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Exercise A, Question 1

Question:

For each of the following functions, f(x), ind {'(x), {"(x), ") and f"'{x).

a e” b (1 +x) c xe' d In(1 +x)
Solution:

f(x) f"x) £(x) fx)
a |2e¥ 2202 = dels 23e = B 2ne¥
bin(l+x)" ' nm-101+x)"2|nn-1)n-2)(1+x"3 n!
C | e + xef e+ (ef + xe) 26" + (¢F + xe¥) = 3Je* + xef net + xe*

= 2¢* + xe*

d|(l+x)"" =(1 + x)~2 (=1(=2K1 +2)~ =2(1 +£)? |[{=1)*"'(n = DI{1 +x)™"
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Exercise A, Question 2

Question:

= 243 g G _ . Kty
a Given that y = ¢ ™, find an expression, in terms of y, for T

L
dOy 2
b Hence show that |~ | = o
ILh” In| !
Solution:
: dy . dy . . 's i
ay=et¥ go— =3t ¥ —— =3t - = 3led*+d and so on.
dx dx- dx?
o d”a sl + 30 2+ Ix
It follows that —— = 3"e~ "™ =3 asy=e* "
dx"

dsy
b — = 3%

dx® y

Whenx=In(3)=In32 y=e2*3n7 = 2 x i " = g2 x 3" = —‘; — 1 Aselm =g

Ltll.'p'l. W 3
So | -t l{ = 30 ¥ ‘. = g*,
vdx®/in (1) 3
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Exercise A, Question 3

Question:

Given that y = sin® 3x,

d
a show that Y = 3 sin 6x.
dx

b Find expressions for dy dy and dy
ind expiessions oz S Bt
‘ a2 da? 2 gt
I dy)
¢ Hence evaluate l:. i

Solution:

o ERTPOL. 1 1. SR ;
a y = sin?3x = (sin 3x)?, so == = 2(sin 3x)(3 cos 3x) Use 4t = o140,
dx dy dx
= 3(2sin 3xcos 3x) .
= 3sin 6x Usesin24 = 2sinAcos A,
d*y . diy _dYy
b — = 18cos6x, — = —108sin6x, —— = —648cos ox
da- dx? dxt
[dYy) .
B |_ = —648 cos 7 = 648
i1
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Question:

fix) = x%e~™.
a Show that f"(x) = (6x — 6 — x%)e™", b Show that f"™(2) = 0,

Solution:

a f'(x) = 2xe~* — x%™"
!'r:[_.l.:l - l:ze—i ‘:I_ri-, —.1'| 12..1'5:" - X I':E‘_'l:l = t,—.x'l:z -UE' 4 .l"":'
f"x)=e* (-4 +2x)—e M2 —dx+xY)=eM-6+ 6x — %
b f"x)=e¢e*(6—-2x)—e ™ —-6+6x—x3)=e¢*12 — 8x + 2%
so f"2)=e%12—-16+4)=10
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Question:

Given that y = sec x, show that

d=y [dy) 3
a — =2sec’x —secx, |==5), = 11V2.
clx- \dx* /5
Solution:

dy
a Given that y = secx, so t—ﬁ = S¢Cx tanx

diy , .
E‘—, = secx(sec’x) + (secx tanx)tanx ———  Use the product rule, ‘
dx2
= secx(seciy + tan’x)
= secx(secxy + sec’x — ir-—{ Use 1 4 tan?A = sec? A, l
= 2sec’x — secx
d3y X
b i‘r:" = fhsecex(secx tanx) — secx tanx
di

= secx tanx(6seciy — 1)

Substituting x = = in d.{:"
- . 8 - dx?

|=2] = 2))62) - 1) = 11v2
|.I}
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Exercise A, Question 6

Question:

Given that y is a function of x, show that

d o % ,(dy
a — ) = Fp—= 2| =2
a2 VT Ve T 4y
dy d? d
b Find an expression, in terms of ¥, == and - for w ).
dx dx?' dx?
Solution:
d.. i dy dy . . ‘
a =— () = = () === 2y~ 3
de ! Lix[} ) - Yz Use the chain rule
d 1y dy 1%y | i '
%—1_}* ) = LL‘tl ‘|r’ 1.1 2z :i.:' Lth 2}*:1-{? | ) J ‘ Use the product rule.
& d |, @y (dy)
4 way = d (25 L 5D
0 d.xL“ / d:u'-2 dx? \dx/ |

[ diy dy_  d% d}-‘ LF,_V[
= Hy—2 . N g0, ¥ Mk
Y Tdx T de | Cdx . ax?)

v, Rdy dYy]
H

“de © )
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Question:

Given that f(x) = In {x + V1 + x%}, show that

avl+x2f'(x)=1, b (1422 f"(x) +xf'(x) =0,
c (1 +x%) f"x)+ 3xf"(x) + f'x) = 0. d Deduce the values of £'(0), £"(0) and £"(0).
Solution:

=

fix) = Inix + v1 + x2}

a iy} = I ( X ren d _ 1du
a f'ix) = — X |1+ 7_’1 Use —(lnu) = ===,
x+y1+x3) | 1 +2Y] clx tdx |
. I R e
XA+ E7) W1 + x%) 1 + x?)

So (1 + x2) f'(x) = 1
b Differentiating this equation w.r.t. x, using the product rule
1 + x2) f"(x) + Lﬂl”{x} =)

Vi1 + x2)

So (1 +x))f(x) +xf'(x) =0

Multiply through by (1 + x7).

¢ Differentiating this result w.r.t. x
(1 + 25" (x) + 2xf"(x)) + {F(x) + xf"(x)) =0
giving
(1 + 22" (x) + 3xf"(x) + f'(x) =0

dfo)=—1_=1
V1+0
Using (1 + x%)f"(x) + xf'(x) = O with x = O and f'(0) = 1
(0)+ (0)(1)=0=1"0)=0
Using (1 + x%)f""(x) + 3xf"(x) + f'(x) = Owithx = 0, f(0) = 1 and "(0) = 0
")+ () +1=0=f"0) = -1
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Question:

Use the formula for the Maclaurin expansion
and differentiation to show that

al(l-x'=1+x+x22+...+x+..

b /I Fa=1+2-%,2 _
Vil +x) 278 16

Solution:

afixy=(1-x)"1 = f0)=1
ffix)=—-(1-x)3-1)=(1-x)"2 » f1(0) = 1
i) = =-2(1 — 03 -1)=2(1 — ) = ") =2
x)=-32(1 -0 4-1=3.2(1-x"* = "(0) = 3|

General term: The pattern here is such that {”(x) can be written down

fxy=rr—1) .. 2(1 —x)" "+ =r(1 —xy 0t 1 = fin0) = ¢!
e o . : f'(0)_, f7(0)
Using f(x) = f(0) + (O)x + gx-- S SR e S B T
2! r!
- e 2.2 rl - 2 r
(I=-x)"=l+x+mx+. +ox'+. . =l+x+x"+.. +2x"+..
£y r.
b fix)= (1 +x) = (1 +x)* - f(0) = 1

f'(x) = +(1 +x) 7 > £(0) = 1

) = 2(—3(1 + x) = = 1(0) = -1

f(x) = 3(=(—=3)(1 + x) > 17(0) = 4

Using Maclaurin’s expansion

( | {31
AL [ =<1 ]
s e A doa o AEY 3
V(1 +x)=1+3x+ o +—_;|1
DT (- L S
2 8 16
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Exercise B, Question 2

Question:

Use Maclaurin’s expansion and differentiation to show that the first three terms in the series

-

expansion of e*"* are 1 +x + 5.,

Solution:

a fix) = et » f(0) = 1
f'{x) = cosxein® 0 =1
f'(x) = cos?xedn¥ — sinx eHn? s £(0) = 1

Substituting into Maclaurin’s expansion gives

SNy — ¥ 0 _] .2
0 ] + L:+2!_1 A o

= ot 1.2 4
'—1-x+;j.\-...
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Exercise B, Question 3

Question:

4 al
AN A

a Show that the Maclaurin expansion for cosx is 1 — % + 41 20

b Using the first 3 terms of the series, show that it
gives a value for cos 30° correct to 3 decimal places.

Solution:

a f{x) = cosx > f(0) = 1
f'(x) = =sinx > f'(0)=0
f"(x) = —cosx = "0y = =1
"'{x) = sinx = M"0)=0
f™{x) = cosx = f"{0) =1

The process repeats itself after every 4th derivative, like sinx does (see Example 5).
Using Maclaurin’s expansion, only even powers of x are produced.

o (=1} ., 1. W g § s
cosx =1+ T.‘t’" + 4-!-14 + ...+ _ij?:ﬂ!_'t” +
=1-% 48, X
21 4l (2n)!

2 1
b Using cosx = | —';—I + :I—I withx = 7 (must be in radians)
) : i 3

2 4
osx = 1 — I + T =(.86605 ... which is correct to 3 d.p.
cosx = 1 = Y 37104 866 which is correct to 3 d.p
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Question:

Using the series expansions for ¢* and In(1 + x) respectively, find, correct to 3 decimal
places, the value of

ace b In{gl:l

Solution:

a Substituting x = 1 into the Maclaurin expansion of €', gives

WO S T
= Pt gl g lgl el Lo ly
e=l+l+a*ts*tatataty

The approximations, to 4 d.p. where necessary, using » terms of the series are

1 2
1 | 2
Soe=2718(3d.p.)

H 5 6

2.7083 | 2.7167

9
2.7183

10
2.7183

3 | 4

7 | 8
2.5 | 2.6667

2.7181 | 2.7183

Approx.

b Substituting x = 0.2 into the Maclaurin expansion of In(1 + x), gives

(0.2)* (0.2 (0.2)} (0.2 (0.2)° (0.2)" _

f6\ - =
iz} =02 ==5 3 R e "7

The approximations, to 4 d.p. where necessary, using n terms of the series are

2
0.1823

3 | 4
0.1827 | 0.1823

il 1 2

02 | 0.18

Approximation

Soln(g)=0.182 (3 d.p.)
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Question:

Use Maclaurin’s expansion and differentiation to expand, in ascending powers of x up to
and including the term in x?,

a e b In(l + 2x) c sinfx

Solution:

a fix) = e¥, f"x) = I"e™*

So f(0)y=1, £'(0) = 3, £(0) = 32, £(0) = 3%, £(0) = 3*

' 4
fix) =e*=1+3x+ ‘z,x + %x + E1r4+
9x* 27 .4 w i S B . (3x)*  (3x)'  (Bx)*
=14+ 3x+ = 5+ T+_I + ... |Note: thisis 1 + 3x + 3 +- 3 + ai 4
b Asf(x) = In(1 + 2x), fl0)=In1=0
P(x) = —2— = 2(1 + 2x)"! £(0) = 2
=TT ™ ) =
f"lx) = —4(1 + 2x)72, (0 = —
"(x) = 16(1 + 2x)74, f"(0) = 16
I--r.lr{.t.] — _1)6{] _|_ .?I:l .IJ f:rrrH]] e —Qf‘j
. (—4) ., (16 -96
Soln(l +2x)=0+ 2x + _2,’_] + T:],l‘ + [—4:—3].\:" + ...
o i o Py 2 l. 4 2_ i
=2y — 2x* + &f — 4x* + ... [ Note: thisis 2x — L'-ﬂ - :—.--—; - E—T—] + ...
3 2 3 4
¢ fix) =sin®x f(lOy=0
['{x) = 2sinx cosx = sin 2x ' =0
f"(x) = 2cos 2x 0y =2
"(x) = —4sin2x 0y =0
["™{x) = —8cos2x ™) = —8
: — BB e 2 3 (=38 -I' xt e, X!
Suf{xb—sm.r~[]+ﬂx+zr +UI+-1' +.,.—:r;—,-%.+
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Exercise B, Question 6

Question:

Using the addition formula for cos (A — B) and the series expansions of sin x and cos x,
show that

. T 1 | x x  xf '
cos(x—S)== |1+ - +=+2+...
T )T E 26 24 -
Solution:
sy ! 8 W= e Ry 0 o) s IRl 1 : : |
a cosjx — h;l = COSX CO3| 4: | T SInxsin |4‘1 ‘ Use cos(A — B) = cos Acos B + sin Asin B.
=1 (cosx + sinx)
V2
1 || e - A .
S | - L+ - b
7 UE T A L _.
] I N
= l+x—2 —= = ]
y | 2 6 24
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Exercise B, Question 7

Question:

Given that f(x) = (1 — x)* In(1 — x)

a Show that f"(x) = 3 + 2In(1 — x).

b Find the values of f{(0), (0, £"(0), and £"(0).

¢ Express (1 = x)° In(1 = x) in ascending powers of x up to and including the term in x*.

Solution:

a fix)=(1—-x)In(1 — x)

" ¢—=1) |
f'iix) = (1 —x)* X e 2(1 —x)(—=1)In(1 — x) Use the product rule.

=x-1-2(1 -2In(1 —x)

Mx) = 1 ZI:I - x) X 1% -In(l=-x)|=1+2+2Inll —=2=3+2In(1 —x)

"x) = 2
b "'(x) T
Substituting x = 0 in all the results gives

f(0)=0, f'(0)= -1, f{0)=3, f"(0)=-2

7 ¥ 5 3 . [_2] 1
€ fix) = (1 —x)°In(l —x) =0+ [‘-*1].‘L'+TJ" AR TR
— 3x* __l 1
x+—2 333
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Question:

a Using the series expansions of sin x and cos x, show that

B — 3.3 17 .5
Isinxy—4xcosxy +x=5x" ———=x" + ..,
’ 2' 7120
b Hence, find the limit, as x — 0, of S.310% = 4 cosx +x

.L.';

Solution:

a Using the series expansions for sinx and cosx as far as the term in a°,

o | 5

T _ X _ 1.3y .1 5 _
NNnx =Xx .:_I T i—' SRR e 4 ;.’J., T -I-::-ﬁx
. -
osr=1—-% +% = =1-=1g24 Lad-
cosx = 1 51 +_}] e =1 =325+ 2%
50 3sinx — dxcosx +x =3(x —fat 4t — L) —dx(1 -G+t - L) +x
=3r -3t p —dr+ 2l
3siny —4dxcosx +x = :’.t-‘ - 1!,{,.1‘-* + ...

25Ny —4xcosx +x _ 3 17
b 3 =F Az
x - -

x* + higher powers in x using a
ik g
Hence, the limit, asx — 0, is 5.
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Exercise B, Question 9

Question:

Given that fix) = In cos x,

a Show that {'(x) = —tanx

b Find the values of £'(0), £"(0), £"(0) and £"'(0).

¢ Express In cos x as a series in ascending powers of x up to and including the term in x*.

d Show 1hat uslng the first two terms of the series for In cos x, withx = f gives a value for

In 2 m I: 1 + 1%

Solution:

a fix) =Incosx = f(0) =0
g 1 d 1 du] o

! — e bl — LA s = =
i) = sz % ( sinx) Milnn] 7 dx) {0y = 0
= —tanx

b Mix) = —secix — "0y = —1
{"(x) = —2secx(secxtanx) = —2sec’xtanx = f"(0) =0
f"(x) = —2|sec®x(sec*x) + tanx(2sec’x tanx)) = {7(0) = -2

¢ Substituting into Maclaurin's expansion

- . 2
Incosx =0+ Ox + iz vt + 0xt + E4 }x'*+
- S
"2 12
ubstititing % = Tgives n[-L )= -4 7] - 1 (=
d Substituting x = 7 gives lnl_,'j_.l 2\16) ~ 13\358
(11 _ I _
but In (E} = {28 = Eln 2,
st =iinp =
3 216 12.256
. W: F =l
In2 = T ?Sﬁ using only first two terms,
~m (14 )
16 1 96 |
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Question:

Show that the Maclaurin series for tan x, as far as the term in x°, isx + }.‘r‘ + T“;.;.‘r'“.

Solution:

a fix) =tanx = f(0) =0
f'(x) = sec’x » 1(0) = 1
f"(x) = 2secx(secxtanx) = 2secixtanx = {"[0) =10
[""(x) = 2|sec’x(sec’x) + tanx(2sec’xtanx)| > £(0) =2

= 2(sec*x + 2sec’xtan’x)
{"(x) = 2([4sec’ x(secxtanx)} + 2{sec’x(2tanxsec’x) + tan’x(2sec’xtanx)] = "0)=0

as tan(0) =0

= |hsectxtany + 8sec’xtan®x

Ssecixtanx(2secix + tan’x)

f"'(x) = 8sec’xtanx(d4sec’xtanx + 2tanxsec’x) + 8(secix + 2sec’xtan’x)(2sec’x + tan’x)
— ""0) = 16 as tan(0) =0
seci() =1

Substitute into Maclaurin’s expansion gives

2 5 i
tanx =0+ lx+ 92+ 23+ Dt 4+ 1045 4

2! 3! 417 5!

A o 2 .3
= — + J o
_11-3 ISI
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Question:

Use the series expansions of ¢, In(1 + x) and sin x to expand the following functions as far as the
fourth non-zero term. In each case state the interval in x for which the expansion is valid.

J-’ _le
- b 2E
& e
c elt* d In(1 —x)
e sin (';] f In(2 + 3x)
LR
Solution:
{2y (=)
o e S e
=1—-x+ l IF + ... valid for all values of x
e X ¥ (4x)"  (dx)°
b e e=1+ (4x) + =7 4 =31
=1+ 4x + Bx? + % + . valid for all values of x
1 4% — : i [ o x_l I'J' l e H . . . "
c e =g Xet= L’II +x + 5 + % + | valid for all values of x
(—x)? (=x)P  (—x)
dIn(l —x)=(—x) - + " + + ... [F1<=x=1]
2 3 4
l>x= -]
- g R e S L
2 3 4
o o ) B @G
¢ ﬁmli_} = i.'i} ~ 3 + = T -
& ¥ xt x’ -
= - 4 - it all values
5~ 15 1 810 " GEE im valid for all values of x
; _ [ 3x\] _ [+ o 3a)
£ In2+3x) = Inf2(1+ 3 )}=1n2 +n(1+3%)
x| (3x)’
31: ol 2 Jx
—lr12+ T+ 3 + —1c::?£1
3r_ Bt oy 2 y
= 4 2= S —s<x==
= In2 > "] ] X =2
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Exercise C, Question 2

Question:

a Using the Maclaurin expansion of In(1 + x), show that

[ § By 3 5 \
In(1+ H=2fx+E+E+ ] -1<x<,
\1—2x) \ 3 35 /
b Deduce the series expansion for En]l |' —]1—4_:' :I, -1l<x <1,

¢ By choosing a suitable value of x, and using only the first three terms of the series in a,
find an approximation for lm:_%'l. giving vour answer to 4 decimal places.

d Show that the first three terms of your series in b, withx = —‘, gives an approximation for
In2, which is correct to 2 decimal places.

Solution:

PhysicsAndMathsTutor.com
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2 3 4 3
alntl+x}=x—%+%—‘%+‘%—.,., ~1<x=1
2 3 4 5

Intl—x}=—x~’%—-%—%—%—..., -1l=x<1

|ﬂ1+x]=mu+xy4m1—m

1 —%]
2 3 4 5 | 2 3 4 A
X X X X X X X X
e e o e
R R I [x 2 3 4 5
21..{ zx";
= 284S £ o
e+ S+ %

3 3
=2x+i+x7+..,]
3 5

Asx must be in both theintervals —l <x=sland -1 =sx < 1
this expansion requires x to be in the interval -1 <x < 1.

1+x)| _ 1+x].':l 1+x]
hmdl—x)'ﬂl—x in(1 =3
f1+x R '
== et _+“‘ — - L
snlnh(l_x) (I:rc+3+5 y, l=<x=<]
c Snlving[-%#’ =%give53+ 3x=2-2
Sx = -1 ‘ e X |
3= =02 This is a valid value of x.

So an approximation to ]n[%] is 2[' = G AL LS -ﬂ—ﬂMJ

3 5

1l

2(=0.2 - 00026666 — 0.000064)
—0.4055 (4 d.p.) This is accurate to 4 d.p.

B . E———
d Inlll.(1 -x) with x = £ gives Inv4 = In2

3 5
50 1n2 = 0.6 + (Efl 4 {Esfj}_

= 0.687552 ... = 0.69 (2d.p.) |[Using the series in a gives In2 = (.7424...]

Use the result in b.
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Exercise C, Question 3

Question:

. R — yo . ' T PR . [ ..
Show that for small values of x, g — pm¥ = + 2yt
Solution:

2x)*  (2x)° ;
et =14+ 2x = ST =1+2¢+ 222 + 2
(=x¥  (=x) o xd
x = _ ) —_ 4 L — T+

o 71 3l RS
So e — e ¥ = 3x 4 ;;-1:3, if terms x* and above may be neglected.
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Exercise C, Question 4
Question:
a Show that 3x sin 2x — cos 3x = —1 + Sx? — 2t — .,

b Hence find the limit, asx — 0, of [ 3x sin 2x — Cos 3x + 1'|.

x*
Solution:
3 1
a 3xrsin2x = L‘Ix‘{[i‘xl - [,1% : = fx? — 4zt
_ G Bxy . 9., 27,
¢ 9
S0 3xsin2x — cos 3x = 6x” — 4dxt + -1 - 231 + ”ﬁ?x‘ - :
_ 21 .2 594
= —1 + ?.1 g A +

F — C0s 3x 59 ; ; ;
p SxSinz r}.m w1 -2:}1 - ;T + terms in higher powers of x

3 ﬂ'.. S0 ‘5_{'3!'1_2)‘____‘('95_3‘3__—'—__1 tends to 21

Asx ;
x 2
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Exercise C, Question 5

Question:

Find the series expansions, up to and including the term in x*, of
a In(l +x— 2x%
b In(9 + 6x + x2).

and in each case give the range of values of x for which the expansion is valid.

Solution:

alnl+x-2x=In(1 —x)(1 + 2x) =In(1 —x) + In(1 + 2x)

i

5 4
P ) ey L L N S -1l=x<1
[ 273 3
L - A ) | |
In{1 + 2x) = (2x) — 5 + E Y = —F ey
o
= 2.1‘—._.1‘3+§‘1 — 4t

Soln(l +x— 22 =In(l —2) + In(l + 2x)

N i . . W
= A _2_ + _r —4— F iy

1< x =1 (smaller interval)

b In(9+6x+2% =In(3 +x)°=2In(3+x)=2In3(1 + Ji| = ?.{In 3+In[1+ '3;]|]|

. -« &) G G .
[ht‘t‘,‘-{[lﬁﬂﬁltmUtlﬂl1+§.}IIS =|:?]— 5—* 5=+ —I{E‘ii
X _ X0 o :
=S - — S -3<x=3
3 18 81 324 t
SoIn(9 + 6x + x?) = 2(In3 + ln[ 14 ‘zﬂr
9 2% x> 28 x
=2In3+SF -+ -5+ . —-3<xe]
3+ T - tar gt ¥
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Exercise C, Question 6

Question:

a Write down the series expansion of cos 2x in ascending powers of x, up to and including
the term in x*.

b Hence, or otherwise, find the first 4 non-zero terms in the power series for sin® x.

Solution:

(20)" (22 (20)° (207 |

21 T T4 el g

=] - 2;1{:_:' b g‘_xj - __]"'_x‘:_n =+ 'z*r_h =
3 45 315

[
a cos2x = 'll

b Using cos2x = 1 — 2sin’x,

, 2t . 4xb | 2%b
2 o2k g 2 X
3 45 315

e sl x' 2%t P

So sinfx=al—-%-+ S5 - o=

3 45 315

|Alternative: write out expansion of sinx as far as term in x7, square it, and collect together
appropriate terms!|
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Exercise C, Question 7

Question:

Show that the first two non-zero terms of the series expansion, in ascending powers of x, of
In(1 +x) + (x — 1)(e" — 1) are px* and gx*, where p and g are constants to be found.

Solution:
In(1 xe xd ot
alnl+xy)=r—="—+="0——"2 +
2 3 4
['—]3{“"—1]—‘-_1]'.+,'l" L_|x4_ |
R e AT TR g T Y
2 Jl.'l x-j I_'!": x"‘ '1-4
=x-+_+—1”—1r+_+_.+_+”1
2 5] 2 6 24
) 3 4
X X b
==Xttt ==+.
3 8
So In(1+2)+@-1)eF-)=[e-Z+L -4 J+(w+Z+22, )
. ) F \ 2 3 | 2 3 g
Iy 5 |
e [ — s = —
38 P=39="3
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Exercise C, Question 8

Question:

sin x

a I‘.xp&mi: - in ascending powers of x as far as the term in x*, by considering the

product of the expansions of sin x and (1 —x)™"

b Deduce the gradient of the tangent, at the origin, to the curve with equation y = L LE

(1 —x)P"

Solution:

a Only terms up to and including x* in the product are required, so using

=3
; X . 5
5N =X — ? ... [(nextterm is kx)

and the binomial expansion of (1 — x) ¢, with terms up to and including x”.
(It is not necessary to use the term in x*, because it will be multiplied by expansion of sinx.)

(—x)* (—x)*

(1 —x)y%=1%(—2—%) + (=2)(—3) T+ [-2}{--3][-4]—T i
=142+ 3%+ 47 + ...
- s I { !
i Mo [ I .. S LI D B
(1-x2 | 6 /
4 4 ]
—x+22+ 30 +act+ L (T4
\ G 3 !
3 4
=g+ 10 1,
5] 3
by=_5NX _ 90, 17, 11x% |
(1 —x) b 3
i . _— - ;
S{}L% = 1 + 4x + higher powers of x = at the origin the gradient of tangent = 1.
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Exercise C, Question 9

Question:

Using the series given on ]mg_u 112, show that
a (1-3x)In(1+ 2x) = 2x — 82 + 23 — 12¢7 +
|a

be¥sinx=x+222+ 23+ +,

cVl+xd)e*=1-x+22 -5+ It +.
Solution:

B!

3 dat + :I (see (Q5a)

a (1 - 3x)n(l +2x0) = (1 = 3x) IIE.L?: — 242 +
=(w-20+ 8 g+ L) - (@2 -6 B - L)

=26 - 8% + 20t — 1200 +

e o I L, (207 (2x) | (2x) [ & '
b e~sinx = *ll + (2x) + 1 + 3 + v iin +., ||.r —3p o [only terms up to x|

_|'1+2.).+2.1 +4JL +.---+ ||::—- T}

[ 3 4t foxd )
=|:I:t + 2x2 + 22 + = +I'._E_§'.-|+"‘
=x + 2x? +11 B4+ ...
c (1 +x%)e*= (1 +xYie™
B 1.2 . (1Y 1) oxr ox xt \
2 2 i
=[1+X -% 4 l-x+2 -2 2 4
| 28 |1k — g hag iy
_fe i Thoa S | W o B (O
=1 *::-'-|:5+§J..1 + | 5= 2 +|\ﬂ+1 §]:l: -I-.j
=1-x+x2—2x0+ 1yt
5
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Exercise C, Question 10

Question:

_xt
a Write down the first five non-zero terms in the series expansions of e 2,
w ] T

b Using vour result in a, ind an approximate value for J e 2 dx, giving your answer to
. : : .

3 decimal places.

Solution:
. l—-‘ff;:l‘ .'_?sz| " '3‘;|4
B [ X V2 ' - ' /
aes=lt{-F)t— F* 3t *
2 | i !
=1-Z 42 _X . X _ .
2 B 48 384
| |
b Area under the curve = e dx = 2[ e 7 dx
L] ¥
| PO S s N S Integrate the result f
| e AT N e, O grate the result from a.
2|* —% * 30 " 336 T 3456 l l

A

w111 1 . 1
~2|1 =%* 10~ 336 * 3335

e

~ 1.711 3 d.p.)
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Exercise C, Question 11

Question:

; i ; ; { ;
a Show that e™ sin 3x = 3x + 3px* + _,I’ -.1 + ... where p is a constant.

b Given that the first non-zero term in the expansion, in ascending powers of x, of
e sin 3x + In(1 + qx) — x is kx*, where k is a constant, find the values of p, g and k.

Solution:
(px )’ | 3x)*
a eMsin3x = {] + (px) + —'Ir—— + U_y— e {E‘l xX) — : ;} ll‘
F‘, j‘{r{ f (}'{' i
R 3 — =—+.
| 1+ px —+ .| 32 : |
3pPa? [ gy
= 1+-’. 2427 4+, + - 4+,
2 = 3t
= 3x + 3px? + - walia u
2
| n;t] (gx)*
b In(1 + gx) = @) - 55—+ =5~
1.- . J
3' ,.". = J} I.! '.EII 51-!
Soesin3x + In(1 + gx) —x = 3x + 3px* + % + qx — “;T + ”‘IT — x5+ .
(2 + g +|1:— ) ‘Jr(fi‘”_’ﬁ]"l 2%t +
SR e L e
Coefficient of x is zero, so g = —2.
Coefficient of x* is zero, s03p - 2=0=p = 2:
Coefficient of x* = { = —: - j’ = - Ift sok = _g
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Question:

f(x) = e~ ¥ gin x, x =0

a Show that if x is sufficiently small so that x*and higher powers of x may be neglected,
_1:.?
3

b Show that using x = 0.1 in the result in a gives an approximation for f{(0.1) which is

correct to 6 significant fiigures.

fix)=1+2x+

Solution:
a l._"r ~Inx - {I-"-' x L|—|I'IJ' - L:'"". )( 1-_1“"'1'_[ UHlﬂg L-,r-' + b — L"[ W L:l.h
=¥ ¥ x| using ei"* = k
e
X
ad ¢ < 5 E 3 .
er—Inxginy =& f}r-‘i, and so, using the expansions of e* and sinx,
f .T'? l_{ \ g I_’G \
|1 +x+%+ €t |lx— )
“:.1} = E.'l. Inx hIII.T = ) ] \ : b - 0
X
/ x2 43 \ 22 \
=|]l+x+=4+=4+ .. 1] —=— + ...
L 5+ )1 =g Yo
i ¥2 oy (x2  x3) . : 2
=|l14+x+=+2|— |2 +2| ignoring terms in x* and above.
| 2 &) | | & h 'I 8 &
=1+4+x+ 1:: There is no term in x°.

oL | S [
b i(0.1) = % = 1.103329...

The result in a gives an approximation for f{0.1) of 1 + 0.1 + 0.00333333 = 1.103333...
which is corect to 6 s.1.
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Question:

a Find that Taylor series expansion of vX in ascending powers of (x — 1} as far as the term
in(x— 1%

b Use your answer in a to obtain an estimate for v1.2, giving your answer to 3 decimal places.

Solution:
a fix)=vx = f(a) + f'(a)x — a) + F;;”il‘ —a)* + fi;"{”]m = i)+ fi:‘;”:x —ayt+ ..., wherea = 1
fx) = vX f(1) =
fx) = %A: " F(l) = %
frx) = — o~ (1) = —4
4 4
f""(x) = %x S (1) = %
Sox=1+4 %u: -1) - :I,_]TH: - 112 4 ET%%'H — 1) - m];—_[_]sx 1)4 4
=1+d@-p-te- 1+ da- - Sea -+
bViZa~1+ %m.z; - o2+ L2y -2 0.2

8 16 128
1+ 0.1 = 0.005 + 0.0005 — 0.0000625
1.095 (3 d.p.)

&

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 2

Solutionbank FP2

Edexcel AS and A Level Modular Mathematics

Exercise D, Question 2

Question:

Use Taylor's expansion to express each of the following as a series in ascending powers of
{(x — a) as far as the term in (x — a)*, for the given values of a and k.

alnx (a=e k=2) b tan x .::::.l;,kz.%:. c cosx (a=1,k=4)

Solution:

PhysicsAndMathsTutor.com
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All solutions use the Taylor expansion in the form:

Page2 of 2

nr )
£x) = @) + F @)@ — a) + & ')( ay+ % ( '3( S SN r'!:“} —a) +
a Letf(x)=Inx then fla) =fle) =Ine=1
] — ! r = f'ip} = !
[[x}—x f'(a) = F(e) =
) = —L f(a) = f"(e) = — L
x° e’
(-3
f _ _ | \ Ez | 3
S50 {xn—]nx—I+Eix—eJ+ 3 x—eF+..
. +{x—e]_{x—1+:]|v+
e 2e*
b Let f(x) = tanx then fla) = f{;-rj =3
f'(x) = sec’x f'la) = t'(’,‘f} =4
f"(x) = 2secxtanx ) = 1" "—;] = 2(4)(v3) = 8/3
f"(x) = 2sec’x + 2tanx(2sec’x tanx) f"(a) = f”‘[\g} = 2(16) + 4(4)(3) = 80
_ =5 ol B3y, e 80 |3
So f(x)=tanx =3 +4;.L 3J+ 5 (x = ] +3r[x 3’1 + ..

T4 afx — T\ + 473 (x — T2 4 40
=~3+-I-|:x"%r]+4x-3[x—%r) +T{x—1"]‘+_“

3
c Let f(x) = cosx then ta) = f(1) = cos 1
f'(x) = —sinx f'(a) = F(1) = =sin 1
["(x) = —cosx f"(q) = f"(1) = —cos 1
f"(x) = sinx " (a) = ""(1) = sin 1
f"™(x) = cosx f"(a) = f"(1) = cos 1
S0 flx) = cosx =cosl —sinl(x — 1) — I[Cm”{ =1+ Sm“qx 1) + e
2 () 24

© Pearson Education Ltd 2C
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Exercise D, Question 3

Question:

a Use Taylor's expansion to express each of the following as a series in ascending powers of
x as far as the term in x*.
i cos ;._:c 1 1‘-| ii In(x + 3) iii sin (x T|
b Use your result in ii to find an approximation for In 5.2, giving your answer to
6 significant figures.

Solution:

© Pearson Education Ltd 2C
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Exercise D, Question 4

Question:

Given that y = xe*,
: d"y .
a Show that .= = (n + x)e’.
dx
b Find the Taylor expansion of xe* in ascending powers of (x + 1) up to and including the

term in (x + 1)%

Solution:
dy : . .
ay=xe,—=xe"t+ef=ex+1) Product rule.
dx
d2y .
—=xt+te t+tef=¢e*x +2)
dx-
d*y _ _
—= =xe* + 2ef + e* =¥y + 3)
da
_ 1y
Each differentiation adds another e*, so dx_’ =0+ x)e",

So for f(x) = xe®, f"x) = (n + x)e*.

b Using the Taylor series witha = =1, f(=1) = —e!, f(=1)=0,f(=1)=¢"!
f"(—1) = 2e~!, f"(—1) = Je!

S0 xef= e"]'.—i +0(x+ 1)+ 2—][{.1’ + 1) + :;ﬁ'i-" + 1)° —;’1[1 + D%+ |l
' ] 3 | ) | . '
=eN-1+z@x+1P2+ax+ 13+ + 14+ ...}
¢ . 1 z{r 1) 3i_x §] 811 1) .I
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Exercise D, Question 5

Question:

a Find the Taylor series for x? In x in ascending powers of (x — 1) up to and including the
term in (x — 1)%

b Using vour series in a, find an approximation for In 1.5, giving your answer to
4 decimal places.

Solution:

a Letf(x)=x'Inx thenasa = 1 fla) =f(1)=0
F'(x) = 3x%Inx + 2% % ; = x%(1 + 3Inx) f'(a) = '(1) = 1
f(x) = x2 xg + 2x(1 4+ 3Inx)=x(5 + 61lnx) f"fa) =f"(1) =5
f"(x) =x x%+ (S+ 6lnx) =11+ 6lnx f"(a) = f"(1) = 11
f"(x) = E f™(a) =f"(1) = 6

Using Taylor, form ii

T . i 152 4 Mg 158 4 O g v
fix) =x*lnx =0+ 1{x ]:+—2!u 1) topl 1) g LY =k
. 3y 2 11 1 R |
={x—1)+2(x—1¥+=(x— — (X — + ...
(x — 1) 2:1‘ 1)% + e x—1) +4{t 1)

b Substituting x = 1.5 in series in a, gives

il 5 ) 11 . 1 i
— S=0542(05°7 + 22050+ (0.5 + ...
3 Inl 0.5 2(1]"1} + 3 (0.5) 4“*&}

= 0.5 + 0,625 + 0.22916... + 0.015625 (= 1.369791 ...)

So this gives an approximation for In 1.5 of k.

EF{L;{(‘:U?‘JI ..) = (.4059 (4 d.p.)
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Exercise D, Question 6

Question:

Find the Taylor expansion of tan (x — a), where a = arctan |—L ], in ascending powers of x up to
and including the term in x2,

Solution:
Let f(x + a) = tan(x — a), so that f(x) = tanxand a = -«
As = ;lrt_'t;m[ gll tan a = ; and cos a = :—:
fix) = tanx Ha) = f(—a) = tan(—a) = —j
. , . : 2
f'ix) = sec’x f'ia) = f'{—a) = ::’
16
o o . a 2 ‘i — M — 25I { '% e | J-"”'-'I
f"(x) = 2sec’xtanx "(a) = "(~a) = 2{ T2 )| 3] = ~|33)
Using the form ii of the Taylor expansion gives
| FS '||
- (34} 3,25 \. 32/ %
- - = {:z — arctz . = == 4 =X <+ il -+
fix + a) = tan(x — arctan| 3 ] 7+ 1g¥ I
3 .25 75 5
S LI = el o Al
4 16 4
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Exercise D, Question 7

Question:

Pagel of 1

Find the Taylor expansion of sin 2x in ascending powers of (x — ;‘;T| up to and including

3 V4
the term in (x — F)".

Solution:

a f(x) =sin2x

flx) = sin 2x

f'{x) = 2cos2x

["(x) = —4sin 2x

["(x) = —8cos 2x

I'r\lr.r

(x) = +16s5in2x

So fix) = sin 2x

Il

© Pearson Education Ltd 2C
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anda= :—:
fla) = fl - | = wmzf - “—;
Hia) = I:: = chsi :T} =
"(a) = f(Z) = —4sin(F) = -2
"'(a) = (%) = ~8cos (7]
f"(a) = " ;l::' = 16sin .%T
\_25_ Fifx—Z)+ {—;\. '.%;[I - ;—| y 1;_!_-}_:|,x 5
‘*;- +1(x- ;"| - V3(x - :]3 - %(’x ~ :]” + X
utor.com
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Question:
Given thaty = — I _
Vi1 + x)
a find the values of | LIJ'} o [ d?y)
C ralues ¢ and [— |-
vy 3 ltd.l" l4

b Find the Taylor expansion of — I , in ascending powers of (x — 3) up to and including

. - V(1 + x)
the the term in (x — 3)-.
Solution:
a Giveny = _—] =(1+x)? yi(= value of y whenx = 3) = 1
Ja +x) 2
dy | (dy | 1, 1 1
—.=_—|_T‘ ;l:—_x_..z— =
cla 2{ & L /5 2 8 16
dy 3 _3 (d>) 3 1 3
—= =21+ | == =2t o =i
a2 4 &2 =353 =18
b So using
R i f"(3) - P [ 12 i
fx) = £(3) + F3)(x = 3) + —(x = 32 + ... with {(3) ‘-{ﬁ"""la
1 1 1 ; 3 3
= == — e —3) + - 32+ ..
Y \-'{| +x) 2 H‘iu 3) 256 o)
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Question:

Find a series solution, in ascending powers of x up to and including the term in x*, for the

) dy

differential equation [1.1,3 =x + 2y, giventhatatx =0,y =1and g = %
Solution:

d%y d*y dy
Differentiating —= = x + 2y, with respect tox, gives —= =1+ 2=

8 a2 ~ “ SVE & w O
dy d2y
Differentiating (D gives == 2
ifferentiating () gives e 2 )
: o . dy ;
Substituting x, = 0, ¥, = 1 into 0 = x + 2y, gives
'Ll V [ d2y)
) ) =0+ ?tl},mll i'?" =12
OTRUTIONBPRIIY (43 ) [ B i 'dv'_ e 45
Substituting |-.{I;EJ” =5 into @) gives I.d_,bn | Zlni-l =2
Substituting | {IJ*VI:l = 2 into (2) gives III {14.1-1' =22 =4
' c 3‘: '-LL'I:'J h o 51 ¥ | 1x-1 .'“ =
So using the Taylor expansion in the form where x, = 0, i.e. ii
(1) (2) 0. (2) .o . (4). X A ALTE 7y
+lalax+xt+ —x+ x4+ =14+ 42+ +2+ ...
y=1+g)n+ 5rat +3ra + gra S S A

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2

Edexcel AS and A Level Modular Mathematics
Exercise E, Question 2

Question:
B ) A , dy o dy dy
F'he variable y satisfies (1 + 2% —== +xs—=0andatx =0, y=0and == 1.
€J [ }d_r-'! dx Y dx
Use Taylor's method to find a series expansion for y in powers of x up to and including the term
inx*,
Solution:
dy dy
Differentiating (1 + x- Jl S =+ % :_.L = (), gives
. dy? dy d¥y dy dy* dy dy
1+x)-—+2x—+x + == he.(l+2)-—+3x-="+-—-=0
l }LI.I.‘"‘ da? dx?  dx ® dx? dx?  dx
dy m [ d?y)
Substitutingx = 0 und|—] linto (1 +x° :ln =0, Hnul—— =ﬂ
Lt
Substituting x = 0, | e =1and | d'y | =0into @ gives | & v| |
H 1.1. |II i« lti.l"t Io g In

So using the Taylor expansion in the form ii,

0y 5, (=1} y x#
= e —_—t e = i
y=0+1x+ T TRC A St Tt i
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Exercise E, Question 3

Question:

5 : 2 . . dy i
Given that y satisfies the differential equation ﬁ +y—¢"=0andthaty =2 atx =0, find

a series solution for y in ascending powers of x up to and including the term in x°.

Solution:

Differentiating t%j +y—e* =0, gives i—;f + 3% -ef=0 @

Differentiating @ gives ::: + fflj -e¢=0 @

Substituting x, = 0 and y, = 2 into g:r +y —e* =0, gives I:‘%:—f]“ +2-1=10, 50 !S{; ]” = =]
Substituting x = 0, | j}:lu = —1 into @ gives l'i:'lu. +(-1}=-(1)=0s0 |I:"1I1}’” =2
Substituting x = 0, II:;]“ = 2 into @ gives | :‘;:’: :|“ +(2) - (1) =0so ii_}: ]” =—1

Substituting into the Taylor series with x;, = 0, gives
(2) (—1)

oo = 2 %
y=2+I I]x+2]-x+ 3!.1:4-...
="4‘—Jr+.::3—'?‘1—-q
2 G
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Exercise E, Question 4

Question:

Use the Taylor method to find a series solution for

d* 5 dy dy

+x==4+y= =0,¥y=
5 ri.r +y=0,giventhatx =0,y =1 and dx =2,
giving vour answer in ascending powers of x up to and including the term in x*
Solution:
Differentiating :_ﬂ + x% + y = 0 with respect to x gives

d’y xdj}'+t1v dy _ 0 ® L dty 1 d}r+ d}-j:n

et Tde? dr e ' e T T i
Differentiating @ gives

dy dly d% d*y dty dty d%y

—— +x—S+ -+ 2-==0 Q, —~ +x—=+3-—==0

e g a0 O MR iiaaiin,
g B e A " dy
Substitutingx =0,y =1 i 2 i.r i = () gives

[ d? ‘}f [ d2y)

| +02)+1=0=|-2| = -1
| L}L’ ' V) \dx? /g
[ d%y . ;
Substituting x = 0, I—) = 2 and I -—|| ~1into @ gives
J||
(9Y) 4o 22) = 0,50 (2] =
&E.:-in_"— (—1) + 2(2) = 0, 50 d“
Substituting x = 0, I:dyj =2 |ﬂl = —1 and |—b —4 intu@gives
L'l.'t' W 'd_\:z 'O )

| -}r V|
l? +0(—4) + 3(-1) =0, m|”‘)

Substituting into the Taylor series with form ii, gives

y=1+2e+ 00 080 Oy

51 3 AR

=1+2-dx2-204 104

2 3 8
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Question:
d* dy
The variable y satishes the differential equation d? + 2—&— 3xy,andy = 1 and
dy
=-=]atx = 1.
d 2
Express y as a series in powers of (x — 1) up to and including the term in (x — 1)°.
Solution:
&y, ,dy dy  ,dy dy
Differentiating — + 2= = 3xy gives — + 2—5 = 3x —-+3v
ifferentiating Tz t25; y give T 232 i Q)
2 fdy dy [ d?y)
f)l]_]l.'ill[i!f,\:,=1,-'=|:1ILI— = —] —=hf Vs ;
ubstituting x, = 1, ¥, d e/ | i Ix— T = XY give m_;
Substituting x, = 1, ys = 1, |Lh] = =1 and | dz‘vlll = 5 into (@ gives | {!:ﬁ‘yl = =10
: g 8 Xy v Yoo ] -dx-”-', % P 'tj.t'“]

Substituting into the form of the Taylor series form i, with x, = 1, gives

5 10 ;
Lkif =)= 1 )= %1.};— 1) + L}u - 1¥ + ...

J

lwqx*|]+--uu 1:-~%1x— 13 + ...
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Question:

Find a series solution, in ascending powers of x up to and including the term x*, to the

iz_y dy - dy
differential equation —; a2 + ijﬁ y'=1+ux given thatatx =0,y =1 and Av 1.
Solution:
d’ dy

Ulf[Lantmtlng + 2y = = + ¥y = 1 + x, twice with respect to x, gives

dHy dy [dy\e Jdy

L AR . S R VLA |

' P lfJI. Y dx @

dly diy %y d_} | d? Ld%y y\*

—+2;-'— 2 +-1 }+fv =0

e Y At 1I4Ll}| P || ] @
Substitutingx = 0 1 and b _ 1 into dy + dy +yi=1+x% 1ws| I = =2
2 & Ej 5 .".}II [11 l:_l_ 7z _' d. 51 _.”
A [dy ) [d?y dy)
i, 5 = 2 = & .‘"‘. —? » ] =
Substituting y = 1, |-.+jx ]“ 1 and |I 02 )U into @ gives |¢ 3 0

dy ' [ dy) [ diy)
Substitutingy = 1, } =1,|==] =-2,(=2] =0into ives | —=| =12
ubstituting ¥ | y \d&x/,, |-.d.r-‘ b into @ give l.d.x'" L
-2

S0, using the Taylor series form ii, y = 1 + lx + Ej—r}.\:—‘ + {E} b ? iy SR

soy =1 +x—x3+%x*+“
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Exercise E, Question 7

Question:
{1+ 2x Ji:: x + 2y?

dy dy _ (4|
a Show that (1 +2xJE+4H -N =45 ]

. dy .
b Given that y = 1 at x = 0, find a series solution of (1 + 2x) {h =x + 2y?, in ascending

powers of x up to and including the term in x”.

Solution:

2 W dy 3
a Differentiating (1 + ?.xj$ = x + 2y* with respect tox

[ dy _dy dy

= Y= 4 dar_ >
1” E J}Lh" 3 zd. } ¥ 4‘}&1' )
Differentiating @) gives
' diy diy| | [, d%]| | d’y dy |\’
(1+2%)—=+2—=14+12—51 =4y —-+4----
{ g R e b (:Lr-

" 2 f .'I_
S (14 2%) L'}?- +a1-pST=4 2] @

[-J

. _— . dy .
b Substituting x, = 0 and ¥, = 1 info (1 + E.E_r:j—; = x + 2y* gives [ “} ]

Substituting known values into @ gives

d*y) ;
[dy) +2(2) =1+ 4(1)(2) = |: u}:l =35
Substituting known values into @ gives (d.x:* =4(2)2 = 16
't
2 | d2y) A dy)
#1492 dY
So usingy = y, + r| —) illla:jl‘l“ e ll'dx‘-'\n i
v=l+2x+25|x-’+ [;,’x*+ - 1+2x+;‘-x + 8434
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Question:

Find the series solution in ascending powers of (.1: - A'?'; up to and including the term

dy
in (x - ] for the differential equation sin x L_Li + y cosx = y* given thaty = v2 atx = %T

Solution:

: . g -
Differentiating smx&% + ycosx = y= with respect to x, gives

::;a {Lr + II —ysinx + u)u‘?] =2 ? @®
or xmx?: + ZLL}'axif — ysinx = 2}:—:;
Substituting x;, = I ¥o =2 into 51'111‘::1:; + ycosx = ¥ gives u2_ '. ‘}’ | X \% =2
50 :{;] . =2

: o iy = .
Substituting x, = }', Yo= V2, (L_l.r:l = 2 into @ gives
'3

}I - 2I|Il t_ IIH'{E'! — {v 2.}| - :| = 2(v2)(v ?l}r

s E dx W2/ V2

(1 (d? d2y .
50 éllfl,r wa= 1=t |S), =28

V2 \dx _.|_1 J \vdx® ) 3

35 4 (dy x 12y
Substituting all values intoy = y, + (x — I“,t:i:‘t 5” [ : "
rives the series solutiony = vZ + V2 (x — 7| STy ?—T']E +
five : 54 ; . g 5 |: 1 i
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Exercise E, Question 9

Question:

= = T ey . = d‘.‘lr'l 3 '

lhe variable y satishies the differential equation i X% =iy =),

dx

a Show that i
dy dy 5 .. Ay d u' (dy\”
i —=—-2y—-2x =0, if — — =

de? “dx e~ Y l d /

dty d* y d? v dy
b Derive a similar equation involving — =, e Rl and y.
de?’ da?’ dx?' dx

¢ Given also that atx = 0, y = 1, express y as a series in ascending powers of x in powers of x up
to and including the term in x4,

Solution:

PhysicsAndMathsTutor.com
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i ifferentiati d_}r_ 2l = " Yo i 'Jdl‘}r_ d‘}'
ai DIffLI‘t[lTIatEI'Igdx x* — y* = 0 with respect to x, gmsdx zydx 2x=0
d? 2
ii Differentiating @ gives dxf Z :ijg Z[ ] -2=0

Lody | ody tiy)"_
So o Eydx_,_ Z[E =2 ©

b Differentiating @ gives — dy _ d*y d}'][ ] ( ][d?} 0

dx? dx dx?

dy dly dy d?y

s — — 2y - X——=10

Yoo Yot @ ®

e o dy .

¢ Substituting x, = 0, ¥, = 1, into = x% = y? =0 gives

'd}'] s g 'dy) .
[{—&U §] l—U,su(lde—l

Substitutingx, = 0, v, = 1, ( y] 1 into @ gives

1]

2

'Lizy') 'dzy)
—| = 2(1)}(1) — 2(0) =0, so | —=
[-dx 0 [ *

]

N 'dy) d%y
Substitutin =1, (— =1, (
g:"’” dx 6

dxl)” = 2 into @ gives

[S—;’)H - 21)(2) - 212 = 2, 50 (H”]

Substituting y, = 1 (:ii;)“ =1, d?” = 2 and [g)” = § into @ gives
:g'“—zma}—a 1)2) =0, m[w =28

Substituting these values into the form of Taylor’s series form ii, gives
y=1+(1)x + EZZI] t + -L;E-%.ti + [-zi?njx‘ +..=1+x+2x%+ f;-x-‘ + -g-x*‘ =
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Question:

= dy ;
Given that cos x = + y sin x + 2y* = 0, and that y = 1 at x = (0, use Taylor’s method to

dx
show that, close to x = (), so that terms in x* and higher power can be ignored,
y=~1-2c+a? — 23,
Solution:

dy
Differentiating cosx i | + ysinx + 2y* = 0, @ with respect to x, gives

|'
mix = aLVE+ ycosx + uly"i¢+ {av- @

Differentiating again

3 2y
LL}.‘:I‘L—?I—SI]JL::}—'}*blnI+{_Uin—1ill+6 i‘rv+12 I:{h = 0, @

. {dy [dy)
Substituting x, = 0, y, = 1 into @ gives l%] +2(1) = 0,50 l%] =2
\ n 0

fd
Substituting x, = 0, ¥, = 1, |I:] = =2into @ gives
1\ Iqr

IIL1 }\ +1+6(1)=-2)=10, ﬁ(:(FI_vll =11

'dlen dx n
ituti dy) , .
Substitutingx =0,y = 1, Ild, ) = =2, {E&-; = 11 into @ gives
L2 |y
l" E
.") + (1)(=2) + 6(1)(11) + 12(1)(=2)%, smLL_“’\ = 112

Substituting these values into the form of Taylor’s series form ii,

givesy =1+ (—2)x + Lly2 4 i -+

Zr sr
= 11 56
y=1- 2.1c+--,5—x —;—x +
j 2t & 4 . , 11 J:l'l.r]l 3
gnoring terms in x* and higher powers, y = 1 — 2x + —z—x B
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Exercise F, Question 1

Question:

Using Taylor’s series show that the first three terms in the expansion of (x - -iﬂ- cotx, in
, = IR i g { mid 4 a3
wowers of (x — =0, are (x — -2[x —=| +2{x - s
| (¥ =3 )rare(x=7)—2(x-7) (*- %)
Solution:
fix) = cotxanda=T.
4
i qrh
flx) = cotx sof{~ |=1
\2)
: " o f T
f'(x) = —cosecx f'[Z )= -2
\
t"(x) = —2 cosecx (—cosecx cotx)
I CNE - o TN _
= 2CosecZxcotx [ [z} 4
Substituting in the form of Taylor
. = 2 () .
Hx) = fla) + Pla)x —a) + = e gy,
ot =1+ (-2)(x—-T)+Ax-T)P+
' “NE"g) Tt T g
_ ; _ . :
So(x—Teotx=(x— T\ - 2(x - TV +2(x-T}V +
I._ 4 | { 4 | { 4 | | 4/
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Question:

a For the functions f{x) = In(1 + ¢'), find the values of £(0) and {"(0).

b Show that {"(0) = 0.

¢ Find the series expansion of In(1 + e*), in ascending powers of x up to and including the
term in x?, and state the range of values of x for which the expansion is valid.

Solution:
a fix) =In(1 + &%) s0 f(0) = In2
f'{xr — '-."I " — ] — I = ] - {'l + L...'I.i"l 1-'[['}] = l
: 1+ a* 1 + e* : 2
o i e _ - H oA ]
Sox) = £ — or use the quotient rule "0y = =
'+ ey ' ¢ O =3
X 2al &l Aty aX .
b ") = (H+e)e “(1+e e ‘ Use the quotient rule and chain rule.

{1+ &%

_( +ene((l + e — 2¢% _ (1 —¢Y)

: f"(0) = 0
(1 + e*)? (1 +e)? :

¢ Using Maclaurin’s expansion:
ol
In(l+e)=In2+2+% + ..
' 2 8

The expansion isvalid for-1<e*=1=0,¢*=1 soforx=0.
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Exercise F, Question 3

Question:

a Write down the series for cos 4x in ascending powers of x, up to and including the term in x".

b Hence, or otherwise, show that the first three non-zero terms in the series expansion of

sin? 2x are 4x? — Loxt + 1306,
Solution:
a cosdy = 1 — (4x)° | (4x)*  (4x)°
L T
32 256
=1 - 8x2+ 25yt — =26 4
ks 3 45 %

b cosdx = 1 — 2sin?2x,

50 2sinf2x =1 -—cosdx = 8x2 —==x +

3 T
sin 2x = 4x? — -1:,;’.1:" + I_‘z:th" + ...
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Question:

Given that terms in x° and higher power may be neglected, use the series for ¢ and cos x,

to show that e+ = g/ | — e 8o |
\ 2 6/
Solution:
xs , ox, xt e X ot
Usinge*=14+x+=% +> 4+ + .. andcosx=1—-%+ - — ..
5 2 "6 24 ‘ 2 " 24
I R - 5 x4 it
gt =gl 2 Hi=pxXe 2XeH
=ef1+ | -2 |+ 1 & | 4 !‘-1 it E + ...| no other terms required
2TV TEL B Y e A e '
—L».1_~)+-T.1+ i-J|+.'.rF+ |
2 5 I 24 |
X o 4 [ z 4
X X x I | ; X
=gl —=+=+ +.ogp=81 %+ by
. 2 8 24 | : 2 6
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Question:

dy

dx

Use the Taylor series method to obtain y as a series in ascending powers of x up to and
including the term in x*, and hence obtain an approximate value for y at x = 0.1.

=2+x+sinywithy=0atx = 0.

Solution:
dy fdy|
I =2+x+siny and x,=0,5,=0 @ ml 1.LI|..
Differentiating @ gives &y _ 1 + mwtl'}r @
: B 5 ’ d.‘l.': e
E §
Substituting x, =0, ¥, =0, { | = 2 into (@ gives TJE'15| =3
lo
dy d’y [dy)
Jifferentiating Hves —= = Cosy — gsinyl ==
Differentiating @ gives sl e “”jll.mr ] @
Lh | 11 na { diyl :
Substituting  y, = | b ]” =2, | \53/ = 3 into @ gives |73 = 3
| r'I 1 !
Substituting found values intoy =y, + A|' L:: & { ¢ _"'_ | + ilt": |
'| i

y=2x+3x2 + 13 + ...
At x=0.1,y = 2(0.1) + 5(0.1)* + 3(0.1)* = 0.2155
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Exercise F, Question 6

Question:

Given that |2x¢| < 1, find the first two non-zero terms in the expansion of

In|(1 +2)%(1 — 2x)] in a series of ascending powers of x.

Solution:

In[(1 +x)*(1 — 2x)] = 2In(1 + x) + In{1 — 2x)
- a2, xb Lo ooy (=207 (=280 (2%, |
= 2x §+_i E+...|+:[ 2x) 5 + 3 3 |'
S % PP =M= -
= —3x* — Zn? =
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Question:

Find the solution, in ascending powers of x up to and including the term in x*, of the

- : . dy dy : dy
differential equation-—= — (x + 2) —+ 3y =0, given thatatx =0,y = 2 and — = 4.
da= dc : dx
Solution:
d'y dy . .
—S - X +2)=+3=0 0]
cx- dx :
" - . dly dy dy _dy
Differentiating rjyes — — (X + 2)—=—-—+3==10
ating O3 dx? : dc  dx | Cdx @
e o S ‘ [ %)
Substituting initial data in @ gives | — | =2
Itl:[” '
. o . ) [ d¥y
Substituting known data in @ gives | il‘ | = —4
VA T
o o A 2x® 4xt
50 y=24+4x+ TR

=2 + 4% + 2% — 22}

© Pearson Education Ltd 2C
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Exercise F, Question 8

Question:

Use differentiation and the Maclaurin expansion, to express In(sec x + tan x) as a series in
ascending powers of x up to and including the term in x°.

Solution:
fx) = In({secx + tanx) f(0)=Inl1=0
fx) = SeCxtanx + sec’x _ SECX(lany + secx) .. £(0) = 1

secx + tanx secx + tanx
f"(x) = secx tanx "(0) = 0
f"(x) = secxsecix + secxtanxtanx £'(0) = 1

: LT o : o ad
Substituting into Maclaurin's expansion givesy = x + Y b ST
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Question:

Show that the results of differentiating the following series expansions

2 x* ox xf
ef = I+ETE+,,.+H+.,.,
: = | 1 5 | (=1) 2r+
r=x—=x'+—x— T+, — + ..
MMX =X =¥ T 5% — % @r+ 01~
ey B 12 x B xh <A by
cosx = 1 2_‘+-T' -5—,-+ -+ ”lZ_r}_!+
agree with the results
a d (ef)=¢* b d_ {sinx) = cosx c d_ (cosx) = —sinx
da e dx
Solution:
d d { R e o x' - i '
a — LY = 1+ax+4+ S 4204 = '
e el 21 T3 T g IR TR
2, 3t 4xd ir+ 1L
=] +x+2 e L2 D s
et et ta o+ 1)
_ - X,
=1+x+ 5 - 3 + ...+ IR
= @
bii_ﬁjnx}z g..x_'-{.-'i_l_{‘:_ +[—|}-' ..:tz_J_l 4 |
dx ™ dx | 318 (2r + 1)! -
3x? , 5x (2r+ 1)x*
=] =2 42 F(=1Y S =
3 B T T
¥ 1 6 r
o] gt -1y -X_ + ... = cosx
TR T (—1) B COSX
d TR d | _x." 14 _xlm o x.!r e i x.‘.‘r-—.'!
¢ =gl gt gt -t VY et
| Iy "I.T{ fixd zj.xlr | i l.Zr o Z}Ixﬂr +1 \
Sl b - S + o+ (—1) TN el i o s cin S
TR T =Gt D @r+ 2 |
.1‘1‘ x:‘u x2r+l
= —x 4+ =, (=1
IR TR R T 3
A . [ e ! ’.+ ] A + _.{_]'}J - 2r# 1 + || = ]
|'.'l eTha S!I Br T ]]!x wo | sinx
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Question:

d-'-v dy dy

—_— — = L = f= =7
T3 +y = atx=1,y=0,- I

Find a series solution of the differential equation, in ascending powers of (x — 1) up to
and including the term in (x — 1)".

Solution:

d’ 1f+ dy - @

dx? i_Ix'

. T i dy . dty dy [dy £

Differentiating —S +y-—=x,gives 5 +y -5 + || =1
& dx® y dx gIve o’ Y clx* | dx | @
Substituting initial values into @ gives | }”|
: e [y [ d2y) [ diy) :
Substituting [-==| =2and |—| =1 into jves | —= | = =3,
& l-t.t.t I |' dx” /) @3 \dx?/

Using Taylor's expansion in the form with x, = 1

(1) (=3)

y=0+2x-1)+ 2,1.::-13 4Tix—]h
=26 -D+a@e-12-d@-1p+
2 5 5
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Question:
) 4 -
* 1 X7 < X’ a
a Giventhatcosx=1-=+=— .., showthatsecx=1+=+=x*+ ....
' 21 " 41 2 24
b Using the result found in a, and given that sinx = x — ‘— + f ., find the first

gl
three non-zero terms in the series expansion, in ascending powers of x, for tan x.

Solution:
- f i e u i P .x: x{ .I-' ic e R ANF i Y ’ .
a You can write cosx = 1 — iE —57 - I; it is not necessary to have higher powers
- —1
: 1 1 | (%~ %} \|
Secx = = - =l = |%==+..]
cosx F_x | | |.. 2 24 T

Using the binomial expansion but only requiring powers up to x*

5&'L’I=1+[—|J*—i:'5 ?-':EHI {_1_5 .{ l. 2‘»’__“
=1+ |: J‘; = ?‘: + ’: + higher powers of x
=]+§+£II++

hlal'!,:\.—zi,]'—;'i::Sil‘JxXSECI
=|i.l:-%;+§—';~ ]||1|-J§+%:r4+ |
=x+ %+%.r-*=t—:-ﬁx‘+g+_
=+ (z-sP + 5~ * o)¥
=X 4-%+%x5+
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Exercise F, Question 12

Question:

By using the series expansions of e* and cos x, or otherwise, find the expansion of
¢* cos 3x in ascending powers of x up to and including the term in x*

Solution:
Vi abas] poamed B o s ot [.’%x:'-’L
singet=1+4+x 20 - 3 o andcos3x=1 - S e
| 2 -4 | [a T |
Feps3x = T+=—+=+.. — 2 |
ercos3r=(1+x+X+% + . )|1-24
\ . (3] 3! 2
[ [ 42 9y 2\ 23 Oyt 1
= | ] et | T e D | + L e 2 + i
. \ 2 2! l' H 2 'l
=1+x—4x* - L;ix‘ + i
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Question:

d*y Ly
—= 4yt + -Uu.tiw—?1t1vﬂ'mi—-1at!.-ﬂ.
dx? dx Y * " dx

a Use the Taylor series method to express ¥ as a polynomial in x up to and including the

term in x*.

b Show that atx = 0, i'xf = 0.

Solution:

d- '_}f , dy

a Di ooty = 0 @ with respect to x, gives

diy dy dj’

. . - f

A TR TR ISR dx ‘ @

1}_!1 &)

b

Substituting given data x, = 0, ¥, = 2 and |;x—}r] 1 into @ gives |
' 0

| Adast

e

o [dy ) [ d%y)
Substituting x, = 0, |d._.1’] = 1 and |dl—,:\ = —2 into @ gives = -1
\ 0 WL

[dy) 2/ d*y) 3 dy
So using Taylor series y = y, + r| ’ =] I|

)y 2, 3T

1
y=2+x—x3—f—3+..‘

b Differentiating @ with respect to x gives

d*y dy dy . d¥ dy d%
4+ =+ 2=+xt=+ =+ =0
dat dx? dx dx? de?  da? @
Substitutingx = 0, [ﬂ] =1, | = —2 and l, — | = —1into @ gives,
dx/, ]LL ' '
diy d'y
at:r—{}L—"4—'f2{ij+t~2}—ﬂsnhl 0
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Exercise F, Question 14

Question:
Find the first three derivatives of (1 + x)% In(1 + x). Hence, or otherwise, find the expansion
of (1 +x)% In(1 + x) in ascending powers of x up to and including the term in x*.

Solution:

flx) = (1 +2%In(1 + x).

f'(x) = (1 + .r]"'--l-l—r F2(1 +x)In(l +x) = (1 +x)|1 + 2In(1 + x)}
() = (1 +x) (75— + {1 +2In(1 + 2} =3+ 2In(1 + )

1'.«::“‘-] == | I 3_ 1 -II

f(0) =0, (0 =1, f(0) =3, f(0) =2

Using Maclaurin's expansion

‘ E - 2 ;
(1+xPIn(l+x)=0+(1x + ;r‘_ 4+ .‘i ¥4
— j 2 4 ] ]
=X+ .j':f + :'iJ. o
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Question:

a Expand In(1 + sin x) in ascending powers of x up to and including the term in x*,

b Hence find an approximation for f" In(1 + sin x) dx giving your answer to
! . 0 g
3 decimal places.

Solution:

a In(1 + sinx) = In{1 + ir—'_—:T + .|
. a8 1. a3 2 1f. _x3 Y1 a8 \4
= |x EJF | gr.”f 3—!+ |+_§|_.1 ?er | 3[.1: §+ | +
1 4 |
=|I _£ __II_’_'t_+ +1 ‘i_|_ __] 4+ 30 SE T YN CESSATY
=k | 5| 3 i @) st no other terms necessary
= _r__l.%l.{ "'_44.
Ty T E 1
b Flml + sinx)dx = f:".“t'—‘}-—: + & X \dx
¥i) ' H-'IJ \ 2 ('? l?el
:c[il—-x—j _2fl_a_ o + T ™ _ 01163 dp)
12 6 '24 60), 72 1296 31104 366560 e
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Exercise F, Question 16

Question:

, 3 : ; .
a Using the first two terms, x + t;— in the expansion of tan x, show that

]
LNy — R _‘r_J_]‘ 3
e 1l +x 4 >+ 3 + ...

b Deduce the first four terms in the expansion of e ™"* in ascending powers of x.

Solution:
. x4 'T,i s ) * .
aflx)=eir=¢g 4 =g X gF (As only terms up to x* are required, only first two terms
of tanx are needed.)
1 iSO || x! ' :
= | 1 +x+=+ {I ||: 1+ 3 + ... | no other terms required.
. i - |
_|]+_.%_+J+?_'1+%__Tl”-'l
X X
=1l+x+%+=+ ...
2 2

b e7hBn¥ = ei™%) 50 replacing x by —x in a gives

- il
lant — - : -_
e Sl S >
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Question:
1.ﬂ-’-;.f' s [dy\? & il
“dx? \dx | Y '

N y 1]."- 3
a Find an expression for =
dx

dy
}'_.J Et,_ : .Iv_ - _ﬂ
Given that y = 1 ang _::_i ity =0,

b find the series solution for y, in ascending powers of x, up to an including the term in x*.
¢ Comment on whether it would be sensible to use your series solution to give estimates
foryatx = 0.2 and at x = 50,

Solution:

a Differentiating the given differential equation with respect to x gives
S ' o) I !
I’-.+LI;}d_J: dyd'._i_g!&

Yard T drda? © “drax? | dx

. y _ 1 )dy[,d% ||}
$8: o m 212 ge S
v dx? y |dx | %d_t- - 1.'

=

.d‘l
1, [=2)

=latx=10
-LLX'-'” '

b Given thaty, =

|-.¢11.3".'L“+“’ + (1) =0, 5u| | = -2,

(dly) _
And lu.T} = =5 ((DI3(=2) + 1], m|{i i), =5

A g
S0 }f—1+£l}1:+{—’:r?+-1x+ =1+x—22+22X 4+ .
2! 3! G

¢ The approximation is best for small values of x (close to 0): x = 0.2, therefore, would be
acceptable, but not x = 50.
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Question:
2 4
a Using the Maclaurin expansion, and differentiation, show that In cos x = —f%- - ;':2 + ...
b Using cos x = 2 cos? |§| — 1, and the result in a, show that
32 ot
Infl +cosx)=In2 —=——-—=—+_.,
{1 *+ C ) _1- ‘}{1
Solution:
a f(x) = Incosx fl0)=0
s —SIOX o ¥ _
f"(x) = —sec*x () = —1
f"(x) = —2sec’xtanx {0y =0
[™{x) = —2sectx — dsecixtanix 0y = =2

Substituting into Maclaurin:

xt x? xt
g s —— — s —? - i N
Incosx = | ]!2! + | _14! + ... 3

e

— |
a1

b Using 1 + cosx = st—’['-;-' |, In(1 + cosx) = Inzmsi{*g':. =|n2 + 2In cns{fg:.
so In(l + cosx) =1n2 + 2! 1| X '|: — .l =ing - X A
' : | 212) 1212/ | 4 9%

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2

Edexcel AS and A Level Modular Mathematics
Exercise F, Question 19

Question:

a Show that 3* = efIni,

b Hence hind the first four terms in the series expansion of 3%,

¢ Using your result in b, with a suitable value of x, find an approximation for V3, giving
your answer to 3 significant figures.

Solution:

a Lety=3thenlny=In3*=xIn3 = y = e¢fni g0 3* = g*in}

(xIn ;s_a-’ (xIn3)?

b F =Rl 4 lnd)+ Lt

2(In3)? xY(In3)
v 4 4 + s

=1+xIn3 + -
2 [

= 1.73 (3 s.t.)

: 3)° 3)°
¢ Putx = Fr%ﬂ C(In3) N (In3)

R |
el TR 18

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2

Edexcel AS and A Level Modular Mathematics
Exercise F, Question 20

Question:

Given that f(x) = cosec x,
a show that
i f'(x) = cosecx(2 cosec’x — 1)
ii ["'(x) = —cosec x cot x(6 cosec’x — 1)
b Find the Taylor expansion of cosec x in ascending powers of (x — :‘;—r] up to and including

the term (x — :1—'-":.".

Solution:

a f(x) = cosecx
f'{x) = —cosecxcotx

1]

—Cosecx (—cosectx) + cotx(cosecx cotx)
cosecx (cosec’x + cot’x)

cosecx [cosec’x + (cosec’x — 1))

= cosecx {2cosectx — 1)

i f"(x)

ii f"(x) = cosecx (—4 cosec?x cotx) — cosecxcotx (2cosecix — 1)
= —Cosecx cotx (6 cosec’x — 1)

b f(7)=v2 f(F)=-v2 '(F) = 32, () = —11V2.
Substituting all values intoy =y, + (x — x,) |§w_‘:_ﬂ1 P+ ad _-2-!-'1:”}3 |:1]j¥1,'1 + ... withx; = I
cosecx =2 + (— fi{x — -lT] + 13—5?' =% _“;‘":,“J + [;:#éll - 11]{ +
=3 — qu - "IT| + %.{'x - %T}) E ]L“:[.‘c - %Tf e

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com





