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Exercise A, Question 1

Question:

Find, in the form y = {(x), the general solution of the differential equation

dy z
—‘—+‘—iv=6x—a. x =0,
gy X7

Solution:

The integrating factor is I

A
MIE:

If the differential equation has the form
dy

dx

+ Py = @, the integrating factor is ¢,

[dax '_:?4 Inx

.El-','l' = g — x" -

Multiply the equation throughout by x*

For any function f(x), ¢ = f(x).

dy s,
x* ﬁ + 4xly = 6x° — 5x?

2 C I
-

Y=t —x+ =% e

LA

It is important that you remember

to add the constant of integration.
When you divide by x*, the constant
becomes a function of x and its
omission would be a significant error.
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Exercise A, Question 2

Question:

Solve the differential equation
dy ¥ s
It s 30 XS0

de x

giving your answer for v in terms of x.

Solution:

The interating factor is

‘_Ir— .:"LT IR -I”,-il' = | i )
£ =ik Rl Forall m, nlnx = Inx’, so for n= =1,
' ; ~Inx =Inx~'=In ;I
Multiply the equation throughout by 2 ’
law ¥ T The product rule for differentiating, in this case
.X‘ d.'?.' = __,_,.,-o-"""'-fd_- {i |' 1 dj} I ]
1 () e el AL o< Ll 4 B enables
a%:. 1-_ =2, — dy | x] dx =x x-
o you to write the differential equation as an
Y _ 2 +C exact equation, where one side is the exact
xr 2 ‘ derivative of a product and the other side can
‘ be integrated with respect to x.
X
= — = *
¥ 5 Cx
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Exercise A, Question 3

Question:

Find the general solution of the differential equation
dy I
T+ 1)=+2y=— x>0,
: }Lb: Y=y

giving your answer in the form y = f{x).

Solution:
dy 1
Lr+]}d—‘+2}'=—*—=_____ dy
» * i PO If the equation is in the form R — + Sy = T, you
dy 2 1 PR . - dx ) .
T‘ g & S must begin by dividing throughout by R, in this
e el case (x + 1), before finding the integrating factor.
The integrating factor is
L"Ii" _J e _ giinfe + 1) — glntx 4 (i (x + 1§
Multiply throughout by (x + 1)?
dy x+1 s _ ; ;
x+1P2—=+2x+1y= ’- [o mttgratex e 1, ertux—-l__] =% 4 1_ 1+ —]
dx x x & *

"i{[_l' -+ 1}3:';) =1+ _l
dx X

{x + 1]3.}7=[[l +%.]tix=x+ Inx + C

Vi rlx + 1)2 ai
L oxt Inx +C \ You divide throughout by (x + 1)° to obtain

J @+ 1) the equation in the form y = f(x). This is
required by the wording of the question.
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Question:

Obtain the solution of

dy ’ T
— 4 4 t: = gt SX, O0=r< =,
N, tan x e=fcosx, O X 2

for which y = 2 at x = 0, giving your answer in the form y = f(x).

Solution:
The integrating factor is ¢/ In C4 you learnt that
. . ¥
ltanxdx = (SN 4y — _jncosx = In —r- = In secx E{—""T']le = Inf(x). As —sinx
: COSX COsX ) f(x) PrER
Hence ' is the derivative of cosx,
u.l:;l:ul.].l. — Ulrnl_'l..t = SECY f—sinxdx L —
Cosx
Multiply the differential equation throughout by secx
dy 3 »
secx o+ ysecx tanx = ¢~ secxcosx = ¢-
’__\_\____———\_
% (ysecx) = o2 T SECXCOSY = e X Cosx = ]
dx ¥

e 2z

ysecx = fe“ dx = 5+ C

Multiply throughout by cosx

g

§ = | ; +C | CosXx

The condition y = 2 at x = 0 enables you

to evaluate the constant of integration
— | and find the particular solution of the
— differential equation for these values.

y=2atx =0+
9 =
y =1 + 3)cosx
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Exercise A, Question 5

Question:

Find the general solution of the differential equation

1
& O<x<Z

dx 2
giving your answer in the form y = f{x).

+ 2y cot 2x = sin x,

Solution:

The integrating factor is e/>" =&

[2cot 22 dx = 2“}"?-fdx In sin 2x
sin 2x
Hence
L,,'_'L it 2y Lllnm .. iy Siﬂ 2.!'

Multiply the differential equation throughout by sin 2x

Using the identity sin 2x = 2sinxcosx.

. dy X -
sin 2x E + 2y cos 2x = sinxsin 2x « —
C

d —aa

= (¥sin 2x) = 2sin’xcosx

dx
. 28in°x o~

ysin2x = ===+ C o

i 3 ______—————__\_\_"x_‘_‘_
S 1) i I

3sin2x  sinZx

As % (sin‘x) = 3sin®xcosx, then

jsinEx cosxdx = Sin°x

3

find integrals of this type by inspection.
However, you can use the substitution
sinx = s if you find inspection difficult.

[t saves time to
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Exercise A, Question 6

Question:

Solve the differential equation
dy
(1 +x)==——2xy=2x""
dx b
given thaty=1atx = (.

Solution:
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dy 2
(1+x)-=>—xy=2xe"*

dr ¥ If the equation is in the form R%‘y + 8 =T,
g = i}’x = f:__; @ vou must begin by dividing throughout

hy R, in this case (1 + x) betore finding the

- X integrating factor.

The integrating factor is ef be

X bEs-dog 1 To integrate an expression in which the

1+x  1+4x 1+x degree of the numerator is greater or equal
Hence to the degree of the denominator, you
must transform the expression into one
/ X _dv=#%—In(l+% with a proper fraction. This can be done

1 +% using partial fractions, long division or, as
here, using decomposition.

and the integrating factor is
E—x+i1|t! +¥) _ E—_r EI|1l1 L o [ E—r {1 3 I}

Multiplyving @ throughout by (1 + x)e™

. 2
(1+x)e™ —E—xe Ty =xe

ix{jﬂ[l +xje™) =xe™¥
y(1+xje™= .ﬁre'hdx . You integrate x e using integration by parts.
DS [ IO o O i
z T "7 7 @ o
e 4 *
= — - — +
Y 2(1 +x)e™ 41 +x)e™ (1 +x)e ™

o oxe™  aF 4 Ce'
2(1+x) 41+x) (1+x)

y=latx=0

sp=lipwpas s .
l=0-3+C=C=3 I'his expression could be put over a

5 P o common denom.inator but, c?ther than
=4“ T2 21 +% 41 +%) . requiring that y is expressed in terms
of x, the question asks for no particular
form and this is an acceptable answer.
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Exercise A, Question 7

Question:

a By using the substitution y = %{u — x), or otherwise, find the general solution of the
ditferential equation

<= = £ - 29,
dr )

Given thaty = 2 atx = 0,

b express y in terms of x.

Solution:
ay=iu—3x
Ditferentiate throughout with respect to x.
- L
de 2dx 2
1
éi;=x+2y _y=i£{u—le s 2y=U—=%

transforms to /

lde _ 1 _ v yp—x=u

2de 2
du
——1=20
dx
q - Thisis a separable equation. You learnt
:jf =2u+lv——m how to solve separable equations in C4.
/‘2” ]+ i du = JE dx « Separating the variables,
In@2u +1)=x+ A o——0 | Twice one arbitrary constant A is
InGu + 1) = 2% + B | another arbitrary constant, B = 2A.
n{2u =2x -
eetl = g2l = @lfle™ = C@™ e | etoan arbitrary constant is another
G T el i ] e g arbitrary constant. Here C = e,
1 =4y + =(Ce”
y = Cer=F=1, This is the general solution of
4 the original differential equation.
by=2atx=0
c=1 . o
S, = 4 (’_‘ == — 3 f__ = 9
2 3 8 1
s 9e™ — 2x — 1, This is the particular solution of the original
= 4 differential equation for whichy = 2 atx = 0.
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Question:

a Find the general solution of the differential equation

dv_
dt
and hence show that the solution can be written in the form v = HIn t + ¢), where ¢ is an

arbitrary constant.

v=t (>0

b This differential equation is used to model the motion of a particle which has speed vms='at
time t seconds. When t = 2 the speed of the particle is 3ms~', Find, to 3 significant figures, the
speed of the particle when [ = 4.

Solution:
dv

atgr-v=t

Divide throughout by ¢

dv _ v _
dt ! ®

The integrating factor is

Multiply @ throughout by %

ldv_

¥

1

The product rule for differentiating, in this

FdE & b= case S wx )= x ' px (-2
dt dt
d ':LJ S S —— enables you to write the differential equation
tit t

as an exact equation, where one side is the
exact derivative of a product and the other
side can be integrated with respect to .

v=t(Int + ¢), as required
bv=3whent=2
3=2(n2+¢)=2In2+2c=c=15-In2

v=t{nt+ 1.5 —1In2)

Whent =4

v=4(lnd4+ 1.5-1In2) «

1 Use your calculator to evaluate this expression.

=~ 8.77
The speed of the particle when t = 4 is 8.77ms ™' (3s.f.).
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Exercise A, Question 9

Question:

a Use the substitution y = vx to transform the equation

dy (dx+y)x+y)

CARe — = x>0 D]
dx x:
into the equation

dw N
X=—= (2 + v)=,
dx @

b Solve the differential equation @ to find v in terms of x.
¢ Hence show that
X

Yy = —=2x — : . where ¢ is an
: Inx + ¢

arbitrary constant, is a general solution of differential equation @.

Solution:

PhysicsAndMathsTutor.com
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o Differentiating vx as a product,
dy dy d dv d dv
— = —_— P = = 4+ ¢ — = == 4+
e e TV cix{"'m i '.dxl[xl Xty
- dy __dv. . as - (x) = 1,
= ¥ - - =— 4 v
Substituting ¥y = wx and G~ %a TV into dx
equation @ in the question
Id_v+ o (4x + vx) (x + vx)
do 2t
24+ v)(1 +v
. :c;H] Ve (4 + Vil +v)=4+5v++2
e SUNE SN R L Y v)?, as required. This is a separable equation and the first step
dx in its solution is to separate the variables, by
collecting together the terms in v and dv on
b f L_4v= fldx .— | oneside of the equation and the terms in x
(2 + ) X and dx on the other side of the equation.
. !
2+ VJLN__\‘_—-—‘ ‘ fz 4 1,'}"1 |
TR, =
Inx + ¢
N S |
3 £ Inx + ¢

cy=1r.c=m-=%

Substituting v = J_X into the answer to part b

i

BRI S e

L as require:lﬁ/

S
1]

Multiply throughout by x to |

obtain the printed answer.

Inx +¢
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Exercise A, Question 10

Question:

a Using the substitution t = x?, or otherwise, find
’_‘c‘: e dx.

b Find the general solution of the differential equation
dy

X + 3y =xe"",
dx :

Solution:

PhysicsAndMathsTutor.com
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at:IEﬁE=2_x:>x£=é
clx de -
fx-‘ e ¥ dr = fx3 e |x g‘f)dr

r. C—J‘ e I
e . e i AL
2 2 ¢
Returning to the original variable
2 =%t =x?
3 = _ _X € e R
fx Rl 7 5~ +C

dy g
whe T £ = g .-——‘—_——\_____
b tn +3y=xe ]

dy 1 o /

E + E'}’ =g @
The integrating factor is
k]
cfx"u = E_Iln:r _ EIr1.1.-' = 53
Multiply @ throughout by x*

xt S—i’ +3xly=xle™

i 3 -1

The first part of this question

is integration by substitution

and could have been set on a

4 paper. Its purpose here is to
help you with part b. Realising
this helps you to check your
work. When you come to the
integration in part b, it should
turn out to be the integration you
have already carried out in part a.
If it was not, you would need to
check vour work carefully.

Divide throughout by x.

3 0x) =xte

yx] . fx.‘. U_I-Lh: 3

— IZ {__i_r'. s E_I:
2 i

= iR SRl &

V=" Twte

i

e
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This is an exact equation, where
one side is the exact derivative
of a product and the other side is
the expression you have already
integrated in part a.
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Exercise A, Question 11

Question:

a Find the general solution of the differential equation
2
Cosx -+ (sinx)y = cos’ x.
b Show that, for 0 = x = 27, there are two points on the x-axis through which all the solution
curves for this differential equation pass.
¢ Sketch the graph, 0 = x = 2, of the particular solution for which y = O atx = 0.

Solution:
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a Dividing throughout by cosx .
In C4 you learnt that
.{.1.‘-}5 + §_i_U_:£ YYo= (_'(]521 @ P[IJ . I
dx COSX " ﬁ:’.t-} dx = Inf{xL As —sinx
sinx ;.- [=sinx.. . _ = l: is the derivative of cosx,
f‘m—sfd'r_ fmsx dx = —Incosx = In z5c = In secx i
—fﬁ dr = —Incosx.
Hence the integrating factor is """ = secx
Multiply @ by secx
g Aslnl =0,
LY e SIOX o _ _ _ _ 1
secx o +seCx ooz ¥ = Costasecx Incosx = In1 = Incosx = In =,
dy using the log law Ina — Inb = In a
secx ax + (secxtanx) y = Cosx b
4 (ysecx) = cosx
dx
ysecx = fcosxdx =sinx + C
Multiplying throughout by cosx
¥ =sinxcosx + Ccosx
In general, for a given value
AT WU W - S | O-fx_' dlffurff:nt values of ¢ give
different values of y. However,
= 3w if cosx = 0, the ¢ will have no
2" 2 effect and y will be zero for any

The points (%, 0) and (37, 0} lie on all of the RHUEGRG

¥

solution curves of the differential equation.

€ y =sinxcosx + Ccosx

Atx=0,y=0

0=04+C=2C=0

y = sinxcosx = 5sin 2x
Using the identity sin 2x = 2sinx cosx.
¥4 sin 2x is a function with period .

i So the curve makes two complete
oscillations in the interval 0 = x = 27

© Pearson Education Ltd 2C
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Exercise A, Question 12

Question:

a Find the general solution of the differential equation

dy
— 4+ 2y =x.
dx *

Giventhaty = latx =0,
b find the exact values of the coordinates of the minimum point of the particular solution curve,

¢ draw a sketch of the particular solution curve.

Solution:

PhysicsAndMathsTutor.com
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a The integrating factor is

E‘Irl de _ e.?.r

Page2 of 2

Multiplying the differential equation throughout by e*

2 Ay

m:+2re""‘y=:cezr

S

d g a2ny e a2
dx{}re} xe

Integrate by parts.

yez"=fxez"dx /

_xe®  fe* . _xe¥ ¥
el o e
X 1 S
===+
- Sl i
by=latx=0
1=0-1+C=C=3
x 1. 5 This is the particular solution of the
gt g differential equation fory = 1 atx = 0.
d You are asked to sketch this in part c.
. . ay _
For a minimum 5 0
dy 1 S5e%*_ 2 _ o
T 5 O0=5e =1=e"=
Ine®* =In5=2x=1InS5 The differential equation is
dy o
W -
x=5Ins = + 2y = x. At the minimum,
At the minimum, the differential equation reduces to dy _ 0 and so 2y = x. If you did
2y =
e not see this you could, of course,
Hence substitute x = 3In 5 into the
“ %J-‘ = %“15 particular solution and find y.
d%y e This would take longer but
5z~ 0 ¢ >Oforanyrealx would gain full marks.

This confirms the point is a minimum.
The coordinates of the minimum are (In5, 1In5] .

Vi

© Pearson Education Ltd 2C
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As x increases, e 2 — 0 and so

g 1000 F Ao
- + F i This means
thaty = % = % is an asymptote of

the curve. This has been drawn on
the graph. It is not essential to do
this, but if you recognise that this
line is an asymptote, it helps you to
draw the correct shape of the curve.
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Exercise A, Question 13

Question:

During an industrial process, the mass of salt, S kg, dissolved in a liquid t minutes after the
process begins is modelled by the differential equation
ds . 25 _ 1
dt 120—-t 4’
Given that S = 6 when £ = 0,

O=1t<120.

a find S in terms of f,

b calculate the maximum mass of salt that the model predicts will be dissolved in the ligquid at
any one time during the process.

Solution:
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i deae ~2In(120 - ) = In(120 - §? = In L

120 — t (120 ~f
Hence the integrating factor is’\ vang the log law

nloga = loga", with n = -2,

- In e 1
e 1t =1 =g (120=1F —
(120 = t)?
! i 5 o 1 __1 ; ]
Multiply the equation throughout IW{IZD 1 C% (5120 — 1))
! ds 2 : 1 _ds e o T, — =3
L §= =-=(120- 9 SX(-2)120 - 1)
(120 — 2 df (120 - 1" 4(120 — 1)? dt
= =l @0, 2 _g
d R = -2 (120 — 0 dt (120 — 1)°
—(—2)-3(12{:-—t} L .
dt (120 - 82| Ihis product enables you to write the
: : : ) differential equation as a complete
Integrating both sides with respect to f equation.
s 1 [, -2 1 120-07'
— 1Y — [Pk —_ - N AR
o 4f;lzc:r p2ar=-1 2 a
S 1 . : . : 3
- + C» Multiply this equation by (120 — t)-.
(120 =t 4120 -=1) ¢ ol sl .4 }
§=120—1t, C (120 - 12 « Remember to multiply the C by
4 (120 — H2 It is a common error
S=6whentr=0 to obtain € instead of C(120 — t)?
at this stage.

6=30+CX1202=C=—2b=—L

kalia
=

g=120—t (120 —
3 600

b For a maximum value

ds_ 1, 2(120 - 1) _

a3 a0 Y
Sl;? = -ﬁ < 0 = maximum

Maximum value is given by

§=120-45_ (120457 75_75_75_ 43
) 4 600 4 8 ] 8

The maximum mass of salt predicted is 9; kg.

© Pearson Education Ltd 2C
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Exercise A, Question 14

Question:

A fertilized egg initially contains an embryo of mass my,, together with a mass 100, of nutrient,
all of which is available as food for the embryo. At time t the embryvo has mass m and the mass of
nutrient which has been consumed is 5(m — ;).

a Show that, when three-quarters of the nutrient has been consumed, m = 16m,,.

The rate of increase of the mass of the embryo is a constant w multiplied by the product of the
mass of the embryo and the mass of the remaining nutrient.

b Show that o S wm (21my — m).

The egg hatches at time T, when three-quarters of the nutrient has been consumed.

¢ Show that 105 wm, T = In 64.

Solution:

PhysicsAndMathsTutor.com
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a Three quarters of the nutrient isf * 100my, = 75my
At time t, the nutrient consumed is 5(m — m)
Hence

S(m = mg) = 75my
Sm — Smy = 75my = 5m = 80m,

80 ’

m= 5”70 = 16my, as required

b Rate of increase of mass = u X mass X nutrient remaining

%’;’ X m X [100m, — 5(m — my))

d;;’ = pum (100my — Sm + Smy)
= uth (105mg — Sm)
= 5pm (21my — m), as required

dmn

Page2 of 3

The nutrient remaining is
the nutrient consumed,

S(m — my), subtracted from
the original nutrient 100m,,

ar = 5 unt (21my — m) »

This is a separable equation.

=1 4
fﬁ'”"dt_ fm{Zlmn — m) g

Let . =44 B

Separating the variables.

m21my —m) m  21my—m

Multiplying throughout by m(21mg — m)
1 =A(21my — m) + Bm

Lletm=0

1
l=AX2Imy= A= 3mg
Letm = 21my
_ op=_1
1=8xX2lm,=B T

Hence

_ 1 {1 1
S“I_Elmr,/[m +21m;.— m)dm

105umyt = f[l + —]) dm=Inm-Ini2lmyg—m) + C

e 21mg —
When t =0, m=m,

O=Inmy—In20m, + C
C=1In20m, - Inmy=In 23:”" In 20
105pmgt = Inm = In(21my — m) + In20 = lr1

2limg —
From part a, when t=T, m = 16m; \

20 X 1émy

= In 64, as required

105w T = In

) 32[]!?1“)
- [ Smy

© Pearson Education Ltd 2C
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To integrate the right hand side of this
equation, vou must break the expression
up into partial fractions using one of the
methods you learnt in C4.

g M

Initially, the mass of

the embryo is my. This
enables you to find
the particular solution
of the differential
equation. The initial
conditions are often
known in scientific
applications of
mathematics.

20m
Combining the logarithms at

this stage simplifies the next
stage of the calculation. The
form of the simplification is

Ing—Inb+Inc=In%

b
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Exercise A, Question 15

Question:

a Show that the substitution y = wx transtorms the differential equation

dy 3x -4y
dx  4x + 3y ©
into the differential equation
dv_ _3v+8v-3
¥ i 3+ 4 @

b By solving differential equation @, find the general solution of differential equation @.
¢ Given that y = 7 at x = 1, show that the particular solution of differential equation @ can be
written as
(3y —x) (v + 3x) = 200.

Solution:

PhysicsAndMathsTutor.com
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ay=
dy dx
— =XV
. dy dv
oy = =x=+
Substitute y = vx and —= - %d vinto

Differentiating vx as a product,

%[m} g—x"x & ; 1’—{.1 I:'ll—;—i‘ v,
_d _

as A %) =1.

equation @ in the question

dv 3x — 4 _ X3 —4v)

IE“"axum x4 + 3v)

O _3-—dv_ . _3-—4v—4v—-t 3—8y—3°
de 4+ 3v 4 + 3v 4+ 3v
dv _ _3v*+8v -3

e T Sy e D required.

_\_-_-—“_‘_‘_‘_‘_‘_'_‘—\—-__

This is a separable equation and

in part b you solve it by collecting
together the terms in v and dv on
one side of the equation and the
terms in x and dx on the other side.

v+ 4 ,__ L D 1
b,[%w+8v— @ 3 +8v—3 @ f
Hn(3v? + 8y —3) = ~Inx + A
In(3v> + 8v—3)= =2Inx + B
=In%+in£=ln%

"x)
ﬂ}m_

formula you should know. As 6v + 8
is the derivative of 31* + 8v = 3,

ov + 8 =
[5|~+8v— 3d1

In f(x) is a standard

In(3v? + 8v — 3).

Hence

kxxiLEHHMH
W+ gv-3=%
pe;

An arbitrary constant
B can be written as the
logarithm of another
arbitrary constant In C.

o
cCy=xv=v=%

Substituting into the answer to part b

3+ 8yx — 32 =Co

Multiply each term in
the equation by x°.

y=7atx=1
3X49+56-3=C=C=200

Factorising the left hand side of the equation
(3y —x) (y + 3x) = 200, as required.
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Exercise A, Question 16

Question:

a Use the substitution v = y~* to transform the differential equation
dy B
= + 2py =xe™ y° @®
dx

I.'I

into the differential equation

du

- 4xn = —2xe ™, @
dx

b Find the general solution of differential equation @.

¢ Hence obtain the solution of differential equation @ for whichy = 1 atx = (.

Solution:

PhysicsAndMathsTutor.com
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au=y
i _p 5473 x dy | Differentiate both sides
de dx implicitly with respect to x.
Hence
dy _ _Jj di Z:u transform this equation, making
dx 2 dx i the subject of the formula as you
Subsltgtutmg in equation @ in the question rsuaih boss i ibrbe e % in @.
Y du o —x2
T + 2xy=xe "
Divide by y*
1du | 2x -x
—s=+2=xe
2 y?
Asu = i:
1 du _ oo
AT +2xu==xe
Multiply by (—2)
% — dxu = —2x ¢, as required
b The integrating factor of @ is
ol drdx _ -2t

Multiplying @ throughout by e >

il % —drue ¥ = -—we ¥ xe M= 2xe ™
s GO . This integration can be
dg HETI=ae carried out by inspection. As
=y s g - d =3 _ =gl
. . o -4 Zi 1 -3
Multiplying throughout by e* f-‘-‘ e de = —pe .
u=1ie™ +Ce™
¢ Asnu= i,
32
}% =ze* +Ce”
y=latx=0
l=i+C=C=1 : =
° ' As no form of the answer has been specified
11w, 229, in the question, this is an acceptable
5 Il : answer for the particular solution of @.
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Exercise A, Question 17

Question:

Given that 6 satishes the differential equation

d®0 4 446, 59—

de- dt
and that, when t = 0, # = 3 and ‘Lii—? = —6, express #in terms of 1.
Solution:
The auxiliary equation is

m+4m+5=10

mt+ 4m+ 4 = -1

(m+ 2% =-1
m=-—2=*xj
The general solution is If the solutions to the auxiliary equation
N T o g are a = i, you may quote the result that

=8 ApEEF Rela ) the general solution of the differential
t=00=3 equation is e (A cos Bt + Bsin Bt).

3=A

10 - Using sin0 = 0 and cos0 = 1.

%ﬁlf =—2¢ " (Acost + Bsint) + e *(—Asint + Beost)

16
t=0,57 = —¢
at
—6=-2A+B »
B=2A-6=0- { ASA=3

The particular solution is
0=3e “cost

© Pearson Education Ltd 2C
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Exercise A, Question 18

Question:

Given that 3x sin 2x is a particular integral of the differential equation
i—ft + 4y = k cos 2x,
where K is a constant,
a calculate the value of k,
b find the particular solution of the differential equation for which atx = 0, y = 2, and for

ST h = - ':,IT .'=.?!—
which at x Jr,,u >

Solution:
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a y=3xsin2x = & = 3sin 2x + 6x cos 2x
dx Use the product rule
for differentiating.
= = 6c052x + 6¢cos2x — 12xs5in 2x

12¢cos2x — 12xsin2x

o
'éd

g%

Substituting into the differential equation
12cos 2y — 12%s5ir 2% + 12%65Hm2X = Kcos 2x
Hence
k=12
b The auxiliary equation is

m+4=0

m=*3j

The complementary function is given by : ; o :
[ If the solutions to the auxiliary equation are

y=Acos2x + Bsin2x. { m = *ai, you may quote the result that the
l complementary function is A cos ax + Bsin ax.

From a, the general solution is

|

Y = Acos2x + Bsin 2x + 3xsin 2x { Part a of the question gives you that
=0 v=2 3xsin 2x is a particular integral of the
¥ differential equation and general solution =
2=A complementary function + particular integral.
=T y=®
=972
_‘1?3': ;1-:0532-T+ Bsing+ 3% ::fsin "ET
T _ 3w _ T : T s AT
i + Sy — T ! —_— = r _— =
5 B+~=8 1 Use cos 5 0 and sin 5 1.

The particular solution is

y = 2c0s2x — "fsin;ﬂx + 3xsin 2x

© Pearson Education Ltd 2C
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Exercise A, Question 19

Question:

Given that @ + bx is a particular integral of the differential equation
dy  dy :
—= — 4= + 4y = 16 + 4x,
clx x :

a find the values of the constants a and b.

Pagel of 2

b Find the particular solution of this difterential equation for which y = 8 and L_Ll_x =9 atx =0.

Solution:
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ay=a+ !:.r_--%=hand§%-ﬂ
Substituting into the differential equation
0—4b+ 4a + 4hx = 16 + 4x
Equating the coefficients of x
dh=4=b=1

Equating the constant coefficients

—4bh + 4q = 16
—4+4a=16=a=2>5» Use b = 1.
a=5b=1

b The auxiliary equation is
m* —dm+ 4 =0
(m=2¢=0
m = 2, repeated

The complementary function is given by - i
E ) & : If the auxiliary equation has a repeated

y=e"(A+Bx) » root @, then the complementary function
is €™ (A + Bx). You can quote this result.

The general solution is

y=e"(A+Bx)+S5+xe— | general solution = complementary
y=8x=0 function + particular integral.
=A+5=A=3
d.}" 2 4 2x
a=2@ (A+Bx)+Be* + 1
daj’ =9 x=0

9=24+B+1=B=8-24=2+—— Use A=3

The particular solution is
y=e¥B+20)+5+x

© Pearson Education Ltd 2C
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Exercise A, Question 20

Question:

dy dy . GE

— 44—+ 5y=65s5n2x, x=0
dx- dx *

a lind the general solution of the differential equation.
b Show that for large values of x this general solution may be approximated by a sine function
and find this sine function.

Solution:
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a The auxiliary equation is
m+4m+5 =0
m?+ 4m+ 4 = -1
(m+2)F=-1
m=—-2=*j
The complementary function is given by
y=e"™ (Acosx + Bsinx)
For a particular integral, let y = pcos 2x + gsin 2x

‘%: —2psin2x + 2qcos 2x
dz
dT{ = —4pcos 2x — 4¢sin 2x

Substituting into the differential equation

.—\_\_

Page2 of 2

If the right hand side of the
second order differential equation
is a sine or cosine function, then
vou should try a particular integral
of the form pcos ex + gsin ax,
with an appropriate w. Here @ = 2,

—4pcos2x — 4gsin2x — 8psin 2x + 8qcos2x + Spcos2x + Sgsin2x = 65sin 2x

(—4p + 8q + Sp)cos2x + (=49 — 8p + 5q)sin2x =

Equating the coefficients of cos 2x and sin 2x
cos 2x: -4p+8qg+35p=0=p+85=0
sin 2x: 4 —=8p+3g=065=—8Bp+qg==65
8p+ 649 =0

55;}=55urjr=1h._\\I

65 sin 2x
The coefficients of cos 2x
and sin 2x can be equated
@ separately. The coefficient
@ of cos 2x on the right hand
® side of this equation is zero.

Substitute ¢ = 1 into @

Multiply @ by 8 and add the result to @.

p+8=0=p=-8

A particular integral is —8 cos 2x + sin 2x i
The general solution is
y=e H (Acosx + Bsinx) + sin 2x — 8cos 2x
b Asx — o0, e™* — 0 and, hence,
Yy —sin2x — 8cos2x » 5 >
Let

sin2x — 8cos2x = Rsin(2x — a)
= Rsin2xcosa — Rcos2xsina
Equating the coefficients of cos 2x and sin 2x
@
®

1 =Rcosex ...
8=Rsine ...

R*= 65 = R = /65

The graph of e >
against x has this shape.
As x becomes larger ¢ ™
5 Elt}se to zero, SO

e ™ (Acosx + Bsinx) is
also small.

Add @ squared to ® squared and use
the identity cos® a + sin® a = 1.

Rsina _
Reos o

% = tana = 8 ¥ Divide ® by @.

Hence, for large x, y can be approximated by the sine function v65 sin (2x — a), where

tan a = 8 (a = 8§2.9°)
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Exercise A, Question 21

Question:

a Find the general solution of the differential equation

diy dy
—% + 2= + 2y = 2e7,
qa Tear T T

. I . —— . dy
b Find the particular solution of this differential equation for whichy = land - =1att= (0.

Solution:
a The auxiliary equation is
m+2m+2=0

m+2m+1=-1
(m+ 1% =-1

m=-1=i
The complementary function is

y=¢ "(Acost + Bsint)

dt

| equation is A ¢ 7", where A is any

Try a particular integraly = ke™' +
]

dy L Y "

— =—ke, —S=ke™
d R T

Substituting into the differential equation

If the right hand side of the differential

constant, then a possible form of the
particular integral is k " *".

ke '—2ke "'+ 2ke"=2¢e".
k—2k+2k=2=k=2
A particular integral is 2 ¢ '
The general solution is

y=¢"' (Acost + Bsint) + 2 ¢

l=A+2=3A=-1+—

i

Divide throughout by e™'.

7 solution gives you an equation for

Substitute the boundary condition
y =1, t = 0into the general

one arbitrary constant.

Use the product rule for differentiating.

d _ N ~
d:: = —g ' (Acost+ Bsint) + e (=Asint + Bcost) — 2"
ci_y_ - N

o 1,t=0

l=-A+B-2=B=3+A=2

The particular solution is

y=e"(2sint - cost) + 2™

© Pearson Education Ltd 2C
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Exercise A, Question 22

Question:

a Find the general solution of the differential equation

d%x |, ndx

s+ 2—+5x=10
dt- dt
b Given thatx = 1 and % = 1 at t = 0, find the particular solution of the differential equation,
L

giving vour answer in the form x = f(f).

¢ Sketch the curve with equation x = {(f), 0 = t = =, showing the coordinates, as multiples of
of the points where the curve cuts the t-axis.

Solution:
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a The auxiliary equation is

m+2m+5=0-

Page2 of 2

You may use any appropriate method
to solve the quadratic. Completing

nm+2m+1=-4

(m+ 1) = —4
m=-—1=%2i

The general solution is

x=e¢ "(Acos2t + Bsin2h

1=4 / Use the product rule for differentiation.

=—¢"{Acos2t + Bsin2f) + 2 e (—Asin 2t + Beos2t)

Lt=0

gE =l&

l=—A+2B=2B=A+1=2=8B=1

The particular solution is

the square works efficiently when
the coefficient of m is even.

x=-e "(cos2t +sin2f) »

¢ The curve crosses the t-axis where

Both A and B are 1.

e Tcos2t +sin2H) =0 »
cos2t +sin2t =0

sin2t = —cos 2t

e~' can never be zero.

Divide both sides by cos 2t and

tan2t = <1 » :
use the identity tan 8 = sin @
2 = 3T T7 cos B
4" 4
_smimw
t="8"38
X4

'\

© Pearson Education Ltd 2C
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Exercise A, Question 23

Question:

a Find the general solution of the differential equation

Py _dy .,
255+ 75 +3y =30+ 11t

dt
b Find the particular solution of this differential equation for which ¥ = 1 and I‘I = 1 when
L
t=10.

¢ For this particular solution, calculate the value of y when t = 1.

Solution:
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a The auxiliary equation is
2mE+Tm+3=0
(Zm+ 1) (m+3)=0

i =7

=3

B —

Page2 of 2

The complementary function is given by

If the auxiliary equation has two real
solutions e and 3, the complementary

y=Ae ¥ +Be M

For a particular integral, try y = at® + bt + ¢
v

function isy = A e* + B e, You can
quote this result.

dy
dt

Substitute into the differential equation

2at + b, (—é:; = 2a

4a + 1dat + 7b + 3at? + 3bt + 3¢ = 32 + 11t
3at + (14a+ 3Dt + 4a+ 7b + 3c= 36 + 11t

If the right hand side of the differential
equation is a polynomial of degree n,
then you can try a particular integral
of the same degree. Here the right
hand side is a quadratic, so you try the
general quadratic at® + bt + ¢.

Equating the coefficients of *
3a=3=a=1

Equating the coefficients of t

R

=}

14a+3b=11=3b=11—14a=-3=5h

Usea=1.

Equating the constant coefhicients

Usea=1land b= -1.

A particular integral is ¢ — t + 1.

The general solutionisy = Ae ™ + Be " + £ -t + 1.
by=1t=0
1=A+B+1=A+B=0 @
dy _ lde ¥ _3pe Iy b1 Differentiate the general solution
dt 2 in part a with respect to t.
B a e
= =Lt=0
l=—3A-3B-1=;A+3B=-2 @
A+6B=-4 @
e g K\\NMMNNBMme
] 3

then subtract @ from &,

Substituting B = —1 into ®

4 = — i
A-i=0=4=1

The particular solution isy = ¥ (e — 73] + 2 -

¢ Whent=1,y= :ﬂ;[e'-" —e3) +1=145(3sf)

© Pearson Education Ltd 2C
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Exercise A, Question 24

Question:

a Find the value of A for which Axcos 3x is a particular integral of the differential equation

dy
—— 4+ Oy = —12sin3x
da?

b Hence find the general solution of this differential equation.

- i i . T . - : dy
'he particular solution of the differential equation for which y = 1 and h
L

=2atx=0,is
Y = glx).

¢ Find g(x).

d Sketch the graphofy = gix), 0 =sx = m.

Solution:
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“ I'Et*; ~ Avcos iy | Use the product rule for differentiation
& _ Xcos3x — 3Axsi | d (s =9 s d
d;"‘ Acos3x — 3Axsin3x . | 4 (xsin3x) = T (x)sin3x +x : oo (sin 3x)
sxj’ = —3Asin3x - 3Asin3x — 9Axcos3x | =S + Aeeds

= —6Asin 3x — 9Ax cos 3x

Substituting into the differential equation

—6Asin 3x — 2Aee0s3X + 9Axeos 3T = —12sin3x
Hence

A=2

b The auxiliary equation is
m+9=0=m=-9
m= t3j

The complementary function is given by

¥ =Acos3x + Bsin 3x

The general solution is . . .
. . ‘ Part a shows that 2x cos 3x is a particular integral
¥y = Acos3x + Bsin3x + Zxcos3x of the differential equation and general solution

= complementary function + particular integral

cy=1x=0
=4
P _ —3Asin3x + 3Bcos3x + 2cos3x — 6xsin 3x «— Differentiate the general solution
[lex in part b with respect to x.
==2,%=0
2=38+2=B=0

The particular solution is
y =cos3x + 2xcos3x = (1 + 2x) cos 3x

d Forx = 0, the curve crosses the y-axis at cos3x =0

w 3T ST,

T W s T W00
- R

3x = =7 7 5
u 67 6

*1 The boundary conditions give you that

atx =0,y =1 and the curve has a
positive gradient. The curve must then
turn down and cross the axis at the

1 .
3 - = s poinits whete & = T T sird 3F,
1 F\E\/E = - three points where & 7 and 2=

he (1 + 2x) factor in the general
solution means that the size of the
oscillations increases as x increases.

© Pearson Education Ltd 2C
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Exercise A, Question 25

Question:
dy  dy ; :
;F - ﬁ&'? + 9% =4et 1 =0
dr?

a Show that Kt?e* is a particular integral of the differential equation, where K is a constant to be
found.

b Find the general solution of the differential equation.
Given that a particular solution satisfies

j d
y = 3and T‘f = 1whent=0,

¢ find this solution.

Another particular solution which satisfies

; dy ; ;
y = 3 and o I when t =0, has equation y = (1 = 3t + 2t°)e
p at . ]

d For this particular solution, draw a sketch graph of y against , showing where the graph
crosses the t-axis. Determine also the coordinates of the minimum point on the sketch graph.

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Page2 of 3

a lfy= Kt e

d
¥ — oKt e* + 3KE o™
dt
d? ; .
—3 = 2Ke™ + 6Kt e + 6Kt e + 9KE "
o At .
el i 2 e cannot be zero,
=2Ke" + 12Kt e + 9Kte e SO YOu can divide
Substituting into the differential equation f throughout by e,
2K ' + 12Kt + 9K ~ 12Kt€7 — 18K’ + OKte! = 4 ¢*
Hence
2K=4=K=2

2t% ¢ is a particular integral of the differential equation.

b The auxiliary equation is
m>—6m+9=0
(m—3%=0

m = 3, repeated

The complementary function is given by i i ; o
f 4 5 y If the auxiliary equation has a repeated
y=e¢"(A+Bl -~ root a, then the complementary function
The general solution is is e (A + Bt). You can quote this result,

y=¢"(A+ Bt + 2" = (A + Bt + 22 "

cy=31t=0
i=A
j—":} = (B + 4t) e’ + 3(A + Bt + 28%) e
d_JJ:IFI:G JJ‘.S.'.I:R.

1=B+3A=8B=1-34=8=-8
The particular solution is
y=(3—8t+ 22"

PhysicsAndMathsTutor.com
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d This particular solution crosses the t-axis where
1 =3+ 28=1-2001-9=0

t=3, 1

1
il

88

d
For a minimum a%. =1

Page3 of 3

e” cannot be zero, so you

(=3 +4bed+ (1 =3t+283e¥ =0 »
-3+ 4t+3-9t+6P=
6 —5t=t(6I—5=0=1t=0,2

'
From the digram t = Egives the minimum

Att=23

o

y=(1-3x2+2x%(3))e'=-te
The coordinates of the minumum point are
[ & 1

i3 _at';]-

© Pearson Education Ltd 2C
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It is clear from the diagram that
there is a minimum point between

t= é and t = 1. You do not have
to consider the second derivative
to show that it is a minimum.
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Question:

a Find the general solution of the differential equation

dix | cdx
==+ 5=+ 2x =2t +¢
2:;1!‘2 St 2e=2t+9
b Find the particular solution of this differential equation for which x = 3 and _tittt = -1 when

t=0.
The particular solution in part b is used to model the motion of the particle P on the x-axis.

At time t seconds (t = 0), £ is x metres from the origin O.

¢ Show that the minimum distance between O and P is ;l::'x + In 2)m and justify that the
distance is a minimum.

Solution:

a The auxiliary equation is
2mi+s5m+2=0
2m+ 1)yim+2)=0

m=-1 -2 If the auxiliary equation has
< e two real solutions « and 3,
The complementary function is given by - ——_ the complementary function

- isx =Ae™+ BeP. Youcan
quote this result.

_I —
x=Ae 4+ Be Y —

For a particular integral, tryx = pt + g

If the right hand side of

% = p, E% =0 the differential equation is
a polynomial of degree n,
Substituting into the differential equation then you can try a particular
integral of the same degree.
0+5p+2pt+2q=2t+9 Here the right hand side is

linear, so you try the general

Equating the coefficients of t . :
I 5 linear function pt + q.

2p=2=p=1
Equating the constant coefficients
9 - 5p
Sp+2g=9=¢q= _Z_I =2
A particular integral is t + 2
The general solution is

x=Ae#+Bed+t+2

PhysicsAndMathsTutor.com
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bx=3t=0
3=A+B+2=A+B=1 ®
dx _ -1a e ¥ —2Be Y41, Diffe;ent}ating the general
dt é solution in part a.
dx = - —
T i 1,t=0

-1=-3A-2B+1=3A+2B=2 @

A+ii=¢ @ Multiplying @ by 2 and
iB=3=RB=1 subtracting @ from ®.

Substituting B = 1 into @

A+1=1=2A4=0
The particular solution is

x=eH4+t+2

¢ For a minimum

dt
a2 =1 You take logarithms of both sides of
. this equation and use "™ = f(x).
-2t=1Ini=-In2 .x
t=3In2 Inj=In1-In2=-In2,asln1=0.
2z

% = 4 ¢ > (, for any real t

Hence the stationary value is a minimum value
I- =Ir = Ir N

Whent=§In2 EI1Z=EI=1I I1Z=e|l'l__El

—ein2 1 =141 . |
x=e talnd+2d=s+slnd+Z=2+21n2
The minimum distance is 1 (5 + In2)m, as required.
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Exercise A, Question 27

Question:

Given that x = At e ' satisfies the differential equation
% 4 odE 4 o= ot
dt? dt
a find the value of A,
b Hence find the solution of the differential equation for whichx = 1 and tdl: =Qatt=0,.
¢ Use your solution to prove that for t =0, x = 1.

Solution:
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alfx=Are™!

0% _sAte™t — AR e

dt
Qe =24e™ - 24te™ — 24te™ + AL €™
=2Ae —dAte” +Ar e ¢ ' cannot be zero, 50 you
Substituting into the differential equation can divide throughout by ¢ .
24 €7 — 4AbET + AReT + 4Are - IAfeT + Atel = ¢
Hence
2A4=1A=1

b The auxiliary equation is

m+2m+1=(m+12=0

m = —1, repeated
l"he CDmpIE‘mEHtal‘}f len{.‘liﬂn is ngE'n l’]}’ If the auxijiar}: .@quaﬁun has
x=et(A+Bl o a repeated root 'af, thep lh.e
complementary function is
The general solution is e™ (A + Bt). You can quote this result.
x=e'(A+Bf)+it2e " = (A + Bt + L2)e™"
. ) From parta, 2t?e 'isa
x=1t=0 '\\_ - P 2 :
particular integral of the
1=4 differential equation.
é%' =(B+te’ = (A+Bt+ e
dx
= =0,t=0
di

0=B-A=B=A=1

The particular solution is

x=(1+t+1t2e
- A

dx: -t L g2\ imt
mmaing - — + +_
C at (1+te (141 stte L

= -1t e =< 0, for all real t.

When t = 0, x = 1 and x has a negative gradient I \
for all positive t, x is a decreasing function »— -

of t. Hence, for t = 0, x = 1, as required. '

The graph of x against f, shows
the curve crossing the x-axis at
x = 1 and then decreasing. For
all positive t, x is less than 1.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 3

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 28

Question:

Given that y = kx is a particular solution of the differential equation
d?y
—= + ¥y = 3x,
det '

a find the value of the constant k.

b Find the most general solution of this differential equation for whichy = O atx = 0.

¢ Prove that all curves given by this solution pass through the point (#, 37) and that they all
m

have equal gradients when x = 5

d Find the particular solution of the differential equation for whichy =0atx =0 and atx = %T

e Show that a minimum value of the solution in part d is
. 2\ 3 ———
3 arccos (2] - 372 - 4)
VT 2
Solution:

PhysicsAndMathsTutor.com
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- dy _ dy _
ay=ke= m_—k— Ei_ﬂ
Substituting into qu +y=3
. 52 2=
0+ kx =3x

k=23
b The auxiliary equation is
m+1=0=>m= =i
The complementary function is given by
y = Asinx + Bcosx
and the general solution is
y = Asinx + Bcosx + 3x
y=0x=0
0=B+0=B=0
The most general solution is
y=Asinx +3x ——

c Atx=nw
y=Asinw+ 37 =37
This is independent of the value of A.
Hence, all curves given by the solution in
part a pass through (m, 3m).

EIJ = Acosx + 3

dx

Al =2
At x 7

dy . 7 1
ﬁ-ﬂt_m.i-+3—j

This is independent of the value of A.
Hence, all curves given by the solution in

part a have an equal gradient of 3 atx = %-

dy=)x=

ST

PhysicsAndMathsTutor.com
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—

In part b, only one condition is given,
so only one of the arbitrary constants
can be found. The solution is a family
of functions, some of which are
illustrated in the diagram below.

As is illustrated by this diagram, the family of
curves ¥ = Asinx + 3x all go through (0, 0)
and (m, 37). The tangent to the curves at

=T

X = 5 are all parallel to each other.
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Substituting into y = Asinx + 3x

— ‘LE 3_1]-: 3_1'?_"=_3_TI
D—Asmz 3 A+2_,»A 5

The particular solution is
3.

y=3x—75inx

e Fora minimum

dy . 3#7_. . _
e T{.osx =1
COs X = g = X = arccos (g]
W ST,
dy 37 "

== =23in Lo
dyz 2 " H““‘EH cos X = = has an infinite number of
s T
solutions. This shows that the solution

In the interval 0 = x < 2, : - : N
2 in the first quadrant gives a minimum
as sinx is positive in that quadrant.

dz-y} 0 = minimum
dx? -

=4
pl
g

sinx = 1 —c052x=1-iz=
m

In the interval 0 = x = ;

sinx = +|

e — 4] 2o ‘.m
2 by

. —
3 arccos{%} - 3?'” X %

y

=3 arccos{%} - %x":ﬂ-2 — 4, as required.

© Pearson Education Ltd 2C
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Exercise A, Question 29

Question:

a Show that the transformation y = xv transforms the equation

e +['?+‘Jx-y—r

Q)

@

b Solve the differential equation @ to find v as a function of x.

¢ Hence state the general solution of the differential equation @).

Use the product rule for differentiation

) Xv+xx8=
da

dv
x Pty
dx

Solution:
a y=xv
j; =y + :cﬂ; .f-*‘”'f____f__- f_x.[x"'] fx
G- Bragt-afeal
Substituting for S‘; and ET:% into @
x| ;{11 . S; - Zx\v +xd—‘| + (2 + 9%y = x°

il x?!. as

;r/-‘l-‘:+2xk+911—x

required

PhysicsAndMathsTutor.com
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b The auxiliary equation is
m*+9=0=m

m

-9

+3]

The complementary function is given by
v=Acos3x + Bsin 3x

For a particular integral, try v = px? + gx + r

2y

B i o
fdxz

o 2px +

= 2.{}
Substituting into @
2p + 9px? + 9qx + 9r = x?
Equating coefficients of x?
YP=1=p=3

Equating coefficients of x

Page2 of 2

If the right hand side of the differential
equation is a polynomial of degree n,
then you can try a particular integral
of the same degree. Here the right
hand side is a quadratic 2%, so you try a
general quadratic px® + gx + 1.

99=0=4=0

: . Asp= %

Equating constant cnefﬁmen.tj//’
4 = 4 = = — g " = i

2p+9r=0=9r 2p 5=1 §i

e : sl 2
A particular integral is gx° — & -
A general solution of @) is y=Ew=v=zs

v=Acos3x + Bsin3x + ja% — H%
e The question does not ask for a particular

¢ ¥ = Acos3x + Bsin3x + 5x2 — EET . form of the answer in part ¢, so this would

* _ o | 5 be an acceptable answer.
¥y =Axcos3x + Bxsin3x + gx* — =x

© Pearson Education Ltd 2C
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Exercise A, Question 30

Question:

Given that x = IE, x>0, =0, and that v is a function of x,

. ay dy
a find o in terms of & and ¢,
dx dt

2 2

v dy
Y Y
t . dt’

dy
Assuming that T2 4t

b show that the substitution x = I-:‘, transforms the differential equation

dy ])dv 5 i
=4 |6x — = |25 — 16xYy = 4x?e™
dx? l: Ty ax ) s @
into the differential equation
d’ dy dy
+ 3= = e¥
de? dt =
¢ Hence find the general solution of @) giving ¥ in terms of x.
Solution:
I« - O 1
= 1= l__ = =i — LY
OFETE@G T T
di _ -
UsL -
de 1 Ty dr
| p— ey 1
2tz *
1 / ! i
dy _dy,odt _dvy o ond

. . dy
You obtain an expression for _’r:i using
LS

the chain rule.

b Huliﬁtitutingx = t-, the result of part a and the

d- Y, Ay
give d. Te ZE into ) _ . _
. {5r—l]2rr=ﬁr'~x2t~—2—{'= 12t — 2
d=y dy /. 11, dy , . \ (i £
iR 0 Thes M I ¥ o - = 4 pd
ez + 25 thr = |2t: =5 — 16ty = 4te
_} l z{— Lt—- - zéz- 16ty = 4t e
4:{_3 + 12:51:3' — 16ty = 4te? ——— Divide throughout by 4t.
de dt ¥
d’y dy
LR s + — = A r &
T ’;L” 4y = e*, as required

PhysicsAndMathsTutor.com
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¢ The auxiliary equation is
m+3m—4=m-1m+4) =0
m=1, -4

The complementary function is

y=Ae' + Be™* .
If the right hand side of the equation
is e*, you can try ke* as a particular
integral. This will work unless a is a

For a particular integral try, y = ke*

' 2
W _ ogerr, Y - gyen

dt * di2 solution of the auxiliary equation.
o d?y dy
Substituting into i + 3E — 4y = ¥
LT 4 Glol = AP = o | As e’ cannot be zero, you can divide
throughout by e*.
6k=1=k= %

A particular integral is éezr

The general solution of the differential equation
inyandtis

y=Ae' + Be ¥ + le
x=t=t=x?
The general solution of Q) is

_ -2 = da? 1 2%
y=Ae +Be™™ +ze¥

© Pearson Education Ltd 2C
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Exercise A, Question 31

Question:

A scientist is modelling the amount of a chemical in the human bloodstream. The amount x of
the chemical, measured in mgl~', at time f hours satisfies the differential equation

i.t o | dx

x2 = 3xt -
X dt | fy,

a Show that the substitution y = 1 transforms this differential equation into
x

d?y
P L
de: ¢ ©

b Find the general solution of differential equation Q).

Given that at timef=0,x = 1 and L:'} = (),

¢ find an expression for x in terms of {,

d write down the maximum value of x as { varies.

Solution:

PhysicsAndMathsTutor.com
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Fo=K2

Page2 of 3

Differentiating implicitly with respect to et T
A
aF - ¥ a
Differentiating again implicitly with respect to .
dy _ __gdx\® . d%
@ oG g @

Dividing the differential equation given in the
question by —x*, it becomes

-3l

afdx\ _ s
[j[z + 6Xx 4[35 =—x"<+ 3

Using equation @ andy = x~*

Yy ,
=
g Yt
2
:—g + y = 3, as required

The auxiliary equation is
m*+1=0=m= =i

The complementary function is given by
y=Acost + Bsint

This expression is closely related

to the left hand side of the original
differential equation in the question.
This suggests to you that if you
divide the original equation by —x*,
then the left hand side can just be

replaced by

7T

dr?

By inspection, a particular integral of @ is 3 »
The general solution of @) is
y=Acost+ Bsinft+ 3
¢ The general solution of the differential equation
inxandtis

=Acost+ Bsint+ 3

@

X

Whena‘={},x=%
4d=A+3=2A=1

Differentiating @ implicitly with respect to t

As L(3) = 0,y = 3 satisfes
&y T .
T + ¥ = 3, by inspection and

you need not write down any
working.

_2dx_
o dl

—Asint + Bcost » d

dt

Use the chain rule

(x~%) =

‘-_1{_-;-3]. w dy _ _

sy
dx dt %

W _pn

W =0 x=1;
hent=0,x zmdd;

0=8

PhysicsAndMathsTutor.com
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The particular solution is

iz=cosr+.'_!

Asx=>0,1t=0

o 1 o As x and t are both positive, the negative

J(cost + 3) square root need not be considered.

d The maximum value of x is

| 1 The maximum value of this fraction is when
——————— the denominator has its least value. The
VELH3) V2 1 smallest possible value of cost is —1. So you
can write down the maximum value without
using calculus.

© Pearson Education Ltd 2C
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Exercise A, Question 32

Question:

Given that x = Int, t = 0, and that ¥ is a function of x,
fnd in ¢ D nd
a hna-—in térms of — anda f,
dx dt

dy dy
1 =
dt? dt

d2y
b show that —
(8 R LI;[’-

¢ Show that the substitution x = In# transforms the differential equation

dy dy g

—= — (1 — 6e*)—— + 10ye~ = 5e“ sin 2¢*

(Le? dx * @
into the differential equation

d*y dy

—= 4+ 66—+ 10y = 5sin2{

dt= dt : @

d Hence find the general solution of @), giving your answer in the form y = f(x).

Solution:

PhysicsAndMathsTutor.com
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cinpodr 1 dt_ i
a x Inr?dtpfbd.x—r dx%
dy_ d d_ Yot
de dr dt
j_i ;LH It is a common error to proceed from {T:: - ici};
dy dy d¥
. }_1_}’__(@) r.itx ﬂ[d.ﬁ] | to EE "'Ei"f+rd 5. This is incorrect because the
de?  dvlde/ de dfidx left hand side has been differentiated with
41 dy respect to x and the right hand side with respect
= tm(td—f to 1. The version of the chain rule given here
must be used.
dy ::l"’-y)
=t —_ 4
I( dt  de?
= {2 j;jf + i:y as required
dy _ d:f
¢ Substituting x = Int, - e and
dy _ ,d%  dy _
7 el i t— into @ et = """ = 2 using the log rule
@ 4 4 l ] nlna = Ina" and e™" = (),
= ‘-T _‘y ;y e = 2ein?
t? ar + rdr 1= ﬁ[]td % 1[]}! Sf-sin 2t

. Bica After cancelling, divide
KIZ /ﬁ!"- e + R throughout by .

dtv
de? d

= 5sin 2t, as required

PhysicsAndMathsTutor.com
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d The auxiliary equation of (1) is

m* + 6m+ 10 =0
e+ 6m+9=-1
(m+ 3)* = -1
m+ 3= =i
m=-=3=xi

The complementary function is given by
y=e ¥ (Acost + Bsint)

For a particular integral try y = psin 2t + gcos 2t

dy B ;

i 2pcos 2t — 2qsin 2t
4y —4psin 2t — 4gcos 2t
g~ 1

Substituting into (@)

Page3 of 3

‘\

If the right hand side of the
second order differential
equation is a ksinnt or kcosnt
function, then you should try a
particular integral of the form
peosnt + gsinnt.

—4psin 2t — 4gcos2t + 12pcos2t — 12gsin 2t + 10psin 2t + 10gcos 2t = Ssin 2t
(—4p — 12 + 10p)sin 2t + (—4qg + 12p + 10g)cos 2t = 5sin 2t

(6p — 12g)sin 2t + (12p + 64)cos 2t = Ssin 2t
Equating the coefficients of sin 2t

f}P—IZL]':S @

12p+ 6 =0 @

You can solve the simultaneous
equations by any appropriate method.

From@ p= —%1] =-1g
Substitute into @)

—-3g-12q=-15q=5=q=—3

A i Lo e 1 | e |
Hence p=—-sq=—sX—z=2
The general solution of () is

y=eM(Acost + Bsint) + f_l
x=Int=t=e'

The general solution of (@) is

y= e % (A cos(e¥) + Bsin(e®)) + Fl;SiI'lI{Z et) — _%L‘D:-;[ZE“"}

© Pearson Education Ltd 2C
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Exercise A, Question 33

Question:

Given that x is so small that terms in x! and higher powers of x may be neglected, show that
11sinx — 6¢cosx + 5= A + Bx + Cx?,

stating the values of the constants A, B and C.

Solution:
AP TR < e = .
acosx=1-—-%+"— — T'he series of cosx and
2l 4 —
: d ——— sinx are both given in
=] = .5 neglecting terms in x* and higher powers the fomiukie Dogkand
5 €6 & s EHER] ' may be quoted without
& | proof, unless the question
sinx = x — '% - il' = — specifically asks for a proof.

= x, neglecting terms in x* and higher powers

; 54
. - =1
11sinx = 6cosx +5=1lx=-6{1 - '; | +35 You substitute the abbreviated series
1 into the expression and collect
=1lx=6+3x2+ 5 together terms.

-1+ 11x + 322

A=-1,B=11,C=3

© Pearson Education Ltd 2C
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Exercise A, Question 34

Question:

Show that forx = 1,

. __1':1-1
In(x*—x + 1) + In(x + I}—Elnx=—‘—i+.,. +[—_’+
A (il

Solution:

You collect together the three terms of the
alHS=Inx*-x+ 1) +Inx+1)-3Inx left hand side (LHS) of the expression into
a single logarithm using all three log rules;

logx + log vy = logxy

el Ay ey o )
- In‘ltx{ ]| = |ﬂ|L1 + x—;|-— logx — logy = hig[.‘%f:l.

=In[x?—x+ 1}x + 1)] — Inx®

— and nl = logx".
= and nlogx = logx
-\-\_\-\_—_\-_\_‘-\—\_
—\_—-‘_\—\_,_\_\__\-\_\_\-‘-\_\-\_\_- , : :
— x-x+1x+1l)=x+xt—-22-x+x+1
=x*+1

Suhstituting% for x and n for rin the series

2 = + 1 p z ; f r
nd+x)=x-%+%54 4! 2 o This series is given in the formulae
2 3 r booklet. 1t is valid for =1 <x = 1
1 1 (—1y 1" and, if x > l,l!wnf}c:is{fs{}
LHS == — — + ...+ ~————+ ..., as required o ) X )
% 2x° nx: the series is valid for this question.

(=1t =(=1)""LIf nis odd,
—— both sides are 1. If i is even,
both sides are —1.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 35

Question:

Given that x is so small that terms in x* and higher powers of x may be neglected, find the values
of the constants A, B, C and D for which

e ¥ eosSx=A + Bx + Cx2 + Dx3,

Solution:
Substituting —Zx for x in the formula
- [=&x)=~ . A—=Zi) 1
f e ] =) 4 { 5 T3 ) o e=1+x+2 5 ,];r + ... and ignoring
4 terms in x* and higher powers.
= | —2r+2x-’—§x-‘+
i (FII]'E ‘ ' 3 a T H = —_ '.1._1
cosSx=1- i Fones® Substituting 5x for x in the formula cosx = 1 57 e
' and ignoring terms in x* and higher powers.
2 252
=1 - TI s
Iy - | 9 1 [ 2 2 | . 3
e S CosSt = |1 —&x + 2% = %x S e :|| = “?sx- + i | When multiplying out the
' : ' ; brackets, you discard terms
a 254 " 5 4 in x* and higher powers. For
=1- i 2x + 23x% + 2x" = gL example, multiplying 2x? by

251 gives —25x* and you

1 - 2.1+|:— +2lx + |25~ %|x’+
1us.t ignore his term.

|—|

x4+ L.

4
e
|

e o
—]21:21:

A=LB=-2, =~

tqlﬂ
=
o]

© Pearson Education Ltd 2C
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Exercise A, Question 36

Question:

a Find the first four terms of the expansion, in ascending powers of x, of
(2x +3)7", |x| <3

b Hence, or otherwise, find the first four non-zero terms of the expansion, in ascending powers
of x, of

Solution:

Part a is a binomial series
211 with a rational index. This is
Ti' | in the C3 specification. The
. _ | FP2 specification prerequisites
_ l[ = 2x (=1)(=2) {2_-“-‘]} i o 1)(=2)(=3) (2;1‘)" i ) states ‘A knowledge of
3 3 21 13/ 3.2.1 31 1 | the specifications for C1,
€2, C3, C4 and FP1, their

a(2x+3)'= 3"['1 +

= %[ 1 - %x + %x’ - %x-‘ $eiin] prerequisites, preambles
: ' and associated formulae is
S S 4 .2 8 .3 assumed and may be tested.’
=3 5%t R te — In part b, this series is
/ combined with a series in the
. o FP2 specification.
;'2%" = sin2x(3 + 20—

When multiplying out the
brackets, you discard terms
in x* and higher powers.

2 4. ., Boa 160  4.g.8 .4 For ex le ltinlvi
=Sy — Sl Bogd L S Mad  Taedy hoaed L or example, multiplving
iJc gr 2?1‘ H].11: 91 z?x | I 5

= .i.r-* by e gives — 16,5
=2y Sp2y (8w 8- 16)0 g 7 81
3 9 \27  9F 27 81/ and you ignore this term.
2 4 Aoy B i
=2y — Za? — Zqd 4 Zgh 4
P oeE T Y T

© Pearson Education Ltd 2C
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Exercise A, Question 37

Question:

a By using the power series expansion for cos x and the power series expansion for In(1 + x),
find the series expansion for In(cos x) in ascending powers of x up to and including the term
in x*,

b Hence, or otherwise, obtain the first two non-zero terms in the series expansion for In(sec x) in
ascending powers of x.

Solution:

_ x* , xt
amsx—l—2—1+$—

_ (X, xt
—]““l“‘j—““ggj @, .

. £ £ o .
T The expression — -2—1 +':% is used to
replace the x in the standard series

for In(1 + x).

neglecting terms above x*

In(1 +_;: =:r—3‘f+...
nf ] b
Using the expansion (@)
| =In|1+[- + x
n(cosx) = nl: |I 54, ] : =
. 1 a2, x4\ x| xf x8
i \ - 2 ¥ —— | s = — R St i,
=(-% f*J_ & T8 AN 7Y B TS 10
7 " 24) "2\ 24/
g 4 . but, as the expansion is only required
=%+ ;'4 - ; + .. up to the term in x*, you only need
S the first of the three terms.
-
2 12
T O B e :
R T —— Img[;{ | = loga — logb and the fact
Using the result to part a thatIn1 = 0.
[ 2 4 -2 4
lifseeR) == = - )= 4L 4,
(sec x) | 7 13 | =57+

© Pearson Education Ltd 2C
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Exercise A, Question 38

Question:

a Find the Taylor expansion of cos 2x in ascending powers of (x — ki)

4 /upto and including the

o 9T
term in (X — _i-; ;

b Use your answer to part a to obtain an estimate of cos 2, giving your answer to 6 decimal

places.

Solution:

PhysicsAndMathsTutor.com
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o (AN T _
a Let f(x) = cos2x [{I) = cos5 =0 Taylor’s and Maclaurin’s series
_ need repeated differentiation
f'{x) = —2sin2x E[-g) = —2sin= = -2 and substitution. You need to
display these in a systematic
ST W T _ g T form, both to help vou
Fiee) =-—4cos2x f (1] ==dmie =0 substitute correctly and to show
- & your working clearly so that the
f"(x) = 8sin 2x f“"h] = Bsmi =8 examiner can award you marks.
{ivi - . v Ty = 05 =
f"i{x) = 16cos 2x fli [4 ) 16 cos 5 0 ") and £(x) are symbols
s e Bl T A M s which can be used for the
) dosmn e f ( 4 } aasin 2 Z fourth and fifth derivatives of
fix) respectively.
— )2 _ 3 — gy A
fix) = fla) + (x — a)f’(a) + ( 3 ) f"(e1) + il 3]‘” f""(a) + %f‘“":m + (x 51‘” f¥Ya) + ...
. m_); form of Taylor's series
_ : =] B! for this question. It is
VT U ) \* "3 L, q
coma = [I 1_] X{=a) * 6 X8+ 120 X(=32) + ... given in the formula
\ booklet.
=Bl =T + 3p TV - A, -2V
=-2s—g) +3lr—g) ~mslr—g) -
All of the even derivatives are
b Letx = 1, thenx — 7 = 0.2146.... zero atx = 7.
Substituting into the result of part a
4 4 . Work out x — gon your
: = y 4 3% ; 5
cos2 = —-2(0.2146...) + 3[{}.214{:-...‘: ]5{[].2146...} s TR calculator and then

~ —0.416147 (6 d.p.)

use the ANS button to
complete the calculation.

is correct to 6 decimal places.

This is a very accurate estimate and

© Pearson Education Ltd 2C
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Exercise A, Question 39

Question:

a Find the Taylor expansion of In{sin x} in ascending powers of ['.r =

i d

Ty,

6

b Use your answer to part a to obtain
places.

term in {.r -

Solution:

a Let f(x) = In(sinx) f[g)
) = EO8 % _ . of T
fh:) = ‘}II'EI cotx f Lf‘]J
f"(x) = —cosecx r"[g]
["'(x) = 2 cosec’xcotx r"'

\

fx) = fla) + (x — a)f'(a) T f

N

In(sinx) and g = =

Substituting f(x) =

kL

5 ) up to and including the

an estimate of In(sin 0.5), giving your answer to 6 decimal

= n§=—11‘|2
=CUtF=‘\-'§
° cosecT=_1_-1_5
SO 6 qn® 1
= —4 — sin & 3

Pagel of 1

J—szzx 3=8/3

Using the chain rule,

Ec (—cosectx) = —2 cosec 1: « E(ﬂs(‘t x)

=2 cosecx X —cosecxcolx

(a) R f’”[ i +.

This is the appropriate form of Taylor's
series for this question. It is given in the
formula booklet.

[§]
3 —— (o T oy Lp. _ W\E oy e | P A
In(sinx) = =In2 + (x —) %3 +§(tx E) X (—4) Ak E.] X 83 + ...
g _—.__1_1- - 4 _1_1- \?l. 1_1-..!+
= —=In2 + »:I[l.l (:-) Zi:c 7 7| ﬁ} .
Work out x — gcm vour calculator
b Letx = 0.5, thenx — —_— and then use the ANS button to

Substituting into the result of part a
In(sin().5) =

= —0.735166 (6 d.p.)

© Pearson Education Ltd 2C
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6 = —0.0235987 ..

—In2 + V3(=0.023 598 ...

complete the calculation.

)= 2(=0.023598 ... + -hT;[ —0,023598 ...)% +
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Exercise A, Question 40

Question:

Given thaty = tan x,
dy d’ dly

a hnd —, — and —.
dx’ da? da?

b Find the Taylor series expansion of tan x in ascending powers of (x — 1) upto and including

the term in (x — T|’
12 Term in |..l 4 ]
¢ Hence show that
o B oy W W T
tan 76 =1+ 16 * 200 * 3000
Solution:

PhysicsAndMathsTutor.com
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&y =tanx Using the chain rule for
E o I differentiation.
dx
7y d
o i 25{-:::::&{&&:{:3:] = 2secx X secxtanx
= 2sec’xtanx
Using the product rule for
& &y _ = tanx 51-{2 sectx) + 2sec’x —m{tanxj ——— differentiation EI[uluj = pdu ud—"
dx? dx dx dx Ve dx
i = 2 —
= B pEt R TS + T6aed % with n = 2sec’x and v = tanx.

b lLety = f(x) = tanx
Yy wo_
T{E) = tanz =1
Using the results in part a

i 4'11 =sec? T = (VZ)2 =2

secT=yZandtan T = 1

=2X%X(V22Xx1=4 3

= 2 T
["(x) = 2sec 41:an‘4

i

e T 2 '.r'?l' 2 4T
f[,_;] 4 sec 4t 4+ 5eC 3

=4(VZ2 X 12+ 2(V2)*=8+8=16

This is the first four

- — { La &) #
flx) = fla) + (x — a)f'(a) + il f"(a) + Sl fay + % | terms of Taylor's
2! 3! series.

Substituting f(x) = tanxandx = T :
4 x You are expanding

T 1 2 1 i tanx about the
tanx =1+ (2 - ) X2+ 5(x = ) K4+ﬁ[x—1} X 16 + .

2 point x = "f, using

Taylor’s series.

= 1+s-g)ofs- g+ (- 4)
’ 1 4 1 4 20

Substituting into the result in part b

3w _ f_?. T3
tan 74 I+2{20)+2{2UJ 3(20} + i
g Ty WL AP :
=1+ 10 et 500 + 3000 as required

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 41

Question:

d“? d‘#
= B AR =
(1 =%%) =5 d 2y

d
Atx =0,y = 2;1m|;TIF = =1,
¥ dx

2 . ';!.1 ]
a Find the value of ——'1—}{ atx = 0.
da

b Express v as a series in ascending powers of x, up to and including the term in x*.

Solution:
d’y {h' | 114 .
a (1—2x° }E > +2y=0 @ Using the product rule for
differentiation
Differentiate () throughout with l'espec_t_tii______. dcl (V) = v fli; + ”(% with
d2y d*}' dy _d¥%y  ,dy _ 5, _ diy
- L - < +222 =0 wn=1-x*andv=—_—,
i R i e A A dx?
i TG dy 3 d |{] x2) ('1_1"'
Substitutingx = 0, y = 2 and e —1into @ dx | dxz.
'y d’y d \ . d
n+§x+1—n—2 0 = g R () e \
d’y d’y dly
— e = ]. -_— T
At 0, e 1 dxc? (1 —x%) s

b Lety = f(x)
From the data in the question

[0y =2, f(0) = -
At x = 0, @) above becomes
FOy+2x2=0=1{0)= -

And thieresult topart & becomes The formula for Maclaurin’s series is
f(0) = 1 _| given in the formulae booklet. For
| this question, you need the terms up
; inc 1 3 @ i 33
Hl] — “[}]‘ + xf'(0) + -;I I.'M{D' E ;1 frrr{{” to and ”H.].Hd!ng the term in x°.

Al 1
=2 4+xX(-D+Ex(-H+Xx1+..
{ ) 3 { ) 3
=2-x-2¢24 tad g

6

© Pearson Education Ltd 2C
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Exercise A, Question 42

Question:

ly .
(1+ 2x) J=x+ dy=.
dx

a Show that
d’y dy

- =1+24y—-1)= @

(14 2x)
dx? . dx
b Differentiate equation (1) with respect to x to obtain an equation involving
d'y d*y dy |
- x and y.
dx?’ dx®' dx’ '

Given thaty = S atx = 0,

Pagel of 2

¢ find a series solution for y, in ascending powers of x, up to and including the term in x°.

Solution:

PhysicsAndMathsTutor.com
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Page2 of 2

You need to differentiate 4y*
implicitly with respect to x.

—Xﬂl

dy 1=

(4y%) = 8_}'

a {1+2x}:—g=x+4yf- *
Differentiate #* throughout with respect tox d
dx
dy vy _ dy
255t (1+295=1+8y—
l}' dy dy
+ — —_—
(1 ?:r} =1+ 8y s de
_dy :
=1+ 2(4y - ”d;x (@ as required.

b Differentiate @ throughout with respect to x

d’y

LT‘r_'j' sma

d’y d}'
2—=+(1+2x —- + 24y — 1
dx? { } [ (% ]I

Let y = f(x)
From the data in the question

nm=%

1

Atx=0,y= 5 * becomes

When using the product rule for
differentiation

—I[nv} = v@ + [.'E

e i A with

_ _dy
=24y — 1)and, =

2(4y — 1) must be differentiated
implicitly with respect to x. So

Al ty)
ax[.z“ ndx

cly ., d [dy
_ @f L dy
_H(E + 2(4y ”dx-’-'

|

mm=4x%f=

1 dy

Atx =0,y = i 1, @ becomes

; ol .
ff{}J=1+2,[l4x§—1_]><I=3

Atx =0,y = 3, @ becomes

2><3+f”'{m=sx13+2('4><l—])><3

6+ =8+6=1"0)=8
gfﬂ

mrmm+wm+%mm+§mm+m

The formula for Maclaurin's
series is given in the formulae
booklet. For this question,
you need the terms up to and
including the term in x*.

2 3
ywil x><]+‘%x3+'%><8+...
=i 324 4.3
5 +a+5et+3a 4

© Pearson Education Ltd 2C
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Exercise A, Question 43
Question:
dy

Z=yltxy+x,y=latx=0
dx '

a Use the Taylor series method to find y as a series in ascending powers of x, up to and including
the term in x*,

b Use your series to find y at x = 0.1, giving vour answer to 2 decimal places.

Solution:

PhysicsAndMathsTutor.com
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a lety=fix)
From the data in the question

fl0) =

dy
= +xy+x @

¥* has to be differentiated implicitly
Atx =0,y =1, @ becomes by x. So

" dy  d dy
F0)=124+0+0=1 d =2 2
(0) dr(.}'] d},fl‘fl ixxzi‘v’
Differentiate ) throughout by x
ﬁt’ _ 2},% +y+ I?ﬁ)’ +1 @ Using the product rule for
- i iati ) = % ﬂ
. \ differentlatmndximi Vo
Atx=0,y=1, d._i =1, @ becomes withu=xandv=y,
) d _ o AR dy
"0)=2X1%X1+14+0+1=4 s e e et L

Differentiate (2 throughout by x

13 dy\® . d d2y
1—'_}: = 2(—}‘-) + 2y d.:y + - + d_x + X ch{ @ | Using the product rule for differentiation

r_——-\._.___“__‘____ %{uv} = dd.r” + uﬂ with u = 2y and

d%y
Atx=0,y= 1dx 1d2 4, @ becomes Pzg

i =2 X 12+2X1X4+14+14+0=12 p )
' 0
E.{z_,,ﬂx)=_&’2{2 ) _d_(_-?f)

f{x_}=f{ﬂ}+xf'r;ﬂ)+~-~f"{[)]+§1 f(0) + ... e\ Pax) " drde T Var\de
dy 'L'h"): d’y
¥ 5] = ¥ 4 e
y=1+xx1+%ix4+%xrz+... dx” 3 2(.dx, g

1 +x+ 2x% + 22 +

b At .1,

y=1+0.1+ 200172+ 2(0.1)° + .
~1+0.1+0.02+0.002=1.122
y=112(2d.p)

© Pearson Education Ltd 2C
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Exercise A, Question 44

Question:
dy _x+3
“dx y+1

Giventhaty = 1.5atx =0,

a Use the Taylor series method to iind the series solution for y, in ascending powers of x, up to
and including the term in x*.

b Use your result to a to estimate, to 3 decimal places, the value of y atx = 0.1.

Solution:

PhysicsAndMathsTutor.com
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a Rearranging the differential equation in the question

Page2 of 2

The right hand side of the

dy equation in the question
¥+ & =x+3 @+ would be hard to repeatedly
differentiate as a quotient, so
Let y = fix) multiply both sides by y + 1.
From the data in the question
fl0)=1.5
Atx =0,y = 1.5, @ becomes
(L824 15)£1(0) =0+ 3= 1'(0) = 3= 08
Differentiate () throughout by x
dy ) . dy
{ZyHJ(dI P )5 =1 @
dy
Atx=0,y= 1.5, e 0.8, @ becomes
4% 0.8% + (1.5* + L.5) f"(0) = 1 Differentiating (%) by x, using the chain rule
" -4 x0.8°
°(0) = ——=—=—"—=—-0416 .
3473 .g.[[?z)) Yxd (D)2 Px
-
Differentiate (@ throughout by x dr \dx dv " dv \dy e do”
mr)-‘ dy  d2 dy _ d% dy
il - W et = =+ (2 +y) —==0.
z(d.r +(2y+1)2 TR {2.3"+1:'dxxdx3 W y}dx-‘ 0
dy dly
Z(E)+3{2 +”Eﬁ3+wz+ }cT.rj_ ©)
| d
Atx =0,y = 1.5, z (.8, dxz{ = —0.416, @ becomes

2X08+3x4x08x-0416+(1.52+1.5f"0)=0

1.204 — 3.9936 + 3.751f"(0) =0

3.9936 — 1.024 _ ( 791803 »

[:m{['” 3 =z

ft.x} — ﬂ:ﬁ] + I['{ﬂj + i f"{[}} + A r'"l{ﬂ} 1

2! 3!

¥ 6
1.5 + 0.8x — 0.208x2 + 0.131982x + .

b At0.1,

This is a recurring decimal. There

7424

is an exact fraction Z5== 93?5

2 3
1.5 +x X 08+ % X —0.416 + £ % 0.791893 + .

The fourth term is small
and this justifies you using

y =15+ 0.08 — 0.00208 + 0.00013198 ...
~ 1.578 (3d.p.)

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Further Pure 2 Pagel of 2

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 45

Question:
d'!V | d\" .'.r
y=S5+(==| +y=0
“dxs Adx/
= : d’y
a Find an expression for ——.
clx

o dy
Giventhaty =land - =1atx =0,
dx

b find the series solution for y, in ascending powers of x, up to and including the term in x*,

¢ Comment on whether it would be sensible to use your series solution to give estimates for y at
x = 0.2 and at x = 50.

Solution:

PhysicsAndMathsTutor.com
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Page2 of 2

Using the product rule for differentiation

d% |, (dy )3 d du , . dv
SO it — ﬂ- F] = Y — —
‘}dx3+(dx Ty =X @® dxtm} Vd.x+“¢ix
Differentiate @ throughout with respect to x with u = y and v = d%
@0y, 8y, b dY B |
e a e T a ae T a d flq) dy v |
; dr W dx? de2 7 dx dx dx?)
dy dy d’y dy dly
e~ Y _dy dy, dy
| dr " dx? " Y
diy 1 dy[ dy )
o el T
det  y delde? 2

b Lety = fix)
From the data in the question
f(0) =1, f(0) = 1

Atx =0,y = ],g—z— 1, @) becomes

IOy + 12+1=0=f"0)=-2

dy _ - d?y
dr 7 da?

XMIXN=2+1)==1(—

AMx=0y=1,

e — _‘l
f"(0) 1

flx) = f(0) + 2 £'(0) + j,l.

-2, @ becomes
6+1)=35

f"il[]l + 5 T"’H}II +

\

The wording of the question

X d?
requires you to make cI.TJ: the
subject of the formula. There are
many possible alternative forms
for the answer.

y=1+x><:1+ix—2+gx5+...

2 3.3
=]l4+x=-x2+Sx 4+ ...
l+x—-x% ﬁx

¢ The series expansion up to and including the term in
xt can be used to estimate y if x is small. So it would
be sensible to use it at x = (.2 but not at x = 50.

© Pearson Education Ltd 2C
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The formula for Maclaurin's
series is given in the formulae
booklet. For this question,
yvou need the terms up to and
including the term in x*.
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Exercise A, Question 46

Question:
d?y dy ; _ dy .
— —4 =+ 3y*=6,withy=1and —-=0atx=0.
dx? dx dx

a Use the Tayvlor series method to obtain v as a series of ascending powers of x, up to and
including the term in x*.

b Hence find the approximate value for y when x = 0.2.

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Page2 of 2

dy _dy . ..,
B ax +a .x@ 3y* has to be differentiated
Lety = f(x) mehcnw v:rinh respect to xd;u
From the data in the question r.l.x (3y?) = dij dy (3y*) = > 6y
f(0)=1,f0) =0
Atx=0,y=1, 4 0, @ becomes
e
f0)—4X0+3x12=6=f"0)=3
Differentiate () throughout with respect to x Using the product rule for
d"‘}z dy dy .___a_————'/_’ﬁ_f dil'ferentiatir:m
=== 1B =0
e a o Yk @ —{mJJ - v% - n&" with
. dy d“j . e
Atx=0,y=1, G = 0, o = 3, @ becomes u= 6y and v = %
f0) =4 X3+6%X1xXx0=0=f"0)=12 Ji(ﬁ d_y]
Differentiate @ thmug,huut with respect to x de \ Y dx
diy  d dy d’y _dy d " d ( dy )
- ZedfroZ-0 o dedy @Y e
gy dy_, dY ;(ﬁ),, &y
Atx =0,y ldx Dd?_?)dx* 12, 6d.r ﬁydxz'

(@ becomes
Y0 —4x12+6X0P+6X1X3=0
0y =48 —= 18 = 30

The formula for Maclaurin’s
series is given in the formulae
booklet. For this question,
yvou need the terms up to and

2 3 4
fx) = £(0) + x £'(0) + ET f(0) + '-,E,. £(0) + '?ET f90) + ..

y=1+x ><‘3'+E-‘*‘53 +?>< 12+;4X3ﬂ+ including the term in x*,
=1+324+ 20+ 200+
5 e
b Atx=0.2

y=1+0.06+ 0.016 + 0.002 + ... = 1.078
y=1.08 (2d.p.)

© Pearson Education Ltd 2C
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Exercise A, Question 47

Question:

Given that
fix)=In(l +cos2x), D=x<
Show that
af'x)=-2tanx
b "(x) = —[f"(x) f'(x) + (f"(x))?].

¢ Use Maclaurin's theorem to find the expansion of fix), in ascending powers of x, up to and
including the term in x*

Solution:

PhysicsAndMathsTutor.com
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a letu=1+ cos2x, then f(x) = Inu
du

Page2 of 2

Using the identities

——— 5‘
5 2s5in2x
o voocdn 1 du 1 :
= e e e S W -
t'(x) f“”(ix ol EE 2sin 2x
- —4sinxcosx
2costx
P st 111 - .
= —Cosx = —2tanx, as required
b ["x) = —2sec’x
f"(x) = —4dsecixtanx
f"x) = —8secx.secxtany . tanx — 4secix . secix

= —8secixtanx — 4sectx

sin 2y = 2sinax cosx and
cos 2x = 2costx — 1.

f"™"(x) is a symbol used for the
fourth derivative of fix) with
respect to x. The symbol f"(x) is
also used for the fourth derivative.

= —[—d4secixtanx X —2tanx + (-2sec’x)?]

= —[f"'{x_] f'(x)y + (f"f_.r}}zl, as required

C O)=In(1 +cos0)=In2
fi{0)y==2tan0 =0
f(0) = —2sec’(t = =2
£"(0) = —4sec*0tan () = 0

You use the product rule for

differentiation
d‘ # 3 J@ d_v r
dx{m_} 1dx + de with

u=—4secix and v = tanx.

You also use the chain rule
B B B o ¢ PP
dx{su. x) thcxdx{se.t,x}

= Zsecxy X secxtanx.

Fr0) = _[frrr[ﬂ} £10) + {fri“’” ]2J P
= —[0%0+(=2)?]=-4

fix) = [(0) + x [0) + *—E—I— £"(0) + -x—]f'”(-:}; + ﬁ—: f™(0) + ...

3!

2 3 4
=InZ+x X0+ 5% 242500+ X% —44;

2 6 24

=In2 - x? —%x* g

© Pearson Education Ltd 2C
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Using the result for part b.

The formula for Maclaurin’s
series is given in the formulae
booklet. For this question,
you need the terms up to and
including the term in %,
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Exercise A, Question 48

Question:

a Use the Tavlor series method to obtain a solution in a series of ascending powers of x, up to
and including the term in x*, of the differential equation

d2y dy ”
— = J= 2y = e
dx? dx .

dy
iventhaty =land-—=1atx = 0.
giver y 1N¢ e it x

b Working to a least 4 decimal places, use the series obtained in part a to obtain the value of y at
i x=011iix=02

- _— : : ; : ) . dy ay
¢ By differentiating the series obtained for ¥, obtain estimates for h and -L—‘-, atx =0.1.
! - : dx -

Solution:

PhysicsAndMathsTutor.com
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d’y _dy
d? - 3& + 2-_}‘ = 'E" '@
Lety = f(x)

From the data in the question
f(0)=1,1(0) =1

dy

" dx
f0)—3X1+2x1=¢"=1
f"y=143-2=2

Differentiate () throughout with respect to x d(e)=4d (x2) X e = 2xe"
dy dz_y dx dx

Atx=0,y=1 = 1, @) becomes

dy :
= +2) = opet
dx? dx? dx @
_ dy _ '
Atx=0,y=1>==1, -1? = 2, @ becomes

f"0)—-3X2+2X1=0
f"0)=6-2=4

Differentiate (@ throughout with respect to x

&y Ay . 0% iy g d s d d (.
2 A fogpaty = o A d

o 3dx‘+2dx2 2¢e" + dx?¢ @.—dx(z:u e 5 (20) + 2x o e)
dy ) dy

g =iy = dx " da? zdx‘ 4

@) becomes

I’ih']({_}} —31%X4+2%2=2+0= f“wf\ﬂ} =10

flx) = £0) + x1'0) + £ 17(0) + £ 170) + X1£00) + .

y~1+xxl+fx2+gx4+ﬁx1(}+

=l+x+x2+300+ S0 +

PhysicsAndMathsTutor.com
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bi Atx=0.1

¥y=1+0.1+0.01+ 0.000666 ... + 0.000041 ...

= 1.110708 = 1.1107 (4d.p.) +

Page3 of 3

ii Atx=0.2

y=1+02+ 0.04 + 0.005333 ... + 0.000666 ...

~ 1.2460 (4d.p.) «

{:y=]+x+x2+%x‘+%x“+...

Differentiating term by term

dy 2y 8
E—I+2.r+2x~+§x3+...
Atx =0.1
d_j"—1+u2+(](}2+{mmf,55
= X : a
=~ 1.222 (3d.p.)

2

$=2+4x+5x3+...
Atx =0.1

4Y 2404 +005 +

5 ; 08 + ...

= 2.45(2d.p.)

© Pearson Education Ltd 2C
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The approximation at 0.2 is a

As x gets larger, the
approximation gets less
accurate, so the answer to ii will
be less accurate than the answer
to i. In this case the value at 0.1
is accurate to 4 decimal paces.

very good one but the accurate
answer, 1.246064..., is 1.2641
to 4 decimal places.
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Question:

0!
The figure shows a sketch of the curve C with polar equation

PF=gsin200=0= %‘-

where a is a constant.

Find the area of the shaded region enclosed by €.

Solution:
You need to know the formula for
w
A= % L-‘ oy - the area of polar curves A = %Jrr“’ de.
oo Ll | In this question, the diagram shows
Lfrdg="1 [a*sin26d6 o
- - that the limits are 0 and 5"
_ a’[_cos26
2l 2
20 ¥ 2 f T ;
A= f_i _L-mg.g]: = *i [1=(=1)] » cos (2 X 5| = cosa= —1and cos® = 1.
L 0 | 2
= —i a

© Pearson Education Ltd 2C
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Exercise A, Question 50

Question:

Relative to the origin O as pole and initial line @ = (), find an equation in polar coordinate
form for

a a circle, centre O and radius 2,

b a line perpendicular to the initial line and passing through the point with polar

coordinates (3, 0).
7|

¢ a straight line through the points with polar coordinates (4, 0) and | 4, 3

Solution:

PhysicsAndMathsTutor.com
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L You can just write the answer to part a down. The equation r = k
is the equation of a circle centre O and radius k, for any positive k.
b r
P
r
o\ N initial line
0 —3——=G0

For any point P on the line

If the point (3, 0) is labelled N, trigonometry
on the right-angled triangle ONP gives the
polar equation of the line.

In this diagram, the point (4, 0) is

labelled A, the point (4, %T ) is labelled B and

the foot of the perpendicular from O to AB
is labelled N. The triangle OAB is equilateral

and ZAON = ] x 60° = 30° = 7 radians.
(4,0) 6

AN

In the triangle ONA

ON ON'_ oi T V3

o My e

ON =2/3

In the triangle ONP,

O oeos(0-7)
5 e This relation is true for any point P

%}ﬁ = cos (5‘ - %T] 1 on the line and, as OP = r this gives

sl you the polar equation of the line.

e Zufgsec(ﬁ—g)r‘f

© Pearson Education Ltd 2C
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Exercise A, Question 51

Question:

m

initial line

&
The figure shows a curve C with polar equation r = 4acos 26,0 = 6 = %T and a line mn with polar
equation @ = . The shaded region, shown in the figure, is bounded by C and m. Use calculus to

8
show that the area of the shaded region is %e:'-’[':r = 2);:

Solution:
rr - N | ey y
- I'he lower limit, g isgiven by the
A= %f; rrdg o« polar equation of m. The upper

b %
limit, %‘_ can be identified from the

L2dg =1 2 s i o ,
g’.Jr’“ de =5 flfm cos-20d6 domain of definition, 0 = = ggwen
in the question and the diagram.

= Ba? fcnsl 26da

= 8a” [(3 + § cos46) do Using cos24 = 2cos*A — 1 with A = 26.

= 4q° [ﬁl + 5“149]

T
A= s ]p+ 040}
‘8

=da® |(F-F) + (03]

I

= sin {'-Ix'_’_;—"'}:silaw:ﬂand sin |'4><1§T}-——sin%r= 1l
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Question:

~0.5a.

The curve shown in the figure has polar equation
r=a(l+icos@), a>0 0<@=2m
Determine the area enclosed by the curve, giving vour answer in terms of a and .

Solution:

3 T
A=2x% % f rPdf —— | The method used here is to find

0 | twice the area above the initial line.

f a? (1 + i Cos 1‘»‘_}2 de

m
”EJ: (1 + cosf+ ;cos®0)de | Usecos26 = 2cos*6 - 1,

L

T s
u-’-f (1+cos@+;cos20+ ;)do
1] o

Il

2 - T—— | e

a »[. (5 + cos@+ ;cos20)de

sin 26
16 o

(3

;?3['—; 0+ sin @ +

2 4] g 2
a X g = gma

Assin w=sin 2w =0andsin 0 =0,
all of the terms are zero at both the
lower and the upper limit except for

EH. which has a non-zero value at .
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Question:

a Sketch the curve with polar equation

= (¢ —Eﬂ ‘5-‘_-:?{-
F=cos28, s f 1

At the distinct points A and B on this curve, the tangents to the curve are parallel to the initial
line, & = (.
b Determine the polar coordinates of A and B, giving your answers to 3 significant figures.

Solution:

- At = —=, r=10. As increases, r

1 initial line 4’ .

increases until 8 = 0, For 8 =0, cos 26
has its greatest value of 1. After that, as

@ increases, r decreases to 0 at 8 = 117

b y=rsin@ = cos2fsin

dy ) o

36" 2sin26sin @+ cos2f0cos =10 "T
—~4sin @cos Bsin 0 + (1 — 2sin® #) cosf = 0 # ¥

cos B (—4sin2@+ 1 — 2sin?@) =0 G

At Aand B, cos 8 # 0 Where the tdngqx} at a pointis 1
parallel to the initial line, the distance

6sin2f = 1 y from the point to the initial line has

a stationary value. The diagram above

sin@ = :—]—_—. shows that ¥ = rsin 8. You find the
VO polar coordinates  of the points by
= *+(.420534 ... finding the values of # for which rsin #

. o has a maximum or minimum value.
r=cos2f=1-2sin?@=1 - s=7

To 3 significant figures, the polar coordinates
of A and B are

((L667, 0.421) and (0.667, —0.421). r has an exact \-‘a!ue_bL{I H}'g‘_ (uestion
e specifically asks for 3 significant
| figures. Unless the questions specifies

otherwise, in polar coordinates, you
should always give the value of the
angle in radians.
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Question:
a Sketch the curve with polar equation

r = sin 28, [}-&H{g

At the point A, where A is distinct from O, on this curve, the tangent to the curve is parallel to

_ T
=5

b Determine the polar coordinates of the point A, giving your answer to 3 significant figures.

Solution:

a =

initial line

b x =rcosf =sin26cos ¢
X _ 2 cos 20cos @ — sin 28sin 0
= 2{2¢cos’ 0 — 1)cos 6 — 2sin @cos Bsin 0
= 2(2cos2f — 1)cos @ — 2sinZéfcos @
=4cos'0 - 2cos @ — 2(1 — cos” ) cos
= 6cos'f—4cos =0
2cos@(3cos*f—2)=0
At A, cosB#0
cos’ @ = %
cosf= (3 for0=g8=7
f=0.615479...
By calculator
r=sin26 = 0.942809 ...
To 3 significant figures, the coordinates of A are

(0.943, 0.615)
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At 8=0,r= 0. As @ increases,
rincreases until 6 = %" For 8 = "f
sin 26 has its greatest value of 1.
After that, as 8 increases, r decreases

to 5111(2)( "'ETJ =sinw=0at = "27

Where the tangent at a point is
parallel to 6 = rjE"":whifh is the

same as being perpendicular to the
initial line), the distance x from

the half line § = 7 has a stationary

value. The diagram above shows
that x = rcos 6. You find the polar
coordinates @ of such points by
finding the values of @ for which
rcos @ has a maximum or minimum
value.
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Question:

a Sketch the curve with polar equation
r=acos3f, O0=0<im

b Find the area enclosed by one loop of this curve.

Solution:

=8 At= - E r= 0. As #increases, rincreases

until @ = 0. For 8 = 0, acos 66 has its
greatest value of a. Then, as f increases,

rdecreasestoQat g = ?ET Between 6 = T and

initial line 6
6= 2 cos 6bf is negative and, as r = 0, the
. curve does not exist. The pattern repeats itself
=5 in the other intervals where the curve exists.

__# Using cos 24 = 2cos’A — 1 with A = 36. ‘

| N I 1 g

Ef” cos?30do =4 2 u,,)c.mhﬂ 2:1;1& _ "
_ a*[sin6f H] /{ Sin['ﬁxg;ﬁ=si!nr=[]
4 6 o . _

_ ~.mﬁﬁ w .

- f 0 o2 (3]

= B W 2

s e
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Question:

The curve € has polar equation

r=~hcosh, —?}ré g

L=

%]

and the line D has polar equation

r=3sec| ?.;- - 8), T<p<2T

a Find a Cartesian equation of C and a Cartesian equation of D.

b Sketch on the same diagram the graphs of C and D, indicating where each cuts the initial line.
The graphs of C and D intersect at the points P and .

¢ Find the polar coordinates of I and Q.

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Page2 of 2

a r=f6toos @

Multiplying the equation by r & !
= orcosd ]
X2+ 5= 60 x
xX—6x+9+y:=9 This diagram illustrates the relations

between polar and Cartesian
coordinates. The relations you need
to solve the question are

x—32+y2=9

r= ise%— 0)
3 =rcos( 5 — 0) = rcosgcos @+ rsin Fsin @ x =rcos@andy = rsin .
1 V3 I
=5 reosg + 5rsing Ihis is an acceptable answer but
N putting the equation into a form
=tuy ﬁy which shows that the curve is a
2 2 circle, centre (3, 0) and radius 3,
g helps you to draw the sketch in
MRS part b.
b i) :-E

The initial line is the positive x-axis

and the half-line u = gis the

positive y-axis. Atx =0,

r+u?y"ﬁyve:._}'---g--2\%

‘ \ ;’Ninm(ﬁ line bl
L S

The question does not say which

. — | pointis P and which is Q. You can

¢ By inspection, the polar coordinates of Q are (6, 0) | €hoose which is which.

Z0PQ = 9(]"\
In the triangle 0AQ The angle in a semi-circle is a

right angle.

tanAQo = 9A =253 _V3 400 = 30°

In the triangle OPQ
OP = 0Qsin PQO = 6sin30° = 3

ZPOQ = 180° - 90° = 30° = 60° = "3_"
Hence the polar coordinates of P are
— (2 m

(0P, ZPOQ) = (3, §}
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Question:
o = -: ]
* = sin 26
1 = v —
0 §=10

The figure show the half lines 8 = 0, 8 = g and the curves with polar equations

r= ..T}‘ O=0= 21?
r=sin2g, [}‘Eﬂég

a Find the exact values of # at the two points where the curves cross.

Pagel of 2

b Find by integration the area of the shaded region, shown in the figure, which is bounded by

both curves.

Solution:
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a The curves intersect at

T
E—stH
=.E;-.?I
28 5 6
— 7 5w
ﬁ]‘12'1

The shaded area can be broken up into three parts.
You can find the small areas labelled @) and @),
which are equal in area, by integration. The larger
area is a sector of a circle and vou find this using

A= %rl g, where #is in radians.

The area of the sector 3 is given by , 1
The radius of the sector is 5 and the angle is
1o {1V om_ =
fl_;=—K[— K T w_ m_ T

The area of () is given by

A, = % Y rde

{l

Using cos 24 = 1 — 2sin®A with A = 26.

1 [cin2 S | S '
2fsm 2046 2[( Tcos46)do

=
Il
e
=)
|
-
|
= w6l
i
=
o
.y
|
ta
Il
i)
-
iy
Il
b3

Ale g 23 _ |
4112 0 4(.2 D],
=11_£’5]
4112 8
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Question:

P

.
initial ling

Q
The curve C, shown in the hgure, has polar equation
r=a3+V5cos ), —m<sf<mw
a Find the polar coordinates of the points P and Q where the tangents to C are parallel to the
initial line.
The curve C represents the perimeter of the surface of a swimming pool. The direct distance from
Pto Qis 20 m.
b Calculate the value of a.

¢ Find the area of the surface of the pool.

Solution:
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Where the tangent at a point is

a lety=rsings parallel to the initial line, the distance
y from the point to the initial line has
a stationary value. You find the polar

y=al3+/Scosf)sing

_ . /Sa_. coordinate # of the point by finding
- . - v :
= 3asin 8+ /Sacosfsinf = 3asin g + --Z—-sm 26 the value of 8 for which y = rsin 8 has
dy _ a stationary value.
—— =3acos@+ /S5acos28=0
da
3cosf+ V5(2co8’8—1)=0
2V5¢cos? 8+ 3cosB—v5 =0
cosf=—3 + VO + 40) As |cos 8] < 1, you reject the value — -9 ~ —1.118.
45 i
==3+7_1
4\"'-5' v g

By calculator
= *=1.107 (3 d.p.)

Atcosf = "

Vo

r—ﬂ{3+».5:,058}—ﬂ 3+ V5 x-L)=4g

NE
The polar coordinates are v 2
P:(4a, 1.107), Q:(4a, —1.107) f
1
b PQ =2y = 2rsin § /// As 12 + 22 = (V5)2, the diagram
=2 X 4a % i_ 16, - 20m, given illustrates that if cos 8 = l_
VI Va 3 Va
T T then sin # = —=.
a=203m = V5 VS
16 4
- 0 1 The method used here is to find twice the
ca=2x 5,’; rrde area above the initial line.
fﬂzﬁ + VScos0)2de = [a*(9 + 6/5cos 8 + Scos? B do
= uif(i) + 6V5 cos 0 + gcoszﬂ‘ + %)dﬂ 1 Using cos 28 = 2cos’ 8 — 1.
= HJ‘(E + 6V5 cos + ECOSZB] de
| 2 2
- I:Z[ﬁﬂ + 6/5sin 0 + isiuZﬂ]
2 4
— 2[23 T o 3 _ 23w . You use the value of a you
i l g ravasnety . 20 found in part b.
_ @(5»-‘5]2 . _ 2875m 5 ;
5 |73 ) m 35 M 282m
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Exercise A, Question 59

Question:

a Sketch the curve with polar equation

F=. 3 —EE -g:_’_lE-
r=3cos 28 1 f i

b Find the area of the smaller finite region enclosed between the curve and the half-line # = g
¢ Find the exact distance between the two tangents which are parallel to the initial line.

Solution:

PhysicsAndMathsTutor.com
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Alﬁz—g,r={l,hsﬁ

increases, r increases until
#=0.Fore=0, 3cos28
i 2 has its greatest value of 3.
\\J"‘ initial line After that, as 8 increases,
' r decreases to O at =7,

== 4

>R

dafiF

h.»’1=21—f_;r3dﬂ

Using cos2A = 2cos”A — 1

1 _1
EfridH—EIQCOSZZHdﬂ / with A = 20,

_9f/fcosds , 1) . 3
_ffl. +§Jclﬂ—1f{ms4ﬂ+l]dﬂ

2
_ 9sin 46
“4[ 4 +E]
9sin40 | 1 . "
'le_[ +ﬁ]f i E:z_ﬂ-:ﬁ
40 4 /5|n{4xﬁ} SISt =5

Where the tangent at a point is parallel

¢ Lety=rsinf=3cos20sin 6 to }h{e 1n1t|al_llm_3, tl'fe distance ¥ fmm the
point to the initial line has a stationary

dy ; o 4o ——— value. You find the polar coordinate 6 of

de ~BsinZésn e+ Icoszacoi =0 such a point by finding the value of # for

which y = rsin # has a stationary value.

2s5in26sind = cos28cosf

sin28sinf _ s
E‘inmﬁ-é = tan 2ftan ¢ 5
_2tan’f _ 1, Using tan 20 = _2tant
1 —tan’e 2 08 1 — tan2@’
4tan’f=1— tan’@
Stan*é=1 One value of tan @ is
1 sufficient to complete the
o= question. r is not needed.

PhysicsAndMathsTutor.com
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The distance between the two tangents is given by —
2y = 2rsin § = 6cos 26sin 8 = 6(2cos’d — 1)sin § ¥
—6x(2x2-1)xL=pgx2x L 7
\ 6 J6 3 VB =
_2/6 This sketch shows you that
3 the distance between the two
tangents parallel to the initial
line is given by 2y = 2rsin f.
% 1
i [
V5
As (V5)* + 12 = (v6)?, if
tan f = I_ then sin @ = 1_
V'S Vb
i 1'5
and cos 8 = —,
s
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-
_4

? f

Question:

A

initial line

ey

The figure shows a sketch of the cardioid C with equation r =a(l +cos ), —w< b=
Also shown are the tangents to C that are parallel and perpendicular to the initial line.
These tangents form a rectangle WAXYZ.

a Find the area of the finite region, shaded in the figure, bounded by the curve C.
b Find the polar coordinates of the points A and B where WZ touches the curve C.
¢ Hence find the length of WX.

?-\ Jni
2

d find the area of the rectangle WXY.Z.

(iiven that the length of WZ is

A heart-shape is modelled by the cardioid C, where a = 10c¢m. The heart shape is cut from the
rectangular card WXYZ, shown the igure.

e Find a numerical value for the area of card wasted in making this heart shape.

Solution:

PhysicsAndMathsTutor.com
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LT The total area is twice
aA=2x% ,)f r2df the area above the initial
il line.
frzdﬁ' = faz(l + cos@2de = [a*(1 + 2cos @ + cos’ @) de

= f(l +2msﬂ+§lms?‘.ﬁ+ I]dﬁ

= f{ + 2cosf}+—wszﬂ}de

i

e [% 0+ 25in+ 1 sin 2&} As sin o = sin 27 = 0 and sin0 = 0, all
of the terms are zero at both the lower

_— 3

@ and the upper limit except for = 8,
liﬂ+251na+—sin26‘] S - PP P 2
2 which has a non-zero value at .

b lLetx =rcosf» When the tangent at a point is

= a(1 + cos 8) cos 8 = acos 6 + acos2 perpendicular to the initial line, you
find the polar coordinates 6 of the

B ridvid = Dl Gt =10 points by finding any values of # for
dé which rcos 8 has a stationary value.
sin#(2cosf+ 1) =0
l—\_._,_‘_‘_‘_‘_-_‘_ A ‘
. ] sin @ = 0 corresponds to the point where
cosd= -3 XY cuts the curve € and can be rejected as a
solution to part b.
Blsscok 27
3
AtAand B
W X
=LI{I+L‘DEH}=:I[1—2]=~-ﬂ ; Al =
g N3 c
(1, 28 pifl, _ 2w T
Az 5) Biza -5
Z Y
c WX = A0cosT + ON This sketch illustrates the geometry
3 which is used to solve parts ¢ and d.
=%:1X 1 +_H=gti
d Area of rectangle WXYZ is given by
WX X WZ="2aX *5‘ =23
The area wasted is
¢ The area wasted is given by » the answer to part a
S9/T " 273 3 375 3 subtracted from the
VIt = 2o = [ 24V T2 = (243 _ 3T (2 o2 answer to part d.
g @~ 5 (8 2): [.8 E]IULm I

= 113em? (3 s.f.)
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Question:

a Sketch, on the same diagram, the curves defined by the polar equations r = a and
r=ail + cos #), where a is a positive constant and —w < 8= .
b By considering the stationary values of rsin @, or otherwise, find equations of the tangents to the
curve r = a(1 + cos #) which are parallel to the initial line.
¢ Show that the area of the region for which
a<r<a(l+ cos#)is L : -H-mi

Solution:

PhysicsAndMathsTutor.com
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r=al(l + cos#) is a cardioid and
r = d is a circle centre O, radius a.

Where the tangent at a point is

b Lety = rsinf = a(l + cosf)sin  » parallel to the initial line, the distance
) ' ) e y from the point to the initial line has
=asinf +acosfsinf = asinf + 3sin20 |  stationary value. You find the polar
coordinates 6 of such points by finding
dy _ acosf + acos28 =0 the values of ¢ for which y = rsin @ has
dg stationary values.

cos28 +cosf=2cos?0@— 1 +cosd=0
2costf+ cosfl— 1 =(2cos@— 1(cosf+ 1)=10

o | -
cnsﬂ—z,casﬁ 1

= =+ E —
== 3 8=
R 5
At o= 3
- T _ 1Y _ 3
r-a(l + cnsi] = a(l +§) = 5a
3 3/3 You find the distance (labelled PN in the
Andy = rsin-;f = %a X 1’2— = —E—-—n v diagram above) from the point where the

tangent meets the curve to the initial line.

The polar equation of the tangent is given by

= = :

rsing = 3:53 a-e i The polar equation is found by trigonometry in the
triangle marked in red on the diagram above.

r= %ﬁ cosec fl ‘

Similarly at 6 = — %'_ , the equation of the

_3V3a

i cosec .

tangentisr =

PhysicsAndMathsTutor.com
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At 0 = 7, the equation of the tangent is

@=1 »

Page3 of 3

It is easy to overlook this case. The half-
line # = w does touch the cardioid at the
pole.

: The circle and the cardioid meet when
a=a(l +cost)=cosf=1¢0

=
f==* 3
To find the area of the cardioid between

m™

syrnaacitl -
f= zandﬁ 3

[ The total area is twice the

A=2:<1Fr2de-
2l

| area above the initial line.

fr-?cle = faz{l + cos 0)2de = faz{l + 2c0s 6 + cos? 6)d

= azf(l + 2cosf + %cns.?,ﬁ‘ . %)dﬁf

= azf(% + 2¢os @ + %coszﬂ)dﬂ

:az[%ﬁ+ 2sinf + 41511123]

™

_ ar . | ]-
A u[sz 251nﬁ+4sm2&

L]
— g2 37
a ( T 2)
The required area is A less half of the circle

3n 2 1 _2_1_.2 2
(4 -I-Z)ri zfm 4'.=m + 2a

—

initial
line

| The area you are asked to

_(’ﬂ';‘ﬂ

}uz. as required

© Pearson Education Ltd 2C
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| semi-circle from the area of the

find is inside the cardioid and
outside the circle. You find
it by subtracting the shaded

cardioid bounded by the half-

f - .
lines @ 3 and # 5
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Question:

initial line

The figure is a sketch of two curves €, and C, with polar equations
Ci:r=3a(l — cos 8), —gT=0<7

and Cair=a(l + cos ), -m=0<7

The curves meet at the pole O and at the points A and B.
a Find, in terms of a, the polar coordinates of the points 4 and B.

b Show that the length of the line AB is 3‘2?':1

The region inside €, and outside €, is shaded in the figure.

¢ Find, in terms of a, the area of this region.

A badge is designed which has the shape of the shaded region.
Given that the length of the line AB is 4.5¢cm,

d calculate the area of this badge, giving vour answer to 3 significant figures.

Solution:

PhysicsAndMathsTutor.com
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a O, and , intersect where
34(1 — cos ) = A(1 + cos 6)
3—3cosf@=1+cos@

1
deps=2 = cosf= 5
am
ﬁ‘—ii-
Where cos fl = %

r=a(l +cos#) = :1(1 k]

A:(%u, —g), B:[%ri, %TJ

3 V3

b AB=2X i—tihlﬂ? = 3q% S5
= 3\;’?

2‘ a, as required

¢ The area A, enclosed by OB and C,
is given by

=
1‘11 —3 1!'1{]!9

i Y]

fr-’f de = f":hrz[l — cos ) da = fguzll — 2cos0+ cost 6 de

=9:13f(1 — 2cosf + Lcos20 + 1

> 7/40

= Qﬁzﬂg —2cos @+ %cosZﬁ)dﬂ

94230 - 25 1gn 20|
= 0q [zﬂ 2sinf + 45m 26";
3 | "
2(3 4 , 1 ]
Qa [zﬂ 2s5iné+ 45m23]“

AT _ 3 j]:‘* .
ﬂ[z v + 3 1{471' 7v3)

PhysicsAndMathsTutor.com

Referring to the diagram,

1 3
E = smg- X = Eusm '§'
and AB = 2x.
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The area A; enclosed by the initial line, C;
and OB is given by

=1 3{1
,43—5.[” rde

Page3 of 3

frzdﬂ= fu?[l + cos )2 de = u’-’f{l + 2cos 0 + cos’ @) do

=u3ﬂ1 + 2co50 + %c0528+

- alf(% +2¢c0s0 + %cnsZﬁ)dﬂ

1)
EJ!!L“}

corals ; 1 siwal

= [23+ 2sinf + 4sm24ﬂE
1 u?[éﬂ + 2sinf + lsinZﬂF
2 2 4 o
. alw 5 \.'E . i® =1

The required area R is given by
2 = 2 e
= 2[%{% +9/3) - 2 (4w - 7/3)

- %{é [47 + 93 — (367 — 63V3)]

= % 723 — 32a] = (9V3 — 4m)a?

d 353;1 = 4.5cm

You use the result from part b to find a

i and substitute the value of a into the result
| of part c.

a=—=0an = Vacm
3v3

The area of the badge is

(93 — 4ma? = (W3 - 4m) X 3em?
= 9.07cm? (3 s.f.)

© Pearson Education Ltd 2C
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Question:

-

0 B A initial line

A logo is designed which consists of two overlapping closed curves.
The polar equations of these curves are
r=al3+ 2cosf) and
r=af5 — 2cosb) 0=60<2w
The figure is a sketch (not to scale) of these two curves.
a Write down the polar coordinates of the points A and B where the curves meet the initial line.
b Find the polar coordinates of the points € and D) where the two curves meet.

¢ Show that the area of the overlapping region, which is shaded in the figure, is

% (497 — 483)

Solution:

PhysicsAndMathsTutor.com
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a A:x5a, 0), B:(3a, 0)»
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Ford,at8=0r=a(3 + 2cos0) =a(3 + 2) = 5a.
| ForB,at@=10,r=a(5— 2cos0) = a5 - 2) = 3a.

b The curves intersect where

Where cosf =

A3

+ 2¢os0) = A(5 — 2cos6)
4(‘(]5332:-{053:%

T ST

3" 3

i =

r=

C:(4a, 37, D:{ 4, 5

In this question 0 = # < 2.

B

a3 + 2cos ) = n['3 +2Z X % = 4a

ey

¢ The area A, enclosed by r = a(3 + 2cos 6) and

-

the half-lines 8 = 7 and 8 = 27 is given by

fldﬂ = f;;3f3 + 2cos @)’ da

3 3

A =2x%f¥r3dﬂ

Il

= {*|

= cﬁfﬁ'} + 12cos 8 + 4 cos” @)de
= uifia:- + 12cos 8 + 2cos 26 + 2)de
= ﬁﬂf“l + 12cos @ + 2cos2@)de

=a*[118 + 12sin 8 + sin 26

nz[l 16+ 12sin @ + sin 2&]3
3

.

+
i

1(m—7T) + 120 —%] + (U—‘z—i]]

2227 133
[ 3

2

PhysicsAndMathsTutor.com

r=al3d + 2cost

=
I
LI

N
N
fi

= .é-".‘
]

/

The shaded area in the question is the
sum of the two areas A, and A, shown
in the diagram above. It is important
that you carefully distinguish which
curve is which.

r=ald = cos b
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The area A, enclosed by r = mS — 2cos #) and

the half-lines 8 = ﬁ{”dnd f= J) Zis given by

1:2 5
, zf“rd&

fldf}: fﬂztﬁ — 2cos @) de = u:ffZS — 20cos @ + 4cos? ) de

= aﬂﬁzs — 20cos 8 + 2¢0s20 + 2)d0

The double angle formulae, here
cos26 = 2cos? @ — 1, are used in
all questions involving the areas

- HE IZ?& = Zf}ﬁiﬂ B + Einzﬂl Df C&l‘di()idﬁ.

= HEI{ZF — 20cos 8+ 2cos26)de

s

A = a*[276 — 20sin 0 + sin 26]

— 2 L V3 Q]
:HEZ?:-(B 20 x 5 + 3

]??ﬂ' 19\ 3
L3

= :i‘Z

The area of the overlapping region is given by

(2.2.?? 13v3 27w _ 193
3 3 3 7

= {.%:{49'# ~ 483), as required

© Pearson Education Ltd 2C
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Exercise A, Question 64

Question:

=)

The curve C has polar equation r = 3a cos 6, —%Ts; # < . The curve D has polar equation

I3 |

r=a(l +cos@), —m= @< . Given that a is positive,

a sketch, on the same diagram, the graphs of C and D, indicating where each curve cuts the
initial line.

The graphs of C and D intersect at the pole O and at the points P and ().

b Find the polar coordinates of P and Q.

¢ Use integration to find the exact value of the area enclosed by the curve D and the lines 8 = 0

and § = ";:

The region R contains all points which lie outside D and inside C.

Given that the value of the smaller area enclosed by the curve C and the line # = %;-'is

3a% 5. _ 273
6 (27— 3v3),
d show that the area of R is ma™

Solution:

The curve C is a circle of diameter 3a and
el the curve [ is a cardioid.

: The points of intersection of € and D have
(—\ \* been marked on the diagram. The question
| ' does not specify which is P’ and which is

\ 2a [3a initial line Q. They could be interchanged. This would
make no substantial difference to the
Q= solution of the question.

b The points of intersection of C and D are given by

dgcosf=g(l +cost)

i ] 1
2 = — =
2cos8=1=cosd 3

=+, N =
o= I;{ In this question 3 =fg< 5"

Where mxﬁ:,}l

pie SLICUS;}T = 3a X ; = g“
(3. T\ o3, _m
P30, %) @2a, -7

PhysicsAndMathsTutor.com
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¢ The area between [, the initial line and OF is given by

T
A, =§| "r2de

fr3d8= f:ﬂ’l + cos @) da = u3ftl + 2cos 0+ cos? @y de

= {Ilﬂl + 2cosH + %cusZﬁW %}d&

= alﬂ% + 2¢os 0 + %ms Zﬁ)dﬂ

& crl[g §+ 2sing + -ll sin 25]

Ay=1xa@l30+2sin0+ sin20]’
1]

2 2 4
= %—h [_’21! +V3 + \E—;J - -ﬁ:j'[‘i-ﬂ + N3) By the symmetry of the figure, to find the
area inside C but outside D, yvou subtract
d Let the smaller area enclosed by C two areas A, and two areas A, from the
and the half-line 6 = %’ht As. area inside C. C is a circle of radius 7”

R=n(32)" - 24, - 24,

92 242 — B This is twice the area
‘:1 T %[4? +9v3) - Ii:i (2m—3/3)> you are given in the
* question,

5 ‘):fw_ 'fT;E = %‘é‘}\‘i - 3:“32 + L)E‘;‘\' = ma*, as required

© Pearson Education Ltd 2C
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