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Exercise 4H  

1 a 3 d 3
4 d 4

yy x
x

= ⇒ =   

Using 
2d2π 1 d

d

B

A

x

x

yS y x
x

 = +  
 ∫ gives: 

28

4

3 32π 1 d
4 4

S x x = +  
 ∫  

 
8

4

3 9π 1  d
2 16

x x= +∫  

 
8

4

3 25π  d
2 16

x x= ∫  

  

8

4

3 5π d
2 4

x x= ∫  

  

8

4

15 π d
8

x x= ∫  

 
8

2

4

15 1π
8 2

x =   
 

 ( )15 π 64 16
16

= −  

 45π=  
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1 b 4 d 4
3 d 3

xx y
y

= ⇒ =  

When x = 4, y = 3 
When x = 8, y = 6 

Using 
2

d2π 1 d
d

B

A

x

x

xS x y
y

 
= +  

 
∫ gives: 

26

3

4 42π 1 d
3 3

S y y = +  
 ∫  

  

6

3

8 16π 1 d
3 9

y y= +∫  

  

6

3

8 25π d
3 9

y y= ∫  

  

6

3

8 5π d
3 3

y y= ∫  

  

6

3

40 π d
9

y y= ∫  

 
6

2

3

40 1π
9 2

y =   
 

 ( )20 π 36 9
9

= −  

 60π=  as required 

 Note that this can also be solved correctly using 
2d2π 1 d

d

B

A

x

x

yS y x
x

 = +  
 ∫  

 

2 3 2d 3
d
yy x x
x

= ⇒ =   

Using 
2d2π 1 d

d

B

A

x

x

yS y x
x

 = +  
 ∫ gives: 

( )
1

23 2

0

2π 1 3 dS x x x= +∫  

    

1
3 4

0

2π 1 9 dx x x= +∫  

   ( )
13

4 2

0

2π 1 93 36
2

x
 

= + 
 ×

 

   ( ) ( )
3 3
2 2

π 1 9 1 0
27

 = + − +  
 

   ( )π 10 10 1
27

= −  
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3 21
2

y x=   

1 1
2 2 21 d 22

2 d 2
xy x x y y
y

−
= ⇒ = ± ⇒ = ±  

When x = 0, y = 0 
When x = 2, y = 2 

Using 
2

d2π 1 d
d

B

A

x

x

xS x y
y

 
= +  

 
∫ gives: 

22 1 1
2 2

0

22π 2 1 d
2

S y y y
− 

= +   
 

∫  

   
2 1

2

0

12 2π 1 d
2

y y
y

= +∫  

   
2 1

2

0

2 12 2π d
2
yy y

y
+

= ∫  

   
2 1

2

0

2 12π dyy y
y
+

= ∫  

    

2

0

2π 2 1dy y= +∫  

   ( )
23

2

0

2π 2 13 2
2

y = +  ×
 

   ( ) ( )
3 3
2 2

2π 4 1 0 1
3
 = + − + 
 

 

   ( )2π 5 5 1
3

= −  

Note that this can also be solved correctly using 
2d2π 1 d

d

B

A

x

x

yS y x
x

 = +  
 ∫   
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4 
1 1

2 2 2d16 4 2
d
yy x y x x
x

−
= ⇒ = ± ⇒ = ±   

Using 
2d2π 1 d

d

B

A

x

x

yS y x
x

 = +  
 ∫ gives: 

212 1 1
2 2

5

2π 4 1 2 dS x x x
− 

= +  
 

∫  

   
12 1

2

5

48π 1 dx x
x

= +∫  

   
12 1

2

5

48π dxx x
x
+

= ∫  

    

12

5

8π 4 dx x= +∫  

   ( )
123

2

5

28π 4
3

x = × +  
 

   ( ) ( )
3 3
2 2

16π 12 4 5 4
3

 = + − +  
 

   ( )16π 64 27
3

= −  

   592 π
3

=  
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5 a dcosh sinh
d
yy x x
x

= ⇒ =   

Using 
2d2π 1 d

d

B

A

x

x

yS y x
x

 = +  
 ∫ gives: 

( )
1

2

0

2π cosh 1 sinh dS x x x= +∫  

    

1
2

0

2π cosh 1 sinh dx x x= +∫  

    

1
2

0

2π cosh cosh dx x x= ∫  

    

1
2

0

2π cosh dx x= ∫  

    

1

0

cosh 2 12π d
2

x x+
= ∫  

   ( )  

1

0

π cosh 2 1 dx x= +∫  

   
1

0

1π sinh 2
2

x x = +  
 

   
12 2

0

1 e eπ
2 2

x x

x
−  −

= +  
  

 

   ( )
1

2 2

0

1π e e
4

x x x− = − +  
 

   ( ) ( )2 2 0 01 1π e e 1 e e 0
4 4

−    = − + − − +        
 

   2
2

1 1π e 1
4 e

   = − +      
 

   8.84 (3 s.f.)=  
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5 b dcosh sinh
d
yy x x
x

= ⇒ =   

Using 
2d2π 1 d

d

B

A

x

x

yS x x
x

 = +  
 ∫ gives: 

( )
1

2

0

2π 1 sinh dS x x x= +∫  

  

1
2

0

2π 1 sinh dx x x= +∫  

  

1
2

0

2π cosh dx x x= ∫  

  

1

0

2π cosh dx x x= ∫  

Let d du x u x= ⇒ =  
d cosh sinh
d

v x v x
x
= ⇒ =  

[ ]  

1
1

0
0

2π sinh sinh dS x x x x
 

= − 
 

∫  

   [ ] [ ]( )1 1

0 0
2π sinh coshx x x= −  

   ( ) ( ) ( )( )2π sinh 1 cosh 1 cosh 0= − +  

   
1 1 1 1 0 0e e e e e e2π

2 2 2

− − − + +
= − + 

 
 

   ( )12π e 1−= − +  

   12π 1
e

 = − 
 

 

   e 12π
e
− =  

 
 as required 
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6 a 
3 2

2

1 d 1
2 6 d 2 2

x y xy
x x x

= + ⇒ = − +   

22 2

2

d 11 1
d 2 2
y x
x x

  + = + − +  
   

 

4

4

1 11
4 4 2

x
x

 
= + + − 

 
 

4

4

1 1
4 4 2

x
x

 
= + + 

 
 

4
4

1 1 2
4

x
x

 = + + 
 

 

2
2

2

1 1
2

x
x

 = + 
 

 

2
2

1 1
2

x
x

 = + 
 

 as required 

 

 b Using 
2d2π 1 d

d

B

A

x

x

yS y x
x

 = +  
 ∫ gives: 

 

3 3
2

2
1

1 1π d
2 6

xS x x
x x

  = + +  
  

∫  

  

3 5

3
1

1π d
2 2 6 6
x x x x

x
 

= + + + 
 
∫  

  

3 5

3
1

π 1 d
2 3 3

x xx x
x

 
= + + + 

 
∫  

 
36 2

2
2

1

π 1 1
2 2 2 18 6

x xx
x

 
= − + + 

 
 

 π 9 1 81 3 1 1 1 1
2 2 18 2 2 2 2 18 6
    = − + + − − + +        

 

 π 418 2
2 9 9
 = − 
 

 

 208π
9

=  
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7 
2 2
3 34y x= −   

1 1
3 32 d 2

3 d 3
yy x
x

− −
= −  

1 1
3 3d

d
yy x
x

− −
= −  

1 1
3 3d

d
y y x
x

−
= −  

2 2 2
3 3d

d
y y x
x

−  = 
 

 

2 2 2
3 3d1 1

d
y y x
x

− + = + 
 

 

          
2 2
3 31 4 x x

− 
= + − 

 
 

          
2
31 4 1x

− 
= + − 

 
 

          
2
34x

−
=  
2 1

3d1 2
d
y x
x

− + = 
 

 

Using 
2d2π 1 d

d

B

A

x

x

yS x x
x

 = +  
 ∫ gives: 

8 1
3

0

2π 2 dS x x x
−

= ×∫  

   
8 2

3

0

4π dx x= ∫  

   
85

3

0

34π
5

x
 

=  
 

 

   
5 5
3 312π 8 0

5
 

= − 
 

 

   384π
5

=  
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8 a 2 2 2x y R+ =  
2 2 2y R x= −  

d2 2
d
yy x
x
= −  

d
d
y x
x y
= −  

  
2 2

x
R x

= −
−

 

2 2

2 2

d
d
y x
x R x

  =  − 
 

2 2

2 2

d1 1
d
y x
x R x

 + = +  − 
 

Using 
2d2π 1 d

d

B

A

x

x

yS y x
x

 = +  
 ∫ gives: 

2
2 2

2 22π 1 d
B

A

x

x

xS R x x
R x

= − +
−∫  

 
2

2 2
2 22π d

R

R

RR x x
R x−

= −
−∫  

  2π d
R

R

R x
−

= ∫  

 [ ]2π R

R
R x

−
=  

 ( )( )2πR R R= − −  
 24πR=  

 
 b For the sphere: 

  [ ] 2π d 2π
b

b

a
a

R x R x=∫  

  ( )2πR b a= −  
For the cylinder: 
The length, L b a= − and the circumference is 2πR  
Therefore, the surface area is ( )2πR b a−  
which is the same as for the sphere between a and b. 
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9 
2

2d d2 2 4
d d
y yy at a a
t t

 = ⇒ = ⇒ = 
 

 

2
2 2 2d d2 4

d d
x xx at at a t
t t

 = ⇒ = ⇒ = 
 

 

2 2
2 2 2d d 4 4

d d
y x a t a
t t

   + = +   
   

 

    ( )2 24 1a t= +  

    22 1a t= +  

Using 
2 2d d2π d

d d

B

A

t

t

y xS y t
t t

   = +   
   ∫ gives: 

 

2
2

0

2π 2 2 1dS at a t t= × +∫  

    

2
2 2

0

8π 1da t t t= +∫  

   ( )
232

2 2

0

8π 1
3
a t

 
= + 

 
 

   ( ) ( )
3 32

2 22 28π 2 1 0 1
3
a  

= + − + 
 

 

   ( )
28π 5 5 1

3
a

= −  as required 
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10 
2

2 4d dtanh sech sech
d d
y yy t t t
t t

 = ⇒ = ⇒ = 
 

 

2
2 2d dsech sech tanh sech tanh

d d
x xx t t t t t
t t

 = ⇒ = − ⇒ = 
 

 

2 2
4 2 2d d sech sech tanh

d d
y x t t t
t t

   + = +   
   

 

   ( )2 2 2sech sech tanht t t= +  

   sech t=  

Using 
2 2d d2π d

d d

B

A

t

t

y xS y t
t t

   = +   
   ∫  gives: 

 

ln 2

0

2π tanh sech dS t t t= ∫  

   [ ]ln 2

0
2π sech t= −  

   
( )

ln 2

0

12π 1 e e
2

t t−

 
 

= −  
 +
 

 

   ln 2 ln 2 0 0

1 14π
e e e e−

 = − − + + 
 

   1 14π 1 1 12
2

 
 

= − − + +
 

 

   2 14π
5 2

 = − − 
 

 

   2π
5

=  
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11 a 
2

3 2 4d d2 6 36
d d
y yy t t t
t t

 = ⇒ = ⇒ = 
 

 

2
2 2d d3 6 36

d d
x xx t t t
t t

 = ⇒ = ⇒ = 
 

 

2 2
4 2d d 36 36

d d
y x t t
t t

   + = +   
   

 

 ( )2 236 1t t= +  

 26 1t t= +  

Using 
2 2d d2π d

d d

B

A

t

t

y xS x t
t t

   = +   
   ∫ gives: 

 

2
2 2

0

2π 3 6 1dS t t t t= × +∫  

    

2
3 2

0

36π 1dt t t= +∫  as required 
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11 b Let 2 d 2
d
uu t t
t

= ⇒ =  

( ) ( )
1 3

2 22 2d 11 1
d 3
v t t v t
t
= + ⇒ = +  

( ) ( )  

2 23 3
2 2 22 2

00

1 236π 1 1 d
3 3

S t t t t t
  
 = + − +    

∫  

   ( ) ( )
2 23 5

2 2 22 2

0 0

1 2 136π 1 1
3 3 5

t t t
    
 = + − +        

 

   ( ) ( ) ( ) ( ) ( ) ( )
2 23 3 5 5

2 22 2 2 22 2 2 2

0 0

1 1 236π 2 2 1 0 0 1 2 1 0 1
3 3 15

    
 = + − + − + − +        

 

   ( ) ( ) ( )
3 5

2 2 22 21 236π 2 2 1 2 1 1
3 15

    
= + − + −    

    
 

   
3 5
2 24 236π 5 5 1

3 15
    

= × − −         
 

   
3 3
2 24 236π 5 5 5 1

3 15
    

= × − × −         
 

   
3 3
2 24 2 236π 5 5

3 3 15
    

= × − × −         
 

   
3
22 236π 5

3 15
 

= × + 
 

 

   
3
224 π 5 5 1

5
 

= × + 
 

 

   ( )24 π 25 5 1
5

= +  
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12 
2

3 2 2 41 d d1 1 2
3 d d

y yy t t t t t
t t

 = − ⇒ = − ⇒ = − + 
 

 

2
2 2d d2 4

d d
x xx t t t
t t

 = ⇒ = ⇒ = 
 

 

2 2
2 4 2d d 1 2 4

d d
y x t t t
t t

   + = − + +   
   

 

    2 41 2t t= + +  

    ( )221 t= +  

    21 t= +  

Using 
2 2d d2π d

d d

B

A

t

t

y xS y t
t t

   = +   
   ∫ gives: 

( )  

1
3 2

0

12π 1 d
3

S t t t t = − + 
 ∫  

    

1
3 3 5

0

1 12π d
3 3

t t t t t = − + − 
 ∫  

   
1

2 4 4 6

0

1 1 1 12π
2 12 4 18

t t t t = − + −  
 

   1 1 1 12π
2 12 4 18

 = − + − 
 

 

   11π
9

=  
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13 
2

3 2 2 4 2d dsin 3 sin cos 9 sin cos
d d
y yy a t a t t a t t
t t

 = ⇒ = ⇒ = 
 

 

2
3 2 2 4 2d dcos 3 cos sin 9 cos sin

d d
x xx a t a t t a t t
t t

 = ⇒ = − ⇒ = 
 

 

2 2
2 4 2 2 4 2d d 9 sin cos 9 cos sin

d d
y x a t t a t t
t t

   + = +   
   

 

    ( )2 2 2 2 29 sin cos sin cosa t t t= +  

    3 sin cosa t t=  

Using 
2 2d d2π d

d d

B

A

t

t

y xS y t
t t

   = +   
   ∫ gives: 

 

π
2

3

π
6

2π sin 3 sin cos dS a t a t t t= ×∫  

    

π
2

2 4

π
6

6 π sin cos da t t t= ∫  

   
π
22 5

π
6

16 π sin
5

a t =   
 

   
2

5 56 π π πsin sin
5 2 6
a     = −        

 

   
52

56 π 11
5 2
a   = −  

   
 

   
26 π 31

5 32
a  =  

 
 

   
293 π

80
a

=  
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14 
2

2d de e e
d d

x x xy yy
x x

 = ⇒ = ⇒ = 
 

  

Using 
2d2π 1 d

d

B

A

x

x

yS y x
x

 = +  
 ∫ gives: 

ln 2
2

0

2π e 1 e dx xS x= +∫  

Let e d e dx xu u x= ⇒ =  
When x = 0, u = 1 
When x = ln 2, u = 2 

2
2

1

2π 1 dS u u= +∫  

Let  sinh d cosh du uθ θ θ= ⇒ =  
When u = 1, ( )arsinh 1θ =  

When u = 2, ( )arsinh 2θ =  

( )

( )

 

arsinh 2
2

arsinh 1

2π 1 sinh cosh dS θ θ θ= + ×∫  

   
( )

( )

 

arsinh 2
2

arsinh 1

2π cosh cosh dθ θ θ= ×∫  

   
( )

( )

 

arsinh 2
2

arsinh 1

2π cosh dθ θ= ∫  

   
( )

( )

 

arsinh 2

arsinh 1

cosh 2 12π d
2
θ θ+

= ∫  

   ( )
( )

( )

 

arsinh 2

arsinh 1

π cosh 2 1 dθ θ= +∫  

   
( )

( )arsinh 2

arsinh 1

1π sinh 2
2

θ θ = +  
 

   [ ] ( )
( )arsinh 2

arsinh 1
π sinh coshθ θ θ= +  

   
( )

( )arsinh 2
2

arsinh 1
π sinh 1 sinhθ θ θ = + + 

 

   ( ) ( )2 2π 2 1 2 arsinh 2 1 1 1 arsinh 1 = + + − + − 
 

   ( ) ( )( )π arsinh 2 arsinh 1 2 5 2= − + −  as required 


