Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 1

Question:

d_
o=

Solution:

dy

M= R
dx

=

Integrate and include the constant
of integration.
« y= [Zxdx e | of integration
= R Let the constant take values 1, 2, 3,
(), =1, =2 and draw solution curves.

Fe M= x* + ¢ where ¢ is constant
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Exercise A, Question 2

Question:

dy _
dx

Solution:

dy _

dy

1 ; Separate the variables and integrate.
/? dy = ji dx Include a constant of integration on
2 one side of the equation.

Iny = x + ¢ where ¢ is constant

Y

ec X e*

y = Ae* where A is constant (A = &)
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Exercise A, Question 3

Question:
dy 2
de
Solution:
dy o
dy
y= / x*dx
x’ ;
¥y = '._é + ¢ where ¢ is constant
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Exercise A, Question 4
Question:
dy

~=2x>0
dey x

Solution:

dy 1
dyr «x

V= [ L dx
Jx

= [nx + ¢
=|nx + InA

¥ =InAx

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
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Question:
dy _ 2y
dx X
Solution:

dy 2y

dx x

1 2 . . ,

E : dy = 3Ethr . 1 Separate the variables and integrate.

Iny =2Inx + ¢ : i .
Express the constant of integration

Iny = Inx*+ InA » as In A where A is constant and use
i laws of logs to simplify your answer.
= InAx* |
y = Ax?
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Exercise A, Question 6

Question:
dy »x
dx ¥y
Solution:
dy «
dey Y
[ vy = /:c dx
¥ ox?
— = e
z 2 |

o y* — x%=0is a pair of straight lines.
or y*—x*=2¢ — t Thesearey =xandy = —x
| ¥ = x%=2¢, ¢ #0is a hyperbola.
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Exercise A, Question 7

Question:
dy
—_— L'
dx
Solution:
di‘i == 1::_‘
dx
E: [l dy = /I dx » To integrate —]-;., express it as e™".
L‘!-_l s S
" /v“ dy = /l dx
—er=x+c
"'L'_l'l = =X ¢

-y =in[=x —¢]

y=-In[-x—¢c]Jorin——
: | | (=% )

Ly =In 1.
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Exercise A, Question 8

Question:
dy /
L (R A , x=0
dx x@x+ 1)
Solution:
dy _ ¥
dr xx+1)
| | ‘ Separate the variables,
; dy = dx » ! se parti
; [1’ | [tﬁlf 1 jrhc}n use partial fralLtmn'i to
T ? integrate the function of x.
| ]_ 1
Iny = 1__1 dx
Y= J\x &+
=lnx—-In(x+1)+c¢
X
Iny = In—— + InA
ny ]n“_ g +in
- .:1.'{
B ]n:i:+ 1
_ Az .
=y ¥ =1

Vi

4 =
; y= o3
2 ¥ X ll 1
1 y =i
0 X
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Exercise A, Question 9
Question:
dy

— = (05 X
dx

Solution:
dy

= COS X
dx

y=sinx +¢
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Exercise A, Question 10

Question:

!

d
i_=ymlx, O<x<w

dx
Solution:

dy =

—;’f =ycotx O<x<w

dry -
[lay= [2q

J¥ ™ fsinx ; _
Express the constant of
Inly| = Inisin x| + In|A| - | integration as In/4| and combine
: logs to simplify vour solution
= Inl|A sin x| 6 piry )
y=Asinx
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Exercise A, Question 11

Question:

Solution:

dx ;
— = 5pc~ | — =< t<
dr 2

fwc-’ tdt

S - F B | I L
tan t + ¢ for 2..I. 5

=
I

e
2
|

r=tant+ 2

x=tant+1

X = .t.'tll =2

x= h:lﬂ ti—1

- 3
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Exercise A, Question 12

Question:

dy

~=x(1—-x), O<x<l
dx

Solution:

Jnx—=In(l —x)=t+¢
In—>—=t+c¢
1 —%
2R R | 0 < x < 1 implies that A is
1 —x . | a positive constant.
x = Ael — xAe!
x(1 + Aef) = Ae
Ae!
X=——
I + Aef
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Question:

Given that a is an arbitrary constant, show that y° = 4ax is the general solution of the
” ; R« S
differential equation — = 5—.
qUation gy = ox
a Sketch the members of the family of solution curves for which a = l 1 and 4.
b Find also the particular solution, which passes through the point (1, 3), and add this curve to
yvour diagram of solution curves.

Solution:

dy _ ¥
dry  2x

[_%LFF%/%EL*‘

Iny =1lnx +¢

or Iny=slnx+InA

Il

Iny =InA ¥
ie. y=AE or ¥=A% or y=4ux
a Sketchy* =ux,y* = 4xand y* = 16x

Va

=Y

b % = 4ax passes through (1, 3)
9=4q
ie. a=sandy’ =9
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Exercise A, Question 14

Question:

Given that k is an arbitrary positive constant, show that y* + kx* = 9k is the general solution
dy -xy

of the differential equation U ; x| = 3.
dx 9 -x?

a Find the particular solution, which passes through the point (2, 5).

b Sketch the family of solution curves for k = ,',. 2 1 and include your particular solution in the
diagram.

Solution:
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dy_ —xy

dx 9 —x2

i 13 Spee
..f},dy fq_x:!dx

Iny = l, In(9 —x% + InA

. 2Iny=InA%(9 — x?)

Iny? =InA%(9 — x?)

The solution curves are all
ellipses, except when k = 1

Yy =947 - A%x® »
Let A® =k
Then ¥ + kx? = 9%
a If this curve passes through (2, 5) then
25 + 4k = 9k
25=5k—k=35
45

i.e.y* + 5x?

b Wheny=0x = +3, whenx =0y = = 9k

when the curve is a circle.
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Exercise B, Question 1

Question:
dy
r=—+Yy=COsX
dx ~
Solution:
dy
XY —— + Yy =C08X%
de -
so 4 (xy} = cos x
de
Xy = / cos x dx :
’ Remember to add the constant of
=5iNx+ ¢ » i integration when you integrate
; - not at the end of the process.
+ e — e i " j‘. ; !
Y=zsinx+z
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Exercise B, Question 2

Question:
dy
p¥ == — p~¥ g = yp?
dx .
Solution:
dy -
W X X
g e = g = X
dx ;
d .-
----- (e™y) = xe*
dx ]
SRy f,rt"‘ A i i Use integration by parts to integrate xe*.

=xe*—ef+¢

X

y = xett — g

+ cet . Multiply integration by €.
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Exercise B, Question 3

Question:

. dy :
sin x +ycosx =3
dx -

Solution:

; dy
sinx -~ + ycosx

= {
dx
4 (ysinx) =3
dx

y sin x

[ 3dx

ysinx =3x + ¢

ix :
= — + Y :
sinx sinx

= 3x COseCx + ¢ Cosecx
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Question:
dy
] : — I1 T o L'.-'l
xdx gx2-
Solution:
1 dv
B L 1.|1|_ — l."‘
xrdx x*
'Ll ] | Y
L — O e
dx |.1' ) /
-y = fefdx
X .
=¥ + ¢

y=xet+x
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Exercise B, Question 5

Question:
, o dy
22y Y 4 oy = &
dx
Solution:
dv This time the left hand side is
xie¥ = 4 2xe¥ =% » d .. . : d ..
dx —— (x= T y)) not just — (x-vy).
da dx
d .z
— {xegd) = X
dx
tie¥ = /.x dx
= + ¢
Ll!‘ == l] 4 {-1.
R
= 1 L g 6]
or y=In|;+ =]
) £ X-l
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Exercise B, Question 6

Question:
dy :
day — + 2y? = x?
Y dx ¥
Solution:
dvi Again the left hand side of the
_!,-1:1".' .+ 2 1 = _1'" " it a . 5 \
< dx Y equation can be written L—ﬂ (2x f(y)).
1.1. ¥
— (2xy°) = x
Lh. ",
2xyt = f.\'f- dx
A Ty
- ;_l L
r) Lo C | oy 3
ye=zxt+ 7% | Divide both sides by 2x.
= T [
or y=% =+ =
- VL6 2x |
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Exercise B, Question 7

Question:

a Find the general solution of the differential equation
x b
dx

b Find the three particular solutions which pass through the points with coordinates
i—, 0, l—-_',, 3) and [—' 19) respectively and sketch their solution curves for x < 0.

+ 2y =2x+ 1.

Solution:

=)
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Question:

a Find the general solution of the differential equation
dy ¥ ]
Inx-—+%==- J
dx x @@+ 1)x+2)

b Find the specific solution which passes through the point (2, 2).

x> 1.

Solution:
dy ¥ 1
a T T . S
de x &+ Dix+2)
d _ 1
2 (X y) = ————
e Y) (x + 1)ix + 2)
vInx = [ 1 X s I You will need to use partial
” (x + 1)ix + 2) l fractions to do the integration.
| ] '

]

Inf(x+ 1)-Inx +2)+¢

- Infx+1)=In{x+ 2)+ InA

Inx
!n__,l_i_x__f ]__J
(x + 2) . , .
y=— — is the general solution
Inx '
b Whenx=2,y=2
]
3 = Jﬂ?l
i
Inf;‘l =21In2 = In4
— |h
A=
16(x + 1)
N—=
. 3x+2)
50 y = - :
- Inx

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 1

Question:

dy

_.|_2r
dx )

]
i

Solution:

dy
. 2 +
d )

g
Find the integral factor /™ and
The integrating factor is /2% = ¢* « multiply the differential equation

dy | - by it to give an exact equation.
B S &l
t’ﬂ; (e*y) = e®

ety = [ e dx

)
ki

] —
5 € k0

£
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Exercise C, Question 2
Question:
dy

— +ycotx =1
dx

Solution:
dy

" Fycotx
dy -

The integrating factor is e/P®* = gfeotx d

= E.I'.u'.u.'r

The integrating factor ¢
can be simplified to f(x).

sinx »

Multiply differential equation by sin x.

L dy .

LSNX -+ Y COsSX =S5NX
de -

d i s

------ (ysinx) = sin x
dx

ysinx = j.'\'il] x dx
= —COsX + ¢

¥ =C0t X 4+ C COsecCx
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Exercise C, Question 3

Question:

dy :
= + ysinx = et
dx

Solution:

dy . .
4+ y5inx = a3
G b

The integrating factor is ¢!

dy . S
et i A 1 e S
dx )

y— 1% X

d CO8XY —
— Ve ) ]
dx ™

l1"_|E_.—--:\.'| = x + '.-

y = ATV o PO
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Exercise C, Question 4

Question:
dy ,
Ly = ot
de -
Solution:
dy . i
AR A — ';'J-d
dy - : _
= . ) ] ] i r. 7__" = r.
The integrating factoris e/~1% = ¢~ » | eine |_nhu t_h ”.I {.” 1 and
the minus sign is important.
X Lly X 2K X
AN e = e
’ dr 7
d
[dln':_' -'-] — Ln.'-
dx

_._
)
v
Il
“‘-‘é‘"‘:
%
-
=
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Exercise C, Question 5

Question:

dy
— t+tytanx =xcosx
dx

Solution:

dy
—+ytanx =X Co5 X

de - :

J Find the integrating factor

The integrating factor is e/™nrdr = plnsecx o P .
5 5 | and simplify €' to give f(x).

=SecC X
dy t
LseCx—— +tyseCxtanx = Xx
’ P ¥ F
1-‘-' (ysecx)=x
X
ysecx = /.r dx
L 4 .
= _1_1'- T L
y=(1x2+c)cosx
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Exercise C, Question 6

Question:
dyv v
LT ]1
dey x &
Solution:
'Ll ) 3V
i) gt = 11
dr x x°
The integrating factor is ¢/s* = glnr =
dy 1
U Teryolle I e
dx - X
d 1
Vet q_’l“r .
gy " ] X
N |
xy= ix
. '1.
=nx +¢

y=dlnx + &
¥ X
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Exercise C, Question 7

Question:
,dy x3
X —xy = x>-2
dx Y x+2
Solution:
3 dy i x
dx ™~ x+2

First divide the equation through by x7,
to give the correct form of equation.

Divide by x* »
L S
Cdr x? xr+2

|
il

e 5 Inx — ,:‘J" ¥ o=

The integrating factor is e %

Multiply the new equation by ,3

1 dy 1 |
r dx .1‘-':‘1'F X+ 2
dit. | 1
— ot |'| - — -
i \x¥) Txr2
1, _ | .
oy = fr TS dx
=Infx+ 2)+ ¢

y=xInx+2) +ecx
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Exercise C, Question 8

Question:

.. dy
x> +y=
{rL y=x

Solution:

e T 3y

Il
o

5 " " " fL
he integrating factor is e’ ™
=g

Multiply equation % by x°

dy
1.3 13
e —+ = L 1
S b A &
d (1) ¢ i
lx'y) ==zx
dx J i
.
=23+
y=3X+cx
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Exercise C, Question 9

Question:

dy

x+2)——y=i(x+2
]clx J ]

Solution:

dy .
X+ 2 —y=(x+2)
L
,dy 1 = | Divide equation by (x + 2) before
ey =1 w ol e o T
de (x+2) ‘ finding integrating factor.

The integrating factoris e'c*% " = g-Ix+ 2 = g™k

Multiply differential equation % by integrating factor.

LT o
T+ 2)dy x4+ 220 (x+2)

d[ 13| =]
dx |(x + 2)° x+2

1 W | A .
T+ f;- 3K

=In{x+2)+¢
y=@x+2)nx+2)+c@x+2)
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Exercise C, Question 10

Question:
dy X
T+ 4y = LJ
dx v oxt
Solution:
dy ¢t
X+ dy = =
dx - xe

Divide throughout by x

- dy o
Fhen == + 4\— — K
de X x°

The integrating factor is e’ ©

, dy 7 i . . ] wirate ret using intevratio
wxt =+ 4x'y =xe* |having multiplied % by x*| Integrate xe” using integration
dx s : : | by parts.

= i,"l Inx — L,h:;.,' = _l":

d y) = xet

dx
X y= /.It"T dx
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Exercise C, Question 11

Question:

Find ¥ in terms of x given that
dy

x 4 + 2y = ¢* and that y = 1 whenx = 1.
dx : “

Solution:
dy

X=—+2Zy=¢
dv

Divide throughout by x

- dy 2. 1 .
Ihen i___ +.'1:_}' =xc

lx ¥

The integrating factor is e/* ™ = g2 Inx = ginx’” = 42

Multiply equation % by x*

- ,d .
hen x? Y + Zxy = xe*
dx i

= xp¥ — f v dx

=xet—e*+¢

Solve the differential equation
y=ler - Laxy € . then use the boundary condition
Tx Xt X2 ¥y = 1whenx =1 to find the
constant of integration.
Given also that y = 1 whenx = 1 5 S

Then 1 =¢—e + ¢

i

I
o
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Exercise C, Question 12

Question:

Solve the differential equation, giving y in terms of x, where

' =-—-xy=1landy=1atx=1.

Solution:

% d& - xy =1
Tode T

Divide throughout by x?

dy 1
ek e Yy = e &
g &+ x°
The integrating factor is e /+® = g-1nx = g™ ='tl.
Multiply equation % by 3
- dy 1 1
l'hen 15 =y ==
xde x*7
d (1.} 1
- | - Y| = —
de W</ gt
1 f 1 4,
- ‘F' = e Lh.
X - "
= /x'”‘ dx
= —3X Y4
L},- = ..%J—": + cx
S0 y=— I-.- + o
' a3x
Buty =1, whenx = 1
1 = —i + ¢
L' = -{,
1 4x
Y = e + Rkl
3t 3
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Exercise C, Question 13

Question:

Find the general solution of the differential equation
\ ':"I . 3 3
x+1 —J+2y=2tx-+ 1),
x/dx

giving v in terms of x.

Find the particular solution which satisfies the condition thaty = 1 atx = 1.

Solution:

f \dy ; £
(x+1)3 $ oy =2 @2+ 1)
\ x/ dx

Divide equation by x + 1 ]

X
= 2'34_ 2
My A g 8D
X \ | \
x+g)  (x+g]
dy Ty

Lo =X+ = Xy =2%(x? +
R TEy et

I'he integrating factor is e'+'+ L P RN
Multiply % by (x* + 1)

- 5 i"‘l ] 9
Then (x= + 1) ;1 + 2y = 2xlxt + 1)*

d > 1 2 4
— (2 4+ 1)y =22 (x* + 1)
dx“ ) ¥] : )

f.?_t[.ﬁ + 1) dx

P .
(X2 + 1)+«

yixt+1)

=
[

3 @2+ 1)+,

3

(X2 4]}
Buty =1, whenx = 1
1=1X4+1c
_ _z
=3
y=l@2e1p-—2
¥ I+ 1)
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Exercise C, Question 14

Question:

Find the general solution of the differential equation

C
cnsx—}+1'=i, T ened,
dx 2 2

Find the particular solution which satisfies the condition thaty = 2 atx = 0.

Solution:

Divide throughout by cos x

v
4 SeCx Yy =Secx
dx £ |

The integrating factor is g/ 3% * & = ginGecx +anx) , ] fﬂecx dx = In(sec x + tan x)

secxy +tanx

]

¥ ,
— + (seC-x + secx tanx) y

-4 seclx + secxtan x
dx

misecx +tanx)

‘% [(secx + tan x)y| = sec’x + secx tan x

(secx + tan x)y = /SCL":A’ + sec x tan x dx

tanx + secx + ¢

¢

Y=ty Tanx

Given also thaty = 2, whenx = ()

e N L
14+0
c=1
‘ 1 COs X
=1 4+ —— - - S T e
W Y= lver T Y = 1 1 +sinx
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Exercise D, Question 1

Question:

dy v =x

—==+4+= x>0v>=0
de x ¥ -
Solution:

a e -‘r o :
=% = y=az

]

dy dz ‘ Use the given substitution to express

—L': =7+ ¥ y (a ks
- . ‘ in terms of z, x and 22

: . . . dx

Substitute into the equation:
Ll;l :'E + ad
de x ¥

Z 4 dz _ ol 2 1

dx z
dz _ 1
de z

Separate the variables:

Then [x dz = /} dx

[E3]

-‘;? =lnx +r¢
j.-.’. - l —— B 1}.
i ny +¢asz=5%

¥ =222 (Inx + ¢)
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Exercise D, Question 2

Question:
dy ¥ -2
L= 4 x>0
dx x
Solution:
\ Y i b + x 42
§ == y=yzx and =7+ 1=
x g dx
dy v .2
= -|-“f-l. lr-—;{.':!'_,:/+ _]
de x4 dx z
"}l' .(E = _]1.
dy =z
Separate the variables:
lhen [z2dz = 1 dax
; 7
P .
Z=Inx 4+«
3
=l
.'I'
Y Inx + ¢
Ax

yi=3x"(Inx + ¢
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Exercise D, Question 3

Question:
dy v ¢
— =4 x>0
dx x «x
Solution:
y dy dz
As z== y=ixyand — =% + x ==
Xt dx da
dy ¥y - :
L A (O SR SR
de x x dx
dz )
X-==7x
da

Separate the variables:

) | I il L=
_./F{If.—fftl_x

| -
- Inx + ¢
Inx + ¢
¥
But z = =
il — —X
Inx + ¢
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Question:

= x>0
dx 3xy?
Solution:
Z= 2 v = zx and o z+x dz
roe R R I
R P TR PP
Tdr 3xyt 77 Tdy 3x22a?
dz_1+4z
X——=-—=L -7
dx 3 72

Separate the variables:

) S s
..fl_'_x{ﬂf.—./fd.l

o In(1 + z°) = Inx + In A, where A is constant

. In(1 + 2*) = InAx

S0 1+ 2= Ax

And Z=Ax —1.But z = :
|-*
L =Ax -1
e

y'=ua*(Ax —1), where A is a positive constant
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Question:

Use the substitution z = y~? to transform the differential equation
dy 1

_h .- p ) L a — 'q d{ f:: .‘.
e +(tanx)y (2 sec x)y’, 5 x
into a differential equation in z and x. By first solving the transformed equation, ind the general

solution of the original equation, giving y in terms of x.

=

[ o]

Solution:
Givenz=y? . y=7"
dy 1, dz dy
and === =2 g8 e i Vo e dE S
dr 24 dx Find gy I terms of 7 and z.
L (Ftanx )y = — (2 secx)y’
dx 2 -
-173 dz | (ltanx)z= —-2secxz
: dx 2 /
dz
— —Ztan x = 4 sec
dr Ztanx = 4secxy %

This is a first order equation which can be solved
by using an integrating factor.

The integrating factor is e~/ + & = glncoss The equation that you obtain needs
3 3 STt ¥ far S.j ve a .
< an integrating factor to solve it

Multiply the equation % by cos x

Then  cosx X dz _ zsinx =4
dx

d
= 1_‘ % . x — — -
7 (zcosx) =4

ZCOSX =/J:d:n:

=4x + ¢

gt te

= Tos %
As y=z% 4= [COX
: v Y4x +t+c¢
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Exercise D, Question 6

Question:

Use the substitution z = & to transform the differential equation
dy .,
=+t = 2

dt
into a differential equation in z and t. By first solving the transformed equation, find the general
solution of the original equation, giving x in terms of L.

Solution:
Given that z = x, x = z2 and Eiil-: =2z dz
dt dit
». The equation L—E‘ + t3x = t*x* becomes
L
JZXQK + 222 =tz
dt

Divide through by 2z

Then ‘::r" titz=18

The integrating factorise’'" "' = e

el 224 12 el 2= 142 il
dt 2 2
d | LA T (-
— lzet" =< e
dt 2
ze! =/_-',-r3e"dr
=e'+c
p 7 f
== +.ce &
+ { o I:'|3
But x=2 x=01+c¢e ")
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Exercise D, Question 7

Question:

Use the substitution z = y! to transform the differential equation
dvy x+ 1) ,
- 1?‘ = - - v--
dx x +
into a differential equation in z and x. By first solving the transformed equation, ind the general
solution of the original equation, giving y in terms of x.

Solution:
Letz=v"" theny = z!and 2 -zt s
) - y dx T dx
g dv 1 (x + 1)° 24
) —— =y = v Decomes:
dy x- x -
. (x+1) |
7 d"" 1 X"' = 772
dx x X
Multiply through by —z?
. x + 1)
l'hen 'fi‘; 1 Z= -
dx =x X
The integrating factor is e/P® = /i ™ = ¢/l = x
dz 3
LX—4z==(x4+1)
dx
ie. L) =—(x+ 1)°
dx
Xi= —[t_.t + 1) dx
I 4 .
=neint 17+ ¢
==t (x+ 10+ &
dx 2
N 4x
e
dc—(x+ 1)
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Question:

Use the substitution z = ¥* to transform the differential equation

dy 1
] 4+ 1-2 Y o4 =
2 )3t 2V =y

into a differential equation in z and x. By first solving the transformed equation,
a find the general solution of the original equation, giving y in terms of x.

b Find the particular solution for which y = 2 when x = 0.

Solution:
B - I L'h" ok
a Giventhatz=y andsoy=zZand-—=1.": dz
dx ° dx
- o 1
The equation 2(1 + x°) 4 2xy = 7 becomes
2 -1 dz b
2(1 +x8) X 52 -a35+2_rz -
Multiply the equation by e
: “ 1+
then T+’ 1+
The integrating factor is e/ 7= = "1+ = 1 4 42
2 dz .
: +xfy ==+ 2xr=1
2 ]'LLT

d Py =
< [(1 +2%z) =1

(1 +x3}z=/] dx

=‘1|+{~
e Tl
(1+x3)
: X+
\s y = 27, Y= =
o R (D!
b Whenx =0, y =2 L2=yT=c=4
v+ 4
S X+ 4
N
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Question:
Show that the substitution z = ¥y~ ~ " transforms the general equation
dy
= o Pyo= Ot
dx o 2
where P and () are functions of x, into the linear equation :‘:?: Pin—1jz=—(Xn -

(Bernoulli’s equation)

Solution:

Given z =y~ =1

yi=gims
dy s |
A =1 -l
dey »n- dx
-1 -+ dz
= e— ‘f 0 | S
n—=1 dx
dy
< ==+ Py = Q¥" becomes
et P 1 y" bec
_—If i'?'+."z' =z
n—1 da =

Multiply each term by —(n —1) z*

Then dz _ Pin=1)z 2 —==Qn=1)z72
dz
e, dz _ Pin=1)z=-=0Qin—1)
dz
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Exercise D, Question 10

Question:

Use the substitution u = y +2x to transform the differential equation

dy  —(1+ 2y + 4x)

dy  1+y+2x

into a differential equation in « and x. By first solving this new equation, show that the general
solution of the original equation may be written 4x® + 4xy + y* + 2y + 2x = k, where k is a
constant

Solution:

= dy
Givenu =y +2xvandsoy = u—2xand 3= = du_,

de  dx Rearrange the given substitution
(14 2v <+ 4x to give y in terms of u and x,

. . . dy )
. the differential equation = = becomes »—

_ J *
d s S and % in terms of g—‘;

du _ 5 _ 1+ 2u
dx 1+ u

du _ —(1 + 2uw) + 2(1 + )

dx 1+ u

da _ 1

dy 1+uw

Separate the variables

[H +uydiu= [1 X odx

U+ % = x + ¢, where ¢ is constant
(y + 2x)°
And (y +2x) + ke Rl

2y +4x + 3  +4xy +4x7 =20 + 2
i.e. 4x% + 4wy + y* + 2y + 2x =k, where k = 2¢
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Exercise E, Question 1

Question:
s S .y X 5 :
Solve the equation —~ = ——=—— and sketch three solution curves.
dx vx*+ 16
Solution:
dv _ «x
€ x7+ 16 _
Ly = [ —Z__dy The integral is of the l}'puf:ft.rl]" f'(x) dx,
R 7 - i

which integrates to give [fix)]" "' + c.
=2+ 16} +¢

¥4 y=Y2+ 16+ 2
y=V¥a'+ 16

()

3 y=¥x*+16—4

0] X
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Exercise E, Question 2

Question:

. dy ; ;
Solve the equation [ilI = xy and sketch the solution curves which pass through
a (0, 1) b (0, 2) c (0,3
Solution:

dy
—— =Xy | Separate the variables and integrate.

[:, dy = /r dx

Iny = s x% + ¢, where ¢ is constant

y=et

= gf ¥ = Ae:™, where A is &

a The solution which satisfiesx = 0O when y = 1
isy=Ae*where 1 = Ae’ jeA=1
y=e
b The solution for whichy = 2 whenx =0 isy = Ae’™

with 2 = Ag" ie.Ad=2

y =2ei*

23

¢ The solution for which y = 3 whenx = 0 is y = 3¢’

The solution curves are shown in the sketch.
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Question:

Solve the equation 3—1 = —y¢ — kv given that v = u when t = 0, and that u, ¢ and k are positive
constants. Sketch the solution curve indicating the velocity which v approaches as t becomes

large.

Solution:
You can separate the variables by
- dividing both sides by (g + kv),
'l; = —g — kv or you could rearrange the
C .
equation as 3—} + kv = g and use
dv . s S
L 5 /l dt the integrating factor e,
; In g+ kv|= —t+ ¢ where ¢is a constant %

Whent=0,v=u
1 In g+ kul=c
k i

.. Substituting ¢ back into the equation %

kl|nﬂi,'+k1' =—I+%In £+ ku
- 115+ K01 ~tn g + ] =
g+kv_
e O
g.i_kl':jj'rki”f.’“
e ]- 7 4 2=kl ]
| k.4$+kmt &)

Ua

'he required velocity is —pms :
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Exercise E, Question 4

Question:

: . dy
Solve the equation --i”: +ytanx = 2 secx
dx

Solution:

| Use an integrating factor
| to solve this equation.

- + ytanx = 2secx
de

Mtanx dy 3

Use the integrating factor e 'Y = gecx

dy ,
secxy - + ysecxtanx = 2secx
dx

d ,
— (ysecx) = 2secx
dx \
ysecx =/2 sectx dx

2tanx + ¢

2s5inx + ccosx

=2
Il
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Question:
: L. dy
Solve the equation (1 — x9) E + xy = Sx -1<x<1
Solution:
(12} dy | Xy = Sx Divide through by (1 — x?), then
dx find the integrating factor.
Divide through by (1 — x7)
d 5
LY X Ly = X :
d 1-x*" 1-2x°
B % s f 3 .*'LLT Im i1 %)
Use the integrating factore/! % =g ° '
. L"Illll _ll'-- - _!__J
vl — x*
_I.l?fi._?_"+ X Ly = Sx‘
I —a2dr (g — g2 (1 —x)3
d | 3~ Sx
d [(1 - s2y7ly] =S
dx - (1-x2)
(1-x%"y =/ 2% dx
J(1 - 22y
=5(1 = &%) +¢
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Exercise E, Question 6

Question:

dy
Solve the equationx —+x +vy=0
e dx .
Solution:
1y iy S
L bx4+y=0 | Take the ‘¢’ term to the
dv other side of the equation.
dy
X-2+y ==x
de

This is an exact equation.

- i
50 = (xy) = =%
LI:'.. .
Xy = - [.r dx
= —la? 4 ¢
y = —2ix + %
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Exercise E, Question 7

Question:
_ , dy oy
Solve the equation — + = = /X
de =x
Solution:
dy v =
+ ==,
it X
s . . ; J“.cl.l. Ini
Fhe integrating factorise’”™ =™ =x
8 5

Multiply the differential equation by the integrating factor:

dy _
X——+y=x7%
de -~
d !
(xy) = X
da:
xy = /:r' dx
=Sx+ ¢
i = 2y g £
Y=o+ 5
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Question:

: . dy
Solve the equation = + 2xy = x
dx

Solution:

dy
~— 4+ 20y =X
dx

The integrating factor is ™™ = ¢

Multiply the differential equation by e*

dy " ;

k"t L E_TL"L y = -r{ll.'l.
dx :

d (e*y) = x¢
dx -
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Exercise E, Question 9

Question:

Solve the equation x(1 — x7%) e + (2P - 1)y=2x O<x<l

dx

Solution:

dy
ol —x9) =+ (2x2 — 1)y =228
Pl i\

Pagel of 1

Divide through by x(1 — x%)

You will need to use partial fractions

dy , 22— 1 26

y = — % s to integrate

dx rql—.:,] x(1 — 2%

1

P52 — .
“‘1—1 and to find the
(1 —x9)

integrating factor.

2¢ -l x
The integrating factor is u-’(*" L

2= =1 | S
e iy = A d
(1 — x)(1 +x1H jl - » ’?H—rJ 2{1+.1:}-| o

~-Inx = 3In(1 =x)=3In(l +x)

- Inxvl — x2

So the integrating factor is e "1 ¥ = ¢ si-v = __1

1 — x2
]

Multiply the differential equation % by

1l — x?
3 -
| ﬁ+ -1, 2
ol —a2dx ) — g2 (] — a2
.d I N ‘|'-". = 24.1:
dx [xv1 — 227 (1 -2
y Ty
_::__' = [_&X e
]l — x= (1 — x2)

= 2(1 —x%) 2 +¢
y=2%+ cxvl — %2
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Exercise E, Question 10

Question:
, dg g .
Solve the equation R At + — = E when
L L
a E=0 b E = constant

(R, ¢ and p are constants)

Solution:

PhysicsAndMathsTutor.com

c E=cospt
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R dg.. 2 E This is a difficult question - particularly part ¢,
dt ¢ You may decide to omit this question, unless
dg o ¥ aad you want a challenge.
dt "R TR
B : . ff.dr ’
he integrating factor is ¢/ ¥ = ek
[} dq 1 i E [
Rt = 4 — ph = = plk
at " Re© TTRE
.g_ ‘f‘:l | = E ?l-”:r'.
dt (t}'L ] R E©

a Whenk =0

!
geke = k, where k is constant,

i

q = ke K

b When E = constant

f -
getc = fi el dt

t
= Ecef + k, where k is constant

i
q = Ec + ke &

¢ When E = cospt

l I
qele = f%mspi ehodf %

! I i
i.e. /%ms pt el = celc cospt + f cpefesin pt dt Use integration by parts.

[} ! ! 4
1 cos ptetedt = cef cospt + Rpc® et sinpt — [Rp’c®ele cos ptdt «—{ Use ‘parts
K again.

. e r
/1% + RPE"JJ el cos ptdt = cefe(cos pt + Rpcsin pt) + k, where K is a constant

l .!Rlx' 5 = _"l‘_ '-R:L X + " + k
i ft. cosprdt a +R2P2(:}L (cospt + Rpcsin pt) A+ RpD
From %
=€ ek(cospt + Rpcsinpt) + —K
phc = 0s e )
AT o e A e Ty
I
= C A g Py e i K : i
q —{m (cospt + Rpesinpt) + k'e %, where k' = W is constant
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Exercise E, Question 11

Question:

: : 3 . dy ; i
Find the general solution of the equation ar —ay = @, where a is a constant, giving vour
answer in terms of @, when
a Q= ket b Q = ke® ¢ Q= kx"e®,
(K, A and n are constants),

Solution:

dy =
Given that — —ay =
Vel v Ty Q

dr _ E—...\

The integrating factor is '™

"

cly - e
2 — e 5 ay = { o i
a2 Y=0

iy

Then e
{-_I [:l"‘t., |JL] — {Jﬁ.' iy
dx
}JC_I" =f(2u_1."l d‘r

a When Q = ke"

ye it = fke'* o When A
’ For A = a, see part b.

LS S ¢, where ¢ is constant

b When Q = ke™

ye = [k dx

= kx + ¢, where ¢ is constant

y = (kx + c)e”

¢ When Q = kx"e™

el + 1
= :ﬁ_ 1 + ¢, where ¢ is constant
T |
}I' = :jx_'_ 1 L,-H + L'f.'"“
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Question:

. _— FEET— : dy 2 ,
Use the substitution z = y~! to transform the differential equation x S =y Inx, intoa

linear equation. Hence obtain the general solution of the original equation.

Solution:

Use the substitution to express

. dy W i dy .
Giventhatz=v"" theny =z"'s0 = = =372 -d?. yin terms of z and == in terms
- : dx dx : dx
o . dy : of zand £,
I'he equation I‘Ijr + v = ¥° Inx becomes d
_ﬂ-zd_z +z2 ' =7"Inx
da:
Divide through by —xz~*
dz _z _ _Inx
dy =x x
il |
The integrating factor is e /x® = ¢ " = @"x = %
1dz_ z _ _Inx
e =z x2
d | ]_xl o _I_E}__:J_t_
de \x L

1 Z= —/—'--, Inxdx
X X=

= —[~llnx +/1.Lir
% S

_ ] 1
=z lnx+ 3

i
z=Inx + 1+ ¢x.

1
l+ex+Inx

As w=271 = g
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Exercise E, Question 13

Question:

Use the substitution z = y* to transform the differential equation

, dy ; : : : : . .

2cosx L —¥sinx + y~! = 0, into a linear equation. Hence obtain the general solution of
o

the original equation.

Solution:

Giventhatz=y% y=zand == 1,72
< dx

The differential equation

dy '
2cosx - — ysinx + ¥~ ' = 0 becomes
‘ll. . .
COSX Z idz _ Zisinx+z:i=0
dx

Divide through by z -

dz _ ,ciny = - . | This becomes an exact equation
g T I which can be solved directly.

then cosx

l—ﬂ; [£C0O8X)

ZCOSXY = —fl clx
= =X +

2= ok

S '.E
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Question:

. _— y : i gt . Ay :
Use the substitution z = % to transform the differential equation (x* = y%) == —xy =0, into a

dx
linear equation. Hence obtain the general solution of the original equation.

Solution:

& ¥ dy dr
Giventhatz== y=zxs0—>—=72 + x==
: P dx dx

- _ ) dy
he equation (x* — y*) == — xy = 0 becomes

dx
(X2 —z%?) |z +x dz } —HE=Q
| dx
. .. 42
— 747 + = L= =0
(1 —z%)z + (1 =z J‘cle Z
dz £
dz _ -z
d« 1-2z22
_ dz Z
i.e, dx
(3 dx 1-2°

Separate the variables to give

/’-[- —Z Liz=/-I dx
|z Ix
f{z b — 7N dz =/;=:"Ltr

3

i—z ~Inz=1Inx+¢
= -l-, =nx+Inz+c¢
2z°
=Inxz +¢
But ¥ =i
Ly -
(c + Iny) 273
2y2{lny +¢) +x2=0
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Exercise E, Question 15
Question:
; dy vix+y)

Use the substitution 2z = = to transform the differential equation == = —— ,into a linear
X dr x{y —x)

equation. Hence obtain the general solution of the original equation.

Solution:
v dy dz
p=t, oo y=krand—=2+x="
A Y dx dx
dy ylx+y) s  XZ2(x +x2)
- ik 1] LT h,ﬂ{_‘{}nles 7 + x "1‘{ = —— EEH.
dx x(y —x) dy  x(xz — x)
Z(l + 2
7z -.|- X d? — .".] _.:I
dey (z—-1)
; ; 21l + 2
50 dz _ '[_ ) _ 7
dx z—1
_ 27
zr—1

Separating the variables

["'_,_ Doz = [ldx
] 2 Jx

M1 1} !
flb-z)ex= free

- lnz=Inx+¢
y y

As 2 = T —llnT=Inx+¢
2 < x

- %Iny +ilnx =Inx +¢

Bl =iw

2x

£, |
—zlny=jzlnx +¢
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Exercise E, Question 16

Question:

: - 4 : i . . dy —3xy '
Use the substitution z = % to transtorm the differential equation = = =— into a linear

L

dr  (y* — 3
equation. Hence obtain the general solution of the original equation.

Solution:

= y dy ;
Giventhatz==soyv=zmand-—=72+x dz
x dx dx
- . dy —3xy
lhe equation —— = ——— becomes
de. g2 — 3x°
7 4282 ;_:‘_.-}_1 z_
e 2%x% - 3x
i.e. 29z -.,-"-‘i-‘f -z
dx 22-3
722 -3

Separate the variables:

[ =2 _ 2}
Then f|z—tj|dz = -_/ld_'m
LI 4 f X

[':,l -3z dz = ~Inx + ¢

)
Inz+2z2%=-Ilnx + ¢

-
[rw,v..jf_,—t

y
But zx =yandz =75

Iny + 3% = ¢
2y°

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise E, Question 17

Question:

Use the substitution u = x + y to transform the differential equation
dy _ - . 2 . ; ;
Lh = (x +y + 1)ix +y — 1) into a differential equation in u and x. By first solving this new

equation, find the general solution of the original equation, giving y in terms of x.

Solution:
dy cy _
Letu=x+y then ¥ =14+ andso Y = x+y+ 1)(x +y— 1) becomes
dx dx dx
d_ -+ @-1)
dx
=put -1
du '
dx

Separate the variables.

Then [—1; du = /1 dx
a Ij_ -

=y
i X {
1
3 =X+ k= — =%t
But u=x+y .. iy ol o
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Question:

dy
d
into a differential equation in u and x. By first solving this new equation, find the general
solution of the original equation, giving y in terms of x.

Use the substitution u = y —x - 2 to transform the differential equation =(y —x — 2)°

Solution:

—d it d}.-
Giventhatu =y —x — 2, and so 84 = =< —
F ‘ ) ‘ dry  dx

]

dy ,
— = (y — x — 2)* becomes du | 1=u
dx

dx
i e i” = -”-1' iam I
o dx
i % 1 f 1
Factorise — into
[* 1l _ gy = [1 dx « w =1 (1t — 1)ue + 1)
Juw =1 i and use partial fractions.
l ]

|dn x + ¢ where ¢ is constant

r.,zm 1) 2u+1))

.‘,In w—-—1D=3dlnw+1)=x+c¢
%[n:: - [j =x+c
=1 _  Ze+2r _ 4n2t it R H——
- = = Ae* where A = e* is a constant
n+1

u—1=Aue™ + Ae™

u(1 = Ae®) = (1 + Ae®)
A 2%
y=1tae
1 — Ae®

But wu=y-x-2

Fia
1 + Ae”

y=x+2+
' 1 — Ae™
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