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Exercise A, Question 1

Question:

Find the set of values of x for which
16 = 8x2 — &7,

Solution:

16x = 8x2 — x?
-8+ ler<s0—0
x(x*—-8x+16)=0 F
x(x -4 =0 —
Sketching y = x(x — 4)?

J4

You can usually start inequality questions,
if there are no modulus signs, by collecting
terms together on one side of the equation,
and factorising the resulting expression.

=y

i

The cubic passes through the origin
and touches the x-axis at x = 4.

You can see from the sketch that
¥y =2xx - 4\ is negative forx < (.

The solution of 16x = 8x2 — x' s

r=0x=4+——
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This inequality includes the equality, so you
must include the solutions of x(x — 4)* = 0,
which arex = 0and x = 4.
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Exercise A, Question 2

Question:

Find the set of values of x for which
Z 1
< .
x—2 x+1

Solution:

2 1

)

.‘c—2{x+1

2 |

> = = {] '_"‘-‘—-._\_\_\_\__
x—2 x+1 e~ You can start by collecting together

2x+1)—1x—2) 2x+2—x+2 | the terms on one side reducing the
x-2)x+1)  (x-2)x+1) % C'H_/,fr‘“’ expression to a single fraction. In this

— case no further factorisation is possible,

(x—2}x+ 1)
You find the critical values by solving the
Considering f(x) = x+4 « | numerator equal to zero and the denominator equal
(x— 2¥x + 1) to zero. In this case the numerator = 0, gives
¥ = —4 and the denominator = 0 givesx = —1, 2.
the critical values arex = —4, —1, 2
¥4 | 4<y< =] |=-1<sx<2| 2<%
Sign of flx) = + - -

For example if x < —4, then

= x4+ 4 B negative
(x — 2)(x + 1) negative X negative’

= : 2
Ihe solution of =

x<—4 —-l<x<2 .
negative : ) )
——, which is negative.

which is e,
positive
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Question:

Find the set of values of x for which

2

x
=7 > 2%,
Solution:
2
X
>
x—2 oy
X - 2x>0
x—2
You collect the terms together on
XX —2) one side of the inequality, write the

x—2 expression as a single fraction and
factorise the result as far as possible.

dx — x2
3 >0
x4 —x) >0
x— & You find the critical values by solving
the numerator equal to zero and the
Considering f(x) = x(4 —x) denominator equal to zero. In this case
x—2"' the numerator = 0, givesx = 0, 4 and

the denominator gives x = 2,

the critical values arex =0, 2and 4. »

x<0 O0<x <2 Z<x<4 4 <x

Sign of f(x) + - + =

IE
xr—2

The solution of = 2x is For example if 4 < x, then

x(4 — x) _ positive X negative
x<0,2<x<4 x—-2 positive '

which is negative.
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Question:

Find the set of values of x for which

X’ — 12, .
Solution:

x?—12

—% 1

¥
2 .—17
x cannot be zero as =~ % 12 would be undefined,

Multiply both sides by x*
s0 x” is positive and you can multiply both

"
Xt =12 : . : 3
8 Xoad ext sides of an inequality by a positive number or
expression without changing the inequality.
x(x*—12)—-x2>0 You could mot multiply both sides of the

inequality by x as x could be positive or negative.

¥ -12x-x22>0

x(x? —x—-12)=0

xix —4)x+3)=0

Sketching y = x(x — 4)(x + 3) —— D€ graphofy =x(x — 4)(x + 3)

crosses the y axis atx = =3, 0 and 4.
ya
/ You can see from the sketch that
. the graph is above the x-axis for
# N / ~ -3 <x<0andx > 4. You can
/_3 Gi\ﬁ x then just write down this answer.
2 - 12 If vou preferred, you could solve
The solution of =———=>1is -3 <x <0,x > 4. this question using the method

illustrated in the solutions to
questions 2 and 3 above.
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Question:

Find the set of values of x for which

3
2

2x—-5>

Solution:

Bothy=2x — Sandy = f are straightforward

graphs to sketch and so this is a suitable
question for a graphical method. The gquestion,
however, specifies no method and so you can
use any method which gives an exact answer.

. .
1 a1 of =0 ) ¥ [ '} — o
After sketching the two graphs, 2x — 5 > ¢

is the set of values of x for which the line
is above the curve. These parts of the line
have been drawn thickly on the sketch.

2-5=3
X
x(2x — 5) =3

You need to find the x-coordinates of

22 -5x-3=0 the points where the line and curve

_ meet to find two end points of the

(2x + 1)x — 3) intervals. The other end point (x = 0)
x=-1 30— can be seen by inspecting the sketch.

\

The solution to 2x — 5§ > % is—1<x<0,x>3

© Pearson Education Ltd 2C
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Exercise A, Question 6

Question:

Given that k is a constant and that k = 0, find, in terms of k, the set of values of x for

g R o
u.huc‘hx Ak >
Solution:
x+k _k
o Pl
r+4k x
x+k _k
oo TN SR, S0, Y
x+4k x 4
(x + K)}x — k(x + 4K)
>
(x + 4K)x ﬂ
X 2. =4 k_j
(x + 4k)x
(x + 2Kk)(x — 2K) For example, when k is positive, in the
e =0 interval 0 < x < 2k,
(x + 2k)(x — 2k)  positive X negative
(x + 4k)x  positive X positive '
+ 2k)(x — 2
Considering f(x) = L 7 inik};r k}, which is negative.

the critical values are x = —4k, =2k, 0 and 2k, /

_ 0<x<2k 2k<x

x < -4k ”—45:*::3:-:: +2k_ -Zk{r{{J-

Sign of f(x) + = +

x4+ k }k

x+4k x

The solution of isx < —4k, —-2k<x <0, 2k <x.

© Pearson Education Ltd 2C
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Question:

a Sketch the graph ofy = x + 2|.
b Use algebra to solve the inequality 2x > |x + 2|.

Solution:

a Inequalities which contain both an expression in x
with a modulus sign and an expression in x without a
modulus sign, are usually best answered by drawing a
sketch. In this case, vou have been instructed to draw
the sketch first. The continuous line is the graph of

¥ = |x + 2|. You should mark the coordinates of the
points where the graph cuts the axis.

-2 {’J X

You should now add the graph of ¥ = 2x to
vour sketch. This has been done with a dotted
line. You find the solution to the inequality by

. ; identifying the values of x where the dotted
b The intersection occurs when x > —2, line is above the continuous line.

Whenx > -2, x+ 2| =x + 2-\
Iy = 2 ) .
E=XT R When f(x) is positive, [fix)| = f(x).

x=2

The solution of 2x > |x + 2| isx > 2.

© Pearson Education Ltd 2C
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Question:

a Sketch the graph of y = x — 2a|, given that a > 0.
b Solve [x — 2a| = 2x + a, where a = ().

Solution:

The dotted line is added to the sketch in
1 part a to help you to solve part b.
The dotted line is the graph of
y = 2x + a and the solution to the
inequality in part b is found by
: identifving where the continuous line,
" A0 2a X : :
-5, which corresponds to (x — 2aj, is above the
j dotted line, which corresponds to 2x + a.

b The intersection occurs when x < 2a.

Whenx < 2q, |x — 2a|=2a —x = If f(x) is negative, then |flx)| = —f{x).
2Za—-x=2x+a
-3x=-a=x=3d

The solution of [x — 2a| > 2x + aisx < La.

© Pearson Education Ltd 2C
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Question:

a On the same axes, sketch the graphsofy =x andy = |2x — 1|.
b Use algebra to find the coordinates of the points of intersection of the two graphs.
¢ Hence, or otherwise, find the set of values of x for which |2x = 1| > x.

Solution:
a y

R
r={2x — 1
\<”‘h‘ % |%_\r=x
Atx=0,y=|-1=1.

X
-h_“"‘-h\-.___\_\_\_ ;
E\( Atx=1y=0.

(8]

-

1
g e

b There are two points of intersection.
At the right hand point of intersection,

x>l 20— 1| =22 — 1+

1 e

At the left hand point of intersection,

2x—1l=x=x=

\ If f(x) = 0, then [f(x)| = f(x).

4 If fix) < 0, then [f(x)] = —f(x).

x<ia2r—1=1-2x0—

K]

Fad | e

The points of intersection of the two graphs are

You need to give both the
x-coordinates and the y-coordinates.

[_-'q, _Hand (1, 1)=

¢ Thesolutionof |2x — 1| >xisx < l{ x>1.

You identify the regions on

| the graph where the V shape
representing y = |2x — 1| is above
the line representing v = x.

© Pearson Education Ltd 2C
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Exercise A, Question 10

Question:

a On the same axes, sketch the graphs of y = x — 5| and y = |3x — 2| distinguishing between
them clearly.

b Find the set of values of x for which [x — 5| < |3x — 2.

Solution:

You should mark the coordinates
of the points where the graphs
meet the axes.

b From the graph both intersections are in the [
region where x < 5 and x — 5 is negative.
Hence, |x = 5| =5—-x
Forx = .%, 3x — 2| =3x—2

x-2=5-x%

dx=7=x=

Forx < ; Bx—-2/=2-3x

Z2-3x=5—-x a
X
-2x=3=x= —'ij
The solution of |x — 5| < [3x — 2| is
x< -3 x> 4 [ You identify the regions in which the lines

representing y = |x — §| are below the lines
representing y = |3x — 2.,
These are shown with heavy lines above.

© Pearson Education Ltd 2C
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Question:

Use algebra to find the set of real values of x for which |x — 3| > 2ix + 1]

Solution:

le—=3=2x+1
As both [x — 3| and 2|x + 1| are positive you
(x = 3)° > 4(x + 1)° 1 can square both sides of the inequality without
changing the direction of the inequality sign.
If @ and b are both positive, it is true that

0> 3%2+ 14x — § a > b = a* > b%. You cannot make this step if
either or both of a and b are negative.

2 —6x+9>4x +8x + 4

x+53x-1)<0

Considering f(x) = @ + 5)(3x = 1), L_““-——-______ J Alternatively vou can draw a sketch
the critical values are x = =5 and 1. ] ofy = (x + §)(3x — 1) and identify
the region where the curve is below
g 1 1 the y-axis.
B =y | =X Sy S
Sign of f(x) + - +

The solution of |x — 3| > 2]x + 1] is

—S-r:;r-::l;.

© Pearson Education Ltd 2C
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Exercise A, Question 12

Question:

Find the set of real values of x for which

a x4+ 1 1,
x=—23

[3a + 1)
b i,l‘ —3 < 1.

Solution:

PhysicsAndMathsTutor.com
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a x—?:-{:l
3%+ 1
=3 1<0
3x+1—1|;.r—3iqﬂ
x—3
2¢ + 4 _ 2(x + 2)
ey, il
Considering f(x) = %

the critical values arex = =2, 3,

Page2 of 2

You should compare the solutions

to parts a and b. The questions look
similar but the algebraic methods of
solution used here are quite different.

x<-2| -2<x<3 J<x
Sign of f(x) + - +
The solution of gf%,},l <1i8-2<p<d
5 <
5 As both Px * 1 and 1 are positive you can
x—3) square both sides of the inequality without

(Bx+ 102 <(x-3)?2

changing the direction of the inequality sign.

O+ +1<x'—6x+9

As 4 is a positive number, you can

BxZ+ 12x — 8 <( »

2024+ 3x-2=(x+2)2x-1)<0

Considering f(x) = (x + 2)(2x — 1),

divide throughout the inequality by 4.

the critical values arex = —Zandx = %

x<=2| -2<x<} | 1<«
Sign of fix) -+ - +
The solution nf‘%«?-_tj! < 1is —2<x< .I?,

© Pearson Education Ltd 2C
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Exercise A, Question 13

Question:

Solve, for x, the inequality |Sx + a| = |2x|, where a > 0.

Solution:

|5x + a| = |2x

2522 + 10ax + a* = 4x°

As a is positive, both 5x + a| and |2x]
(5x + a)” = (2x)* » are positive and vou can square both
sides of the inequality.

2122 + 10ax + a®* =

Bx+a)i7x+a)=0

Sketchingy = (3x + a)(7x + a}

¥4

| the x-axis atx = —lia:mdx = ==

The graph is a parabola intersecting

1

—ia\-/-l_a 0 x /

The solution of |5x + a| = |2x] is = -Ii{! =y=-— lT:r.

© Pearson Education Ltd 2C
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A common error here is not to

realise that, for a positive a, —ta is a
smaller number than — -}rr. It is very
easy to get the inequality the wrong
way round.
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Exercise A, Question 14

Question:

a Using the same axes, sketch the curve with equation y = |x* — 6x + 8| and the line with
equation 2y = 3x — 9. State the coordinates of the points where the curve and the line meet
the x-axis.

b Use algebra to find the coordinates of the points where the curve and the line intersect and,
hence, solve the inequality 2|x* — 6x + 8 > 3x — 9.

Solution:

PhysicsAndMathsTutor.com
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i Vi
Asxl—o6x+8=(x—2)x—4)
the curve meets the x-axis at
'\ x = 2 and x = 4. The sketching
of the graphs of modulus
5 functions is in Chapter § of
y=0?— 6 + 8 book C3.
x
The curve meets the x-axis at (2, 0) and (4, 0).
The line meets the x-axis at (3, 0).
b To find the coordinates of A
The x-coordinate of A is in the interval 2 <x < 4
In this interval x> — 6x + 8 is negative and, hence,
» ] r -
[P —6x + 8 =—-a"+6x—8+ E If fx) < 0, then [f(x)| = —f(x).
-x-’-+6x—-3=3x2_9

-2x2 4+ 12x-16=3x -9
22 —9x +7 =10
(2x=7)x—=1)=0 As the x-coordinate of A is in

x=1,1e { the interval 2 < x < 4, the
9 solution x = 1 must be rejected.

3 X
y=

e ] [N
PR

The coordinates of A are 5, ﬂ

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2

To find the coordinates of B
The x-coordinate of B is in the interval x = 4
In this interval x* — 6x + 8 is positive and, hence,

x*—6x+8 =x*-6x-8

Page3 of 3

x3+6x+8=312_9

2x2 - 12x+16=3x -9
2x2-15x+25=0

If f(x) > 0, then [f(x)| = f(x).

x—-5)(2x—-5)=0

x=5,;‘4{*

As the x-coordinate of B is in
the interval x = 4, the solution
x = 25 must be rejected.

_3X5-9_
2

The coordinates of B are (5, 3).

y 3

¢ The solution of 2|x2 — 6x + 8/ > 3x — 9 is

x<35,x>5.+

© Pearson Education Ltd 2C
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You solve the inequality by inspecting
the graphs. You look for the values of x
where the curve is above the line.
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Question:

a Sketch, on the same axes, the graph of y = |(x — 2)(x — 4)|, and the line with equation
y =6 — 2,

b Find the exact values of x for which |(x — 2){x — 4)| = 6 — 2x.

¢ Hence solve the inequality |(x — 2)ix — 4)| < 6 — 2x.

Solution:

PhysicsAndMathsTutor.com
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\ W

(8]
\ You should mark the coordinates
of the points where the graphs

meet the axes.

b Let the points where the graphs intersect be

Aand B.
For A, (x = 2)(x = 4) is IJGSHWE The quadratic equations have been solved
(x — 21{1: -—4)=6 - by completing the square. You could use

the formula for solving a quadratic but the
~ 6o +8=06-2x conditions of the question require exact
solutions and you should not use decimals.
x*—4x+4-=
(x—2)p2=2

The quadratic equation has another
solution 2 + v2 but the diagram shows
that the x-coordinate of A is less than 2,
s0 this solution is rejected.

For B, (x — 2){x — 4) is negative
- -2)x—=9=6-2%
-x2+6x—-8=6—-2x
2 _ By =-—14 The quadratic equation has another
i . 2 c diagrs 3
- 8 + 16 =2 solution 4 + 2 but the diagram shows

i that the x-coordinate of B is less than 4,
(x = 4)* = so this solution is rejected.
Xim= =y

The values of x for which |(x — 2)(x — 4)| = 6 — 2x
are 2 —y2and 4 — 2.

¢ Thesolutionof [(x — 2)x —4)| <6 - 2x

B BB g A You look for the values of x where

the curve is below the line.

© Pearson Education Ltd 2C
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Question:

x+ 2|
The curve crosses the x-axis atx = 1 and x = —1 and the line x = -2 is an asymptote of the

cLrve.

a Use algebra to solve the equation
3= ]

= 3(1 — x).
x + 2 '
b Hence, or otherwise, iind the set of values of x for which
xe = ] o
?+ 2'! { ,.J.ﬂ ] -1.'.

Solution:

PhysicsAndMathsTutor.com
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a forx > -2, x + 21is positive and the equation is

x2—-1_ B
x+2_3“ %)

xX-1=31-x)x+2)=-3x"-3x+6

dx?+3x—7=(dx+ Nx—=11=0
As both of these answers are

greater than —2 both are valid.

Xm =il

e | g

Forx < -2, x + 2 is negative and the equation is

x2—-1 _ B
:—Ex_i_—z}'—.?r“ X)
=1==-31-x)Nx+2)=3x*+3x-6
22+ 3x-5=(2x+5)E~-1) =0

As 1 is not less than —2 the answer
x=-3,4 1 should be ‘rejected’ here. However,
the earlier working has already shown
1 to be a correct solution.

oo

The solutions are —2, —5and 1.

To complete the question,
vou add the graph of

¥ = 3(1 — x) to the graph
which has already been

: \/ from part a.

The solution of = — 1, < 3(1 —x)is
x + 2| You look for the values of x on the graph
g _% LT e where the curve is below the line,

7
3

drawn for you. You know

the x-coordinates of the

points of intersection
/1 ;

© Pearson Education Ltd 2C
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Question:

a Express — in partial fractions.

(x + 1)(x + 2)

b Hence, or otherwise, show that
X 3 . n
r+1)(r+2) n+2
=1

Solution:

PhysicsAndMathsTutor.com
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1 = A g B
+1x+2) x+1 x+2

Multiply throughout by (x + 1){(x + 2)
l=Alx+2)+Blx+ 1)
Substitute x = —1
1=A-1+2)+B(-1+1)=A=2A=1
Substitutex = -2
1=A(-2+2)+B(-2+1)=-B=B=
Hence

1 - F = 1§
X+ Dx+2) x+1 x+2

b Substituting r for x and multiplying by 2

2 =z & o _ 2
(r+1¥r+2) r+1 r+2

Hence

Page2 of 2

The methods used for partial
fractions are in Chapter 1 of
book C4, You may use any of
the methods which can be
used to split complex fractions
into partial fractions. Here the
substitution method is used.

The summation involves twice the
fraction vou worked on in part a
with r substituted for x. So you begin
by making the substitution and
multiplying every term by 2.

m L] 2
DU T, Y R

_2
-2

This is the first term of the summation, with
r =1, broken up using the partial fractions.
Here

2 -
A+Da+y 1+1 1

B b
5]

2
+ 2

This is the third term of the summation, with
r = 3, broken up using the partial fractions. Here

2 2 2

B+13+2) 3+1 3+2

=2_2
i 5

S
+m2—/1/i£’///
=2_ 2 _q__2_
2 m+2 n+2

© Pearson Education Ltd 2C
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You write out two or three terms
at the beginning and end of the
summation and show, by crossing
through the fractions, how the
fractions cancel each other out,

In this case all of the terms are
cancelled except the first and last
and these are the only two left.
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Exercise A, Question 18

Question:

2

a Express — in partial fractions.

(r+ 1)}r+3)

b Hence prove that

X ) ~ n(Sn +13)
L (r+ 1)(r+3) 6(n+2)n+3)
=1

Solution:

PhysicsAndMathsTutor.com
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B
r+ 3

2 A

r+1)r+3) r+1 x

Multiply throughout by (r + 1)(r + 3)
2=A(r+3)+ Bir+1)
Equating the coefficients of r
0=A+B @
Equating the constant
2=3A+8B
Subtracting @ from @
2=2A=A=1
Substituting A = 1 into Q)
0=1+B=8=-]
Hence
2 1 I

r+Ir+3) r+1 r+3——
|

n 2 g
b; (r+1r+3)

@
@

Page2 of 3

The methods used for partial fractions
are in Chapter 1 of book C4. You may
use any of the methods which can be
used to split complex fractions into
partial fractions. Here the method used
is equating coefficients and solving the
resulting simultaneous equations.

You use the partial fractions in
part a to break up each term in
' the summation into two parts.

This is the first term of the summation, with

r =1, broken up using the partial fractions. Here
2 1 1

1+1(1+3 1+1

You write out some terms at the beginning and
end of the summation and show, by crossing

through the fractions, how the fractions cancel
each other out. In this case two terms are left at
the start of the summation and two at the end.

This is the nth term of the summation, with
B e r = n, broken up using the partial fractions.
w+1 n+3 Here
1.1_ 1 1 i — 1
=§+§-”+2-”+3 i+ Nn+3) n+1 n+3
9 __1 _ 1 e
" hal w43 You complete the question

Sn+2n+3)—6n+3)—6(n+2)

by expressing your answer
as a single fraction and

6(rn + 2)¥n + 3)

o6(n + 2)(n + 3)
- MM+1ﬁf’fﬁ!

5n + 13n

simplifying it to the answer
exactly as it is printed on
the question paper.

“6n+2)n+3) 6n+2)n+3)

© Pearson Education Ltd 2C
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Exercise A, Question 19

Question:

a Show that

r+ 1 e | e
- ez
r+2 r+1 (f+1Nr+2) °

b Hence, or otherwise, ind

2 = 1-“] <57 8iving your answer as a single fraction in terms of n.
(r+ 1)(r+ 2) :
|

Solution:

PhysicsAndMathsTutor.com
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=kt X. £
a LHS r+2 Tl

_(r+1-r(r+2
(r+ 1)+ 2)

To show that an algebraic identity is true,
you should start from one side of the
identity, here the left hand side (LHS),
and use algebra to show that it is equal
to the other side of the identity, here the
right hand side (RHS).

= A 2rd] ~pr =2
(r+ 1¥r+ 2)

B 1
T+ DI+

= RHS, as required You use the identity that you proved

in part a to break up each term in the
T M

1 =, summation into two parts.
b Z (r+ 1)r+ 2) L (r+2 r+ 1]

r= r=1]

=X- % . This is the LHS of the identity with r= 1.

This is the LHS of the identity with r = 2.

This is the LHS of the identity with r = 3.

This is the LHS of the identity withr =n — 1.

r+1 _ ¢ _#A—1+%1_ #—1

” ”/, h\lr,ﬂf"“rz r+1 n—-14+2 n—-1+1
AT il =
n+1 "

u+l "
u+2 ="
_n+1

1
n+2 2 N The only terms which have

not cancelled one another
_prl i) _nt2-n-2 out are the —1 in the first
5 .

\ This is the LHS of the identity with r = 1.

+ a +
4p+2) 2n+x) line of the summation and
S the 0 ; in the last line.
2+ 2) 1+

© Pearson Education Ltd 2C
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Question:

flx) = 2
2 (x+ 1x+ 2ix + 3)

a Express f(x) in partial fractions.
b Hence find Z‘ f(r).

Solution:

PhysicsAndMathsTutor.com
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2 _ A B C
+1x+2Mx+3) x+1 x+2 x+3

a Let

Multiplying throughout by (x + 1)(x + 2)(x + 3)
2=Ax+2)x+3)+Bx+1x+3)+Clx+ 1)Mx+ 2)

Substitutex = —1 = -
2=AX1x2=A=1 5 When —1 is substituted for x then both
Substitute x = -2 Bix + 1)(x + 3)and Clx + 1)(x + 2)

2=Bx-1%Xx1=B=-2 | become zero.
Substitutex = -3

2=CX=-2X-1=C=1

Hence
1

)= x+1 x + 1"
You use the partial fractions in
b Using the result in part a withx = r part a to break up each term in the

f summatir:m into three parts.
X f=—. -2 _4 1
r+1 r4+d r+ i

-3+
A

+/|y"%\ ¥ ,{ Three terms at the beginning of the
. summation and three terms at the
end have not been cancelled out.

b=

| =

T TR T

__ 2~ 1
+%s )f"+1+n+2

- oy 3
+)T’% n+2+n+3

1 L = B 1
3+n+2 n+2+n+3

-]
e ‘\ This question asks for no particular form
of the answer. You should collect together

like terms but, otherwise, the expression
can be left as it is. You do not have to
express your answer as a single fraction
unless the question asks you to do this.

© Pearson Education Ltd 2C
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Exercise A, Question 21

Question:

a Express as a simplified single fraction [r—ll_}i = _FI,

b Hence prove, by the method of differences, that

i S=1 o o1
rir = 1)2 n*

r=2

Pagel of 1

Solution:
a 1 e lj = M e Methods for simplifying algebraic
% ) 3 g ) ~— fractions can be found in Chapter 1
2= =2r+1) of book C3.
= J
rHr—1)>
— M
ri(r— 1)
This summation starts from r = 2 and not
— 2r—1 _ =1 _ 1} from the more common r = 1. It could not
hL r"'ir—lij_L{{r—llj = , ;
r=2 r=2 start fromr=1 as {r_—l_F is not defined
o . y\ for that value.
12 21
5,1 S
i
S .
< 4 [n this summation all of the terms cancel

——— out with one another except for one term
at the beginning and one term at the end.

1 "
— =1 — =, as required
12 n i

© Pearson Education Ltd 2C
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Exercise A, Question 22

Question:

Find the sum of the series

1 % 3 , N
=4 04 Ins4 ...+ i
In2 ln..a |n4 111” 3
Solution:
. 1 2 3 1
ety = =+ =+ =+ i o
Let ln2 In13 ]”4 + In” i

The general term of this series is In— 4‘: T

Using a law of logarithms

In—"— =Inr=In(r+ 1) —
r+1 s
.T:: "“"h- E' — '”"h. - . '/
s dewr : L{Inr In(r+ 1))
r=1 F=]
=Inl - ln2
+ a2 - Ing

+ 3 — g

+ Tit—=-1) — |aft
+Imue—Inin+ 1) |

—

=Inl =In(n+ 1)=-In{n+ 1)

© Pearson Education Ltd 2C
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(4
!
This law gives a difference and so vou can
use the method of differences to sum the
series.

For logarithms to any base In : = |lna — Inb.
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Exercise A, Question 23

Question:

) 1N partial fractions.

a Express
r(r
b Hence prove, by the method of differences, that

- 4 _  H3n+3)
L ir+2y (w+ Dn+2)

FiHd
¢ Find the value of L 2 , to 4 decimal places.
rir+ 2)

F= 5

Solution:

PhysicsAndMathsTutor.com
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A, B

Mr+2) 7 r+2L\

Multiply throughout by r(r + 2)
1=A(r+2)+ Br
Equating constant coefficients

You may use any appropriate method
to find the partial fractions. If you
know an abbreviated method, often
called the ‘cover up rule’, this is
accepted at this level.

1=2A=A=]
Equating coefficients of r
0=A+B=B=-A=-

L
2

Hence
1 _1_ 1
fr+2) 2r 2{r+>
4 _2_ 2
b r+2) r r+2
i 4 . " [g_ 2 )
Ir{r-l—Z} r r+ 2
r= .

You need to multiply the result of
part a throughout by 4 to apply
the result to part b, Remember to
multiply every term by 4.

Each right hand term is cancelled
out by the left hand term two
rows below it.

]
t
]

- An+1n+2)-2(n+ 2)

-2+ 1)

Four terms are left, Two from the
beginning of the summation and
two from the end.

You have to get your answer
exactly into the form printed
in the question. Put all three

(n+ 1)n+2)

_3mt+9m+6—-—2n—4-—-2n—2

terms over the common
denominator (1 + 1)(n + 2)

4+ L+ 2)
3nt + 5n

13 + 5)

and simplify the numerator.

T+ n+2) m+ D+t 2)

PhysicsAndMathsTutor.com
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100 100 49

s Zr[erJ:Zr{erJ_Zr{eri

r=50 r=1 r=1

_ 100 X 305 _ 49 x 152
101 X 102~ 50 X 51

2.960590... — 2.920 784
=0.0398 (4d.p.)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page3 of 3

100 100 49
f(r) = f(r) — f(r)

2,007 )
You find the sum from the 50th to the 100th
term by subtracting the sum from the first to
the 49th term from the sum from the first to
the 100th term.
It is a common error to subtract one term too
many, in this case the 50th term. The sum
you are finding starts with the 50th term.
You must not subtract it from the series — you
have to leave it in the series.
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Exercise A, Question 24

Question:

, N Y :
a By u.\:pruwng‘; = i in partial fractions, or otherwise, prove that
t 2

i 2 - I - ]
Z 4r — 1 2n+ 1
r=1

b Hence find the exact value of

2

~ 2
24_4:'-’— ki

Solution:

PhysicsAndMathsTutor.com
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a4rr-1=02r-1)2r+1)
This question gives vou the option

Let
to choose your own method (the
P 2 S S questions has ‘or otherwise’) and, as
47 -1 (2r=1(2r+1) 2r—=1 2r+1 g :
you are given the answer, you could,
Multiply throughout by (2r — 1)(2r + 1) if you preferred, use the method of

2=A2r+ 1)+ B(2r-1) mathematical induction which you
learnt in module FP1.
If the method of differences is used,

Substitute r =

2=2A=A=1 ) o » :
. : you begin by factorising 4r* — 1, using
Substitute r = =3 the difference of two squares, and
2=-2B=B=-1 then express
Hence 2 ; : .
" . X Gr-Der+ 1) in partial fractions.

Withr =1,
1 1 1 1

r—1 2r+1 2Xx1-1 ZX1+1

4:‘22— 1 =Z(2r1—1 _2r1+1

1
1

T | et

+¥-Y Withr=n -1,

+%—/y 1 | 1 1

Zr=1 2r+1 2X(n-1-1 2x(n-1)+1

./ 1 1 1 1

M. I i “m-2-1 2n-2+1 2n-3 2n-1
2n=3 -1
P . N | . .
-1 2n+1 The only terms which are not cancelled out in
| the summation are the { at the beginning and
EE . A 1
=1 m}_ as requ[red the 1+ 1 at the end.
20 20 10
b Z 5 . _ Z 2 2 You find the sum from the 11th to the
L 4r? — ] arr -1 L=4r-1 20th term by subtracting the sum from

the first to the 10th term from the sum

= (1 - ﬁ -1+ %} from the first to the 20th term.
ol gl e SeBl s 4]
41 21 41 x 21 The conditions of the question require an
20 exact answer, so you must not use decimals.

© Pearson Education Ltd 2C
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Question:

Given that for all real values of r,

2r+ 1P —=(2r=1P=Ar2+ B,
where A and B are constants,
a find the value of A and the value of B.
b Hence show that

Z P2 = %u{u + 1)(2n + 1).

r=1
40

¢ Calculate Z (3r — 1)
r=1
Solution:
a Using the binomial expansion

2r+ 1P =8F+12r7+6r+1 @
2r=1P=88-12rt+6r-1 )

Subtracting the two expansions gives an
—— expression in r%. This enables you to sum

—

Subtracting @ from@® __— r> using the method of differences.
2r+ 1P -2r-1Y¥-24r2+2 @ '
A=24,B=2

b Using identity @) in part a

Z{z4r2+zj =Z ((2F 4 1p —(2¢F— 1))

r=1 r=1

2424 LE—Z‘[Z.H-I]" (2r— 1))

=2 + 24+ ...+2=2n
r=1 r=1 re=1 - — al
\ 1 times
- 1 o ; n
24;4' rP+2n=3% 1 It is a common error to write Z =2
=1
+ 5 - 3 — f
_ 3
+ 74 = 5 This expression is (2r + 1)* — (2r — 1)}

with n — 1 substituted for r.

'_.-—F- e 243 '__FFFF””'F#_-F fZ{h‘—l]--1}-‘—[2{”_11_1}}
+LZ-”— TTT ‘-ZITH"'_"'SL — :2”_ ]].1_{2”_ 3.:':1

+(2n + 1* - 2n—1pP

PhysicsAndMathsTutor.com
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. . ; Summing gives you an equation
242 r+2n=02n+ 1) - 10 in ¥ r%, which you solve. You then
=3 factorise the result to give the

" answer in the form required by

242 =8+ 12l +6n+1-1-2n the question.

r=1

=8 + 1212+ 4n=4n(2n* + 3n+ 1)

=4nin+ 1)2n + 1)

! + 1Y(2n +
Z 2w ;L[ ¥l Ln(n + 1)(2n + 1), as required.

r=]

c 3r=1P=9r-6r+1

Hence
a0 10 10 40
yC (3r—172=9%"r-6Y r+ VY1
FZ__‘] ; 2—‘ L In the formula proved in part b,

o you replace the i by 40.
Using the result in part b.
401

9% " rF=9X1X40x 41 X 81 = 199260

F=

- 41
Using the standard result Z fe= ”{”2 ], This is a standard formula
r=1 from the FP1 specification.
30 The FP2 specification requires
=N i o A0 KAT - you to know the material in
= G W N FR
621 e 2 20 the FP1 specification.

4

ZI=4U

r=1

gotl
Z I = 40 is 40 ones added together
r=1

Combining these results which is, of course, 40.

i
Z (3r= 1) = 199260 — 4920 + 40 = 194 380

r=1

© Pearson Education Ltd 2C
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Exercise A, Question 26

Question:

fr) = — ,] — EL"
rir+ 1)

a Show that

k
rir + 1)(r + 2)'
stating the value of k.

f{ry—=fr+ 1) =

b Hence show, by the method of differences, that

y ]

i’: 1 n2n + 3)
rr+ 1)r+2) 4n+ 1020+ 1)

Solution:

PhysicsAndMathsTutor.com
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: s 1 :
3 _ 1 _ ] tir+ 1)is tir) = with r
a firy—fr+1) ¥ TFDTED rir+1)
replaced by r + 1. This gives
_ r+2-r _ 2 4 s g
rir+ 1)(r+2) rir+1)r+2) ! = I
r+1Xr+1+1) (+Dir+2)
which is the required result with k = 2.
b Using the result in part a | Ask =2, thisis twice the

BREE

2n 2n

Z r{r+1?{r+:ﬁ=2(

1 1

rr+1) (r+ )r+2)

summation you were asked to
work out. You must remember
to divide by 2 later.

Most summations in this
topic have an upper limit of
i but this question has an
upper limit of 2n. So the last
two pairs of terms are the
differences with r=2n — 1
and r = 2n.

Dividing throughout by 2.

1 _
(2n—D2a 2uZn+ 1)
+ 1_— _ 1
2mZn + 1) (2n+ 1)(2n + 2)
ol e 1
2 (2n+ 1){2n + 2)
Hence
2n .1— _ l B I N
e Ar+1)r+2) 4 2(2n+1)42n+2)
~1_ 1
4 4(2n+ Din+ 1)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

n+ 1)2n+1)-1
din+ 12n+ 1)

2 +3n+1-1
4n+ D2n+ 1)

21% + 3n
4n+ D(2n + 1)

n(Zn + 3)
4n+ D2n + 1)

, as required

You complete the question
by putting the fractions over
a common denominator
and simplifying to the
printed answer.
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Exercise A, Question 27

Question:

a Show that

ket & B ERCRERTY S N
rir+1) roor+ 1l
forr# 0, —1.

u
A
- - 4 " M " . ’ . " .
b l']!'li.i E - l:" _._'r ],'I ]'. L'?L}l[l.‘ﬁh]ilg VOUTr ArlSWer 4s 4 Hllﬁlﬂ fraction in its ﬁi['['llﬂl.’hl form.
Fir = 2
Fou |

Solution:

PhysicsAndMathsTutor.com
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To show that an algebraic identity

i : SR T
a RHS =1 I+r =

_r=1irr+ 1)+ fr+ B —7
- r(r+ 1)

_rrr—1)+1
T+ 1

_ri-
rir -+

LHS, as required

J
1)

b Using the result in part a

-

is true, you should start from one
side of the identity, here the right
hand side (RHS), and use algebra
to show that it is equal to the
other side of the identity, here the
left hand side (LHS).

This summation is broken up
into 3 Separate summations.

[

1

Only the third of these uses
the method of differences.

r'=r + 1_ )
Z rir + Z XI: b 1 [ rr+l )
r= r= =
—~ _nin+1) This is a standard formula from the
z A TR FP1 specification. The FP2 specification

r=1

"

Zl=u

r=

S (2-

r=1

requires vou to know the material in
the FP1 specification.

In the summation, using the
method of differences, all of

the terms cancel out with one
another except for one term at the
beginning and one term at the end.

Combining the three summations

M

2

r=1

nn+1) 1

2

P=r+1_

+ —
rr+ 1) .

_n(n + 12 =2nn+ 1) +2n+1)-2

i+ 1

To complete the question,

you put the results of the

three summations over
a common denominator

and simplify the resulting
expression as far as possible.

1T+ 2n+2-2

2(n+ 1)
_ W +2+n=-2n* - 2r
2in+ 1)
_ wt4n _nnt+1)
2in+1) 2n+1)

© Pearson Education Ltd 2C
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Question:

; =+
a Express T m partial fractions.

Hence 1IH(!Z‘ i 1‘"

Solution:

PhysicsAndMathsTutor.com
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The partial fractions in part
a form only part of the
expression which you have

to sum in part b; the % is

omitted. Before part b can
be done, further work has to
be carried out on the general
term of the summation.

el

Multiply throughout by r(r + 1)
2r+3=A@r+ 1)+ Br

Substitute r =0
3I=A

Substitute r= —1
l==B=8=-1

Hence
2r+3 _a_ 1
rir+1) r r+1

b Using the result in part a, the general term
of the summation can be written

2r+ 3 1 1

1

=3y 1_ 1o =
m'+l]x?_r>< ; r+1>¢3‘ 3=l 3(r+1)
! ] % = 3{1 - is an important
” ' step here.
E HrFeadto T . L
= 1 rr+1) 3 3Ix1 '3’]/){2\
+ L/_\‘\l B T 1 s 1 : p—
%2 3R] 1]1I3153F_]r I+ ”wnhr— 1.
1 |
PRI 3 RY
L,-f‘/ \“-..._] P 1 1 . -
+ - . - ' =n-1
T 1) T This i8 I+ 1) withr=n -1
gl _ 1
3wy 3(n+1)
rr _ After summing, only the first and last terms
2r+ 3 ij= - 1 , ] )
rir + 1) 3"(n+ 1) are left. The first term ——— = 1.
e 3[} by ]

© Pearson Education Ltd 2C
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Question:

a Sketch, in an Argand diagram, the curve with equation |z — 2i| = 1.
Given that the point representing the complex number z lies on this curve,

b find the maximum value of |z,

Solution:
a VA
s You need to know that the locus of #z in the
Argand plane, when |z — a| = b, is a circle
centre a, radius b, 50 this is a circle with centre
T (0, 2) on the complex axis and with radius 1.
0 X

12| is the distance of the point representing z
b The maximum value of |z is 3. from the origin. You can see from the diagram
that the point furthest from the origin on the
circle is the point representing 3i.

© Pearson Education Ltd 2C
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Exercise A, Question 30

Question:

Solve the equation z° = i, giving your answers in the form cos @ + i sin 6.

Solution:
m I:I:-}-____ > . e
ai=cos E + isin 5 =g —— I'he modulus of the complex number i is 1
T —— w
. and its argument is g Soi=le?
LT
f=el,e2,e?2, "
w Sw 9w Additional solutions are found by increasing the
b g

z=¢10,¢10, ¢, rc i ;8 v EIF:HI.I[‘IIE’HH in steps of 2. As the equation is of
degree 5, there are exactly 5 distinct answers.

Hence s~
z = cos# + isin 8, where T |
H‘\\ t:l;r gy
g=TT ST(_ 1 _‘}_Tr E'J_r 177 | For example, if 22 = ¢ 2 then z = '|L o L. =g 10,
0" 10 10" 10

© Pearson Education Ltd 2C
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Exercise A, Question 31

Question:

Show that
cos 2x + isin 2x
cos 9x — isin 9x
can be expressed in the form cos nx + i sin nx, where n is an integer to be found.

Solution:

Using Euler’s solution e = cos 8 + isin @,
8 For any angle @, cos # = cos(—#) and

cos2x + isin 2x = 2 i

— —=sin # = sin(—0)
. g Y - RN s ot dl — @il—9x) T s % .
cos 9x — isin9x = cos(—9x) + isin(—9x) = ¢ You will find these relations useful
Hence when finding the arguments of
o : complex numbers.
cosdx +isindx _ e _ iocdon — Lilix
T T T R R g WL T e~ T _I._ - '.." - ':.]
cos9x — isin9x  eil=™  CN—————
i | Manipulating the arguments in
= cos1lx + isin 11x anil 5 e arg -
e'" you use the ordinary laws of
This is the required form with n = 11. indices.

© Pearson Education Ltd 2C
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Exercise A, Question 32

Question:

The transformation T from the z-plane to the w-plane is given by

W= ’-?T--], z# 1.
z-=1
Find the image in the w-plane of the circle |z| = 1, z # 1 under the transformation.

Solution:
w=2<%t I
z=1 The question gives information about |z and
wiz—1)=wz—w=2+1 you are trying to show something about w.

It is a good idea to change the subject of the
formula to z. You can then put the modulus
w+ 1. of the right hand side of the new formula,
w—1 which contains w, equal to 1.

:J-“- Wil

=T e

wz—z=w+l=ziw=-1)=w+1

Aslzl =1,

, al
_—| For any complex numbers a and b, |:r: =7

and
TR -

jw+ 1|
—lzl = w1 = |w— 1|
w—1|

You need to know that the locus of z in
the Argand plane, when |z — a| = |z — b,
| is the line equidistant from the points
representing the complex numbers a and
b. That is the perpendicular bisector of
the line joining the points. In this case;

The locus of w is the line equidistant from the
points representing the real numbers —1 and 1.
This line is the imaginary axis. »
Hence, the image of |z) = 1 under T is the
imaginary axis.

(& )
o 1k

© Pearson Education Ltd 2C
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Question:

a Expressz=1+ iy Jintheformricos @+ isin @), r>0 —w<<mw
b Hence, or otherwise, show that the two solutions of
w?=(1+i/3)}
are (202)i and (—2v2)i.
Solution:
az=1+iVI=r(cosf+isinf) =rcos@+irsin@
Lquating real parts
1 =rcosé 0]
Equating complex parts
VI=rsine @
Squaring both @) and @ and adding the results
reos’ @+ Psin?f=r =17+ (V3)? =4

Unless the question clearly specifies

r=2 otherwise, in this topic you should
SubstiRitiRE ke 4 give all arguments in rndu'ms and
5 @ ,___———"‘Fﬁ exact answers should be given
| =2cosf=>cosf="L=g= 7;' wherever possible.
. + W3 = ST +
Hence 1 + iv3 Ztuo 3 I‘.Iﬂs)

b From part a

You use part a to put the right hand side
of the equation into a form from which
the square roots can be found.

I+|\3—7|L05?+Jsm%}—2u*

i |"'!' .
(1 +iy3)P = 2¢'3) = geir v

Hence the equation can be written

wl = Hclir gelhr
Iw

W= BE.fHEF

The two solutions are

w
3

w

w=8e2=, 8(cos 3 + isinZ) =2/2

2 R
and

1!]' 1?]'

w=8e 2 = H[cm— + I%l['l—]_f—Z\Z}l

2
as required.
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arguments in steps of 2. As the equation is a
quadratic, there are just 2 distinct answers.

Using cusg = L()ST =), sin "Z"z 1
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Question:

The transformation from the z-plane to the w-plane is given by

_2-1
z—2
Show that the circle |z) = 1 is mapped onto the circle |w| = 1.
Solution:
w= 2z — 1 =Wz —2w=2z -1
Zo=2
, 4 You know that [zl = | and you are trying
wz—2z=2w—-1=2ziw—-2)=2w—1 to find out about w. So it is a good idea
_2w—1 to change the subject of the formula
w—2 f,,f"" to z. You can then put the modulus of
— the right hand side of the new formula
2w+ 1 rf,,f’ 5 i '
W — which contains w, equal to 1.
2w —1=|w—2|—__
Let w=u+iv T —— It is not easy to interpret this locus
SRR | geometrically and so it is sensible to
120 +iv) = 1] = |u+iv— 2| transform the problem into algebra, using
the rule that if z = x + iy, then
(2u—1)+i2v| = |(u — 2) + iV 1212 = %2 4+ y2.

2u—=1+i2v2=|(u—2)+iv?

2u—12+42=(n-2)2+12

4 —du+1+42=u —4u+ 4+ v?

2+ 3vi=3=212+v2=1

This is a circle centre O, radius 1 and has the equation
\w = 1 in the Argand plane.

Hence, the circle [z = 1 is mapped onto the circle
|w| = 1, as required.

© Pearson Education Ltd 2C
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Exercise A, Question 35

Question:

a Solve the equation
=4+ 4i
giving your answers in the form z = r ", where r is the modulus of z and k is a rational
number such that 0 = k = 2.

b Show on an Argand diagram the points representing vour solutions.

Solution:

PhysicsAndMathsTutor.com
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aletd+4di=r(cosf+isin®) =rcosf+ irsinf i i _
Equati sl BaTEs Finding the roots of a complex
QUALIRE Teal PArts number is usually easier if you
4 =rcosd @ obtain the number in the form re'’.
As you will use Euler’s relation, the
Equating imaginary parts first step towards this is to get the
— complex number into the form
4=rsinf @ r(cos 6 + isin f).
Dividing @ by
=1 = =T
tan g > 6 3

Substituting 8 = E into @

4=rcosTo4=rx-Lor=4/2
4 V2 '

To take the fifth root, write 4,2 = 22,

Hence
4+4i=4/2{cos T + isinZ
3 i
5-1?’
=224
R 3w 5 8y 53 Tlx 5 25w 5 3w 5 Oy
gi=2red, Z2egt, 2ie %, 25e 1,278 1 For example, if z2* = 22¢ 4 then
L
1 ;= 1 9 1 ;17= 1 257 1 33w 4 I!_j_F% Sl 97,1 1 9
z=22p0 220 22p 20 Zig 20 22p 20 7= (gze 4,] =722"5"4 "5 =22p'20,

This is the required form with r = /2 and

] 1¥ 25 &% 33
k=20 % (=3)

20" 20¢ 20" 20 \ L 20"

b ¥

< The points representing the 5 roots are

z, : the vertices of a regular pentagon.
zl
':"1'.

=Y

L
z-l
|

© Pearson Education Ltd 2C
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Question:

The point P represents the complex number z in an Argand diagram. Given that
lz—2+i| =3,
a sketch the locus of P in an Argand diagram,

b find the exact values of the maximum and minimum of |z

Solution:

The locus of |z — a| = k, where a is

a complex number and K is a real

| number, is a circle with radius

and centre the point representing a.
Rewriting the relation in the question
as |z — (2 — i) = 3, this locus is a
circle of radius 3 with centre (2, —1).

bOC2=124+2=5=0C=4+5 \z| is the distance of the point

0Q=0C+CQ=/5+3 representing z from the origin. The
point on the circle furthest from O is
marked by () on the diagram and the
OP=CP-CO=3-15 point closest to O by P. The distances
Hence the minimum value of [ is 3 — 5. of Q and P from O represent the
maximum and minimum values of |z
respectively.

Hence the maximum value of |z is 3 + 5.

© Pearson Education Ltd 2C
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Question:

The transformation T from the z-plane to the w-plane is given by
L o
W= —— 5 7
z _ 2! #
wherez=x + iyand w=u + iv.

Show that under T the straight line with equation

2_" -+ y= 5
is transformed to a circle in the w-plane with centre (1, —5 ) and radius -"2— ,
Solution:
1
W=
Z—32
gres A ik Multiplying the numerator and
w denominator by the conjugate
/ complex of the denominator.
x+iy—2= 1
R =
E H+1v
%=2+iy= 1l yu—iv- w _ _iv

u+iv u—iv @ +v: ik + 2
Equating real parts

x—2= _“ - =Xx=2+ ,'” .
[T u? + 2

Equating imaginary parts

y=——¥ _
ne Ay
Hence 2x+v=35 This is the equation of the curve in
' the w-plane. The rest of the solution is
- \ ) showing nis is the equation of
maps to 224 B Yo W@ sho mg,"lhat this is the equation f.d
\ W+ Vi 4R circle, using the method of completing
the square.
2u Vo oo

W+ vE A+ v
2u—v=ut+?
W-2u+vi+v=_0
w=2u+1 +1-'2+1-'+41=';l

-12+(v+ 1) =(1v5)

This is a circle in the w-plane with centre (1, —-

Taf =

and radius 1v'5, as required.
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Question:

a Use de Moivre's theorem to show that cos 56 = 16 cos® 8 — 20 cos® 8 + 5 cos f.

b Hence find 3 distinct solutions of the equation 16x® — 20x* + 5x + 1 = 0, giving your answers
to 3 decimal places where appropriate.

Solution:
It is sensible to abbreviate cos 6
a Bv de Moivre's theorem | andsin@as c and s respectively
; : . when you have as many powers
: —_ 5 — E AR e p : r
€os 50 + isin56 = (cos@ + isin6)” = (¢ + is)", say of cos 0.and sin @ to write out as
=%+ 5ctis + 1071252 + 10621 57 + Scits? + 1958 you have in this question.

=3 +i5c¢hs — 10352 = i103 s + Sest — i 88
i Use the binomial expansion.

Equating real parts

cos 58 = ¢ — 10c* 5% + 5cst |

. A Usei*=-1,i*=-i,i*=1and
Using cos“ @ + sin“6 =1 P=iXit=ixl=i

¢® = 106%(1 = ) + 5¢(1 — ¢?)?

=5 — 10¢* + 106 + S5¢ = 1068 + 56

= 16¢> — 20¢* + 5S¢

= 16cos’ 8 — 20cos*# + 5 cos 6, as required

Cos 560

b Substitutex = cosfinto 162 = 20! + 5x + 1 =0
16¢cos* 08— 20cos* 6+ Scosb+1=10
lacos™ @ — 20cos* 8+ S5cosf= —1

Using the result of part a

cosS58 = —1 Additional solutions are found by
——— | increasing the angles in steps of 2.

S580=m 3w Swvr— 3
You are asked for 3 answers, so you

il = % %?Tr ST"T need 3 angles at this stage.
x = cosf=cosZ, cns%ﬂ', cos 7
v 5 The two approximate answers are given to
= (.809, —0.309, —1 ~—— 3 decimal places, as the question specified;

the remaining answer — 1 is exact.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2

Solutionbank FP2

Pagel of 1

Edexcel AS and A Level Modular Mathematics

Exercise A, Question 39

Question:

a Use de Moivre's theorem to show that sin® 8 =

b Hence, or otherwise, show that

d r _. - - R
L sin ﬂdﬂ—ﬁ,

Lisin 56 — 5 sin 38 + 10 sin #).

16

Solution:
a\jnﬁzw F i 5-'—:.Iﬁ'-h o 1 k'
- 3 o utting z = ¢'“ shortens the working. .
Letz = efe—"
then sing=2-2"
: 2i Use Pascal’s triangle to remember the coefficients in
) (@ + b)® = a® + Sa‘bh + 10a*h® + 10a%b* + Sab? + b,
-1 a
sinff= (222
= pli]itxﬁ — 50Xz 14+ 1083 22— 102K 23+ Bzt = 279
= glﬁtz-i — 5z3 + 10z — 10271 + 5273 — 275) The general relation is
E Lt ~—ing
i ; : sinng=5——-C
B (za_z-a_5¢z3~z-‘a+ 1{}fz—z")L\ i 2i
1 2i 2i 2i / _ 2=z
.~ o 2i
= il.-iin 56 — 5sin 36 + 10sin 6), as required
16 ot
-"\-\_,_\_\_\-\-\_\-\- = :
E\ Each term on the right hand
' isada— 1 (2 icen i ) side of the identity shown in
b L sin® @df = T‘_’L (sin5# — 5sin 36 + 10sin §) dj__d_-——?::h part a can be integrated using
o the formula
.
1 1 e S A I ) 4G
=1 ’ —z cos 56 4 _',I'tﬂﬁ 30 10 ¢cos H]“ f?ﬂﬂ”ﬂ'dﬂ = — LU;’},”&I

i6(0

=13

16

© Pearson Education Ltd 2C
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Exercise A, Question 40

Question:

The transformation from the z-plane to the w-plane is given by
=1

W=——,

Z
a Show that under this transformation the line Im z = ; is mapped to the circle with
equation |w| = 1.

iz + |

. . g - 1 . -
b Hence, or otherwise, find, in the form w = 2t d where a, b, c and d € C, the transformation
L [

that maps the line Im z = ! to the circle, centre (3 — i) and radius 2.

Solution:

PhysicsAndMathsTutor.com
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- 1z
o At 2 \ The real part of a complex number on Imz = ! can
_z=i have any real value, which you can represent by the
W= — 1

Z symbol x, but the imaginary part must be 5.

Z—i=z—wzr=i

AW

;{m

1—w
letw=u+iv

Y e ==
Multiplying the numerator and denominator Multiply the numerator and the
by 1—u+ive denominator of the right hand side
_ _ by the conjugate complex of
g dje il —ut i) 1 —u—ivwhichis1 —u + iv.
27 (1 = u)® + v

-V + 1—u
(1 —u)2+v: (1-—-u+1v?

Equating imaginary parts

You are aiming at (w| = 1. If w=u + iv,
= . I —u = o this is the equivalent to #? + v* = 1. So
2w =2ut 14w that is the expression vou are looking for.

w—=2u+1+vi=2-2u

w+ vt =1
w? + v2 = 1is a circle centre 0, radius 1.

Hence the line, Imz = 5 is mapped onto the
circle with equation w| = 1.

b The transformation w' = £ "maps the line Im z = . The first transformation is the

7 e
y . . transformation in part a.
onto the circle with centre O and radius 1.

L]

The transformation w" = 2w’ maps the circle with centre

; : : : The transformation z — kz
O and radius 1 onto the circle with centre O and radius 2. ~——

increases the radius of
The transformation w = w” + 3 — i maps the circle the circle by a factor of K.

with centre O and radius 2 onto the circle with This transtormation is an
centie 3 — Tand radius 2 enlargement, factor k, centre

of enlargement 0.

Combining the transformations

The transformationz—z + a
maps a circle centre O to a circle
centre a. This transformation is
a translation.

w=2(2-1) 43—

_2z—2i+3z—12
Z

R e LA
- Z

© Pearson Education Ltd 2C
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Exercise A, Question 41

Question:

a Solve the equation
z' =32 + 32/3i,
giving your answers in the form r ', where r> 0, — v < = m.
b Show that your solutions satisfy the equation
2+ 2k=0,

for an integer k, the value of which should be stated.

Solution:

PhysicsAndMathsTutor.com
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a Let32 + 32/3i =r(cos@+ isinf) = rcosf + irsing
Equating real parts

32 = rcos # o Finding the roots of a complex number
o _ is usually easier if you obtain the
Equating imaginary parts number in the form re', As vou will use

32/3=rsing @ Euler’s relation, the first step towards
: this is to get the complex number into

Dividing @ by () the form r(cos # + isin 8).

tanﬂ=1,-3:nﬂ=-%r

Substituting # = T into @

3
32=rcosg=>32=rX;=>r=064
Hence Additional solutions are found
. - - by increasing or decreasing the
32 + 3231 = 64 cos 3t isinq] —] arguments in steps of 2. You are
’ ’ asked for 3 answers, so you need 3
- arguments. Had you increased the
= 64e'? o 7 F 13
argument £ by 2a to 227, this
7 —Sm - T 3

. iT |£E
7' =64e7, 6de 3, 64¢ ¢} +—————— would have given a correct solution
to the equation but it would lead to

T 467 4o’ 137 0t ,
Zz=4e"% 4e ?, 4¢ 0= 5 which does not satisfy the

condition # = 7 in the question.

The solutions are re'* where r = 4 and So the third argument has to be

g= 3T 7 Imw found by subtracting 24 from %r

979" 9 ;
| = i _j—aw
b z=4e% 487, 4e ?
3 i? g _I:,.“. ] .j_ﬁ""' L
z“=[.4e‘-‘),[.=1e g .J,{Ae 9 } [
er=cosmtisine=-1+0=-1
40 E‘-", 49i7m 49 a-iSu Similarly for the arguments 7« and —5w.
The value of all three of these expressions is —4" = =21¥

Hence the solutions satisfy z* + 2% = 0, where k = 18.

© Pearson Education Ltd 2C
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Exercise A, Question 42

Question:

a Use de Moivre's theorem to show that sin 58 =sin@{16 cos*8— 12 cos* 6 + 1).

b Hence, or otherwise, solve, for0 = # < 7,
sin 56 4+ cos Asin 28 = 0.

Solution:

PhysicsAndMathsTutor.com
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a By de Moivre's theorem
cos 5@ + isin 56 = (cos @ + isin@)° = (¢ + is)’, say
=+ 5ctis + 103252 + 10213 s + Scits? + i%§°
= 5 4 i5¢c% — 10352 — 1025 + 5c5% - is8

Equating imaginary parts

-

. 5 5 Repeatedly using the identit
o - o . | = A 5 z S
sin30=35¢%s — 10e°s> +5 cos’ @ + sin’8 = 1, which in

= s(Sct — 10252 + 59 / this contextis s =1 — ¢2

s(5¢t = 1041 — &) + (1 — &)

=5(5c* =102+ 10ct + 1 - 22 + ¢Y)

= 5(16¢* — 12¢2 + 1)

= sin @(16cos* @ — 12cos’ @ + 1), as required

b 5in50 + cos fsin26 =0 Using the identity proved
sin#(16cos' 8 — 12cos* 0 + 1) + 2sin fcos”# = 0 —— in part a and the identity

sin @(16cos* @ — 10cos* 0+ 1) =0 SnZg = Zsin 90058
sin 6(2cos* 6 — 1)(Bcos’8— 1) =0

Hence sin@ =0, cos’f =3, cos’d =
sinfi=0=0=10

cos?f=1= cosf=*-

. You must consider the
cosfi=—=40= :{ negative as well as the
positive square roots.

cosf=--L = g=37
V2 4
cost @ = rl. = COs @ = * -—]_.---
2V2
HoLY —. ] = =
cosb=273 =" 1.209 3 d.p.) The question has
1 specified no accuracy and
cosd = — = 6= 1.932 (3 d.p.) /——  any sensible accuracy
2 would be accepted for the
The solutions of the equation are APPIOXHUALE RISWELS:

0, % %T 1.209 (3 d.p.) and 1.932 (3 d.p.).

© Pearson Education Ltd 2C
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Question:

a Given that z = cos 8 + i sin 6, show that 2" + z7" = 2 cos né.
b Express cos” 6in terms of cosines of multiples of 6.

¢ Hence show that

08t df = 2T,
.J,, cos™ B¢ Ep)

Solution:

PhysicsAndMathsTutor.com
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a Z=rcos@+ising
Using de Moivre’s theorem
2"=(cos@+isin@)" = cosnd +isinnd Q@
From (1)
O 1 Multiply the numerator and |
Z'  cosnf + isinng denominator by cos 1 — isinn6,
the conjugate complex number

- I Ccos e — isinnd i T
cosnf + isinnf "~ cosnf — isinnd of cosng + isinng, |

_ cosnf —isinng

. =cosnfl —isinné @
cos” nh + sin’ nd

Use cos?nf + sin“n@ = 1.

M+ 2= cosnf + isinné + cosn@ — isinng
= 2cosné, as required.

gyl Bt

b cosé= 5 5
cost g = (Q.I__J]ﬂ
2

= (2% + 62527 + 152'2°% + 202°273 + 152%27* + 62'275 + 276)

l f & 1 ' l +—————— Pair the terms as shown,

= ﬁ{z" + 621+ 1522+ 20 + 15272 + 6274 + 279)

oyl B2+ 1522+ 279 | 20
-H(EHT L S T, 2R Y

You use = cos 1é
= 75(c0s 60 + 6cos 48 + 15c0s28 + 10) with n = 6, 4 and 2.

C j:z cos" fde = %fl (Cos 68 + 6eosdd + 15cos20 + 10)de
1 o 1]

e X [l mn g E 15 o 1=
=t [ﬁsmbﬂ - gsindg+ sin26 + 1[}35“

1
32

With the exception of 104
all of these terms have
value O at both the upper
and the lower limit.

=X 10X %’ = ;—g as required

© Pearson Education Ltd 2C
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Exercise A, Question 44

Question:

a Prove that

'[4?,'” - E'i”]t.?:” — 9—1#1 — z!u _ 2_]\11 cos 6+ ]
b Hence, or otherwise, find the roots of the equation
=22 +1=0,
in the form cos a + i 5in o, where —v<a = m

Solution:

a |:;‘-'” — {‘m}liZ” — e—:ﬂ: = IZ'_’r.' - ZHE—IE — zi.‘ ,:,lll + euﬁle—jﬂ
! t\iFJ + g ]

7 zrr{ 5

i

=z-_‘rr___ ]+_‘|

The specification requires you to
be familiar with

= g% — 22" cos 8 + 1, as required

b Using the result of part a with n = 3 and 8 = :’:

. ' / o\
20— 22-*::t.:s§+ 1=z -e'$)lz3 -9

p-piz+1=(2-ei)lp-e)=0

cos 6 = (e + ¢ %) and

: =_1_ A e =il
sin # Ei“‘ gy

As cos

=5

i 3'" E: -t
H_2_.22 €os 3 V2

Fach of these two

] (X i
Z=ed%p 4
A - Qar 7 T

I i L] i L
x.{:‘:q’c-}ru 4 }x:(‘IlEJL\]h'LL 1

=g

37 _ 7w _w @ Jm 37,

expressions give rise to
Fi. 3 distinct expressions
when multiples of

2 are added and
subtracted from

the arguments. The
original equation is

of degree 6 and there

oy
-2
—
]
—
-2

i

© Pearson Education Ltd 2C
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Question:

The transformation
2+ 2

= F

Z+1
where z # i, w # i, maps the complex number z = x + iy onto the complex number w = u + iv.

W=

a Show that, if the point representing w lies on the real axis, the point representing z lies on a
straight line.

b Show further that, if the point representing w lies on the imaginary axis, the point
representing z lies on the circle

z+1+1i|=2%

Solution:
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On the real axis, w = 1

If the point lies on the real axis in the w-plane,
the imaginary part of the associated complex
number is zero. Sow = u + 0i = u.

W=H=2+;.2
Z+i
w2tuwi=s+2=2uu—-2=2-ni=zr=
Hence
. 2 i
I=x+iy=s——— ———
y un—1 u—1

Equating real and imaginary parts

2=
=1

After equating real and imaginary parts, you
obtain x and y in terms of the parameter u.
Eliminating 1 gives the Cartesian equation
of the locus of the point in the z-plane.

__ 2
- ®>
= = oM
$= g1 @
From @) xu —x =2 @
Dividing @ by @
z=—lur:-u=-§
X & X

Substituting for u in @)

A

x r=2

x X

-2y —x=2=x+2¢+2=0

This is the equation of a straight line in the

z-plane, as required.

On the imaginary axis, w = iv «

Z+2

w=iv= :
Z =+

ive—v=z+2=iw—z=v+2=z=

vt 2

-1 4+iv

If the point lies on the imaginary axis
in the z-plane, then the real part of
the associated complex number is
zero.Sow=0+iv=iw

-1 —iv v+ 1

v+ 2
Z= .

-1+iv
i=x+iv=-—

vi+1l v+ 1

PhysicsAndMathsTutor.com
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Equating real and imaginary parts

v+ 2 As in part a, after equating real and
R~ = ® imaginary parts, you obtain x and y
, in terms of a parameter; in this case v.
y = - viv + 2)i ) Eliminating v gives the Cartesian equation
. 241 . . . i L
Lt of the locus of the point in the z-plane.

From Q@) xv? +x=—-v—2 @
Dividing @ by @

E =V

x

Substituting for v in @)

2
x X 2 +x = A 2
x2 £
Multiplying by x
¥y +at=

2+2x+y+y=

Completing squares gives you the centre

X+ 2+ 1+t y+d b :
* = 4 and radius of the circle,

@+ 12+ (y+1)

This is the Cartesian equation of a circle with The locus of [z — a| = k,
1

where a is a complex

centre (—1, —E_‘j and radius = 1:1.-5. . number and k is a real

r”"—/—./: number, is a circle with
In the z-plane, z lies on the circle [z + 1 + %I‘ = %{S, radius k and centre the
as required. point representing a.
As you know the centre
and the radius, you can
write down the locus of z
without further working.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 2

Solutionbank FP2

Edexcel AS and A Level Modular Mathematics

Exercise A, Question 46

Question:

A complex number z is represented by the point P in the Argand diagram.
Given that

|z — 3i| = 3,
a sketch the locus of P.
b Find the complex number # which satisfies both |z — 3il = 3 and arg(z — 3i) = ‘iﬂ.

The transformation T from the z-plane to the w-plane is given by

v 2
W= =
¢ Show that T maps |z — 3i| = 3 to a line in the w-plane, and give the Cartesian equation of this
line.
Solution:

PhysicsAndMathsTutor.com
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The locus of P is the circle with centre (0, 3)
and radius 3. The coordinates (0, 3)
represent the complex number 3i in the
Argand diagram.

The half-line representing arg(z — 3i) = 3T"'T

has been added to the diagram. This starts at

(0, 3) and makes an angle of %’”with the

positive x-direction. It is a common error to
turn this half into a full line. The half

line y has a different equation,
b From the diagram, z is the intersection B [

arg(z — 3i) = — T,
of the circle and the half line marked P 4
in the diagram.

TR 3 The geometry of the point of
Z= =k '(3 + - )‘ g intersection is shown here
V2 V2 L o *
I'he coordinates of
3 3 P can then be just
¢ The circle |z — 3i] = 3 has Cartesian equation vz N\ written down.
x2+(y—-32=9 il
y=3) %

x*+y-—-6y+9=9

+y'=6y O
ifz=x+1iy,

v Multiplying the numerator and
wedlo A . A g x—iy the denominator by the conjugate

Z x+iy x+iy x-—-iy complex of x + iy which isx — iy.

+ i —-iy)=x+y.
2y +i X+ Iyx —1y) =x° +y
x2 + 42
2

Uutiv= 24 2x

+ i
x:! -+ _}JE xz + J,.z
From (@) above, x* + ¥* = 6y

L2y ox
Hence u + iy —@'I'Iﬁ——g 3y

Equating real parts A ‘simple’ equation like u = 1 is quite
difficult to recognise in this context. This
is the equation of the straight line parallel

The circle maps to the straight line with to the v (imaginary) axis in the w-plane.

equation u = :i‘in the w-plane.

=

Y -
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Exercise A, Question 47

Question:

The point P on the Argand diagram represents the complex number 2.

a Given that |z| = 1, sketch the locus of P,
The point (} is the image of P under the transformation
1
W= .
Z.—1
b Given that z = ¢® (0 < 8 < 27, show that
W= —', - !-i cot [Fﬂ.

¢ Make a separate sketch of the locus Q.

Solution:

PhysicsAndMathsTutor.com
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a v
an
2L
Using Euler’s relation €' = cos 8 + isin 6.
b Ifz=¢*
_ 1 _ 1
s T
- 1 _ 1
cosf +isiné—1 cos@—1+isiné 3
Multiply the numerator and
= 1 cosf— 1 —isin@ denominator by cos# — 1 — isin 6,
cos@—1+isin@ cosf—1-—isiné the conjugate complex of
B cosf— 1+ isind. |
_ cosf—1—isin#
(cos@— 1) + sin‘ @
_ cosf@—1—ising
cos’B—2cos8+ 1 +sin’ 8@
_cosf—1 _ isin# Using sin @ = 2sin 3 0 cos 1 6.
2 —-2cosf 2 -—2cosh /
2sin s fcos. o [z T
= _Cosf—-1_ _ 2 2 Using cos #= 1 — 2sin® 6.
2(1 = cos #) 45“]2%{}.—/_//1 =
= —3 — yicot; 6, as required
& v w=u+iv=—3—jicot;6. Equating
real parts gives u = — 1, This is the equation
of a straight line parallel to the v (imaginary)
- axis.
-1l o i

© Pearson Education Ltd 2C
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Exercise A, Question 48

Question:

In an Argand diagram the point P represents the complex number z.

m

SR Lo | [
Given that argl_z T8 =3

a sketch the locus of P,
b deduce the valueof [z 4+ 1 —i|.

The transformation T from the z-plane to the w-plane is defined by

21 +1)

f--'-*}"” 2

W

Pagel of 3

¢ Show that the locus of P in the z-plane is mapped to part of a straight line in the w-plane,

and show this in an Argand diagram.

Solution:

PhysicsAndMathsTutor.com
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a Y
= 7 o— ) = & = E"r
arg[ S 2] arglz — 2i) — arg(z + 2) 5
The angles which the vectors make with the positive
A7 " - 5 2 x-axis differ by a right angle. As drawn here, the
Az +2 | differenceis = — %"— 3 The locus of the points,
where the difference is a right angle, is a semi-circle,
. with the line joining —2 on the real axis to 2 on the
~2 0 * imaginary axis as diameter.
[t is a common error to complete the circle. The lower
right hand completion of the circle has equation
z=2I\__ =
argl =——= =
b i 8 = e
F4 -
£ . 2 The dotted line represents the complex number
) LT z+ 1 —i=2z—(—1+i). The length of this
] vector is the radius of the circle.
(-1, 1)
—2 0 IS
The diameter of the circle is given by
d?=22+22=8
z+1—i= *2_8 =2 You find the transformation of ar;,[ T 2é’ ] - 327
. under T'by making z ‘the subject of the
C - L"‘zl} transformation’ and using this to substitute
Zi+
Al | g {...___._.2..1
201 + 1) for z in the expression T
=—0—-2
2(1 + i) ;
r-2i w27 20+p-20 w_
T x = ———eil
£+ 2 2{I+1]_2+2 2(1 + i)
w
Hence the transformation of arg(zZ:_ ‘2—'] = ;—"

under Tis arg(l — w) = %” This is a half-line as shown in the following diagram.

Ya

© Pearson Education Ltd 2C
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Exercise A, Question 49

Question:

The transformation T from the complex z-plane to the complex w-plane is given by

w=2t1 %4
Z+i
a Show that T maps points on the half-line arg z = if_in the z-plane into points on the circle

[w| = 1in the w-plane.
b Find the image under T in the w-plane of the circle |z = 1 in the z-plane.

¢ Sketch on separate diagrams the circle |z| = 1 in the z-plane and its image under T in the
w-plane.

d Mark on your sketches the point P, where z = i, and its image Q under T in the w-plane.

Solution:

PhysicsAndMathsTutor.com
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a lfz=x+iy,thenargz=—'g=~h=l
letx=v=A
LoAtA+Al_QA+ D+

A+Ai+i A+ A+ Di

CHAF 1)+ A (A + 1) + Al
A+ @A+ DI A+ A+ i

w

(A + 12 +2)_

(A2 (A + 1))

g

Hence the pointson argz = 3

map, under T,

Page2 of 3

For all complex numbers
g _ la

aand b, B =Tl

As A = 0, the image would only be
part of this circle but the wording of
the question does not require you
to be more specific, You are only

onto points on the circle |w = 1.

required to show that the image
points are points on the circle; not
all of the points on the circle. (The

9 il image is, in fact, just the lower right
wz—z=1-iw quadrant of the circle.)
i 2 =W
w—1 This is the image under T of |z] = 1
1 —iw but it is difficult to interpret and part
|Z] = TW=1 =1 ¢ would be difficult without some

' further working.

Hence |1 —iwj=|w-1|

[1—iw =|—iw+i)=|-illw+i=1X|w+i =|w+i

The image of |z| = 1 in the z-plane is

lw+i|=|w—=1|

in the w-plane.

This is the locus of points equidistant from the
points in the Argand plane representing —i
and one. That is the perpendicular bisector of
(0, =1) and (1, 0).

cd

¥

=Y

Ely 1+
I=jm=w="—_"=
2i

1+ 1 _1_1;

i+1_1
2i

B e

|

The perpendiclar bisector of (0, —1) and (1, 0)
is the line v = —u.

_1_

w
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Exercise A, Question 50

Question:

a Find the roots z, and #, of the equation
22 =2jz=2=0.
The transformation
az+b
W= = 7% —d
z+d
where a, b and d are complex numbers, maps the complex number z onto the complex
number w. Given that z, and Z, are invariant under this transformation and that z = 0 maps
tow =i,

b find the values of ¢, b and d.

Using vour values of a, b and d,
i

W
¢ show that |z = 2 e

T

d Hence, or otherwise, find the radius and centre of the circle described by w when z moves on
the unit circle |z] = 1.

Solution:
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a 2 —2Nz=12
ZF-2iz+iP=2+1 You can use any method to solve this
(F=if =1 quadratic. Completing the square is an
z—j=+1 efficient method in this case.
z=1+i=1+i

b For an invariant point w = z
An invariant point is a point unchanged by the

z=02+thb mapping. So w and z are the same point and the
z+d expression can be transformed into a quadratic.
Z2tdz=az+b
224+ (d—az—Db=0- 1 The complex numbers 1 +iand —1 +i
_ . must be the roots of both this quadratic
This must be the same equation as equation and the quadratic equation in
that in part a, which is part a. S0, the two equations must be
%y — 3 =0 the same and equating the coefficients
a W I of x and the constant coefficients gives a
Hence, equating coefficients, simple relation between a and d and the
value of b.

d—a=-Ziand bh=2

z2=0, w=i
ih _

= —ih

d-" """ 1 &
d==-2ianda=0
a=0b=2 d=-=2i
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C W= -
z—2i
: 5 {w
w = 2iw =2 ..>z=#
_ 2i(w— 1)
L= —w

Page3 of 3

o = 2|2
“n’

._\_'_‘—\—|_\_\_‘_\_\_\_
o —

| H 7] =
w=—i ; As [2i] = 2.

7 = 2| 5 ¥ - !

|z| 2= ‘,as required

TN ) |
d bzl =1 =2 - 1

2iw = |

Il
=

4w — i[> = |w
Letw=u-+1iv

4lu +ilv = 1DiF = [u + iv|?

Il

Huwt+v—10)=ut+ 2
4P+ 42 =B+ 4=12+?
3+ -8Brv+4=0

]

V= —=

3 o B |
e+ v g 7

2 2_ 8 6 _ _4 4 16
HWtvV—avtyg=s—gts

For all complex numbers a and b, lab| = |a||b].

i+ (v 4 = 4= (3

The image is a circle, centre (0, j‘l] radius %

© Pearson Education Ltd 2C
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Completing the square gives the
centre and radius of the circle.






