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Exercise 4D 

1 a  2

1 d
5 4

x
x x− −∫   

( )2 25 4 5 4x x x x− − = − +   

     ( )29 2x= − +  
Let  2 3sin d 3cos dx xθ θ θ+ = ⇒ =   

  
2 2

1 3d cos d
5 4 9 9sin

x
x x

θ θ
θ

=
− − −

∫ ∫  

  
2

1 cos d
1 sin

θ θ
θ

=
−

∫  

  
2

1 cos d
cos

θ θ
θ

= ∫  

  dθ= ∫  
  cθ= +  

23sin 2 arcsin
3

xxθ θ + = + ⇒ =  
 

 

 
2

1 2d arcsin
35 4

xx c
x x

+ = + 
 − −

∫  

 

 b  
2

1 d
4 12

x
x x− −

∫  

( )22 4 12 2 16x x x− − = − −  

( )
  

2 2 2

1 1d d
4 12 2 4

x x
x x x

=
− − − −

∫ ∫  

Let 2 d du x u x= − ⇒ =  

  
2 2 2

1 1d d
4 12 4

x u
x x u

=
− − −

∫ ∫  

   arcosh
4
u c = + 

 
 

   2arcosh
4

x c− = + 
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1 c  
2

1 d
6 10

x
x x+ +

∫  

( )22 6 10 3 1x x x+ + = + +  

( )
  

2 2

1 1d d
6 10 3 1

x x
x x x

=
+ + + +

∫ ∫  

Let 3 d du x u x= + ⇒ =  

  
2 2

1 1d d
6 10 1

x u
x x u

=
+ + +

∫ ∫  

    arsinhu c= +  
   ( ) arsinh 3x c= + +  

 

 d 
( )

 

1 d
2

x
x x −∫  

( )22 2 1 1x x x− = − −  

( ) ( )
  

2

1 1d d
2 1 1

x x
x x x

=
− − −

∫ ∫  

Let 1 d du x u x= − ⇒ =  

( )
  

2

1 1d d
2 1

x x
x x u

=
− −

∫ ∫  

 arcoshu c= +  
( ) arcosh 1x c= − +  
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1 e  2

1 d
2 4 7

x
x x+ +∫  

2 2 72 4 7 2 2
2

x x x x + + = + + 
 

 

 ( )2 72 1 1
2

x = + − + 
 

 

 ( )2 52 1
2

x = + + 
 

 

( )
  2

2

1 1d d
52 4 7 2 1
2

x x
x x x

=
+ +  + + 

 

∫ ∫  

    
( )

 

2

1 1 d52 1
2

x
x

=
+ +

∫  

Let 25 51 tan d sec d
2 2

x xθ θ θ+ = ⇒ =  

   
2

2
2

1 5 1 1d sec d5 52 4 7 2 2 tan
2 2

x
x x

θ θ
θ

= ×
+ + +

∫ ∫  

 
( )

  
2

2

5 1 1 sec d52 2 tan 1
2

θ θ
θ

= ×
+

∫  

   
2

2

2 5 1 1 sec d
5 2 2 tan 1

θ θ
θ

= × ×
+∫  

   
2

2

1 5 1 sec d
5 2 sec

θ θ
θ

= ∫  

 1 d
10

θ= ∫  

 1
10

cθ= +  

( )5 21 tan arctan 1
2 5

x xθ θ
 

+ = ⇒ = × +  
 

 

( ) 2

1 1 2d arctan 1
2 4 7 510

x x c
x x

 
= × + +  + +  

∫  
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1 f  
2

1 d
4 12

x
x x− −

∫  

( )224 12 9 2 3x x x− − = − +  

( )
  

2 2

1 1d d
4 12 9 2 3

x x
x x x

=
− − − +

∫ ∫  

Let 12 3 d d
2

u x x u= + ⇒ =  

  
2 2

1 1 1d d
24 12 9

x u
x x u

=
− − −

∫ ∫  

   
2 2

1 1 d
2 3

u
u

=
−

∫  

  1 arcsin
2 3

u c = + 
 

 

  1 2 3arcsin
2 3

x c+ = + 
 

 

 

 g  
2

1 d
14 12 2

x
x x− −

∫  

( )2 214 12 2 2 7 6x x x x− − = − −  

    ( )( )22 7 6x x= − +  

    ( )( )22 7 9 3 x= + − +  

    ( )( )22 16 3 x= − +  

( )( )
  

2 2

1 1d d
14 12 2 2 16 3

x x
x x x

=
− − − +

∫ ∫  

          
( )

 
22

1 1 d
2 4 3

x
x

=
− +

∫  

Let 3 d du x u x= + ⇒ =  

  
2 2 2

1 1 1d d
214 12 2 4

x u
x x u

=
− − −

∫ ∫  

  1 arcsin
42
u c = + 

 
 

  1 3arcsin
42

x c+ = + 
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1 h  
2

1 d
9 8 1

x
x x− +

∫  

2 2 8 19 8 1 9
9 9

x x x x − + = − + 
 

 

24 16 19
9 81 9

x
  = − − +     

 

24 79
9 81

x
  = − −     

 

  
2 2

1 1d d
9 8 1 4 79

9 81

x x
x x

x

=
− +   − −     

∫ ∫  

       
2

1 1 d
3 4 7

9 81

x

x

=
 − − 
 

∫  

Let 4 d d
9

u x u x= − ⇒ =  

  
2

2

1 1 1d d
39 8 1 7

9

x u
x x

u

=
− +

−
∫ ∫  

  1 9arcosh
3 7

u c = + 
 

 

  1 9 4arcosh
3 97

x c  = − +    
 

 

2 a  
2

1 d
4 12 10

x
x x− +

∫  

( )224 12 10 2 3 9 10x x x− + = − − +  

           ( )22 3 1x= − +  

( )
  

2 2

1 1d d
4 12 10 2 3 1

x x
x x x

=
− + − +

∫ ∫  

Let 12 3 d d
2

u x x u= − ⇒ =  

  
2 2

1 1 1d d
24 12 10 1

x u
x x u

=
− + +

∫ ∫  

    

1 arsinh
2

u c= +  

   ( ) 

1 arsinh 2 3
2

x c= − +  
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2 b  
2

1 d
4 12 4

x
x x− +

∫  

( )224 12 4 2 3 9 4x x x− + = − − +  

         ( )22 3 5x= − −  

( )
  

2 2

1 1d d
4 12 4 2 3 5

x x
x x x

=
− + − −

∫ ∫  

Let 12 3 d d
2

u x x u= − ⇒ =  

( )
  

2 22

1 1d d
4 12 4 5

x x
x x u

=
− + −

∫ ∫  

1 arcosh
2 5

u c = + 
 

 

1 2 3arcosh
2 5

x c− = + 
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3 a   

2

2
1

1 d
2 5

x
x x+ +

∫  

( )22 2 5 1 1 5x x x+ + = + − +  

     ( )21 4x= + +  

( )
   

2 2

2 2
1 1

1 1d d
2 5 1 4

x x
x x x

=
+ + + +

∫ ∫  

Let 1 d du x u x= + ⇒ =  
When x = 1, u = 2 
When x = 2, u = 3 

   

2 3

2 2 2
1 2

1 1d d
2 5 2

x u
x x u

=
+ + +

∫ ∫  

     

3

2

arsinh
2
u  =     

 

    ( ) 

3arsinh arsinh 1
2

 = − 
 

 

Since ( ) 
2arsinh ln 1x x x= + +  

( )   

22
2

2
1

1 3 3d ln 1 ln 1 1 1
2 22 5

x
x x

   = + + − + +   + +  
∫  

 ( )  

3 13ln ln 1 2
2 4

 
= + − +  

 
 

 ( )  

3 13ln ln 1 2
2 2

 
= + − +  

 
 

 ( )  

3 13ln ln 1 2
2

 +
= − +  

 
 

 
( )

 

3 13ln
2 1 2

 + =
 + 

 

  0.313 (3 s.f.)=  
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3 b   

3

2
1

1 d
1

x
x x+ +∫  

2
2 1 11 1

2 4
x x x + + = + − + 

 
 

  
21 3

2 4
x = + + 

 
 

   

3 3

22
1 1

1 1d d
1 1 3

2 4

x x
x x

x
=

+ +  + + 
 

∫ ∫  

Let 1 d d
2

u x u x= + ⇒ =  

When x = 1, 3
2

u =  

When x = 3, 7
2

u =  

   

7
3 2

22
31 2
2

1 1d d
1 3

2

x u
x x

u

=
+ +  

+  
 

∫ ∫  

   

7
2

3
2

1 arctan
33

22

u
  
  =            

 

   

7
2

3
2

2 2arctan
3 3

u  =   
  

 

   

2 7 3arctan arctan
3 3 3
    = −    

    
 

  ( ) 

2 7arctan arctan 3
3 3
  = −  

  
 

   0.325 (3 s.f.)=  
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3 c   

1

2
0

1 d
2 3 2

x
x x+ −

∫  

( )2 22 3 2 2 2 3x x x x+ − = − −  

 2 32 2
2

x x = − − 
 

 

 
23 92 2

4 16
x

  = − − −  
   

 

 
23 182 2

4 16
x

  = − − +  
   

 

  
250 32

16 4
x

  = − −  
   

 

225 32
16 4

x
  = − −  

   
 

    

1 1

2 2
0 0

1 1d d
2 3 2 25 32

16 4

x x
x x

x

=
+ −   − −  

   

∫ ∫  

         

1

2 2
0

1 1 d
2 5 3

4 4

x

x

=
   − −   
   

∫  

Let 3 d d
4

u x u x= − ⇒ =  

When x = 0, 3
4

u = −  

When x = 1, 1
4

u =  

    

1
1 4

2 2
30 2
4

1 1 1d d
22 3 2 5

4

x u
x x

u−

=
+ −   − 

 

∫ ∫  

    

1
4

3
4

1 arcsin 52 4

u

−

  
  =
  

  
 

    

1
4

3
4

1 4arcsin
52
u

−

  =     
 

   

1 1 3arcsin arcsin
5 52

    = − −        
 

   0.597 (3 s.f.)=  
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4 a 
( )

   

3 3

2 2
1 1

1 1d d
2 2 1 1

x x
x x x

=
− + − +

∫ ∫  

Let 1 d du x u x= − ⇒ =  
When x = 1, u = 0 
When x = 3, u = 2 

   

3 2

2 2
1 0

1 1d d
2 2 1

x u
x x u

=
− + +

∫ ∫  

  [ ] 

2

0
arsinhu=  

  ( )
2

2

0
ln 1x x = + +  

 

  ( ) ( )2ln 2 2 1 ln 1= + + −  

  ( ) ( )ln 2 5 ln 1= + −  

  ( )ln 2 5= +  
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4 b   

2

2
1

1 d
1 6 3

x
x x+ −

∫  

2 211 6 3 3 2
3

x x x x + − = + − 
 

 

( )213 1 1
3

x = + − − 
 

 

( )243 1
3

x = − − 
 

 

( )
    

2 2

2
21 1

1 1d d
41 6 3 3 1
3

x x
x x x

=
+ −  − − 

 

∫ ∫  

      
( )

  

2

21

1 1 d
3 4 1

3

x
x

=
− −

∫  

Let 1 d du x x u= − ⇒ = −  
When x = 1, u = 0 
When x = 2, u = −1 

    

2 1

2
1 0 2

1 1 1d d
31 6 3 2

3

x u
x x u

−

= −
+ −   − 

 

∫ ∫  

   

1

0

1 arcsin 23
3

u
−

  
  = −       

 

   
1

0

1 3arcsin
23

u
−

  
= −       

 

   1 3arcsin
23

 
= − −  

 
 

   π
3 3

=  
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5   

3

2
1

1 d
3 6 7

x
x x− +

∫  

2 2 73 6 7 3 2
3

x x x x − + = − + 
 

 

 ( )2 73 1 1
3

x = − − + 
 

 

 ( )2 43 1
3

x = − + 
 

 

( )
    

3 3

2
21 1

1 1d d
43 6 7 3 1
3

x x
x x x

=
− +  − + 

 

∫ ∫  

              

( )
   

3

2
1 2

1 1 d
3 21

3

x

x

=
 − +  
 

∫  

Let 1 d du x x u= − ⇒ =  
When x = 1, u = 0 
When x = 3, u = 2 

     

3 2

2 2
1 0 2

1 1 1d d
33 6 7 2

3

x u
x x

u

= =
− +  +  

 

∫ ∫  

 

  

2

0

1 arsinh 23
3

u
  
  =       

 

 

  

2

0

1 3arsinh
23

u  
=       

 

( ) ( )  

1 arsinh 3 arsinh 0
3
 = −   

  

21 ln 3 3 1 0
3
  = + + −    

 

( )  

1 ln 2 3
3

= +  
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6 a 
( )

  
2 2

1 1d d
4 5 2 1

x x
x x x

=
+ + + +

∫ ∫  

Let 2 d du x u x= + ⇒ =  

  
2 2

1 1d d
4 5 1

x u
x x u

=
+ + +

∫ ∫  

Let  sinh d cosh du uθ θ θ= ⇒ =  

   
2 2

1 1d cosh d
4 5 sinh 1

x
x x

θ θ
θ

=
+ + +

∫ ∫  

    
2

1 cosh d
cosh

θ θ
θ

= ∫  

    dθ= ∫  
   cθ= +  
    arsinhu c= +  
 ( )   arsinh 2x c= + +  

 

6 b   
2

1 d
4 5

x
x x− + +

∫  

( )22 4 5 2 4 5x x x− + + = − − + +  

       ( )29 2x= − −  

( )
    

2 2

1 1d d
4 5 9 2

x x
x x x

=
− + + − −

∫ ∫  

Let 2 d du x u x= − ⇒ =  

    
2 2

1 1d d
4 5 9

x u
x x u

=
− + + −

∫ ∫  

Let  3sin d 3cos du uθ θ θ= ⇒ =  

     
2 2

1 1d 3cos d
4 5 9 9sin

x
x x

θ θ
θ

= ×
− + + −

∫ ∫  

( )
 

2

13 cos d
9 1 sin

θ θ
θ

= ×
−

∫  

 
2

1 cos d
cos

θ θ
θ

= ×∫  

dθ= ∫  
cθ= +  

arcsin
3
u c = + 

 
 

2arcsin
3

x c− = + 
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7  

0

2
0.2

1 d
25 10 4

x
x x− + +∫  

( )2225 10 4 5 1 1 4x x x+ + = + − +  

        ( )25 1 3x= + +  

( )
     

0 0

22
0.2 0.2

1 1d d
25 10 4 5 1 3

x x
x x x− −

=
+ + + +∫ ∫  

Let ( )  
21 33 tan 1 d sec d

5 5
x xθ θ θ= − ⇒ =  

( ) ( )
2

2 15 1 5 3 tan 1 1
5

x θ  + = − +    
 

( )2
3 tan 1 1θ= − +  

23 tan θ=  

 When 0x = , ( )1 1 π3 tan 1 tan
5 63

x θ θ θ= − ⇒ = ⇒ =  

 When 0.2x = − , ( )1 3 tan 1 tan 0 0
5

x θ θ θ= − ⇒ = ⇒ =  

    

π
0 6

2
2 2

0.2 0

1 1 3d sec d
25 10 4 3tan 3 5

x
x x

θ θ
θ−

= ×
+ + +∫ ∫  

 
( )

 

π
6

2
2

0

3 1 sec d
5 3 tan 1

θ θ
θ

=
+∫  

 

π
6

2
2

0

3 1 sec d
5 3sec

θ θ
θ

= ∫  

π
6

0

3 d
15

θ= ∫  

 3 π 0
15 6

 = −  
 

   

π 3
90

=  
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8 
( )( )

   

4

3

1 d
2 4

x
x x− +∫  

( )( ) 22 4 2 8x x x x− + = + −  

   ( )21 1 8x= + − −  

   ( )21 9x= + −  

( )( ) ( )
      

4 4

2
3 3

1 1d d
2 4 1 9

x x
x x x

=
− + + −

∫ ∫  

Let 1 d du x u x= + ⇒ =  
When x = 3, u = 4 
When x = 4, u = 5 

( )( )
      

4 5

2 2
3 4

1 1d d
2 4 3

x u
x x u

=
− + −

∫ ∫  

     

5

4

arcosh
3
u  =     

 

     

5
2

4

ln 1
3 9
u u  = + −  

   
 

    

5 25 4 16ln 1 ln 1
3 9 3 9

   
= + − − + −      

   
 

   

5 16 4 7ln ln
3 9 3 9

   
= + − +      

   
 

   

5 4 4 7ln ln
3 3 3 3

  = + − +       
 

 ( )  

4 7ln 3 ln
3

 +
= −   

 
 

    

9ln
4 7

 =  + 
 

 
( )

( )( )
  

9 4 7
ln

4 7 4 7

 −
 =
 + − 

 

  
( )

 

9 4 7
ln

16 7

 −
 =
 −
 

 

  ( )  ln 4 7= −  
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9 
( )

    3
2 2

1 d
2 2

x
x x− +

∫  

( )22 2 2 1 1 2x x x− + = − − +  

            ( )21 1x= − +  

( ) ( )( )
        3 3

2 22 2

1 1d d
2 2 1 1

x x
x x x

=
− + − +

∫ ∫  

Let  1 sinh d cosh dx xθ θ θ= + ⇒ =  

( ) ( )( )( )
        3 3

22 2 2

1 1d cosh d
2 2 1 sinh 1 1

x
x x

θ θ

θ

= ×
− + + − +

∫ ∫  

( )
    3

2 2

cosh d
sinh 1

θ θ
θ

=
+

∫  

( )
    3

2 2

cosh d
cosh

θ θ
θ

= ∫  

    3

cosh d
cosh

θ θ
θ

= ∫  

    2

1 d
cosh

θ
θ

= ∫  

    
2sech dθ θ= ∫  

 tanh cθ= +  

 

 

sinh
cosh

cθ
θ

= +  

 

 
2

sinh
1 sinh

cθ
θ

= +
+

 

( )
 

 

2

1

1 1

x c
x

−
= +

+ −
 

 

 
2

1
2 1

x c
x x

−
= +

− +
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10     
2

d
3 2

x x
x x− −

∫  

Let  2sin 1 d 2cos dx xθ θ θ= − ⇒ =  

( ) ( )
         

2 2

2sin 1d 2cos d
3 2 3 2 2sin 1 2sin 1

x x
x x

θ θ θ
θ θ

−
= ×

− − − − − −
∫ ∫  

( )
( )

 

    

2

2cos 2sin 1
d

5 4sin 4sin 4sin 1

θ θ
θ

θ θ θ

−
=

− − − +
∫  

( ) 

    
2

2cos 2sin 1
d

4 4sin

θ θ
θ

θ

−
=

−
∫  

( )
( )

 

    

2

2cos 2sin 1
d

4 1 sin

θ θ
θ

θ

−
=

−
∫  

( ) 

    
2

cos 2sin 1
d

cos

θ θ
θ

θ

−
= ∫  

( )    2sin 1 dθ θ= −∫  
2cos cθ θ= − − +  

22 1 sin cθ θ= − − − +  
1 12sin 1 sin arcsin

2 2
x xx θ θ θ+ + = − ⇒ = ⇒ =  

 
 

Therefore: 

    

2

2

1 1d 2 1 arcsin
2 23 2

x x xx c
x x

+ +   = − − − +   
   − −

∫  

( )2 14 2 1 arcsin
2

xx x c+ = − − + + − + 
 

 

              2 13 2 arcsin
2

xx x c+ = − − − − + 
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Challenge 
1 a ( )    

2 2cosh dx x x∫  

Let   
2 d 2 du x u x x= ⇒ =  

( )     
2 2 21cosh d cosh d

2
x x x u u=∫ ∫  

  

1 cosh 2 1d
2 2

u u+
= ∫  

 ( )  

1 cosh 2 1 d
4

u u= +∫  

 1 1 sinh 2
4 2

u u c = + + 
 

 

 1 1sinh 2
8 4

u u c= + +  

 ( )2 21 1sinh 2
8 4

x x c= + +  

 b 
( )

    
2 2

d
cosh

x x
x∫  

Let  
2 d 2 du x u x x= ⇒ =  

( )
     22 2

1 1d d
2 coshcosh

x x u
ux

=∫ ∫  

   
21 sech d

2
u u= ∫  

  1 tanh
2

u c= +  

  ( )21 tanh
2

x c= +  

  

 


