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1 y=tanhx

V= nj. y*dx
Itanhz xdx
0

1 sech2

—tanh? X]

= (0~ 0)}

i
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(e
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Therefore:
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c=16

15 1 15 1
b [ k= [ ———ox
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Let u=2x+1=du :%dx
When x=-0.5,u=0
Whenx=15,u=4
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s AXT+4x+17 2ou°+4
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1
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3 a sinh4xcosh6x = (e“x_e“)x%(eeue—ex)

AR NP

=_(e4x_e—4x)(e6x+e—6x)
_ l(elox +e—2x _e2x _e—lox)
4
1, . .
:E(smhlox—smh 2X)
_[sinh 4xcosh6xdx = %j(sinh 10x —sinh 2x)dx

= icosthx —lcosh 2X+C
20 4

b dd_x(1+ 2sech x) =2(—1)(cosh x)f2 (sinh x)
__2sinhx
cosh? x

= —2sech xtanh x
Isech X tanh x dx 1 ( —2sech x tanh x

1+2sech x 2 1+2sech x

= —%In|1+ 2sech x|+c

X H X l X —X
c e’sinhx=¢e (E(e —e )j

Iex sinh xdx = %j(ezx —1)dx

1(1 ,,
==| Ze” —x |+C
2\ 2
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R’ is the area under the curve.
5

e
(2]
{334

L 0

=5/1In E+ (%szrlJ—ln(Oﬂ/m)}

5[0, %HJ_M)}

3

(10+J17J

=5In

=9.59 (3 s.f)

Each unit is 10 x 10 m?, therefore:
R =100R’

~ 959 (3s.f)

=960 (25.f.)

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



INTERNATIONAL A LEVEL

Further Pure Maths 3 Solution Bank @Pearson

b

a |

%% 14+ 2x

o

1+2X 1 2X
dx = dx + dx
1+4x° J.1+4x2 -[1+4x2

1 dX+lj—8X2 X
1+4x

zjl—z 4
4(4+XJ

:ljll dx+lj 8X2dx
4 Z+X2 4°1+4x

2 1
=—arctan(2 ZIn(1+4x?
arctan ( x)+4 n( +4x )+c
1 1
:Earctan(Zx)+Zln(1+4x2)+c

0.5

dx = %arctan(Zx)+%ln (1+ 4x2)}

1+4x° o

- (%arctan 1)+ % In (1+ 4(0.5)° ) —%arctan (0)+ % In (1+ 4(0y° )ﬂ

:_(%x%+iln(2)+%|”(1)ﬂ

n 1
=—+—In(2
8+4 n( )

:%(n+21n(2))
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2
6 y=4cosh (5] = dy =sinh (5) = (ﬂj =sinh® (EJ
4 dx 4 dx 4

Xg 2
Using s:_[ 1+(2—y) dx gives:
Xa X

20 X
L= j 1+sinh2(—j dx
4

-20

20
:I coshz(zjdx
4

-20

20
= J. cosh (fj dx
4

-20

r X 20
=4/ sinh (—ﬂ
L 4 -20
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7 | artanhxdx

O t— |

Letu:artanh(x):>d—u= 12
dx 1-x

Let yzl:sz
dx

1

2
artanhx dx = [xartanhx]2 J. X dx

0

Otm— |

= l artanh
2

1
2
:lartanh 1 +l In(gj—ln(l)
2 2) 2| \4
1

=lartanh +1In 3
2 2 4
Using artanh(x):lm (“_X)
2 —X
! 1
2 1+ =
.[artanhxdx—l In| —2 +1|n(§j
0 2 1_1 2 \4
2
“Lin@)+Im(3
4 2 \4
~Lin(g)+2m[3
4 4 \ 4
2
“n@)stn3
4 4 \4
@)+ in[2
4 4 \16
1 (27)
4 \16
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0

o]
QD
| |

X" cos x dx

oct—n|y O——IA

x! cos x dx

X c0S x dx

ot—— | O=—NIA

Let u=x:>d—u=1
dx

dv .
Let — =cosXx = v =sInX
dx

|a

O | 3

T 2
XCOS Xdx = xsm x 2 —Ism X dx
0

=[xsin x]og +[cos x]og

= gsin(g]—cos(o)

=2
2
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8 b Inzjx”cosxdx
0
Let u=x" :>d—u=nx”‘1
dx
Let d—V:cosx:>v=sinx
dx
B 3
jx”cosxdx:[x”sinx]g—nJ.x”‘lsinxdx
0 0
Ay g
:(—j —njx”‘lsin x dx
2 0
Let u=x"" :>d_u =(n-1) nx"?
dx
Let @:sinx:v:—cosx
dx
2 i "t o n
Ix cosxdx=|=1| —n [—x cosx}2+(n—1
0 2 0
. n—n(n—l)ix“cosxdx
=5 O
T[ n
I”:(Ej -n(n-1)1,,
3
c g:(%) ~3(3-1)1,

Solution Bank

=
2
I X" cos x dx
0
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8 d I, =(gj4—4(4—1) 1,

j2—2(2—1)lol

k|
A6

=—-3n"+24
16

Nla NS
N a

|2

>N

9 a x2—2x+10=(x—1)2+9
Let u=X—-1=du=dx

1 1
dx = dx
J\/x2—2x+10 '[,/(x—l)2+9
1
gl
=arsinh [Ej +C
3
=arsinh (X—_lj +C
3

b x*-2x+10=(x-1)"+9
Let u=x-1=du=dx

1 1
- dx=[—
Jx2—2x+10 X I(x—1)2+9 X

1
o francal

1 u
=—arctan| — |+¢

3 3

1 x-1
=—arctan| — |+¢C

3 3
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O )V |
x
o
X
Il

sin*6do

(sin?6) do

2
0320] do

I\JII—‘
NII—\

Ot 0|8 OO |3 Ot=—o|d Ot=—o |3 O[3 ot o |n

N |-

2
(1—cos 29)) do

(1—cos 26?) do

AIH

(1 2c0s 26 + cos’ 20) do

4>||—\

Ot |8 O 0|8 Ot 0|8 Ot |38 Ot——» |3

1-2c0s20+= cos49+1)]d0

-bIH .l>||—\

-bll—\

(1 2C0s20 +— cos46?+ jde
3

(5—200529+ cos49}d9
3

—sin 20+;sm 49}

0

ngg—sin(2xgj+%Sin(4X%D_[%XO_Sin(ZXO)+%SinWO)H
ool
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4 4 2 16
_n BB

16 8 64

y &/’ V3
“64 64 64

=ﬂ as required
64

10a

j[x” 1-x 3dx
0

Let u=x" :>d—u=nx”‘1
dx
4
Let SZ (1-xp =v=-2(1-x):

1

1 4
_([x" (1-x 3dx [—%x"(l—x)s} +?17n_|‘x“(1—x)3dx

1
3nIx‘ll X)3
0
nl
jx 1 x)3dx
4 0
1 1
njx (1- x3dx—3—njx 1— x)3dx
0 4 0
Therefore:
LTI L)
4 4
! +@|n=3“|
4

{23
()

——— 1., asrequired.

ly 4+3n

Solution Bank
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1
10b '[1+x 1- x3d jl+x )(1- x)3dx
0
1 x3dx

(1- x3dx Ix (1- x)3dx

1 x3dx—l

1 x3dx—
44+3x2 *

1 X de——l

(1- x3dx—— 31 I
4+3x1

dx——I

“Jix
Jon
fion
i L 3%2
fion
Jon
Jion

1
Since | _Ix (1-x)3 dx

O Ly

(1 %) (1 x)s dx = [ (1 x): dx—%i(l—x); dx
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dx 1

11a x=t—|nt:>—:1——:>(

dt t

1 1
y=4t2:>d—y=2t2:>(
dt

~t

d_yjz _

dt

Solution Bank

dsz 2 1
—| =1-242
dt t ot

— | N

2 2
(%j +(ﬂj = 1_24_&2 ﬂ
dt dt V t t

=1+

~—

2

1

4
s:j 1+} dt
1 t

=[t+Int]’
=(4+In4)—(1+In1)
=3+1In4 as required

b Usin S—ZntJB'y (%j2+(d_yj2dt ives:
J dt dt JIves:

ta

4 1 1
S:ZnJ.4t2(1+E)dt
1

i 1
(tz +1 2Jdt

3 174
=8n gt2 +2t2
3 1

=8n

] P —

=8n (E+4j—(3+2
3 3
~160n
3

)

] 0]
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12 szarsinhxdx
0

Let u =arsinh(x) :d_u:
dx
Let av_ = x? :>v:1x3
dx 3

J'x arsinhxdx = Bx arsmhx}

_ %[(BSarsinh 3) —(Osarsinh O)J —%':[ X dx

Solution Bank

1

1+ X2

3 3 3

e

dx

0 1+ x°

_9arsmh3——'[\/1+_x
_9In(3+ F+ )——jm
_9|n(3+J_)——j

5 A1+ X2

Let x=sinhd = dx=cosh&d@

When x =0, 8 =arsinh(0) =
When x = 3, @ =arsinh(3)

_j[xzarsinhxdx:an(3+J1_0)
=9In(3+10)-
=9In(3++10)-
=9In(3++10)-
=9In(3++10)-

=9In(3++10)-

=9In(3++10) -
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arsinh

smh3

E j xcosh8da
3 3 Jl+sinh?e
arsinh(3) 3
1 I smh xcosh@do
3 3 +Jcosh?e
1arsmh()
3 j sinh®9de
1arsmh
3 j sinh @sinh? d o
1arsmh
3 I smhe cosh? @ — 1)d0

arsmh(S) arsinh(3)
[ _[ cosh?@sinh 6d@ — _[ smh&d@]

arsinh(3)

[ cosh® @ — coshe}

0
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When 8 =0, coshd =1
When 6 =arsinh(3),

sinh@ =3 and cosh @ =+1+sinh26 = 1+32 =10

So:

Foa 1

_[x arsmhxdx:9In(3+\/10)—§[§cosh @ —cosh 0}
0

arsinh(3)

0

-0in(3+30) -2 ((vI0) -5 |- 1z -1
1[(10 2
=9In(3+410)—-=|| —+/10—-4/10 |+ =
n(3+0) 3_(3J_ J_}s}
~oin(3+i0)-3| 7 i0+ 2|
~91n(3+10) - (24 7410)
t X
13a [—— dx
o 1+ X
Letu=x2:>d—u=2x:>xdx=ldu
dx 2
Whenx=0,u=0
Whenx=1,u=1
1 1
j X4dx:J. l2><1du
o 1+ X o l+u” 2
1¢ 1
—= d
2£1+u2
= —[arctan (u )}

. 1 ~ 1 )
b i Imdx_j—md

Let u=x—-2=du=dx

1 1
———dx=|———=du
J.[4X_X2 J- [22_u2

. (u
=arcsin| — |+¢
[2]
. ([ x=2
=arcsin| —— |+¢C
2
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Bbiiji%zé_
%((4x—x2);J:%(4—2x)(4x—x2);
:;(4—2x)
4x — x?
Therefore:
42X
Imdx 24X —x? +¢
Lot 5-2x o t14+(4-2x)
i Imdx_'[—m = dx

T T
I NE!
2 6 V3
T
N
3 V3
:n—6\/§
3
14a y*=4x
dy
2y—=4
ydx
dy_4
dx 2y
[ﬂjz_ﬁ
dx y?

2
Using S = ZnIy 1+(gyJ dx gives:

S= ZnIZJ_Vg:__dX

:4“J.‘/; /% dx:4nJ.\/x+ldx
0 0
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14b s:4nj\/ﬁdx

ffer]

(1+1 (0+1)2 }

[ 3
i
(

22 - 1)

00

8n
3
8n
3
_omn

3
¢ The length, L, from (0, 0) to (1, 2)

1 2
L=] 1+(d—yj dx
5 dx

1 2
By symmetry, the total length, Lot is 2 j 1+(d—yj dx:
0

From 14 part a:

2
f1+ (d_yj = /1+ 1
dx X
Therefore:

h / 1
Ltot:2£ 1+;dx

1

0\/ X
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14d Let x=sinh?6 = 3—2 =2sinh &cosh O

Whenx =0, =0
Whenx =1, 6= arsinh(l)

arsmh
J' /X+ dx = 4/smh 0+1 x 2sinh @cosh9d6
arsinh(1 2
‘/ OSh xsmhecosh&dﬁ

arsmh

9 J- 'cosh
sinh @

xsinh@cosh8dé

0
arsinh(1)

—2 j cosh?6d6
arsmh
9 _[ cosh29+1
2

déo

arsmh( )

= [ (cosh20+1)de
0
—1 arsinh(1)
= Esinh29+0}

0
—l arsinh(l)
= E>< 2sinh @ cosh 0+9}

0

- arsinh(1)
=|sinh @+/1+sinh? & +<9J

L 0
When =0, sinh@d=0
When & =arsinh(1), sinhd =1
Also:

arsinh (6) = In(@m/ﬁ)

So:
j\/gdx = (1x/1+_12+ arsinh (1)) -(0+0)
2+In(1+x/1zj)
=J2+In (1+ \/5)

Therefore:

L, =2(J§+|n(1+¢§))
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15a I xarcoshxdx

Let u =arcoshx = d_u =
dx  x?-1
Let ﬂzx:v=1x2
dx 2

X2

VX2 -1

dx

_[ xarcoshxdx = 1 x%arcoshx — EJ'
2 2

Consider:
2

X
_[ T—1 dx
Let x =coshé@ = dx =sinh£d@

J- x? dx:j cosh’ 6
Vxi-1 Jcosh? 6 -1
ZJ cosh? @
Jsinh? @
:jcoshzede
:J-cosh 20 +1

2

xsinh8dé

xsinh@dé@

de
1
=EI(cosh20+1)d6?
:l(lsinh 2«9+¢9j+c
2\ 2
:lsinh 29+1¢9+c
4 2

=%xzcoshesinh9+%9+c

%cosh 6+/cosh? 9—1+%9+c

As x=cosh@,

2

.[ X dx=%x\/x2 —1+%arcoshx+c

Ix2-1

And:
'[ xarcoshxdx = % x2arcoshx — % (% XA/ x> =1+ %arcoshx + cj

= % x%arcoshx —% xa/x? -1 —%arcoshx +c
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15b Let u? =x = dx =2udu

Iarcosh (\/;)dx = Iarcosh (u)x2udu
= Zjuarcosh(u)du

1 1
= Z{Z(Zu2 —1)arcoshu —Zu\/u2 —1}+c
= %(Zu2 —1)arcoshu —%u\/u2 ~1+c¢
:%(ZX—l)arcosh (\/;)—%\/;\/X—1+C

Solution Bank @Pearson

sin(2n+1)x

16a 1, :j - X
sin X
Therefore:
sm 2[n 1] +1)
_.[ dx
sin X
J-sm 2n 2+1
B sin x
_J-sm 2n 1
sin x
Hence:
B J-sln 2n+1 I 2n l
B sin X sin x
jsm (2n+1)x—sin(2n )
- sin x

(sin 2NXCOS X —C0S 2nxsin x) q
X

sinx

Ism 2NXCOS X 4+ C0S 2XSin X —

J-ZCOSZHXSInX
sin X
=2Ic032nxdx

_2sin2nx

2n
_sin2nx

as required
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16 b I5—I4:15in10x
5
I4—I3=lsin8x
4
I3—I2:%sin6x
I2—I1:%sin4x
I, -1, =sin2x

Iszésin10x+l4

=Esin10x+isin 8x+1,
5 4

Solution Bank

:lsin10x+lsin8x+lsin 6x+1,
5 4 3

:Esin10x+isin 8x+lsin 6x+£sin 4x+1,
5 4 2

:15|n10x+4113|n8x+;sm6x+ 1S|n4x+sm 2X+1,

_J-sm (2n+1)x
sin x

Therefore:

I

sin x
0= dx

dx

:—sin10x+lsin 8x+lsin 6x+lsin 4AX+Sin2X+X+¢C
5 4 3 2
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16¢c

Therefore:

isin(2n+1)x dx=§ i

5 sinx
Likewise:

Zsin(2n-1)x
sin X

{sin(Zn—Z)xf

O

n 0

| _isin(2n+1)x

"4 sinx
Write In as lzp+1
Then:

I2p+l:

Where:

K
2 -
SIn X
1= S o
0
T

sin X

2

Thus:

sin(2n+1)x
sin X

o'.—,,g\;]

X

2p-1 = I2p—3 =

0

Solution Bank

n

i {sm(Zn—Z)x

dx = % for positive integers

is always an even number multiplied by 7 (as the result is zero)
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17 a The equation y* = % x(x —1)2 has two roots, namely x=0and x =1

Therefore:

1 2
j 1+(d—y] dx
0 dx
gives half the length of the loop.
, 1 2
= =x(x-1
V= 2x(e)
3y’ = x(x2 —2x+1)
= x> —2x* + X
6yd—y=3x2—4x+1
dx
=3x(x-1)—x+1
=3x(x-1)—(x-1)
=(3x-1)(x-1)
dy (3x-1)(x-1)

dx 6y

(ﬂT _ (3x-1)* (x-2)’

dx 36y°
(31 ()

: 36@x(x—1)2]
(3x-1)’
12x

2 2
1+(d_y) _ 12x+(3x-1)

dx 12x
_12x+9x* —6x+1
- 12x
_9x*+6x+1
B 12x
B (3x+1)2

C12x
Let the length of the loop be L, therefore:
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:i[zxi}l +L{2X§T
V12|30 |, V12 .

“ls)
62

312 12

6 2

17b y? :%x(x—l)z

From part a

1+(d_y]2 _(3x+1)°
12x

And using:

36

Note that the answer is negative as the positive root was chosen above.
Had the negative root been chosen then the answer obtained would have been positive.

The area of the surface is g
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1 _ 1
sinh x + 2 cosh x ;(ex_ex)Jer;(eerex)

1

18a

1,1,
Ze*-=e " +e+e
2 2

B 1
3, 1
“e*+>e
2 2

Ismh X+ 2cosh x :_J-

Let u =¢e* = du =e*dx

I5|nhx+2005hx :_-[ [Ij

2 1 u
= _x——arctan| —— |+cC
(5 5
3 3
=&arctan(\@u)+c
3
=¥arctan<\@ex)+c
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— 3x-3 2
18b ‘[\/x —2x+10 '[\/x —2Xx+10 +'[\/x —2x+10 o

19a

x-1
=3 dx+2
Jl.\/x2—2x+1 I
Let U=x-1=du=dx
Whenx=1,u=0
Whenx=4,u=3
4 4
J- 3x-1 dX=3I

3
- - X—_ldx_|_2.|‘#du
1A X2 =2x+10 1A X2 —2x+10 0 Ju?+3?
3
= 4
N 2x+10} + Z{arsinh (%H
1

14/(x-1) +32

0

| 16-8+10 ~+1-2+10 |+ 2[ arsinh (1) -arsinh (0) |
}/13—@} 2arsinh (1)

:S\E —3] + 2arsinh (1)

= 9(\5—1)+ 2arsinh (1) as required

l, :jsec” xdx

= I sec"? xsec? xdx

Let u=sec" 2 xtan x

2x= du _ (n—2)sec"* xsec xtan x = du =(n-2)sec™
dx dx

Let ﬂ:seczx:w:tanx
dx

Isec xsec’ xdx =sec"? xtan x—(n— Z)Itan xsec" xtan x dx
(n— 2)J'sec"‘2 x tan® x dx

(n—2) [sec™ x(sec” x—1)dx

(n-2)

=sec"? xtan x—(n— 2jsec“xdx+(n—2)_|.sec”’2xdx

xtanx—(n-2)1,+(n-2)1_,
I, +(n-2)1, =sec"*xtanx+(n-2)1,
(n-1)1, =sec"?xtanx+(n—-2)1,_, as required

=sec"? xtan x —

=sec"? xtan x —

I, =sec"?
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19b

c

sec"?xtanx (n-2
I, = + I,
n-1 n-1

1 3
I, ==sec’ xtan x+=1,
4 4

1 3(secxtanx (1
=—sec’ xtan Xx+—| ——+| = |1,
4 4 2 2

1, 3 3
=ZSEC X tan x+§secxtan X+—= |1
1 3 3
:—SEC3 Xtan X +—sec xtan X+—jSECXdX
4 8 8

1, 3 3
:Zsec xtanx+§secxtan x+§ln|secx+tan x|+c

T

4

1
sec’ xdx = Zsec3 X tan x+§secxtan x+§|n|secx+tan xq

Ot~ |7

0
3

o D V| B
)02
J@%@S.@ﬁ@
:¥+§\/§+§In(\/§+l)
=gﬁ+gﬁ+gln(ﬁ+1)
:%\/ﬁgln(ﬁﬂ)

= %(7ﬁ+3ln (\@ +1)) as required

><1+§In #+
8

¥5)
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20a J'\/a2 —x? dx

Let x=asin@ = dx=acosé@

J.x/a2 —x? dx:J'\/a2 —a®sin®0 xacosfdo

='[ /az(l—sinze) xacosfdo
:aj\/cosze xacosfdeo
:aZIcoszede

2

[(cos20+1)do

[1sm 29+0}+c

2

1

|:§><25In 00030+¢9}

sinfcosf+6)+c

(
(sm O~J1-sin% 6 +9)+c

NS N|QJNI\J|9’,\, ,\,|mm N|mNN|m

|\J|9’,\,
)

X / x* (%
—[1=— +arcsin| — | |+cC
a a

a’-x’ X
+arcsin +C
a’
X Jat_x
— Ja? =X +arcsin
a

a’ —x +—arcsm(

QD
)

N |
@ | x

N

r\)|>< N|m

+C as required

e 2 o )
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20b X—z+y—§—1
a- b
yz_az_xz
b2 a?
2_b_2 )
y —az(a x)
b

The area, A, of one-quarter of the ellipse is:

A:E'[\la2 —x? dx
a'0
A2
a?arcsin(z}rgxlaz —xz}

L a 0

a

vl |l oo
[

2

[/ 2
[% arcsin (Ej + g Ja?-a? j —(% arcsin

a

a’ i
— 1
5 arcsm( )}

‘?—I
A~ D
O

Therefore, the total area of the ellipse is wab

R
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Challenge

X = jcos(”z ]du

The mtegrand is the derivative of x(t) with respect to t expressed in terms of the dummy variable u.

y= jsm

St
J

The mtegrand is the derivative of y(t) with respect to t expressed in terms of the dummy variable u.

2
yzsin L
dt 2
Thus:

2 2 2 2
(%] +(%j _cos?| T | sin?| TL
dt dt 2 2

=1
a 2 2 a
| (d—xj +(d—yj dt = [1dt
5 VL dt dt 0

=a
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