector corresponding to the eigenvalue —1 is | 1
1

To find an eigenvector of A corresponding to the eigenvalue 3:
I 1 3)\«x X

2 4 —1||y|=3y
4 4 3 )\z z
x+y+3z 3x
2x+4y—z |=|3y

4x+4y+3z 3z

Equating the top elements gives:
—2x+y+3z=0 1

Equating the middle elements gives:
2x+y—-z=0 (2)

Adding (1) to (2) gives:
2y4+2z=0=>y=—z

Setting y =1 gives z = —1

Substituting y =1 and z = —1 into (1) gives:
2x+1-3=0=>x=-1

Therefore, an eigenvector corresponding to the eigenvalue 3 is | 1
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To find an eigenvector of A corresponding to the eigenvalue 6:
I 1T 3)(x X

2 4 -1||y|=6ly
4 4 3 )\z z
x+y+3z 6x
2x+4y—z |=| 6y

4x+4y+3z 6z

Equating the top elements gives:
—Sx+y+3z=0 1

Equating the middle elements gives:
2x-2y—-z=0 (2)

Adding 2 x (1) and 5 x (2) gives:
—8y+z=0=>2z=8y

Setting y =1 gives z = §

Substituting y =1 and z = 8 into (1) gives:

—Sx+1+24=0=>x=5

5
Therefore, an eigenvector corresponding to the eigenvalue 6 is | 1
8
2 21
A=|-2 4 0
4 25
2 21 1 00
A-Al=|-2 4 0|-4{0 1 O
4 25 0 0 1
2-4 2 1
= -2 4-1 0 ]
4 2 5-1

4-14 0 -2 0 -2 4-1
det(A— A1) =(2-2) -2 +1

2 5-1 4 5-1 4 2
=(2-4)[(4-2)(5-2)-0]-2[-2(5-2)-0]+1[ -4—4(4-2)]
=(2-1)(20-92+47)-2(24-10)+421-20
=40—-184+21° =204 +94° - 21> —41+20+41-20
=40-381+114° -1’

The eigenvalues are the solutions of det(A—A1)=0

Hence:

A =111 +384-40=0

If 2 is an eigenvalue of A, then f(2) =0

(2) -11(2)" +38(2)-40=0

8—-44+76-40=0

0=0

Hence 2 is an eigenvalue of A.
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7 b Since (x—2) is a factor of A:

22 —91+20
l—2>i”—uﬂ2+3&1—40

=24
—924% +3841
~94% +182
20440
20440
0
Hence:
A 1127 +382-40=(4-2)(A* —94+20)
=(A-2)(21-4)(21-5)
Therefore A=2,A=4,1=5

¢ To find an eigenvector of A corresponding to the eigenvalue 2:
2 2 1)\«x X

-2 4 0|ly|=2|y
4 2 S5)\:z z
2x+2y+z 2x
—2x+4y |=|2y

4x+2y+5z 2z
Equating the middle elements gives:

2x+4y=2y=>x=y
Setting x =1 gives y =1
Equating the elements of the top row and substituting x = 1 and y = 1 gives:
24z=0=>z=-2

1

Therefore, an eigenvector of A corresponding to the eigenvalue 2 is | 1
-2

The magnitude of this eigenvector is:

NIGES +(—2)2 -J6

and a normalised eigenvector of A corresponding to the eigenvalue 2 is:

_
o &l -

S
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4 2 1
8 a A=-2 0 5
0 3 4
4 2 1 1 00
A-AI=|-2 0 5 —/I[O 1 0
0 3 4 0 0 1
4-1 2 1
= 2 -4 5
0 3 4-4
-A 5 -2 5 -2 -4
det(A—/”tI)=(4—/'t)‘ ‘—2‘ +1
3 4-4 0 4-2 0 3

=(4-2)[-2(4-2)-15]-2[-2(4-2)-0]+1(-6+0)
=(4-4)(2*-44-15)-2(24-8)-6

=42* -161-60-1° +41° +151-41+16-6
=-1*+84-51-50

The eigenvalues are the solutions of det(A—A1)=0

Hence:

A =847 +51+50=0

If -2 is an eigenvalue of A, then f(-2) =0

(-2) =8(=2) +5(-2)+50=0

—-8-32-10+50=0

0=0

Hence -2 is an eigenvalue of A.

Since —2 is an eigenvalue of A, A+2 is a factor of A’ —84% +51+50

A* =104 +25
A+2)2° =847 +54+50

A +24°
—-104% +52
—104> =204
254+50
254+50
0
Hence:

A’ =827 +54+50=(A+2)(4* 102 +25)

=(2+2)(2-5)
Therefore A=-2,A=15
Hence there is only one eigenvalue other than —2
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8 b To find an eigenvector of A corresponding to the eigenvalue —2:

4 2 1)\(«x X
-2 0 S5|ly|=-2|y
0 3 4){z z
4x+2y+z -2x
—2x+5z |=| -2y
3y+4z -2z

Equating the bottom elements gives:
3y+d4z="2z=>y=-2z

Setting z = 1 gives y =2

Equating the top elements and setting y = -2 and z = 1 gives:

4x—4+1:—2x:>x:%

!

2
Therefore, an eigenvector corresponding to the eigenvalue —2 is | -2

1

To find an eigenvector of A corresponding to the eigenvalue 5:
4 2 1)\(«x X

-2 0 S5||y|=5y
0 3 4){z z
4x+2y+z Sx
—2x+5z |=|5y

3y+4z 5z
Equating the bottom elements gives:
3y+4z=5z=3y=z
Setting y =1 gives z=3
Equating the top elements and setting y = 1 and z = 3 gives:
4x+2+3=5x=>x=5

5
Therefore, an eigenvector corresponding to the eigenvalue 5 is | 1
3
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I -1 0
9 a A=|-1 0
I 2 1
1 -1 0 1 0 0
A-Al=|-1 0 1|-4{0 1 O
I 2 1 0 0 1
-4 -1 0
= -1 -2 1}
1 2 1-4
- 1 -1 1 -1 -1
det(A—Al)=(1-4 ‘ ‘+ ‘ +0 ‘
2 1-4 1 1-4 1 2

=(2-2)(V2-4)(v2+2)
The eigenvalues are the solutions of det(A—A1)=0
Hence:

(4-2)(V2-2)(v2+4)=0

Therefore A.=2, A= +/2
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9 b To find an eigenvector of A corresponding to the eigenvalue 2:
I -1 0)\(x X

-1 0 1||y|=2|y

I 2 1)\z z
X—y 2x
-x+z |=|2y

X+2y+z 2z

Equating the top elements gives:
X—y=2x=>x=-y
Setting x = 1 gives y =—1
Equating the bottom elements and setting x = 1 and y =—1 gives:
1-2+z=2z=z=-1

1
Therefore, an eigenvector corresponding to the eigenvalue -2 is | —1
-1
To find an eigenvector of A corresponding to the eigenvalue 2
I -1 0)(x X
-1 0 1| y|==/2|y
I 2 1)\z z
xX—y —/2x
—x+z |=| 2 y
X+2y+z 2z

Equating the top elements gives:
x—y:—\/ax:>x(1+\/§):y
Setting x =1 gives y =1+ V2
Equating the middle elements and setting x =1 and y =1+ V2 gives:
—1+z:—\/§(1+\/§): z:l—(ﬁ+2):> z=-1-2
1

Therefore, an eigenvector corresponding to the eigenvalue —v2 is | 1+ V2

-1-v2
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To find an eigenvector of A corresponding to the eigenvalue V2

1 -1 0)\(x X
1 0 1| y|=v2]y
1 2 1)\z z

xX—y V2x
—x+z |=|2y
X+2y+z 2z
Equating the top elements gives:

x—y=\/§x:>x(1—\/§)=y

Setting x =1 gives y=1- V2

Equating the middle elements and settingx=1and y=1- V2 gives:
—1+z=ﬁ(1—ﬁ):>z=1+(ﬁ—2):>z=\/§—1
1

Therefore, an eigenvector corresponding to the eigenvalue V2 is [ 1-42

J2-1

2
10a A= 1 a O
1 b

2
To find an eigenvalue, p, of A corresponding to the eigenvector | 2
-1
4 1 2)\2 2
I a 0 2 |=p|2
-1 1 b)\-1 -1
8+2-2) (2p
2+2a |=|2p
-2+2-b -p

Equating the top elements gives:
8+2-2=2p=>p=4

8+2-2 2p
10b 2+2a |=|2p
—2+4+2-b -p

8 8

2+4+2a |=| 8

—b —4

Equating the middle elements gives:
2+2a=8=a=3

Equating the bottom elements gives:
-b=-4=b=4
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4 1 2
10c A=1 3 0
-1 1 4
4 1 2 1 00
A-AI=|1 3 0|-4/{0 1 0
-1 1 4 0 0 1
4-1 1 2
= 1 3-4 0 ]
—1 1 4-4

3-4 0 1 0 1 3-4
det(A—ZI):(4—l)‘ ‘_ ‘ M ‘

1 4-1 -1 4-1 -1 1
=(4-2)[(3-2)(4-2)-0]-1[1(4-2)-0]+2[1+1(3-2)]
=(3-2)(16-84+2*)+ A—4+2(4- 1)
=48-241+32° —16A+81° -1’ -1 +4
=52—-41A+114° -1’

The eigenvalues are the solutions of det(A—AI)=0

Hence:

52-41A+114° =2’ =0

Since 4 is an eigenvalue of A, 1—4 is a factor of 1’ —111° +411-52

A2 —TA+13
/1—4)13 1142 +414-52

A3 —4)2
—TA*+412
—7A*+281
134-52
134-52
0
Hence:
A =112 +414-52=(A-4)(2* =74 +13)
AP—TA+13=0
2
/1—1 —£+13=0
2 4
2
i—z +2=0
2) 4
2
PR
2 4
)
2 2

Hence A has only one real eigenvalue.
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A-Al= -1
-2 1 0 1

B -1-A 0

L2 1-2
det(A— A1) =—(1+2)(1=1)—0

i)

The eigenvalues are the solutions of det(A—A1)=0

Hence:

A7 =1=0

A=+l

So the eigenvalues of A are —1 and 1.

To find an eigenvector of A corresponding to the eigenvalue 1:

S NEH
o))

Equating the top elements gives:
—x=x=>x=0
whenx=0, y=y=>y=1

0
Therefore, an eigenvector corresponding to the eigenvalue 1 is (J and hence all the points on the

y-axis are invariant.
To find an eigenvector of A corresponding to the eigenvalue —1:

=)0
(o) 5

Equating the lower elements gives:

2x+y=-y=>x=y
Setting x =1, gives y =1

1
Therefore, an eigenvector corresponding to the eigenvalue —1 is {J and hence all lines parallel to y =x

stay parallel to y = x under 7. Since every line will cross the y-axis at one point, and this point is

invariant under 7, every line of the form y = x + k is an invariant line of 7, and there are infinitely many
of these.
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