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1 Directions [1,1,-1] and [2,-3,]]

4L -1.02, -3 1]
N

2

Ja2

= 72.0°,72°or 1.26 rad

0 =cos

= Cos

Bl

M1

M1

Al 4

For identifying both directions
(may be implied by working)

For using scalar product of their direction
vectors

For completely correct process for their angle

For correct answer

2 (i) Identities b, 6
Subgroups {b, 4}, {6, 4}

Bl Bl
Bl Bl

For correct identities
For correct subgroups

(ii){a, b, c, d}<>{2,6,8,4} or {8,6,2, 4}

Bl Bl
Bl 3

For b6, d4
For a,c < 2,8 in either order

SR If BO B0 B0 then M1 A1 may be awarded
for stating the orders of all elements in G and
H

3 (i) 32L&

M1 For differentiating substitution
dx dx
dz 2 . .
= 4 2xz=e Al For resulting equation in z and x
Integrating factor (ej Bk =)ex2 B1V | For correct IF
f.t. for an equation in suitable form
d X ) d ( 3 x2) .
—| ze OR —|[y7e" |=1
= dx(z B M1 For using IF correctly
2
= ze* OR y%" =x(+c) Al For correct integration (+c not required here)
1,2
= y—(x—l-c)% e 3" Al 6 | For correct answer AEF
(i)As x >, y—0 B1 1 | For correct statement

4 (i) cos® :%( _'9)

=5 -<")

2
2 : _1(.i® —i0 1
= c0s“ 0 sin 9—4(e +e ) i

sin©

N|H

(eie o0 )4

( o210 +2+e—2l6).%(e4i6 26710 4 6_ 4o2i0 +e—4i6)

-Jsha

_ é ((eeie +e43ie)_2(e4ie +e4ie)_(ezie +e—2ie) + 4)

= 3—12(00569— 2c0s46—-cos20+2) AG

Bl

M1
Al
Al

M1
Al

For either expression, seen or implied
z may be used for ' throughout

For expanding terms
For the 2 correct expansions
SR Allow Al A0 for

k(62i9+2+972i9)(e4ie _4ezi9+6_4e—2i9+e4ie)’ k= é
For grouping terms and using multiple angles

For answer obtained correctly
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in .
(ii) [ " cos sin* 0.do =

: . . in M1 For integrating answer to (i)
=1 —1sin40-1sin20+20|°
32[ sIn60—2sin49 —sin 20+ e] Al For all terms correct
= %[0 +3V3-3V3+5n- OJ Al 3 | For correct answer
5 (i) B1 For correct modulus AEF
EITHER
z=Beis2k+1)Z, k=0,1,2,3
—J8e®* Wil 1 _0123 B1 2 | For correct arguments AEF
(i)
= A, 1,131 1;1 14 i
z=22 JE+J§' 5 ﬁl, 5 JE"JE ﬁl B1 Foranyof_J_ \/_
z=2+2i,-242i,-2-2i,2-2i Bl For any one value of z correct
Bl For all values of z correct AEFcartesian
(may be implied from symmetry or factors)
(z—a), (z=B), (z-7), (z-9) B1v4 | ft., where a,pB, v, & are answers above
(iii) EITHER (z—(2+2i))(z—(2-2i)) M1 For combining factors from (ii) in pairs
x(z—(-2+2i))(z-(-2-2i)) M1 Use of complex conjugate pairs
= (22 +4z+8)(z% —4z+8) Al For correct answer
OR z*+64=(2® +az+b)(® +cz+d) | M1 For equating coefficients
=a+c=0,b+ac+d=0,ad+bc=0,bd =64 M1 For solving equations
Obtain (z2 +4z+8)(z> — 4z +8) Al 3 | For correct answer
6 () MB=[2,1-2], OF=[4,12] B1 For either vector correct (allow multiples)
MB x OF M1 For finding vector product of their MB and
OF
=[4,-12,-2] OR k[2, -6, -1] Al 3 | For correct vector
(i) EITHER Find vector product of any
two of 42,-1,2], H0,0,2], M1 For finding two relevant vector products
42, -1 0]
and any two of
H4,0,2], +4,-10], H0,1, 2]
Obtain £[1, 2, 0] Al For correct LHS of plane CMG
Obtain [1, 4, - 2] Al For correct LHS of plane OEG
M1 For substituting a point into each equation
x+2y=2and x+4y-2z=0 Al For both equations correct AEF
OR Use ax+by+cz=d with M1 For use of cartesian equation of plane
coordinates
of C, M, G OR O, E, G substituted
Obtain a:b:c=1:2:0 for CMG Al For correct ratio
Obtain a:b:c=1:4:-2 for OEG Al For correct ratio
M1 For substituting a point into each equation
x+2y=2and x+4y-2z=0 Al 5 | For both equations correct AEF
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(iii) EITHER Putx, y OR z=¢ in planes For solving plane equations in terms of a
OR evaluate k[L, 2,0] x k[L 4, 2] M1 parameter OR for finding_vector product of
normals to planes from (ii)
Obtain r =a+b where
a=[0,12],[2, 0,1 OR[4,-1, 0] Al Obtain a correct point AEF
b=k[-2,11] Al 3 | Obtain correct direction AEF
7 () ¢ lan)" = lax)(x lax).. . (xlax) | M1 For considering powers of xax
=xYaa...ax, associativity, xx*=e | AL Al | For using associativity and inverse
properties
=xta"x=xtexwhenm=n, B1 For using order of a correctly
notm < n
=x1x Al For using property of identity
=e = ordern Al 6 | For correct conclusion
()EITHER (x lax)z=e M1 For attempt to solve for z AEF
Saxz=xe=x = xz=a x Al For using pre- or post multiplication
= z=xta"x Al For correct answer
OR Use (pg)t=¢1p? o
1 9444 M1 For applying inverse of a product of
OR(pgr) =" =r"q"p elements
State (x 1) l=x Al For stating this property
Obtain x 1o 1x Al 3 | For correct answer with no incorrect
working
SR correct answer with no working
scores B1 only
(i) ax=xa = x=a 'xa M1 Start from commutative property for ax
Sxat=atx Al 2 | Obtain commutative property for o 1x
8 (i) m?+2km+4=0 M1 For stating and attempting to solve
auxiliary egn
—~m=—k+\k?-4 Al 2 | For correct solutions, at any stage AEF
(@) xoe k| gelii-4r Be—\/k2—4tj M1 For using e with distinct real roots of
Al 2 |auxegn
For correct answer AEF
(b) x = e [Aei\/4—k2t B 4-k2;j M1 For using e with complex roots of aux
egn
This form may not be seen explicitly but if
stated as final answer earns M1 AO
x=eX (A’cosw—kz t+B'sinN4—k? z) Al 2 | For correct answer
OR x=e¥ (C’ g?ﬁ(\M—kZ t+aD
(C) x=e2 (A4"+ B") M1 For using e with equal roots of aux eqn
Al 2 | For correct answer. Allow k for 2
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(ii)(@) x = B'e™' sin+/31 B1V | Forusing +=0,x=0 correctly. f.t. from (b)
_ ~ _ M1 For differentiating x
i=Be’ (\@COS\/gf —sin */51) Al+ For correct expression. f.t. from their x
t=0,x=6 = B'=23, x=2/3¢7"sin/3¢r | Al 4 | For correct solution AEF
SR and AEF OK for
x=Ce™’ cos(\/§t+%n)
(b)x—0 Bl For correct statement
e’ —» 0 and sin() is bounded B1 2 | For both statements
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1 (a) Identity = 1+0i Bl For correct identity. Allow 1
Inverse = —— Bl For L seen or implied
1+2i 1+2i
=_1 -Xl—z! =1_2j B1 3 | For correctinverse AEFcartesian
1+2i 1-2i 5 5
(b) Identity = (8 gj Bl For correct identity
Inverse = (_03 8) B1 2 | For correctinverse

2 (@) (242, 2) Geiz™ B1 For modulus = 6
e B1 For argument = %n
A _2,75m _|245M M1 For subtracting arguments
z 3 3 Al 4 | For correct answer
(b) (W—5 :) 25 cis(—in) M1 For use of de Moivre
° Al For-2= seen or implied
=4 (cosin+isiniln) Al 3 | For correct answer (allow 2 °and cisiln)
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3 EITHER c-a = #11,3,-2] Bl For vector joining lines
(c—a)x[8,3,-6] M1* For attempt at vector product of c—-a and
[8,3,-6]
n=1[-12,50, 9] A1~ | For obtaining n. f.t. from incorrect c-a
~n| M1 For dividing |n| by magnitude of [8, 3, 6]
8,3, -] (dep*)
_N2725 Al For either magnitude correct
/109
d=)5 Al For correct distance CAO
OR c-a = #11,3,-2] Bl For vector joining lines
(c-a).[8,3,—6] M1* For attempt at scalar product of c-a and
[8,3, —6]
Cosezi&:i 109 Al~ For correct cos6 AEF. f.t. from incorrect
+/134+/109 134 c-a
d =+/1345sin0 M1 « | For using trigonometry for perpendicular
(dep) distance
Al . .
For correct expression for d in terms of 6
d=)5 Al For correct distance CAO
OR c-a = #11,3,-2] Bl For vector joining lines
(c-a).[8,3,-6] M1* For attempt at scalar product of c—a and
[8,3,-6]
109 — L.
=— =109 For finding projection of c—aonto
¥ /109 Al [8,3,—6]
f.t. from incorrect c-a
d=+134-109 ?(/Iji *) For using Pythagoras for perpendicular
Al P distance
For correct expression for d
d=)5 Al For correct distance CAO
OR CP=+[-11+8 —3+3,261] B1 For finding a vector from C(12, 5, 3)
to a point on the line
CP.[8,3,-6]=0 M1* For using scalar product for
perpendicularity
t=%1 OR P=(9,5,-1) A1N | For correct point. f.t. from incorrect CP
M1 - :
d= [32 102 4 42 (dep*) For finding magnitude of CP
Al For correct expression for d
d=)5 Al 6 | For correct distance CAO
SR Obtain
CP=[113,-2]-[8,3,-6]=+[3,0,4] Bl
Verify [3,0,4].[8,3,-6]=0 M1*
d=+3%+0%+4> = 5 Mi(dep*) Al Al
(maximum 5/ 6)
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2
- .y . .
4 Integrating factor ej 14a® M1 For correct process for finding integrating
factor
_1
_ e—%'”(1+x3> _ (1+x3) 3 Al For correct IF, simplified (here or later)
1 x2 . . .
j_[y(1+x3) 3] - 1 M1 For multiplying through by their IF
X (l+x )
For integrating RHS to obtain
3\ 3\s M1 3\ 3¢
:y(l—i—x ) =%(1+x ) (+¢) A(1+x ) OR |nA(1+x )
Al For correct integration (+c not required
here)
—1=lie = =1 M1 For substituting (0, 1) into GS (including
2 2 A1V | *0)
For correct c. f.t. from their GS
1
—y= %(1+ x3)+%(1+ x3)3 Al For correct solution. AEF in form y = f(x)
5 (i) EITHER a=[2,3,5], b=42,2,0] Bl For stating 2 vectors in the plane
M1 For finding perpendicular to plane
= =4+k|- —
n=axb=+k[-10,10,-2] Al+ For correct n. f.t. from incorrect b
B For substituting a point into equation
Use (2, 1,5 OR (0, -1, 5) M1 ax+by+cz=d where [a, b, c]=theirn
=5x-5y+z=10 Al For correct cartesian equation AEF
OR a=[2,3,5], b=42,2,0] B1 For stating 2 vectors in the plane
e.g. r=[2,1,5]+A[2,2,0]+p[2,3,5] M1 For stating parametric equation of plane
[x, y, 21 =[2+ 2+ 2,1+ 2 +3y, 5+5p] | ALY For writing 3 equations in x, y, z
f.t. from incorrect b
M1 For eliminating 2 and p
= 5x-5y+2z=10 Al 5 | For correct cartesian equation AEF
(i) [2t,3t—4,5t-9] B1 1 | For stating a point A on /4 with parameter
t AEF
(ill) +[2t+5,3¢-7,5¢-13] M1 For finding direction of 7, from A and (—
5,3,4)
+[2t+5,3t-7,5¢-13].[2,3,5]=0 M1 For using scalar product for
perpendicularity with any vector involving
t
=t=2 Al For correct value of t
x;r5 = y—l3 = 2_34 OR Al 4 | For a correct equation AEFcartesian
x-4 y-2 z-1
9 -1 -3
SR For2p+3g+57=0 and no further
progress award B1
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For correct solutions of auxiliary equation

. 2 _ _ -
6 () (m +4=0 :) m=+2l Bl (may be implied by correct CF)
CF = Acos2x+ Bsin2x Bl For C‘?”eCt CF 9i 2i
(AEtrig but not 4e“'* + Be™'* only)
Pl = psinx (+ gcosx) B1 State a trial PI with at least psinx
—psinx (-gcosx)+4psinx (+4gcosx) =sinx | M1 For substituting Pl into DE
=>p =%, g=0 Al _For g;orrect p and q (which may be
implied)
= y = AC0S 2x+ Bsin 2x+Lsin x B1V6 | For using GS = CF + PI, with 2 arbitrary
constants in CF and none in PI
(i) (0,00=4=0 B1+ For correct equation in A and/or B
f.t. from their GS
d_y:230052x+1005x35223+; M1 For differentiating their GS and
dx 3 3 3 o dy
substituting values for x and 4
X
4=0, B=1 Al For correct A and B
Allow 4 =-2i, B =1ifrom
CF A4e?'¥ 4 pe~2ix
=y =3sin2x+gsinx Al 4 | For stating correct solution CAO
7 (i) C+iS=1+e"9+e%0 30, 40 650 | M1 For using de Moivre, showing at least 3
terms
Cef g M1 For recognising GP
P Al For correct GP sum
Q30 _ 30 30 30,80 s N )
- _ - e2! Al 4 | For obtaining correct expression AG
lio Lo~ Lo ZLie _—lie
g2 —e e ez —e
2isin30 S0 M1 For expressing numerator and
(i) C+iS=—"7nr-. 2! denominator in terms of sines
21sin 29 Al For ksin30 and ksin16
Re = C =sin30 cos2 6 cosec 16 Al For correct expression AG
Im= S =sin30 sin%e cosec%e B1 4 | For correct expression
(iii) ¢=8 = sin30=0, tan%G =1 M1 For either equation deduced AEF
L Ignore values outside 0<0<n
O=3m3m Al For both values correct and no extras
0=imin In A2 4 | For all values correct and no extras.
Allow Al for any 1 value OR all correct
with extras

39




4727

Mark Scheme

June 2006

8 (i) r*.a=a.r* B1 1 | For stating the non-commutative product
in the given table, or justifying another
correct one

(i) Possible subgroups order 2, 5 Bl For either order stated
B1 2 | For both orders stated, and no more
(Ignore 1)
(iii) (@) {e, a} Bl For correct subgroup
() {e.r,r? 7 r"} B1 2 | For correct subgroup
(iv) order of /3 =5 Bl For correct order
(ar)? =ar.ar =r*a.ar=e M1 For attempt to find (ar)” =e OR
(@®)" =e
= order of ar=2 Al For correct order
(arz)2 =ar’arr=ar’r*a.r=ara.r=e
= order of ar? =2 Al 4 | For correct order
(V) If the border elements ar ar? ar® ar® are
ar ar® ar® ar® not written, it will be assumed that the
a | e 5 2 3 products arise from that order
a2l A e s 2 B1 For all 16 elements of the form e or "
3| 3 4 B1 For all 4 elements in leading diagonal = e
ar” | r r e r .
Al o 3 . B1 For no repeated elements in any
ar—|rr-r ¢ completed row or column
B1 For any two rows or columns correct
B1 5 | For all elements correct
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1 (i) Attempt to show no closure M1 For showing operation table or otherwise
3x3=1 5x5=1 OR 7x7=1 Al For a convincing reason
OR Attempt to show no identity M1 For attempt to find identity OR for showing operation
table
Show axe=a has no solution Al 2 | For showing identity is not 3, not 5, and not 7
by reference to operation table or otherwise
(i)(a=)1 B1 1 | For value of a stated
(iii) EITHER:
OR:{e, r, 7, r*}has 2 self-inverse elements,
* .
(ii) group has 4 self-inverse elements Bl For a pair of correct statements
OR:{e, r, 7, r*}has 1 element of order 2
* .
(ii) group has 3 elements of order 2 Bl For a pair of correct statements
OR:{e, r, ¥*, r*}has element(s) of order 4
* .
(ii) group has no element of order 4 Bl For a pair of correct statements
Not isomorphic Bl For correct conclusion
(dep*)
2
2 EITHER: [3,1,-2]%[1,5, 4] M1 For attempt to find vector product of both normals
=b=k[1-11] Al For correct vector identified with b
e.g.putx ORyORz=0 M1 For giving a value to one variable
and solve 2 equations in 2 unknowns M1 For solving the equations in the other variables
Obtain [0,2,-1] OR [2,0,1] OR [1,1,0] Al For a correct vector identified with a
OR: Solve 3x+y—2z=4, x+5y+4z=6
.. y+z=1 ORx-z=10R x+y=2 M1 For eliminating one variable between 2 equations
Putx ORyORz=t M1 For solving in terms of a parameter
[x, . z21=[t, 21, ~1+1] OR [2-1,1,1~1] M1 For obtaining a parametric solution for x, y, z
OR [1+t,1-¢,1]
Obtain [0,2,-1] OR [2,0,1] OR [1,1,0] Al For a correct vector identified with a
Obtain 4[1, -1,1] Al 5 | For correct vector identified with b
3 (i) 2= 6+£+/36-144 M1 For using quadratic equation formula
a 2 or completing the square
z=3+3/3i Al For obtaining cartesian values AEF
Obtain (r=)6 Al For correct modulus
Obtain (0 =) %n‘ Al 4 | For correct argument
(i) EITHER: 67° OR 1 seen B1Y | f.t from their 73
773 =673(cos(—n) £ isin(—m)) M1 For using de Moivre with n=+3
Obtain —2%6 Al For correct value
OR: z° =622 —362 = 6(6z—36)— 362 M1 For using equation to find z°
216 seen B1 Ignore any remaining z terms
Obtain —ﬁ Al 3 | For correct value
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4 (i) (y=xz=) g—y = xg—z+ z Bl For a correct statement
X X
dz P-4 1 M1 For substituting into differential equation and
X—tz="=T"7—"="— ; ST ;
" 2, - attempting to simplify to a variables separable form
2
xﬁzl_gz _1-2 Al 3 | For correct equation AG
dx =z z
. z ! 1 2\ M1 For separating variables and writing integrals
(i .[1_7_22 dz= J.}dx = gind-2z) =nex M1* | For integrating both sides to In forms
Al For correct result (c not required here)
1-222 = (ex) ™ ALY For exponentiating their In equation including a
constant (this may follow the next M1)
2 2 4
X —2y" ¢ M1 For substituting z =2
X2 x4 (dep*) X
2, 2 ) For correct solution properly obtained, including
(" -2)%) =k Al 6 | dealing with any necessary change of constant
to k as given AG
5 (i) (@) e p, p? Bl For correct elements
(b) e, ¢, ¢ B1 2 | For correct elements
SR If the answers to parts (i) and (iv) are reversed, full
credit may be earned for both parts
(i) p° =¢* =e= (pg)* = p’* =e M1 For finding (pg)*or (pq®)®
= order 3 Al For correct order
(pg°)% = p3¢® = p3(¢%)? =e= order 3 Al 3 | For correct order
SR For answer(s) only allow B1 for either or both
(iii) 3 B1 1 | For correct order and no others
[ or stating e and either pqg or p“q
(iv) B1 For stat d either pg or p?4?
e, pg, p°q* OR e, pq, (pg)? Bl For all 3 elements and no more
B1 For stating e and either p¢® or p%q
2 2 2 242
e, pq°, p°q OR e, pg”,(pq”) B1 4 | Forall 3 elements and no more
OR e, p*q, (p*q)°
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6 (i) (CFm=-3=) 4> Bl 1
(i) (v =) px+q B1
= p+3(px+qg)=2x+1 M1
=>p=2, g=1 Al Al
= GS y:Ae_3x+%x+% Al
LF. & = i(ye3x):(2x+l)e3x B1
dx
= ye¥* =%63x(2x+1)—j%eaxdx M1
= ye¥ =2xe® +1e¥ - 26% 4 4 A2 *
= GS y:Ae_3x+%x+% A1V 5
(iii) EITHER j—y:—BAe_3x+% M1
X
:>—3A+%=0 M1
243, 2 .1
y—ge x+§x+§ Al
ORd—y=0,x=0 =3y=1 M1
dx
=>i=d+3 M1
243, 2 .1
y=2e% 42541 Al 3
(iv) y=2x+% B1V 1

For correct CF
For stating linear form for PI (may be implied)

For substituting PI into DE (needs y and j—y)
X

For correct values
For correct GS. f.t. from their CF + PI

SR Integrating factor method may be used, but CF must
be stated somewhere to earn the mark in (i)

For stating integrating factor
For attempt at integrating by parts the right way round

For correct integration, including constant
Award Al for any 2 algebraic terms correct

For correct GS. f.t. from their * with constant

For differentiating their GS

For putting Y_ 0 when x=0
dx
For correct solution

For using original DE with g_y =0 and x=0 tofind y
X

For using their GS with y and x=0 to find 4

For correct solution

For correct function. f.t. from linear part of (iii)
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7 (i) EITHER: (AG isr=)[6, 4, 8]+tk[L0,1] B1 For a correct equation
or [3,4,5]+1k[1,0,1]
Normal to BCD is M1 For finding vector product of any two of
1, -4,-1],£[2,1,1], £[L 5, 2]
n=k[L1 -3] Al For correct n
Equation of BCD is r.[1,1,-3]=-6 Al For correct equation (or in cartesian form)
Intersectat (6+¢)+4+(-3)(8+1¢)=-6 M1 For substituting point on AG into plane
t=-4 (t=-1using[3,4,5]) = OM=[2,4,4] Al For correct position vector of M AG
OR: (AG st =)[6,4,8]+14[L 0.1] Bl For a correct equation
or [3,4,5]+¢tk[L 0,1]
r=u-+Av+puw, where
u=[2,1,3] or [1.5,4] or [3,6,5] M1 For a correct parametric equation of BCD
v,w= twoof [L -4, -1],[1 5, 2], [2, 1 1] Al
(x=) 641 = 24 At p For forming 3 equations in ¢, A, n from line and plane,
&g (r=) 4 = 1-4h+du M1 and attempting to solve them
(z=) 8+f = 3— A+2u pting
{=—4 ork:—%, u=% Al For correct value of ¢ or A, p
= OM=[24,4] Al 6 | For correct position vector of M AG
(ii)
A, G, M havet=0,-3,-4 OR
AG =32, AM =4J2 OR — AG:AM =3:4 | B1 1 | For correct ratio AEF
AG =[-3,0,-3], AM =[-4, 0, - 4]
(iii) OP = OC+%CG M1 For using given ratio to find position vector of P
= [?1 g, %] Al 2 | For correct vector
(iv) EITHER: Normal to ABD is M1 E‘[JZ f:)',ng]mf[f %Ctzo]r Er[gdf a §f any two of
n=k[19,3,-17] Al For correct n
Equation of ABD is r.[19, 3,-17]=-10 M1 For finding equation (or in cartesian form)
198434171810 Al For verifying that P satisfies equation
OR: Equation of ABD is - Lo .
r = [6, 4 8]+ A[4.3, 5]+ u[L 5, 2] (tc.) M1 For finding equation in parametric form
[%1 1_31 %] =[6, 4, 8]+ A[4, 3, 5]+ u[L 5, 2] M1 For substituting P and solving 2 equations for A, u
__2 -1
r=-2, p=1 Al For correct &, pu
Al For verifying 3rd equation is satisfied
OR: AP= [_1, _1 _§] M1 For finding 3 relevant vectors in plane 4ABDP
383 Al For correct AP or BP or DP
AB=[-4,-3,-5], AD=[-3,2,-3] M1 For finding AB, AD or BA, BD or DB, DA
= AB+AD=[-7,-1,-8]
= AP = 1(AB+AD) Al 4 | For verifying linear relationship
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8 (i) cos40+isin40 =
A 2 B 6625? — A esd 45t M1 For using de Moivre with n=4
= 5in 40 = 4c3s — des®
and cos40 = ¢* — 60252 + 5 Al For both expressions
_ 4tan6-4tan®0 M1 For expressing ~ 49 in terms of ¢ and s
3tan4e_1—6tan29+tan4e cos 49
Al 4 | Forsimplifying to correct expression
N cot* 6—6cot? 6+1 For inverting (i)
(ii) cot40= 3 Bl 1 . 1 1
4cot”0—4cot6 and using coto=——ortan0=——. AG
tano coto
(iii) cot40=0 B1 For putting cot46 =0
(can be awarded in (iv) if not earned here)
Put x =cot?0 B1 For putting x =cot? @ in the numerator of (ii)
0=Lin= X2 —6x+1=0 For deducing quadratic from (ii) and 6 =1~
OR x*-6x+1=0=6=1x Bl 3 |or
For deducing 0= %nfrom (i) and quadratic
(iv) 46=3r0ORL(2n+D)r M1 For attempting to find another value of 0
2nd root is x =cot? (3n) Al For the other root of the quadratic
= cot’ (x)+cot® (3n) =6 M1 For using sum of roots of quadratic
; 2 _ 2
. cosec? (ln)+cosec2 (§n) _g M1 For using cot“ 0+1=cosec“0
8 8 Al 5 | For correct value
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1 () zz5=rere =22 |z|2 Bl 1 | For verifying result AG

(i) Circle B1 For stating circle
Centre 0 (+01) OR (0, 0) OR O, radius 3 B1 2 | Forstating correct centre and radius

2 EITHER: (r =)[3+1t,1+4¢, -2+ 2] M1 For parametric form of / seen or implied
8(3+1)—-7(1+41)+10(-2+2t)=7 M1 Al | For substituting into plane equation
= (0¢) + (-3) = 7 = contradiction Al For obtaining a contradiction
[ is parallel to IT, no intersection B1 5 | For conclusion from correct working
OR: [1,4,2].[8,-7,10]=0 M1 For finding scalar product of direction vectors
= [is parallel to I'T Al For correct conclusion
(3,1, -2)into IT M1 For substituting point into plane equation
= 24-7-20=7 Al For obtaining a contradiction
[ is parallel to 1, no intersection Bl For conclusion from correct working

OR:Solve x—3_y-1_z+2

and 8x-7y+10z=7

eqg y—2z=3, 2i—2=4z+8 M1 Al | For eliminating one variable
M1 For eliminating another variable
eqg 4z+4=4z+8 Al For obtaining a contradiction
[ is parallel to I1, no intersection Bl For conclusion from correct working
3 Aux. equation m? —6m+8 (=0) M1 For auxiliary equation seen
m=24 Al For correct roots
CF (y =) 4e%* + Be™ ALY For correct CF. f.t. from their m
Pl (y=) ce¥ M1 For stating and substituting PI of correct form
9C-18C+8C=1=C=-1 Al For correct value of C
GS y=Ae?* + pe** —e%* B1V 6 | For GS. f.t. from their CF + Pl with 2 arbitrary

constants in CF and none in Pl
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4 (i) q(st)=qp=s Bl For obtaining s
(gs)t=tt=s B1 2 | For obtaining s
(i) METHOD 1
Closed: see table Bl For stating closure with reason
Identity = r B1 For stating identity »
Inverses: pt=s, g t=t (r1=r), M1 For checking for inverses
st=p, =g Al 4 | Forstating inverses OR For giving sufficient
’ explanation to justify each element has an inverse
eg r occurs once in each row and/or column
METHOD 2
Identity = r» Bl For stating identity
M1 For attempting to establish a generator # r
eg p>=t, p®=q, p*=s Al For showing powers of p (OR ¢, s or 7) are different
elements of the set
= p° =r,so0p isagenerator Al For concluding p° (ORq°, s° or £°)=r
(ii)) e, d, d?,d%, d* B2 2 | For stating all elements AEF eg dt.d?, dd

. . \6
5 (i) (cos60 =) Re(c+is)6 M1 For expanding (real part of) (c+is)
at least 4 terms and 1 evaluated binomial coefficient
needed
(cos66 =) 8 —150452 +15c%5% — 58 Al For correct expansion
(cos66 =)
) 3 M1 For using s =1-¢?
b 1564 (1—c2)+15c2 (1—c2) —(1—02)
(cos66 =) 32c% —48c* +1802 -1 Al 4 | Forcorrectresult AG
(ii) 64x° —96x* +36x° ~3=0 = cos60 =1 M1 For obtaining a numerical value of cos60
NLlp 51 Al For any correct solution of cos66 =1
= (0=) 3™ 75 g T etC. y >
cos 60 :% has multiple roots M1 For stating or implying at least 2 values of 6
Al 4 | Foridentifying cos%n AEF as the largest positive root

largest x requires smallest 6

= largest positive root is cos%n

from a list of 3 positive roots
OR from general solution
OR from consideration of the cosine function
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N For stating or implying in (i) or (ii) that n is
6 () n=hxl Bl perpendicular to 4, and
n=[2,-11]x[4,3, 2] M1* For finding vector product of direction vectors
n=%k[-10, 2] Al For correct vector (any k)
[3,4,-1].k[-1,0,2] =5k M1 For substituting a point of /4 into r.n
(*dep)
r.[-1,0,2]=-5 Al 5 | For obtaining correct p. AEF in this form
(i) [5,1,1] . k[-1,0, 2] = -3k M1 For using same n and substituting a point of /,
r.[-1,0,2]=-3 ALV 2 | For obtaining correct p. AEF in this form
f.t. on incorrect n
(i) d= |-5+3 OR d [2,-3,2].[-10, 2] M1 For using a distance formula from their equations
5 B J5 Allow omission of | |
5(-1)+1(0)+1(2)+5
OR d from (5,1,1)t01‘[1:|( )+10) +12) |
5
3(-1)+4(0)-1(2)+3
OR d from (3,4,—1)t01‘[2=|( )+ 40)~12) |
NG
OR [3-1,4,-1+2(].[-1,0,2]=-3 =¢=2 OR For finding intersection of n;and IT, or n, and
[B-14, 1.[-1,0,2] : 9 1 2 01 Ny
OR [5-1,1,1+21].[-10,2]=-5 =1=-2 Ty
do2 _ 2.5 0894427 A1V 2 | For correct distance AEF
J5 5 f.t. on incorrect n
(iv) dis the shortest OR perpendicular distance B1 1 | For correct statement
between /; and /,
. i —j elt 4710
7 (i) (z-e)(z-e) =22~ (2)2%+l B1 1 | For correct justification AG
=2- (2cosd)z+1
(ii) z = e%k“i Bl For general form OR any one non-real root
for k=0,1,2,3,4,5,6 OR 0,+1+2,+3 gy | orotherroots specified 0
(k=0 may be seen in any form, eg 1, e°, e™)
Him For answers in form cos®+isin® allow maximum
B1 B0
e
B1 For any 7 points equally spaced round unit circle
(circumference need not be shown)
B1 4 | For1pointon +"¢ real axis,
and other points in correct quadrants
(i) (=7 ~1=) -z —e ™)z —e"™)
S A A z M1 For using linear factors from (ii), seen or implied
Sri Zgj i S
(z-e"" )z-e7 " )z—€e7 " )z-e7 ")
Zni i Ari i
=(z—¢’ )(Z_Gei )% (j__e7 Nz-e"T) M1 For identifying at least one pair of complex
(z—e"")(z—e7")x conjugate factors
x (z-1) Bl For linear factor seen
= (22 -(2 cos%n)z +1)x Al For any one quadratic factor seen
z¢—(2cos3m)z+) x (z° —(2c0S2 1)z +1) x Al 5 or the other 2 quadratic factors and expression
2 4 2 6 For the other 2 quadratic d i
written as product of 4 factors
x(z-1)
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8 (i) Integrating factor e/ "~ (@) B1 For correct IF
=g Incosx M1 For integrating to In form
= (cos x)_l OR secx Al For correct simplified IF AEF
:i(y(COSx)’l) =cos? x B1V For i(y.their IF):c053x . their IF
dx dx
4 g M1 For integrating LHS
y(cosx) " = I§(1+ cos 2x) (dx) M1 For attempting to use cos 2x formula OR parts
for | cos? x dx
y(cos x)_l = %x +%sin 2x (+¢) Al For correct integration both sides AEF
y= (%x +2sin2x + c)COSx Al 8 | For correct general solution AEF
(ii) 2=(%n+c).—1:>c:—2—%n M1 For substituting (m, 2) into their GS
and solve for ¢
y =(%x+%sin 2x—2—%7‘c)COSx Al 2 | For correct solution AEF
9 (i) 3"x3"=3"" nimez B1 For showing closure
3P 39 \x 3" = (3P4 )\« 3" = 3PHaHr For considering 3 distinct elements,
( . )X ( )X M1 seen bracketed 2+1 or 1+2
=3P x (3‘1+V) =3P x (3‘1 X 3’) => associativity Al For correct justification of associativity
Identity is 30 B1 For stating identity. Allow 1
Inverse is 37" Bl For stating inverse
3" x 3" =3"" = 3" = 3"« 3" = commutativity B1 6 | Forshowing commutativity
(ii) (a) 32" x 3%m = g2n+2m (: 32<"+m)) B1* For showing closure
Identity, inverse OK B1 For stating other two properties satisfied
’ (*dep) and hence a subgroup
2
(b) For 37", M1 For considering inverse
—n ¢ subset Al 2 | For justification of not being a subgroup
37" must be seen here or in (i)
(c) EITHER: eg 3’ 32 35 M1 For attempting to find a specific counter-example of
closure
% 3r2 = not a subgroup A1 2 | Foracorrect counter-example and statement that it
is not a subgroup
2 2 2 2
OR: 3" x 3" =3"*" M1 For considering closure in general
" 3r2 eg 121225 — nota subgroup Al For explaining_vv_hy n® +m? =72 in general and
statement that it is not a subgroup
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4727 Further Pure Mathematics 3

1 (@) (i) e.g. ap=# pa = notcommutative Bl For correct reason and conclusion
@i 3 Bl For correct number
(iii) e,a, b Bl For correct elements
(b) 2 has order 2 Bl For correct order
¢* has order 3 Bl For correct order
¢ has order 6 B1 3 | For correct order
2 m?-8m+16=0 M1 For stating and attempting to solve auxiliary eqn
>m=4 Al For correct solution
= CF (y =) (4+ Bx)e** ALV For CF of correct form. f.t. from m
ForPltry y=px+gq M1 For using linear expression for Pl
= —-8p+16(px+q) =4x
=>p=1 ¢ :% Al Al | For correct coefficients
4 _ - — .
= GS y=(4+Bx)e x+%x+% B1V 7 | For GS=CF +Pl. Reqwres.f.t. from CF and Pl with
2 arbitrary constants in CF and none in Pl
. . Bl For stating line through O OR A
3 () line segment OA Bl 2 For correct description AEF
. - o o > o
(i) (r—a)x(r—b)=APx BP Bl For identifying r—a with AP and r —b with BP
Allow direction errors
=|A4P||BP|sint.Ai=0 B1 2 | For using x of 2 parallel vectors = 0
ORsinn=00rsin0=0
in an appropriate vector expression
. Bl For stating line
(i) line through O B1 For stating through O
parallel to 4B B1 3 | For stating correct direction

- —
SR For 4B or BA allow B1 B0 B1

. in 2x ..
4 (C+iS=) joz ¥ (cos 3x +isin 3x)(dx)

C0s3x +isin3x = e

E i 1 N
2™ o (2+3i)x __ 1 [a@+3ixT]2
Jo @ =o © Jo

i . i
2 3|[e(2+3l)2n_eoj:2 3'(—ie“—1)
449 13

{%(-2-3&1 i (3—2e”)}

C= (2+3e“)

_1
13
S = %(3— 2e")

Bl

M1*
Al

Al
M1
(dep)
M1
(dep™)
Al

Al

For using de Moivre, seen or implied

For writing as a single integral in exp form
For correct integration (ignore limits)

For substituting limits correctly (unsimplified)
(may be earned at any stage)
For multiplying by complex conjugate of 2+3i

For equating real and/or imaginary parts

For correct expression AG

For correct expression
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: Iidx Inx e e .
5 () IFer =e’"=x ML For correct process for finding integrating factor
OR xd—y+ J = xsin2x OR for multiplying equation through by x
dx
= i(xy) = xSin2x Al For writing DE in this form (may be implied)
dx
=Xy = Jx sin 2x(dx) M1 For integration by parts the correct way round
xy= —%x oS 2x + % j cos 2x(dx) Al For 1st term correct
xy = —%xcos 2x +%Si” 2x (+c) M1 For their 1st term and attempt at integration of g?nskx
=y :_1005 2x+isin 2+ & Al 6 | For correct expression for y
2 4x X
.. 2 1 4c 1 - . .
lp2) 2 -, == M1 1.2
(ii) (4n, n) ==t For substituting (4n, n) in solution
:y=—10052x+isin 2x+i Al 2 | For correct solution. Requires.
2 4x 4x
(iii) (y=)-3cos2x B1V 1 | For correct function AEF f.t. from (ii)

6 (i)

Either coordinates or vectors may be used
Methods 1 and 2 may be combined, for a maximum of 5
marks

METHOD 1
State B=(-1,-7,2)+t(1 2,-2) M1 For using vector normal to plane
Onplane = (-1+#)+2(-7+2t)-2(2-2t)=-1 | M1 For substituting parametric form into plane

M1 For solving a linear equation in ¢

=>t=2=>B=(1-3,-2) Al For correct coordinates
AB=~2%2+42 +4%2 OR 2\12+2%+2% =6 Al 5 For correct length of 4B

METHOD 2
4B = -1-14-4+1)

V12 +22 422 M1 For using a correct distance formula
_ Al For correct length of 4B
or 48=Ac. Ap=L0" YL 2-2]_g
V12 4+2% 422
L2,-2) . _ .
B=(-1-7,2)t6———"_—“~_ M1 For using B = 4 + length of AB x unit normal
12422422
B=(-1-7,2)%(2 4, -4) Bl For checking whether + or — is needed
B_(l-3_92 (substitute into plane equation)
=(1-3-2) Al For correct coordinates (allow even if BO)
gl[)GF;n(jl]vecio[rfspr_()g u(;:]t ofjrgg tlv\(;olc))f M1 For finding vector product of two relevant vectors
Obtain £[1, 2, —20] Al For correct vector n
0= cosL L 2,-2].[1 2, -20] M1* For using scalar product of two normal vectors
B 2 2 2. [2 52 2 M1 For stating both moduli in denominator
V12 422 422412 422 4 20 (o)
-1 45 . . ALY For correct scalar product. f.t. fromn
= ———=41.8°(41.810..°,0.72972...
0= cos J9+/405 ( ) Al 6 | For correctangle
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7 () (@ sinbr=—- sinZr=—1 B1 1 | Forverifying 6=1n
8 o 8 2 8
(b) . For sketching y =sin66 and y =sin20
1
M1 for 0,, 0, ST
OR any other correct method for solving sin 66 = sin 26
for 6 = k%
OR appropriate use of symmetry
OR attempt to verify a reasonable guess for 6
0=3n Al 2 | Forcorrect
. . M1 ; N .
(ii) Im (c+i s)6 6655206353 4 6es® For e?q?andlng (c+is)”; at least 3 terms and 3 binomial
coefficients needed
Al For 3 correct terms
: i 5 3 2 2\2 : 2 2
S|n69—5|ﬂ9(60 —20c"(1—c%)+6c(l—c“) ) M1 For using s =1-c¢
sin60 =sin 6(32c5 ~323 + 60) Al For any correct intermediate stage
sin66 = 2sin 6C086(16c4 ~16¢2 + 3) Al For obtaining this expression correctly
$in60 = sin 29(16cos4e—16cos26+3) 5 | AG
(iii) 16c* -16¢2 +3=1 M1 For stating this equation AEF
2 242 Al For obtaining both values of ¢
4
— sign requires larger 0 = %n Al 3 | For stating and justifying 8 = %n
Calculator OK if figures seen
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8 (i) Group4: e=6
Group B: e=1 B1 For any two correct identities
Group C: e= 2° OR1 B1 For two other correct identities
GroupD: e=1 2 | AEFforD,butnot“m=n"
(i) EITHER OR

orders of elements
12, 4,4
OR cyclic group

Bl1 5 7 11

i1 5 7 1 orders of elements

5|5 1 11 7 12,22 .

717 111 5 OR non-cyclic group

1011 7 5 1 OR Klein group

0 51 52 53 .

c|27 2 2° 2 For showing group table
20120 ol 22 23 Jihers of elements OR sufficient details of orders of elements
ol |9l 92 93 90 1,24 4 OR stating cyclic / non-cyclic / Klein group

22 |92 93 o0 o1 OR cyclic group (as appropriate)

B1* for one of groups 4, B, C

3003 50 o1 52
222" 27 2 2 B1* for another of groups 4, B, C
A%B Bl For stating non-isomorphic
(dep™) with sufficient detail
BzC Bl For stating non-isomorphic
(dep™) relating to the first 2 marks
A=C Bl For stating isomorphic
(dep™)
5
. 142m 142p 142m+2p+4mp - For considering product of 2 distinct elements of this
(iii) % = M1 form
1+2n 1+2q 1+2n+2q+4ngq .
M1 For multiplying out
(dep™)
1+2(m+ p+2mp) 1+2r Al For simplifying to form shown

s 201+q+2nq) 1+2s Al 4 | Foridentifying as correct form, so closed

odd X odd = @ earns full credit

odd odd odd
SR If clearly attempting to prove commutativity, allow
at most M1
(iv) Closure not satisfied B1 For stating closure
Identity and inverse not satisfied B1 2 | For stating identity and inverse

SR If associativity is stated as not satisfied, then award
at most B1 BO OR B0 B1
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4727 Further Pure Mathematics 3

1@ er3r8r° M1 For stating e, r ™ (any m.. 2), and 2 other different
elementsintermsof eand r
e AL 2 Foralldlementscorrect
(i) rgeneratesG B1 1 Forthisor any statement equivalent to:
all elements of G areincluded in agroup witheand r
OR order of r > order of all possible proper subgroups _

(b) - m np mri,- np pm _ Bl  For any 3 orders correct
B1 2 Foral 6 correct and no extras (Ignore 1 and mnp)
2 METHOD 1
B For attempt to find normal vector, e.g. by finding
[1.3 2] (%2, -1 M1 vector product of correct vectors, or Cartesian equation
n=k[-7,3 -1 OR 7x-3y+z=c(=17) Al For correct vector OR LHS of equation
M1y For using correct vectors for line and plane
0—snt [14,-1.[-7,3 -1 f.t. from normal
\/12 a2 112 \/72 +32 412 M1* For using scalar product of line and plane vectors
M1 For calculating both moduli in denominator
0=sn? 6 _ 10.6° ALY For scalar product. f.t. from their numerator
\/184/59 (*dep)
(10.609..°,0.18517..) Al 7 Forcorrectangle
METHOD 2
3 For attempt to find normal vector, e.g. by finding
[1.3 2] x[1. 2, 1] M1 vector product of correct vectors, or Cartesian equation
n=k[-7,3,-1 OR 7x-3y+z=c Al For correct vector OR LHS of equation
7x-3y+z=17 M1y For attempting to find RHS of equation
f.t. fromn or LHS of equation
q |21_ 12+ 2_17| 6 M1 For using distance formula from a point on the line,
= = eg.

7242112 59 Al (3,4, 2), to the plane

For correct distance. f.t. from equation

6
M1 For using trigonometry
-1 59 .
O=sn"— C > =106 Al For correct angle
1" +4° +1
(10.609..°,0.18517...)
. dz dy For differentiating substitution
3 =1 M1 (seen or implied)
dz_,_z+3 _ dz_2z+2 2z+]) Al For correct equationinz AEF
dx z-1 dx z-1 z-1 Al 3  For correct simplification to AG
(ii) J‘Z—_ldz:zj.dx B1 For jz—‘l(dz) and [ (1) (dx) seen or implied
z+1 z+1
2 2 M1 For rearrangement of LHS into integrable form
:>J'1_ Z+1dz OR Il—adu =2x(+0) OR substitutione.g. u=z+1 or u=z-1
=
z-2In(z+1) OR z+1-2In(z+1) Al For correct integration of LHS asf(2)
=2x(+c¢)
= -2In(x+y+1l) =x-y+cC Al 4  For correct general solution AEF
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. . \5 i0 —i0
0, -0 e’ +e N
4 (i) cos%:[e +29 J B1 For cosezT seen or implied
Z may be used for e throughout
. . \5 : :0\D
(:0359:3—12(e'e +e"e) M1 For expanding (e'e +e"e) . At least 3 termsand

2 binomial coefficients required OR reasonable attempt
at expansion in stages

cos5e:3—12(e5ie+e‘5i9+5(e3i9+e‘3ie)+10(eie+e‘ie)) A1l For correct binomia expansion

cos® 6 = % (c0S56+ 50530 +10C0s0) M1 For grouping terms and using multiple angles
et ree e e e s rees e s smnsesennesesanmnse e AL B FOraNSWer obtained correctly AG ...
(i)  cos®=16cos’ O Bl For stating correct equation of degree 5
OR1=16cos*® AEF
= cos6 =0, cose:i% M1 For obtaining at least one of the values of cos® from
cos6 = kcos® @ ORfrom 1= kcos* 0
Al Al for any two correct values of 6

Al 4 Ailforthe3rdvaueand nomorein 0, 6, =«
Ignorevauesoutside 0,, 6, &

El
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5 (i) METHOD 1
Lines meet where

(X =) k+2Ah = k+p M1 For using parametric form to find where lines meet
(y =) -1-50 = —-4—4u Al For at least 2 correct equations
(z=) 1-3n= -2u
M1 For attempting to solve any 2 equations
= A=-1 p=-2 Al For correct valuesof A and 1

B1 For attempting a check in 3rd equation
OR verifying point of intersection ison both lines
= (k-2,4,4) Al 6 For correct point of intersection (allow vector)

SR For finding A OR . and point of intersection, but no
check, awardupto M1 A1 M1 A0OBOA1

METHOD 2

do |[O, 3,1.[2,-5 -3 x[1, -4, - 2]| For using a. b x ¢ with appropriate vectors (division
o x| by |b x ¢| isnot essential)

d=c[0,31.[-2,,-3]=0 Bl and showing d = Ocorrectly

= linesintersect
Lines meet where

(x =) (k+)2h = (k+)p M1 For using parametric form to find where lines meet
(y =) -1-50 = —4-4u Al For at least 2 correct equations
(z=) 1-3n = -2u
M1 For attempting to solve any 2 equations
= A=-1 p=-2 Al For correct value of A OR
= (k-2,4,9) Al For correct point of intersection (allow vector)
METHOD 3
2y+1) _y+4 M1 For solvi ir of simul i
eg. x—k:—5:—4 or solving one pair of simultaneous equations
= y=4 Al For correct value of x, y or z
z-1_y+l M1 For solving for the third variable
-3 -5
x=k—-2 OR z=4 Al For correct values of 2 of x, y and z
x—k:icheckswith x=k-2,z=4 Bl For attempting a check in 3rd equation
= (k-24,4) Al For correct point of intersection (allow vector)
(i) METHOD1

n=[2-5-3%x[4-4,-2] M1 For finding vector product of 2 directions
n=c[-2,1 -3 Al For correct normal

SR Following Method 2 for (i),

award M1 A1\ for n, f.t. fromtheirn
L-L1)OR(,-4,000R(-1 4,4 M1 For substituting apoint in LHS
= 2x—y+32=6 Al 4 For correct equation of plane AEF cartesian
METHOD 2
r=[L-L+A[2,-5-3]+uL-4,-2] M1 For using vector equation of plane (OR [1, — 4, 0] for

a)
X = 1+2A+p
y = —1-5—4u Al For writing 3 linear equations
z = 1-3\-2u

M1 For eliminating A and

= 2X-y+3z=6 Al For correct equation of plane AEF cartesian
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6 () When a, b have opposite signs, M1 For considering sign of alb| OR blal
in general or in a specific case
alb|=+ab, bjaj=Fba = alb|=b|a| Al 2 Forshowingthat alb|#b)al
Note that |x|:x/x_2 may be used
Gy oo M1 Forusing 3distinct elementsand smplifying
(acb)oc=(alb))oc=albl|c] OR a|bc] (ach)oc OR ao(boc)
Al For obtaining correct answer
as(boc)=as(bld) = a|b|c|| = a|b|c| OR a|be] M1 For simplifying the other bracketed expression
et e e AL 4 Forobtaining thesameanswer
(iii) B1* For stating e=+1 OR no identity
EITHER ace=alelFa = e=%1 M1 For attempting algebraic justification of +1 and —1 for
e

OR eca=ela=a

Al For deducing no (unique) identity
= e=1fora>0, e=-1fora<O0
Not a group B1 For stating not a group
(*dep)
4
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7 () we Polar or cartesian values of © and ®? may be used
anywhere in this question
BL 1 For showing 3 points in approximately correct
02e positions
e Allow @ and 0 interchanged, or unlabelled
(i) EITHER 1+ o+’ M1 For result shown by any correct method AG
= sum of roots of cubic =0 Al 2
OR 0)3:1:>(0)—1)(032+(1)+1)=0
:1+w+m2=0(forco;t1)
OR sumof G.P.
.3
1+o)+(1)2=1—0J [=Lj=0
1-o 1-o
OR shown on Argand diagram . -
<}A or explained in terms of Reference to vectorsin part (i) diagram may be made
vectors
OR
(o2 el 1, 3; 14383\ _
1+CIS§TH-CIS§TI:—l+(—§+7|)+(—§—7l)—O
(i) (@  (2+0)(2+0?) =4+ 20+ 0%) + o M1 For using 1+ 0+ ®? =0 ORvalues of o, ®°
=4-2+1=3 Al 2  For correct answer
(b) 1 1 _2+(m+ooz)+2_1 M1 For combining fractions OR multiplying top and
240 +2 P - 3 - bottom of 2 fractions by complex conjugates
AW 2 Forcorectanswerftfrom@
(V) For the cubic X3+ px® +qx+r =0
METHOD 1
Y oa=2+1=3 (= p=-3 M1 For calculatingtwo of Y a, > o, ofy
2 2 1 7 For calculating all of , ,
Yop=———t o+ o= (=0) M1 galof 2,0, 2 0B, afy
2+0 2+~ 3 3 ORadlof p,q,r
OCBY=E (3 r:_gj Al For at least two of > o, Y af, ofy correct
3 3 (or valuesof p, g, 1)
= 3C-9x°+7x-2=0 Al 4  For correct equation CAO
METHOD 2
S G S
2+m 2+w
34| -2 _r 1 2
XH - T re 2402 X M1 FormuItipIyingoutLHSintermsofcoorcis%krc
+ 1 + 2 + 2
(2+w )(2+w2) 240 2+ 0°
(2+w )(2+w2) M1 For simplifying, using parts (ii), (iii) or values of
= x3—3x2+%x—%:0 Al For at least two of p, g, r correct
= 3x-0x°+7x-2=0 Al For correct equation CAO
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8 (i) M’ +1=0 = m=xi M1 For stating and attempting to solve correct auxiliary
equation
= CF A1 2 Forcorrect C.F. (must bein trig form)

SR If some or al of the working is omitted,
_award full credit for correct answer
(i@ y = p(InsinX)sin X+ gxcosx M1 For attempting to differentiate P.I.
(product rule needed at least once)

(y=) Ce X+ De X = Acosx+ Bsinx

(;ﬂz p@sm X+ p(INsin X) cOSX+ COSX— X Sin X Al For correct (unsimplified) result AEF
X sinx
d?y . . . pcos? x S
—5 =—psinx-p(Insinx)sinx+——— Al For correct (unsimplified) result AEF
dx sinx
—2Qsin X—gxcosx
. pcos? x . 1 M1 - _d?y .
—pSiNX+— —-2qsinx=—— For substituting their — andyintoD.E.
sinx sinx dx
M1 For using sin® x+cos? x=1
— p-2(p+q)sin®x=1 Al 6 Forsimplifyingto AG (= may be=)
B R Ml Eoraanning o findpandg sy T
equating coefficients of constant and sin x
AND/OR giving value(s) to x
(alow any value for x, including 0)
p=1, q=-1 Al 2 For both values correct
(i GS B1Y For correct G.S.

y = Acosx+Bainx+ (Insinx)snx-—Xxcosx f.t. from their C.F. and P.l. with 2 arbitrary constantsin

C.F. (alow given form of P.I. if p and q have not been

found)
cosecx undefined at x=0, 7T, 21 M1 For considering domain of cosecx OR sinx#0
OR sinx>0 in Insinx OR Insinx term
= 0<x<m Al 3 For stating correct range CAO

SR Award B1 for correct answer with justification
omitted or incorrect
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4727 Further Pure Mathematics 3

1)@ @®=)3 Bl 1 Forcorrectn
(b)_(n=)6 B1 1 Forcorrectn
(C)_(n=)4 B1 1 Forcorrectn
(II)(n=)46BlForezther40r6

B1 2 Forboth 4 and 6 and no extras
Ignore all »...8

SR B0 BO if more than 3 values given, even
if they include 4 or 6

\/§+ixx/§+i_1 1,3

2 (i) i B =3+31V3 M1 For multiplying top and bottom by complex
conjugate
. Lnj
OR \/éﬂ =2L1. OR for changing top and bottom to polar
B e form
— @e™ Al For (=) 1 (may be implied)

Al 3 For (6=)3n

SR Award maximum A1 AOQ if ¢ form is

not seen
N PN M1 For use of 2™ =1, e =1,
(") (ewj =" =1 = (1)6 sinkn=0 or coskr =1 (may be implied)

Al 2 For(n=)6
SR For (n =) 3 only, award M1 A0

3 (i) n=[2,1,3]x[315] M1 For using direction vectors and attempt to
find vector product

e AL 2 Forcorect direction (allow multiples)
(i) g I5,2,1].[2, -1, -1] B1 For (AB =)[5, 2,1] or any vector joining lines
G M1 For attempt at evaluating AB .n
M1 For |n| in denominator
_ 1/
6 E*E = 28517 Al 4 For correct distance

21



4727

Mark Scheme

January 2009

X

A % 4 45 (= 0) = m = —4i\';6‘ 20 M1 For attempt to solve correct auxiliary equation
=-2%i Al For correct roots
CF =e2(Ccosx+Dsinx) ALV For correct CF (here or later). f.t. from m
AEtrig but not forms including e'*
Pl = psin2x + gcos2x Bl For stating a trial P1 of the correct form
y'=2pcos2x—2gsin2x M1 For differentiating PI twice and substituting into
y"=—-4psin2x—4qcos2x the DE
c0S 2x(—4q+8p+5q)
+sin2x(-4p-8g+5p) =65sin2x Al For correct equation
8p+g=0 M1 For equating coefficients of cos2x and sin2x
o p=1 ¢g=-8 -
p—8¢ =65 and attempting to solve for p and/or ¢
PI =sin2x-8cos2x Al For correct p and ¢
=y= B1v For using GS = CF + PI, with 2 arbitrary constants
e72¥(C cosx + Dsin x) +sin 2x —8¢os 2» in CF and none in Pl
. 1 _dy du 1 M1 For differentiating substitution
5 (l) y=u—— - = .
¥ dr  dx 42 Al For correct expression
3 du 1 _ Ml
(a+x_zj_x(”_;j+x+l For substituting y and j_y into DE
X
= x2 %‘ =u Al For obtaining correct equation AG
. METHOD1
(i) 1 1 1 M1 For separating variables and attempt at integration
j—du = I—dx = Inku=-= Al For correct integration (k not required here)
u xz X
k seen,
fu=eY = k[y+£j =W M1 T:(erzrﬁ/;;f exponentiating,
* M1 substituting for
= y= Ae~ Y~ L Al For correct solution AEF in form y =f (x)
X
METHOD 2
du 1 L dv 1/x
w2 =0 = IF. ej =€ M1 For attempt to find I.F.
= i(u gl/x ) -0 Al For correct result
dx
1Ux _ 1 . an M1 —1 fork seen i
ue* =k = y+ —= ke M1 From, for substituting for } in either
order
= y= ke ¥ 1 Al For correct solution AEF in form y =f (x)

22



OR x=x ' =x=2a-x >x=a=e
= no elements of order 2
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6 () METHOD1
l[J_Sf g %]; [0, 0, 3], [-4, 2, 3].[4, -2, 3] M1 For finding vector product of 2 appropriate
PR R i vectors in plane ACGE
or multiples
n=k[,2,0] Al For correct n
Use - L
A[4,0,0], C[0, 2, 0], G[0, 2, 3] OR E[4,0, 3] M1 For substituting a point in the plane
r.[1,2,0]=4 Al 4 For correct equation. AEF in this form
METHOD 2
r=[4,0,0]+A[-4,2,0]+u[0,0,3] M1 For writing plane in 2-parameter form
=>x=4-4\, y=2A, z=3u Al For 3 correct equations
x+2y=4 M1 For eliminating A (and p)
200 .. AL Forcorrectequation. AEFinthisform
. 1 |[3.0,-41.[1,2,0] B1V For using correct vectors (allow multiples). f.t.
(i) 0 = cos \/2 - 2\/2 — M1 from n
F+07+ 4N +2740 M1 For using scalar product
For multiplying both moduli in denominator
0=cost—>__7as° Al 4 For correct angle
55
(74.435...°,1.299..))
(iii)  AM: (r=)[4,0,0]+¢[-2,2,3] M1 For obtaining parametric expression for AM
(or [2,2,3]+1[-2,2,3]) Al For correct expression seen or implied
3(4-21)-4(3) =0 M1 For finding intersection of AM with ACGE
(or 3(2-21)-4(3+3r)=0)
t=2 (or 1=-1) OR w= [% 4, 2] Al For correct ¢t OR position vector
AW WM =2:1 Al 5 For correct ratio
7 (i) x+y-aeR Bl For stating closure is satisfied
(a)
(x*y)*z=(x+y—a)*z=x+y+z-2a M1 For using 3 distinct elements bracketed both
ways
xx(y*z)=x*(y+z-a)=x+y+z-2a Al For obtaining the same result twice for
associativity
SR 3 distinct elements bracketed once,
expanded, and symmetry noted scores M1 Al
xte—a=x = e=a Bl For stating identity = a
71 1 M1 For attempting to obtain inverse of x
XtxT-a=a = x"=2a-x Al 6 Forobtaining inverse =2q-x
OR for showing that inverses exist,
e where x+x 7 =24
X+y—a=y+x—a=> commutative B1 1 For stating commutativity is satisfied, with
) justification
xorder2 > x*x=e = 2x-a=e M1 For obtaining equation for an element of order
(©) = 2x—-a=a = x=a=e Al 2 2

For solving and showing that the only solution
is the identity (which has order 1)
OR For proving that there are no self-inverse

..Elements (other than the identity)
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(i)  eg. 2+1-5=-2 ¢ R* M1 For attempting to disprove closure
= not closed Al For stating closure is not necessarily satisfied
(0<x+y, 5 required)
e.g. 2x5-11=-1 ¢ R" M1 For attempting to find an element with no inverse
= no inverse Al For stating inverse is not necessarily satisfied
(x...10 required)
. i0
8 (i) o _i(eie _e—ie) z may be usgd for ¢ throughOL_Jt _
Py B1 For expression for sin® seen or implied
- 0 -i0)°
M1 For expanding (e -e )
sinf o= At least 4 terms and 3 binomial coefficients
required.
—6—14(e6'e —6e9 1156219 _20+156 7219 _ge 40 +e‘6'9) For correct expansion. Allow %( ------ )
Al
= —5(2 c0s60-12c0s46+30c0s26-20) M1 For grouping terms and using multiple angles
sin® 0 = —45(cos60—-6cos40+15cos26-10) Al 5  For answer obtained correctly AG
() cos®0= ORsin® (17-6)= M1 For substituting ($x-6) for 6 throughout
—%(005(37: —60) — 6 cos(2m — 40) +15cos(n — 20) —10)
Al For correct unsimplified expression
cos® 6 = 35(C0s60+6c0s40+15c0520+10) Al For correct expression with cosn6 terms AEF
(iii) I04n3—12(—2cos 66 —30c0s 26) do B1V  For correct integral. f.t. from sin® 60— cos®#
1 . . : ino
:—%[%sin69+%sin 29}1“ M1 For mtegratfng cos;_16, sinn®or e _
0 ALV For correct integration. f.t. from integrand
=— % Al For correct answer www
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4727 Further Pure Mathematics 3

From 3 points (2,1, -3), (6,-7,-10), (0,1, -6),

n = vector product of 2 of
[2,0,3], [6,-8,-4], [-4,8,7]

= n=k[12,13,-8]
(2,1,-3) OR (6,7, -10)

= 12x+13y-8z=61

M1

M1

Al

1 1 N
1 (% 3+%i)3 :(COS%n+iSin%n)3 B1 For argz = £ seen or implied
=cos%n+isin%n, M1 For dividing argz by 3
cosBr+isinBn, Al For any one correct root
cos%nﬂsin%n Al 4  For 2 other roots and no more inrange 0,, 6 < 2xn
1 :
2 (i) %e ™! B1 1 For stating correct inverse in the form re'®
) me@xref o ei@# ML Forstating 2 distinct elements multiplied
e AL_2 _ Forshowingproductofcorrectform
(iiiy 72 =¢" B1 For e2'" seen or implied
= g2lv-2ni B1 2 Forcorrect answer. aef
3 (i) [6—4X,—7+8A,-10+7X] onp B1 For point on / seen or implied
=3(6—40) — 4(~7 +81) - 2(-10+ 7)) =8 M1 For substituting into equation of p
=>i=1= (2,1,-3) Al 3  For correct point. Allow position vector
C Uiy METHOD1
M1* For direction of / and normal of p seen
=[-4,8,7 —4,-2 ) )
n=[48 71x[3 -4, -2] M1 For attempting to find ny xn,
(*dep)
n=xk[12,13,-8] Al For correct vector
(2,1,-3) OR (6,-7,-10) M1 For finding scalar product of their point on / with
their attempt at n, or equivalent
= 12x+13y-8z=61 Al 5 For correct equation, aef cartesian
METHOD 2
r=[2,1,-3]OR[6,-7,-10] M1 For stating eqtn of plane in parametric form (may be
+A[-4, 8, 7]+ 3, -4, — 2] ALV implied by next stage), using [2,1, —3] (ft from
(i) Or[6,-7,-10], n; and n, (as above)
x= 2-4r+3u M1 For writing as 3 linear equations
y= 1+8h—4u M1 For attempting to eliminate A and p
z==-3+7TA—-2u
= 12x+13y-8z=61 Al For correct equation aef cartesian
METHOD 3
3(6+3u)—4(-7-4u)—-2(-10-2u) =8 M1 For finding foot of perpendicular from point on /to p
= u=-2 = (0,1,-6) Al For correct point or position vector

Use vector product of 2 vectors in plane

For finding scalar product of their point on / with
their attempt at n, or equivalent
For correct equation aef cartesian
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1 1 Lex 1 M1 For IF stated or implied. Allow J_rj' and omission of
I 0 JInT— 1+x)\2
4 () IF e =e® Ix =(1—j Al 2
- For integration and simplification to AG
e e e e e e e . iNtErMediate Step must beseen)
1
(ii) d y[1+ sz _ (1+x)% M1* For multiplying both sides by IF
dx 1-x
1412 ) 3 M1 For integrating RHS to & (1+x)"
y|— =—(1+x)2 +c L .
1-x 3 Al For correct equation (including + c)
In either order:
5 4 M1 For substituting (0, 2) into their GS (including +c)
(0,2)3 2:§+c:c=§ (*dep)
M1 For dividing solution through by IF,
(*dep)  including dividing c or their numerical value for ¢
1-x)2 For correct solution
=2 — 412 Al 6 Ll
Y73 (1+ x)(l x)2 *3 [1+xj aef (even unsimplified) in form y = f(x)
5 (i) m2 —6m+9 (=0)= m=3 M1 For attempting to solve correct auxiliary equation
Al For correct m
CF = (4+Bx)e* Al 3  Forcorrect CF
() 3 and kxe®* both appear in CF Bl 1 For correct statement
(i) 2263 =y = 2kxe® + 322 M1 For differentiating kx%e®* twice
Al For correct y' aef
= " =2ke> +12kxe> + 9k x%e® Al For correct y" aef
=
kesx(2+12x+9x2 1251842 +9x2) _ o3 M1 For substituting y", y', y into DE
= k=% Al 5  For correct k
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6 () METHOD1

n; =[41 0]x[1,-5,-2] M1 For attempting to find vector product of the pair of
direction vectors
=[-2,2, 6] = k[L ~1, 3] Al For correct ny

Use (2,2,1) M1 For substituting a point into equation
=r.[-2,2-6]=—6 = r.[1,-1,3]=3 Al 4  For correct equation. aef in this form
METHOD 2
x=2+A+p M1 For writing as 3 linear equations
y=2+r-5u M1 For attempting to eliminate A and p
z=1 -2u
= x-y+3z=3 Al For correct cartesian equation
=r.[1,-13]=3 Al For correct equation. aef in this form
METHOD 1
b=[1-13]x[7,17,-3] M1 For attempting to find ny x n,

=k[2,-1,-1] ALV For a correct vector. ft from ny in (i)

=0 i x- y+3z=3 For attempting to find a point on the line

e.g. x,yorz=0 m{ Tx+17y—3z=21 pung p

— a= [0, 3 §J OR [3,0,0] OR [1,1,1] ALV For a correct vector. ft from equationiin (i)
2'2 SR a correct vector may be stated without working

Lineis (e.9.) r=[L 1 1+7[2 1, —1] A1V 5 For stating equation of line ft from a and b
SR fora=[2, 2,1] stated award MO

METHOD 2
_ = In either order:
Solve { X y+3z= 3
Tx+17y-3z=21 M1 For attempting to solve equations

by eliminating one variable (e.g. z)
Use parameter for another variable (e.g. x)

to find other variables in terms of 7 M1 For attempting to find parametric solution
3 1 3 1 ALV For correct expression for one variable
(€9) y=5-5t, z=5-5t . .
ALY For correct expression for the other variable

ft from equation in (i) for both

Lineis (eg) r = [O, 3 §]+z [2,-1 -1] ALY For stating equation of line. ft from parametric
2’2 solutions

METHOD 3

—0 i Xx— y+3z=3 M1 For attempting to find a point on the line
eg x,yorz=0 m{ Tx+17y—3z=21 pung p

= a=[0, 3 g} OR [3,0,0] OR [L11] A1V For a correct vector. ft from equationin (i)
22 SR a correct vector may be stated without working

SR fora=[2, 2,1] stated award MO
For finding another point on the line and using it with

eg [3,0,0]-[111] M1 the one already found to find b
b=k[2,-1-1] ALY For a correct vector. ft from equation in (i)
Lineis (eg) r=[1,1,1]+¢[2, -1, -1] ALY For stating equation of line. ft fromaand b
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6 (i) METHOD 4

contd
A pointon Iy is M1 For using parametric form for IT;
[2+X+p, 24X —5u,1-2u] and substituting into IT,
On HZ =
[2+A+p, 2+X-5u,1-2u].[7,17,-3]=21 Al For correct unsimplified equation
= A-3u=-1 Al For correct equation
Line is (e.g.) o
F=[2,2,1]+ Bu-D[L 1, 0]+ u[L, —5, — 2] M1 For substituting into IT; for A or p
=r=[L11or [% % %] +1[2,-1,-1] Al For stating equation of line
7 () cos30+isin30 = 3 +3ic%s—3cs?—is® M1 For using de Moivre with 1 =3
= 0530 = > —3cs? and Al For both expressions in this form (seen or implied)
sin30 = 325 — 3 SR For expressions found without de Moivre MO
A0
2.3 i
— tan30 = <57 M1 For expressing — 30 i1 terms of c and s
3 —3es? cos 36
3 2
tan 30 = Stnd-tan"0 _tanf@-tan"0) Ay 4 Eor simplifying to AG
1-3tan?6 1-3tan? 6
()@ g=Llr= tan3o=1
= 1-32=1(3-1?) = BL 1 For both stages correct AG
.................... Co¥’-341=0
(b) (t+1)(t? - 4r+1) =0 M1 For attempt to factorise cubic
Al For correct factors
= (t=-1), t=2+3 Al For correct roots of quadratic
— sign for smaller root = Al 4  For choice of — sign and correct root AG
1 _9o_
_______________ et
(iii) B1 For differentiation of substitution

dr=(1+1%)do 2 2
and use of sec“ @ =1+tan“ @

1
= _[Olzntan 30do B1 For integral with correct 8 limits seen
s
=[%In(sec36’)} o =%|n(590%75) M1 For integrating to & In(sec30) OR % In(cos36)
For substituting limits

1 1 M1

_3In\/§_6|n2 and sec%n:x/i OR cos%n:%seen
Al 5  For correct answer aef
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8 (i) a? = (ap)z =apap = a= pap Bl For use of given properties to obtain AG
2 _ 2 _ _ B1 2 Foruse of given properties to obtain AG
P =(ap)" =apap = p=apa SR allow working from AG to obtain relevant
________________________________________________________________F}EQP_Qf_t_i?i____ e e e e e o
(i) (p2)2 = p =e¢ = order p =2 B1 For correct order with no incorrect working seen
2 . . .
(aZ) ( 2) —e —ordera =4 B1 For correct order with no incorrect working seen
(ap)4 e =orderap =4 Bl For correct order with no incorrect working seen
2
( ) =ap’ap® =ap.a.p=d’ M1 For relevant use of (i) or given properties
OR ap 22q.d’=d°>
2 Al 5 For correct order with no incorrect working seen
(apz) — a8 =42
= order ap = 4
('") METH(;D L ) 3 M2 For use of the given properties to simplify
p =a, dap =a p? and ap?
= {e, a, p2, apz} ={e, a, a®, a3} Al For obtaining a® and ¢
which is a cyclic group Al 4  For justifying that the set is a group
METHOD 2
e a p2 ap2
e e a p2 apz M1 For attempting closure
a p> ap?® e with all 9 non-trivial products seen
2 2 2 Al For all 16 products correct
p 4 ap e a
ap2 ap2 e a p2
Completed table is a cyclic group B2 For justifying that the set is a group
METHOD 3
e a_ p* ap? .
5 5 M1 For attempting closure
e e 4 p a with all 9 non-trivial products seen
a | a p2 ap2 e Al For all 16 products correct
p2 p2 Clp2 e a
ap2 ap2 e a p2
Identity = e Bl For stating identity
Inverses exist since
EITHER: e is in each row/column Bl For justifying inverses (¢~* = e may be assumed)

OR: p2 is self-inverse; a, ap2 form an

__dnverse pair______ ____
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(|v) METHOD 1 M1 For atte_ﬁw_bfi-ﬁé_t_d find a non-commutative pair of
_ 2 _ 3 elements, at least one involving a
e.g. Z ' “‘; _arer }3 not (may be embedded in a full or partial table)
P . P M1 For simplifying elements both ways round
commutative B1 For a correct pair of non-commutative elements
Al 4  For stating Q non-commutative, with a clear
argument
METHOD 2
Assume commutativity, so (eg) ap = pa M1 For setting up proof by contradiction
=
2 2_.3 Ml For using (i) and/or given properties
p:ap.abp:pa_a:pa =pp~=p g() g p p
But p and p3 are distinct B1 For obtaining and stating a contradiction
= @ is non-commutative Al For stating O non-commutative, with a clear
argument
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1 METHOD 1
line segment between |, and 1, = +[4,-3,-9] Bl For correct vector
n=[L -1 2]x[2, 3, 4] = (£)[-2, 0,1] M1* For finding vector product of direction
Al vectors
IStance = > 2 2 (65 M1 For using numerator of distance formula
(\/2 +0° +1 ) ( ) *(
(*dep)
#0, so skew Al 5 For correct scalar product
and correct conclusion
METHOD 2 lines would intersect where
1 +s=-3+2t s—2t=—4 Bl For correct parametric form for either
-2 —-s= 1+3t} =>{ s+3t=-3 line
—4+2s= 5+4t 2s—4t=9 M1* For 3 equations using 2 different
parameters
Al
M1 For attempting to solve
(*dep) to show (in)consistency
=> contradiction, so skew Al For correct conclusion
2 () (a+by5)(c+dv5) M1 For using product of 2 distinct elements
o seeeSbdefborad)SeH AL 2 Forcomectexpression
(i) (=) 1ORi+oys . BL 1 Forcomectidentity
. -1
(i) grHEr L 2-by5 M1 For correct inverse as (a-+b5)
a+bv5 a-b\5 L
Bl =1 and multiplying top and bottom by
OR (a+b\@)(c+d\/§):1:> {aC’L - a—by5
bc+ad =0 . C L. .
OR for using definition and equating
. b parts
inverse = - 5 i .
a2_5p2 a2 _5p2 v Al For correct inverse. Allow as a single
(iv) 5Sisprime OR V5¢Q B1 1 Fora correct property (or equivalent)
3 Integrating factor = el 2% — ¢2¥ B1 For correct IF
:%(yezx):e‘x M1 For %(y.their IF)=e~3* . their IF
= ye?* =—e7¥(+c) Al For correct integration both sides
0.1)= c=2 M1 For subsjututmg (0, ) into their GS
and solving for ¢
A1V For correct ¢ f.t. from their GS
=y=—eX42e72X Al For correct solution
. L For at least 2 roots of the
=) 2,-2 2i,-2 M1
40 @=) oA formk{y, i} AEF
Al 2 Forcorectvalues .
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(i) 1& =2,-2, 2i,-2i M1 For ﬁ = any one solution from (i)
z For attempting to solve for w,
W=— Ml - - .
147 using any solution or in general
p Bl For any one of the 4 solutions
w=3.2 Al For both real solutions
w=24+2j Al 5 For both complex solutions
575 SR Allow B1+ and one A1 fromk = 2
i _ul2 2
50 as- k[g\@' 0-% 6} ) B1 For any one edge vector of AABC
BC = k [_\/5’ 1 0] CA =k E\/‘ %[J B1 For any other edge vector of AABC
M1 For attempting to find vector product of
w276 2 2 -
n=k [5\/6’ 5*/@' E\EJ = [ %\F] any two edges
M1 For substituting A, Bor Cinto r.n
substitute A, Bor C = x+\@y+%\/§z =%\@ Al 5 For correct equation AG
SR For verification only allow M1, then
Al for 2 points and Al for the third
e point.
(ii) Symmetry B1* For quotmg symmetry or reflection
in plane OAB or Oxz or y=0 Bl For correct plane
(*dep)2 Allow “iny coordinates” or “in y axis”
SR For symmetry implied by reference
to opposite signs in y coordinates of C
—- e e @nd D award Blonly
i) coso— ‘[1 f! % \/—J [ —\@%\E] M1 For using scalar product of normal
Fiail hoval vectors
L+3+3 2\1T3% Al For correct scalar product
‘1_3+;‘ 3 M1 For product of both moduli in
:TZZ%ZE denominator
2 2 Al 4 Forcorrect answer. Allow -1
6 (i) (mz +16= 0:>) m=+4i M1 For attempt to solve correct auxiliary
equation (may be implied by correct
CF)
CF = Acos4x+Bsin4x Al 2 For correct CF
oo (AETTig bUt NOE AE™* B M 00lY)
(i) dy . M1 For differentiating PI twice,
w e AX+4pxcos4x using product rule
Al For correct dy
dx
dy i y dy
—— = 8pcos4x—16pxsin4x A1V For unsimplified . f.t. from==
=8pcos4x =8cos4x M1 For substituting into DE
=>p=1 Al For correct p
s (y =) Acos dx+ Bsin 4x+ xsin 4 BIV 6 For using GS = CF + PI, with 2 arbitrary

25
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Sy (0,2)=A=2 T 7TTTTUUUUBIN T Forcorrect A, ft.fromtheir GS
%:—4Asin 4X+4Bcos4x+sin4x+4xcos4x M1 For differentiating their GS
X
dy I dy
x=0, FY 0 =>B=0 M1 For substituting values for x and ™
X X
to find B
=y =2c0S4X+ XSin 4x Al 4 For stating correct solution
CAO including
7 () cos66=0= 60=kxix M1 For multiples of 7 seen or implied
= 9= %7;{1, 3,5,7,9,11} Al Al for any 3 correct
Al 3 Al for the rest, and no extras in
e 0SO<T
(i) METHOD 1
For expanding (c+is)®
Re(c+is)° =cos66 =c® —15¢*s? +15¢°s* - s° M1 at least 4 terms and 2 binomial
coefficients needed
Al For 4 correct terms
cos60 =c® —15¢*(1-c?) +15c% (1-c?)? —(1-c?)® M1 For using s =1-c?
= cos66 = 32¢°® —48¢* +18c% -1 Al For correct expression for cos66
=> cos66 = (2c” ~1) (16¢* ~16¢° +1) Al 5 Forcorrectresult AG
(may be written down from
correctcos66)
METHOD 2
M1 For expanding (c+is)®
Re(c+is)> =cos36 = cos® - 3cos fsin® & at least 2 terms and 1 binomial
coefficient needed
Al For 2 correct terms
= C0s68 = cos 26(0052 26 —3sin? 26) M1 For replacing &by 26
2 o
— 0560 = (20052 9_1)(4(2 cos2 9_1) _3] Al For correct expression in cosé
(unsimplified)
= c0s66 = 2c” ~1)(16c* ~16¢ +1) Al For correct result AG
B T
cos66=0 M1 For putting cos66= 0
= 6 roots of cos66= 0 satisfy Al For association of roots with quartic and
16c* —16¢2+1=0 and 2c?-1=0 quadratic
But 9=1r, 31 satisfy 2c>-1=0 Bl For correct association of roots with
474 quadratic

EITHER Product of 4 roots OR c=+1y2+43 M1~ Forusing product of 4 roots
2 OR for solving quartic
1 5 7 1

1 R e n_1
=>C0S 3577 COS 75 /T COS15 T COS 15 7T = 3¢ Al 5 E%r) correct value (may follow AO and

26
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METHOD 2
cos66=0 M1 For putting cos6@= 0
= 6 roots of cos66= 0 satisfy Al For association of roots with sextic
32c® —48¢* +18¢2 -1=0
Product of 6 roots = M1 For using product of 6 roots
COS%JZ.%.COS%H COS%/[._T;.COS%H:—% B1 For using Cos{%ﬂ,%”}:{%,%}
1 5 7 1. _1
COS {577 COS35 7T COS {5 7T COSY5 7T = 75 Al For correct value
8 ) -1 —= g‘ix _ 11‘2" M1 For use of ff(x)
2-2.— T A Al For correct expression AG
_1-x
_ T 1-2x _ =X _ M1 For use of gg(x)
99(x) = Tox — 1= .
1-p =X -1 Al 4 For correct expression AG
1-2x
(i) Orderoff=4 B1 For correct order
o Orderofg=2 e ........B1 2 Forcorrectorder .
(i) METHOD 1
y= ! _y-t M1 For attempt to find inverse
2-2x 2y
=f1(x)=h(x)= 2x-1 OR 1—2i Al 2 For correct expression
X
METHOD 2
—1_¢3
fr=f=fgorgf M1 For use of fg(x) or gf(x)
1 1-2x
fo(x)=h(x)= 1 = Al For correct expression
2_2( -X j -2X
1-2x
(iv)
M1 For correct row 1 and column 1
Al Fore, f, g, hin a latin square
Al For correct diagonale-g-e-g
Al 4 For correct table

27
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! Direction of |y =k[7, 0, ~10] B1 For both directions
Direction of I, =k[1, 3, 1]
EITHER n=[7,0,-10] x [1, 3, -1] M1 For finding vector product of directions of
l, and I,
OR { [x,y,2].[7,0,-10]=0 = 7x-10z=0 OR for using 2 scalar products and obtaining
[x,y,2].[1,3,-1]=0 = x+3y-z=0 equations
=n=Kk[10,-1,7] Al For correct n
METHOD 1
Vector (a—b) from | tol, =+£[4, 6, -10]
OR +[-4,3,1] OR £[3,3,-9] OR=£[-3,6,0] Bl For a correct vector
d l@-b).n| 36 M1* For finding (a—b).n
In| ~150 M1 For || in denominator OR for using n
(*dep)
d= %\/E =~2.94 Al 7 For correct distance AEF
METHOD 2 Planes containing |, and I, perp.ton M1* For finding planes and p; — p, seen
are r.[10,-1,7]=p,=70,r.[10, -1, 7]=p, =34 B1 For p; =70k and p, =34k
do 7034 _ 36 6 /5204 M1 For |n| in denominator OR for using n
J50 V150 © (*dep)
Al For correct distance AEF
METHOD 3
r,=[74,0,10-104] OR [7+74,0,-104] B1 For correct points on | and |,
ro=[4+u,6+3u,—u] OR [B+u,3+3u,1- 4] using different parameters
TA+10a-u =| 4 |-3| 3 |-4
-a-3u =| 6 | 6|33 M1* For setting up 3 linear equations from
~10A+7a+u =|-10 91 r+an =r, and solving for a
__26
=>a= ~25
In| =150 M1 For |n| seen multiplying o
(*dep)
= d=2+/150 :%\/5 ~2.94 Al For correct distance AEF
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2 (i) ar = r5a = rar= rGa M1 Pre-multiply ar = r5a by r

r-e=rar=a Al 2 Use r® =e and obtain answer AG

(i) METHOD 1
Forn=1 rar=a OR Forn=0. r’ar’=a B1 For stating true forn=10ORforn=0

Assume r¥ark =a

EITHER Assumption = r*“larkl =rar=a M1 For attempt to prove true for k + 1
OR rflarkl—r rkark r=rar=a
OR r*arkH =K rarrk =rkark =a Al For obtaining correct form
Hence true for all ne Z* Al 4  For statement of induction conclusion
METHOD 2
rlar’ =r.rar.r=rar=a , similarly for M1 For attempt to prove forn=2, 3
rlar®=a
rfar® =r.rlard.r=rar = a, Al For proving true forn=2,3,4,5
similarly for rPar®=a

r%ar® =eae=a B1 For showing true forn =6
Forn>6, r" =r"M46 hencetrue forall ne z+ Al For using n mod 6 and correct conclusion
METHOD 3
Mar” = "1 rar et M1 Star{ing from n, for attempt to prove true for
OR rMar =" roa r"t = p"*5g "1 "
_ el e Al For proving true for n—-1
— 2502 = Al For continuation from n—2 downwards
=rar=a B1 For final use of rar=a

SR can be done in reverse
METHOD 4
ar=r’a=ar?=rar=r" etc. M1 For attempt to derive ar” =r>"a
—ar"=r", Al For correct equation.

SR may be stated without proof
= r"ar" =r%"a Bl For pre-multiplication by r"

=ea=a Al For obtaining a (r® =e may be implied)
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3 Allow cis£m and es™ throughout
(i w?= cos%n+ isin %n B1 For correct value
w = cosgm+isingr B1 For correct value
W*=cos%n—isin%n B1 For w* seen or implied
= cos%n+ isin%n B1 4 For correct value

SR For exponential form with i missing,
award BO first time, allow others

(i)
B1* For 1+w in approximately correct position
B1 For AB=BC =CD
(*dep)
Bl For BC, CD equally inclined to Im axis
(*dep)
B1 4 ForE atthe origin
Re Allow points joined by arcs, or not joined
________________________ ettt ... labelsnotessential
(i) 22-1=0O0R 2°+z*+7%+7%2+z=0 B1 1 Forcorrectequation AEF (in any variable)
Allow factorised forms using w, exp or trig
: dy dz : - —
4 (i) y=Xz1=>-—21=17+ Xd_ B1 For correct differentiation of substitution
X
5 dz dz M1 For substituting into DE
= XL X TRE=XC0SZ =X = 0052 Al For DE in variables separable form
1 For attempt at integration
:J'seczdz=j;dx M1 to In form on LHS
=In(secz+tanz)=Inkx Al For correct integration (k not required here)
1,.1.)\_
OR Intan (EZ+Z”) =Inkx
= sec (lj+ tan (l] =kx Al 6 For correct solution
X X AEF including RHS = e(I"¥)+¢
OR tan (l+ln] =kx
e B
. 1 1. _
(i) (4 m) =>secym+tany =4k M1 For substituting (4, 7))
OR tan (%TE+%TE) = 4k into their solution (with k)
= sec (l}u tan (lj = %(1+ V2 ) X Al 2  For correct solution AEF
X X Allow decimal equivalent 0.60355 x
Yy 1 _(1 3 1 In x
OR tan(5+znj—(4tan8n)x or 4(1+\/§)x Allow e™ " for x
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5 () cu+is :1+%eie+%e2i9+%e3i9+... M1 For using cosn@+isinng =e'"?
at least once for n> 2
Al For correct series
= 1 __ = 2, M1 For using sum of infinite GP
1—%e'e 2-¢lf Al 4  For correct expression AG
SR For omission of 1st stage award up to
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, MOAOMIAIOEW
(||) 2(2_e—le)
C+iS= _ : M1 For multiplying top and bottom by complex
(2 e'? )(2—e"9) conjugate
—i0 ..
_ 4_‘29 I_ _4-2cos6+2isin6 M1 For reverting to cos® and sin®
4—2(e'e+e_'e)+1 4—4cos0+1 and equating Re OR Im parts
4-2c0s6 2sin© Al For correct expression for C AG
=C= 5_4c0s8’  5-4cos6 Al 4 For correct expression for S
6 (i) Aux.equation m?+2m+17(=0) M1 For attempting to solve
144 correct auxiliary equation
= Mm=-lta Al For correct roots
CF (y =) e ™ (Acos4x+Bsin4x) ALY For correct CF (allow A(s:?ns (4x+¢))
(trig terms required, not ei‘“X)
f.t. from their m with 2 arbitrary constants
Pl (y=) px+q = 2p+17(px+q)=17x+36 M1 For stating and substituting PI of correct
form
= p=1 Al For correct value of p
and q=2 Al For correct value of g
GS y =€ (Acos4x+Bsinax)+x+2 B1V 7 For G_S. f.t. from the?r CF+PI with -
2 arbitrary constants in CF and none in PI.
Requires .
(i) x>0=e*->00R very small Bl For correct statement. Allow graph
=y =Xx+2 approximately B1V 2  For correct equation

Allow =, — and in words
Allow relevant f.t. from linear part of GS
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7 (i) 1,3,5) and (5, 2,5) = +[4,-1,0]in I M1 For finding a vector in I7
B B M1 For finding vector product of
n=[2,-2 3[4 -1, 0]=k[L 4, 2] direction vectors of | and a line in I7
Al For correct n
_____________ srih42=23 Al 4 Forcorectequation. Allow multiples
(i) METHOD 1

Perpendicular to 77 through (-7, —3, 0) meets I7 M1 For using perpendicular from pointon | to
17
Award mark for kn used

where (=7 +k)+4(-3+4k)+2(2k) = 23 M1 For substituting parametric line coords
into 77

k=2 =d=212+42422 =221 ~9.165 M1 For normalising the n used in this part

Al 4  For correct distance AEF

METHOD 2
ITis x+4y+2z2=23 M1 For attempt to use formula for perpendicular
distance
—7)+4(-3)+2(0)—23 M1 For substituting a point on | into plane
a1 2( )2 (2) |- 221~ 0165 equation P P
V2447 2 M1 For normalising the n used in this part
Al For correct distance AEF
METHOD 3
m=[1,3,5]-[-7,-3,0] = (£)[8, 6, 5] M1 For finding a vector from | to 77
OR =[5,2,5]-[-7,-3,0] = (})[12, 5, 5]
M1 For finding m.n
Sg-Mme42 _ 42 _, 579165 gr o
(2 442 192 J21 M1 For normalising the n used in this part
Al For correct distance AEF
METHOD 4 As Method 1, using parametric form of I7
[-7,-3,0]+K[1, 4, 2] =[1, 3, 5] +s[2, — 2, 3] +1[4,-1,0] M1 For using perpendicular from pointon | to
11
Award mark for kn used
k—2s—4t =8 . . .
M1 For setting up and solving 3 equations
4k+2s+t =6p = k=2 (s=—%,t=—%) gup Ehe
2k —3s =5
a2 2 2 _ M1 For normalising the n used in this part
=d =201 +4° +2° = 2/21 ~9.165 Al For correct distance AEF
METHOD 5
d; = 23 = 23 M1 For attempt to find distance from O to /7
\/12 +42 492 J21 OR from O to parallel plane containing |
d, = [-7.-3.0].[L4,2] _ -19 M1 For normalising the n used in this part
V2442122 V21
— (- M1 For finding d; —d
:dl_dzzd:wzzﬂzg,165 inding 6 —dz
J21 Al For correct distance AEF
State or imply coordinates of a point on the
@ii)  (-7,-3,0)+k (1, 4,2) M1 reflected line
Use k=4 M1 State or imply 2 x distance from (ii)
Allow k =+4 OR +4+/21 f.t. from (ii)
b=[2-2,3] B1 For stating correct direction
a=[-3,13,8] Al 4  For correct point seen in equation r =a+tb
r=[-3,13, 8]+t[2,-2, 3] AEF in this form
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8 (i) {A,D} OR {A E} OR {A F} B1 1 For stating any one subgroup
(i) Alis the identity B1 For identifying A as the identity
5 is not a factor of 6 B1 2 Forreference to factors of 6
_____________ ORelementscanbeonlyoforder,2,3,6
(iii) M1 For finding BE and EB AND using «° =1
(0 1) _ (0 o) Al For correct BE (D or matrix)
BE = (1 0) =D, EB= ((DZ 0] =F Al For correct EB (F or matrix)
01 0 o
Dor|, o] For W2 0)€ M Al 4  For justifying closure
,,,,,,,,,,,,, = closure property satisfied
(iv) 1 ( 2 j M1 For correct method of finding either inverse
-1 o° 0 C
== = 2 9
0 o Al For correct B™X=C  Allow (w j
0 o
2 2
l-1[0 —o"|_g Al 3 Forcorrect ET=E Allow |9 @
-1l-0o O o 0
""" (v METHOD1
M is not commutative B1 For justification of M being not
e.g. from BE = EB in part (iii) commutative
N is commutative (as x mod 9 is commutative) B1 For statement that N is commutative
= M and N not isomorphic B1# 3  For correct conclusion
METHOD 2 *
Elements of M have orders 1, 3, 3, 2, 2, 2 B1 For all orders of one group correct
Elements of N have orders 1, 6, 3, 2, 3, 6 B*l For sufficient orders of the other group
(*dep)  correct
Different orders OR self-inverse elements .
M and N not isomorohic Bl# For correct conclusion
= P SR Award up to B1 B1 B1 if the self-
inverse elements are sufficiently well
identified for the groups to be non-
isomorphic
METHOD 3
M has no generator Bl For all orders of M shown correctly
since there is no element of order 6
N has 2 OR 5 as a generator B1 For stating that N has generator 2 OR 5
= Mand N not isomorphic B1# For correct conclusion
METHOD 4
M|A B C D E F
A|lA B CDEF
B|B C AF DE
clc ABE EFE D B1* For stating correctly all 6 squared elements
DIDEF ABGC of one group
EIE F DC AB
FIF DEBTC A
N|l1 2 4875
1112 4875
2|12 48751
41487512 B1 For stating correctly sufficient squared
8ls 751 2 4 (*dep)  elements of the other group
717512 48
51512 487
= Mand N not isomorphic B1# For correct conclusion
# In all Methods, the last B1 is dependent on
at least one preceding B1
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1o Integrating factor. ol _ e%x2 B1 For correct IF
1,2 1.2
:i(yezx j:xe"2 M1 For i(y.theirlF)zerx .their IF
dx dx
— ye%xz = %exz (+¢) Al For correct integration both sides
132 () 2 1 12 12 . B
= y=e 2 |5e" +c|=562 +ce? Al 4 For correct solution AEF as y =f(x)
) s et T Ml For substituting (0, 1) into their GS, )
2 solving for ¢ and obtaining a solution of the DE
o y= %(eéxz set” J Al 2 Forcorrectsolution AEF
Allow y = cosh (%xz)
2 (i) n=[2,1,-3]x[-1, 2, 4] M1 For using x of direction vectors
=[10,-5,5]=4[2,-11] Al For correct n
(1,34)= 2x—y+z=3 A1 3 Forsubstituting (1, 3, 4)
................................................................................... and obtaining AG___(Verification only M0) __
(i)  METHOD1 M1 For21-3 OR [1,3,4].[2,-1,1]-21
- 1,3,4].12,-1,1]-2 .
distance = 2|1 | 3 Or I ] [| | 1-2] OR ([1, 3, 4]—[a, b, c]) .[2,-1,1] soi
n n
OR (1, 3, 41— [a, b, c]) .[2, -1, 1]| where (a, b, c) B1 For |n| = /6 soi
|n| isong
_18 _ 3/6 Al 3  For correct distance AEF
J6
METHOD 2 . . .
[1+2r,3—1,4+1] ongq M1 Eor formlggganq solving an equation in ¢
= 2(1+20)—(3-1)+(4+1)=21 = =3 Bl or |n| = V6 soi
= distance =3|n| =36 Al For correct distance AEF
METHOD 3
As Method 2to t=3 = (7,0,7) ong M1* For finding point where normal meets ¢
distance from (1, 3, 4) M1 For finding distance from (1, 3, 4)
(*dep)
= \/(7 ~1)?+(0-3)* +(7-4)* =54 =36 Al For correct distance AEF
8 0 __(eie _e—ie) z or e'? may be used throughout
2i Bl For correct expression forsin @ soi
sinfo="1(4-4:2+6-4:24+:7" Lo o\t
=1glz —4z +0-4z "+z M1 For expanding (e —e ) (with at least
3 terms and 1 binomial coefficient )
= sintg= %(2005 46 -8c0s20+6) M1 For grouping terms and using multiple angles
= sin*g= %(cos 46 —4c0s20 +3) Al 4  Foranswer obtained correctly AG
(ii) o, -y _ 7 M1 For integrating (i) to Asin 46 + Bsin 260+ CO
jo sin” ¢ d9=§[13|n46—25m29+39}0 Al For correct integration
1L /3_3+lr)\=L(4r—73 M1 For completing integration
3(8\[ V3 27[) 64( 4 \/_) and substituting limits
Al 4  For correct answer AEF(exact)
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4 () EITHER 1+ 0+ ®° M1 For result shown by any correct method AG
=sumofrootsof(z3—1=0)=0 Al 2
OR o°=1= (0-1)(0?+»+1)=0
Sl+tot+o’ =0 (for @ #1)
OR sum of G.P.
)
1+ 0+n? _1zo (=Lj:0
l-o 1-o
OR shown on Argand diagram
or explained in terms of
vectors
OR
02 cicd o _ 1,43; 1_A3:\_
1+ Cisgm+cisgm _1+(—5+7|)+(—§—7|) =0
(i) Multiplication by » = rotation through 27 (9 Bl For correct interpretation of x by &
(allow 120° and omission of, or error in, )
— — B1 For identification of vectors soi
7 —-23=CA, z3-2=BC (ignore direction errors)
BC rotates through%ﬂ to direction of CA M1 For linking BC and C4 by rotation of %77 OR w
A ABC has BC = C4, hence result Al 4  For stating equal magnitudes = AG
(i) (i) >z + wzp ~(1+ @)z3 =0 M1 For using 1+ o+ 2 =0 in (ii)
l+0+0° =0= 7 +wzy + 023 =0 Al 2 Forobtaining AG
5 () Aux equation 3m2 +5m—2 (=0) M1 For correct auxiliary equation seen
and solution attempted
=>m=1,-2 Al For correct roots
Yy fos | pa-2x ALY For correct CF
CF (y=) 4e® +Be f.t. from m with 2 arbitrary constants
Pl (y=) px+q= 5p—2(px+q) =—2x+13 M1 For stating and substituting PI of correct form
= p=1, g=-4 Al Al For correct value of p, and of ¢
N\ 403 L pa2x For GS
GS (v=) 4e¥ +Be™ +x-4 BV 7 £1 from their CF+PI with 2 arbitrary constants
O (LR o : 01411 101 5 SR
(ii) (0, —%) = A+B=3 M1 For substituting (0, —%) in their GS
and obtaining an equation in 4 and B
1 indi ! ituti
N _1 465" _2Be ¥ 41, (0,0) = A—6B =3 M1 For flndl_ng v, SUbStItl-Jtlng (0,0)
3 and obtaining an equation in 4 and B
M1 For solving their 2 equations in 4 and B
= 4=0, B=% Al For correct 4 and B CAO
= (=) la2x (4 B1V 5 For cprrect §o|ution _ _
e fbowith their dand Bintheir GS
(ii) xlarge= (y=)x-4 B1V 1  For correct equation or function
(allow = and —) www
f.t. from (ii) if valid




4727 Mark Scheme January 2011
6 (V) a* =% =¢ = ahasorder 4, a® hasorder 2 M1 For considering powers of a
(as)"' 4?2 — o = 43 has order 4 Al For order of any one of @, a®, 4> correct
Al For all correct
3
(rz) —e¢ = 2 hasorder 3 Bl 4 For order of 2 correct
(i) Gorderd ML Fortop line ineither table
Order of element 1 2 (4) Allow inclusion of 4 and 6 respectively
Number of elements | 1 3 0 (and other orders if O appears below)
H order 6
Order of element 1 2 3 (6) ﬁi Eg: g:gg g’ EZE::
Number of elements 1 3 2 (0)
G and H are the only non-cyclic groups of order Bl For stating that only G and H need be
which divides 12 considered AEF
O has 1 element of order 2, G and H have 3, B1 5 Forargument completed by elements of order 2
s0 no non-cyclic subgroups in O AG
SR Allow equivalent arguments for B1 B1
7 () [1,1,-2]%[1,-1,3]=(+)[L -5 -2] M1 For using x of direction vectors
Al For correct direction
[1, -1, 3] x[1, 5 —-12] = (+)[-3,15, 6] M1 For using x of direction vectors
Al For correct direction
[-3,15,6] =k [1, -5, — 2] = parallel Al 5 Forargument completed AG
(i) Line of intersection is parallel to / and m B1 1 For correct statement
~ (i) METHOD1
x+y-2z=5 1 1 M1 For attempt to find points on 2 lines
x—y+3z=6 9 z=0 = (?’_E’O) on!/ Al For a correct point on one line
x-y+3z=6 - Al For a correct point on another line
x+5y_122212}e.g.z_03(7, 1,0) onm p
X+y— 2z=5 _ 13 7
x+5y—12z =12 }e'g' =0 = (5.0 on s
Different points = no common line of intersection =~ Al 4  For correct answer
METHOD 2
x+y-2z=5 M1 For finding (e.g.) v and z in terms of x
v—y+3z=p (&9 = F=l-2x, y=27-5¢ OR eliminating one variable
Al For correct expressions OR equations
LHS of eqn 3= Al For obtaining a contradiction from 3rd equation
x+(135—-25x)— (132-24x) =312
= no common line of intersection Al For correct answer
METHOD 3
LHS 7173 =311, -211, M2 For attempt to link 3 equations
RHS 3x5-2x6=3=12 Al For obtaining a contradiction
= no common line of intersection Al For correct answer
SR Variations on all methods may gain full credit SR f.t. may be allowed from relevant working
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8 ()  ((a,h)*(c,d))*(e, f) = (ac,ad +b)*(e, f) M1 For 3 distinct elements bracketed
and attempt to expand
= (ace, acf +ad +b) Al For correct expression
(a,0)*((c,d)*(e, f)) = (a,b)*(ce, of +d)
= (ace, acf +ad +b) Al 3  For correct expression again
(i)  (a,b)*LD=(a,a+b), L, )*(a,b)=(a,b+1) M1 For combining both ways round
a+b=b+1= a=1 M1 For equating components
1b) Vb (allow from incorrect pairs)
e AL 3 ForcomectclemensAEF
(>iii)  (mp, mq+n) OR (pm, pn+q) = (1, 0) M1 For either element on LHS
_(1
Eea=Gen) A2 Forcometiverse
(V) (a,p)*(a,b) = (a?, ab+b) = (1,0) _ ,
M1 For attempt to find self-inverses
OR (a, b):(%,—%) = a%=1, ab=-b
= self-inverse elements (1, 0) and (-1, b) Vb Bl Al  For(1,0). For (-1, b) AEF
3
(v) (0, y) has no inverse for any y = not a group B1 1 For stating any one element with no inverse.

Allow x = 0 required, provided reference to
inverse is made
“Some elements have no inverse” BO
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1 (i) M1* For using scalar product of line and plane
pon1 B8 -71.02 -1 vectors
\/52+62+(—7)2 \/12+22+(_1)2 M1 For both moduli seen
(*dep)
.1 24 . . Al For correct scalar product
0=sin~ 75 =091 (69.099...%, 1.206)) AL 4  For correct angle
1 |[5, 6, - 7] %1, 2, _1]| SR For vector product of line and plane vectors
¢ =sin > - > 7 5 ML* AND finding modulus of result
\/5 +6%+(-7) \/1 +2°+(-D)° M1 For moduli of line and plane vectors seen
(*dep)
$=sin"L V84 -209° = 9=691° Al For correct modulus /84
___________________________________ Juove AL Forcomectangle
(i) METHOD 1
|1+12+3_4o| 24 M1 For use of correct formula
T 6 4/6 ~9.80 Al 2  For correct distance
V12 422 4 (-1) 6
METHOD 2
(L+A)+2(6+21)-(-3-4)=40 M1 For substituting parametric form into plane
= A=4=d=46 Al For correct distance
OR distance from (1, 6, —3) to (5,14, -7)
=4 +82 + (-4)? =96
METHOD 3
Plane through (1, 6, —3) parallel to p is M1 For finding parallel plane through (1, 6, —3)
x+2y-z=16 = d = 40-16 :ﬁ Al For correct distance
V6 6
METHOD 4
e.g.(0,0,-40) onp M1 For using any point on p to find vector
vector to (L 6, —3) = +(L 6,37 and scalar product seen
= ( ) = = ) eg. [16,37].[4 2 -1]
_ L 6,371 [L 2, -1] _24 Al For correct distance
V6 J6
METHOD 5
I meets p where (1+5¢) +2(6+6¢) - (-3—7r) =40 For finding ¢ where 7 meets p
=t=1 =d :|[5 6, _7]|5ing M1 and linking 4 with triangle
24 Al For correct distance
= d =+/110
J_f &
2 (i METHOD 1 . 1j
@ ) 1 M1 EITHER For changing LHS terms to eiz'g
1+el? 20 g2 0sly
EITHER 1-¢l¢  -lie Lo OR in reverse For using cot 16 = —=
ez -—e sin 6
2cosio _ .
= 2 :icot%g M1 oS eéueie—%le _
—2isinlo Foreitherof ~ 19="—"" soi
2 sin 2 2))
Al 3

OR in reverse with similar working

For fully correct proof to AG
SR If factors of 2 or i are not clearly seen,
award M1 M1 A0
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2 () METHOD 2

14el® 1_gi0 o0 _i0
EITHER X Tig & g ML For multiplying top and bottom by complex
1-e7 1-e 2- (e +e ) conjugate in exp or trig form
1+cos€+isinaxl—cose+isin6
1-cos@—ising 1-—cos@+isind
2ising 2|smlecos§6 o M1 For using both double angle formulae
71 =icot5 0 correctly
T2-2c086 2sin 30 Al For fully correct proof to AG
METHOD 3
1+c0osf+ising 2cos” 10+ 2isin 30 cos1o M1 For using both double angle formulae
1-cos@—isin®  2sin®10-2isin1e cosio correctly
_ 2cos%6(cos%9+isin%6) M1 For appropriate factorisation
1 a(cindg_icosl
25|n§9(3m70—|cosf€)
1 1
sin 9—|cos 9
_ |cot29( ) _|cot 0 Al For fully correct proof to AG
(smle—lcos )
METHOD 4
- i 2 M1 For substituting both ¢ formul tl
Lcos0+ising T1r2  1as? or substituting both 7 formulae correctly
1-cos@—ising L1 Y
Ii
l+t2 1+
_2+2it _11+it It t 9 M1 For appropriate factorisation
T g1y f 10 ti-i =ico Al For fully correct proof to AG
METHOD 5
1+¢e? 1+ei9_1+2ei9+e2i9 )
1_el? X1+ei¢9 o 1_e2if For multiplying top and bottom by 1+¢'?
2 +elf 1 g0 M1 and attempting to divide by e'?
e 10 _gl¢ OR multiplying top and bottom by 1+e~?
_ 2(L+cosf) 2c0s” 10 ~ cos 30 ML For using both double angle formulae
-2ising  —2isin}fcosio —isinlo correctly
= icot%e Al 3  For fully correct proof to AG
..... TR e
im im .
z w M1 For a circle centre O

described downwards

Al For indication of radius = 1
and anticlockwise arrow shown
U re re Bl 3  Forlocus of wshown as imaginary axis




4727 Mark Scheme June 2011

3 (i) METHOD1 M1 For correct auxiliary equation (soi)
m+4(=0) = CF (y =)Ae—4x Al 2 Forcorrect CF
METHOD 2
Separating variables on %+4y =0
— 1y = —4x M1 For integration to this stage
= CF (y=)de™ Al For correct CF
""" (i) Pl (y=)pcos3x+gsin3x Bl Forstating Plofcorrectform
y'=-3psin3x+3qcos3x M1 For substituting y and 3" into DE
= (-3p+4q)sin3x+(4p+3g)cos3x =5c0s3x Al For correct equation
—3p+4g=0 4 3 M1 For equating coeffs and solving
4p+3g= 5} P=5. 4973 Al Al For correct value of p, and of ¢
B1V 7 ForGS

GS (y =) 4e™* +2cos3x+3sin3x . . .
5 5 f.t. from their CF+PI with 1 arbitrary constant

in CF and none in PI
SR Integrating factor method may be used, followed by 2-stage integration by parts or C+iS method

(i) gar g 4 cos3x+ 2sin 3y = g(i)rls(3x+ a) M1 For considering either term
ALV 2 For correct range (allow <) CWO

= -1<y<l OR -13y3x1
ft.as —p? +q° <y <+/p?+q® from (i)

4 (i) abc = (ab)c = (ba)c = b(ac) = M1 For using commutativity correctly
b(ca) = (be)a = (ch)a = cha Al 2 (For cofrrect proof X iod)
L o use of associativity may be implie
Minimum working:
abc = bac = bca = cha
OR abc = ach = cab = cha
____________ OR abc=bac=bca=cba ..
(i) {e a}.{e b}.{e c}.{e, be}{e, ca}{e, ab} {e, abcy Bl For any 5 subgroups
e e e e e e e e e e e e e e e e e B1 __2___For the other 2 subgroups and none incorrect
(III) {e, a, b, ab}, {e7 a,c, ca}7 {e, b, c, bc} Bl Forany 3 subgroups
{e, a, bc, abc},{e, b, ca, abc},{e, c, ab, abc} Bl For 1 more subgroup
{e, be, ca, ab} B1 3 For 1 more subgroup (5 in total)
et e e e et @ndinoOne incOrTECY L
(iv)  All elements (#e) have order 2 B1* For appropriate reference to order of elements
OR all are self-inverse InG
OR no element of G has order 4
OR no order 4 subgroup has a generator or is cyclic
OR subgroups are of the form{e, a, b, ab}
(the Klein group)
= all order 4 subgroups are isomorphic Bl For correct conclusion
(*dep)2
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5 (i) dy gk du M1 For using chain rule
= ku
dx dx Al For correct L
X
= xku* L3k = x% 2k M1 For substituting for y and Y
dx dx
— d_”+iu =2kt Al 4  For correct equation AG
dx kx
..... D T B R~
(iii) d_u_Eu:_x ~IF e [2dx o3I 1 B1~ For correct IF
3 3
dr X f.t. for IF = x*
using & or their numerical value for £
= a ui __1 M1 For i(u.their IF) = —x.their IF
d.x x3 xz dx
1 1 1 Al For correct integration both sides
= u—=—(t) = y=—3— Al 4  For correct solution for y
X X cx” +x
6 (@ Closure (ax+b)+(cx+d)=(a+c)x+(b+d) Bl For obtaining correct sum from 2 distinct
elements
eP Bl For stating result is in P
OR is of the correct form
SR award this mark if any of the closure
result, the identity or the inverse element is
stated to be in P OR of the correct form
Identity Ox+0 Bl For stating identity (allow 0)
Inverse —ax—b Bl 4 For stating inverse
. (b) (|) AT T T
...... I TR =t e
...... T Bt e e e B
(iii) (ax+b) -+ (ax+b)+(ax+b) = 3ax+3b For cons.ld_ermg sums of ax+b
and obtaining 3ax +3b
=0x+0 For equating to 0x+0 OR O
= ax+b hasorder3Vv a, b (except a=b=0) Al and obtaining order 3
SR For order 3 stated only OR found from
incomplete consideration of numerical cases
award B1
Cyclic group of order 9 has element(s) of order 9 M1 For reference to element(s) of order 9
(*dep)
= (0Q,+(mod3)) is not cyclic Al 4  For correct conclusion
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7 (i)
Bl For sketch of tetrahedron labelled in some
way
At least one right angle at O must be indicated
or clearly implied
(/ P
M1 For using A = %base x height
A OPQ = %pq , AOQR = %qr , AORP = %rp Al 3  Forall areas correct CAO
..... T R e ———
%RPx RO :%|RP||RQ|sinR = APOR Bl 1 For correct justification
...... L
(D ps= (%pq) +(%qr) +(%rp) B1 For correct expression
A POR = 3|(pi—qj) x (pi—rK)| B1 i
2 For APQR in vector form
OR  4|(pi—rk) % (gi-rk)|
OR  3|(pi—gi) % (4i—rK)|
A POR :%|qri + pri+ pak| M1 For finding vector product of their attempt at
APQOR
Al For correct expression
RHS:%((pq)2 +(qr)2 +(rp)2) M1 For using |ai +bj+ck| =~a? +b%+c?
Al 6  For completing proof of AG WWW
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8 (i) . . v 4 M1* For expanding (c+i 5)4 . at least 2 terms and
Re(c+is)"=cos40 =c" —6c"s” +s 1 binomial coefficient needed
Al For 3 correct terms
0540 = ¢* —6c2 (1 c?) +(1—c?)? '(\féep) For using s% =1—c?
____________ = cos40=8cos’0-8cos’ 0+l ... AL 4 Forcorectexpression for cos4d CAO
(i) cos46cos260 = (8c4 —8¢? +1)(202 —1) For multiplying by (202 —1)
o .Sl6c0s"0-24c0s" 9 10c0%0-1 B A Y
(i) 168 —24¢% 41062 -2=0 M1 For factorising sextic
= (02 —1)(8c4 _4c? +1) -0 with (¢-1), (¢ +1) or (2 -1)
For quartic, b2 —Aae =16-32 <0 Al For justifying no other roots CWO

> c=tlonly= f=nrx Al 3 Forobtaining 0=nz AG
Note that M1 AO Al is possible
SR For verifying @ = n 7 by substituting ¢ =+1

(V) 16¢8 —24c% +10¢2 =0

= 2 (8c4 ~12¢2 +5) =0 M1 For factorising sextic with ¢
For quartic, b —4ac =144-160 <0 Al For justifying no other roots CWO
= c0sé =0 only Al 3  For correct condition obtained AG

Note that M1 AO Al is possible

SR For verifying cos & = 0 by substituting ¢ =0
into 16¢° —24¢* +10c2 =0 B1

SR For verifying 6 =2z and 0 = -1 z satisfy
cos4é cos26=-1 Bl
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Question Answer Marks Guidance
1 1) dy du Bl For a correct statement
(y=xu=) —xzxa+u
xd—u+ L 2442 M1 For using the substitution to eliminate y
dx u (If BO, then y must be eliminated from LHS, but @ sufficient)
X
. du 2 Al For correct equation AG
dx u
[3]
1 (i) J‘u du = J‘% dx M1 For separating variables and writing/attempting integrals
— %uz =2In((k)x) OR %uz =2Inx (+¢) Al For correct integration both sides (& or ¢ not required here)
2 2 M1 For substituting for « into integrated terms with constant (on either
- %(Z) =2In(kx) OR %(X] ~2lnx+c side)
X X
= 2 =4x%In(kx) OR y? =4x?Inx+Cx? ALl | For correct solution AEF % =f(x)
Do not penalise “c” being used for different constants e.g.
2Inx +c¢=2In(cx)
[4]
2 | (D) _ _ i0 , i
(Zn_elﬁ)(zn_eIH)EZZn_ZZn[e +€ }_{_1
2 For multiplying out to AG with
=z2" _(2c0s0)z" +1 Bl | evidence of cos®@ =%(ei9 + e’m)
(Can be implied by 2cos6 = (em +e’i‘9))
[1]
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2 | (ii) METHOD 1
20050 =1=0=1x M1 | For using (i) to find 6
1 1, .
A2 o (22 i j(zz e |) Al For correct quadratic factors
(Or 5—”1‘ in place of —zi)
3 3
E[z+eé”')( —eé”i)(ﬁe_émj(z—e_@”') M1 | For factorising (22 —a2)
Al For correct linear factors
1 5 7 11 i i “(y —
_ (z gt j( g )(z g )(Z gt ) M1 lr:gt;g)wstmg arguments (must attempt correct range and “(z
Al For correct factors CAO
Correct answer www gets 6
[6]
METHOD 2
4 2 4_ 2_ 1.1 [Ri_kai idi M1 For solving quadratic
- +l=0=z _212\/§|_e3 &7 Al For correct roots in exp form
Lyi —Lzi M1 For attempt to find 4 roots
= z=%et" | te Al i
For correct roots +e'”
_ e%”i, egﬂ , e%”i, e%ﬁu M1 For adjusting arguments
Ly Szi T zi Uz Al For correct factors CAO
= | z—esb —ges z—@sb z—@6b
3 |(3) METHOD 1
(yx)(yx)‘l —e > x(yx)‘l _ y—l M1 For starting point and appropriate multiplication
- (yx)‘l _ x—ly—l Al For correct result AG
[2]
METHOD 2
Compare (yx)(yx)‘l — e with yxx‘ly‘l —e M1 For appropriate comparison
— (yx)‘l _ x—ly—l Al For correct result AG _ _ ‘ )
For A1, proof cannot be written in the form ‘LHS = RHS — ... —
e=e’
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3 | (i) non _ n_ n-1 M1 For using associativity or an inverse with respect to LHS, RHS or
Y (xy) x(yx) Y initial equality www beforehand
1.n.n_ -1_ -1 n-1_ -1 M1 : n_ n-1
= x XYy T =x"x(yx)""yy For using (xy)" =x(yx)" "y oe
= "yt = () Al | For correct result AG
SR for numerical » used, allow M1 M1 only
[3]
3 | (iii) METHOD 1
All steps in (ii) are reversible Bl*dep | For correct reason. Dep on correct part(ii)
= result follows B1*dep | For correct conclusion
[2]
METHOD 2
Show working for (ii) in reverse B1* For correct working
= result follows B1*dep | For correct conclusion
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4 | (i) Coordinates or vectors allowed throughout
METHOD 1 (M, then distance)
M =1+2t,1+3t, -1+ 2¢) Bl For correct parametric form soi
AM = (+)[2t-6,3¢ -2, 2t - 8] B1 FT | For correct vector. FT from M
AM perp. [ = 2(2t-6)+3(3t—2)+2(2t-8) =0 M1 For using perpendicular condition
Al For correct equation

=>t=2,M=(51,3) Al For correct coordinates

(52 2 2 M1 For using distance formula
AM =N2"+4"+4° =6 Al For correct distance

[7]

METHOD 2(a) (distance, then M)
(C=@11-1) AC=%[6,2,8] B1 For correct vector
n=ACx|[2,3,2]=k[-20, 4,14] M1 For finding AC x direction of /
J n| _+e12 _ ALFT | For correct |n|. FT fromn

[2.32] 17 Al | For correct distance
M = \/(62 L 02 +82)— 62 = 217 M1 For a correct method for finding position of A7
[2,3,2]=V17 = t=2, M =(5,7,3) 21 For [[2,3,2]|=+17 soi
METHOD 2(b)
(C =1, —1)) AC=+[6,2,8] Bl For correct vector
coso=AC (232 1y 6039 0 sing =2 ML,AL

|4C]|2.3,2) 442

|AM|=|AC]|sin6 =6 M1,A1
M =(5,7,3)

M1,Al

As above
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4 | (i) AM =[-2,4,-4] or MA=[2,-4,4] . — — . .
M1 Forusing 4+k AM or M +k, MA or ratio theorem or equivalent
=B=(7,37)+3(-24,-4)=(7-2,3+3,7-3)
OR
B=(57,3)+1(2,-4,4)=(5+%,7-1,3+1) M1 | For B=(7,37)+2x their (-2,4,-4) oe
OR (or M1 for quadratic in parameter for line AM, followed by
M1 for attempt to use correct value of parameter to find B)
B=3(573)+1(7.37)=($+1,%+25+1)
B= (1_21 6, 4) Al For correct coordinates
[3]
5 | (@) (2m2 13m_2= 0) —~m=1_» M1 For attempt to solve correct auxiliary equation
2!
CE = Ae?* 4 Be2* Al For correct CF
[2]
5 ii M1 For differentiating PI twice, using product rule
(i) d_y:pe_zx o pre g gp
dx
2 2
d—J; =—4pe 2 + 4pxe > Al Y and d—;}
dx For correct dx dx
-2X _ pp—2x M1 F bstituti into DE
:(—8p+3p+8px—6px—2px)e =5e or substituting 1nto
. p= -1 Al For correct p
[4]
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Question Answer Marks Guidance
5 | (iii) GS (y :)Ae%x 4 Be ¥ _yo 2 B1FT | For GSsoi. FT from CF (2 constants) and p
(0,0)=4+B=0 BLFT | For correct equation. FT from GS of form Ae** + Be#* — Cxe 2
lx — — —
d—yz%Ae2 —2Be ¥ —e ¥ 4 2xe %"
dx
dy M1 For differentiating GS and substituting values, using GS of form
O,—:4 SLA—ZB=5 ax Px —-2x
dx 2 Ae™ + Be”" —Cxe
—=A=2,B=-2 M1 For solving for 4 and B(can be gained from incorrect GS)
S A Yo e Al | For correct solution, including
[5]
6 | (i) METHOD 1
n=[2,-1,-1x[2,-3,-5] =[2,8,—4] M1 For finding vector product of 2 vectors in IT(or 2 scalar products =
0, with attempt to solve)
n=k[14,-2] Al For correct n
mis F-N= [1,6,7].n M1 For attempt to find equation of IT, including cartesian equation
- r[L4,-2]=11 Al For correct equation (allow multiples)
METHOD 2
y—z=-1+2u M1 | for finding 4 or #in terms of two from x,y,z.
_y—z+1
2
A=7_,-5Y"2+1 M1 | For both 4 &
x=11+2z-4y Al AEF
r.(1,4,-2)=11 Al
[4]

10
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6 | (i) [7+3t,4,1-f].n=11= t=-2 M1 For attempt to find ¢, (or to find A4 and u by equating original
equations)
= [1,4,3] Al For correct position vector OR point
[2]
6 | (iii) METHOD 1
c=[14,-2]%[2,-1,-1] M1 For using given vector product (or 2 correct ‘scalar products = 0”)
M1 For calculating given vector product (or 2 correct scalar products =
0,with attempt to solve)
(or M1 for using vector product of ¢ with n or (2,-1,-1) in an
equation, followed by
M1 for calculating vector product and attempting to solve)
c=k[2,1,3] Al For correct ¢
[3]
METHOD 2
¢=[2,-3 -5]+s2, -1 -1] M1 For ¢ = linear combination of [2 =3 =5 gng [2, -1, 1]
c.[2-1-1=0_ M1 | For an equation in s from ¢-[2~1-11=0
2(2+25)-1(-3-s)-1(-5-5)=0
— s=-2 _,C= k[2,1,3] Al For correct ¢

11
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7 1 (D) 1 0)1 0 1 0 1 0 M1 For multiplying 2 distinct matrices of the correct form both ways,
n Al\m 1) nem 1) \men 1 or generalised form at least one way,
1 0Y1 0 . Al For stating or implying that addition is commutative and correct
=l 1l 1 = commutative conclusion
SR Use of numerical matrices must be generalised for any credit
[2]
7 | (i) 10 Bl For correct identity
7910 1
EITHER
10 _1_ 1 0y (10 M1 For using inverse property
2 1) Tl 1714 1 Al | For correct inverse
OR
10 10_10:>2+ _0:>10
2 1)ln 1)7(0 1 "= 41
3]
7 Bl F
(iii) (1 o] has order 2 or correct order
31
4 is not a factor of 6 Bl For correct reason (Award BO for “Lagrange” only).
Must be explicit about the ‘6’
[2]
7 iv B1* For stating (that there is) an element of A with order 6
) Lo OR 10 has order 6, (or > 3) 9( )
11 51
OR
(M ,x) is cyclic,
G is non-cyclic (having no element of order 6) Award B1* for a relevant statement about M and G
OR
(M ,x) is commutative
G is not commutative (being the non-cyclic group)
= groups are not isomorphic B1*dep | For correct conclusion and no false statements attached to
conclusion
[2]

12
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Question Answer Marks Guidance
8 | (i) cos56 +isin56 =
® +5icts —10c3s2 —10i 253 +5es® +is® B1 For explicit use of de Moivre with n=5
sin50  5¢ts —10c2s3 + 5° M1 For correct expressions for sin56 and cos5¢
=tan50 = =

c0s50  ¢® —10c3s2 +5es?

Division of numerator & denominator by c’.

_ 3 5 M1 i .
—tan50 = Stang-10tan”g + tan” ¥ For sinSo in terms of ¢ and s
1-10tan? 0 +5tan* 6 N cosd6 _ o _ o
For simplifying to AG, www with explicit mention of division by
5
c
[4]
8 | (i) 50 = {1, 5,9,13, 17}%,; M1 For at least 2 of given values and no extras.
0= {1, 5,9,13, 17}%;; Al For at least 3 values of 8 and no extras in range
Al For all 5 values and no extras outside range
[3]
8 | (iii) tan50 =1= 15 —5/4 -10¢2 +10/2 +51-1=0 M1* | For tan5¢ =1 and equation in ¢
= (¢ —1)(t4 _43 142 _ 4y +1) -0 Al | For correct factors
tana =1 OR o = %ﬂ B1 For solution rejected
is not included in roots of the quartic (may be implied by %ﬂ not appearing in set of solutions)
— t=tana for a = {1, 9,13, 17}%,, M1*dep | For 2 correct values of ¢
Al For all 4 values and no more in range
[5]

13
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1 METHOD 1
b=[1-3 4]%[3,1 2] =[-10,10,10] M1 For attempt to find vector product of directions
=k[-1,11] M1 Correct calculation of vector product Allow 1 error
Al For correct b .
= r=[142]+4-111] B1 FT | For correct equation. FT from b
[4]
METHOD 2
[x,y,2] [L-3,4]=0 = x-3y+4z=0 For an equation from /, perpendicular to normal of plane
[x,y,2].[31,2]=0 = 3x+y+2z=0 M1 | and an equation from /, perpendicular to /4
Solving = [x, y, z]=b=k[-1,1,1] M1
Al
= r=[142]+]-111] B1FT | For correct equation. FT. from b Must show “r =”
210 24— 4[4 +idE)~acisl BL | For arg(z*) =7 soi
M1 | For dividing arg(z*) by 4
z= ﬁcis(kl) . k=17,1319 Al For any 2 correct values of &
12 Al For all 4 values of k and no extras. Ignore values outside | For second Al, must be
range in correct form.
B1 | For modulus of all stated roots = /2 Don’t accept 1.41.. or
44
SR For arg(z*) =17 award BO M1 A1 FT for all
cis(k %),k =1,13,25,37, A0 BO/B1
[5]
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2 (i) i Bl For roots forming a square, centre O, on equal-scale axes. Must be roots distinct
A from z*
Penalise once use of
points not lines
B1 For z* and only one root in first quadrant with arguments in
e ratio approximately 3:1
Bl | For [4|:|4~4:v2 (allow (2,4):1) For all four roots
[3] _
3 Integrating factor = el % _glnsinx _ gjp ML | For IF = e*Iinx gp g*neoss
Al For simplified IF
= i( sinx) = 2xsinx M1 For i( their IF) = 2x.their IF
dx 7 dx y' '
= ysinx = —2xcosx+I2cosx dx M1* | For attempt to integrate RHS using (Must use u = (2)x)
parts for Ix sinx
coSs x
Al For correct RHS 1st stage
= ysinx=-2xcosx+2sinx (+c) Al oe
(t7.2)=c=173 leep For substituting (%7, 2) into their GS (with c) ¢=0.907
A1 FT | For correctly finding ¢ (FT from GS)
= y=-2xcotx+2 +% 7~/3 cosec x Al For correct solution AEF of standard notation y =f (x)
[9]
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i 2 .3
4 | (i) Hle » rz p Kle p q pa B2 For correct table for H
o ele P 9 M B2 | For correct table for K
2 3
r|lr r°or e p| P e pqg ¢
PR e 414 P4 ¢ P SR In both tables allow B1 for 1 or 2 errors
3.3 2 pqipqe g9 P €
|’ e r [4]
4 | (i) Identity = b Bl For correct identity
[1]
4 | (iii) G is isomorphic to H Bl For H identified as isomorphic to G (may be implied by
table)
B1 | For a <> /2 at least once
Bl | For ¢, d < r, 3either way
B1 For ¢, d <> r, r>both ways and b corresponds to e explicit.
Award fourth B1 only for completely correct answer.
If none of last 3 marks gained, then SC1 for order of all
elements of G and H
5 () METHOD 1 z may be used for e'? throughout
i0 -0 \3( o -i0)? Bl For €9 —¢e’ e’ +e’) 5oi
sin36?00529=[e ;e ] [e +2e J 2| R 2
|
_ _%(zg 3,430 _2_3)(22 N 2+Z_2) M1 For expanding brackets (binomial theorem or otherwise)
1
M1 For full expansion with 12 terms. two brackets expanded
Bl For - 1 soi by alternate
32i method
_ _ _ M1 For grouping terms Can be seen at any
5 -5 3__-3 1
__@(( o )_(Z o )_Z(Z_Z )) stage
1(5_,5 B3_.3 __-1 This step, oe, is needed for the final mark oe includes replacing
=—— — -2 5 5\ ..
6l 2 2 2 z7-z”> with 2isin50 etc
:—%(sin 50 —sin 30 —2sin 6) Al For simplification to AG www
[6]
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METHOD 2
sin® @cos® @ =sin* 6 —sin® 0
21'sin49=z—1 Bl
z
~8isin® 6 =2° —3z+§—i3
z z M1 For RHS
=)@
z z
=2isin30—6isin@ *
32isin® 6 =z° -52° +1oz—E+%—i5
z z z
=(° _%)_(523 _%) +(1OZ—E) M1 | For grouping terms
z z zZ
= 2isin50 —10isin 36 + 20isin & B1 For RHS of this line and line * above
sin® @cos® @
1 For —i
=—§(4(2is39—6ise) +(2is50-10is30+20is6)) | Bl 32;
1
=—i(sin59—55in30+4sin39+105in49—125in9)
16
1 . . .
=——(sin58 —sin36—2sin &
16( ) Al For ag www
5 | (i) 3 9 M1 For either equation Can be implied by the
sin"0cos”0=0 _, sin9_0 OR cosf=0 Accept also Sinf = +/-1 A mark plus at least
sin®0 = 0 or similar.
= O=rz7 OR 0= (2r+1)%7, Al For either solution, AEF including a list of the first few At least 2 in list
(and no wrong
solution)
g T Al For both of above solutions leading to general solution in
) form of AG where k=2
[3]
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6 | (i) METHOD 1
m?+4m=0 = m=0,—4 M1 | For attempt to solve correct auxiliary equation
CE= A+Be™ Al For correct CF
Pl y=pe® = 4p+8p=12 Bl For PI of correct form seen Beware poor use of
2X
pxe
M1 For differentiating PI and substituting Scores maximum
= p=1 Al For correct p of M1 A1 B0 M1
GS y=A+Be™ +e* B1 FT | For using GS = CF + Pl with 2 arbitrary constants in GSand | A0 B0
none in Pl
[6]
METHOD 2
. dy Ak M1 For attempt to integrate equation
Integrating :a+4y_6e +c B1 For +c included
IF % — d 4x) _ gabx 4y B1V | For correct IF. f.t. from their DE
€ a(ye )_ ¢ Fee M1 For multiplying through by their IF and attempting to integrate
= ye*r =g +%ce4x +B Al | For correct integration both sides, including +B
= y=eX+4+Be™ Al | For correct solution Must include “y ="
6 | (ii) dy 4B 1 g2 M1 For differentiating “their GS” with 2 arbitrary constants and If “their CF” is
P substituting values to obtain an equation (4+ Bx)e™
dy 3 _ Al For correct B can score max of
(0,a_6j§—43+2_6:>B——1 M1 A0 B1 A0
(y~e2* =)4=0 B1 | For correct 4 and consistent with” their GS”
= y=—e 4 Al For correct equation www
- [4] - - -
7 0] m = V+%(W S M1 For using vector triangle, or equivalent, for M UM =UV +VM
=(v—u)+%(w —-V)
- 1 1 Al For correct expression AG
UM =V+5(W-V)-u=3(v+w-2u)
SR Allow use of ratio theorem Minimum
-u +£(V +W)
[2] 2
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7 | (i) METHOD 1 (first 3 marks)
_) -
UM isr= u+%t(v+w—2u) M1* | For equation of UM
MI* | For attempt to find a suitable value of ¢
t=% = u+%(v+w—2u)=%(u+v+w) Al For t=% and G obtained AG
METHOD 2 (first 3 marks)
= 1 M1* | For finding directions of UG or MG
UG=5(u+vew)-u=g(v+w-2u) M1* | For comparing with UM
OR
= (v aw) = L(vew_2
=s(Utv+w)-Z(v+w)=—¢(v+w-2u)
= U, G, M collinear Al For showing G lieson UM AG
By symmetry of 0_(); inu, v, w B1 For use of symmetry, or by repeating method for UM twice
more.
G also lieson VN, WP Bldep | For complete reasoning to AG
= UM, VN, WP intersect at G *
- [5]
7 (iii) Lineis r=Z(u+v+w)+s(u-v)x(u-w) (etc)
B1 For 7= %(u+v+w)+zx"any vector”
B1 | Foracorrectn, using any 2 of +(u-v), £(v-w),+(w-u) Allow
UV xVW or
similar
[2]

10
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7 | (iv) METHOD 1
n=[10,-1]x%[0,1, —1] (etc) = £[1,1,1] M1* | For attempt to find n May see use of
|p.n —d|
i
Urwis r.n=[10,0].[1,11]=1 M1dep | For substituting a point
*
1 Al For correct d
=>d=—F
V3
[3]
METHOD 2
UrWis x+y+z=1 (from given u, v, w) M2 | For attempt to find cartesian equation
1 Al For correct d
=>d=—
V3
METHOD 3
* —
O_G):%(UJFVJFW) M1 For stating or implying ‘OG‘ isd
= 0G =\/%+%+% leep For finding magnitude
1 Al For correct d

= d=

i

11
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8 | () For R, cos? 6+sin’0=1 =ad-bc =1 (= B1 | Forshowing Rc M

RcM )

R(O)R(4) = R(8+ ¢) and hence closed, since M1 For multiplying 2 distinct elements

cos &cos ¢ —sindsin g = cos(d+¢) and

+ (cos@sin ¢ +sin 6.cos @) = + sin(@ + @) Al For obtaining R(O)R(¢4) € R Must demonstrate use of

compound angles
or explain rotations.
Identity 6=0= ((1) (1)j €R Bl For identity element related to 6 =0
Inverse R(-0) =( 00.50 Sine} Bl For inverse element ...
—sind cosé
cos(—¢) —sin(-6)
= {sin(-8) cos(-0) B1 ...converted to form of elements of R

[6]

SR For use of (a,beR:>ab_1 eR) <Risa

subgroup of M

For R, cos? @+sin>0=1= RcM B1 | For showing R M

RORP) " = (0956’ —sin 9)(093(—@ —Sin(—¢)) B1 | For considering R(0)R(¢) ™

sing cosd J{sin(~¢)  cos(~¢) B1 | For correct inverse

M1 For multiplying elements

_(cos(@—¢) —sin(@—¢) R Al For correct product

“\sin(@—¢) cos(@-¢) <

Set is non-empty L . .
Bl Can be implied by identity element related to 6 = 0

12
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8 | (ii) For 9 =1k elements are B1 |For =1z soi Allow degrees instead of
radians.
10 3 33 -5 —%\@ M1 For using “their 6” in ( COSko - sin kej
01) |13 1 |' |15z _1 | —sink@ coské
2 2 2 2 for at least 2 values of £, or lists all 6 values of 0
Al | For identity and one other element other than (-1)
10 -1 %\@ 1 %\@ Al | For 2 more elements
0 1) |15 _1| |15 1 Al | For all 6 elements correct
2 2 2 2 [5]

13
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110 1\( 2
2 ° _1 Ml
5)1 3 15 Al Accept unsimplified
cosé = =
\/12+22+52\/22+(—1)2+32 /3014
6 =0.750 or 43.0° Al If zero, then scl for ny.n, = 15 seen
_ [3]
LG 1 2 1 M1 requires evidence of method for
2|x|-1|=| 7 M1
= cross product or at least 2 correct
Al
5 3 -5 values calculated
(eg) x=0 =2y+5z=12,-y+3z=5=>y=12z=2 or any valid point
M1 e.q.(-11/7, 0, 19/7)
(2215, 19/5, 0)
0 11 o _
r=l11l+al 7 Al oe vector form gust have full equation including ‘r
2 -5
o . [4]
Alternative: Find one point M1
Find a second point and vector between points M1
11
multiple of | 7 Al
-5
0 11
=1
r +A| 7 AL
2 -5
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Alternative: Solve simultaneously M1 | to at least expressions for x,y,z
parametrically, or two relationship
Point found Al between 2 variables.
Direction found Al
0 11
r={1]+2] 7 Al
2 -5
21 identity O + Qi Bl Or ‘o’
order 25 Bl
[2]
2 | (ii) 3+i Bl
[1]
2 | (iii)
5(a-+bi)="5a-+5bi =0+ 0i M1 Shows 5 times any element equals e
every non-zero element has order 5 or 25 M1 Attempt to_show t_hat_order + 2,3,_4 Must consider all(non-zero) elements
: Al Argument is convincing, exhaustive
So order is 5 .
[3] and conclusive.
3
W _gY_ae M1 | Divide by x
dx X
I =exp(f—%dx)=e‘3'”X M1
x3 % —3xty=e® M1 | Multiply and recognise derivative
d -3y,) _ a2X
&(x y) P M1 | Integrate
xy=1e+ A Al
x=1y=0= A=-1¢’ M1 | Use condition
y:%x3(e2x_e2) Al
(8]
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413 2\ (4) (4 2
M1
3 -li=| -2 |=-2|1 .
8 Al Or any multiple
1) \-1) (-14 7
3 1 2
-12|=|-2
X Bl Or negative Or use of
1 1 0 g n.(a; + pby +kn) = n.(a; + gb,) B1
followed by attempt to calculate
magnitude of kn M1
2\(2
21 M1 Component of their vector in their
hortest dist 0)\7 2 direction
shortest distance = = oe
\/22 +12 472 /54 Al
[5]
4 | (i)
2X+y+7z=.. Bift ft from 4(i) only if 1% M1 mark
gained
A1 B1 dep
If zero, then sc 1 for any correct
vector equation.
[2]
i Ari zi Srxi i i i
51 () 1,657 871 o871 6871 0e nolar form M1 | Attempt roots e.g. gives roots in an incorrect form.
Al
[2]
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5 | (i 2 =(z+1)° = 22 +57* +102° +102% +5z+1 M1

57" +102° +102° +5z+1=0 Al

2k oj

so z+1=ze5" ,k=0,1,2,3,4 M1

k =0 no solution Bl soi

1= z(ezsk”i—l)

1 k=1234
2= Le Al | If BO, then give Al ft for correct
e - solution plus k=0
[5]

6| () Pl: y=axcos2x-+bxsin2x

dy _ : - dy

vl acos2x— 2axsin 2x + bsin 2x + 2bxcos 2x B1 For correct—= or better

dx

d’y . .

d7 =—4asin 2x— 4axcos 2X + 4bcos 2x — 4bxsin 2x

in DE:

—4asin 2x - 4axcos 2x + 4bcos 2x — 4bxsin 2x M1 | Differentiate twice and substitute

+4(axcos 2x + bxsin 2x)

compare coefficients: —4a=1, 4b=0 M1

=a=-%,b=0 Al

AE: 1244-0 M1 For correct auxiliary equation and

attempt to solve

A =+2i

CF: Acos2x+ Bsin2x Al oe form

GS: y=(A-1x)cos2x+ Bsin2x Alft | Must be real and contain 2 unknowns

[7]
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6 | (ii) oscillations Bl oe (accept sketch) dep consistent with
6(i)
unbounded B1 oe (accept sketch) dep consistent with
6(i)
If zero, then scl for recognition that
Xc0s2x term becomes dominant
[2]
6 | (iii) If k=2thenPl y=acoskx+ gsinkx B1
So bounded oscillations Bl oe (accept sketch)
[2]
7 a i i9\10
0@ .. . e'f’((e'g) —1j M1 | SumofaGP
| 1 1
ertel e == Al
e’ -1
e%ie(eloia_l)
= M1
eEIH_e—EIH
e%ie(eloia_l)
S — Al AG
2isin(16)
[4]
71(@() | (b)| 8=2nr =sum=10 Bl
[1]
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7 | (i) e%i@ (eloig_l)
C0S# +c0s26 +...+c0s106 = Re i M1 Take real parts
2isin(16)
Re(—ie%ig (elom—l)) Re(—i AN ie%i@) Must at least make genuine progress
. . in sorting real part of numerator, or
= - = - M1 Manipulate expression . . -
25m(%9) Zsm(%g) in converting numerator to trig
terms.
sin(2t0)-sin($0)
© 2sin (30)
sin(29) 1
=.(—21)—— Al | AG
2sin(16) 2
[3]
7 | (iii) sin(2L
cosiz+cosz+..+cosily :M—l
2sin( L) 2
M1 For second M1, must convince that
solution is exact and not simply from
calculator.
But sinZrz=sin(z-&r)=sinkx M1
So RHS=2-2=0,s0 ;- 7isaroot Al | AG
Using sin(2z + x)=sinx gives
27Z'+%9=%9:>0=%7Z' Al
[4]

10
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81 (i) wa’ =waa = a’wa=a’a’w M1 | Use wa=a’w to simplify
=a‘a’w=ea’w Bl | Use a* =e (oe) in either proof
=a’w Al Complete argument AG
Either result = wa® = a®wa?® M1
=a’a’w M1
=eaw=aw Al AG
[6]
8 | (i) aw)? = (aw)(aw
(aw) 3( X 2 ) A M1 | for squaring any of elements
=awwa’ =aea’ =a" =e so order 2
M1 for attempt to simplify to e
2 2 _ A2 2 _ A2.02 A4
(@w)(a'w) =a’wwa” =a’ea” =a  =e so order 2 Al for at least two squared elements
shown equal to e
(@’w)(a’w) = a’wwa=a’ea=a" = e so order 2 Al | for complete argument
[4]
8 | (iii) {e a,w,a’w} Bl Condone equivalents
{e a% aw,a’w} B1
M1 Consider orders
a?,w,aw,a’w,a’wall of order 2 Or considers form {e, x, y, xy} where
X,y order 2
Al Dep on both groups correct Condone ‘no generator’ or ‘Klein
so not cyclic as no element of order 4 in either (V) group’ in place of ‘no element of
order 4’
[4]
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1) -4\ (0 0) (4
vectors in plane:twoof | 4 |,|6(=23|,|2 M1 Differences between two pairs | Any multiple
1)\4 2) 3
1 0 4
r=[6|+A4|3|+ul2 Al Aef of parametric equation Must have “r = ...”
2 2 3
_ [2]
L] (@ 0) (4 5 M1 can be awarded where vector
_ M1 Calculate vector product
3(x[2]|=| 8 . product has method shown or only
Al or multiple
2 3 ~12 one term wrong
1 5 _ _
r—lelll 8 |20 M1 Or Cartesian form = d with attempt
to compute d
2 -12
5x+8y—-12z=29 Al Aef of cartesian equation, isw.
[4]
Alternate method
EITHER
M1 X, Y, zin parametric form
Al both parameters in terms of e.g.
X, Y
M1A1 | substitute into parametric form
of z
OR
M1 X, Y, Zin parametric form
Al 2 equations in x, y, zand one
parameter
M1 Al | eliminate parameter
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Question Answer Marks Guidance
2 | () 1 3 5 7
11 3 5 7
g g % I g B2 -1 each error
717 5 3 1
From table clearly closed Must be clear they are referring to
B1
tabulated results
1 is identity Bl
31=35%=57"1=7 (mod8) B1 Or “1 appears in every row”
[5] Superfluous fact/s gets -1
2 | (ii) 1 has order 1 and 3, 5, 7 all have order 2 Bl
[1]
2 | (iii) {1, 3}, {1,5}, {1, 7} (and {1}) Bl All correct, no extras Allow {1} included or omitted
[1]
2 | (iv) in H 32 =9 (mod10) so 3 not order 2 M1 Shows and states that 3 or that
7 is not order 2 (or is order 4)
no element of order > 2 in G so not isomorphic Al Completely correct reasoning
Or, if zero, then SC1 for
[2] merely stating comparable
orders and then saying that
“orders don’t correspond, so
not isomorphic"
Or
table for H with saying “not all
elements self inverse, so not
isomorphic”
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3 du d 2
U=y3:>d—=3y2d—y M1 or ¥_1,5
X X dx 3  dx
in DE gives xd—u+ ZUZE Al
dx X
du, 2, _cosx B | Divide Both sides
dx x X
21
I = exp(f%dx) =e M1 | Correctly integrates Must have form (;I_u +F(X)u=g(x)
X
=x° Al Can be implied by subsequent work
&Y L 2 = cosx
dx
i(xzu) =C0S X
dx
x2u=sinx (+A) M1 | Integrate
sinx+ A . C . .
u= 5 Al Or gives GS in implicit form Must include constant at this stage
X

_(sinx+ A € Al

y_ X2
[8]
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4 | (i) Sketch Must have axes, A shown 3 across
and either scale (or co-ordinates)
B1 with B in rough position, or angle
and distance on argand diagram. No
inconsistencies
OA=[3=3, os:‘sei’“ -3
and ABOAz%yr M1 Can be seen on diagram Alt. Attempts AB or second angle
hence AOAB equilateral Al
[3]

4 | (i) ~Lzi Sz

3e 3 Or 3e®” . Isw .
M1AL M1 for evidence they are FIO r full Imarks_ Czn. uste C'.S fo(rjr_n, or
considering BA, or for clear polar co-ordinates, in radians.
. Not C-iS
3_3J3i
2 2
[2]

4 | (iii) 12i\° 5 —Sxi 5 .
(3—393 ) =3¢ 3 M1 | For mod”and arg x 5 “Hence” so must use “their 3e 3"""
=243(cos3 7 —isinSx) Alft | aef
- 2;;3 n %\@i B1 Condone use of “121.5".

[3]
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5 AE: 2% +24+5=0 M1
A=-1+2i Al
CF: e *(Acos2x+ Bsin2x) Alft Or Ae *cos(2x+a) Must be in real
form
Pl: y=ae™ If PI y=axe ™ then max of
B1 M1,A1,Al, BO,M1,A0,A0 (since
cannot be consistent) M1, M1, Al.
—X —X -X _ =X H 11 H 7
‘Z:_l_ 2ae "+5ae " =¢e M1 Differentiate & substitute Must have a constant in “their Pl
GS: y=e*(1+ Acos2x+ Bsin2x) Alft Must have “y ="
ﬂ——e’x(l+ Acos 2x+ Bsin 2x) : . :
dx 4 Differentiate their GS of form
+e7*(~2Asin 2x+ 2BC0s2x) M1* | y=e ™ (P+ Acosnx+Bsinnx) | Allow one error
where P is constant or linear
term,nnot0or 1
x:o,ﬂ:O:—(%+A)+2B:o . : -
dx *M1 | Use conditions But MO if leads to solution of y =0
x=0,y=0=>1+A=0
A=-%,B=0 Alft | From their GS
y=2e*(1-cos2x) Al Must have ‘y =" and be in real form
[11]
6 | (i) X=2t+1 y=5t-1 z=t+2 B1 Parameterise or Blfor y zind z correctl;i in terms
of X e.g. 2y=5x-7, 2z=x+3
(2t+1)+2(5t—1)—2(t+2)=5 Substitute into plane Then M1 for full simultaneous
equations method.
=10t=10=>t=1 M1 Solve
Intersect at (3, 4, 3) Al cao Accept vector form
[3]
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6 | (i) 2
5
1)\-2 10 Attem i i
1, _p)— _ pt to find angle or its
COS(Z d 0) 2\ 1 3/30 MIAL complement
51 2
1) -2
6 =0.654 Al or 37.5°
[3]
6 | (iii) If P is point of intersection and Q is required point, .
2 - 1 Use PQ with right angled triangle or
PO=24|5| so sing-_2 __ 2 M1* | or PQ.n=+2 where n=| 2 | | consider component of PQ in
1 PQ |2V30 —2) | direction of normal vector.
10 2 M1 Valid method to set up equation in
3430 |/1|\/% Aalone.
3 (May work from general point on
A= ig Al original equation)
3 3 2
points have position vectors | 4 ig 5 *M1 | Depon 1" M1
3 1
points at (1.8, 1, 2.4) and (4.2, 7, 3.6)
Al cao
Alternative:
) |2t +1+2(5t—-1) - 2(t +2) _5| M1* Zero if formula used without
Distance = N =2 Al substitution in of parametric form.
+2°+
*M1 | Solve
=t=040rl6 Al At least one value found
(1.8,1,2.4)and (4.2, 7, 3.6) Al
[5]
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7 1) (ab)® = abab...ab=a®h® as commutative M1 Must give reason Some demonstration that they
understand commutativity
2\ (13\? _ 3.2 .
=(a ) (b ) =e’e" =e Al Using orders of aand b
Soabhasorder1,2,3,0r6
(b=a= ab=a’ = ab=e so abnot order 1) Condone absence of this line
2 _A21n2 _ AR2 _R2 .
(ab)* =a“b® =eb“ =b“ and b not order 2, M1 Consider other cases Insufflglent to mernely have
so ab not order 2 simplified all (ab)
(ab)® = a®h® =aa’e=aee=a=e, so ab not order 3
(So must be order 6) Al AG Complete argument
[4]
7 | (i) ac has order 18 Bl Or abc or generator
18 is LCM of 2 and 9, (so we can use a similar argument M1 or explicit consideration of
to part (i) other cases
So as G has an element of order 18 it must be cyclic. Al AG Complete argument
_ [3]
8 | C0s56 +isin56 = (cos 6 + isin 6)° B1 Or .
cos50 =ref(cosf +isin6)’}
=c® +5ic*s—10c®s? —10ic’s® + 5cs? +is® M1 No more than 1 error, can be
unsimplified
c0s50 = ¢® —10c®s? + 5¢s* M1 | Take real parts
2
_ A5 1np3(1_ a2 2
=c’ -10c (1 c )+5c(1 C ) M1
=c® -10c® +10c® + 5c-10c® +5¢°
cos 50=16¢° — 20c> + 5¢ Al | AG
[5]
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8 | (i) Multiplying by x gives 16x° — 20x% +5x =0 Hence, so no marks for using
guadratic at this stage.
letting x=cosa gives cos5a =0 M1
_ 3_5_7.29
hence 5« —%ﬂ', ST ST G TS T Al
a =%7z, %ﬁ,%ﬁ,%ﬂ,%ﬂ
cos:% 7 =0 which is not a root Al
SO ro0ts X =C0S 7577, COS7>7,C08 55 7,C08 75 71 Al
[4]
8 iii
(i 16x* —20x* +5=0< X =20Jj;—2\/% B1 Can be gained if seen in (ii)
cos decreases between 0 and 7 so COS%ﬂ is
greatest root M1
50 Cosiﬂz\/zoJ”/% :\/5“/5 Al | Dep on full marks in (ii)
10
32 8
[3]
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1) 2 3 7 1 M1 requires evidence of method for
1 Ixl5l=-7|=7/ 21 M1 cross product or at least 2 correct
Al values calculated
-1) (2 7 1
(eg)z=0 = 2x+y=4,3x+5y=13=>x=1Ly=2 M1 or any valid point
e.0.(0,3,-1), (3,0, 2)
1 1
r={21+2l -1 Al Must have full equation including ‘r
oe vector form =’
0 1
| | | Alternative: Findonepoint | | me |
Find a second point and vector between points M1
1
multiple of | -1 Al
1
1 1
r={2(+4-1 Al
0 1
Alternative: Solve simultaneously M1 to at least expressions for X,y,z
parametrically, or two relationship
between 2 variables.
M1
Point and direction found Al
1 1
r=2+4-1 Al
0 1
(4]
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1] (i) |2x2+5--2-4| 7 M1 Condone lack of absolute signs for M1 | 2.86 with no workings scores M1
\/22 +1% +12 J6 Al .
oe surd form. isw
Alternative: find parameter for perpendicular meets M1 For complete method with calculation | look for A =-7/6
plane and use to find distance errors
[2]
2 U=y :%: 2yﬂ M1 Correctly finds or ﬂ —lu_% %
dx dx =
dx 2 dx
dy 2 o ox M1 or for complete unsimplified
so DE = ZV&_‘W =2e substitution
- du AU = 26" Al Can be implied by next Al
X
| =exp j' _4dx=e 4 Alft Must have form
3—u+ f (X)u = g(x) for this mark and
X
any further marks
Can be implied by subsequent work
adu ~ M1* Multiples through by IF of form e**,
/5'¢ AX 3X
€ &_4(9 u=2e simplifying RHS
ue X = _%e—SX(+ A) *M1dep* | Integrates
U=—2e*+ Ae* M1dep * | Rearranges to make u or y* the subject | No more than 1 numerical error at
3 this step
y= /_geer Aedx Al Cao ignore use of ‘+’
N3
Alternative from 4™ mark to 6" mark
CF: (u=...) Ae™ Al
vk U
Pl: u=ke’, ax =ke M1* PI chosen & differentiated correctly
ke* —4ke* =2¢€*, k= —% M1 dep* | Substitutes and solves

(8]
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31 (i) 51— 7= g2knilb M1
k=0,1234,5 Al Oe exactly 6 roots accept roots 1, -1 given as integers.
Diagram
Bl 6 roots in right quadrant,
B1 correct angles and moduli as evidenced by labels, circles, or
accurate diagram, or by co-ordinates
[4]
3| (i) 6 1)\ Attempts modulus-argument form,
(L+i)” = (\/594 ) M1 getting at least 1 correct
gei™ M1 for (mod)°® and arg x 6
=-8i Al ag complete argument including start
line
Alternative:
@+1)® =1+ 6i +15i% +20i° +15i* + 6i° +i° M1
=1+6i-15-20i +15+6i —1 M1 no more than 1 term wrong Sc 2 for only lines 2 & 3correct
=-8i Al ag
Alternative: (1+i)% = 2i M1
@+i)° =(2i)° M1
=-8i Al ag

[3]
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:\/Eei% p2kife M1

J2ei7WAK3) | 012345 Al or equivalent k
3
_ 2(312k)
Alternative: 2 =8¢ 2 M1
J2e7 WK | 012345 M1 or equivalent: e.g. /2 g7 (“112+K/3)
’ e Al accept unsimplified modulus

[3]




4727 Mark Scheme June 2014
Question Answer Marks Guidance
4| (i) Bl 2 or more Ignore 1
element | (1) 7 9 |11 |13 |17 | 19 Bl 4 or more
inverse | (1) 3 9 |11 |17 | 13 | 19 Bl all 7 correct
(3]
4 | (ii) (1 has order 1)
9,11,19 have order 2 M1 Correctly identifies order of all Allow one error
elements
32=9=23*=1 so order 4
similarly 7,13,17 order 4 Bl justifies order for at least 1 element of | must show workings towards a* for
order 4 demonstration that these elements
are order 4°
no element of order 8 so not cyclic Al WwWw condone “no generator” in place of
’no element or order 8”
(3]
4 | (iii) For two sets which both contain “1”
M1 and all (4) elements’ inverses
Bl One subgroup of order 4
{1,13,9,17}and {1, 3,9, 7} Al
for correspondence of “their”
M1 elements of same order
151,969,313, 717 Al or 317,713
[5]
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5 AE: 12451+6=0
A=-2,-3 Bl
CF: Ae?*+Be ™ B1ft
Pl: y=ae™ B1ft
ae *-5ae *+6ae =¥ M1 Differentiate and substitute

2a=1

a:% Al
GS: (y=)ie ™+ Ae ¥+ Be ™ ft must be of form “ke *plus a
Alft standard CF form” with 2 arbitrary
constants
x=0,y=0=1+A+B=0 .
? M1 Use condition on GS Must have 2 arbitrary constants
y' =-1e*-2Ae?*-3Be _ _ _
M1 Differentiate their GS of form
y=ke X+ Ae™+ Be™ where k, m,n
are non-zero constants and m, n not 1
x=0,y=0=-3-2A-3B=0
A=-1B=3 M1dep* | Use condition and attempt to find A, B
y=leX-eP4le™ Al | www Must have “y =’
[10]
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6 () 2 4 2\( 4
I3 TITL|-1] so|3-1|=0=1]TI M1 dot product of correct vectors = 0
5 -1 5/ -1
1,-2,7)onlbut 4x1——2-7=-1~8sonotin IT M1 substitute point on line into IT and
calculate d
hence I not in TT Al Full argument includes key Argument can be about a general
components point on line
(3]
6 | (ii) 1 4
(r=)-2|+4|-1 B1
7 -1
closest point where meets I1
41+44)-(-2-A)—-(7-1)=8 M1 parametric form of (X, y, 2) substituted
into plane
=1 :% Alft
3
13
2
[4]
6 | (iii) 3 2 must have “r ="
r=|-3[+4|3 Bift | oe
B s
[1]
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710 2ising =e'?—e 17 B1 any equivalent form If use z, must define it

2isinng =e"?— g "7

. . \5

(2ising)° = (e"g—e"a)

—e50_5ei30 | 1060 _10e 104 507130 _ 150 M1* | binomial expansion can be unsimplified

32isin®9=(e"? —e*?)-5(e%’ —e¥?)+10(d’ —e) Award B1 then sc M1A1 for

M1dep* | grouping terms candidates who omit this stage from
otherwise complete argument
= 2isin50 —5(2isin30)+10(2isin 8)
- 5 - - - - 1
sin 9=%(SII’]59—5SIH39+105IH 9) Al AG m.ust- cor.1vmce'on the ;& and on the
elimination of i
[4]

7| (i) 165sin® 6 —10sin @ = sin56 — 5sin 36 M1* | Attempts to eliminate sin56 and sin36

16sin° 0 —6sin@ =0 Al Or 16sin°® 6 =6sin 0

sing = O,iﬁ\l/g M1dep* | must have 3 values for sin 6

6 =0,+0.899 Al

[4]
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81 (i) 1 0), . .
0 1 is identity B1
a b\t 1 a b for M1, must at least get matrix in form
= — (= G X —
[b a J a’ +b’ [—b a} M1 [ y) , Or state existence of inverse
Al y X
due to non-singularity
a —-b)c -d) (ac-bd -bc-ad M1
b a)l/d ¢/ (bc+tad ac—bd
and M1
(ac—bd)? + (bc+ad)? = a%c? + b?d? + b%c? + a2d? A1 | Mustnotattempt to prove
(@2 4 bP)(C 4+ d2) 20 commutativity in (i)
=(@ +b)(c*+d°) = 6]
8 | (ii) c -dYa -b ac—bd -bc—ad must also consider matrices
d cllo al lberad ac—bd M1 reversed, but may be seen in (i)
a —-b)yc -d )
= S0 commutative Al
b a/)ld c
[2]
8 | (iii) N2
G Olj :( 01 Olj M1 | g® must be correct
-1 0Y (1 0 o,
0 1 = 01 M1 allow 1 error in getting g
order 4 Al
(3]






