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Exercise 4F 

1 a 2e d
x

n
nI x x= ∫   

Let 1d
d

n nuu x nx
x

−= ⇒ =   

Let 2 2d e 2e
d

x xv v
x
= ⇒ =   

12 2 2e d 2 e 2 e d
x x x

n n nx x x nx x−= −∫ ∫  

  12 22 e 2 e d
x x

n nx n x x−= − ∫  
Therefore: 

2
12 e 2

x
n

n nI x nI −= −  as required 
 

 b Let 22 e
x

n
nP x=  

Therefore: 
12n n nI P nI −= −  

3 3 22 3I P I= − ×  
  3 26P I= −  
  [ ]3 2 16 2 2P P I= − − ×  
  3 2 16 24P P I= − +  
  3 2 1 06 24 48P P P I= − + −  

3 3 22 2 2 2 2e d 2 e 12 e 48 e 48 e d
x x x x x

x x x x x x= − + −∫ ∫  

  3 22 2 2 22 e 12 e 48 e 96e
x x x x

x x x c= − + − +  
 

2 a ( )
e

1

ln dn
nI x x x= ∫   

Let ( ) ( ) 1dln ln
d

n nu nu x x
x x

−= ⇒ =   

Let 2d 1
d 2
v x v x
x
= ⇒ =   

( ) ( ) ( )
ee

12 2

11

1 1ln d ln ln d
2 2

n n nnx x x x x x x x
x

− = − ×  ∫ ∫  

 ( ) ( )
e e

12

1 1

1 ln ln d
2 2

n nnx x x x x− = −   ∫  

 ( )
e

12

1

1 e ln d
2 2

nn x x x−= − ∫  

Therefore: 
2

1
1 e
2 2n n

nI I −= −  as required 
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2 b ( )
e

4
4

1

ln dI x x x= ∫  

2
3

1 4e
2 2

I= −  

2 2
2

1 1 3e 2 e
2 2 2

I = − − 
 

 

2 2
2

1 e e 3
2

I= − +  

2 2
1

1 1 2e 3 e
2 2 2

I = − + − 
 

 

2
1e 3I= −  

2 2
0

1 1e 3 e
2 2

I = − − 
 

 

2
0

1 3e
2 2

I= − +  

( )
e

02

1

1 3e ln d
2 2

x x x= − + ∫  

 

e
2

1

1 3e d
2 2

x x= − + ∫  

e
2 2

1

1 3 1e
2 2 2

x = − +   
 

( )2 21 3e e 1
2 4

= − + −  

2e 3
4 4

= −  

2e 3
4
−

=  as required 
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3 ( )( )
1

0

1 2 1 dx x x x+ + −∫  

( )( ) 21 2 3 2x x x x+ + = + +  
Therefore: 
( )( ) ( )21 2 1 3 2 1x x x x x x+ + − = + + −  

      2 1 3 1 2 1x x x x x= − + − + −  
So: 

( )( )     

1 1 1 1
2

0 0 0 0

1 2 1 d 1  d 3 1 d 2 1 dx x x x x x x x x x x x+ + − = − + − + −∫ ∫ ∫ ∫  

From Example 21: 
1

1
0

21 d
2 3

n
n n n

nI x x x I I
n −= − ⇒ =
+∫  

Hence: 

( )( )  

1

2 1 0
0

1 2 1 d 3 2x x x x I I I+ + − = + +∫  

   
( ) 1 0 0

2 2 23 2
2 2 3 2 3

I I I×
= + × +

× + +
 

   0 0 0
4 2 6 2
7 2 3 5

I I I= × + +
+

 

   0 0 0
8 6 2
35 5

I I I= + +  

   0
24
7

I=  
1

0
0

0

1 dI x x x= −∫  

    
1

0

1 dx x= −∫  

So: 
1

0
0

24 24 1 d
7 7

I x x= −∫  

( )
13

2

0

24 2 1
7 3

x = − −  
 

( ) ( )
3 3
2 2

16 1 1 1 0
7
 = − − − −  

 

16
7

=  
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4 a e dn x
nI x x−= ∫  

Let 1d
d

n n
n

uI u x nx
x

−= = ⇒ =  

Let d e e
d

x xv v
x

− −= ⇒ = −  

1e d e e dn x n x n xx x x n x x− − − −= − +∫ ∫  
Therefore: 

1en x
n nI x nI−

−= − +  as required 
 
 b 3

3 e dxI x x−= ∫  

  3
2e 3xx I−= − +  

  ( )3 2
1e 3 e 2x xx x I− −= − + − +  

  3 2
1e 3 e 6x xx x I− −= − − +  

  ( )3 2 1
0e 3 e 6 ex x xx x x I− − −= − − + − +  

  3 2
0e 3 e 6 e 6x x xx x x I− − −= − − − +  

0
0 e dxI x x−= ∫  

0 e dxI x−= ∫  
Therefore: 

3 2
3 e 3 e 6 e 6 e dx x x xI x x x x− − − −= − − − + ∫  

3 2
3 e 3 e 6 e 6ex x x xI x x x c− − − −= − − − + +  

 
4 c 1en x

n nI x nI−
−= − +  

4 3e 4n xI x I−= − +  

  ( )3 2e 4 e 3 e 6 e 6en x x x x xx x x x c− − − − −= − + − − − − +  using the result from part (b) 
4 3 2e 4 e 12 e 24 e 24ex x x x xx x x x c− − − − −= − − − − − +  
( )4 3 2e 4 12 24 24x x x x x c−= − + + + + +  

( )
1 14 4 3 2

0
0

e d e 4 12 24 24x xx x x x x x− − = − + + + + ∫  

 ( ) ( )1 0e 1 4 12 24 24 e 24− = − + + + + +   

 6524
e

= −  

 24e 65
e
−

=  
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5 a  tanh dn
nI x x= ∫   

 
2 2tanh tanh dn x x x−= ∫  

( )  
2 2tanh 1 sech dn x x x−= −∫  

  
2 2 2tanh d tanh sech dn nx x x x x− −= −∫ ∫  

( )  
2 11 dtanh d tanh d

1 d
n nx x x x

n x
− −= −

−∫ ∫  

 
2 11tanh d tanh

1
n nx x x

n
− −= −

−∫  

Therefore: 
1

2
1 tanh

1
n

n nI I x
n

−
−= −

−
 as required 

 
5 b  

5
5 tanh dI x x= ∫  

5 1
3

1 tanh
5 1

I x−= −
−

 

4
3

1 tanh
4

I x= −  

3 1 4
3 2

1 1tanh tanh
3 1 4

I x x−
−= − −

−
 

2 4
1

1 1tanh tanh
2 4

I x x= − −  

 1 tanh dI x x= ∫  
Therefore: 

 
2 4

5
1 1tanh d tanh tanh
2 4

I x x x x= − −∫  

 ( ) 2 41 1ln cosh tanh tanh
2 4

x x x c= − − +  
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5 c  

ln 2
4

0

tanh dx x∫  

3
4 2

1 tanh
3

I I x= −  

 3
0

1tanh tanh
3

I x x= − −  

 

0

0 tanh dI x x= ∫  

  dx= ∫  
Therefore: 

 
ln 2ln 2

3
4

00

1d tanh tanh
3

I x x x = − +  ∫  

 
ln 2

3

0

1tanh tanh
3

x x x = − −  
 

Since: 
sinhtanh
cosh

xx
x

=   

 
( )
( )

1 e e
2
1 e e
2

x x

x x

−

−

−
=

+
 

 e e
e e

x x

x x

−

−

−
=

+
 

Therefore: 

0 0

0 0

e etanh 0
e e
−

=
+

and 
ln 2 ln 2

ln 2 ln 2

12e e 32tanh ln 2 1e e 52
2

−−
= = =

+ +
 

( )
3

3
4

3 1 3 1ln 2 0 0 0
5 3 5 3

I
    = − − − − −         

 

  
2

3 3

3 5 3 3ln 2
5 5
× ×

= − −  

  84ln 2
125

= −  as required 
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6 a   
1 21tan d tan tan d

1
n n nx x x x x

n
− −= −

−∫ ∫  

Let 1 tann
nP x

n
=  

 tan dn
nI x x= ∫  

 1 2n nP I− −= −  
Therefore: 

4 3 2I P I= −  
  [ ]3 1 0P P I= − −  
  3 1 0P P I= − +  

 
0

0 tan dI x x= ∫  

  dx= ∫  
So 

 4 3 1 dI P P x= − + ∫  
Hence: 

 
4 31tan d tan tan

3
x x x x x c= − + +∫  

 

 b  

π
4

5

0

tan dx x∫  

5 4 3I P I= −  
[ ]4 2 1P P I= − −  

4 2 1P P I= − +  

 1 tan dI x x= ∫  
So 

  5 4 2 tan dI P P x x= − + ∫  
Hence: 

  

π ππ
4 445 4 2

00 0

1 1tan d tan tan tan d
4 2

x x x x x x = − +  ∫ ∫  

  ( )
π
44 2

0

1 1tan tan ln sec
4 2

x x x = − +  
 

  ( )4 2 4 21 π 1 π π 1 1tan tan ln sec tan 0 tan 0 ln sec0
4 4 2 4 4 4 2

         = − + − − +                  
 

  1 1 ln 2
4 2

= − +  

  1ln 2
4

= −  
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6 c  

π
3

6

0

tan dx x∫  

6 5 4I P I= −  
[ ]5 3 2P P I= − −  

5 3 2P P I= − +  
[ ]5 3 1 0P P P I= − + −  

5 3 1 0P P P I= − + −  

 5 3 1 dP P P x= − + − ∫  
Therefore: 

   

π ππ
3 336 5 3

00 0

1 1tan d tan tan tan d
5 3

x x x x x x = − + −  ∫ ∫  

   

π
35 3

0

1 1tan tan tan
5 3

x x x x = − + −  
 

  5 3 5 31 π 1 π π π 1 1tan tan tan tan 0 tan 0 tan 0 0
5 3 3 3 3 3 5 3

        = − + − − − + −                
 

  9 3 3 3 π3
5 3 3

= − + −  

  9 3 π
5 3

= −  as required 

 

7 a ( )  

1

ln d
a

n
nI x x= ∫  

Let ( ) ( ) 1d 1ln ln
d

n nuu x n x
x x

−= ⇒ = ×  

Let  

d 1
d
v v x
x
= ⇒ =  

( ) ( ) ( ) 

1

1
1 1

1ln d ln ln d
a aan n nx x x x n x x x

x
− = − × ∫ ∫  

    ( ) ( ) 1

1
1

ln ln d
aan nx x n x x− = −  ∫  

    ( ) ( ) 1

1

ln 0 ln d
a

n na a n x x− = − −  ∫  

    ( ) ( ) 1

1

ln ln d
a

n na a n x x−= − ∫  

Therefore: 
( ) 1ln n

n nI a a nI −= −  as required 
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7 b ( )  

2
3

1

ln dx x∫  

( )3
3 2ln 3I a a I= −  

( ) ( )( )3 2
1ln 3 ln 2a a a a I= − −  

( ) ( )3 2
1ln 3 ln 6a a a a I= − +  

( ) ( ) ( )( )3 2
0ln 3 ln 6 lna a a a a a I= − + −  

( ) ( )3 2
0ln 3 ln 6 ln 6a a a a a a I= − + −  

( )   

0

1 1

ln d d
a a

x x x=∫ ∫  

( ) ( ) ( ) 

3 3 2

1 1

ln d ln 3 ln 6 ln 6 d
a a

x x a a a a a a x= − + −∫ ∫  

   ( ) ( ) [ ]3 2

1
ln 3 ln 6 ln 6 aa a a a a a x= − + −  

   ( ) ( )3 2ln 3 ln 6 ln 6 6a a a a a a a= − + − +  
Therefore: 

( ) ( ) ( ) 

2
3 3 2

1

ln d 2 ln 2 6 ln 2 12ln 2 12 6x x = − + − +∫  

     ( ) ( )3 22 ln 2 6 ln 2 12ln 2 6= − + −  
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7 c ( )   

e
6

1

ln dx x∫  

( ) 1ln n
n nI a a nI −= −  

Therefore: 
( )6

6 5ln 6I a a I= −  

( ) ( )( )6 5
4ln 6 ln 5a a a a I= − −  

( ) ( )6 5
4ln 6 ln 30a a a a I= − +  

( ) ( ) ( )( )6 5 4
3ln 6 ln 30 ln 4a a a a a a I= − + −  

( ) ( ) ( )6 5 4
3ln 6 ln 30 ln 120a a a a a a I= − + −  

( ) ( ) ( ) ( )( )6 5 4 3
2ln 6 ln 30 ln 120 ln 3a a a a a a a a I= − + − −  

( ) ( ) ( ) ( )6 5 4 3
2ln 6 ln 30 ln 120 ln 360a a a a a a a a I= − + − +  

( ) ( ) ( ) ( ) ( )( )6 5 4 3 2
1ln 6 ln 30 ln 120 ln 360 ln 2a a a a a a a a a a I= − + − + −  

( ) ( ) ( ) ( ) ( )6 5 4 3 2
1ln 6 ln 30 ln 120 ln 360 ln 720a a a a a a a a a a I= − + − + −  

( ) ( ) ( ) ( ) ( ) ( )( )6 5 4 3 2
0ln 6 ln 30 ln 120 ln 360 ln 720 lna a a a a a a a a a a a I= − + − + − −  

 ( ) ( ) ( ) ( ) ( ) ( )6 5 4 3 2
0ln 6 ln 30 ln 120 ln 360 ln 720 ln 720a a a a a a a a a a a a I= − + − + − +

( ) ( ) ( ) ( ) ( ) ( )6 5 4 3 2

1

ln 6 ln 30 ln 120 ln 360 ln 720 ln 720 d
a

a a a a a a a a a a a a x= − + − + − + ∫  

 ( ) ( ) ( ) ( ) ( ) ( ) [ ]6 5 4 3 2

1
ln 6 ln 30 ln 120 ln 360 ln 720 ln 720 aa a a a a a a a a a a a x= − + − + − +  

 ( ) ( ) ( ) ( ) ( ) ( )6 5 4 3 2ln 6 ln 30 ln 120 ln 360 ln 720 ln 720 720a a a a a a a a a a a a a= − + − + − + −  
Therefore: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) 

e
6 6 5 4 3 2

1

ln d e ln e 6e ln e 30e ln e 120e ln e 360e ln e 720e ln e 720e 720x x = − + − + − + −∫  

     e 6e 30e 120e 360e 720e 720e 720= − + − + − + −  
      265e 720= −  
      ( )5 53e 144= −  
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8 a  

π
2

7

0

sin dx x∫  

From Example 22: 
( )

2

1
    2n n

n
I I n

n −

−
= ≥  

7 5
6
7

I I=  

3
6 4
7 5

I =  
 

 

3
24
35

I=  

1
24 2
35 3

I =  
 

 

1
16
35

I=  

 

π
2

0

16 sin d
35

x x= ∫  

[ ]
π
2
0

16 cos
35

x= −  

( )16 πcos cos 0
35 2

  = − +    
 

16
35

=  
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8 b ( ) 

π π
2 2 22 4 2 2

0 0

sin cos d sin 1 sin dx x x x x x= −∫ ∫  

( )
π
2

2 2 4

0

sin 1 2sin sin dx x x x= − +∫  

( )
π
2

2 4 6

0

sin 2sin sin dx x x x= − +∫  

   

π π π
2 2 2

2 4 6

0 0 0

sin d 2 sin d sin dx x x x x x= − +∫ ∫ ∫  

2 4 62I I I= − +  

 

π
2

0
0

0

sin dI x x= ∫  

π
2

0

dx= ∫  

[ ]
π
2
0

x=  
π
2

=  

2 0
1  
2

I I=  

π  
4

=  

4 2
3  
4

I I=  

 3π
16

=  

6 4
5  
6

I I=  

 5π  
32

=  

Therefore: 

 

π
2

2 4

0

π 3π 5πsin cos d  
4 8 32

x x x = − +∫  

   π
32

=  
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8 c  

1
5 2

0

1 dx x x−∫  

Let dsin cos
d

xx θ θ
θ

= ⇒ =  

When x = 1, π
2

θ =   

When x = 0, 0θ =   

   

1 1
5 2 5 2

0 0

1 d sin 1 sin cos dx x x θ θ θ θ− = −∫ ∫  

 

1
5 2

0

sin cos dθ θ θ= ∫  

( ) 
1

5 2

0

sin 1 sin dθ θ θ= −∫  

  

1 1
5 7

0 0

sin d sin dθ θ θ θ= −∫ ∫  

5 7I I= −  

5 3
4
5

I I=  

5 1
4 2
5 3

I I =  
 

 

 1
8

15
I=  

 

π
2

1
0

sin dI x x= ∫  

[ ]
π
2
0

cos x= −  
cos cos 0x= − +  

πcos cos 0
2

 = − + 
 

 

1=  
Therefore: 

5
8

15
I =  

7 5
6
7

I I=  

 16
35

=  

So: 

 

1
5 2

0

8 161 d
15 35

x x x− = −∫  

          8
105

=  
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8 d  

π
6

8

0

sin 3 dt t∫  

Let  =3

d3 =3
d
uu t
t

= ⇒  

When t = 0, u = 0 

When π
6

t = , π
2

u =  

  

π π
6 2

8 8

0 0

1sin 3 d sin d
3

t t u u=∫ ∫  

     8
1
3

I=  

8 6
7
8

I I=  

4
7 5
8 6

I =  
 

 

4
35
48

I=  

2
35 3
48 4

I =  
 

 

2
105
192

I=  

  

π π
6 2

8 8

0 0

1sin 3 d sin d
3

t t u u=∫ ∫  

  0
1 105 1
3 192 2

I = ×  
 

 

  0
35

384
I=  

  35 π
384 2

 =  
 

 

  35π
768

=  

 

  



 

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free. 15 

9 a  

2sin d
cos

n

n
xI x

x
= ∫  

( )
 

2 1

1
sin d

cos

n

n
xI x

x

+

+ = ∫  

    

2 2sin d
cos

n x x
x

+

= ∫  

  

2 2 2

1
sin sind d
cos cos

n n

n n
x xI I x x

x x

+

+− = −∫ ∫  

 

2 2 2sin sin d
cos

n nx x x
x

+−
= ∫  

( )( )
 

2 2 2sin sin sin
d

cos

n nx x x
x

x
−

= ∫  

( )
 

2 2sin 1 sin
d

cos

n x x
x

x
−

= ∫  

 

2 2sin cos d
cos

n x x x
x

= ∫  

 
2sin cos dn x x x= ∫  

Using 

( ) ( ) ( )f
f f d

1

n
n x

x x x c
n

  ′ = +   +∫   

gives: 

 

2 1
2 sinsin cos d

2 1

n
n xx x x

n

+

=
+∫  

Therefore: 
2 1

1
sin
2 1

n

n n
xI I

n

+

+− =
+

 as required 
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9 b  

4

1
sin d
cosn

xI x
x+ = ∫  

 

2sin d
cosn

xI x
x

= ∫  

 

21 cos d
cos

x x
x

−
= ∫  

 

1 cos d
cos

x x
x

 = − 
 ∫  

( )  sec cos dx x x= −∫  

( )
  

sec sec tan
sec d d

sec tan
x x x

x x x
x x

+
=

+∫ ∫  

Let ( )2dsec tan sec tan sec d sec tan sec d
d
uu x x x x x u x x x x
x

= + ⇒ = + ⇒ = +  

  

1sec d dx x u
u

=∫ ∫  

 ln u=  
 ( )ln sec tanx x= +  

 cos d sinx x x− = −∫  
Therefore: 

( )ln sec tan sinnI x x x= + −  
2 1

1
sin
2 1

n

n n
xI I

n

+

+− =
+

 

When n = 1 
3

1
sin

3n n
xI I +− =  

3

1
sin

3n n
xI I+ = −  

   ( )
3sinln sec tan sin

3
xx x x= + − −  

( )
π

4 34

0

sin sind ln sec tan sin
cos 3

x xx x x x
x

= + − −∫  

  

3 πsin
π π π 4ln sec tan sin
4 4 4 3

 
         = + − −            

 

  ( ) 2 2ln 2 1
2 12

= + − −  

  ( ) 7 2ln 2 1
12

= + −  
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10 a ( )
1

3

0

1 d
n

x x x−∫   

Let 3 2 3 1d(1 ) 3 (1 )
d

n nuu x nx x
x

−= − ⇒ = − −  

Let 2d 1
d 2
v x v x
x
= ⇒ =  

Therefore: 

( ) ( ) ( )
11 1

13 2 3 4 3

00 0

1 31 d 1 1 d
2 2

n n nnx x x x x x x x
− − = − + −  ∫ ∫  

( )
1

2 3

0

1 1 0
2

n
x x − =  

 

Therefore: 

( ) ( )
1 1

13 4 3

0 0

31 d 1 d
2

n nnx x x x x x
−

− = −∫ ∫  

   ( )( )( )
1

13 3

0

3 1 1 1 d
2

nn x x x x
−

= − − −∫  

   ( ) ( )( )( )  

1
1 13 3 3

0

3 1 1 1 d
2

n nn x x x x x
− −

= − − − −∫  

   ( ) ( )( )  

1
13 3

0

3 1 1 d
2

n nn x x x x
−

= − − −∫  

( ) ( ) ( )  

1 1 1
13 3 3

0 0 0

3 31 d 1 d 1 d
2 2

n n nn nx x x x x x x x x
−

− = − − −∫ ∫ ∫  

Hence: 

1
3 3
2 2n n n
n nI I I−= −  

1
3 3
2 2n n n
n nI I I −+ =  

1
3 31
2 2n n
n nI I −

 + = 
 

 

1
2 3 3

2 2n n
n nI I −

+  = 
 

 

1
3

2 3n n
nI I

n −=
+

 as required 
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10 b 4 3
3 4

2 3 4
I I×
=

+ ×
 

3
6
7

I=  

2
6 3 3
7 2 3 3

I× =  + × 
 

2
54
77

I=  

1
54 3 2
77 2 3 2

I× =  + × 
 

1
81

154
I=  

0
243
770

I=  

( )
1

03
0

0

1 dI x x x= −∫  

 

1

0

dx x= ∫  

1
2

0

1
2

x =   
 

1
2

=  

Therefore: 

4
243 1
770 2

I = ×  

 243
1540

=  
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11 a ( )2 2

0

d
a

n

nI a x x= −∫  

Let ( ) ( ) 12 2 2 2d 2
d

n nuu a x nx a x
x

−
= − ⇒ = − −  

Let d 1
d
v v x
x
= ⇒ =  

( ) ( ) ( ) 12 2 2 2 2 2 2

00 0

d 2 d
a aan n n

a x x x a x n x a x x
− − = − + −  ∫ ∫  

( )2 2

0
0

an
x a x − =  

 

Therefore: 

( ) ( ) 12 2 2 2 2

0 0

d 2 d
a a

n n
a x x n x a x x

−
− = −∫ ∫  

   ( )( )( ) 12 2 2 2 2

0

2 d
a

n
n a a x a x x

−
= − − −∫  

   ( ) ( )( )( )  

1 12 2 2 2 2 2 2

0

2 d
a

n n
n a a x a x a x x

− −
= − − − −∫  

   ( ) ( )( )  

12 2 2 2 2

0

2 d
a

n n
n a a x a x x

−
= − − −∫  

   ( ) ( )12 2 2 2 2

0 0

2 d 2 d
a a

n n
n a a x x n a x x

−
= − − −∫ ∫  

   ( ) ( )12 2 2 2 2

0 0

2 d 2 d
a a

n n
na a x x n a x x

−
= − − −∫ ∫  

Hence: 
2

12 2n n nI na I nI−= −  
2

12 2n n nI nI na I −+ =  
( ) 2

11 2 2n nI n na I −+ =  
2

1
2
1 2n n

naI I
n −=

+
 as required 
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11 b i 
2

4 3
2 4
1 2 4

aI I×
=

+ ×
 

2

3
8
9
a I=  

2 2

2
8 2 3
9 1 2 3
a a I

 × ×
=  + × 

 

4

2
16

21
a I=  

4 2

1
16 2 2

21 1 2 2
a a I

 × ×
=  + × 

 

6

1
64
105

a I=  

6 2

0
64 2
105 1 2

a a I
 

=  + 
 

8

0
128

315
a I=  

( )02 2
0

0

d
a

I a x x= −∫  

0

d
a

x= ∫  

[ ]0
ax=  

a=  
Therefore: 

8

4
128

315
aI a= ×  

 
9128

315
a

=  

Since 

( )
942 2

0

128d
315

a aa x x− =∫  

( )
1

42 2

0

128d
315

a x x− =∫  
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11 b ii ( ) ( )
3 3

3 32 2 2

0 0

9 d 3 dx x x x− = −∫ ∫  

Using 
2

1
2
1 2n n

naI I
n −=

+
 

gives: 
2

3 2
2 3
1 2 3

aI I×
=

+ ×
 

2

2
6
7
a I=  

2 2

1
6 2 2
7 1 2 2
a a I

 ×
=  + × 

 

4

1
24
35

a I=  

4 2

0
24 2
35 1 2

a a I
 

=  + 
 

6

0
16

35
a I=  

( )02 2
0

0

d
a

I a x x= −∫  

0

d
a

x= ∫  

[ ]0
ax=  

a=  
Therefore: 

( )
632 2

0

16d
35

a aa x x a− = ×∫  

   
716

35
a

=  

and 

( ) ( )73
32 2

0

16 3
3 d

35
x x− =∫  

    34 992
35

=  
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11 b iii  

2
2

1
2 0

4 dI x x= −∫  

 

2

1 2
2 0

1 d
4

I x
x−

=
−

∫  

 
2

0

arcsin
2
x  =     

 

 arcsin1=  
Using  

2

1
2
1 2n n

naI I
n −=

+
 

gives: 
2

1 1
2 2

12
2

11 2
2

a
I I

−

×
=

+ ×
 

2

1
22

a I
−

=  

2

arcsin1
2
a

=  

Therefore: 

 

2 2
2

0

24 d arcsin1
2

x x− =∫  

2arcsin1=  
π=  
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11 c Let d2sin 2cos
d

xx θ θ
θ

= ⇒ =  

when x = 2, π = 
2

θ  

when x = 0, =0θ  

   

π
2 2

2 2

0 0

4 d 4 4sin 2cos dx x θ θ θ− = − ×∫ ∫  

( )   

π
2

2

0

2 4 1 sin cos dθ θ θ= − ×∫  

  

π
2

2

0

4 cos cos dθ θ θ= ×∫  

 

π
2

2

0

4 cos dθ θ= ∫  

 

π
2

0

1 cos 24 d
2

θ θ+
= ∫  

( )  

π
2

0

2 1 cos 2 dθ θ= +∫  

π
2

0

12 sin 2
2

θ θ = +  
 

π 12 sin π
2 2

 = + 
 

 

π=  
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12 a  

4

0

4 dn
nI x x x= −∫  

Let 1d
d

n nuu x nx
x

−= ⇒ =  

Let ( )
3
2

d 24 4
d 3

v x v x
x
= − ⇒ = − −  

( ) ( ) 

44 43 3
12 2

00 0

2 24 d 4 4 d
3 3

n n nx x x x x n x x x− − = − − + −  ∫ ∫  

( )
43

2

0

2 4 0
3

nx x − − =  
 

Therefore: 

( ) 

4 4 3
1 2

0 0

24 d 4 d
3

n nx x x n x x x−− = −∫ ∫  

  ( )( )
4 1

1 2

0

2 4 4 d
3

nn x x x x−= − −∫  

  ( ) ( )
4 1 1

1 12 2

0

2 4 4 4 d
3

n nn x x x x x x− − = − − ⋅ −  ∫  

  ( ) ( )
4 1 1

1 2 2

0

2 4 4 4 d
3

n nn x x x x x− = − − −  ∫  

    

4 4
1

0 0

8 24 d 4 d
3 3

n nn x x x n x x x−= − − −∫ ∫  

Hence: 

1
8 2
3 3n n nI nI nI−= −  

1
2 8
3 3n n nI nI nI −+ =  

13 2 8n n nI nI nI −+ =  

1
8

3 2n n
nI I

n −=
+

 as required 
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12 b  

4
3

3
0

4 dI x x x= −∫  

3 2
8 3

3 2 3
I I×
=

+ ×
 

2
8
3

I=  

1
8 8 2
3 3 2 2

I× =  + × 
 

1
128
21

I=  

0
128 8
21 3 2

I =  + 
 

0
1024
105

I=  

Since 

 

4
0

0
0

4 dI x x x= −∫  

  

4

0

4 dx x= −∫  

 

4

3
0

1024 4 d
105

I x x= × −∫  

( )
43

2

0

1024 2 4
105 3

x = − −  
 

( ) ( )
3 3
2 2

2048 4 4 4 0
315

 = − − − −  
 

( )2048 8
315

= − −  

 16 384
315

=  

52.0=  (3 s.f.) 
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13 a  cos dn
nI x x= ∫  

  
1cos cos dn x x x−= ∫  

Let ( ) 

 

1 2dcos 1 cos sin
d

n nuu x n x x
x

− −= ⇒ = − −  

Let  

 

d cos sin
d
v x v x
x
= ⇒ =  

( )  
1 1 2 2cos cos d cos sin 1 cos sin dn n nx x x x x n x x x− − −= + −∫ ∫  

 ( ) ( )  
1 2 2cos sin 1 cos 1 cos dn nx x n x x x− −= + − −∫  

 ( ) ( )  
1 2cos sin 1 cos cos dn n nx x n x x x− −= + − −∫  

 ( ) ( )  
1 2cos sin 1 cos d 1 cos dn n nx x n x x n x− −= + − − −∫ ∫  

Hence: 
( ) ( )1

2cos sin 1 1n
n n nI x x n I n I−

−= + − − −  

( ) ( )1
21 cos sin 1n

n n nI n I x x n I−
−+ − = + −  

( )1
2cos sin 1n

n nnI x x n I−
−= + −  as required 

 

 b  

2π

0

cos dn
nJ x x= ∫  

( )2π1
20

cos sin 1n
n nnJ x x n J−

− = + −   

  ( )1 1
2cos 2πsin 2π cos 0sin 0 1n n

nn J− −
−= − + −  

  ( ) 21 nn J −= −  
Therefore: 

2
1

n n
nJ J

n −

− =  
 

 

 

 c i 4 2
3
4

J J=  

0
3 1
4 2

J =  
 

 

0
3
8

J=  

 

2π
0

0

3 cos d
8

x x= ∫  

2π

0

3 d
8

x= ∫  

[ ]2π

0

3
8

x=  

( )3 2π 0
8

= −  

3 π
4

=  
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13 c ii 8 6
7
8

J J =  
 

 

4
7 5
8 6

J  =   
  

 

4
35
48

J=  

35 3 π
48 4

= ×  

35 π
64

=  

 

 d 2
1

n n
nJ J

n −

− =  
 

 

When n is odd: 
Let n = 2k + 1 

 

2π

2 1
0

(2 1) 1 (2 1) 3 ... cos d
2 1 (2 1) 2k
k kJ x x

k k+

 + − + − = ⋅ ⋅  + + −  
∫  

     0=  (since  

2π

0

cos d 0x x =∫ ) 

  



 

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free. 28 

14 a ( ) ( )  

1 11 1
2 1 22 2

0 0

1 d 1 dn n
nI x x x x x x x−  
= − = − 

 
∫ ∫  

 Let 1 2d ( 1)
d

n nuu x n x
x

− −= ⇒ = −  

 Let 
1 3

2 22 2d 1(1 ) (1 )
d 3
v x x v x
x
= − ⇒ = − −  

   

1 13 3
1 2 2 22 2

00

1 1(1 ) (1 ) d
3 3

n n
n

nI x x x x x− −  −
= − − + − 
 

∫  

  ( )  

1 3
2 2 2

0

1 1 d
3

n
n

nI x x x−−
= −∫  

( )( )  

1 1
2 2 2 2

0

1 1 1 d
3

nn x x x x−−
= − −∫  

( )( )  

1 1
2 2 2 2

0

1 1 1 d
3

nn x x x x−−
= − −∫  

( ) ( )
1 11 1

2 2 2 2 22 2

0 0

1 11 d 1 d
3 3

n nn nx x x x x x x− −− −
= − − −∫ ∫  

( ) ( )
1 11 1

2 2 22 2

0 0

1 11 d 1 d
3 3

n nn nx x x x x x−− −
= − − −∫ ∫  

Hence: 

2
1 1

3 3n n n
n nI I I−

− −
= −  

2
1 1

3 3n n n
n nI I I −

− −
+ =  

2
1 11

3 3n n
n nI I −

− − + = 
 

 

2
2 1

3 3n n
n nI I −

+ −  = 
 

 

( ) ( ) 22 1n nn I n I −+ = −  as required 
 

  



 

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free. 29 

14 b 2
1
2n n

nI I
n −

− =  + 
 

7 5
6
9

I I=  

3
6 4
9 7

I =  
 

 

3
8
21

I=  

1
8 2
21 5

I =  
 

 

1
16
105

I=  

 

1
2

0

16 1 d
105

x x x= −∫  

( )
13

2 2

0

16 1 1
105 3

x
 

= − − 
 

 

( ) ( )
13 3

2 22 2

0

16 1 1 1 0
315

 
= − − − − 

 
 

16
315

=  
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15 a  cosh dn
nI x x x= ∫  

Let 1d
d

n nuu x nx
x

−= ⇒ =  

Let d cosh sinh
d

v x v x
x
= ⇒ =  

  
1cosh d sinh sinh dn n nx x x x x n x x x−= −∫ ∫  

Consider  
1 sinh dnx x x−∫ : 

Let ( )1 2d 1
d

n nuu x n x
x

− −= ⇒ = −  

Let d sinh cosh
d

v x v x
x
= ⇒ =  

( )  
1 1 2sinh d cosh 1 cosh dn n nx x x x x n x x x− − −= − −∫ ∫  

Therefore: 
( )( )  

1 2cosh d sinh cosh 1 cosh dn n n nx x x x x n x x n x x x− −= − − −∫ ∫  

         ( )  
1 2sinh cosh 1 cosh dn n nx x nx x n n x x x− −= − + − ∫  

Hence: 
( )1

2sinh cosh 1n n
n nI x x nx x n n I−

−= − + −  as required 
 
 b  

4
4 cosh dI x x x= ∫  

4 3
2sinh 4 cosh 12x x x x I= − +  

( )4 3 2
0sinh 4 cosh 12 sinh 2 cosh 2x x x x x x x x I= − + − +  

4 3 2
0sinh 4 cosh 12 sinh 24 cosh 24x x x x x x x x I= − + − +  

( ) ( )4 2 3
012 sinh 4 6 cosh 24x x x x x x I= + − + +  

( ) ( )  
4 2 3 012 sinh 4 6 cosh 24 cosh dx x x x x x x x x= + − + + ∫  

( ) ( )  
4 2 312 sinh 4 6 cosh 24 cosh dx x x x x x x x= + − + + ∫  

( ) ( )4 2 312 sinh 4 6 cosh 24sinhx x x x x x x c= + − + + +  

( ) ( )4 2 312 24 sinh 4 6 coshx x x x x x c= + + − + +  
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15 c ( )1
2sinh cosh 1n n

n nI x x nx x n n I−
−= − + −  

Therefore: 
3 2

3 1sinh 3 cosh 6I x x x x I= − +  

  
3 2sinh 3 cosh 6 cosh dx x x x x x x= − + ∫  

Let d 1
d
uu x
x

= ⇒ =  

Let d cosh sinh
d

v x v x
x
= ⇒ =  

  cosh d sinh sinh dx x x x x x x= −∫ ∫  
        sinh coshx x x c= − +  

( )3 2
3 sinh 3 cosh 6 sinh coshI x x x x x x x c= − + − +  

3 2sinh 3 cosh 6 sinh 6coshx x x x x x x c= − + − +  
( ) ( )3 26 sinh 3 6 coshx x x x x c= + − + +  

( ) ( ) 

11 3 3 2

0 0
cosh d 6 sinh 3 6 coshx x x x x x x x = + − + ∫  

            ( ) ( )3 21 6 1 sinh1 3 1 6 cosh1 6cosh 0= + × − × + +  
   7sinh1 9cosh1 6= − +  

   ( ) ( )( )1 11 7 e e 9 e e 6
2

− −= − − + +  

   ( )11 2e 16e 6
2

−= − − +  

   1e 8e 6−= − − +  

   8e 6
e

= − − +  

   
26e e 8

e
− −

=  

 

16 a  

sin d
sinn

nxI x
x

= ∫  

( )
 2

sin 2
d

sinn

n x
I x

x−

−
= ∫  

( )
  2

sin 2sin d d
sin sinn n

n xnxI I x x
x x−

−
− = −∫ ∫  

( )
 

sin sin 2
d

sin
nx n x

x
x

− −
= ∫  

( ) ( )

 

2 2
2cos sin

2 2
d

sin

n n n n
x x

x
x

+ − − −   
   
   = ∫  

( )
 

cos 1 sin
2 d

sin
n x x

x
x

−
= ∫  

( )  2 cos 1 dn x x= −∫  

( )2 sin 1
1

n x c
n

= − +
−

 as required 
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16 b i ( )4 2
2 sin 4 1

4 1
I I x− = −

−
 

   2 sin 3
3

x=  

4 2
2 sin 3
3

I x I= +  

( )2 0
2 sin 2 1

2 1
I I x− = −

−
 

   2sin x c= +  
Therefore: 

4
2 sin 3 2sin
3

I x x c= + +  

 

ii ( )5 3
2 1sin 5 1 sin 4

5 1 2
I I x x− = − =

−
 

   5 3
1 sin 4
2

I x I= +  

( )3 1
2 sin 3 1

3 1
I I x− = −

−
 

   sin 2x=  
3 1sin 2I x I= +  

Therefore: 

5 1
1 sin 4 sin 2
2

I x x I= + +  

 

sin d
sinn

nxI x
x

= ∫  

 1
sin d
sin

xI x
x

= ∫  

Hence: 

 5
1 sin 4 sin 2 d
2

I x x x= + + ∫  

  

1 sin 4 sin 2
2

x x x c= + + +  

So: 
π π
3 3

ππ
66

sin 5 1d sin 4 sin 2
sin 2

x x x x x
x

 = + +  ∫  

   1 4π 2π π 1 2π π πsin sin sin sin
2 3 3 3 2 3 3 6

          = + + − + +                    
 

   3 3 π 3 3 π
4 2 3 4 2 6

   
= − + + − + +      
   

 

   π 3
6 2

= −  

   3π 3
6
−

=  
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17 a  sinh dn
nI x x= ∫   

  
1sinh sinh dn x x x−= ∫  

Let ( ) 

 

1 2dsinh 1 sinh cosh
d

n nuu x n x x
x

− −= ⇒ = −  

Let  

 

d sinh cosh
d
v x v x
x
= ⇒ =  

( )  
1 1 2 2sinh sinh d sinh cosh 1 sinh cosh dn n nx x x x x n x x x− − −= − −∫ ∫  

( ) ( )  
1 2 2sinh cosh 1 sinh 1 sinh dn nx x n x x x− −= − − +∫  

( ) ( )  
1 2sinh cosh 1 sinh d 1 sinh dn n nx x n x x n x x− −= − − − −∫ ∫  

Hence: 
( )1

2sinh cosh 1 ( 1)n
n n nI x x n I n I−

−= − − − −  

( )1
2( 1) sinh cosh 1n

n n nI n I x x n I−
−+ − = − −  

( )1
2sinh cosh 1n

n nnI x x n I−
−= − −  
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17 b i 1
2

1 1sinh coshn
n n

nI x x I
n n

−
−

− = −  
 

 

4
5 3

1 4sinh cosh
5 5

I x x I= −  

4 2
1

1 4 1 2sinh cosh sinh cosh
5 5 3 3

x x x x I = − − 
 

 

4 2
1

1 4 8sinh cosh sinh cosh
5 15 15

x x x x I= − +  

 
1

1 sinh dI x x= ∫  

  sinh dx x= ∫  
Therefore: 

 
4 2

5
1 4 8sinh cosh sinh cosh sinh d
5 15 15

I x x x x x x= − + ∫  

 4 21 4 8sinh cosh sinh cosh cosh
5 15 15

x x x x x c= − + +  

Hence: 

 

ln3ln3
5 4 2

00

1 4 8sinh d sinh cosh sinh cosh cosh
5 15 15

x x x x x x x = − +  ∫  

           
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

4 2

4 2

1 4 8sinh ln 3 cosh ln 3 sinh ln 3 cosh ln 3 cosh ln 3
5 15 15

1 4 8  sinh 0 cosh 0 sinh 0 cosh 0 cosh 0
5 15 15

 = − + 
 
 − − + 
 

 

( ) ( )ln3 ln31 5cosh ln 3 e e
2 3

−= + =  

( ) ( )0 01cosh 0 e e 1
2

= + =  

( ) ( )ln3 ln31 4sinh ln 3 e e
2 3

−= − =  

( ) ( )0 01sinh 0 e e 0
2

= − =  

Therefore: 

 

4 2ln3
5

0

1 4 5 4 4 5 8 5 8sinh d
5 3 3 15 3 3 15 3 15

 

x x    = × × − × × + × −   
   ∫  

1 256 5 4 16 5 8 5 8
5 81 3 15 9 3 15 3 15

 

= × × − × × + × −  

256 64 40 8
243 81 45 15

= − + −  

752
1215

=  

 

  



 

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free. 35 

17 b ii 1
2

1 1sinh coshn
n n

nI x x I
n n

−
−

− = −  
 

 

3
4 2

1 3sinh cosh
4 4

I x x I= −  

3
0

1 3 1 1sinh cosh sinh cosh
4 4 2 2

x x x x I = − − 
 

 

3
0

1 3 3sinh cosh sinh cosh
4 8 8

x x x x I= − +  

Since: 
 

0
0 sinh dI x x= ∫  

 dx= ∫  

3
4

1 3 3sinh cosh sinh cosh d
4 8 8

I x x x x x= − + ∫  

 31 3 3sinh cosh sinh cosh
4 8 8

x x x x x= − +  

2 2cosh(arsinh1) 1 sinh (arsinh1) 1 1 2= + = + =  
Therefore: 

 

arsinh1arsinh1
4 3

0 0

1 3 3sinh d sinh cosh sinh cosh
4 8 8

x x x x x x x = − +  ∫  

  ( ) ( ) ( )1 3 3cosh arsinh1 cosh arsinh1 arsinh1 0
4 8 8

= − + −  

  ( ) ( ) ( )1 3 3cosh arsinh1 cosh arsinh1 arsinh1 0
4 8 8

= − + −  

  ( )21 3 32 2 ln 1 1 1
4 8 8

= − + + +  

  ( )2 3 ln 1 2
8 8

= − + +  

  ( )( )1 3ln 1 2 2
8

= + −  as required 
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Challenge 
 
a ( )ln dna

nI x x x= ∫  

Let ( ) ( ) 1dln ln
d

n nu nu x x
x x

−= ⇒ =  

Let 
1d

d 1

a
av xx v

x a

+

= ⇒ =
+

 

( ) ( ) ( )
1 1

1ln d ln ln d
1 1

a a
n n na x x nx x x x x x

a a x

+ +
−= − ×

+ +∫ ∫  

   ( ) ( )
11

1ln ln d
1 1

aa
n nx n xx x x

a a x

++
−= −

+ + ∫  

   ( ) ( )
1

1ln ln d
1 1

a
n nax nx x x x

a a

+
−= −

+ + ∫  

Hence: 

( )
1

1ln
1 1

a
n

n n
x nI x I
a a

+

−= −
+ +
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b ( )ln dna
nI x x x= ∫  

( )3
3 ln dI x x x= ∫  where 1

2
a =  

( )
3
2

1
2 2ln

3 3
n

n n
x nI x I −= −  

Let lnt x=  
3
2

1
2 2

3 3
n

n n
x nI t I −= −  

So: 
3
2

3
3 2

2 6
3 3
xI t I= −  

 

3 3
2 2

3 2
1

2 2 42
3 3 3
x xt t I

 
 = − −  
 

 

 

3 3
2 2

3 2
1

2 4 8
3 3 3
x xt t I= − +  

 

3 3 3
2 2 2

3 2
0

2 4 8 2 2
3 3 3 3 3
x x xt t t I

 
 = − + −  
 

 

 

3 3 3
2 2 2

3 2
0

2 4 16 16
3 3 9 9
x x xt t t I= − + −  

( )0
0 ln dI x x x= ∫  

  dx x= ∫  
Therefore: 

 

3 3 3
2 2 2

3 2
3

2 4 16 16 d
3 3 9 9
x x xI t t t x x= − + − ∫  

 

3 3 3
2 2 2 3

3 2 22 4 16 16 2
3 3 9 9 3
x x xt t t x= − + − ×  

  

3 3 3
2 2 2 3

3 2 22 4 16 32
3 3 9 27
x x xt t t x= − + −  

 

3 3 3
2 2 2 3

3 2 218 36 48 32
27 27 27 27
x x xt t t x= − + −  

 ( )
3
2 3 22 9 18 24 16

27
x t t t= − + −  

Since lnt x= : 

( ) ( ) ( )( )
3
2 3 2

3
2 9 ln 18 ln 24 ln 16

27
I x x x x c= − + − +  

  

 


