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4727 Further Pure Mathematics 3

From 3 points (2,1, -3), (6,-7,-10), (0,1, -6),

n = vector product of 2 of
[2,0,3], [6,-8,-4], [-4,8,7]

= n=k[12 13, -8]
(2,1,-3) OR (6,—7, -10)

= 12x+13y-8z =61

M1

M1

Al

1 1 N
1 (% 3+%i)3 :(COS%n+iSin%n)3 B1 For argz = £ seen or implied
=cos%n+isin%n, M1 For dividing argz by 3
cosBr+isinBn, Al For any one correct root
cos%nﬂsin%n Al 4  For 2 other roots and no more inrange 0,, 6 < 2xn
1 :
2 (i) %e ™! B1 1 For stating correct inverse in the form re'®
G) ne?xreforre@d ML Forstating 2 distinct elements multiplied
e AL 2 Forshowing product of correctform
(iiiy z?=¢2" B1 For e2'" seen or implied
= g2lv-2ni B1 2 Forcorrect answer. aef
3 (i) [6—4X, —7+8A,—-10+7X] onp B1 For point on | seen or implied
= 3(6—41)—4(-7+8))—2(-10+70) =8 M1 For substituting into equation of p
=>A=1= (2,1-3) Al 3  For correct point. Allow position vector
C Uiy METHOD1
M1* For direction of I and normal of p seen
=[-4,8,7 -4,-2 . .
n=[48 71x[3 -4, -2] M1 For attempting to find ny xn,
(*dep)
n=k[12,13,-8] Al For correct vector
(2,1,-3) OR (6,-7,-10) M1 For finding scalar product of their point on | with
their attempt at n, or equivalent
= 12x+13y -8z =61 Al 5 For correct equation, aef cartesian
METHOD 2
r=[2,1,-3]OR [6,-7,-10] M1 For stating eqtn of plane in parametric form (may be
+A[4,8, 7]+1[3, -4, -2] ALY implied by next stage), using [2,1, —3] (ft from
(i) Or[6,-7,-10], n; and n, (as above)
X= 2-4r+3p M1 For writing as 3 linear equations
y= 1+8\-4u M1 For attempting to eliminate A and p
7=-3+71-2u
= 12x+13y-8z =61 Al For correct equation aef cartesian
METHOD 3
3(6+3u)—4(-7-4u)—-2(-10-2u) =8 M1 For finding foot of perpendicular from pointon | to p
= pu=-2= (0,1,-6) Al For correct point or position vector

Use vector product of 2 vectors in plane

For finding scalar product of their point on I with
their attempt at n, or equivalent
For correct equation aef cartesian
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Ly 114X 1 M1 For IF stated or implied. Allow J_rj' and omission of
. I W SIn— (14 x)2
4 (i) IF e 1-X"  =¢ 1X=1— Al 2  dx
X For integration and simplification to AG
e e \Intermediate step must be seen)
1
(ii) d y[1+ sz ~(1+ x)% M1* For multiplying both sides by IF
dx 1-x
14 x)2 ) 3 M1 For integrating RHS to k (1+x)"
y|—| =£(1+x)2 +c o .
1-x 3 Al For correct equation (including + c)
In either order:
5 4 M1 For substituting (0, 2) into their GS (including +c)
0,2)= 2:§+C:>C=§ (*dep)
M1 For dividing solution through by IF,
(*dep)  including dividing c or their numerical value for c
1
2 L afl-x)? Al 6 For correct solution
y=3 (1+ X)(l X)z *3 1+ X aef (even unsimplified) in form y = f(x)
5 (i) m2 —6m4+9 (=0)= m=3 M1 For attempting to solve correct auxiliary equation
Al For correct m
CF= (A+Bx)e> Al 3  For correct CF
(i) ke and kxe®* both appear in CF B1 1 For correct statement
(i) ) —kx2e3 =y = 2kxe + 3kxZe M1 For differentiating kx%e®* twice
Al For correct y' aef
= y" = 2ke3* +12k xe>* + 9k x%e¥ Al For correct y" aef
=
ke3X(2+12x+9x2 —12%—18x2 +9X2):esx M1 For substituting y”, y', y into DE
= k=% Al 5 For correct k
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6 () METHOD1

n; =[41 0]x[1,-5,-2] M1 For attempting to find vector product of the pair of
direction vectors
=[-2,2, 6] =k[L ~1, 3] Al For correct ny

Use (2,2,1) M1 For substituting a point into equation
=r.[-2,2-6]=—6 = r.[1,-1,3]=3 Al 4  For correct equation. aef in this form
METHOD 2
X=2+A+p M1 For writing as 3 linear equations
y=2+A-5u M1 For attempting to eliminate A and p
z=1 -2p
= x-y+3z=3 Al For correct cartesian equation
=r.[1,-13]=3 Al For correct equation. aef in this form
METHOD 1
b=[1-13]x[7,17,-3] M1 For attempting to find ny x n,

=k[2,-1-1] ALV For a correct vector. ft from ny in (i)

=0 i X= y+3z=3 )\ For attempting to find a point on the line

e.g. x,yorz_Om{ Tx+17y—32 =21 ptung p

— a= [0, 3 §J OR [3,0,0] OR [1,1,1] ALV For a correct vector. ft from equationiin (i)
2'2 SR a correct vector may be stated without working

Lineis (e.g.) r=[L 1 1+t[2 -1 —1] A1V 5 For stating equation of line ft from a and b
SR fora=[2, 2,1] stated award MO

METHOD 2
X— y+3z= 3 In either order:
Solve
Tx+17y-3z=21 M1 For attempting to solve equations

by eliminating one variable (e.g. z)
Use parameter for another variable (e.g. x)

to find other variables in terms of t M1 For attempting to find parametric solution
3 3 1 ALV For correct expression for one variable
(€g) y=5-35t, z=5-5t . )
ALY For correct expression for the other variable

ft from equation in (i) for both

Lineis (eg) r = [O, 3 §]+t [2,-1 -1] ALY For stating equation of line. ft from parametric
2’2 solutions

METHOD 3
X— y+3Z: 3 M1
TX+17y-3z=21

— a= [0, 3 §J OR [3,0,0] OR [L11] ALY For a correct vector. ft from equationiin (i)
22 SR a correct vector may be stated without working

SR fora=[2, 2,1] stated award MO
For finding another point on the line and using it with

eg x,yorz=0 in { For attempting to find a point on the line

eg [3,0,0]-[111] M1 the one already found to find b
b=k[2,-1 -1] ALY For a correct vector. ft from equation in (i)
Lineis (eg) r=[1,1,1]+t[2, -1, -1] ALY For stating equation of line. ft fromaand b
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6 (i) METHOD 4
contd
A pointon Iy is M1 For using parametric form for IT;
[2+X+p, 2+ X —5u,1—-2u] and substituting into IT,
On HZ =
[2+A+p, 2+X-5u,1-2u].[7,17,-3]=21 Al For correct unsimplified equation
= A-3u=-1 Al For correct equation
Line is (e.g.) o
F=[2,2,1]+ Gu-D[L 1, 0]+ u[L, -5, - 2] M1 For substituting into T1; for A or p
= r=[L11]or [% % %] +t[2, -1, -1] Al For stating equation of line
7 () cos30+isin30 = ¢ +3ic’s—3cs? —is M1 For using de Moivre with n=3
— 0530 = —3cs? and Al For both expressions in this form (seen or implied)
sin30 = 3c25—s3 ilg For expressions found without de Moivre MO
2. 3 i
— tan3g = 3E 878 M1 For expressing SIN30 .1\ terms of ¢ and s
c® —3cs? cos 360
3 2
tan36 = 3tand-tan" 0 _fan 0(3-tan" 0) Al For simplifying to AG
1-3tan?6 1-3tan? 6
(i@ g-Lr= tan3o-1
= 1-3t2 =t (3—t2) = Bl For both stages correct AG
.................... Coi-8te1=0
(b) t+1)(t>-4t+1) =0 M1 For attempt to factorise cubic
Al For correct factors
= (t=-1, t=2+ V3 Al For correct roots of quadratic
— sign for smaller root = Al For choice of — sign and correct root AG
_______________ L S
(iii) For differentiation of substitution
dt:(1+t2)d6? B1 i n|2| su SZIUI
and use of sec” @ =1+tan“ @
1
= Ilzntan 30d6 Bl For integral with correct € limits seen
0
s
= [%In (59036’)] o =2In (SEC%TC) M1 For integrating to k In(sec3¢) OR k In(cos36)
For substituting limits
=LinJ2=1mn2 M1 1 1. _1
3 6 and seczn:x/i OR cosznzﬁseen
Al For correct answer aef

27



physicsandmathstutor.com

4727 Mark Scheme June 2009
8 (i) al = (ap)2 =apap = a= pap Bl For use of given properties to obtain AG
2 _ 2 _ _ B1 2 Foruse of given properties to obtain AG
p* =(ap)" =apap = p=apa SR allow working from AG to obtain relevant
e e e e PTODRITIeS .
(i) (pz)z =p*=e = order p? =2 Bl For correct order with no incorrect working seen
2 2 . . .
(aZ) - ( pz) —e —ordera =4 B1 For correct order with no incorrect working seen
(ap)4 —a%=e = order ap =4 B1 For correct order with no incorrect working seen
azz—azaz—a a.p=a’ ; ; ;
p") =apap =ap.a.p= M1 For relevant use of (i) or given properties
OR ap2 —a.a’=a>
2 Al 5 For correct order with no incorrect working seen
(a 2) _ a6 _ .2
p a’=a
= order ap2 =4
(i METH(;D ! ) 3 M2 For use of the given properties to simplify
p®=a", ap” =a pzandapz
= {e,a, p?, ap’} ={e, a, a°, a%} Al For obtaining a® and a®
which is a cyclic group Al 4  Forjustifying that the set is a group
METHOD 2
e a p° ap?
e a p2 ap2 M1 For attempting closure
a | a p? ap?® e with all 9 non-trivial products seen
2 2 2 Al For all 16 products correct
pc | p© ap e a
ap2 ap2 e a p2
Completed table is a cyclic group B2 For justifying that the set is a group
METHOD 3
e a p2 ap2 .
5 5 M1 For attempting closure
e a p with all 9 non-trivial products seen
a a p2 ap2 e Al For all 16 products correct
p2 p2 ap2 e a
ap2 ap2 e a p2
Identity = e Bl For stating identity
Inverses exist since
EITHER: e is in each row/column Bl For justifying inverses (e X = e may be assumed)

OR: p2 is self-inverse; a, ap2 form an

___dinversepair ____ ___ ______
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vy METHOD1 Ml Forattempting to find a non-commutative pair of
a.ap=a’p=p elements, at least one involving a
€.g. ap.a=p }3 not (may be embedded in a full or partial table)
T M1 For simplifying elements both ways round
commutative B1 For a correct pair of non-commutative elements
Al 4 For stating Q non-commutative, with a clear
argument
METHOD 2
Assume commutativity, so (eg) ap = pa M1 For setting up proof by contradiction
()= o . .
p—ap.a=p=pa.a= pa2 _ ppz _ ps M1 For using (i) and/or given properties
But p and p3 are distinct Bl For obtaining and stating a contradiction
= Q is non-commutative Al For stating Q non-commutative, with a clear
argument
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