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Exercise A, Question 1

Question:

Express the following in the form r(cos # + i sin 8), where —w < 8 = 7. Give the exact values of r
and # where possible, or values to 2 d.p. otherwise.

a7’ b —5i C V3 +i d 2+ 2i e l—i
f -8 g 3—di h —8 + 6i i 2 -3
Solution:
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a7
Vi
i
0 T 4
z(7,0)
r=7
=argz=20

S 7=T7(cosf+ising

b -5i
R7
|
=
j.‘ X
A8 2
lzt’(}, —35)
r=35
T
E — o — I
argz 3

- —st=s{en( 5] 1on( 3]
C \3 + i

(V3 1)

'l
.argz :_

0 N

r= -.,-'{x-'.:'tf]'" +12=v4d =2

)=

A3 l= 2[cosg+ istng}

0 =argz=tan™'

ﬁ
o=

ol

3
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d?2+2i

z(2, 2)

2
rargz |

r=v2:+22=.8
2
I(z

= 2

|

_ RS S -
..2+2|—25-2[L05—+|51ﬂ1)

f=argz=tan"

4
e 1—i
YA

i L
(0] Jargz X

i1
z(1, —1)

r=J12+ (=12 =2
= ¥ ¥ = _I.ll = E
#=argz = tan 1.] 3

o 1= i =2 cos| —1"] + isin —E]}

Z{_Sr {-]] r,/al-;:h

el 1
o
=¥

r=28
O=argz=m
S =8 =8(cosw+ isinm)
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g3—-4
VA
3 . .
ONJargz | x
z(3, —4)

r=3T+ (42 =v25=5
f=argz=—tan"'(}) = —0.93 (2 d.p.)

S 3 =40 = 5(cos(—0.93%) + isin(—0.93%))

h -8 + 6i

Y

=argz=m—tan'(§) = 2.50° (2 d.p.)
So=8 + 6i = 10(cos(2.50¢) + isin(2.50%))
i 2-V3i

YA

42 i
0 arg z | *
V3

z(2, =v3)

f=argz= —tan“‘ "2-3’) = —0.71¢ (2 d.p.)

22 =31 =7 (cos(—0.719) + isin(—0.719)
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Exercise A, Question 2

Question:

Express the following in the form x + iy, wherex € Rand y € R.

(S S | P R
a S(cos= +isin= b s{cos=+isin—=|
(¢35 2] G i 6)
| 3 R T ] | | 0 1]
¢ 6/cos 2T + jsin 27 d 3| cos | ~27) 4 i sin (—£T) ]
' ) o 3 ) 3/
{ O mN e s T . far | v T
e 2v2(cos|—) +isin|—=1| f —4djcos—+isin =
Lo fary \ 4] \ 6 6
Solution:
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T 1 T
£+Ibtn?:..
= 5(0 + i)

= 5i

a 5{ COs

{uriw + i sin —]

c ::-l:msi—”+mni—”)

= (:l —az

e 2/2(cos (=) +isin (%))

7T
{:]
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Exercise A, Question 3

Question:

Express the following in the form re', where —ar < 6 < . Give the exact values of r and @ where
possible, or values to 2 d.p. otherwise.

a -3 b 6 c =23 - 2i
d-8+i e 2 -3 f 23 + 2y3i

B (coe T4 i cin T ifocic T _ & iy ) s gfeoe W i
: 05 + + =) 8 - = 2(cos £ —isin ¢
g 8(cos g Hising) h §{cos ¢ isine) i 2fcosz —ising|

Solution:
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a—3
Ya
—T AIg Z
«-30 4 [\
; 0 T
r=23
@=argz=nm
So=3 = 3em
b 6i
}'Jl.
z(6, 0)
&6
"“‘\ﬂrg z
0 Y
r==06
w
G=argz =~
82=3
S bl = fe?l
c —2V3 -2i
Y4
2V3 :
s o] %
2 ~1arg z

r= \':{"21(?}3 + (=22 =yV12Z+4=\/16 =4

e

f=argz=—m+tan~! ==
BE=TR [2v3

=B -2i=46 6
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d-8+i
Y4
z(—8, 1)
3 Lo
| 8 0 %

r=(-8y+ 1> = /65
8= m—tan"}(3) = 3.02° (2 d.p.)

Ta] _8 + i S ‘."I{E E.I.Uzi

e 2-3i
Vi
2 T -
&) arg z | x
5
z(2: —5)

= —tan"(g} = —1.19¢(2d.p.)
5 2—5 =20 119
f —2/3 + 2/3i

Vi

(=23, 2V3)

2v3!

.argz

\\

2y3 0 X

Fr= \-‘I'[—Z'u"g]l:'! + (2v 3"]? =12+ 12 =24

= \@»"ﬁ_ = 2\:5'-
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Im

'—2'.."3_ + 2/3i= 2*."5!:‘."

g L,F!lun4+|>1n4)

__ =
= 2W2ed
-

e T _ 3 it T
hﬂ(msa ISil"lﬁ]

:H{.L‘.{Jﬁ(—;—:]+isin{—£” ‘ r=28,0

-
=8e 6

i Z(n’.‘.ms %T - isin %TJ]

= 2{'0:.‘-5{ -

[k

T
o

= Jg

} +isinf_—g}] r=20
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Exercise A, Question 4

Question:

Express the following in the form x + iy wherex e Rand y € R.

W, m
aet b 4p™ c /2 et
m o 5m

d Sec e 3e ¢ f et
-'..-:I 4
g " 2e i 8e
ge™h W2e 4 Be ¢
Solution:
i R
a ei=coss +isins
3 3
_ F ool
=g Mg

b 4e™ = 4(cos # + isin 7

=4(—1 + i)

"
e
-
s i
T
Il

1T+i.‘iir|'_'l—T'|

3 3

372 cos

= 43 + 4

e 3¢ 2= E-i:'u:ms.['—;—‘-'] + isin[—%] |

=3(0 - i)
= -3

Sm - -
f e® =cos 2" + isin 22
O 8]
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g e ™ =cos(—m +isin(—m)
=-=1+i(0)
= -1
h 3/2¢ = 'h'z[cmli —H+ + iﬁin(. 3 _
= 3v2(-L - Li
\ 1.2 1,2 ]
= -3 —3i
i Y — I, '_4'?1' = e '_414- \
i 8e 3 —Hl{_(}_‘:{. E—J|+|5|n||_ T)|
ool .- Y
_81 R ')
= —4 + 4/3i
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Edexcel AS and A Level Modular Mathematics

Exercise A, Question 5

Question:

Express the following in the form ricos 6 + i sin 8), where —w < =7

[r-m] I'._':v.TI _ _f’l.‘l
ael b 4e s ¢ 5e 8
Solution:

S (167 | i [ 167
aell =cos 3 ) +isin|55)

s =27 from the ‘
argument.
L 104 107 :
= COs| — + isin
V13 l | 13/
17 17 ,." )
b 4¢ > = -H m;| | + |~»|rl|
I =7 - :l' W
= 4| cos| LT) + isin| £F) |
L7V S ) Vet
= 4 cos| _'i_' - mn] 7—"'HI |
.1:F| } IR
c Sed = 1|Lm| | + isin| = 1_||

{ Fihr J i L. f A
5| cos| —’t—f—r} + isin| %"—’j |
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Exercise A, Question 6
Question:
i# iﬂ]

Use e'® = cos @ + i sin 6 to show that sin # = ,}1. (e e

Solution:
e’ =cos 6+isin @ @
e "= cos(—@) +isin (—6) = cos@ — isin# @
Q- @ =e?—e'"=2ising
I (e — =) = sin @
2i '
L sind = 21 (e — 7' (as required)
i
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Exercise B, Question 1

Question:

Express the following in the form x + iy.

a (cos 204 isin 28)(cos 30 + isin 38)

b |:.ms :—']"-+ i sin -1- 1- || cos !HL, isin %TI

c 3 cos 17 + i sin 1"] X 2| cos 175 + i sin Ifrl-

d \h“m. 17-, | +isin | _?""r]| * u.'_-f[ms :‘: + i sin ;r|

e +|:_:::_}:~{ *”'T' || X ; I:LE}\'i 1— | +isin | _t—?TI |

f h{u.rs 0 + isin - }I X 3I Cos - 3 T+ isin —% | % }} | cOs ? +isin Egr

g (cos 48+ i sin 4f)icos 6 — isin )

1 :hms]—? +15m—-| X V2 -;m:,q = |5|n-—|

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Page2 of 3

a (cos 28+ isin 28)(cos 30 + isin 36)
= cos(28 + 38) + isin(28 + 34)
=cos50+ isin56

b (LUB ?T + i sin f?](mﬁ%"+ isin ??)
-ty + ] ssnfly+ 3

=cosw+ isinw

= —1 +i(0)
= -1
s P Sru I a4 see 0
C 3(1_054 + isin 4_] X ZLLOE 7 + 1sin 1211

= 3{2i(COS{W+ .__} - 15111(-4"1r + 1%])

L]

o
h—

f"
;-——\.

%r) +isin 3 }]

I
Loy

m—

[ i
1=
124)

]

L
+
w
%

d \-E(cos {—%) 4 isin [—%]] X x'§(CGS%T+ isin %r)

(V6)(v Rﬁ(cmq 1 "?"} + isin(—}—“’i - 3;:])

12
= 18(cos T + isin® V18 = VOv2
V1 {um4+jsm4) e
=32
3[' VI +—l)
V2 2

=3+ 3
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e s (=3 5 (-57) e s3] 5n(-5)
- {5+ 35 (5732
- {15 {157
= de{-32] 19n( 52
-o-F-3)
=—y3 —i

s w [ ST, P X 2w 2m
f ((msm+lsmme5|:msq+|sm3)>(3[cus T +1sin 5]

- (e 5+ )+ (5 + £+ )

lﬂ{m\iﬁ + isin 2~ :’6“)

- m‘ _v3 . % )
= —5/3 + 5i

£ (cos 460+ isin 46)(cos 6 — isin )
= (cos 40 + isin 46)(cos (—#) + isin (—8))
=cos(40 + —0) +isin (46 + —6)
= ¢os 36 + isin 3@

h 3 cos 1’£+|~.ln TEJX\Z{L05~—1~.|n- ]

%[cm + isin

5 12) Z(CDS{- )+ isin (-

)

iy
el

- 302 {eof - ) +50(5 - )

2 L{x'f{cﬂs{ -g] + isin( —g])
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Exercise B, Question 2

Question:

Express the following in the form x + iy.

cos 58 + isin 58
cas 20 4+ isin 240

S eae T 45 eing T
,...|LU.'&2+E‘:-]I]2|
b i

df e T 4 g AT
2'.““4 + isin 1)

T+ e I
3cos =+ 1sin =

1“3 3)

C

]

oo BTy 5 i BT
4l cos = + [ sin =
\ 6 6 |
cos 28 —isin 20
cos 30+ isin 30

Solution:
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b

C

cos 58+ isin 50

cos 260+ isin 20
= cos(58 — 28) + isin(56 — 26)

= cos 30+ isin 30

v2(cos T+ isin -"'I}

2 2/
-%(ms 3 +isinfg)
_x"?_ S E I ) PPN 1 S 2
—[.!]{L{JF:(.E—EJ+l.51ﬂ|:.§-'1”

o i iae T4 i T
—2x2[Lt153+151n-_§]'|

b

=11
“2h§+ﬁw

=2+ 2i

feae T 4 sain T
31105 3+1_~,m 3.]

[ e DT 1 ¢ ciry 2T
-1(1_{)5 0 + 1sin 5

= 3 cos|F - 3) + isin(F - 37}
“eof 5]+ on(-3)
=30 -1)

=—$

cos 28 — isin 26

cos 36 + 1sin 36

_cos(—=28) + isin(—246)
cos 30 + isin 34

= cos(—20 — 30) + isin{—26 — 36)

= Cos(—50) + isin(—58) or cos58 — isin 56
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Edexcel AS and A Level Modular Mathematics

Exercise B, Question 3

Question:

z and w are two complex numbers where

z=-9+ 333, |lw =v3and argw = i—;
Express the following in the form r(cos 8 + i sin 6,
a .z b w, C Zw, d ,-f;.,
where —wr < 0= m.

Solution:

az=-9+3/3i

Q ) X

r=(=9)2 + (3v3)2 = /81 + 27 = /108
= \.';{6.1. ‘J) = l'fn:?.t

G=argz=m— tan"l.%_%} = %ﬂf

x:hx-fil::ulsi—:?+ isin j,—:r
br=|w=y3

0=argw = 71":'*'2"

W= xgi:{:u_\ :11274_ isin _%';
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C zw=6xi[cosﬁ—r+1ﬁm—]x [CO‘S

6 h-+1'i|n?'”

12 12

= [m’imi)(cus{%"" f—;’) * 'Si”(%r"" %T)]

IS(LOS[ Uﬂ'] + |51n(%))
&

= 13::05[ ]+ Hln( T_EJ

S S
4z~ 6xd(cos 5 + |5mF]
L 7 7ar

y %[cmlz + isin 12]

= l'fu(lt:os.%Jr 3 isin%’_}
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Exercise C, Question 1

Question:

Use de Moivre's theorem to simplify each of the following:
a (cos f + isin 6) b (cos 36 + isin 36)°

5

C |'L't.}5;-’-T+15m?T| d |4:r_1_\.r5;'-’7+13m )
' 3 \ ; .

3/ ] _|
= WL e M ioie WALS
e |cos 5 + isin 5 | f | cos 0 i sin 10
. _Cos 50 + isin 56 p (o8 26 + isin 26)
(cos 26 + isin 26)° (cos 46 + isin 46)°
1 i (cos 26 + i sin 26)
(cos 26 + i sin 26)’ (cos 36 + i sin 30)°
_€Os 56 + 15in 56 ] Cos@—ising®
(cos 30 — isin 36)° (cos 20 — isin 26)°
Solution:
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a (cos f + isin 6)°
= cos b + isin 64

b (cos 30 + isin 36)*
= cos(4(3) + isin(4(30)
=qos 120+ isin 128

[ I g g_-ri
C |:L055 + 15in 6-]

= Lm%ﬂv{- I‘niﬂ%
= —; +§|‘1

d (cus?gr+ i sin %]H
= LDE%}T"P |=.1an7""‘
= COSZT - |:-.L112T°T
= _% + *;1

e (cos %;,J?T + i sin 2;7)
= cos%+ 1smlsﬂ’r

=05 27+ isin 27
=¢cos0+isin 0
=14+ 1(N

=1

15

f fu.osm—:smm

- {:cus [_TﬁJ +isin (- %)}n

115“'] + i sin [ __%r)

= cos (?—5’] +isin (?—:;)

— cos -

=cos T +isinZ

2 2
=+ i
=i
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g cos 50 + isin 50
(cos 28 + 1sin 26)°

_ €08 58 + isin 5@
cos 48 + 1sin 48

= cos(560 — 48) + isin{(50 — 48)
=cosf+ising

h (cos 20 + isin 26)7
(cos 46 + isin 46)°
_ cos 146 + isin 146
cos 126 + isin 128
=cos(140 — 120) + isin(148 — 126)
=cos20 + isin2d

1
i
(cos 26 + isin 26)’
= (cos 28 + i sin 28) 3
= Cos (—66) + isin (—660)
= C0s 66 — isin 60

(cos 20 + isin 26)°
(cos 36 + isin 36)°
_ cos 86 + isin 88

cos 96 + isin 96
cos (88 — 98) + isin(86 — 98)
cos(—8) +isin(—#8)
=cos@—isiné

K _Cos 56 + isin 56
(cos 30 + isin 38)°

_ Cos 560 + isin 50
(cos (—36) + isin (—38))2

— _ CosSO+isin S0

cos (—68) + isin (—68)
cos (56 — —66) + isin (56 — —640)
cos 118 —isin 114

I cos #—isin @
(cos 20 — isin 28)°
_ cos(—@) —isin(—8
(cos (—28) — isin (—26))°

cos (—6) —isin(—0)
cos (—6#) — isin (—66)
cos(—0— —68) +isin(—0— —060)
=¢cos 58 — isin 50
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Exercise C, Question 2

Question:

I: Cos ?{;— + i sin ?ﬂ-|
Evaluate - 4"
I COs =X — j sin -

13 13/

Solution:

7ar 7m\?
-+ ~
|m~. 3 isin H|
47 . 4ot
|Cn~. 13 isin 13
kGO
) |LmH .|5mHI
-::c.m [= T—EI —isin |- %l :
287 HH'.r"
_|_
. Cos |. =" | isin |. 3 |
e [~ 24m) _ i 0 [ 247)
€os | — =3 | — isin |. 3 |
_ 287 _ _ 2441\ [ 287 _ '7‘41'
unl 3 ]3|+1s|n| i3 ]
52 52|
_|_
= 05 |._ 3 | 15in| i3 |

=cos 4w+ isin 4w
=cos 0+ isin 0
=1+ ()

= ]

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics
Exercise C, Question 3

Question:

Express the following in the form x + iy where x € Rand y € R.

a(l+ipy b (-2 + 2i)° c (1—1)"
d (1 - 3i) e (3-1/3i) £ (-2/3 - 2i)
Solution:
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a(l+i)
Ifz=1+1i, then
Na
(1, 1)
‘1
arg z : N
0 1 x

r=v12+12=y2

f=argz = t:m"{-Il-] = g
So,1+i=+2 (cos— |5|n—]
2 +1}‘= (c051+ising)r

i ¢ | = .FH c A ) 5 I?
= (V2 )° =0 4 Al
(v2) [LOS - 1511 = )

=42 [cm%’r-l- isin i’;")

Therefore, (1 +1)° = —4 — 4i

b (-2 + 2i)®
Ifz=-2+1i then
¥4
z2(-2,2)
2 L argz
2 0 ¥

PhysicsAndMathsTutor.com
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/
f=argz=m— tan ‘[%) = — §= -if

- oy e 3 3 e 3
S0, 2+2|—2x-2(l,mT+1smTl

S(=2 4 218 = [2\:? (C(‘5 (%‘EJ + isin(%‘fj))r

= (2V2 )8 [Cm‘" [Zﬂr] + isin [zéir)]

4
= (256)(16) (cos 6 + isinbw)
= 4096(1 + i{0))
= 4096
Therefore, (—2 + 2i)* = 4096

¢ (1=—pp
Ifz=1-1i then
Ya
| .
0 pargz | x

r= '»1_)'+—12 =2

So, 1 —i=v2(cos (—F) +isin(-7))

s (=10 = [VZ (cos (~F) + isin( =) )]
- (/21 (cos (-]  n( -57)
- s (3] 193
=8(0+1)
= 8i

PhysicsAndMathsTutor.com
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Therefore, (1 — i)* = 8i

d (1 -3i)°
Ifz=1- 31, then
_\'JL
I L.
0 "Iargz : *
V3
z(1, =V3)

r=y12+(-3P2=VT+3=vi=2

|

S0.1 =81 =2(cws (-] + sin -]

—_— 1
|--=!

f=argz=—tan" ( 1;

sl = = [z(cos( 3) +isin(- '%] ]

=(2)® [Lob [ 5'"') + 1sm< - '3’”.])

3
= 64(cos(—2m) + isin(—27))
= 64(1 +i(0))
=64
Therefore, (1 = v31i)® = 64

PhysicsAndMathsTutor.com
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g= = —t -1 %kfl?\ = —t -.-|\"'§_ T
= arg? = dn _i_ dIl -3- = E
2
So, %— % v3i=1v3cos (—g) + lsm(—g))
(% - % r‘?n]n = [»,3{u}s [—-:51') + 151:1(—%3'])]“
= (V3) (L‘os (—%’] + iﬁm[—g:,’r]]
=81v3 (cos(—%“‘] + ism[—%ﬂ')]
=81V3(0 +1)
= 81V31
Therefore, [% -13i }” = 81/3i
£ (=23 -2i)°
If z=-2V3 - 2i, then
v
23 .
2 n%rgz "
zI{—Z\r"._, -2)

=(-2V3P2+ (-2 =VIZ+4=V16 =4

So, -2v3 = 2i= 4(1:05 [-%”] i+ isin(-—%’“)

5 (=273 = 205 = [4{cos (-32) + ‘““(_%mﬁ

= 4-‘"’[c05 (—22—7’) + isin(—%ﬂ'”
= 1[124(:05(—%"] +i5in(—%])
= 1[)24[%' - %.)

= 512y3 — 512i

Therefore, (—-2v3 — 2i)® = 512V3 — 512i
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Exercise C, Question 4

Question:

Express (3 + v3i)" in the form a + by3i where a and b are integers.

Solution:

(3 +31)°
If z= 3+ V31, then

i

:l.i.ﬁb

/,/ Vi

/*‘ arg z
3

"

9]

r=y32+ (V32 =v0¥3=VI2 =Va/3 =23

= — ) T
0=argz=tan"'| 2| = 2
p Ti=22 (coe T+ isin ™)
S0, 3 +v3i=2J3 [Lm - + |hmﬁ|.
L3+ = [2-. 3 [ cos T+ isinT) i
\ 4] G/
= (2v3)% (cos 2Z + isin S
Ly f
— 3200/3) [ =¥3 4+ 1,
32(93) | 5 t3i]
e | y
= 288,73 ||_—.‘§.*. + %yl

= —144v3v3 + 144v3 i
= —432 + 144V3 i
Therefore, (3 + v31)’ = —432 + 144V3 1
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise D, Question 1

Question:

sin30=3sin0-4sint 6

Solution:

(cos 8+ isin @) = cos'f + isin'@ ' ; -
) de Moivre's Theorem.

= cos* @ + *C, cos* B(isin §) , ;
. - Binomial expansion. |
+ *Cycos B(isin ) + (isin &) -
= cos* # + 3icos? @sin @ + 3iZcos Osin?@ + i*sin @
= ¢cost 0+ 3icost Osin @ — 3cosfsin # — isint @
Hence,
cos 30 + isin 36 = cos* 8+ 3icos? fsind — 3cosBsin? @ — isinte

Equating the imaginary parts gives,

X - - L __ o} 1 T
5in3f = 3cos*Osinf — sin' @ Applying cos?8 =1 — sin 2§,

31 = sin@)sin g — sint @

3sin@(1 — sin’*#) — sin*#

3sin# — 3sint @ — sin' @

= 3sind — 4sin* @
Hence, sin 36 = 3sin § — 4sin® # (as required)

© Pearson Education Ltd 2C
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise D, Question 2

Question:

sin 58 = 16sin® 6 — 20sin* @4+ 5sin @

Solution:

(cos @+ isin@)® = cos 56 + isin 56 T
de Moivre's Theorem.

= ¢os* @ + 3C, cos* B(isin #) + 3C, cos’ 6(isin §)* :
Binomial expansion.

+ 3C,cos? @(isin 8)* + SCycos B(isin )% + (isin 6)°
= ¢cos’ # + Sicos* @sin § + 10i’cos* #sin” 6 + 10i’ cos” fsin’ @
+ 5ifcos @sin* @ + i*sin* @
Hence,
COs S50 + isin 50 = cos® # + Sicos? Bsin # — 10 cos’ Bsin® @ — 10i cos® #sin' @
+ Scos #sin* 6 + isin® @
Equating the imaginary parts gives,

sin 56 = 5costdsin # — 10cos® #sin® # + sin’ o

5(cos®#)sin # — 10cos* Bsin* @ + sin® @

5(1 =sin?@)*sin# — 10(1 = sin’ #sin* 6§ + sin* @ Applying cos’8 =1 —sin? #.

5s5in@(1 — 2sin?@ + sin* @ — 10sin*#(1 — sin® @) + sin° @

Ssinf — 10sin* @ + 5sin®@ — 10sin® @ + 10sin° 0 + sin® @

16sin*8 — 20sin* @+ S5sinf

Hence, sin 56 = 16sin® 6 — 20sin’ # + Ssin @ (as required)

© Pearson Education Ltd 2C
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Solutionbank FP2

Edexcel AS and A Level Modular Mathematics

Exercise D, Question 3

Question:

cos 70 =64cos’ #— 112 cos* 0+ 56 cos* §— 7 cos 6

Solution:

(cos 8+ isin®)” = cos78 + isin76

de Moivre's Theorem. ‘

=cos’ 8+ 'Cycos® 6(isin @) + 'C,cos® 8(isin 6)°
+ "Cycos* Blisin @) + 'Cycos’ 8(isin 6)* + 'Cscos’ B(isin 8)°

+ "C,cos @(isin 0)° + (isin 8) Binomial expansion. }

cos’ 8+ 7icos® Bsin @ + 21i*cos? @sin” 0

+

351" cos* #sin’ @ + 35i*cos' Bsin? B + 2107 cos? #sin® @
+ 7i%cos #sin® @ + i"sin” @
Hence,
cos 78 + isin 76 = cos’ @ + 7icos® Bsin f — 21 cos’ Asin® @
— 35i%cos? Bsin® @ + 351%cos® Bsin* 0 + 21i% cos® Bsin® @
— 7cosfsin® @ — isin” @
Equating the imaginary parts gives,

cos7l=cos" 60— 21cos?@sin @ + 35cos @sin? 0 — 7 cos fsin® g

cos" 8 — 21cos*B(1 — cos? @) + 35cos? (1 — cos? B)?

costf=1-—sin?é.

Applying
—~ 7cosB(1 — cos* @)’ pPpPIyIng ‘

COS" @ —21¢cos9+ 21cos’ 6+ 35¢cos* 0(1 — 2cos @ + cos* o)
— FcosB(l — 3cos® 8+ 3costd — cost )

cos’@—21cos* 8+ 21cos’ B+ 35¢cos'@— 70cos” B+ 35¢cos’ 6

— 7cosf+ 21cos*d— 21cos’ @+ 7 cos’ @

64cos’#— 112cos @ + 56cos* @ — 7 cos @
Hence, cos 78 = 64 cos’ § — 112¢os” @ + 56.cos’ 8 — 7 cos™ # (as required)
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise D, Question 4

Question:

cos* 8 = (cos 46 + 4 cos 26 + 3)

Solution:

Let 2= cos @ + ising |

2+ 1) A ztg=2c0s0
\z+ };} = (2cos0)* = 16¢cos* G — |

— o 31 4 oae _"]‘.'!-*Jf' -;f]'L (1)*
=g +1C 25 + Gz |.;r'.l Gzl z) +13)

=7 + -lz‘ll%_] + 677 |:. %3] + 42%| }2| + i;
=4+ 4724+6+ i + -1.._.
%A
=2+ L] +4[2+5)+6
\ 2| 722
= 2c0s468 4+ H2cos26) + 6 » —1 "+ % = 2cosn@

S0, 16¢cos*@=2cos40 + 8cos208+ 6
16costd = 2(cos48 + 4cos28+ 3)

cos? f = = (cos 48 + 4cos26 + 3)
Therefore, cos* f = }-E{C{}h' 40+ 4cos28 + 3) (as reqLLirE-dJ
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Exercise D, Question 5

Question:

sin® @ = <L (sin 58 — 5 sin 36 + 10 sin 6)

Solution:

Let 2= cos @ + isinfg

Pagel of 1

. 118 _ _ QR - | l— = 2isin #
|2+ N'l = (2isin 6)* = 32i°sin” 0 = 32isin> ~—
) ) f ) ; A - S . g 5
= 25 +3C, 2 -1) + 3¢, 2 -1) + s, 2( 1) +5c,z( 1) + (-1
= 7+ 52(-1) + 102(-1) + 102( L) + 52( 1) + (1)
IN-SPTP( o o IIRSE & & S [s & WIS 0 b (B
=7+ 52 5) + 102'{ 25 ) — 1024 55| + 52 5 ) - %
=5 -52+10z-10435_1
z P 7
=(p-L)-5(p-1] P
| Z _51| .“:|Lz zh] + 1012 —=)
= 2isin 50 — 5(2isin 36 + 10(2isin g)» z" 4 ;]r:- = 2isinn @
S0, 32isin 8= 2isin 530 — 10isin 34 4 20isind (+2i)

16sin® # =sin5# — 5sin 38 + 10sin @

sin’ § = ;- (sin 560 — 5sin 38 + 10sin 6)
Therefore, sin® @ = 1-(sin 56 — 5sin 36 + 10sin 6)
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Exercise D, Question 6

Question:

a Show that 32 cos” 6 = cos 66 + 6 cos 46 4+ 15 cos 28 + 10.

b Hence find J " cos® @d@in the form am + b3 where a and b are constants.
il

Solution:
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letz=cos@ +isin@

116 ) e 2—7}=2msﬂ
a (E+E} = (2cos8)" = 64 cos" @

- 0,2 (3) (3 (3] + (3 (3 (3)
=78 + ﬁx5(;} + 151‘( ] ] + 2(]1‘({ ] + 1‘312( 1 ] 4 6/(715] +z%
=7-62+ 152+ 20+ = 15 [i+ll

Z A

7a__+ﬁ.;4 +]522+_l + 20
[ ) [ ) [ xz)

|

= 2cos60 + 6(2cos46) + 15(2s5in28) + 20— 2" + e 2cosné@

50, 64cos"# = 2cos60+ 12cos4d + 30cos2i + 20

32cos"@ = cos 66 + 6cos46 + 15cos28 + 10 (as required)

b ‘['.‘ cost f = 1_12 Y cosh8 + 6cos 46 + 15c0s26 + 108
] .

_ 1 [sin®@  6sin*f, 15sin’§ Ié
26 a4 Tz T
. 2ar) T
_ i 5111{17}4_?5!”(?4__15{']“(3) 104 -—{(}]}
321176 4 2 6
o Yoy BN3 o A5VE %_w]
7 A 1 TR s A
=137 4 155, 55
‘52,4‘“4‘3+3]
_ 19 & , S
‘ﬁ.§‘3+'i']
5 5% . 9 5 9
. o =2 4 J = P
L cos™ %+ﬁ4d 0= gﬁ,b A
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Exercise D, Question 7

Question:

a Use de Moivre's theorem to show that sin 48 = 4 cos® #sin 8 — 4 cos #sin® 8.

4tan # — 4 tan* @
1 —6tan? 0+ tan* &

b Hence, or otherwise, show that tan 44 =

¢ Use your answer to part b to find, to 2d.p., the four solutions of the equation
X*raxt-6x*—4x+1=0.

Solution:

PhysicsAndMathsTutor.com
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a (cos §+ isinf)! = cos46 + isin 44 de Moivre's Theorem.

= cos* 0 + *C,cos* 8(isin @) + *C,cos? 8(isin 8)°

+9C, cos 8(i sin 8" + (i sin 6)* 1 Binomial expansion.

= cos* f + 4icos’ #sin 6 + 6i%cos’ #sin’ @
+ 4i‘cos #sin’ @ + i*sin* @
= cos* @ + 4icos® Asin @ — 6cos? fsin® § — 4icos fsin?  + sin' @
Hence,
cos46 + isin4f = cos* + dicos® @sin § — 6¢cos”* #sin’ 6 — dicos Bsin B + sin*e (@)
Equating the imaginary parts of Q) gives:
sin' @ = 4 cos’ #sin 8 — 4 cos #sin’ @ (as required)
b Equating the real parts of () gives:
cos 40 = cos? 0 — 6.cos’ Bsin? @ + sin* 0

tan 49 = Sin 460 _ _4cos*fsin § — 4 cos fsin* (cos 48 + cos* 6)
cos4f  cost @ — 6¢os? Bsin® @+ sint@  (cos4f = cos’ 6)

4cost@sin® _ 4cosfsin'e

- cos* 4 cos' 6
cos*f _ 6cos Asinc @ , sinté
costh cost o cost @

4ces’ @ sind_ dcosdsint @

_ cos'@ cosf cosfcos’ g
cos*f _ 6cos*@sin’ g . sin'@
cos'f  cestBcostd  costé

_ _4tanf— 4tan’o
1 = 6tan® @+ tan* @

4tan® — 4tan’ 0
1 —6tan’ @ + tan* @

Therefore, tan* @ = (as required)

PhysicsAndMathsTutor.com
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cxtt+ad-6xt-4x+1=0
Xt — 01t + 1 =4x — g’

W e
l -6+ 1 @

Let x = tan & then

@ = 4tanf — 4tan’f  _
Ctantd — 6tan?d + 1

tandg =1+ From part b.
=7
“7
Ya
f:4
4 L
3
= [T 5w w 137 ]
40 [4' 4'74 4 '

g = [“ Sw 97 13w ]
16" 16" 16" 16" 7

o S ST a0 97 100 13
bt o tan @ tEII‘I]ﬁlf tanm,tan 16 tan 16
x = 0.19891..., 1.49660..., —5.02733..., —0.66817...,

x = 0.20, 1.50, =5.03, —0.67 (2 d.p.)
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Exercise E, Question 1

Question:

Solve the following equations, expressing your answers for z in the form x + iy, where
xERandy ER.

az?—-1=0 bzZ-i=0 ¢ =27
dz7+64=0 e +4=10 f 2 4+8=0
Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Page2 of 6

az't—-1=0
=1
ya
(1, )
-
0 x

forl,r=1and =10
Sozt=1 (cos0 + isin0)
7 =cos(0 + 2kw) + isin(0 + 2k7m) ke E

1
Hence, z = [cos(2km) + isin(2km) ]+

Z= cns{zdtﬁ?) + isin('{ﬁ—ﬂ] de Moivre's Theorem.
Z= cns(%ﬂ) + isln(%r]

k=0, z=cos0 +isin0=1

w P .
= +isins =1
2 2

k=2, z=cosw+isinm=—1

k=1, 2=cos

k= —l,z=c05[—’§") + isln{—g}= -i

Therefore, z= 1,1, =1, =i
bzZ—-i=0
B=i

A

(0, 1)

'*\u

=Y

(4]

H —J =_IT_r
fori,r=1and @ 3

Sozt=1 (.cos%r + isin;)

2= cos(% - Zkar] + isin(g+ Zk::r), keZ

PhysicsAndMathsTutor.com
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Hence, z = [cos[%r+ Zk'rr] + isin(g + 2kw)].14'

'E—T+2k 5—T+2k'
f=cm‘ z ,r]+|5m 3 71‘]
?=C05[£+%T]+Hm(g+23£"‘
k—{Jz—cnsE+mg §+%:
J’c=1,;‘:=l:{):a%r+u;1nr}:J —%+%

k=-1,z= c:{:-s(—%} v lsin{'—g} =0 =i

. V31, ? Yo =
= ¥ 4 i Thiin ) —
I'herefore, z 3 21, 3 21, i
¢ =127
_'!-'Jl.
_ (27,00
) v X

for27, r=27and 8= 10
Soz' = 27(cos0 + isin(0)

z4 = 27[cos(0 + 2km) + isin(0 + 2kw)] ke Z

Hence, z = [27(cos(2km) + isin(2km))|’

¢ = seos(22) (2

k=0;z=3(cos0 + isin0) =3
2 2m

=1;z = 3| cos 57 T S ¥
k=12 A(Lm + isin i( Rl

3 3

k=-1z= E(Los(Tz) +lSiI"1[_21T.)=3["%+§j] = —%“:Tl
3

. s % 33, 3 _ :
Therefore, z = 3, 2+ 51 5 5

PhysicsAndMathsTutor.com
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dz*+64=0
2t=—64

(640 i
0

="

for—64, r=64and f==w
S0 2" = 64(cosm + isin )

v = 6d{cos(w + 2k + isin(w + 2km)) ke Z

Hence, z = [64(7 + 2ka) + isin(r + 2km)]'

Z= 64"({:05(%%";) + isin{%“'}] de Moivre's Theorem.

2= 202(cos T + %*] isin(§ + %”Jfl
22

_ Y o — Fo . m
k=0rz =2 Z(LGSI + mn

k=1;2= zkz[ms%“nr 1sm%f] = 22| - L _ii] =-2+2

k=~1;2=2/2(cos(~J) + isin(~F)) = /2L ~-Li) =2 -2

k=-2; /—252(((}5[ 3TJ

Therefore, z=2+2i, -2+ 2i,2 - 2i, -2 - 2i

e A+4=0
T4 =
Va
A8
40 /TN
¥ 0 T

PhysicsAndMathsTutor.com
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for-4,r=4and ==w
Sozt = 4{cosw+ isinm

74 = 4(cos(mw + 2km) + isin(w + 2km)) ke Z

Hence, z = [4(cos(wr + 2k#) + isinlar + 2km)]’

zZ= 4*:((‘05(%") i+ isin(%ﬂ"ﬂ de Moivre’s Theorem.
z= uf(ccs(%r+ ‘%”] + isin(g+ '%"T)]

k=0;2= x-"i(cos%“r ising] = v"i(_l:Jr il] =1+i

¥

[

k= 1;z=~.-"§[c05(3T"'Tj] + iﬁin(i—’r]) = x-"f[ﬂlvkjii) =—-1+i

k=-1;z=/3(cos(-§) +isin(-F)) =VZ[ L i) =11

'I.E '."f
k= —2;2=~.-’f(c05[—3T“] + ism[—%”))= vz —% 2 ,—lz,i) e
L W Y

Therefore, z=1+1i, -1+i,1-=1,-1-=1i

f2Z2+8i=0
2= —-8i

A g

[F)

"

¥

(0, —H)
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for —8i,r=8 0= —%T

Sozd= S(L‘us(—g} + Isin{—;—r”
= 8((:{:-5(' -§+ 2km) + isin| -%r + Zkrr}) keZ

Hence, z = [8{:-:05{ —-53+ kaj + isin{_—%@ 2.‘:«-])]1

z=8

| _31- \ ' _:!T \
cos 2 r 2."(7) + isin[%ﬁwj) de Moivre's Theorem.

k=ﬂ;z=2(cos(—
k=l;z=2(c05%”+i5in%’]=2:ﬂ+i}=21
k=—-1z= (cos(——g—TJ |sm( 6]]=2(—‘§—%i]=—»-"§—i

Therefore, z = v3 — i, 2i, —v3 — i

© Pearson Education Ltd 2C
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Exercise E, Question 2

Question:

Solve the following equations, expressing your answers for z in the form r(cos @ + i sin 6),
where —r< = m

az=1 b2+ 16i=10 c24+32=10
dz=2+2i e 2 +2V3i=2 f 2+3203432i=0
Solution:
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az=1

Y4

(1, )

forl,r=1land =0
Soz" =1 (cos0 + isin0)
Z7 = cos{0 + 2km + isin(0 + 2kwm) ke Z

Hence, z = (cos(2km) + isin(2km))’

= cos(@) + isin(zﬁ—ﬂ]

de Moivre's Theorem.

k=0,z=cos0+isin0

k=1, 7= cos( 27) + isin( 37)
k=3,z=cos(f’_ff:]+ism[%r}

k=1, r—cm(—-.-)J,,m( %3!)
k=—2,z=cns(-4_’"')+isin(_47w)
k=3, 2= cos(-57) + s -7
Therefore, z = cos0 + isin 0, cos 27 + isin 27

4 4 G

COs = + isin=-, C0s = + isin =

7 7t 7

)

PhysicsAndMathsTutor.com
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b2+ 16i=0
= —16i

¥

o x

(0, =18)

for —16i,r = 16 and # = g
S0zt = lﬁ(ms{—%"} + isin -7 ]

= 16({:05['?—2’1' + zkr.:r] + isin['—-ff’ + ka)] keZ

Hence, z = [lﬁ(cos —%" qur} + isin( —5—’+ qur'}]F
-2+ 2k =2+ 2kn)! _ :
7 = 161 ms( 2 7’] +isinl —2 i ) de Moivre's Theorem.
Z= (ms —g+ %TJ + |51n[—%r+ 521"])
k=0,z= Z(COS(“‘%T) + isin| -g])
k=1,2= 2({05%’”+ 151r1:%"T
bo=2, g = 2(::05?# isin ?“']

e (e
Therefore, z = 2(0::—5[ —E"l'} + isin{—%’:]\ glmg %S*:r) + isin(%l"))

2(0:}5[ ?"T] + ISH’]( ?“']) cos( -58”) + 1sm(—5§--)]

PhysicsAndMathsTutor.com
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cz22+32=0
23 =-32
Va
.6
320 £\
- G E

for=32,r=32and ==
So #* = 32(cos m + isin )
25 = 32(cos(w + 2kw) + isin{w + 2km) ke Z

Hence, z = [32(cos(ar + 2km) + isin(w7 + 2k1r}}]!

7= 325(C05(w+52k7r) +qg ﬂ[‘ﬂ' + ka])

de Moivre's Theorem.

z= 2(L0>(§*’+ 2;“"') + isin[%‘# -zé_'”]]
k=0 z= Z(tosg lsms]
k=1,z~2( %— 151[‘1%‘5]

k=1,z=2(cosm+ isina)

k=2z= 2(::05[—?} + 15in{—"'§"})
k=-1,2= E(L'{)S[ E"") + isin[—%”f”
3

k==2 2= E(E(JS[ T) ism[_%ﬂ))

Therefore, z = 2(ms~ + isin 5] 2(L05§—77+ isin

: g g

2(cos  + isin ), Z[m‘s{—:gJ + isin(—n;f) )

s T )

PhysicsAndMathsTutor.com
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dz2=2+2i
YA
(2, 2)
2
0 v
0 2 X

r=v2:+2=W+3=v8=272

f= tan"(%) = %r
S0 7 = 2~.2[f:05%r |sm4]

= sz(cos[_‘ + 2km) + |s.in(%1r + ka}) ke X
Hence, z = [Zx-"i['cos[g + zk:r:] + isin{% + ka_] HL

W {1 |
1 + 2k ?i + 2k
3 + isin

k=Rle= \E(L-:Jsﬁ + nm-%}

Fsl.9= *.-"i(cos%r+ isin:%“"]
k=-12z= r"i[cos[—?—g] + isin[_i—;.“)]

»Z(Lm 37 4 isin 3“']

Therefore, z = I.Z(L(}‘- + isin 2

12 12}

l."f[:coﬁ[ T—] + mn[j]]

PhysicsAndMathsTutor.com

de Moivre's Theorem.

Page5 of 7



Heinemann Solutionbank: Further Pure 2

%]
Lol
o

;gv’i

(2, -2v3)

r=y22+(-232=V4+12=116=4
" -
e

1\-)

8= —tan” (

wily

Sozt=4 [ §]+isin(—:1;])

P= 4(c05(—?§7+2k7r] - isin{—g+ zkw)] keZ

Hence, z = [4[&1:-5( —-%" + Zk-:r} < isin[ —%’ + 2k1-,-:]”l

(=T + 2k (=T 4 2k7)!
| 3 ’TJ+i5‘1n[ 37
4 4

] de Moivre's Theorem.

k=0,z= r'ff(cc:-s{ —1—%} + isin[ﬁ —-1-%)]

k=1,2= \-'-"E(COS(%_IJ + isiﬂ(%})

k=1, zuv.z[cos(] )"'15‘“(11:2 ])

1
k=-1, x—\z[cos )+mm( ._‘lf..)

Therefore, z = »2(::05{ %} + isin[ 12 , v2(cos[?—g) + isin(f—g}],
u-"f(cos(lTli—) + 15|n( 11“]), n.z(ms[ ?—g] + Hlnf :l?g

PhysicsAndMathsTutor.com
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f 24+32/3+32i=0
2 =-32/3 - 32i

¥

32v3

32!

(—32v3, -32)

fl

r=(=323)* + (-32)2 = V3072 + 1024 = V4096 = 64

iy

32V

f=—a+ tan (;32

T oW
6 6

Sozi= 64[{{1‘;[. r’ﬂ) isin[l—%””

G |

A= 54(cos( —5;,_:'T+ 2kw] + isin| —%’T + ka]] keZ

Hence, z = [64[::05{ 57y 2k'rrj + isin( _5_{;_1'4_ ka] ”]‘
3T 4 zhj ~5T 4 okar
z =647 cos + isin :
| 3
Z= 4[1(15( ?g z'kﬂ) + 1S|n( 158 =+ %7) ]
k=[},z=4(ms[ %)—l—:sm( ?—l")]

Therefore, z = 4(::(:-5[-

4(::05( 1?"”] + |5m[—%]]

© Pearson Education Ltd 2C
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Exercise E, Question 3

Question:

Solve the following equations, expressing vour answers for z in the form re", where r > 0

and —w < 8= 7. Give 8to 2d.p.

=J]

+ 3i

azt=3+4j b z2=11-4i c zi=

Solution:

PhysicsAndMathsTutor.com
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az't=3+4i
ya (3, 4)
L4
¢ N
(¥ 3 x

r=v32+42=,25=5
6 =tan"!(3) = 0.927295...
SU, zl — 5{-_,,1-:{?.‘12?2‘.1‘:'1....-

= Sciuu.ﬂzrlﬂ.‘:... + :!Jm:.- ke ?

Hence, 7z = lsﬂﬁu,wz.";wﬁ... + En;«li

| 0927295, + 2kwr

= Sig 4 p
R de Moivre's Theorem.
_ ﬁ:cll ..-..._1'4....:. + :ﬁl
k=0 z= 502318}
k=1 7= §igil18026..)

k=-12= §3pi(~1.3389..)

k= =2 7= §ipil-29097..)
-
Therefore, z = 5«02, Siel80i Sig=134i §ip=291i

b 2= V11 + 4i

Vi
Vil .
oNJo Tox
4
V11, —4)

PhysicsAndMathsTutor.com
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VIVIT )2 + (—4%) =11 + 16 =27

..‘
I

0= —tan“( i_) = (.878528...

V1l
So, 74 = »’f el ~0.878528...)

73 = /T7 pil-0.878528... 4 Zi".ﬂ']r keF

Hence, 7 = h.-‘ﬁ,du—u_a?uiza_._ + 24;1-_.1{

o =0LBTB528,., + 2hx : ’
= (VBT el T e de Moivre’s Theorem.
_ ~O878528... | 2kn

k=0, z =3 el-02928..)

k=1 z=+3pitl8015.}
k=—1,z=3eil-23872..)

Therefore, z = v3e 029 /Fpl80i /3 p-2.39%

c 2'=—J7 +3i

Vi

(-7, 3)

3

PhysicsAndMathsTutor.com
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]

[y
%

=/(=v7)P2+332=VT+9=/16=4

a:w—mn4L%]=Zﬁuﬂu“
|

So. 7= 4e1r2.21.'.':5.1u...|
74 = 4el2298530. 4+ 2w p e 7T

Hence, z = [4¢/2293530... + ..Aw]]'.

= 4l £293530... + Zkm) | de Moivre's Theorem.
_ i 2.283530... ; kil
=vZe' 4 2l

k=10 7 =2 pill5733.)
i
k=1 z=2g1441..)

= —1, z = 2 pi-09974..)
7

k= ,..ZJ 7= ;‘jen—z.snaz...u

Therefore, z = VZeO%, z = V2 2™, z = Ze 10 7z = Z e 257

© Pearson Education Ltd 2C
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Exercise E, Question 4

Question:

a Find the three roots of the equation (z + 1)* = —1.
Give your answers in the form x + iy, wherex € Rand y € R.

b Plot the points representing these three roots on an Argand diagram.

¢ Given that these three points lie on a circle, find its centre and radius.

Solution:
a(z+ 1P =-1
VA
L.
T
(—1,0) ) é Y o
0 x

For=1l,r=1land ==«
S0,(z+ 1) = l{cosm+ isinm)

(z+ 1P =(r+24m +isin(w+2km keckZ

]

Hence, z + 1 = [cos(m + 2k @) + isin(mw + 2k 7)]"

z+ 1= ms( . +?2_J'ﬂr] + tsln[_%%”} de Moivre's Theorem.
= cos| T + 2K7) 4 jsin( T 4+ 2k7
z+1—i:nsl:l3+ : ]+|sm||_3+ 3 |

== ERETITE | GITEETIERI | e | V3.
k—ﬂ,.«:+1—ms.—+1::m§—§+?]

3

-*.':—l :_%-

> & 2-i-.ll.zi
k=1,z+1=cosw+isinm=—1+4 0i

—-f2=-+2
_ ’ ey Sl | '_?T_l_'n:‘.iv.
k= l,x+]—u}5[ §.:|+15|n|: E.:I_E T1

:z:—%—l.é'
- . ) 1 V3, 1 V3.

3 = — 4 _ —
l'herefore, 2 3 21, 2,2 2|

PhysicsAndMathsTutor.com
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h Wk
%%
2r 2
(=2,
= %
(_ 1 _‘ﬁ)
2t 2
¢ The solutions to w* = —1, lie on a circle centre (0, 0}, radius 1.

Asw =z + 1, then the three solutions for z are the three solutions for w translated by [_E}J

Hence the three points (the solutions for z), lie on a circle centre (—1, 0), radius 1.

© Pearson Education Ltd 2C
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Exercise E, Question 5

Question:

a Find the five roots of the equation z° = 1 = (.

Give your answers in the form r(cos @ + isin #), where —w < 8= 7.

b Given that the sum of all five roots of 2> — 1 = 0 is zero, show that

I'J'LUSr 1———-

toslﬂ

Solution:

az2—-1=0

(1,0

Forl,r=1and @=10
S0, 27 = 1{cos0 + isin0)
22 =cos(0 + 2km) + isin(0 + 2kw) ke &

Hence, z = [cos(2km) + is.in{kar}]l

2kar! Zkﬂ'

= L‘USI' ———] + leﬂ{ de Moivre's Theorem.

k=0 2z =cosO+isin0=1+i0) =1

k=1,= ms(‘%’r} + isin[:%w}

k=2,2;= (‘ﬁ’ill%-J + i5in(l4T1T]
ke <120 ) b )

kim=2, 2pe -:05[—4%"] + isin| —%ﬂ)

Therefore z = 1, ms{zs—’”'] + isin| 2;"'], ::m['%] Hm{%],
N . T
cos| HT} = I:\Inll ‘.! .| u)sl ——] + nm[_uT

PhysicsAndMathsTutor.com
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b50,21+22+2.’_1+24+25=ﬂ

1 + ms(z%rb + 1'_~.|r1( T ) * Lm[?ﬂ'] + nm[%r]

+ cos[j-%) . isinl r‘; ) + L051 < J + 151n( 4“] =1

dar)

SR

=1+ cm(zw} + lsm{ 2'"') + cm[ | + isin| ¥

+ -;:(15{2%") = isin{%”') + c('.rs[:t—rl - isin(%"} =)

1+ 2(.05( 2;“] + 21,05[ “HT] =0

2{:05(25—'”) + 2{:05{ 4;’) -1

2{(.0*.(2?] + 2::{15(%"_}:] = -1

cos[: 25_#] + ms(%} = % {as required)

© Pearson Education Ltd 2C
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Exercise E, Question 6

Question:

a Find the modulus and argument of =2 — 2/3i.

b Hence find all the solutions of the equation z* + 2 + 243i = 0.
Give your answers in the form re", where r>0and — v < 8= =

Solution:

PhysicsAndMathsTutor.com
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a =2 - 2/3i
Ly
2 =
i
H
2ﬂ§
(=2, —2v3)

modulus = r (=22 + (-2V3)2 =3+ 12=VI6 =4

argument = = 27 + tan“[ %]

Therefore, r=4, 8= —%r

bzt+2+2/3i=0
= -2-2/3i
21]'- fRT .
andr=4, 8= -?mr -2 = 2JV3i

Sozt=4e'\ "

i—] de Moivre's Theorem.

Il
o
=

& (T

k=1 z=+v2¢

k=2z=y2el6

_2%\

k=—1,z=yvZel 3

m Sw Zui

L e L o e
Therefore, z=v2e &, v2e?, J2eb6, v2e 3

© Pearson Education Ltd 2C
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Exercise E, Question 7

Question:

a Find the modulus and argument of v6 + v2i.

b Solve the equation 77 = v6 + v2i.
Give your answers in the form re’ wherer>0and - o< <.

Solution:

PhysicsAndMathsTutor.com
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a V6 + V2i.

0 V6 x

Ry

argument = f = mn“‘ﬁ.] = tan‘“%) =%

Therefore, r = V8, § = %:

b zi=6+VZi

For \6 + x-?i, F= ,,.'Er = ;E

So, zi = V8¢
SEr w14
7= [Bell]
s 41'r'|
7t = (/& )e's)
2w
z* = 6de'
il 27 & i
2= 6de' ? , kKEE
'-"-1"'1-?.!\:1'5 :

Hence, z = |64e 3

S
= (64)e

i 27 4 2w
=dpt? 3

k=0,z=4¢'9

|| B
k=1z=4e'9

_dam

k=-1z=4e 9

2m Bm

Therefore, z=4e%,z=4¢?

© Pearson Education Ltd 2C
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Exercise F, Question 1

Question:

Sketch the locus of z and give the Cartesian equation of the locus of z when:

alz==6 b |zl =10 clz—-3=2

d |7+ 3il =3 e [z—4ii=35 f 241 =1
gZ—1-4/=5 hjz+3+4i =4 ilz—-5+6il=35
j [2z2+6—4i|=6 k 3z-9—6i =12

Solution:

PhysicsAndMathsTutor.com
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4 circle centre (0, 0), radius 6
6 equation:  x* + ¥ = 6°

/T\ x1+:}’3=36
6

i x

[

L
b |z =10

Y circle centre (0, ), radius 10
10 equation: x* + y* = 10°

x% 4+ y2 =100
0

circle centre (3, ), radius 2
equation: (x + 3)% + y* = 22
®+3)P2+y =4

circle centre (0, —3), radius 3
equation: x%+ (y — 3)*= 32
x4+ (y=-37=9

PhysicsAndMathsTutor.com
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e |z—4i|=5

circle centre (0, 4), radius 5

equation: x>+ (y —4)> =5
a2+ (y-42=25

f lz+1ll=1=jz-(-1)=1

circle centre (—1, 0), radius 1

equation: (x+ 12 +y* =12
x+1P+y =1

-

R

=7

gle—-1=-i=3=z=(1+0)]=5

circle centre (1, 1), radius 5

Ya
equation: (x — 12+ (y— 1) =5§?
x—12+(y—12=25
(1, 1)
L]
-4\Jﬁ E
—4

hlz+3+4il=4=z-(-3-4i) =4

VA circle centre (-3, —4), radius 4

equation: (x + 3)? + (y + 4% = 4?
(x+3)>+(y+4)F=16

=Y

PhysicsAndMathsTutor.com
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i[z2—=5+6ij=5=z2—-(5-06i) =4

Vi circle centre (5, —6), radius 5
equation: (x — 5%+ (y + 6)> = 5?
x (x — 50+ (y + 62 =25

j 2z2+6—4i|l=6
=2(z+3-2i) =6
= 2llz+3-2i|=6
= 2z+3-2il=6
= |z4+3-2il=3
= lz=(=3+20)=3
circle centre (—3, 2), radius 3

equation: (x + 32+ (y — 22 = 3?
x+32+(y—-2P=9

¥

! {—3,2}/
"'If'\__z_:{f?_, *

k [3z-9-6i =12
= |3(z — 3 - 2i)| =12
= 3|z —3 = 2i| =12
= 3lz—(3+21) =12
= [z—(3+2i)=4

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2

¥ circle centre (3, 2), radius 4
equation: (x =32+ (y—2)?=42
x-=3P+(y-2P=16

X
1 |32—-9—6i|=9
s 3(z—-3-21) =9
= [3||z—3-2i=9
> 3z—-3-2i=9
=|z—=3-=2i=3
=lz=(3+2i)=3
L circle centre (3, 2), radius 3
) equation: (x — 3)* + (y — 2> =32
x—3F+(y—-22=9
=
X

© Pearson Education Ltd 2C
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Exercise F, Question 2

Question:

Sketch the locus of z when:

aagz=2 bargiz+3) =T carg(z—2)=%
3 4 2
darg(iz+ 2+ 2i) = --_4_‘ e arglz — 1 — [p::i"".' f arg(z+3i)==
: 29 . ; T . ; ; 3
g arglz— 1+ 3i)= 3 h arg(z — 3 + 4i) = —5 1 arg{z — 41) = - 3
Solution:

PhysicsAndMathsTutor.com
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bargz+3)=7
sargz - (-3) = F

¥4

=Y

(-3, 0) o

c arg(z — 2) =127

i

rafs
¥y

{1 X

PhysicsAndMathsTutor.com
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darg(z+2+2i)=-F
= arg(z — (-2 - 2i)) = "Iﬂ-

Y

=]
s

¢ arg{z—T—i}=3T’T

= arg(z — (1 + 1)) = i;f

Ja

foargiz+3i)=m
=+ arglz —(=31)) ==

Vi

=y

]

I . YIS

PhysicsAndMathsTutor.com
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garglz—1+3i)= 2-_{‘-"-'

2ar

= arg(z — (1 — 3i)) =T

Vi

\E) X
2T
\ 3
. -
(1, -3)
h arg(z— 3 + 4i) = -7
o vy — (2 — ANy = T
= argiz — (3 — 4i)) 3
ya
0| 3 %
(3, —4)
af ey
E
2
i arg(z—4i)= -3
4
ya
(R O
2
__-1 _
/ O

© Pearson Education Ltd 2C
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Exercise F, Question 3

Question:

Sketch the locus of z and give the Cartesian equation of the locus of z when:

alz—6/=|z-2 bz+8=z-4
C |2 =z + 6i d 2+ 3i| =7 — 8i
e |2—2-=2il=|z+2+2i Fle+4+i=|z+ 4+ 6i
g |z+:3:=51| = |g—=F—5i hl|lz+4-2i=|z—8+ 2i
i ;j{':=I j lz+7+2i=|z—4-3i

Klz+1-6il=2+3i—-1z

Solution:

PhysicsAndMathsTutor.com
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a|z—-6l=|z-2
perpendicular bisector of the line joining (6, 0) and (2, 0).

:I-"il

x=4
Equation: x = 4

b |z+8=|z—4
=Z—=(-8) =|z— 4|
perpendicular bisector of the line joining (-8, 0) and (4, 0).

Vi

—8 0 4 X

x=—2

Equation: x = -2

c |z =lz+6i
> 2| = |z — (—6i)
perpendicular bisector of the line joining (0, 0) to (0, —6).

PhysicsAndMathsTutor.com
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]
Y

Equation: y = =3

d |z + 3i| = |z — 8i
=1z — (—3i)|=|z—-8i
perpendicular bisector of the line joining (0, —3) to (0, 8).
l}'ll

8

Equation: y = 2.5

PhysicsAndMathsTutor.com
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Equation: y = 2.5

e |z—2-2i=z+ 2+ 2i
=iz — (2 +20)] = £ —(=2 =20
perpendicular bisector of the line joining (2, 2) to (=2, =2).
So,[x+iy—-2-2i=|x+iy+ 2+ Zi
=[x —2) +i(y - 2) =[x + 2) +i(y + 2)|
S>x =22+ (y—-2P2=@+2?2+(y+2)¢
X - dx+ 4+ -y +4=x"+4x+ 4 +37 + 4y + 4
= —dx -4 +8=4x+ 4y + 8

= (= 8x + 8y
= —8x = 8y
= Y = =X
Vi
(2, 2)
-
N
% x
o
(—2 —2)
y=—x
Equation: ¥ = —x
flz+4+i|=|z+ 4+ 6i

= |z—(—4—1) = |z + (—4— 6i)|
perpendicular bisector of the line joining (=4, —1) to (=4, —6).

Ya
-k N
0 x
. -]
: y="3
L -6

PhysicsAndMathsTutor.com
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Equation: y = —

B3|~}

g |lz+3-5i|=z-7-5i
= |z — (=3 + §i)| = |z — (7 + §i|
perpendicular bisector of the line joining (=3, 5) to (7, 5).

Ya

Equation: x = 2

h|z+4-2i=|z-8+2i
= |z —(—4 + 2i)| = |z — (8 — 2i}|
perpendicular bisector of the line joining (—4, 2) to (8, —2).
So, |x + iy + 4= 2i| = |x + iy — 8 + 2i
= |(x + 4) +i(y — 2)| = |(x — 8) + iy + 2)|
> @+ + (-2 =(x -8+ (y+2)
S2°+8x+ 16+ —dy+d4=2"—-16x+64 +5 + 4y + 4
+8x—4y+20=-16x+ 4y + 68
= 0= —24x + 8y + 48
=0=-3x+yv+6

=3 —6=y
Ya _}"ZH

(—4,2), =3x-6=0

?? =3x=6

5 - =x=2

= X
%8, -2)
x=0y=-6
¥y=3-6

Equation: y = 3x — 6

PhysicsAndMathsTutor.com
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|z+3; _

|z — 6il

= |2 + 3| = |z — 6i|

= |z = (—=3)| = |z — 6i]

perpendicular bisector of the line joining (=3, 0) to (0, 6).

50,x+iy+ 3 =[x+ iy — 6i

=[x+ 3) +iy| = |x +i(y — 6)

=X +3)P+y=x2+(y -6y

X+ + 9+ =+ 12y + 36
= 6x+ 12y =36-9

6y + 12y = 27
.—.>2.x+4y=9
>4y =9 - 2x

=¥y = —%x +§

8 (0, 6)

0, 7)

Equation: y = —3x + §
z+6—i _
L P T T

= |lz+6—1i=|z—10 - 5i
= |2 = (=6 + i) = |z = (10 + 5i)|

perpendicular bisector of the line joining (-6, 1) to (10, 5).

So, |x +iy+6—i|=|x+iy— 10 - 5i
= x+6)+ily— 1) =|x— 10+ i(y — 5)|
@ +6P+(y=12=(x- 102+ (y - 5

x5+ 12x+36+y° -2y + 1 =aF— 200 + 100 + 3% — 10y + 25

= 12x — 2y + 37 = =20x — 10y + 125
= 32x +8y+ 37 —-125=0

= 32¢+8y—88=0
2>4x+y—11=0

y=—4dx + 11

PhysicsAndMathsTutor.com

Page6 of 8



Heinemann Solutionbank: Further Pure 2 Page7 of 8

y=0
=0 =—4x + 11
= 4x =11
— 11
e (10,5) aa Bl 3
o
(=6, =)y | _
(0 x
y=—dx+11

Equation: y = —4x + 11

klz+7+2i=|z—4- 3
=z — (=7 = 2i) = |z — (4 + 3i)|
perpendicular bisector of the line joining (=7, —2) to (4, 3).
So,|x+iy+7+2=|x+iy—4-3i
=[x +7) +i(y + 2)[ = [(x — D+ i(y — 3)|
S (X +7P+(y+20=@x—-42+ (y-3)P
4+ 1dx+ 49+ +4y+4=aT-8Bx+ 16+ -6y +9
= ld4xr+4y+53=-Bx—6y + 25
=+ 22x+ 10y +28=0
= 1lx+5y+14=0
=5 =-11x— 14

oy =11 _ 14

ped 5 %
whenx=ﬂ,y=—15&1
wheny=0;0=—-11x — 14
14 =—-11x
14 _

%
(=7, -2%
=-lx _ 14

Equation: y = —%‘: = %
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1 |z4+1=6il=]2+3i—2
= |z + 1 —6i| = |(=1)(z — 2 — 3i)|
= |z +1—6i] = [(—=1)||z =2 - 3i]
=z —(—-1+6i)|=|z—- (2 + 3i)
perpendicular bisector of the line joining (=1, 6) to (2, 3).
So,[x+iy+1-6i=|x+iy-2 - 3i
=[x + 1) +i(y — 6)| = |(x — 2)}+ i(y — 3)|
=@+ 12+ (y— 6= (x — 2P+ (y - 3)
a4+ 2x+ 1457 - 12y +36=af—dx+4+55 -6y +9
= 2x — 12y + 37 = —4x — 6y + 13
o —6y+24=10
2x—y+4=0
=y=x+4

Vi

==
nu
=

x=0y=4

X
y=x+4

Equation:y =x + 4

© Pearson Education Ltd 2C
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Exercise F, Question 4

Question:

Find the Cartesian equation of the locus of z when:

az—=z2=1 bz+z2=10

Solution:

az—2=1(

. _ z=x+iy
rx+y)=(x=1y)=0 F=x—-1y
=2y =0 (Xi) h
»=2y =10
oy = ()

The Cartesian equation of the locusof z — 2* = 0isy = 0.

bz+:z*=0 .
. . z=x+1y
n i 'V 4+ (X — — et
xX+iy)+@x—-iy)=0 7 =x— iy
= 2y =0
x=10

The Cartesian equation of the locusof z + 2* = 0 isx = 0.

© Pearson Education Ltd 2C
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Exercise F, Question 5

Question:

Sketch the locus of z and give the Cartesian equation of the locus of z when:

al|ll-z=3 b [5i—2 =4 ¢ |[3—=2i—z]=3
Solution:
alZ—2=3
= [(=1)z—2) =3 _
> [{=1)||[(z=2) =3 » -1l =1
>lz—2) =3
_'||'JI.

circle centre (2, (), radius 3

equation: (x — 2)* + y? = 32
(x—2P+y2=9

b |5i—2z =4
= [(=1)(z — 5i)| = 4
= [(=1)|[(z — 5i)| = 4

=% |(z— 5i)| =4 »—H |-1

Il
—t

A

(0, 9)

circle centre (0, 5), radius 4

|
=S
=]

o

s Y

equation: x* + (y — 5)* = 4°
¥+ (y—57=16
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c|3-2i-2=3
> (=1)z — 3 + 2i)| = 3
= [(=1D)||(z=3 +20)] =3
>z2—3+2i=3 — |-1]
> jz—-(3-2i)=3

Il
i

Va

circle centre (3, —2), radius 3

equation: (x — 3)% + (y + 2)* = 32
x—32+(y+2P=9
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Exercise F, Question 6

Question:

Sketch the locus of z and give the Cartesian equation of the locus of z when:

alz+3=3z-5 b|z-3=4z+1|

C |z—1|=2|z+1 d|z+2-7i=2z-10+ 2i
e z+4-=-2i=2lz—-2-5i F |z| =212 —2

Solution:
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a |z+ 3| =3lz-5|
= lx + iy + 3| = 3x + iy — 3
= |(x + 3) +iy| = 3|(x — 5) + iy
= |{x + 3) + iy}t = 34(x - 5) +iy?
= (x + 3+ y*=9(x — 5)* + ¥
= xl+6x+9+y:=9[(x* - 10x + 25 + ¥
=+ X2+ 6+ 9+ y2=9x% - 90x + 225 + H?
=0 = 8x? — 96x + 8y2 + 216 (+8)
Sxl—12x+y2+27=0
= x—-6P2—-36+y+27=0
= (x=602+y2-9=0
> (x—6P2+y'=9
The Cartesian equation of the locus of zis (x = 6)* + y* =9
This is a circle centre (6, (), radius = 3

g

|z — 3] = 4z + 1]
x+iy—3=4x +iy+ 1|

Ix — 3 + iy]2 = 16[x + 1 + iy}?

(x — 32+ 2= 16((x + 1) + y)?
xXX—6x+94+y’=16x+2x+1+y%)
1622 + 32x + 16 + 16y
1574+ 38x + 1592+ 7=0

e
Il

x’+%x+.}'3+%=0
Circle centre[—ll—g, {'.i) radius%

PhysicsAndMathsTutor.com
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C ya lz2 =1i] = 2iz + i

x4+ iy —il =2x + iy + i

|x+i{y— 1:;’—4i:r+i[;,r+ 1)2

X+ (y-17=4x+(y + 1)

ey =2y 1 =4 Ryt 2y)
= 4x? + 4y” + By

3+ 3+ 10y +3=0

=Y

x3+y-’-+i§(}y+]=ﬂ

..HIU'I U-J[(J‘l
o|5 ““|M

+5) -
+5)
Circle centre [U, —%] radius %

d |z +2 - 7i| = 2]z - 10 + 2i

x+iy+2-7i=2x+iy - 10+ 2i

. [(x + 2) +i(y = 7> =4|(x — 10) + i(y + 2)]

O 10 15 20 2§ * (x + 22+ (y = 7) = 4|(x = 10)* + (y + 20|

1 X 2+ 4+ 4+ - 14y + 49 =[x — 20x + 100
+ 3+ 4y + 4|

322 - B4x + 3y* + 30y + 363 =0

X2 —28x+y 4+ 10y + 121 =0

(x— 142 — 142+ (y+ 572 -52+121=0

(x— 1424 (y+ 52 =100

Circle centre (14, —5) radius 10

e ya |2 + 42| =2z — Z —5i

e+ iy + 4 = 2i] = 21x + iy — 2 — §i

l(x + 4) +i(y = 2)]* = 4|(x — 2) + i(y - 5)]?

x+4P+(y-2r=4|x-2°+(y - 57
X X4+8+ 16+ —4dy+4=[x"-4x+4

+ y2 + 10y + 25]
3x2 - 24x + 32 - 36y + 96 =0
-8x+y2=12y+32=0

x—42—-16+(y—-62-36+32=0
(x—472+(y—672=20
Circle centre (4, 6) radius v20 = 2v5

100
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=Y

e
|

=22 - ¢4
2|-1l|z - 2|

x+iy|=2X1X|x+iy—2

FHyi=4(x -2 +5Y)
X2+ yi=4xl—-4dx + 4 +y?)
3 —16x+ 32+ 16=0

» _ 16 16 _

e - '3—1 +_}’ 4 T =1

(x 3# "4+v +16-9
.'!t

o — 8 L2 16

[l 3) t¥=3

Circle centre | |3 D] radlm i

Paged of 4



Heinemann Solutionbank: Further Pure 2 Pagel of 6

Solutionbank FP2

Edexcel AS and A Level Modular Mathematics

Exercise F, Question 7

Question:

Sketch the locus of z when:

Z T z— 3i T
a arg| = | = = b are -
t“"..f_-i'.{.' 4 “5"|-/-i--|.| I
P T [Z2 — 31 X
C ampg—=—| == d arv N | = 1
hl‘f — .2 | { ‘5‘| T - f _],
) Loy T o gl £ — B )

e argz —arg(z — 2 + 3i) = = f arg | =

Solution:
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i
a VA arg —} =3
o elEy)=]
- L4
: argz — arg{z + 3) = )
argz — arg(z — (—3)) =%T
f ¢ f .~ argz = 0
o 0 . arg(z — (—-3) = ¢
=T
0 ¢ i
= m
f= ¢+ i
P lies on an arc of a circle cut off at
A(=3, 0) and O(0, Oy
Angle at the centre is twice the angle at the
0 (0, 0) ::in:u|'r11"a~1'».=.'n<:e,'.%r

MILM
| L

It follows that the centre is at [

and the radius i I'i 2 Ve

zZ— 3 T

arg{25-3) = 2

arg(z — 3i) — arg(z — (-4)) = "'ET

arg(z — 3i) = 0.

arg(z — (—4)) = ¢
-p=T

- ¢ G

Arc of a circle from (—4, 0) to (0, 3)

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Page3 of 6

The centre is at | — 3 +2£3, 3 +24"3) you do not need to calculate this for a sketch!
Z \_T
= 74 3 arg(z—Z)_i
argz = 4@
arglz — 2) = ¢
— =T
# ¢ i :
ol : % As our diagram has ¢ > 6, we have I on the wrong side of

the line joining O or .
We want the arc below the x-axis.

o argz = —f
| arg(z — 2) = —¢
o Hence argz — arg(z — 2) = %T
becomes —8 — (—) =f‘—:
_ T
¢_3+§

Arc of a circle, ends 0 and 2, subtending angle 3”
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X
The centre is at [ 1, —i_) radius 25_1 not needed
1 v
to be calculated for a skelch]
g=dif =
d arg£=5) = 4
arg(z — 3i) — arg(z = 3) =%r
arg(z — 3i)=#6
arglz —5)= ¢
— =X
0— ¢ 3
3': But ¢ > 6, we have P on the wrong side of the line
joining 3i and 5.

arglz — 3i) = -8
arg(z — 5) = —¢
—-(- =T
0—(—d) i
= L
cb—ﬂ+4

PhysicsAndMathsTutor.com
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(Arc of Circle centre (1, —1) radius v17 not needed for sketch)

¥a

=Y

The locus is an arc of a circle, ends at —4 and 4i, angle subtended being ;

-t s a semi-circle.

_}'Jh

4i

(Circle arc has centre (—2, 2), radius 2v2)

PhysicsAndMathsTutor.com

argz —arg(z — 2 + 3i) =

argz = —@0
arg(z — (2 = 3i)) = —¢
—p—i—dy =T
0= (—d¢) 3
— -?ur
d=40+ 3

Arc of circle, centre at

I
3

2-+v3

argz — arg(z — (2 — 3i)) = 1;

Pageb of 6

2

3

this need not be calculated for your sketch.

(25 8) =3

arg(z — 4i) —arg(z + 4) =

arg(z + 4) = ¢ = arglz — (—4i))

arg(z — 4i)= 0
—h=T
o 2
= L
ﬂ—cf.:+2

I
2
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Exercise F, Question 8

Question:

Use the Argand diagram to find the value of z that satisfies the equations

zl=5andarg(z+ 4) = %T
Solution:
Vi
i :
# - 2 =5
arg(z + 4) =
8+ 4) =] / is a circle centre (0, 0),
radius 5

¥ arg(z + 4) = Jisa

¥ X

half-line from (—4, 0)
making an angle of
o
2l =3 2
x-axis.

with the positive

-5

lz| =5 =x*+y2=25 D)
arg(z+4}:%r=:-x:—4andy}ﬂ @

Substituting @ into (@) gives (—4)> + y* = 25

16 + 2 = 25
¥=9
y=3

Therefore, z = —4 + 3i

© Pearson Education Ltd 2C
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Exercise F, Question 9

Question:

Given that the complex number # satisfies |z — 2 — 2i| = 2,
a sketch, on an Argand diagram, the locus of z.

i
6’

b find the value of 7z in the form a + ib, wherega e Rand b € R,

Given further that arglz — 2 — 2i) =

Solution:
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ajz—2-2i=2
= |z—=(2+2i)=2
The locus of z is a circle centre (2, 2), radius 2.

¥4

4...-...-

b arg(z — 2 - 2i) = 16—7 is a half-line from (2, 2), as shown below.

¥4 arglz—2-2i) =1

(2, 2)
\ E—2—=211=2
0 2 "
z=2=2i|=2=(x—2F+ (y— 2 =4 @

argl[z—-2"2i]=g=ﬁarg{x+i_}'mz-—21}=%r

= arg(lx — 2) +i(y — 2)) =g

A L |
o6 T v d
1
=y —2=-—=ix—2
J '.-"31 )
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Substituting (2) into @) gives (x — 2)* + %:x - =4

>3x-22=21

3
= 4(x — 2)2 =12
= (x—2)2=3

s X —2=%V3
=>x=2%43
From the Argand diagram, x > 2.
Sox=2+3 ®

Asy—2=%lx—2(} @

Ve

Substituting 3@ into @) gives y -2 = _.1}_3__{2 +V3 -2)
v

Therefore, z = (2 + V3) + 3i

© Pearson Education Ltd 2C
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Exercise F, Question 10

Question:
Sketch on the same Argand diagram the locus of points satisfying
a |z-—2i| =| z — 8i|, hzlrg{z—2—11="f.

The complex number z satisfies both |z — 2i| = |z — 8i| and arg(z — 2 — i) =

R

¢ Use your answers to parts a and b to find the value of z.

Solution:

a |z — 2i| = |z — Bi

perpendicular bisector of the line joining (0, 2) to (0, 8), having equation y = 5.

bargz-2-i)==
2 ) =7
is a half-line from (1, 1), as shown below.
¥ arglz —2-1i) =7
(0, 8)e
y =35
z—2i =z-8i
0,2 z
I N - --
0 2 %

c |z=2i=z=8il=¥y=35 )
|_1='I—2—'=‘i!-r—-;.e'“'l +';_ _=7]—
arg(z i) 1 glx + iy — 2 — i) 3

»argllx —2)+ iy — 1)) = 117
y—-1r 4
Yi—n g
y—1_
k=0 1
A Y —T=28—-72
ry—x—1 @
Substituting @) into @ gives 5=x—1
— ﬁ — 7""

Therefore, 2 =6 + 5i

© Pearson Education Ltd 2C
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Exercise F, Question 11

Question:

Sketch on the same Argand diagram the locus of points satisfying
m
alz—3+2i=4 b arg(z— 1) =-—4.

The complex number z satisfies both |z — 3 + 2i| = 4 and arg(z - 1) = —%T.

Giventhatz=a + ibwhereae Rand b 2 H,
¢ find the exact value of @ and the exact value of b,

Solution:
Va
lz—3+2il=4
alz—3+2i=4
/ is a circle centre (3, —2)
ol ¥ x radius 4,
¥ 7 = ! — - —l]-
b arglz-1) 1
is a half-line from (1, 0)
making an angle of — 1“'
with the positive x-axis.
arglz — 1) = -1
€ |lz—3+2i=4=x-3P+(y+2)7%=16 D)
¥ — :—E_.;. 7| iv — =7
arg(z— 1) 1 arglx + iy — 1) 1
=arg(x — D +iy) = -7
N AR Y
o tan| —4-]
y ¥ =
Tx—1
=y=-lx—1)
y=-x+1 @ forx>=1,y<0

PhysicsAndMathsTutor.com
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Substituting @ into @ gives (x -3+ (—x+1+2)2=16
=x=37+(-x+3¥=16
=x2-6x+9+x2-6x+9=16
= 2x2 - 12x + 18 =16
22 —-12¢+2=0

2x2-6x+1=0

_6%36 - 4(1)(1)

=X 5
fx=612~.-'ﬁ
% G B :zﬁf'
:xzﬁéhf
=>x=3*2/2

asx > lthenx =3 £ 2v2
@=y=-(3+2/2)+1
sy =-3-2/2 +1
=y=-2-2/2
Therefore, z = (3 + 2V2) + (-2 — 2/2)i

Soa=3+2/2, b=-2-2/2

© Pearson Education Ltd 2C
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Exercise F, Question 12

Question:

On an Argand diagram the point P represents the complex number 2.
Given that |z — 4 — 3i| = §,

a find the Cartesian equation for the locus of P,

b sketch the locus of P,

¢ find the maximum and minimum values of |z for points on this locus.

Solution:

alz—4-3il=8=|z-4+3i) =8
circle centre (4, 3), radius 8
Hence the Cartesian equation of the locus of Pis (x — 4)> + (y — 3)° = 64

Y

¢ |7 is the distance from (0, 0) to the locus of points.
|2l may is the distance OX.
|zl i 18 the distance QY.
Noteradius=CY¥=CX =38
and OC =v4 + 32 =425=35
2 x =O0C+CX=5+8=13
2l in =CY—-0C=8-5=3

The maximum value of |2 is 13 and the minimum value of |2 is 3.

© Pearson Education Ltd 2C
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Exercise F, Question 13

Question:

On an Argand diagram the point P represents the complex number 2.
Given that |z — 4 — 3i| = 8§,

a find the Cartesian equation for the locus of P,

b sketch the locus of P,

¢ find the maximum and minimum values of |z for points on this locus.

Solution:

i Locus of Pix, y) arg (z + 4) =7

=
=Y

(=4, )

b |z is the distance from (0, 0} to the locus of points.
Marked as d,;, on the Argand diagram is the minimum value of |z,

Hence,
- 4 *
“I' croiism a1
%‘ - 5"'”[;%]
dyi = 4sin ';’|

Hence the minimum value of |2| is |2, = 2v3.

© Pearson Education Ltd 2C
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Exercise F, Question 14

Question:

The complex number z = X + iy satisfies the equation [z + 1 + 1| = 2|z + 4 — 2i|.

The complex number z is represented by the point P on the Argand diagram.
a Show that the locus of P is a circle with centre (-5, 3).
b Find the exact radius of this circle.

Solution:

alz+1+i=2z+4-2i

sl +iy+1+il=2x+iy+ 4 - 2i

> [(x + 1) +i(y + 1)| = 2l(x + 4) + i(y — 2)|
S+ D+iy+ DE=2%x+4) + iy - 2)2

sx+ 1P+ (y+1)P=4lx+ 47+ (y — 2)Y
X+ 20+ 1+y+2y+1=4[x>+8x + 16 + y* — 4y + 4]
sxl+ 2+ 1+ + 2y + 1 =422+ 32c + 64 + 492 — 16y + 16
+0=3x>+30x+3y° - 18y +64+16—-1-1

> 32+ 300+ 32— 18y + 78 =0

= x*+ 1 +y* -6y +26=0

> X+ 52 =25+ (y—-3P-9+26=0

X+ 5P+ (v—32=25+9-26

> @x+572+(y-32=8

Therefore the locus of P is a circle centre (-3, 3). (as required)

b radius =8 = JIV2 = 2,2
The exact radius is 2v2,

© Pearson Education Ltd 2C
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Exercise F, Question 15

Question:

[f the complex number z satisfies both arg z = "; and arg(z — 4) = ET

a find the value of 7 in the form a + ib, wherea € Rand h € R.
b Hence, find arg(z — 8).

Solution:

argz—4)=73

From part b arg(z — 8) =

m

2
3"

argz = -3?3:- arg{x+iy}=?§7
S
'_:,'Er:-]lj-l—"-ﬁ
X

=y=V3x(forx>0,y>0) @®
arg{z—ii}:%r—?*x-_"”fﬁf.}’}m @

Substituting @ and (@) gives y = V3 (4) = 43

The value of z satisfying both equations is z = 4 + 43 1.

PhysicsAndMathsTutor.com
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b arg(z — 8i) = arg(4 + 4/31i — 8)
= arg(—4 + 4/31) = 0

Y

(—4, 4v3)

43

-
]
Y

S 0= 9 —tan '(4v{3]—w—5
3
=27
Oy

Therefore, arg(z — 8) = %T

© Pearson Education Ltd 2C
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Exercise F, Question 16

Question:

The point P represents a complex number 7 in an Argand diagram.

Given that |z + 2 — 2/3i| = 2,
a sketch the locus of P on an Argand diagram.
b Write down the minimum value of arg 2.

¢ Find the maximum value of arg z.

Solution:

PhysicsAndMathsTutor.com
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lz+2-=2/3i|=2isa
circle centre (=2, 2v'3),
radius 2.

=Y

C Ya

=Y

The maximum value of arg z is g +d+ = %T + 2.

2

tan ¢ = —
¢ 243

1
— % tﬂ” = =
¢ V3

. = 1V _ T
= ¢ = tan II_E]_E

Sm
=

ol

arg{zlnmx = %I‘“'_ 2[
5w

The maximum value of arg(z) is 3

© Pearson Education Ltd 2C
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Exercise F, Question 17

Question:

The point P represents a complex number z in an Argand diagram.

kI

4

Given that argz — arg(z -+ 4) = = is a locus of points P lying on an arc of a circle C,

a sketch the locus of points P,

b find the coordinates of the centre of C,

¢ find the radius of C,

d find a Cartesian equation for the circle C,

find the finite area bounded by the locus of P and the x-axis.

1]

Solution:
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a arg(z) —arg(z + 4) = %”

> §—¢= ’f where arg(z) = fand arg(z + 4) = ¢

"l"u
P
from AAOP,
APO + ¢ =10
> APO=0- ¢
f S APO =T
.¢ N X = APO 3
A(—4,0) 0 %

The locus of points P is an arc of a circle cut off at (—4, 0) and (0, 0), as shown below.

Ay
A(—4,0) o x
b 1‘15
3
C
b
A(—4,0) ¥}

Therefore the centre of the circle has coordinates (=2, 2).

cr=v224+2¢= xg = \13‘2 = 2‘.*"2’
Therefore, the radius of C is 2v2.

d The Cartesian equation of Cis (x + 2)> + (y — 2)* = 8.

PhysicsAndMathsTutor.com
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e Finite area = Area of major sector ACO + Area AACO

= 20827 - T) + J(4)2)
=5 @)(2m-F)+4

= 4{37) + 4

=o6mrt+4

Finite area bounded by the locus of P and the x-axis is 67 + 4.

b, ¢, d Method @:

argz — arg(z + 4) = arg (z _f )

P b
_m4x+w+J

X+ iy
(x +4) + iy

_ [ (x+ iy) (x+4) — iy
St + iy k) =iy

= arg

‘x(x + 4) — iyx + iy(x + 4) +»°
(x + 4)2+y*

' +4) + 32 + 4) — yx'
= arg (:r—{x ,J y1)+i_}'—{x 1 _}’.:-'
lx+a97+y° (x + 47 +y2
f 2 4 + yZ + —
= arg W){-iw
|\ (o +4)= + y° (x + 4)* + ¥*
x4 dx + y? [ 4y
= i AL, AN (155 | N ARN—
am_w+4ﬁ+f) .m+4ﬂ+f]
A
i 7 o\_m {x+413+y3J_ o
MWW%”H?Iﬂ'E*;ﬁ+u+yr-mﬂﬂ-l
{-x+413+_}'2)

=4y =x2+4x +y°

—sﬂ=x3+4x+y1—4_}r

>@+2P—-4+(y—-2—-4=0

= (x+22+(y-22=8
=@+ 22+ (y - 22 = (2V2)

PhysicsAndMathsTutor.com
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Exercise G, Question 1

Question:

On an Argand diagram shade in the regions represented by the following inequalities:

alz <3 blz-2i>2 clz+7=|z-1] d|z+6|>|z+ 2+ 8i
e 2=z =317 fl=sz+4i=4 g83=<|z—3+5i=5 h 2|z .|z - 3
Solution:

a

|zl = 3 represents a circle centre (0, 0), radius 3

b |z-(2i)>2

clz+7=|z-1]

|z + 7| = |z — 1| represents a perpendicular bisector

of the line joining (-7, 0) to (1, 0) which has equation
x=-=3

EE PP
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d|z+6/>[z+2 + 8i

|z + 6| = |z + 2 + 8i| represents a perpendicular bisector
of the line joining (-6, 0) to (-2, —8).

lx + iy + 6] = |x + iy + 2 + 8i|

= x+6+iy=|(x+2)+i(y +8)

= @+ 6) +iy2 = |(x + 2) + iy + 8)2
S>X+6P+yY=(x+27+(y+87?

S a2+ 120+ 36+y*=x>+4x + 4+ + 16y + 64
= (2x + 36 = 4x + 16y + 68

= 8x + 36 — 68 = 16y

= 8x — 32 = 16y

Sy=35-2

oS

2<|7 <3

|z| = 2 represents a circle centre (0, 0), radius 2
|z| = 3 represents a circle centre (0, 0), radius 3
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f 1<|z+ 4

|z + 4i| = 1 represents a circle centre (0, 4), radius 1.
|z + 4i] = 4 represents a circle centre (0, —4), radius 4.
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h 2|zl = |z - 3|
Consider 2|zj = [z —3| letz=x+ iy
2k + iyl = |x + iy — 3|
4P+ y) = (x - 3P +y?
X+ 4yl =xt—-6x+9+y
I +ex+32—-9=0
(x+12-1+32-3=0
+12+y2=4
Circle centre (—1, 0) radius 2.
Consider z=01in 2|z = [z — 3|
2X0=3
So z = 0 is not in the region.

© Pearson Education Ltd 2C
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Exercise G, Question 2

Question:

The region R in an Argand diagram is satisfied by the inequalities |z = 5
and lz| = |z — 6i]. Draw an Argand diagram and shade in the region R.

Solution:

PR
iz| = |z — 6i!

lzl = Iz — 6il iz| = 5 represents a circle centre (0, 0),
radius 5
|z| = |z — 6i| represents a perpendicular
bisector of the line joining (0, 0), to (0, 6)
and has the equation y = 3.

© Pearson Education Ltd 2C
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Exercise G, Question 3

Question:

Shade in on an Argand diagram the region satisfied by the set of points Pix, y), where

lz+1-=il=1 elt‘ldf}*&elrgz{‘J’Tﬂ.

Solution:

lz+1-—il=1 [z=(-1—-1) =1
o . Ya Inside of a circle centre (—1, 1) radius 1
arg /=%

£+ 1 =il =1

arg z = -‘-_-:-Tn a half-line with equation y = —x, which goes through the centre

of the circle, (—1, 1).

© Pearson Education Ltd 2C
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Exercise G, Question 4

Question:

Shade in on an Argand diagram the region satisfied by the set of points P(x, y), where

Izl = 3 and %r:: argiz + 3)=m

Solution:

[z} = 3 and —T—lé argiz+3)=w

z| = 3 represents a circle centre (0, O) radius 3.

X

4
Note it passes through the points (=3, 0) and (0, 3).

arg(z + 3) = = is a half-line with equationy - 0=1x+3)=y=x+3,x>0.

arg(z + 3) = wis a half-line with equationy = 0, x < -3.
¥a

ara (2 =0
arg (2 + 3) =3

|2l = 3 and
3 =arg(2l13)=n

arg{2+3)=na

IZl =3

© Pearson Education Ltd 2C
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Exercise G, Question 5

Question:

a Sketch on the same Argand diagram:

i the locus of points representing |z — 2| = |z — 6 — 8i|,

ii the locus of points representing arg(z — 4 — 2i) = 0,

iti the locus of points representing arg(z — 4 — 2i) = g

The region R is defined by the inequalities |z — 2/ =z—6—8ilandO=arg(z— 4 - 2i) = %r
b On your sketch in part a, identify, by shading, the region R. )

Solution:

a |z — 2| = |z — 6 — 8i represents a perpendicular bisector of the line joining (2, 0) to (6, 8).

k+iy—2|=lx+iy—6-—8i

= |(x — 2) +iy| = |[(x — 6) + iy — 8)|

= |(x — 2) + iy]? = |(x — 6) + i(y — 8)|2

>x—-20+y =@x-6y+(y-8)7°

»x2—4dx +4+y =x"—12x+ 36 +y* — 16y + 64

»—4x +4=—12z - 16y + 100

>8x + 16y — 9% =0 (+8)

= x+2y=12=0

s 2y= —x4-]12

=1

= yV=—x+0
. &

ilz—2|=|z— (6~ 8i)

~|

Iz — 2l = Iz — 6 — 8l \

) X

iliarg(z—4-2i) =3

fargz -4 +2i=0

© Pearson Education Ltd 2C
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Exercise G, Question 6

Question:

a Find the Cartesian equations of:

i the locus of points representing |z + 10| = |z — 6 — 4/2il,

ii the locus of points representing |z + 1| = 3.
b Find the two values of z that satisfy both |z + 10| = |z — 6 — 4/2iland |z + 1| = 3.
¢ Hence shade in the region R on an Argand diagram which satisfies both

lz+ 10/ <|z— 6 —4/2i|and |z + 1| = 3.

Solution:
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ai |[x+iy+10/=x+iv—6— 4/2i

S0 (x+ 102 +y2=(x—-6P7+(y—-4/2)2
&+ 200 + 100 +47 =2+ 12x + 36 + 4% — 8/2y + 32
32x = —8/2y - 32
8VZy+ (x+1)32=0
y+x+1)2V2=0
y=-22x+1)

H e+ 1P +yt=9

(x*+ 2x + y* = 8)

b Substitutey = —2v2 (x + 1)into (x + 1 +y*=9

x+ 17 +8x+1)07=9

Yx + 1) =9
x+1==]
x=0 -2 (0, =2vZ) and (-2, 2v2)

z=-2/21and z=-2 + 2VZi

(-2,V9\—13

\1?_+1I=Zi

2 [0 /2 %

AT —2v3)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 3

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise H, Question 1

Question:

For the transformation w = z + 4 + 3i, sketch on separate Argand diagrams the locus of w when
a 7 lies on the circle |z = 1,
b z lies on the half-line argz = ;T

¢ zlies on the line ¥ = x.

Solution:
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w=z+4+3i
a (2] = 1is acircle, centre (0, 0), radius 1

METHOD @) |z| is translated by a translation vector (i) to give a circle, centre (4, 3),
radius 1, in the w plane. ’

METHOD @ w=2z+4+3i
=w—4-3i=2z
= |w—=4-3i|=|z

= lw—4-3i|=1

The locus of w is a circle centre (4, 3), radius 1.

T A e — 4 — 3il = 1

0 3 4 5 o
b g =2

argz )

METHOD @ argz = +2"1'i5 translated by a translation vector [j) to give a half-line from (4, 3)
at %’f with the positive real axis.

METHOD®@ w=2z+ 4 + 3i
>Ww—4-3i=2

Soargz = -gz;- arg(w—4 — 3i) = -213'

(A
arg (w — 4 — 3i) =3
o
34 =<
: The locus of w is the half-line
5 with equation u = 4, v > 3.
0 : "
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cCy=x
w=2z+4+3i
> Z=w—4-3i
=x+tiy=u+iv—4—4
Sx+tiy=WU-4) +ifv-3)
y=x=v—-3=u-4
SV=H4—4+3
= v=u-1

The locus of wis a line with equation v=u — 1.

0

v=u=—l1

7
#

© Pearson Education Ltd 2C
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Exercise H, Question 2

Question:

A transformation T from the z-plane to the w-plane is a translation with translation vector

L W= ria a e riry
: 3) followed by an enlargement scale factor 4, centre O. Write down the transformation 1

intheformw=az + b, wherea, be C.

Translation || % ]

Solution:

Enlargement scale factor
4 centre (0, ()

Hence T: w = 4(z — 2 + 3i)
=4z -8+ 12i

The transformation Tisw =4z -8 + 12i Note:a=4,b= -8+ 12i.

© Pearson Education Ltd 2C
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Exercise H, Question 3

Question:

For the transtormation w = 3z + 2 — 5i, find the equation of the locus of w when 2 lieson a
circle centre O, radius 2.

Solution:

w=23z+2—5i

METHOD @)  zlies on a circle, centre 0, radius 2.

- |2l =2
w=3z+ 2 - 5i
=w— 2+ 5 =23z

> lw— 2 + 5i| = |3z
» |lw—2 — 51| = |3||2
= [w— 2 = 5i| = 3|7
s w =2 = 51| = 3{2)
> w—2—15i=6
= |lw—=(2—=5i) =6

So the locus of w is a circle centre (2, =5), radius 6 with equation (1 = 2)* + (v + 5)* = 36.
METHOD @  zlies on a circle, centre 0, radius 2.

l [ enlargement scale factor 3, centre 0. ‘

3z lies on a circle, centre 0, radius 6.

translation by a translation vector | _ %:.

3z + 2 — 5ilies on a circle centre (2, —5), radius 6.
So the locus of w is a circle, centre (2, —35), radius 6 with equation (1 — 2)> + (v + 5)* = 36.

© Pearson Education Ltd 2C
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Exercise H, Question 4

Question:

For the transformation w = 2z — 5 + 3i, find the equation of the locus of w as z moves on the
circle [z — 2| = 4.

Solution:
smoveson acircle |z — 2| = 4

METHOD Q) w=2z-5+ 3i
W+ S5—=31=2z

Wy =31

> z
w+ 5 - 3i e
hy 2 2 7 2
w+5—31—4 _ .
_2 2z 2
w+1-=3i_.
3 =z—2
w+ 1 — 3i
2 —;P.' 2
w+1-—231
= |z =2
2]
» W+ 1—3ij=2lz — 2
= [w+ 1 — 3i| = 2(4)
= w+1-—3ij=8

s lw—(=1+3i)|=8

So the locus of w is a circle centre (—1, 3), radius 8 with equation (u + 1)* + (v — 3)* = 8.

METHOD® |z—-2/=4
7 lies on a circle, centre (2, (1), radius 4

l enlargement scale factor 2, centre 0.

2z lies on a circle, centre (4, 0}, radius 8.

]

w= 2z = 5 + 3i lies on a circle centre (=1, 3), radius 8.

translation by a translation vector I'L_g I

So the locus of w is a circle, centre (—1, 3), radius 8 with equation (1 — 1) + (v — 3)* = 8.

© Pearson Education Ltd 2C
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Exercise H, Question 5

Question:

For the transtformation w = z — 1 + 2i sketch on separate Argand diagrams the locus of w when:
a 7 lies on the circle |z = 1| = 3,

T

b z lies on the half-linearg(z — 1 +1i) = i

¢ zlies on the line y = 2x.

Solution:
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w=z-1+2i

a |z — 1| = 3 circle centre (1, 0) radius 3.
-1

METHOD Q) |z = 1| = 3 is translated by a translation uetmr( 7

J to give a circle,
centre (0, 2), radius 3, in the w-plane.

METHOD(®@ w=2z-1+2i
= W=21=z-=1

= lw—2i| = |z =1
= lw—2ij=3

The locus of w is a circle, centre (0, 2), radius 3.

[aF'Y

w+p—-2¢=9

& N

=]

bargiz-1+1) =f half-line from (1, —1) at %” with the positive real axis.

METHOD Q@ arglz—1+1i) = gis translated by a translation vector [ _;) to give a half-line

T with the positive real axis.

4

METHOD @ w=2z-1+2i
>w+1—21=z

from (0, 1) at

m
4
becomes arg(w + 1 — 2i — 1 + i) =f"1"

Soarglz—1+i) =

= arg(w — i) = TIT
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Therefore, the locus of w is a half-line from (0, 1) at s

3 with the positive real axis.
LA

arg (w — i) =7

cCy=2x
w=z—142i
=2Z=w+1-2j
>x+iy=u+iv+1-—2i
sx+ivy=u+1+4+ilv=2)
Soy=2x=v—-2=2{u+1)
Sv—2=2u+2
=2 v=2u+4
I'he locus of w is a line with equation v = 2u + 4.

La

v=2u+4

© Pearson Education Ltd 2C
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Exercise H, Question 6

Question:

For the transformation w = J £ # 0, find the locus of w when:

a z lies on the circle |2] = 2,

b z lies on the half-line with equation arg z = f

¢ z lies on the line with equationy = 2x + 1.

Solution:
S
W=z ZF 0

a zlies on a circle, [z| = 2

s
W=
> wl =|1]
I
= W = —
7|
= || = ; —— apply |2| = 2

1

Bl

Therefore the locus of w is a circle, centre (0, (1), radius

b z lies on the half-line, arg z = 11-

S I S |
: I - ;--rlllzf
Soargz =, becomes arg| -+ | 1
= arg(1) — arg(w) = ¥

_
= —AIgW = g —— arg 1 =0
— FIW = _?T
— argw 3

Therefore the locus of w is a half-line from (0, 0) at —1"

The locus of w has equation, v = —u, u >0, v <0,

PhysicsAndMathsTutor.com
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¢ zlieson theliney =2x + 1

o g opergean
W= = wz =1 LT g
=x+iy= L.
I+ iv
’ H—iv
=x+iy= 1_ ( _}
{0+ iv) (u — iv)
. = iv
=X+iy=
Y ut + v2
p I o=V
= x+iy= +|[ J
L A 1w+ 12
- ” _!’.l
Sox = andy = ——
L + e Y e+ 2

Hencey=2x + 1 bemmes“

Therefore, the locus of w is a circle, centre [Hl, -

(+ 12+ (v+ ;) =

e LN

© Pearson Education Ltd 2C
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= =V =2u+ ut + 2
=0=w+2u+v+v

> u+12-1+ [:1J+ %]2

= (u+ 1)2 +

E—

=>{a:+1}2+(

= X (1* +v?)
R N LR

=
+

[ T w1
b b
Il
—— hlwn
|
—

-
+
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Exercise H, Question 7

Question:

For the transformation w = 22,

a show that as z moves once round a circle centre (0, 0), radius 3, w moves twice round a
circle centre (0, 0), radius 9,

b find the locus of w when z lies on the real axis, with equation y = 0,

¢ find the locus of w when z lies on the imaginary axis.

Solution:

w=z

a 7 moves once round a circle, centre (0, 0), radius 3.
The equation of the circle, [z| = 3 is alsor = 3.
The equation of the circle can be written as z

or

Jeld

3 (cosp + isin )

> w=z"= (3(cosf + isin )
3*(cos26 + isin 24d) de Moivre’s Theorem.

Q{cos20 + isin 26)

S50, w= 9(cos 26 + isin 28) can be written as lw| =9

Hence, as |[w| = 9 and argw = 26 then w moves twice round a circle, centre (0, 0), radius 9.
b z lies on the real-axis =y =0

Soz=x+iybecomesz=x(asy=1{)

2 Wi 22 = it

= i+ iv = x2 +i(0)

s pu=x*andv=0

Asv =0and u = x* = 0 then w lies on the positive real-axis including the origin, 0.
¢ zlies on the imaginary axis = x =0

S0z =x+ iy becomes z = iy (asx = 0)

>W=72=(iy)? = —y?
=+ iv ==y + i(0)
s u==ylandv=0

As v = 0and u = —y* = 0 then w lies on the negative real-axis including the origin, 0.

© Pearson Education Ltd 2C
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Exercise H, Question 8

Question:

If zis any point in the region R for which |z + 2i| < 2,

a shade in on an Argand diagram the region R.

Sketch on separate Argand diagrams the corresponding regions for R where:

bw=2z-2+5]j
Cc w=4z+ 2 + 4i,
d |zw + 2iw| = 1.

Solution:

PhysicsAndMathsTutor.com
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Iz +2i <2

a |z + 2i| = 21is a circle, centre (0, —2), radius 2.

lz 4+ 24l <2

bw=z-2+5i
W+ 2—5i=2
224+ 2i=w+2-5i+2i
=7z+2i=w+2-—3i
=lz+ 2| =|w+ 2= 3i
As|z+2i| <2, then |z +2il=|w+2-3i|<2
Note that |w + 2 — 3i| = 2 is a circle, centre (-2, 3), radius 2.

[BF
...-5

3 lw + 2 — 31 <2

C w=4z+ 2+ 4i
>w—2—-4i=4z

¢w=z
:bz+21=———-w_zﬁ4i+2i
4
N 4
_—,;..3+2§=w
3
= |z +2i = |W=2 + 4
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lw— 2 + 4i|
= |z + 21| =21
ST
— 2 + 4i
= |z + 2i =_—jw u
4
~ 2+ 4i
As |z + 2i| < 2, then |z+2i|=1w—§—ll-{2

=w—2+4i<8

Note that |w — 2 + 4i| = 8 is a circle, centre (2, —4), radius 8.

i

e — 2+ 4l <8

d zw+ 2iw| = 1
= |wz+2i)=1
= |w| [z+2i|=1

=>|z+2i|=—1-

Wl

As |z + 2| < 2, then |z + 2i =ﬁ«:2

= 1 < 2|w|
|

=;E<:|w]

= |w| >%

Note that |w| = ; is a circle, centre (0, 0) radius 3.
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Exercise H, Question 9

Question:

For the transformation w = = | . £ # 2, show that the image, under T, of the circle centre O,

2 g
radius 2 in the z-plane is a line / in the w-plane. Sketch  on an Argand diagram.

Solution:
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Circle, centre 0, radius 2 in the z-plane = 2| = 2

T:w=ﬁ

Sw2-2=1
= 2w —wz =1
=2w-1=wz

2w—1

W

=

w

2w -1
= =g

Wi S
Applying |z| = 2 gives | Twl b=

= 2w — 1| = 2|w|
= [2(w — )| = 2iw|
= 2/ |(w = 3)| = 2{w|

= 2|w—3| = 2|w|

|
3|

[ 1| =
=>|w—i|—|w|

Page2 of 3

The image under T of |z| = 2 is the perpendicular bisector of the line segment joining (0, 0)

and (%, 0). Therefore the line { has equation u = .

3

Ua !

16 — 4w|
Ml ]

W

[z — 4| < 4 gives

=16 — 4w < 4lw|
which leads to |w — 4] < |w|

= |w| > |w — 4

Ua
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Exercise H, Question 10

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv, is

16

given by w = 7 & #+ 0,

a The transformation T maps the points on the circle |z — 4| = 4, in the z-plane, to points
on a line [ in the w-plane. Find the equation of /.

b Hence, or otherwise, shade and label on an Argand diagram the region R which is the
image of |z — 4/ < 4 under T.

Solution:

i — 1O
f.u—T
lz— 4] =4

=16

W Vi

- Wz =16

i BB
vz—4=32—4

w4 16— 4w
_ |16 — 4w
=z — 4| = “w |
16 — 4w
= |z — 4] = 129
[w
16 — 4wl
Applying (z — 4| = 4 gives | m = 4
—d{w — 4
s { ) = 4w
w

=4 |lw =4 =4\w
= 4w — 4| = 4w
- lw— 4| = |w

The image under T of |z — 4] = 4 is the perpendicular bisector of the line segment joining
(0, 0) to (4, 0). Therefore the line | has equation u = 2.
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Exercise H, Question 11

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv,

3
2 -
Show that under T the straight line with equation 2y = x is transformed to a circle in the

3 3
)

is given by w = 7 2 # 2.

w-plane with centre | | radius _Iix 5.

Solution:

Tiw=53_, 242

=w2-2)=3

= 2w —wz =3

=2w=34+ wz
»2w—=3=wz

s 2w — 3 _
W

;= 20+ iv)— 3
j i+ iv
- (2u = 3) + 2iv
- u+iv
s [(2u — 3}.+ 2iv] " [t — !v|
[u + iv] [t — iv]

i

, (20 — 3w — iv(2u — 3) + 2iuv + 2072

W+ 2

g s S — 2471 + 3iv + 2471 + 212

' w +v?

Bt 2 .
;:_KZZH 35::?;21 +i 33,; 2]
e+ v u + v

S0, x + iy = 2u® - 3u+ 2v% i[ 3y ]

: u* + v? e+ 2

i 2 = Ju 4 2V
' u? + v2

v
u? + v2

andy =
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v 2% — 3u + 22
As, 2 =x-_>2( . =] =
Ot u® + v-J w + 2

6V _ 2w —3u+ 22
e + v? u + y2

= 6v = 2u? — 3u + 22
= 0= 2u - 3u+ 2v2 — 6v

=2 -3u+2v-6v=0 (+2)

ﬁ;iz—%;w v —3v=0
(o4 e - -3
(o3 - -3
N R

N R

The image under T of 2y = x is a circle centre [;, ;], radius %xﬁ, as required.

© Pearson Education Ltd 2C
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Exercise H, Question 12

Question:

The transtormation T from the z-plane, where z = x + iy, to the w-plane where w = u + iy,
—iz +1i
Z+1
a The transformation T maps the points on the circle with equation x* + y* = 1 in the

z-plane, to points on a line [ in the w-plane. Find the equation of .

15 given by w = i S

b Hence, or otherwise, shade and label on an Argand diagram the region R of the w-plane
which is the image of |z| = 1 under T.

¢ Show that the image, under T, of the circle with equation x* + y* = 4 in the z-plane is a
circle € in the w-plane. Find the equation of C.

Solution:

PhysicsAndMathsTutor.com
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T:w= ;ii_"qi,z#—l

a Circle with equationx? + y* = 1 = [z] =

—iz +i
W= ——=
z+1
=wliz+ 1)=—iz+1i

= wz+w=—iz +1

Swztiz=-i—-w
=zw+ij=i—w
=:-z=—i_w
> l2l= ‘w+1'
_li=-w
> =
. i—w
Applying |2/ =1 =1 =||w—+i—||
= lw+il =i —w
= lw+i|=|(=1)(w— i)
= [w+il = [(=1)][(w— i)
= |w+il=|w-i

Page2 of 3

The image under T of ¥ + ¥* = 1 is the perpendicular bisector of the line segment joining

(0, —1) to (0, 1). Therefore the line /, has equation v = 0. {i.e. the u-axis.)

..._wl
[w + i

= |w+i|=|i—w

blzlsl=1ls=

= lw+ il =|w-—i

PhysicsAndMathsTutor.com
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¢ Circle with equationx? + y? =4 = |z| =2

from part a w= —iz + i
P zZ+

—

.|"—

Applying [z| =2 =2 =

= 2lw +i| =i — w|

= 2w + i = |[(—=1)(w — )|

= 2|w + i} = |[(=1)[|(w —1)|

= 2w+il=|w=i

= 2u+iv+il=ju+iv—i

= 2u+i(v + 1) = [u + i(v = 1)

= 2u+i(v+ D2 =|u+ilv-1)]

= 42+ (v+ 1)3] = ? + (v — 1)
=42+ 12+ v+ 1 =12+ 2= 2v + 1
=4t + 42+ 8v+4 =2+ v -2r+1
=3+ 3+ 10v+3=0

10

=>uz+v2+Tv+l=G

The image under T of x* + ¥* = 4 is a circle € with centre (ﬂ, =

S

2
Therefore, the equation of Cis u® + [v + §] 16

?-

© Pearson Education Ltd 2C
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Exercise H, Question 13

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv,
4z — 3i
el O
Show that the circle |z| = 1 is mapped by T onto a circle C.
Find the centre and radius of C.

is given by w = 2%+ 1.

Solution:

4z — 3i

w= e —

241

Circle with equation |z| = 3

_ 4z = 3i

w
z2—1

]

= w(z—1)=4z — 3i
= WwZ—w=4z — 3j
swz+4z2=w-3i

s Zw—4)=w— 3i

o W
“ =R
_ 11'—3i‘
w—4
gt w—3i
T lw=4
w— 3i
Applving 2| =3 =3 =
pplying w— 4

PhysicsAndMathsTutor.com
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= 3w — 4| = |w— 3i|

= 3+ iv— 4| = |u + iv — 3i|

= 3|t —4) +iv| = |u+i(v = 3)|

= 3P| (u-4)+iv?=|u+iv-3)?

= 9(u— 42+ v =u?+ (v— 3)?

=9 —Bu+16+v|=w+vi-6v+9
=90 - 72u+ 144+ MW=l +v2-6v+9
=81 —72u+ 8+ 6v+ 144 -9=0
=8 —72u+ 82+ 6v+135=0 (=8)

:>!12-9;1+-.J2+%v+%=u
=:-(u-g)z—%+{v+§}z—%+%=n
(o oo B3 4
== (H —g)2+ (v+%)z=%

o (o9 3 -

Therefore, the circle with equation |z| = 1 is mapped onto a circle C with

S LB (Y |
Lenlrt,(z 8)' radlusg,

© Pearson Education Ltd 2C
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Exercise H, Question 14

Question:

The transtormation T from the z-plane, where z = x + iy, to the w-plane where w = u + iy,

R 1 ;
is given by w=—— 7z # —|.
5 ? 2+ i

a Show that the image, under T, of the real axis in the z-plane is a circle C, in the w-plane.
Find the equation of C,.
b Show that the image, under T, of the line x = 4 in the z-plane is a circle C, in the w-plane.
Find the equation of C..
Solution:
1

Liw=s——, f g —}
z 41 4

a Real axis in the z-plane = y =0

=w(z+il=1
1

swz=1-iw

= Wz + iw

o1 —iw
- L= W
1 —i(u+ iv
;\-_Z.:—{_ }
n+iv
. 1 —iu+v
b= ——
. T
1+ v)—iu u—iv
>z=L{ ) lx{ )

(u + iv) (i =iv)

(1 4+ viu—ivil +v) — i — uv
L F o= 3 =
u + v2

(1+viu—uv  il—v(l +v)—u?
& g 2} : © (—w( i l} )
-+ v e+ ve

y =y, i(=v=v:=ut
gt uv—uyv, I )

A

u? 4 e 1t + v
- i i{_'lr" — - ”2]
A —
n? + vl 12 + 2
2 7 s
; . i | b " e ' o
Sox+iy=
e . u? + vt
T
. u v—1v—u
sX = and y= —————
2+ v % 1t + 2

PhysicsAndMathsTutor.com
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—_ — R — e
Asy=0,——5———==0
Y u? + v

= =y=1v2=12=0
=W+ v +yv=0

:;-r:2+(v+%)2-%=ﬂ

=>-HZ+['L’+%J =

2 2

(v df -

Theretore, the image under T of the real axis in the z-plane is a circle C; with centre
1

_l e L ) i s | 2 _'_l 2=l
(U, 2), radius 5 The equation of C, is u +(v } 2) i

bAsx=4 - % =2
s + v-

= g = 2(u® + v2)
= = 2u+ 22

=0=21—u+2v? (+2)

| —

=0=u—-zu+ v
=>(]=[In—%]2—%+v3
:;-(u—%]z+v3=%
=:-(u—-%]3+v2=(‘li)z

Therefore, the image under T of the line x = 2 is a circle C; with centre (% {}'], radius 31
1

The equation of C; is [.u 1) +1 3

© Pearson Education Ltd 2C
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Exercise H, Question 15

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv,

4

K,zqéﬂ.

is given by w =2z +

Show that the transformation T maps the points on a circle |z| = 2 to points in the interval
| =k, k] on the real axis. State the value of the constant k.

Solution:

PhysicsAndMathsTutor.com
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T:w=z+;,xy‘ﬂ

Circle with equation |zl =2 = x* + y? =4

W=;-:+%
2
=.:‘H"=‘5J_:LI.
L @+iy)t+d
g _x3+2x_}fi—y3+-;
[(x2 — ¥2 + 4) + i(2xy)]
= W= i
x+1y
- S . i
R (€5 B (227 Bl 1)
(x + iy) (x — iy)

x* = xy? + 4x + 2xy? +i(2xy — 22y + 3 - 4y)

IE +J,E

_ [t _xy;‘ +_EII + i{-},j _IZ-}, _ﬂll
XA y* J x*+ y?

Lo XY D) el +y - 4)

Apply 2 + 2 + 4 w=20 1D U1

4 4
8x  iyl)
W= T + >
=w=2x+0i

=+ iv=2x + 0i
=u=2x,v=0
As|z|l=2=-2=sx=<2
So —-4=2x=<4
and -4=us4

Page2 of 2

Therefore the transformation T maps the points on a circle |z| = 2 in the z-plane to points in the

interval |—4, 4] on the real axis in the w-plane. Hence k = 4.

© Pearson Education Ltd 2C
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Exercise H, Question 16

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv,
- 1l
is given by w = — ZF =3,

& ’ i B
Show that the line with equation 2x — 2y + 7 = 0 is mapped by T onto a circle C. State the
centre and the exact radius of C.

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Page2 of 3

T L ] o S S
I w z—+3,z;‘. 3

Line with equation 2x — 2y + 7 = 0 in the z-plane

iz 3

W zZ+3
=wz+ 3 =1
= wz+ 3w=1

swr=1-3w

e 1 = 3W
5
1 — 3{u +iv
=3 f: - —{.. }
u+ iv
v g 1 = 33U — 3iv
- s —_—
> o+ iv
[(1 = 3u) — 3] . (w—iv)
= F = - -
[(2 + 1v)] (1 —iv}
L, = 0 = 3wu - 3v: —iv(l = 3u) — i(3uv)
' u? + v
=32 =32 | v+ 3uv = 3uv)
=T 2 2 * F £l
0=+ v u? + v:
P 2 Rl i—v
oy U 3;:1 13'.= 1 i }1
1 + 2 u? +v?
. =3 =3, (W)
So,x + iy = = + —
' Y u? + 12 u + 2
— 22— 22
— 3:;1 _’31!
w + v
-
andy = ———
anay u? + v?

As2x — 2y + 7 = 0, then

U3V (V) +7=0

J2m—6ut—6v¢, v
w + v ur+ v

s+7=0 (X @ +v?)

= -6 -6+ 2v+ 7+ v =0

S 2U=-61C -6V +2v+ Tut+ 7vi=10

>+ 2u+vi+2v=0

= 1Y= L4 pd+1)F=1=0

>m+1P+v+1)2=2

S @+ 12+ v+ 1)2= (27

Thaorafmara tha tramncfarmatine T mane tha liaa P Tare LT = M im tha 2 nlana a0 oo ciecla &7 wsidh
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Exercisel, Question 1

Question:

(cos 3x + isin 3x)° s _ B _ T _ :
oA % — S in the form cos nx + i sin nx where » is an integer to be determined.

Express

Solution:

(cos 3x + isin 3x)°

COsSx —isinx

_ (cos3x + isin 3x)°
T COS(—x) + isin{(—x)

_ _ Coséx + isin6x
COS(—x) + 15in (—x)

= Cos(hx — —x) + isin(6x — —x)
= Ccos7x + isin 7x

© Pearson Education Ltd 2C
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Exercisel, Question 2

Question:

Use de Moivre's theorem to evaluate

a (-1 + i) ll—ll
(1 116
(2~ 31

Solution:

a(—-1+i°®

Ifz==1+1i, then

Vi
z(—1,1)

1 argz

=Y

r= =17+ 12=y2

= . — — =1 I i I = — 71' = j"ﬂ'
f=argz=m—tan"'| 1 J=ay 1= 3
i . = { I P |
=1 4 = 2 08 .
S0, —1 +1i |le 3 + isin 3 ]
N , 2178
Sl 4 1) = A Z{lcuzz. ‘T-T+ isin ‘T‘-'}
244 247

(vVZ )| cos 7 +isin=F)

= 16{cos 6 + isin 6m)

16(1 +1(0)

]

Therefore, (—1 + i)® = 16

PhysicsAndMathsTutor.com
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b

— 'f:]_“‘

L
3]

1 -
(T

Let z=1—1i, then

8 T

Ya

ONJargz ©  x

[ms{'—f} + isin| —f}]

w

(=30 = [g(eos(~3 + () "

= {2'1}'_“‘[: {.‘0‘5[ lﬂ) + '1sin[ 16ar

4 \
= 2%(cos 4w + isin 4m)
= 256(1 + i(0))

= 256
Therefore, O P 256
3 =3}

[y e ]

© Pearson Education Ltd 2C
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Exercisel, Question 3

Question:

a If z=cos @+ isin 6, use de Moivre's theorem to show that '+ = = 2 cos né.

V3
b Express (53 + ;]f in terms of cos 66 and cos 26.

¢ Hence, or otherwise, show that cos® 26 = a cos 60 + b cos 26, where a and b are constants.

d Hence, or otherwise, show that IL“ cos’ 26d6 = k3, where k is a constant.

Solution:

az=cosf+isiné

Z"=(cos # + isin A"

=cosn@+isinndg de Moivre’s Theorem.
% =z"= (cos 8+ isin )"
=cos(—n@) +isin{—nf de Moivre's Theorem.
=cosnf—isinnd
cos(—nf) = cosnd
sin{—n#) = —sinng
Therefore 2" + % =cosn@+isinn@+ cosnf—isinnd
i.e. z" + % = 2cosnd (as required)
\3 iy SO R
b (2 +5] =@ +3CE )+ G| 5) + (%)
bl | 2% i | 22}
— b 34l 1Y a2 1] 1
= 76 + 3z (7] + 3z l.z_i.) +E
: 3 1
=204+32+5+ =
2z B

[ 1} 2 1}
S+ | =3|2+ =
|-.? z“J 3(? 72 |
= 2cos68 + 3(2)cos 28

= 2cos60 + 6cos2e

[ V3
Hence, [23 + l?:| = 2cos68 + 6cos 20
1 i

PhysicsAndMathsTutor.com
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f V3
C |:x3 | -12 = (2¢c0s20)* = 8cos?’20 = 2cos 69 + 60529

zZ=}

;. €0s*20 = £cos 60 + £cos 20
Hence, cos’ 26 = {cos 66 + +cos 26

T

w
d L" cos® 26d6 = j” §€0s 60 + ;cos26df

1]

54 sin 66 + ﬁblll_ﬂ".”

= [3ysinw + 3sin (%)) — (55sin 0 + 25in 0)

%0 +3(3)) - ©)
= I—ixg

So, L“ cos® 20de = -]",-.’1.'3

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 3

Solutionbank FP2

Edexcel AS and A Level Modular Mathematics

Exercisel, Question 4

Question:

a Use de Moivre's theorem to show that cos 56 = cos #(16 cos* 8 — 20 cos” 8 + 5).

" ' 5++/5

b By solving the equation cos 56 = 0, deduce that cos” | 1—7[’; | = - 3 L
. B F A f T 2 | g - | o
¢ Hence, or otherwise, write down the exact values of cos- : ']{-{?;-I, Cos* | {;ﬂ and cos” | “‘TI.

Solution:

PhysicsAndMathsTutor.com
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a (cos# + isin @)’ = cos 56+ isin 56 de Moivre's Theorem.

= cos* 0 + 5C, cos* B(isin §) + °C,cos’ #(isin 0)
+ 3Cycos? B(isin ) + °C,cos’ #(isin )* + (isin 6)°

= cos’ # + Sicos’ #sin 6 + 10i’cos® #sin” 8 Binomial expansion.
+ 101 cos? A sin* 8 + Sitcos #sin* A + 1°sin® @

Hence,
cos 58 + isin 56 = cos® 8 + Sicos* @sin 8 — 10 cos® Bsin @
— 10icos? #sin’ @ + 5cos @sin* @ + isin® @
Equating the real parts gives,
€os 58 = cos* # — 10cos’ #sin® § + Scos #sin' 6
= cos #(cos* 6 — 10 cos® @sin? @ + 5sin® 6)
= cos B(cos*@ — 10cos?8(1 — cos* 6) + 5(1 — cos? §)) ———
= cosf(cos'8 — 10cos? @+ 10cos* 8+ 5(1 — 2cos? @ + cos' 8)
= cos A(cos* B — 10cos? A + 10cos* B+ 5 — 10cos® @ + Scos* @)
= cos B(16¢cos* ¥ — 20cos’ 0 + 5)
Hence, cos 58 = cos #(16 cos* 8 — 20cos® @ + 5) (as required)

b cos50=10 L
S . A
{x=

Applying
sin®f =1 — cos® 6.

tolsy
g

_|m 37 57 7w 9a
=110’ 10’ 10’ 10’ 10] for<g<ar

cos58 =0 = cosB(16¢cos*d — 20cos’8+5) =0
Five solutions must come from: cosf(16cos* @ — 20cos? 8+ 5) =0

Solution Q) cosé8=10

T
2

o =

PhysicsAndMathsTutor.com
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ForQ< @< 0= %T (as found earlier)

The final 4 solutions come from: 16cos*d — 20cos’f#+5=10

20 + /400 — 4(16)(5)
32

_ 20 * v400 - 320
32
20 + 80
32
= 20 + xﬁxg
32

_20+4J3
32

- costg =2 18\:‘5

cosif =

X Tz U
Z 10 10 "

D T ir x

10 10

Due to symmetry and as cos(- | > cos{ 37|
s 5 o35 st ] - (33
. cost( IT) = St
P msg{?_qr) _'8 ; V5
cos{75) = cos(35) - 5
cos?(3) = cos?( 1) = 48
Therefore, cos?( 37) = 3.2 /s cosy(27) = 5.2 /5 cos?(97) = 5.+ /5

© Pearson Education Ltd 2C
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Exercisel, Question 5

Question:

a Express 4 — 4iin the form r(cos 8 + i sin 8), wherer > 0, —7 < 8 = 7, where rand 6 are
exact values.

b Hence, or otherwise, solve the equation z° = 4 — 4i leaving your answers in the form
7 = Re™™, where R is the modulus of z and k is a rational number such that -1 = k = 1.

¢ Show on an Argand diagram the points representing your solutions.

Solution:
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a4-—4i

bz=4-4i

ford —4i,r=4/2,6=-7

w

So, 2 = 4yZ el 4

— =T + Fkar)
Fp=a/Ze + ¥ ke
Hence, z = [4»@&1'— L& m:]‘
_ n—.:.’»«zk.-.nl
= {4,(.-’5}«9” 5

-zl H+ )

e =Y
k=0,2,= V2 el 20!

k=22z;=+2e'4

o Bl

e dl=%=]
k=-1,2,=v2e"' &
[ 1=
k==22.=v2Zel &

wi T

Therefore, z=v2e 20, JZe2 Zed, 6 JZe 20, JZe 2

C Ya

PhysicsAndMathsTutor.com
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de Moivre's Theorem.

47 = 2:
S0, (42 )'= (29)°
== 2; — f‘E

Sl 17 i
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Exercisel, Question 6

Question:

a Find the Cartesian equations of

i the locus of points representing [z =3 +i|=|z— 1=,

ii the locus of points representing |z — 2| = 2V2.
b Find the two values of z that satisfyboth [z =3 +il=|z—-1—-iland |z - 2] = 2V2.
¢ Hence on the same Argand diagram sketch:

i the locus of points representing [z — 3 +i|=z—1 -,

ii the locus of points representing [z — 2| = 2V2.

The region R is defined by the inequalities |z — 3 +i| = [z — 1 —i| and |z + 2| = 2V2.
d On your sketch in part ¢, identify, by shading, the region R.

Solution:

PhysicsAndMathsTutor.com
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= circle centre (2, 0), radius 2v2.

= equation of circle is (x — 2)® + ¥2 = (2V2)?
=>x-2P+y=8

The Cartesian equation of the locus of points representing

|z-2|=2v2is(x — 2> + y2 = 8.

PhysicsAndMathsTutor.com

Page2 of 3

ai Let|z—-3+il=|z—-1-1i
=2 lx+iy-3+il=jx+iy—-1-i
= |x=3) +i(y + 1) =[x -1} +i(y — 1)
= |(x=3) +i(y + D)2 =] = 1) +i(y - D2
=x=32+(y+ 1) =(x-12+(y-1)7?
Sgs - e 4 s Dy ] STk T ays e 2y ]
= —0x+2v+ 10==2x—2y + 2
= —4x+4+8=0
= 4y=4x -8
=y=x—2
The Cartesian equation of the locus of points representing
lz=3+i=jz—-1—-i|lisy=x-2.
METHOD(Q@ i |z-3+i|=|z-1-|
As |z — 3 +i| = |z — 1 — i| is a perpendicular bisector of the line joining A(3, —1) to B(1, 1),
then m__m=1—§l=_—2:2= —1
and perpendicular gradient = :—}- =]
mid-point of AB is (3; 1, _12+ 1]
=1(2,0)
=y—=0=1(x - 2)
y=x-2
The Cartesian equation of the locus of points representing
lz—=34+i=lz—-1-ilisy=x—2.
ii z-2/=2/2
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blz=-3+il=|z-1+i=2y=x-2 ®

lz=2|=22=>(x-2P2+y*=8 @
D@D =x—-2P +@x—-2P2=8

= 2(x—22=8

=x=-2)7=4

sx—-2=x/1

Sx—2=2D

S x=2+%2

=x=104
whenx =0, y=0-2=-2=z2=0-2i
whenx=4,y=4-2=2=2z=4+2i

The values of z are —2i and 4 + 2i

Note that |z —3 +1i| =|z—1+i| = y =x — 2 goes through the point (2, 0) and so is a
diameter of |z — 2| = 2V2.

d The region R is shaded on the Argand diagram in part i, which satisfies

lz—3+i|=]|z—1-iandjz — 2| = 2V2.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 4

Solutionbank FP2

Edexcel AS and A Level Modular Mathematics

Exercisel, Question 7

Question:

a Find the Cartesian equation of the locus of points representing |z + 2| = 12z — 11.
b Find the value of z which satisfies both |z + 21 = 12z — 1l and arg z = I
¢ Hence shade in the region R on an Argand diagram which satisfies both |z + 2| = 12z — 1

w -
and g Sagzsm

Solution:
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a|lz+2l=12z-1l
= lx +iy + 2l = |2(x + iy) — 1l
=[x+ iy + 2l =[2¢ + 2iy = 1l
2| + 2) + iyl = [(Z2x = 1) + 1(2y)
= |(x + 2) + iy]2 = |[(2x = 1) + i(2y)}?
= (X + 22 +y* = (2 - 1) +i(2y?
Xt dx+ 44y =4t —-4dx + 1+ 4y
= 0=3x>-8x+3*+1—-4
<3 -8x+ 3y -3=0

sx2-8x4y2-1=0
,(x 3‘” m+3.43—1n{:-
= (% - %3 =16,
o3 e

> (x-3) +r= (3

This is a circle, centre %, (}], radius -2

The Cartesian equation of the locus of points representing |z + 2| =

_4V 225
[z-3) +#=%
2
2]l = - - = 2:&
blz+21=122-11=(x 3] +yi=3
argz=g=>arg{x+iy}=g
s = tan ¥
= =tany
='f'2=1
X
=y=x  wherex>0,y>0

PhysicsAndMathsTutor.com
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3 3 9 9
ﬁzxz—%x=§
= sz—%x=1 (x3)
= 6x% — 8 = 3

= 6*—B8x—-3=0

_8=x V64 — 4(6)(—3)

== X

2(6)
_8+.136

ST

ey = ] Ilgvﬂﬁi

i 4 26\.'34
As x > 0 then we reject x = ﬂ_:ﬁ‘“34
and accept x = 4 +v34

2

asy=x, theny = 9 +6%.34
. [4+ 34, (4434,
e (15,3 12,3,

The value of z satisfying |z + 2 = [22 — 1] and argz = "4—7

4 + \'H) +

IS?,':( 6

PhysicsAndMathsTutor.com

4 +34). s e
[ 3 ‘.]I OR z=1.64+ 1.64i(2d.p.)
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The region R (shaded) satishes both |z + 2| = |2z — 1] and

Note that |z + 2| = |2z - 1]

= (X +2* +y*= (2 — 1)7 + (2y)

=0 3k =8+ r—3

50 (x-3)-164 52

3 g9
5B (x-3 4y
»(e-3) +r<®

represents region inside and bounded by the circle, centre (

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

1

=¥

lz+ 2 =12z =2l

ifﬁat’ngém

4
3}

R THIPE
{]), radius 3
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Exercisel, Question 8

Question:

The point P represents a complex number z in an Argand diagram.
Giventhat z+ 1 -i| =1

a find a Cartesian equation for the locus of P,

b sketch the locus of P on an Argand diagram,

¢ find the greatest and least values of |z,

d find the greatest and least values of |z — 1].

Solution:

PhysicsAndMathsTutor.com
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a |z+ 1—i]=1isacircle, centre (—1, 1), radius 1.

The Cartesian equation for the locus of Pis (x + 1)* + (y = 1) = 1.

b Ya

=22

e+ 1 =il=1

-2 -1 0 *
C Vi
Y
\1

\:“Ct—l,n
TN
1 1
X
:*—i—5 %

|2} is the distance from (0, 0) to the locus of points.

From the Argand diagram,

|z} 2y 1s the distance OY

|2 min 18 the distance OX

Note that radius = CX = CY =1

and OC =12+ 12 = 2

|2l max = OC + CY = VZ + 1

|2lmin = OC — CX =v2 = 1

The greatest value of [z| is v2 + 1 and the least value of |z is V2 — 1.

d LY

AL D)~ ¥

|z — 1] is the distance from A(1, 0) to the locus of points.
From the Argand diagram,
|z = 1| sy is the distance AS

PhysicsAndMathsTutor.com
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Exercisel, Question 9

Question:

o [~ = 07}

Given that arg | £ 4 Y Tr,
t 2 eyl

a sketch the locus of P(x, ¥) which represents z on an Argand diagram,
b deduce the exact value of |z — 2 — 4i|.

Solution:

a arg| ?; :1 —2i\ =

- 6Bi 2
> arg(z — 4 — 2i) — arg(z — 6i) = g
= == %T, where arg(z — 4 — 2i) = #and arg(z — 6i) = ¢.

Ya

Using geometry,
=APB= -+ 4
= APB=#8#- o

s APB = F
> APB 5

B (0, 6)%

The locus of z is the arc of a circle (in this case, a semi-circle) cut off at (4, 2) and (0, 6) as
shown below.

PhysicsAndMathsTutor.com
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b |z — 2 — 4i is the distance from the point (2, 4) to the locus of points P.

4 +0 246
2 ’ 2‘ {2r4}|'

Therefore |z — 2 — 4i| is the distance from the centre of the semi-circle to points on the locus
of points P.

MNote, as the locus is a semi-circle, its centre is

radius of semi-circle

= (0=2)7+ (6 - 32

Hence [z — 2 — 4i|

The exact value of |z — 2 — 4i| is 2V2

© Pearson Education Ltd 2C
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Exercisel, Question 10

Question:

Given that arg (z — 2 + 4i) = I

a sketch the locus of P(x, y) which represents 2z on an Argand diagram,

b find the minimum value of |z| for points on this locus.

Solution:

PhysicsAndMathsTutor.com
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aarglz—2+4i)= 1—Tis a half-line from (2, —4) as shown

¥
1 arg (z — 2 + 4i) =

=Y

(2, —4)

bargiz-2+4)=T o argix+iy—-2+4i)=T

4 1
arg(x -2 +ily +4) =7
R e
> —=tanT=1

= ¥ + 4 =x-2
+=y=x-6x>0y>0
Half-line cutsx-axisat 0 =x — 6= x = 6.

Y4 y
arg(z — 2+ 4i) =]

o

|z| is the distance from (0, 0) to the locus of points.

A =d= 8= gn(T = 6sin(T) = 6-L)
|2} in = d = 6 smi” = d h'.-,ml;}l] ﬁlx'i,l
Therefore the minimum value of (2| is 3v2.

© Pearson Education Ltd 2C
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Exercisel, Question 11

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv, is

given by w = J.—}., z#0,

a Show that the image, under T, of the line with equation x = 1 in the zplane is a circle C in the
w-plane. Find the equation of C.

b Hence, or otherwise, shade and label on an Argand diagram the region R of the w-plane which
is the image of x = Lunder T.

Solution:

g i)
f.u—f

a linex = Lin the z-plane

2
.
W= F
= wz = 1
h, o — ]
A W
5 7 = l :
i+ iv
(1= iv)
= 1 — X -
(w+1wv) (u-—1iv)
s r.'j— n*?
e + 2
u N
»>Z= — + 1{ ;
A" e )
So.x+iy=—2 _ il —Y_
YT l:ri + v—’}
i -V
=X = andy = —
ul + v c u* + v?
Asx = 1 thend = — U
g 2 2 w4+

= 42 + v:=2u

s —=2u+vi=0

= u=-12-1+vi=0
= (u—1P2+vi=1

Therefore the transformation T maps the linex = % in the z-plane to a circle C,
with centre (1, 0), radius 1. The equation of Cis (u = 1)2 + v2 = 1.

PhysicsAndMathsTutor.com
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1 it 1
bxzz ——==5
2 i+ 2

= 20 = 12 + V2
+0z=ut+v-2u
=0z=m-17+v-1
= 12— 1)+
=m—-12+v=<1

I ( — 1P+ 2=

e

© Pearson Education Ltd 2C
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Exercisel, Question 12

Question:

The point P represents the complex number z on an Argand diagram.
Given that [z + 4i| = 2,

a sketch the locus of P on an Argand diagram.

b Hence find the maximum value of |z,

Ty, Ty, Ty and T, represent transformations from the z-plane to the w-plane. Describe the
locus of the image of P under the transformations

¢ Tyw=2z
d T, w=iz,
e Ty w=-iz,

f Tyw=2z*

Solution:

PhysicsAndMathsTutor.com
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a |7+ 4i| = 2 is represented by a circle centre (0, —4), radius 2.
Ya

=¥

+4i =2

b |z represents the distance from (0, 0) to points on the locus of P. Hence |z ., is the distance OY.
|Zlmax = OY = 6.

¢ Tpw=2z
METHOD Q) z lies on circle with equation |z + 4i| = 2
=w=2z
e 1 o
Py =2
= g +di=z+4i
= .L%‘il =z+4i
= IS = 1z 4 44
w8 ;
SaN TR |2 4+ 4i
__|w+ 8i
- 2 —
= |lw+ 8i| =4

So the locus of the image of P under T, is a circle centre (0, —8), radius 4, with equation
u + (v + 8)% = 16.

METHOD (@ z lies on circle centre (0, —4), radius 2

enlargement scale factor 2, centre 0.

w = 2z lies on a circle centre (0, =8}, radius 4.

So the locus of the image of P under T, is a circle centre (0, —8), radius 4, with equation
2 + (v + 8)2 = 16.

PhysicsAndMathsTutor.com
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Z lies on a circle with equation |z + 4i| = 2

d T:w=iz
w:';z
:.-'H=Z

i
wii
= — | =
i[:_}
wi
= =27
{(—1)
= —=Wji=2
= 7= —Wi

Hence [z + 4ij=2= |—-wi + 4i|=2

= |(—i)| jlw—4|=2
= w—4 =2

Page3 of 4

So the locus of the image of P under T, is a circle centre (4, 0), radius 2, with equation
(=42 +v2=4,

e Tyws=—iz

z lies on a circle with equation |z + 4i = 2

W= —iz

== iw = i(—i2)

= iw =2z
=% 7 = iW

Hencelz+ 4il =2=|liw+ 4di|=2

= lifw+ 4)| =2
= lij|lw+ 4 =2

> w+ 4 =2 —li

= ]

So the locus of the image of P under T; is a circle centre (—4, 0), radius 2, with equation
(u+ 42+ =4,

fF Tpw=z*

Z lies on a circle with equation |z + 4i| = 2

w=2=su+iv=x—1y-

50 u=x,v=-y and x=wandy=—-v
z+4i|=2= [x+ iy + 4i| =2

=x+iy+4)=2
= +il—v+4)|=
= lu+id—v|=2
= |u + i(4 — v)}* = 22
Su’+(4-vyP=4
U+ (v-4y=4

2

Z=x+1iy
=z =x =iy

So the locus of the image of P under T, is a circle centre (0, 4), radius 2, with equation
w2+ (v—4)y2 =4,

© Pearson Education Ltd 2C
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Exercisel, Question 13

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv,

z+ 2
z+1i'

a Show that the image, under T, of the imaginary axis in the z-plane is a line [ in the
w-plane. Find the equation of L.

is given by w = ZF —l

b Show that the image, under T, of the line y = x in the z-plane is a circle C in the w-plane.

Find the centre of C and show that the radius of Cis 1,10,

Solution:
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. z+ 2 :
I L T
I w z+|’”E i

a the imaginary axis in z-plane = x =0

z2+ 2
W = ——
Z+1i
=wz+i)=2z+2
w2 tiw=z+ 2
= WZ—z=2—iw
=S z2w—1)=2—iw
=2 = 1w
w—1i
o 2=ilu+iv)
n+iv—1
s 2=+ vV
i SR et
(=1 +iv

=

=%

(u— 1)+ iv

__[2+w—iu (u—1) — iv]
F[ I (w—1)—iv

_ (Z+Wu-=1)=—uv=iv(2+v)—iniu-=1)

B (=17 +
a2+ - 1}—mr_i(v{2+v}+u{u— 1)
(=1 ++* L (=142 )
. 2+viu-1)-uv .(1-*{2 + v} + u(u - 1)
Sox + iy = -
4 =12+ : (n— 17+ ]

_ (2+ vi{u—1)— uv
(= 1)% + 2

and y =

As x = 0, then

(24 v — 1) — uv _
(- 1)* + 17

= (2+viu—-1)—uv=20

> 2u-2+vw—-v—-uv=10

= 20H—=2—-v=0

== y=2n-2

0

-2 +v)—ulu-1)

(u— 1) +172

Page2 of 3

The transformation T maps the imaginary axis in the z-plane to the line / with equation

v = 2u — 2 in the w-plane.

b Asy = x, then
-W2+v)—uu—-1) _ (2+ v)iu

(u—1) + 2 (1t — 1
= —=yZ+v)—ualu—1)=(2 + v}u
s =2v =V -t u=2u—-2+vu
= =2V =V - +u=2u-2-v

~0=wr+v+u+v-2

- 1) —uv
)2 4+ V2

= 1) = nv
—Vv=uv

—L.IU-l-l.'l",'-—l'.-l—l'lwvlpllz—l-—'?:n

PhysicsAndMathsTutor.com
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Exercisel, Question 14

Question:

The transformation T from the z-plane, where z = x + iy to the w-plane where w = u + iy,
=z :

—*, 2 # —i.
z+i
The circle |z = 1 is mapped by T onto a line [. Show that [ can be written in the form
dau+ bv + ¢ = 0, where 4, b and ¢ are integers to be determined.

is given by w =

Solution:

T w= ‘;'1_;_:_:' aiak =}

circle with equation |z = 1 in the z-plane.

= wz+i)=4-2z
= wzt+iw=4-—2
=Wz +z=4—iw

+Ziw+1)=4 —iw

R 1
’ w+ 1
; 4 = iw|
w7 =
‘ w+1 |
_ |4 - iw|
lw+ 1|
. . 4 — in
Applying |z| = 1 gives 1 = ||n' +-—]--|-
v lw+ 1] = |4 — iw]
= lw+ 1| = |=i(w + 4i)
> |w + 1] = |=i] [w + 4il
> [w+ 1] = |w + 4i]
= |u+ iv+ 1] = |u + iv + 4i]

= [ + 1} +iv| = lu + i(v + 4)|
= (i + 1) + iv]2 = |u + i(v + 4)12
s+ 1P+ vi=u+ (v +4)>
s+ 20+ 14+vV:=u2+v+8v+ 16
= 2u+1=8v+ 106
= 2n—8v—15=0

The circle |2| = 1 is mapped by Tonto the line I: 2u — 8v—15=0
(ie.a=2,b=—-8,c=—-15).

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 2

Solutionbank FP2

Edexcel AS and A Level Modular Mathematics

Exercisel, Question 15

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iy,
Jiz+ 6
=g
Show that the circle |z| = 2 is mapped by T onto a circle C. State the centre of C and

show that the radius of € can be expressed in the form k v5 where k is an integer to be

is given by w = z# 1.

determined.

Solution:
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T w=3'2—+_b; z# 1
1-—2
circle with equation |z| = 2
=" JF+6
12

=wl—-—2=3iz+6

w

w-wz=3iz+ 6
= W — 06 = 3iz + wz
= w=06=z(31+w)
L Ww=6
w + 3i
w—6

w + 3il
lw — 6
e— =
|w + 3i

7l
Applying |z| = 2 = H =2

= |w — 6] = 2w + 3i|

= |u + iv — 6] = 2|u + iv + 3|

= (1 — 6) + iv] = 2|lu + i(v + 3)|

= |(u = 6) + iV]* = 2%u + i(v + 3)|°

= (= 6P + v =4[’ + (v + 3)7

= 02— 120+ 36 + v2 = 4[> + v + 6v + 9]

12— 120+ 36+ v =42 + 402 + 24v + 36

= 0=30+ 12u + 3v* + 24v

=0 =u+ 4u+ v + 8v
s0=(u+2P-4+(v+4)2-16
= 20 =(u+ 2+ (v+4)°

S+ 2P+(v+4)?2= [2513'—————__)‘ R=

Therefore the circle with equation |z| = 2 is mapped onto a circle C, centre (-2,

radius 2V5. So k = 2.

© Pearson Education Ltd 2C
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Exercisel, Question 16

Question:

arz + b
o ol

A transformation from the z-plane to the w-plane is defined by w =
where a, b, ¢ € R.
Giventhat w=1whenz=0and that w= 3 — 2i whenz= 2 + 3i,

a find the values of a, b and ¢,

b find the exact values of the two points in the complex plane which remain invariant

under the transformation.

Solution:

PhysicsAndMathsTutor.com
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_az+ b .
aws= s a, b, c € R.
w=1lwhenz=20
w=3-2iwhenz=2+ 3i

a0y + b b o
e o g e
_az+b
®:'w_x+b
e A2+3D)+D
@=3-A=%%+s
3_2i={2a+b}+3m

(2 + b) + 3i
(3=-2)2+b)+3i|l=2a+b+ 3ai

64+3h+9 1 —-4i—-2hi+6=2a+ b+ 3ai

(12 + 3b) + (5 — 2b) = (2a + b) + 3ai
Equate real parts: 12 + 3b = 2a + P
= 12=2a-2b

Equate imaginary parts: 5§ — 2b = 3a

= §=3a+ 2h

@ + & 17 = 5a
= ]5?=i!
® - 5_%+%
e _§ﬁ~2f1
. =13 _
= 5 [l
s‘hsh=c‘then(=%
=E =-I?.~.=—'13
I'he values are a S'b - o c -
7,-13 (x5
Y 5 5
w= 13
A—T (%5)
i 2= 13
52-13
; ; Fobe ok 5w JIZ— 13
invariant points =- 2 s> — 13

252—13)=172—-13
522 - 13z=172-13
522-30z+13=0
V900 — 4(5)(13)
10
V900 — 260

L
o
I+

[
i
o
I+
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Exercisel, Question 17

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv, is
given by
o E ]
W==5—Z%0.
a The transtormation T maps the points on the line with equation y = x in the z-plane
other than (0, 0), to points on the [ in the w-plane. Find an equation of [,

b Show that the image, under T, of the line with equationx + ¥ + 1 = 0in the z-plane is a
circle C in the w-plane, where C has equation u* + v —u + v = 0.

¢ On the same Argand diagram, sketch /and C.

Solution:
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= wz=2z+i
::;xiyz--zzi
= Zw—1)=i

1
w=—1

= 7 =
b Z = i = i
Cou+iv)=1 (w=1)+iv
— i 1 [ = 1)—iv
e [[n— 1) +iv) [(u—1)—iv

ifu—1)+v

(= 1)* 42

- Vv i (H—1)

(= 10+ (= 1) + v
S e v v i (i — 1)
OET R (=12 +12 I{u—l]|3+v3
sx=—->Y _andy=-—8_]1

(u— 1)+ 2 (=12 ++v

H-—1 = 4
(=12 +v (u—1P2+w

Applying ¥ = x, gives

== NH—1=v
>y=u=1

Therefore the line [ has equation v=u — 1,

b the line with equation x + ¥ + 1 = 0 in the z-plane

+y+1=0= v b =1 T — R R
Fry =12+ (n—1)2+ 1 [X(u )=+

=v+u—-1)+u=12+vV=0
v+ u—1+w—-2u+l+v¥=0

su’+v-n+v=_0

o (u=3f -3+ (v 3f - Lm0
(w3 (43 =3
= (H - %]_’ 4 (p + _1_)2 = [L%]j

The image of x + ¥ + 1 = 0 under T is a circle C, centre (%, _Tl]' radius % with equation

> + v — u+ v =0, as required.

C v
X 1
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