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Exercise A, Question 1

Question:

Solution:

d*y dy d*y dy

el + Sd;‘ o= The auxiliary equation of ”Eli,:-:-" + Ir&f +gy=0
is am® + bm* + ¢ = 0. If e and g8 are roots of
e this quadratic then y = Ae™ + Be™ is the
me+5m+6=0 general solution of the differential equation.

im+3Him+2)=0

The auxiliary equation is

m=-3or-2
So the general solution is y = Ae™™ + Be™™,
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Exercise A, Question 2

Question:

d>y  _dy
—_—— ; = ﬂ
e s e

Solution:

12 ,
9V _sY 112y =0
dx (5l z

The auxiliary equation is
m—-8m+12=0
(m=6)m=2)=0
m=2o0r6

So the general solution is y = Ae™ + Be™,
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Find the auxiliary equation am® + bm + ¢ =0

and solve to give two real roots a and B.
General solution is Ae™* + Bef*,
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Exercise A, Question 3

Question:

&y
dx? dx

Solution:

d2y v Find the auxiliary equation and
i—‘j—, + 2 —L=— - 15y =0 solve to give 2 real roots a and .
X e General solution is Ae™ + Bef*,

The auxiliary equation is
nmt+2m-=15=10
(m+5)(m-=3)=0

m=-=3o0r3
So the general solution is y = Ae ™ + Be™,
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Exercise A, Question 4

Question:

d*y dy

—=—-3=-28y=0

dx- dx -

Solution:
d2y dv Find the auxiliary equation and
i__’ -3 =-28y=0 solve to give 2 real roots a and .
ox d General solution is Ae™ + Bef*,

The auxiliary equation is
mt=3m-28=0
0

m=7or—4

(m—=T7)(m+ 4)

So the general solution is y = Ae™ + Be ™™,
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Exercise A, Question 5

Question:
diy dy
4+ 2 =12y =10
d.\": d_x -
Solution:
diy  dy
L4+ 12y=0
dr®  dx

The auxiliary equation is
m+m-12=0
(m+4)im—-3=0

m=—40r3
So the general solution is y = Ade™™ + Be™.
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Exercise A, Question 6

Question:

dy  _dy

— + 5—=1)

dx- dx

Solution:
12y :
Y . sY o
dx- dx

The auxiliary equation is
m + 5m=10

mim + 5) =10 The auxiliary equation has
two real roots, but one of
them is zero. As Ae'™ = 4, the

m=0or -5

S0 the general solution is general solution is A + Bef*.
y=Ae™ + Be ™
=A+ Be ™ . | NB. There are other methods of

solving this differential equation. |
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Exercise A, Question 7

Question:

diy | _dy
I—=+7—+2y=
dx? de ™

Solution:

The auxiliary equation is
3 +7m+2=0
dm+1)im+2)=0

m=—+or =2
3

y=Ae ™ + Be ™ is the general solution.
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Exercise A, Question 8

Question:

dy dy
> —7=—2y=
dx® dax v

Solution:
dy  _dy

L 7L -2y=0
dx- dx

The auxiliary equation is
dmc =Tm—-2=10

(dm+ 1y(im=21=10

m=—-lor2
13

So the general solution is y = Ae™* + Be™.
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Exercise A, Question 9

Question:
d>  dy
().._.‘.'_? — e i 2}r =0
dx®  dx
Solution:
i | Find the auxiliary equation
dy dy | and solve to give two distinct

} 1___21"|__{] . | -
des dx 7 real roots a and 8. The general

solution is y = Ae** + BeP*,

The auxiliary equation is

Gt —m—2=10
(3m-=22m+1)=0
m= ':ur -1

So the general solution is y = Ae” + Be ",
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Exercise A, Question 10

Question:

1..’. ' ’
1592 - 7% _ oy — 0
s de

Solution:

Ay oy
|:i.‘.’—'}".'._—2jr.-“
dx” dx

The auxiliary equation is
15mF =Tm—=2=0

Sddm+ 1 E3m=2)=10
l

)
= —— I =
H 5”::

S0 the general solution is

y=Ae ™ + Be",
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Exercise B, Question 1

Question:
9Y 4+ 10¥ + 25y = 0
dx? dx
Solution:
12y '
L—i' + mﬁ-‘l + 25y =0
dx* dx *

The auxiliary equation is
m* + 10m + 25 = 0

(m -+ S)(m+ 5)=1)

The auxiliary equation has
repeated roots and so the general
solution is of the form (A + Bxje™,
where a is the repeated root.

or (m+57*=0

m = —5 only.

So the general solution is

¥y = (A + Bxle ¥,
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Exercise B, Question 2

Question:

dy dy
o o =0
o ISL— + 81y

Solution:

The auxiliary equation is The auxiliary equation is m* — 18m + 81 = 0,
4 y which has repeated roots and so the general
m> — 18m + 81 =0 VALGAY P TP e
solution is of the form (A + Bx)e™, where « is
(m—9)*=10 the repeated root.

m = 9 only.

So the general solution is
y = (A + Bx)e™.
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Exercise B, Question 3

Question:

Solution:

dy _dy
+2=+y=0
da? " T Y

The auxiliary equation is
m+2m+1=0
m+1)(m+1=0 or m+1¥=0
m = —1 only.
So the general solution is

y=(A+ Bx)e™
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The auxiliary equation is
m? + 2m + 1 =0, which
has repeated roots and so
the general solution is of
the form (A + Bx)e™, where
a is the repeated root.
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Exercise B, Question 4

Question:

dy _dy

— — 8=+ lay=

d? Cdx T

Solution:
dsy dy
2 8 416y =0
dx- dx X

The auxiliary equation is
m* — 8m + 16 =0
(m—4)" =10

m = 4 only.
The general solution is y = (A + Bx)e™.
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The auxiliary equation has
repeated roots and so the general
solution is of the form (4 + Bx)e™,
where a is the repeated root,
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Exercise B, Question 5

Question:
%Y+ 14Y 4 49y = 0
dac? dx .
Solution:
dy dy
—= 4 14-= +49y = ()
dx- 45 :
The auxiliary equation is The auxiliary equation has

repeated roots and so the general
solution is of the form (4 + Bx)e™,
(m+7) =10 where a is the repeated root.

m+ 1ldm + 49 =10

m = —7 only.

So the general solution is
¥ =(A+ Bx)e ™,
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Exercise B, Question 6

Question:

Solution:

16 ﬂ‘ L S
dx- dx -

The auxiliary equation is The auxiliary equation has
repeated roots and so the general
solution is of the form (4 + Bx)e™,
(4m+ 1) =0 where a is the repeated root.

16m+8m+1=0

m= —l only.

So the general solution is
¥y=(A+ Bx)e v,
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Exercise B, Question 7

Question:

1:’.
dx- de -

Solution:

dy | dy
4—=-4=+y=0
ol Cae Y

The auxiliary equation is The auxiliary equation has
repeated roots and so the general
dm> —4m+1=0 e
solution is of the form (A + Bx)e™,
(2m—-1°=0 where a is the repeated root.

= 1
m = 5 only.

So the general solution is
y = (A + Bx)e”.
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Exercise B, Question 8

Question:
-ldg‘y + 20@ + 25y =0
ax? T Vx4
Solution:
12y '
4% 4 20 4 25y = 0
dx? dx

The auxiliary equation is
4m* + 20m + 25 =0
(2m+ 52 =0
m=—2

5 P

So the general solution is
¥ =(A+ Bxle 7.
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The auxiliary equation has
repeated roots and so the general
solution is of the form (4 + Bx)e™,
where a is the repeated root.

= —5 only.
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Exercise B, Question 9

Question:
dy dy
16— —24—=+9y =0
a2 Cax Y
Solution:
d’y dy
16—=—24-~+9y =0
a2 a7
The auxiliary equation is The auxiliary equation has

repeated roots and so the general

lom? — 24m+ 9 =0 e

? solution is of the form (A + Bx)e™,
(4m—3)°=0 where a is the repeated root.

3
m = only.
So the general solution is
y = (A + Bx)e®.
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Exercise B, Question 10

Question:
dy dy
S+ 23—+ 3y =0

ax? T a Y
Solution:

9 23¥i3y=0

< 4+ 23 -

dx? e
The auxiliary equation is The auxiliary equation has

> I s repeated roots and so the general
st cadm t% v solution is of the form (A + Bx)e™,
(m+v3)2=0 where a is the repeated root.

m=—v3

or using quadratic formula:

So the general solution is

y = (A + Bx)e "
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Exercise C, Question 1

Question:

d%y
— + 25 =10
dx- Y

Solution:

i-.'_tl + 25v =10

chr :
The auxiliary equation is The auxiliary equation has
imaginary roots and so the
; general solution has the
m= £5i form A cos ax + B sin ax,
where A and B are constants
and where iw is a solution
Yy = Acosdx + Bsin Sx. of the auxiliary equation.

m:+25=10

The general solution is
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Exercise C, Question 2

Question:

2y
}—1-1} +8ly=0

dx-

Solution:

d¥y
— +8ly=0

dx=

The auxiliary equation is The auxiliary equation has
2481 =0 imaginary roots and so the

general solution has the

m= £9j form A cos ax + B sin ax,

where A and B are constants

and where iw is a solution

¥ = Acos9x + Bsin9x. of the auxiliary equation.

The general solution is

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2

Edexcel AS and A Level Modular Mathematics

Exercise C, Question 3

Question:
rJ
d=y
_": —+ :}_r = ﬂ.
dx~
Solution:
d?y
—+y=0
chr=
The auxiliary equation is The auxiliary equation has
m+1=0 imaginary roots and so the

general solution has the
m= xi form A cos wy + B sin ax,
where A and B are constants
and where iw is a solution

y = Acosx + Bsinx., of the auxiliary equation.

The general solution is
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Exercise C, Question 4

Question:

124
9‘"—% + 16y =0
dx?

Solution:

8] {11’

+ 16y =0
da- -

The auxiliary equation is The auxiliary equation has
imaginary roots and so the
) " general solution has the
me=—3 form A cos ax + B sin ar,

OmE+ 16 =1

and i = +3j where A and B are constants
. and where ie is a solution
. The general solution is of the auxiliary equation.

y = Acosix + Bsinix.
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Exercise C, Question 5

Question:

Solution:

L_i_f + 4 ‘_'i“lll 4 ]'3_,\,.' = {)
- o

The auxiliary equation is The auxiliary equation has
complex roots and so the

e+ 4m+ 13 =10 : ]
general solution has the form

m=_—2Ev16—52 e™ (A cos gx + B sin ),
2 where A and B are constants
And m=-2=3 and where p * ig are solutions

of the auxiliary equation.

The general solution is

y =¢ *(Acos3x + Bsin 3x).
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Exercise C, Question 6

Question:

The auxiliary equation is The auxiliary equation has
complex roots and so the
general solution has the form
8464 -4 X 17 e™ (A cos qr + B sin gx),
2 where A and B are constants
r—t and where p * ig are solutions
of the auxiliary equation.

e+ 8m+ 17 =10

m =

The general solution is

y = e (A cosx + Bsinx).
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Exercise C, Question 7

Question:
d dy
24y sy=0
dx- dx
Solution:
d%y dy | _
—=—4-=+3y=0
dx= clxe
The auxiliary equation is The auxiliary equation has
e R Ty complex roots and so the
) general solution has the form
m=3xv16 =20 e (A cos g + B sin ),
2 where A and B are constants
T M | and where p * ig are solutions
=2+ 1,/ : 3 :
2 of the auxiliary equation.
=2=%x]

y = e™(Acosx + Bsinx).
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Exercise C, Question 8

Question:
d?y dy
&Y 202 + 109y = 0
dx- dx N
Solution:
d?y dy
—+ 20-=+ 109y =0
dx= dx '
The auxiliary equation is The auxiliary equation has

complex roots and so the

m2+ 20m + 109 =0 ; :
general solution has the form

e 20 + V400 — 436 e™ (A cos g + B sin gx),
2 where A and B are constants
—20 + V=34 and where p * ig are solutions
- ] of the auxiliary equation.
=-10 * 3i

The general solution is

vy = e "4 cos 3x + Bsin 3x).
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Exercise C, Question 9

Question:
dy  dy
— — =+ 5v=10
dxc® dx Y
Solution:
ddy _dy
9-—=—-6-—=+5y=0
@ Cax Y
The auxiliary equation is The auxiliary equation has
92— 6m+ 5 =0 complex roots and so the
: general solution has the form
m=0%v 36 -4 X9XS5 e (A cos g + B sin gqx),
2X9 where A and B are constants
6 + /36 — 180 and where p * ig are solutions
S | RS of the auxiliary equation.
_6*v—144
18
_1+3
3

The general solution is
y = e™ (A cos 2% + Bsin 3x).
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Exercise C, Question 10

Question:
dy  dy .
— + V32 +3y=0
dx- dx
Solution:
dy  dy .
~—2 + V3L 4+ 3y =0
dx” dx
The auxiliary equation is The auxiliary equation has
m+3m+3=0 complex roots and so the
general solution has the form
e Y3 eI -4 K3 "™ (A cos g + Bsin ),
2 where A and B are constants
_ /3 + [0 and where p * ig are solutions
= % of the auxiliary equation.
_ —v3 *+ 3i
2

The general solution is
!I 1
y=¢ 2" (Acossx + Bsinzx).
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Exercise D, Question 1

Question:

Solution:

dy  dy
¥+ 6 4 5y =10
ax?” Cdx Y *

First consider

Find the complementary function, which

: '
é%‘: 7t (,{% +5y=0 is the solution ufj% + 6% + Sy = 0, then

: s . try a particular integral y = A.
The auxiliary equation is )

m+o6m+5=10
im+53m+1)=0
m=-=5or -1

So the complementary function is y = Ae™ + Be™,

d
The particular integral is A and so - Y 0,

dx
dy G Eoi s
v g 0 and substituting into % gives
S5A=10
A=2
The general solution is y = Ae™ + Be ™ + 2.
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Exercise D, Question 2

Question:

d>y  _dy

— — 8=+ 12y = 36x

dxs dx i

Solution:
d’y dy .
—=—8—=+12y=36x *
dx- dx )

First consider the equation
d*y dy
—= - 8=+ 12y = 0.
cx- dx ’

The auxiliary equation is

mt—=8m+12=0

(m=6)(m=-2)=0
m==6o0r2
So the complementary function is y = Ae™ + Be™. Try a particular integral

of the form A + px.

The particular integral is y = A + px

dy _ d = ()

™ dx B a2
Substitute into #.

Then —8p + 124 + 12px = 36a.
Comparing coefficients of x: 12 = 36, andsou =3

Comparing constant terms: —8u + 124 =0

Il
[

andas u = 3 S =24+ 120 =0 = A
2 + 3x is the particular integral.

The general solution is
y = Ae™ + Be™ + 2 + 3x.
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Exercise D, Question 3

Question:

d’y dy .

—_ o} = — — 2

e fe =i

Solution:
dy  dy 5
Y+ Y12y = 12¢2
dx?  dx Y = %

First consider the equation

dl‘}: 2 {_1}.?
des  dx

- 12y = 0.

The auxiliary equation is

m>+m—12=10

im+4)im-=-3)=0
m=—4or3
So the complementary function is y = Ae™ + Be™. Try a particular integral

- )
of the form Ae*.

The particular integral is ¥ = Ae™

dj = 2 e and {"—Il = 4re®

dx -

Substitute into #.

Then 4Ae™ + 2ae™ — 124e™ = 12e™

ie. —6Ae™ = 12¢™
A=-2

—2e™ is a particular integral,
The general solution is

y=Ae ™ + Be®™ — 2¢™,
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Exercise D, Question 4
Question:
d’y  _dy

22X 15y=5
e "% T

Solution:

d-ff + 2%
dx* dx

First consider the equation

15y =5 %

d?y | dy
+2=-15y=0
dx? dx Y

The auxiliary equation is
m*+2m=15=0
im+5m-3=0

m=-=5or3

So the complementary function is y = Ae™> + Be™, Try a particular integral
The particular integral is y = A ik

YL

de  da?
Substitute into %.
Then —-15A =5
i.e. A=

—% is the particular integral.

The general solution is y = Ae™™ + Be™ — —g
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Exercise D, Question 5

Question:

E;—Ba+lfgy=m+12

Solution:
dy dy

52_834"!(3‘}':81'4'12 *

First consider the equation

d*y dy
—= -8+ 16y =0
- cly "

The auxiliary equation is

m*—8m+ 1la=10

(m=-42=0
m = 4 only.
So the complementary function is y = (A + Bx)e™. The auxiliary equation
) has a repeated root so
I'he particular integral is y = A + px the complementary
dy s ddy o fl..;n_tlig:;c;m the form
—_— = I _J - i .
dx dx-

Substitute in .
Then 0—8u+ 16A+ l6px =8x + 12

Equate coefficients of x: lopw =8

~

Equate constant terms: —8p + 164 = 12

Substitute g = 1 —4 + 16A =12
16A =16
and A=1

I + Jx is a particular integral

The general solution is y = (A+ Bx)e™ + 1 + %x
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Exercise D, Question 6

Question:
d’y | ,dy
-+ 2=+ y=25c0s 2x
d? " ax Y )
Solution:
dx* de -
. dy dy
Solve —=+2-Y +y=0
¢ & a

The auxiliary equation is

mr+2m+1=0

(m+172=0
m = -1 only.

So the complementary function is y = (A + Bx)e ™. The complementary
- . . ) . function is of the form
lhe particular integral is y = Acos2x + psin2x y = (A + Bx)e™.

dy The particular integral

d;xz —2AsSin 2x + 2pcos 2x is Acos 2x + wsin 2x.

dy :

i = —4Acos 2y — 4usin 2x

doc?

Substitute in %.

Then (—4Acos2x — 4usin 2x) + 2(—2Asin 2x + Zpcos 2x)
+ (ACOS2X + usin2x) = 25c¢os 2x

Equate coefficients of cos 2x: -3 +4p=25 @
Equate coefficients of sin 2x: -3p-4r=0 @
Solve equations @and @: 3X @ +4X@= —-25A=75
A=-3
Substitute into® 9 + 4u=25 - pu=4|checkin@)]

The particular integral is y = 4sin2x — 3cos 2x
General solution isy = (A+ Bxje™ + 4sin 2y — 3 ¢os 2x.
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Exercise D, Question 7

Question:
dy

2 4 8ly = 15eX
dx? Y

Solution:

d2y =,
—= + 81y = 15e™ %
d‘l;
. d’y
First solve — + 81y =10
dx= '
This has auxiliary equation The auxiliary equation
: has imaginary roots,
m=+ 81 =0 so the complementary
i = +9i function is of the form
ACos wx + Bsin wx.

The complementary function is y = A cos9x + Bsin 9x.

The particular integral is y = Ae™

. d R d?y 4
l'hen L_IJ:I = 3ae™ and e = 9)e’
Substitute into .
Then 9ixe™ + 81ae™ = 15¢*

90Ae™ = 15¢"
50 A==

The particular integral is Ilp #
The general solution is y = Acos9x + Bsin9%x + %L"Lt.
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Exercise D, Question 8

Question:
d%y :
— + 4y =sinx
dx? Y
Solution:
d?
{E‘}J_; + 4y =sinx *
- d?
First solve _:f + 4y = 0.
This has auxiliary equation The complementary
. function is of the form
m+e=0 A cos wx + Bsinwx, as
m= +2i the auxiliary equation
has imaginary roots.

The complementary function is ¥y = Acos2x + Bsin 2x

The particular integral is ¥ = Acosx + usinx
dy :
- = =)sinx + pwcosx
dx £
dz
and dxt = —ACOSX — usinx
Substitute into #.
Then —Acosx — psinx + 4(Acosx + wsinx) = sinx
Equate coefficients of cosx: 3A=0
A=0
Equate coefficients of sinx: 3u=1
n=3

S0 the particular integral is %sinx

The general solution is y = Acos2x + Bsin2x + %sinx.
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Exercise D, Question 9

Question:
d>y  dy .
22 4 b Sy = 25x2 —
02 -ILLI + 5y = 25x 7
Solution:
9y Y sy —25x2-7 «
&2 e Y
dd  dy
First sol — —4=+5y=0
irst solve a2 o 'y

This has auxiliary equation

m—4m+5=10

_4*+v16 -20
MSs=— =
=2+ 2i
The complementary function is ¥y = (A cos 2x + Bsin 2x) The P.I is of the form
= 2
The particular integral is ¥ =A+ px+ vx? R R
dy
— =+ 2vx
dx n
d?
and d% =2v

Substitute into %.

Then 2v— 4u— 8vx + 5A+ Sux + Svx? =25x2 -7

Equate coefficients of x: Sv=25=>v=S5
coefficients of x: Su—8r=0=u=8
constant terms: 2v—4pu+ S5A = -7

10-32+ 5A=-7
SA=15=A=3

So the particular integral is 3 + 8x + 5x?

The general solution isy = e™(Acos2x + Bsin 2x) + 3 + 8x + 5x2.
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Exercise D, Question 10

Question:
dy _dy :
—= — 2=+ 26y = ¢
d? Tde " 7
Solution:
dy ,dy :
—= =242y =e" ‘&
(x~ dx ’
dy  dy | .
First solve —5-2-—=+26y=0
dlac? cx Y _
This has auxiliary equation The auxiliary equation
- o has complex roots and
mE=an ¥ 26 =0 so the complementary
7+ BA—3AX726 function is of the form
LEEESSS e (A cos gx + B sin q).
_2*/-100
2
=1=x35i

the complementary function is ¥ = e'(A cos 5x + Bsin 5x).

The particular integral is A¢, so {d?: = Ae* and
Substitute into equation .
Then Ae*— 2Xe* + 26Ae* = e
i.e. 254" = ¢
A= 55
The particular integral is 5-e*.
The general solution is
y = e*(Acos 5x + Bsin 5x) + Elgt"‘.
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Question:

a Find the value of A for which Ax?¢* is a particular integral for the differential equation
dy dy .
_‘2 —_— 2_‘ :Pr = CaJ'
dx dx

b Hence find the general solution.

Solution:
dy _dy
a—-—-—254+y=¢" »
dx- dx
Given y = Ax® e* is a particular integral The auxiliary equation
has equal roots and so
dy _ Axle® + 2Axer the complementary
dx function has the form
2y y = (A + Bx)e*
i Axie* + 2Axe* + 2Axe* + 2Ae”

Substitute into #.
Then (Ax? + 4Ax + 20)e* — (2Ax? + 4Ax)e* + Axle* = ¢*
2Aet

A

Tndfem P

n 1 5 % 5
So y = 5x%* is a particular integral.

1%y |
b Now solve g 2 s +v =1
d: dy

3

This has auxiliary equation m* = 2m + 1 =0
(m—1¥=0
m =1 only

So the complementary function is (A + Bx)e”

The general solutionis y= (A + Bx + Lx?)e”.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise E, Question 1

Question:
dyy _dy _ dy
— 4+ 5— + 6y = 12¢° =land—==0atx=0
Ve Y d dv
Solution:
d?y dy : F ;
) + ‘?E + 6y =12¢" % Solve the equation to find the general
& solution, then substitute y = 1 when
Find complementary function. x = (1 to obtain an equation relating

A and B. Obtain a second equation
Auxiliary equationis m® + Sm+ 6 =0

dy
by using = = 0 at x = ), and solve to
m+3Hm+2)=0 ' dx

find A and B.

m=-=3or -2

complementary function is y = Ae ™ + Be ™

Then find particular integral

Lety = Aet
Then o et and ﬂ = \e
C (=
Substitute into #.  Then (A + 5A + 6A)e* = 12¢*
12Ae* = 12¢*
A=1

S0 particular integral isy = ¢*

General solution is Ae™ + Be * +e* =y ¥

Buty=1whenx =10 L A+B+1=1
i A+B=0 0]
% = —3Ae™™ - 2Be™¥ + ¢
dy ;
y Owhenx=0 . -3A-2B+1=0
JA+2B=1 @
From @ B = —4, substitute into equation @
JIA-2A=1=2A=1
B=-1
Substitute these values into ¥
The particuar solutionis y=¢ ¥ —e > + ¢
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Exercise E, Question 2

Question:
dy  _dy _ dy
4+ 2= = 2 )y = 2 3 ~=fHatx=0
o 2L1x 12¢ ¥ Zmddx O atx
Solution:

d’y

Find complementary function (c.f.):

Auxiliary equation is m* + Z2m =0
mim+2)=0

m=0or -2

cfis y=Ae"+ Be™
=A+Be®

Particular integral (p.i.) is of the form y = Ae™

b _ore, I gpe

dx dx?
Substitute into %.
Then (4A + 4A)e™ = 12e*
i.e. 8aeX = 12e® = A = 'H—Z = %
p.i. is 3e*
3 dl 5 i i =A+ Be ¥ + de¥ . ]
SRR S = 1 The general solution is
Buty =2whenx=0 2=;1+B+:2-‘ y=A+BE'Z*+§eZ"_
i.e. A+B= % ()]
dy e i e
— = —2Be™™ + 3e”
dx
dy |
—=6whenx=0 . 6=-2B+3
dx wie |
: -2B=3=B=-3
Substitute into equation ® A — Et = %
A=2

Substitute A and B into ¥

The particuar solution is y=2- :Ee'” 25 %le
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Exercise E, Question 3

Question:

d’ _dy _ _ dy 1. _
o dx 42y = 14 y—DandE—gatx—f}

Solution:

dy dy
—J 4oy =14 % - : l
e dx Find the general solution, then
use the boundary conditions

to find the constants A and B,

Find c¢.f.: The auxiliary equation is
m—m-—42=10
(m—=T7)m+6)=0

m=-—-6or7

cf.is y=Ae ™+ Be”

Find p.i.: The particular integral is y = A. Substitute in #.
—42A = 14

= 1
A=y

The general solution is y = Ae *+ Be™ — 5 ¥

Whenx=0,y=0 s 0=A+B- _!:
A+B=3 ©
s ¥ 3 - 1=
When x = 0, =5 T 6A + 7B
i.e: -6A+7B=1 @

4]

Solve equations @ and @ by forming 6 X @ + @

138 = 22
—
B= s
Substitute into® . A+l=1s4=1

Substitute values of A and B into §

¥ =1e"™ + le™ — Lis required solution

]
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Question:
d?y s dy
a§+9y= 16 sin x y= Iandd—x=ﬂat.1:=ﬂ
Solution:
d? ”
E'}; + 9y = 16sinx *
Find c.f.: The auxiliary equation is The auxiliary equation has
2 - imaginary roots and so the
m-+9=0 ’ .
complementary function has the
m= *3i form y = Acosax + Bsin ax.

The c.f.isy = Acos3x + Bsin 3x

Find p.i. usey = Acosx + psinx

g = —Asinx + pcosx
%ﬁ = —ACOsXx — usinx

Substituting into # gives
—ACOSX — usinx + 9Acosx + 9usinx = 16s5inx
Equating coefficients of cosx: BA =0 = A =0
sinx:8u=16=u=2
The particular integral is y = 2sinx

The general solution is y = Acos3x + Bsin 3x + 2sinx ¥§

Given alsothaty =1latx=0 - 1=A4
j—i = —3Asin3x + 3Bcos 3x + 2cosx

. dy :
U51ngE=Satx=(} ;. 8=3B+2 - B=2

Substituting A and B into ¥
y = cos 3x + 2sin3x + 2sinx is the required solution.
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Exercise E, Question 5

Question:
d*y dy . , . dy
—+ 4=+ 3y=sinx+4cosx y=0and-—=0atx=0
dx- chx ' : dx
Solution:
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P

oz T 45 + Sy = sinx + 4cosx  *® The auxiliary equation has complex roots and
so the complementary function has the form
Find c.f.: the auxiliary equation is ¥y = e™(Acosgx + Bsingx).

dmt+4m+5=0

The cf.isy = e * (Acosx + Bsinx)

The p.i.is y = Acosx + psinx

g—i = —Asinx + pcosx
g = —Acosxy — upsinx

Substitute into #
Then —4Acosx — 4usinx — 4Asinx + 4pcosx + SAcosx + Susinx = sinx + 4 cosx
Equating coefficients of cosx: A + 4 = 4 0]
sinx: u—4x=1 @
Add equation @ to 4 times equation @
17p=17=n=1
Substitute into equation® . A+4=4=>A=0
p..isy =sinx
The general solution is
y= e ¥ (Acosx + Bsinx) + sinx §

Asy=0whenx =10

0=A
y= Be *sinx + sinx
d 1 1
d_xy = Be *cosx — jBe” “sinx + cosx
As %=ﬂwhenx =0

0=B+1=8=-1
Substituting these values for A and B into  §
y = sinx (1 — e *%) is the required solution.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise E, Question 6

Question:
2 .

A% _qdx 4 oy =2 -3 x=2and ¥ = 4 whent =0

dr# dt dt

Solution:

C:I'f -3 %r +2k=2t—3 =% This time t is the independent

. [ variable, and x the dependent variable.

Find c.f.: the auxiliary equation is The method of solution is the same as

. ' in the guestions connecting x and v.

mr=3Im+2=0 - e 8 y

4]
m=1or2

(m—=2){m-=1)

R LY 3
c.f.isx = Ae' + Be™

dy _  dx _
ax =0
T de?

Thepi.isx = A + ut,
Substitute into % to give —3p + 24 + 2ut =2t - 3

Equate coefficients of t: 2u=2=u=1
-3 . A=0

[}

Equate constant terms: 2A — 3u
The particular integral is t.
The general solution isx = Ae' + Be™ + t F

Given thatx=2whent=0 . 2=44+B8 @

.‘.\I.‘i[} L!E: = flEr + EHe'f + 1
dt
A ?tf =4whent=0 .. 4=A+28+1

A+ 28B=3 @
Subtract @ -0 =B=1
Substitute into -, A =1

Substituting the values of A and B back into ¥

x=e¢ +e¥+t
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Exercise E, Question 7

Question:

ﬁﬂ"f - 9x = 10sin t x=2and ¥ = —1 whent =0
df= dt

Solution:

2
dX _ 9x = 10sint *
de?

Find c.f.: auxiliary equation is
m—-9=0

m==3

The particular integral is of

c.f.isx = Ae* + Be™ .
the form Acost + wsint.

p.i. is of the form x = Acost + psint

3—"‘; = —Asint + pcost
de = —Acost — usint
de ARG

Substitute into equation %.

Then —Acost — psint — 9Acost — Yusint = 10sint

Equate coefficients of cost: -, —10A=0=A=0

Equate coefficients of sint: . —10uw=10= pu= -1
p.i. is —sint

General solution is x = Ae* + Be ™ —sint ¥

When t=0,x=2 s 2=A+B @
@=e 3t apa=3t _ .
a 3Ae 3Be cost
Whent=0%=-1 . —-1=34-3B—1
dt

0=3A-3B @
Solving equations ® and @, A =B =1
Substitute values of A and B into §

x = ¢ + ™ — sint is the required solution.
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Exercise E, Question 8

Question:
d“:f ~ 49 4 gy = 3pe x=0and ¥ = 1 whent=0
di- dt dt
Solution:
2 .
{:—; - 4% + 4x = 3te* = The complementary function
¢ has the form x = (A + Bt)e™.

Find c.f.: auxiliary equation is
m*—4m+4=0
(m—22=0
m = 2 only

c.f. isx = (A + BHe”

Find p.i.: Let p.i. be x = At’e™
Then ¥ = 2are? + 3are™
2 .
ﬂt—;‘ = 4At'e™ + 6ALe™ + 6ALe™ + 6Ate”

Substitute into .

Then (4AF + 12AF + 6At — 8AL — 12A8° + 4At))e™

6A=3=A=3

pi.isx = % Pe*

General solution isx = ((A + Bt) + 3'}e* §
But x=0whent=0 0=A

dx _ ,f 1312t 3.2] .2t

E—Zlﬂ +B!‘+E!‘ ]C + [B‘FEI"]Q
As $¥=1whent=0andA =0

1=8

Substitute A = 0 and B = 1 into ¥
Thenx = (t + 5’ Je* is the required solution.
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Exercise E, Question 9

Question:
259X 4 36y = 18 x=Innd%§=tHﬂwwnr=H
& L
Solution:
259% L 360 =18 &
de
Find c.f.: auxiliary equation is The auxiliary equation has imaginary

roots and sox = A cos @f + Bsin wf
is the form of the complementary
i function.

25m* +36 =0

7 —ji[{ and m= =%

E

cf.isx = Acosgt + Bsinzt
Let p.i. be x = A, Substitute into %
Then 36A =18

o

16

o | o

General solution isx = Acosft + Bsin2t + 5§

Whent=0,x=1 - 1=A+1:=2A=1=05

dx
dt

6 Asin 8¢t + S Beos 8
—<Asin <t _EHLG.\ =

When t =0, dr _ 0.6 .. 0.6=32B
L'[I 5
B

0.5=1
Substitute values for A and Binto ¥

Then x=1(cos ot +sin2t+ 1)
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Exercise E, Question 10

Question:

L"Jf— dx | 2y = 212 x=1land ¥ =3 whent=0
i~ dt dt

Solution:

A dv 5
Fr ZdE+2x 20 =

Find c.f.: auxiliary equation is
m=2m+2=0

]}1:21\'—4_8=1ii

2

- te —_ml A e o
clisx =e¢ (Acost + Bsint) The particular integral has

the formx = A + ut + vt

Let p.i.be x = A + ut + ot
dx

he == = g+ 2pt
then ar M v
d’x
= =2y
de

Substitute into %
Then 2r— 2 (u + 2vt) + 2(A + pt + vt?) = 282

Equate coefficients of t: 2r=2 = p=1

i
Il
d

coefficients of t: —4v+2u =0
constants: 2v—=2u+2A=0 = A=1
piisx=1+2t+ ¢
General solution isx = e’ (Acost + Bsint) + 1 + 2t + t2 §
But x=1whent=0 .. 1=4+1 .. A=0

As  x=RBe'sint+1+2t+£

% = Be'cost + Be'sint + 2 + 2t
lf"I:r—" T =
As i 3whent=0
3=B+2
B=1

Substitute A = 0 and B = 1 into the general solution ¥

x=e'sint+1+2t+ or x=e'sint+(1+1)72
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Exercise F, Question 1

Question:
: l.f‘. "th
.r-L ~+6x—=—+4y=0
dx” dx :
Solution:
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A3y dy
e = + 4y =0
g dx? Y ﬁxtit Y *
Asx = ¢, El_r = pil =y
du
| dy _dy _ dx
From the chain rule oo % £
dy  dy
du Yax @
d _ g | dy)
Also T =g l.xﬁ

Cdx o, dy Ay dx
= C& o 2 w OX
du dx * xd.r3 du

4

dy , ., 4%
ks _l_ ] & -
du v dx?

oy _ &y
dr* du? du

Use the results @ and @ to change the variable in %

d*y dy dy ¥
a dutl@mr =0
. d _ _dy
e, 4 544y =10
b du? du 4 7

This has auxiliary equation
m:+5m+4=0
(m+4)im+1)=0
i.€e. m=—4or—1

L]

The solution of the differential equation f is
y=Ae M+ Be™

But e'=x
- —1 = l
¢ X ¥
and e =y =1
I+
A, B
T + =
Y xt 2
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Exercise F, Question 2

Question:
x- %‘f + 51% + 4y
Solution:
L A P
& T ax T YT
dy dy dly d%y dy dy dy
X = alf = 1 o o =
As x=¢, Xy Ty W =T Use N and
2
(See solution to question 1 for proof of this.) -d_:_}: d_—_}' d_}*_
dv?  du®  du
Use these results to change the variable in #. Ensure that you can
dy_dy . dy prove these two results
du? u;Iu du =
d2y

dy
duz+4 +4y=0 ¥

This has auxiliary equation
m +4m+4=0
(m+2)2=0
m = =2 only
The solution of the differential equation § is thus
¥y = (A + Buye™

2

As x=¢' - eM=x2=1

X2
and n=Inx

¥=(A+ Blnx) Xx—lz
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Exercise F, Question 3

Question:
,d*y dy
x*—=S+6x—+6y=0
dx? de
Solution:
,d*y - f dy  dy
r-—=+6x=+6y=0 =% Use x—=— =-—— and
i dx ' de  du
Asx = et :-mr 4 nd 1"LPV dy _dy e d_:f = d_}: S5
s = pH 4 — e M { L'i_‘ g Sy . " W Vi =
"Tdx du’ de?  di?  du dx? du® du |

{See solution to question 1 for proof of this.)

Use these results to change the variable in %,
dy dy  _dy .
_."._; - 4+ h—= + {ﬂ" —_ ”,
du?  du du
dy  _dy
._.‘_,. i - h}. =} v?
du’ du
This has auxiliary equation
it + 5m+6=1(0
m+2yim+3)=0
m=—-2o0r-3

The solution of the differential equation ¥ is thus

y = Ae” M 4 Be~ ¥
As x =gl p 2 — X - ]}
¥
and e M =y3=1
‘1-‘.
i X< X
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Exercise F, Question 4

Question:
,d*y dy
=5+ 4x——-28y =0
dx? dx "
Solution:
, d*y dy : _ dy  dy
e o = —28y=0 % Use x— =— and
dx? dx . dr  du
nop ey oAy Ay dy 24y _dY &
A = t‘-' A= = == AN L'i_‘_1 = _‘J — v s Vi 3
"Tdx  du dy?  du?  du de?  du® du

Substitute these results into equation #

d dy dy
vo— = 4+ _|! ek

— - 28y =10
dut  du du y
d3y _dy
=+ 3= —28y =0
dir du ) ¥

This has auxiliary equation:
m+3m—-28=0
(m+7)m—-4)=0
m=-=7or4

y = Ae "+ Be" is the solution to ¥.

Asx=en - eli=1

X’

and et = y?
y=4 +pet

X’
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Question:
A%y dy
- .,]_ — ]4_ r=10
T e Y
Solution:
&y dx dy ldy =0 =% Use x L and
i = = IS8 ==
da? dx * de  du
As x = go riv = ﬂ‘ i -LV - if = E_"" - d-:;r = d_}: B d}*‘
o Tde du T dx? de?  du de*  du®  du

Substituting these results into % gives
d¥  dy dy
dy _dy_ 4

: ~ — 14y =0
dut du dit ;
Py _dy
e, —2-52_14y=0 ¥
du- dut :

This has auxiliary equation:
m —=5s5m-14=0
e. (m=7)m+2)=0
m=7or =2
The solution of the differential equation ¥ is

y = ‘__h.:?u + Be 20

But x=¢" . e'"=x
= 2 -2 ]
and e =x " =—
x*
y = Ax’ + ﬁ;
C
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Exercise F, Question 6

Question:
x-*dz G s S

a? " e T
Solution:

LA L dy : dy dy
=t =+ 2y=0 = Use x— =— and

dx? de de  du

2 20
o W B o5 S, Ay dy 424 J = d = dy
o Tdr du C Todx? de?  du de?  du? du
i , ) A proof of these
Substitute these results into % to give: results is given in the
d?y  dy d book in Section 5.6.
)13 4oy =0
du®  du du °
g d%y d
ie. —'-;+2—'V+2v=£} K
du? du

This has auxi[im'}-‘ equali(m:

m*+2m+2=0

L

=—1*i

The solution of the differential equation ¥ is thus
y=e¢"|Acosu + Bsinu|

=1l 1

As x=¢" ¢'=x"=

==

and n=Inx

y = xl [Acosinx + Bsinlnx]
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Exercise F, Question 7

Question:

Use the substitution ¥ =§ to transform the differential equation

dy dy
Y 4 2 - 4% — 4y = 0 into the equation £Z — 492 — ¢

dx? dx da? dx

a

3 d- dy o :
Hence solve the equation .x'ﬂ-'-q}, + (2 = 4x)-= — 4y = 0, giving y in terms of x.
dx2

dx
Solution:
e dly
y= i-‘ implies xy =z Find <2 and S in
dx dx”
25
Y oy 02 terms of 9£ and 4 £
de 7 dx dx”
d  dy , d
Also xS+ D d%

de?  dx dx da?

The equation xd"{' + 2 - Y _ 4y =0
dx- dx

. . d*z [dz ' .
become st = g = | =gy =)
ecomes el |-.{Lr 7 ] Yy
i.e diz _ 4> dz _ 0 =*

dx?® tlx

The equation % has auxiliary equation
m* = 4m =10

0

€. m=0or4

I

mim — 4)

z = A + Be"™is the solution of #

But z=xy
xy = A + Be™
- fl E oL
A
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Question:

Use the substitution y = “ to transform the differential equation
x

2y dy . d’z | ,dz
=5+ (e + 2)== + 2(x + 1)*y = ¢7* into the equation == + 2=— + 2z = &%,

dx? dx : . puls dx2 dr

= : P sy ; e : o
Hence solve the equation x- 13 + 2x(x + "”'1} + 2(x + 1)y = e7*, giving ¥ in terms of x.
- C

Solution:

PhysicsAndMathsTutor.com
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dz ddz

I = e 2 Mo alivg 3
=L impliesz=yx*orxy =z Express == in terms
y=Zimj ) Ay PIeS & M qa2
P dy + 2xy = dz @ of - a4 and yrespanwei}
dx dx dx e

dy
dx

The differential equation:

Also x"j; + 25 4 2% ‘E +oy=92 g

dxz

xi%g + 2Zx(x + zng—i + 2{x + 1)* = €™ can be written
, &%y dy , dy —
= + 4x—+ 4+ 2 2x- +4x-)+2.xr*=e"
L da? a T Y ( dx ; )

Using the results @ and @
d*z dz -x
+2=+2z=¢
dx? dx ¥
This has auxiliary equation
m +2m+2=0

—-2*+y4 -8
2

m=-1=i

m=

z=¢ " (Acosx + Bsinx) is the complementary function
A particular integral of §is z = Ae™
%=—he*’ and {%g=)¢e 2
Substituting into ¥
(A =24+ 20)e™*
A=1

=X

]

e

So z = e™ is a particular integral.
The general solution of ¥ is
z=e " (Acosx + Bsinx + 1)

But z = x’y

¥y = 1) is the general solution of the given differential equation.
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Exercise F, Question 9

Question:

Use the substitution z = sin x to transform the difterential equation

dy . dy . e dyy ,
Cos x—5 + sinx—-— — 2y cos’x = 2 cos® x into the equation —5 — 2y = 2(1 - 2°).
clxe dx dz=

_ dy . dy ; _ o :
Hence solve the equation cos x—= + sin x—— — 2y cos’x = 2 cos™ &, giving ¥ in terms of x.
1.. 3 l.‘. %
dx- Ly - o

Solution:
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Z = sinx implies %f = COSX Find S——i in terms of ‘% and find
d*y . d?y dy
dy _d —= in terms of — and -
s {j—f X Cosx dx? dz? dz’
And 1—"1} = d—‘j cos’x — S: sinx
The equation msxﬂ + sinxd—y — 2ycos*x = 2cos’x
d? dx
3
becomes cos*x —5 e y — Cosxsinx 4 + cosxsinx . 2ycos’y = 2cos’x
dz* dz dz
Divide by cos’x gives:
a2y

— — 2y = 2cos’x
dz*
=21-22% [as cos?’x = 1 — sinx =1 — 27

First solve g -2y=0
This has auxiliary equation
m —=2=0
m=xy2
-2

The complementary function is y = Ae'* + Be

Let ¥ = Az® + wz + v be a particular integral of the differential equation ¥.
Then gir = 2Az + i) and H_-}J =2A

Substitute into ¥

Then 24 = 2(A22 + pz + ») = 2(1 = 2

Compare coefficients of z: =2A = -2 - A=1
Compare coefficients of z2 =2y =0 R TR
Compare constants: 2A—2v=2 . pv=1(

2% is the particular integral.
The general solution of ¥ is
y = Ae'® + Be™ 4 22,
But z = sinx
y = Ae 2 4 Bemsinx 4 qin2y
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Exercise G, Question 1

Question:

: . : S . diy dy
Find the general solution of the differential equation —5 + =~ +y =0

) de®  dx

Solution:
d¥y  dy o i :

= = i) l'he auxiliary equation has complex
det i« roots and so the solution is of the
Auxiliary equation is formy = ¢™ (Acosqgx + Bsingx).

m+m+1=0

—1+yT—4
2

i“..:q.i

2

m=

The solution of the equation is

V3 FANY - L
y=e7|Acossx + Bsinitx |
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Exercise G, Question 2

Question:

2 : ' : : . d¥y
Find the general solution of the differential equation 1;-, =~ 12 ]
dx?

Solution:

d?y dy .
— = 12=+ 36y =0
dx? dx i

The auxiliary equation is
m = 12m+36=0
(m—6F=0
m = 6 only
The solution of the equation is

y = (A + Bx)e™.

© Pearson Education Ltd 2C
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Exercise G, Question 3

Question:
- : : sz e . dy  dy
Find the general solution of the differential equation — — 4~ =10
- dx? dx
Solution:
dy  4dy M. T :
7 o 0 lhe auxiliary equation
- - has two distinct roots,
The auxiliary equation is but one of them is zero.

m2 —dm =0
mm-—4) =0
m=0o0or4
The solution of the equation is
‘I-'I = .'1{'1“. + ;{E-H

= A + Be®
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Question:

; ; ; d-y 5 . dy
Find y in terms of k and x, given that 1._ + k*y = 0 where k is a constant, and y = 1 and —&: =]
- dx* d

atx = 0.

Solution:

dy : g .

G2 +ky=0 I'he auxiliary equation has

imaginary solutions and so the

The auxiliary equation is general solution has the form

m2 b= y =Acosax + Bsinwx. A and
B B can be found by using the
m= x ik boundary conditions.

The solution of the equation is

y = Acoskx + Bsinkx. [This is the general solution.]
But y=1whenx =0

1=A+0=A=1

y = coskx + Bsinkx

g—i = —ksinkx + Bkcoskx

oody _
Also e 1l whenx =0

= —_— :l

1=Bk=18H X

¥y = coskx + %sinkx.
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Question:
. : . . . dy _dy : _ L dy
Find the solution of the differential equation — — 2= + 10y = 0 for whichy = 0 and == 3 at
de®  dx ' dx
x =10
Solution:
d’y  2dy E =
; v LL + 10y =0 The auxiliary equation has
e o complex roots and so the
This has auxiliary equation general solution is of the form
1= pl™ (A e i -
2 e & 40 =0 y = e (Acosgx + Bsingx).

2x4-40
2

M

m =

=1

I+

The general solution of the equation is

¥ =¢e" (Acos3x + Bsin 3x)

As ¥y =0whenx =0,
0=A+0=A=0
¥ = Be'sin 3x
ﬁ.l’ = 3Be' cos 3x + Be'sin 3x
dx
Also di = 3whenx =10
dx
3=3B+0=B=1
y = e*sin 3x is the required solution.
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Exercise G, Question 6
Question:
LAy

- i : . d%y i ; ; :
Given that the differential equation c_l.x_ < 4Tr + 13y = e* has a particular integral of the form
= L

ke, determine the value of the constant k and find the general solution of the equation.

Solution:
d’y  4d 3 2
.‘? — ..‘3."+ ]Ij}a:{fl g
dys  dx :
First find the complementary function (c.f.): Use the fact that the general
. 0 solution = complementary
3 0 F & : - - - *
the auxiliary equation is function + particular integral.
m—-4m+13=0 '
_4+16 - 52
m= T
=2 + 3j

The ¢.f. is ¥y = e™ (A cos 3x + Bsin 3x)
Let the particular integral (p.i.) be y = ke™

v Ll-}' T ‘-13.'"" e A T B
Then o 2ke and 2 dke,

Substitute in % to give
(4k — 8k + 13k)e™ =™
i.e. Qkf'u = '.“?'1
k=1

The general solution of ®# isy = cf. + p.i.

1,2

e (Acos3x + Bsin3x) + 56

|

l.e. ¥
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Question:

Given that the differential equation T2 Y= 4¢* has a particular integral of the form Kxe',

determine the value of the constant k and find the general solution of the equation.

Solution:

d? .

Yyt o

First find the c.f. Use general solution = complementary

function + particular integral.

The auxiliary equation is
m-1=0

m= =1

The c.f. isy = Ae™ + Be™

Let the p.i. be y = kxe*

Then j—'; = kye' + ke*

9 - keet + ke* + ke?

Substitute into %.

Then kxe* + 2ke* — kxe* = 4e*
k=2

So the p.i. isy = 2xe*

The general solution is y = c.f. + p.i.
y = Ae* + Be™ + 2xe*.
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Question:
2y dy

C
The differential equation —5 — 4-—
O & T

a Find the complementary function.

+ 4y = 4e™ is to be solved.

b Explain why neither Ae* nor Axe” can be a particular integral for this equation.

¢ Determine the value of the constant k and find the general solution of the equation.

Solution:

d?y dy o

= — 4=+ dy =4 %
dx? dx

a First find the c.f.

The auxiliary equation is The auxiliary equation has a
S A S rclpeatc_d root and so the cr.j, is
. of the form y = (A + Bx)e™.
(m-—=2¢=0

i.e. m =2 only

The c.f. isy = (A + Bx)e™

3 3 . . . . '.1"'1}1 d.
b Ae™ and Bxe™ are part of the c.f. so satisfy the equation ? - 4—y + 4y = 0.
dx? dx

The p.i. must satisfy %.

¢ Let y=kx%e®
dy

~ = 2kx%e™ + 2kxe®
dx

1‘ 5 p Yo -
‘:h_‘-f = dkx“e™ + dkxe™ + 2kx X 2 + 2ke™
dx?

Substitute into %
(4kx? + 8kx + 2k — 8kx? — 8kx + 4kx?)e™ = 4e*

3

Zke™ = 4%
k=2
So the p.i. is 2x"e™
The general solution is y = (A + Bx + 2x%)e™,
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Question:

i . : . d? ; : LT
Given that the differential equation FT + 4y = 5 cos 3t has a particular integral of the form
RTE

k cos 3t, determine the value of the constant k and find the general solution of the equation.

. . . - R . dy
Find the solution which satisfies the initial conditions that when £ =0,y = 1 and {_iF = 2.

Solution:
diy
—= +4y = 5cos3l *
ez *
The p.i. is y = kcos 3¢ The auxiliary equation has imaginary roots
iy sothecf isy = Acoswt + Bsinwt. 't' is the
Ej_: = —3ksin 3t independent variable in this question.
d%y .
—= = =8k cos 3t
dr

Substitute into %
Then —9kcos 3t + dkcos3t = 5cos3t
—5kcos 3t = 5cos 3t
k=—1
The p.i. is —cos 3t.

The c.1, is found next.

Il

The auxiliary equation is m” + 4

m= +7i
Thec.t.isy = Acos2t + Bsin 2t

The general solution is y = Acos2t + Bsin 2t — cos 3t

Whent=0,v=1 S 1l=A-1=A=2
dy , e
Ei:E = —2Asin 2t + 2Bcos2f + 3sin 3t
When t = 0, Lh =7 o 2=2R=R8=1

dt
y = 2cos2t +sin2f — cos 3t
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Exercise G, Question 10

Question:

2 : , . dly _dy ; : ;
Given that the differential equation ;F = 3§ + 2y = 4x + ¢~ has a particular integral of the

form A + px + kxe*, determine the values of the constants A, g and k and find the general
solution of the equation.

Solution:
d’y _dy ;
———3=+2y=4x +e" «
dx~ de
PLisy= A+ ux + kxe™ Find the complementary function and add
by to the particular integral to give the general
:. ! ¥ e H -
= =+ 2kre™ + ket solution.
ax ¥
d? 3 2
1 = 2k X 26% + 2ke™ + 2ke
dx?

Substitute into .
Then (4kx + 4k)e™ — 3u — (6kx + 3k)e™ + 2A + 2ux + 2kve™ = dx + ™
ke™ + (2A — 3p) + 2ux = 4x + €™,
Equating coefficients of e™: k = 1
w2u=4=sp=2
constants: 2A —3u=0=A=3
¥ =3 + 2x + xe™ is the particular integral.

The auxiliary equation for % is

m—=3m+2=0
0

m=1or2

I

im—=2ym-=1)

The c.f. is y = Ae* + Be™
The general solution is y = Ae" + Be™ + 3 + 2x + xe™.
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Exercise G, Question 11

Question:
= . o - ) dy  _dy = _ . ;
Find the solution of the differential equation lhi--. + b:{.i + Sy = 5x + 23 for whichy = 3
wx-= 2k )
dy . : o .
and h = 3 at x = (1. Show that y = x + 3 for large values of x.
L
Solution:
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dly dy
+8=+35y=35x+ 23 0]
ae " Cax Y

The auxiliary equation is

16

16m>+8m+5=10
. =f & x%}i__- 32{}
N 32 o
_ 1,4 V=256
I Tl T
= -1+

The c.f. isy = e * (A cos ix + Bsin ix)
Let the p.i. bey = Ax + p.

d_‘}rz _dj:(j
dx "oda?

Substitute into @

BA+5Ax +5u=>5c+ 23

Equate coefficientsofx: . SA=5=A=1
constant terms: A+ S5p=23=>pu=3

Thepi.isy=x+3
The general solution is ¢.f. + p.i.
ie. y=e ¥ (Acoskx + Bsinlx) + x + 3.
As  y=3 whenx=0
3=A+3=A=0

o S | .
y=Be Tsinzx+x+3

d\" =Xg =
s i ElBe & cus%x — tBe singx + 1
dy
As —=3whenx=20
5 dx i~ |
3=1B+1=B=4
y=4de “sinlx+x+3
Asx —o0,e ¥ —0; - y—x+3

. ¥ =x+ 3 for large values of x.
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Exercise G, Question 12
Question:
dy

= : o . . dy
Find the solution of the differential equation — — —=
dxt  dx

y = 1 atx = 0 and for which y remains finite for large values of x.

— 6y = 3 sin 3x — 2 cos 3x for which

Solution:
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dly dy

dx?  dx

The auxiliary equation is

By = 3sin3x — 2¢o53x *

m—-m-6=0
im=3)m+2)=10
m=3o0r—-2
2y

The ¢.f.is y = Ae® + Be ™.

Let the particular integral be y = Asin3x + pcos 3x.
: dy _ . . &k
Then - =3Acos3x — 3usin3x

dx -

&y o ,
—= = —9Asin3x — Y cos 3x
dax? H

Substitute into  #%

Page2 of 2

The particular inegral is
¥ = Asin3x + pcos 3x.

Then —9Asin3x — 9ucos3x — 3Acos3x + 3usin3x — 6Asin3x — 6pcos 3x

= 35in3x — 2 cos 3x.

Equate coefficients of sin 3x:

-9A+3pn—-6A=3 ie 3u—15A=3 0
Equate coefficients of cos 3x:

—-9u—3A—-6pu=-2 ie -—-1S5u-3A=-2 @
Solve equations @ and @ togive A = =+ p =

Pl isy = + (cos 3x — sin 3x)

The general solution is

y=Ae™ + Be ™™ + 1 (cos 3x — sin 3x)

Asy=1whenx=0,1 =A+B+:

A+B =2
As y remains finite for large values of x,
A=10
B=3

y=2e®+ 1(cos3x — sin3x)

]
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Exercise G, Question 13

Question:

2 ;
Find the general solution of the differential equation {—“:-g + 251!?} + 10x = 27 cos t — 6sin t.
dr C

The equation is used to model water flow in a reservoir. At time t days, the level of the water
above a fixed level isxm. When t = 0, x = 3 and the water level is rising at 6 metres per day.
a Find an expression for x in terms of f.

b Show that after about a week, the difference between the lowest and highest water level is

approximately 6 m.

Solution:
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d’x

TE

+ Zg—f+ 10x = 27 cost — 6sint %

The auxiliary equation is
m+2m+10=0

_-2+Vi-40
m= 3
=—1=*3i
The c.f.isx = e™' (A cos3t + Bsin 3t)
Thepi.is x = Acost + psint
(i « AR .
T Asint + pcost
dix _ i
e - —AcCost — psint

Substitute into %

Page2 of 2

—Acost — usint — 2Asint + 2ucost + 10Acost + 10usint = 27 cost — 6sint

Equate coefficients of cost:  9A + 2u = 27

sint:  9u — 2A = —6.
Solve equations @ and @ to give A = 3, u = 0.

The p.i.isx = 3 cost.

The general solution isx = 3cost + e (Acos 3t + Bsin 3t)

But x=3whent=0: - 3=3+A=A4=0

x = 3cost + Be 'sin3t
dx

=2 = —3sint + 3Be "cos3t — Be 'sin 3t

dt

—0 9x_
When t =0, at 6

6=3B=B=2
x = 3cost + 2e'sin 3t
b Afteraweek t=7days. .. e '—0.
. x = 3jcost

The distance between highest and lowest water level is 3 — (—3) = 6m.
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Exercise G, Question 14

Question:

a Find the general solution of the differential equation
d2y dy
I~ 4 4x—+2y=Inx, x>0
dx= dx '

using the substitution x = e, where u is a function of x.

Pagel of 2

b Find the equation of the solution curve passing through the point (1, 1) with gradient 1.

Solution:
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dx

a Letx =e" then 2t = ¢
du

and dy=d—yxd—x=e“d—y= d_y

du ~ dx du dx jCi:l.i:
dy _de, dy, 4y dx
di?  du dx d:)r:2 du
_ _dy dZy
T x? = 2

x2d23+4x§i+2y Inx:zj+3dy+2y=lnx=rf

da? du
The auxiliary equation is
m+3m+2=0
(m+2y(m+1)=0
= m=-1or-2
Thectf.isy = Ae™ + Re'z"
Let the p.i. bey = hr.-+p,—> Adzy 0
du du?

Substitute into %
A+ 2 u+2pu=u
Equate coefficients of : 2A=1= A =1

constants: 3A+2u=0 . w= _;i

The p.i.isy = u -3
The general solution isy = Ae™ + Be™" + Ju — 3,
Butx=¢'— u=Inx.

_]=1

2_ 1
fande - =

xZ

2

Alsoe " =x =x

Page2 of 2

. dy
Find ﬁ

2

that

du?

into the differential equation.

dj’z

in terms of x and ——, and show

.}‘
dx

Z:,,

de

dy
dx

then substitute

The general solution of the original equation is y = ;—1' + :%

b But y = 1whenx =1

1=A+B-3sA+B=1 @
R e DR L 1,
dx 22 x 2
dy
Whenx=1,-% =1
en x dx
1==-A=-2B+3=A+2B=—} @

Solve the simultaneous equations @ and @ to give B = =2} and A = 4.

The equation of the solution curve described isy = pe
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Exercise G, Question 15

Question:
: . dy dy 3 i . . _ o
Solve the equation LI' tlanxgs +y cos’x = cos*x e'n* by putting z = sin x, finding the
dx :
i . dy .
solution for which y = 1 and Fae Jatx = 0.

Solution:
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o dz _ gy el
= e ~ =L ¥
Z =sinx & cosx and T COSX
dZy _  dy d% _ dz
dT— _ESIHLK‘FCOSQ‘:@XE
2
. $51nx+ cos? xdy
dz dz?
2 .
c g+ tanx j—i + ycos?x = cos?x e"* ¥
d?y dy dy
) = + bt R 2 29 = cOS2x €7
= COS xdzz sinx o tanx cosx P Y COS*X = COS“X €
d2y .
= —+y=e %
dz? Y

The auxiliary equation is m* + 1 = 0 = m = =*i

Thecf.isy = Acosz + Bsinz

dy _ d’y _
The p.i.isy = Ae’ :a‘d = Ae’ and — 02 = A€’

Substitute in % to give
20’ =" > A=
The general solution of ®# isy = Acosz + Bsinz + %ez.

The original equation ¥ has solution

sinx

y = Acos(sinx) + Bsin (sinx) + le

2
But y=1whenx =0

ee 1 |
1=A+1ls4=1

e cosx (—Asin (sinx)) + cosx(Bcos (sinx)) + %cosxe“”x
is oy _
As —===3wh 0
S T when x =
1 2wyl
3=B+;=>B=2;

y = 3cos (sinx) + 3 sin (sinx) + 1 e
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