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Exercise 4E  

1 a   arsinh dx x∫   
Let   arsinhu x=  

 sinh u x=  
dcosh 1
d
uu
x
=  

d 1
d cosh
u
x u
=  

 
2

1
sinh 1u

=
+

 

  
2

1
1x

=
+

 

Let  

d 1
d

v v x
x
= ⇒ =  

     
2

arsinh d arsinh d
1

xx x x x x
x

= −
+

∫ ∫  

         
2arsinh 1x x x c= − + +  as required 

 

 b     

1 1
2

00

arsinh d arsinh 1x x x x x = − + ∫   

( )( ) ( )  
2arsinh 1 1 1 1= − + − −  

( ) ln 1 2 2 1= + − +  

 0.467 (3 s.f.)=  
 
 c From part a 

    
2arsinh d arsinh 1x x x x x c= − + +∫  

Let d 12 1 2 d d
d 2
uu x x u
x

= + ⇒ = ⇒ =  

( )    

1arsinh 2 1 d arsinh d
2

x x u u+ =∫ ∫  

    ( )  
21 arsinh 1

2
u u u c= − + +  

    ( ) ( )( )  
21 2 1 arsinh 2 1 4 4 2

2
x x x x c= + + − + + +  
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2   arctan3 dx x∫  
Let   arctan 3u x=  

 tan 3u x=  
2 dsec 3

d
uu
x
=  

2

d 3
d sec
u
x u
=  

 2

3
1 tan u

=
+

 

 2

3
1 9x

=
+

 

Let  

d 1
d

v v x
x
= ⇒ =  

   2

3arctan3 d arctan 3 d
1 9

xx x x x x
x

= −
+∫ ∫      

 2

1 18arctan 3 d
6 1 9

xx x x
x

= −
+∫  

      ( )21arctan 3 ln 1 9
6

x x x c= − + +  as required 

 
3 a   arcosh dx x∫  

Let     arcoshu x=  
 cosh u x=  

dsinh 1
d
uu
x
=  

d 1
d sinh
u
x u
=  

 
2

1
cosh 1u

=
−

 

 
2

1
1x

=
−

 

Let   

d 1
d
v v x
x
= ⇒ =  

     
2

arcosh d arcosh d
1

xx x x x x
x

= −
−

∫ ∫  

          
2arcosh 1x x x c= − − +  as required 
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3 b     

2 2
2

11

arcosh d arcosh 1x x x x x = − − ∫  

 ( )  

2
2 2

1
ln 1 1x x x x = + − − −  

 

 ( )( ) ( )( )   
2 2 2 22 ln 2 2 1 2 1 ln 1 1 1 1 1= + − − − − + − − −  

 ( )( ) ( )   2 ln 2 3 3 ln 1= + − −  

 ( )  

2
ln 2 3 3= + −  

 ( )  ln 7 4 3 3= + −  as required 

 
4 a   arctan dx x∫  

Let   arctanu x=  
 tan u x=  

2 dsec 1
d
uu
x
=  

2

d 1
d sec
u
x u
=  

 2

1
1 tan u

=
+

 

 2

1
1 x

=
+

 

Let   

d 1
d
v v x
x
= ⇒ =  

   2arctan d arctan d
1

xx x x x x
x

= −
+∫ ∫  

       ( )21arctan ln 1
2

x x x c= − + +  as required 

 

 b ( )  

33
2

11

1arctan d arctan ln 1
2

x x x x x
−−

 = − +  ∫  

 ( ) ( ) ( )( )21 13 arctan 3 ln 1 3 arctan 1 ln 1 1
2 2

   = − + − − − − + −   
   

 

 π 3 1 π 1ln 4 ln 2
3 2 4 2

   = − − −       
 

 π 3 1 π 1ln 4 ln 2
3 2 4 2

= − − +  

 4π 3 3π 1 4ln
12 2 2
−  = −  

 
 

 
( )π 4 3 3 1 ln 2

12 2

−
= −  as required 
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4 c   arctan dy x x=  

  

3

0

π 3 2 arctan dR x x= × − ∫  

 ( )
3

2

0

13π 2 arctan ln 1
2

x x x = − − +  
 

 ( ) ( )21 13π 2 3arctan3 ln 1 3 ln 1
2 2

    = − − + − −        
 

 13π 2 3arctan3 ln10
2

 = − − 
 

 

 3π 6arctan3 ln10= − +  
 4.23 (3 s.f.)=  

 

5 a   

2
2

0

arcsin dx x∫  

Let   arcsinu x=  
 sin u x=  

dcos 1
d
uu
x
=  

d 1
d cos
u
x u
=  

 
2

1
1 sin u

=
−

 

 
2

1
1 x

=
−

 

Let  

d 1
d
v v x
x
= ⇒ =  

   

2 2
2 2

2
0 0

arcsin d arcsin d
1

xx x x x x
x

 
= − 

− 
∫ ∫  

 
2

22

0
arcsin 1x x x = + − 

 

 
2

2 2 2arcsin 1 1
2 2 2

     = + − −            

 

 2 π 21 1
2 4 4

  = × + − −     
 

 π 2 2 1
8 2

= + −  
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5 b  

1

0

arctan dx x x∫  

Let   arctanu x=  
 tan u x=  

2 dsec 1
d
uu
x
=  

2

d 1
d sec
u
x u
=  

 2

1
1 tan u

=
+

 

 2

1
1 x

=
+

 

Let  2d 1
d 2

v x v x
x
= ⇒ =  

  

11 2
2

2
0 0

1 1arctan d arctan d
2 2 1

xx x x x x x
x

 
= − + 

∫ ∫  

2 2

2 2

1 1
1 1

x x
x x

+ −
=

+ +
 

 
2

2 2

1 1
1 1

x
x x

+
= −

+ +
 

 2

11
1 x

= −
+

 

Therefore: 

  

11
2

2
0 0

1 1arctan d arctan 1 d
2 1

x x x x x x
x

  = − −  +  
∫ ∫  

   
12

0

1 arctan arctan
2

x x x x = − +   

   ( )1 arctan1 1 arctan1
2

= − +  

   1arctan1
2

= −  

   π 1
4 2

= −  

   π 2
4
−

=  
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6  arcsec dx x∫  

Let 
2

d 1arcsec
d 1
uu x
x x x

= ⇒ =
−

 

Let   

d 1
d

v v x
x
= ⇒ =  

  
2

arcsec d arcsec d
1

xx x x x x
x x

= −
−

∫ ∫  

  
2

1arcsec d
1

x x x
x

= −
−

∫  

  arcsec arcoshx x x c= − +  

 ( )2arcsec ln 1x x x x c= − + − +  

 


