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Exercise A, Question 1

Question:

Solve the following inequality
x<5x+6

Solution:

2-5%-6<0
x—6ix+1)<0

critical valuesx = -1or6

sketch VA

solutionis -1 <x<46

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com


http://www.kvisoft.com/pdf-merger/

Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 2

Question:

Solve the following inequality
x(x+1)=6

Solution:

¥»+x=6
x+3Nx—-2)=0

critical valuesx = 2 or —3

sketch yh

\N
=Y

N

solutionisx=2o0rx = -3
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Exercise A, Question 3

Question:

Solve the following inequality

2

= —>1
x+ 1

Solution:

You can multiply by x* + 1

2>x2 41
0>x2-1

because it is always positive.

critical valuesx = *1

sketch yi

‘-
.

solutionis -1 <x <1
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Exercise A, Question 4

Question:

Solve the following inequality

Solution:
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Exercise A, Question 5

Question:

Solve the following inequality

X

=2x x#1
=1

Solution:
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Exercise A, Question 6

Question:

Solve the following inequality

3 - 2
x+1 =x
Solution:
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Exercise A, Question 7

Question:
Solve the following inequality

3 .
(x + Dx— 1)

Solution:
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Exercise A, Question 8

Question:

Solve the following inequality

- 3
(x+ 1)}x — 2)

Hilro

Solution:
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Exercise A, Question 9

Question:
Solve the following inequality

2 ;
<3
r—4

Solution:
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Exercise A, Question 10

Question:
Solve the following inequality

3 1
x+2}x—5

Solution:
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Exercise A, Question 11

Question:

Solve the following inequality

x+35

Solution:
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Exercise A, Question 12

Question:

Solve the following inequality

3x

x_zf-?*.l'

Solution:
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Exercise A, Question 13

Question:

Solve the following inequality

Solution:
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Exercise A, Question 14

Question:
Solve the following inequality

i 7 %R LEAR
x+ 1

Solution:
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Exercise A, Question 15

Question:

Solve the following inequalities

x+1

a =6

Solution:
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Exercise B, Question 1

Question:

Solve the following inequality
lx = 6] > 6

Solution:
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Exercise B, Question 2

Question:

Solve the following inequality
t =3 >¢

Solution:
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Exercise B, Question 3

Question:

Solve the following inequality
lix = 2)x + 6)| <9

Solution:
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Exercise B, Question 4

Question:

Solve the following inequality
[2x + 1] =3

Solution:
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Exercise B, Question 5

Question:

Solve the following inequality
[2x] +x >3

Solution:
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Exercise B, Question 6

Question:

Solve the following inequality

x+3

<2
lxj + 1

Solution:
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Exercise B, Question 7

Question:
Solve the following inequality

lxl + 1

Solution:
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Exercise B, Question 8

Question:

Solve the following inequality

| X

x+2-=::1—x

Solution:
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Exercise B, Question 9

Question:

Solve the following inequalities

a On the same axes sketch the graphs of y = —'_1: andy = x'—iz—.
b Solvel> ¥
X x+2

Solution:
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Exercise B, Question 10

Question:

Solve the following inequalities

a On the same axes sketch the graphs of y = ﬁ andy = 4lx —al.

b Solve, giving your answers in terms of the constant a, :cl—a < 4lx — al.

Solution:
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Exercise C, Question 1

Question:

Solve the inequality |x® — 7| < 3(x + 1)

Solution:
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Exercise C, Question 2

Question:

xS ]
x| + 6

Solve the inequality |

Solution:
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Exercise C, Question 3

Question:

Find the set of values of x for which |x — 1| > 6x — 1

Solution:
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Exercise C, Question 4

Question:

Find the complete set of values of x for which [x? — 2| > 2x

Solution:
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Exercise C, Question 5

Question:

Find the set of values of x for which x+1 < ——]—-.—
Fe—=3 x—=3

Solution:
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Exercise C, Question 6

Question:

+ 3){x +
Solve & :Ex] I v

Solution:
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Exercise C, Question 7

Question:

a Sketch, on the same axes, the graph with equation y = [2x — 3|, and the line with equation
y=5x-1

b Solve the inequality |2x — 3| < 5x - 1

Solution:
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Exercise C, Question 8

Question:

a Use algebra to find the exact solution of |[2x* + x — 6| = 6 — 3x

b On the same diagram, sketch the curve with equation y = |2x* + x — 6| and the line
with equation y = 6 — 3x

¢ Find the set of values of x for which |2x2+x -6/ = 6 — 3x

Solution:
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Exercise C, Question 9

Question:

a On the same diagram, sketch the graphs of y = |x* — 4| and y = |2x — 1], showing the
coordinates of the points where the graphs meet the x-axis.
b Solve |x? — 4| = |2x — 1|, giving your answers in surd form where appropriate.

¢ Hence, or otherwise, find the set of values of x for which |x* — 4| > |2x — 1]

Solution:
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Exercise A, Question 1

Question:

a Show that r = 3(r(r + 1) — r(r — 1)).

n
b Hence show that Z I=

Solution:

a J(r+1)=r(r=1) -

[

- (2r)

i e

]
=)

= LHS

r=1

P+r=r+ry

-

n
2

(n + 1) using the method of differences.

Consider RHS.

r=n  Lnn+1)

—é{n - D —2)

n

] =

Hence Z r=snn+1)

r=1]
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Exercise A, Question 2

Question:

Given 1

1 1

W+ )r+2) 2rir+1) 2r+ D+ 2)

. n 1 . .
find g TFDCFD) using the method of differences.

Solution:

1
z rir+ 1)r+ 2)

r=1

Putr=1
r=2
r=3
r=n

n

1
M) T

© Pearson Education Ltd 2C
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r

1 T
21 X2 2X2%3

11— _ 11—
2X2X3 2X3Ix4

P ™ 1
2HIKE 2X4XS

1 _ 1
2nm+1) 2n+ 1)(n+2)

1 1

4 2n+ n+2)

(n+ 1¥n + 2)—2
4(n + 1)n + 2)

m+3In+2-2
4n+ Ln+ 2)

nin + 3)
4(n + 1)(n + 2)

PhysicsAndMathsTutor.com
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=r+1) ; 2(r+ 1)r+ 2)

Use the information given
and equate the summations.

Use method
of differences.

All terms cancel
except first and last.

First and last
from above.

Simplify.
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Exercise A, Question 3

Question:

1 . "
-in partial fractions.
74 7y In parti 1l fractions

a Express

b Hence find the sum of the series Z ]
r=l

rir+ 2)

using the method of differences.

Solution:
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Set —L__ identical to

rr + 2)

A B
F e,

1 _. A -
ar{r+2]| r+r+2
N A(r + 2) + Br
o r(r + 2)

1 = A(r+ 2) + Br

Putr = 0
1 = 24
_ 1
A = 3
1 _
iﬂ
Putr = 1
1 = ;3 +8B
e 1
B = -3
1 - 1 1
(r + 2) 2r 2(r+ 2)
1 - 1 _
b) Ty T~
: 1 _
r=1 IX1
i 1
=2 )
r=3 =

PhysicsAndMathsTutor.com
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Use method
of differences.
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Add

n

T Y %, N RO
— Ar+2) 2 4 2n+1) 2n+2)

2Qn+1Dn+2)+(n+1Dn+2)—-2(n+2)—-2(n+ 1)
4(n+ 1)(n + 2)

2+ 6n+4+n+3n+2-2n—-4-2n-2
4n + 1)n + 2)

3n? + 5n
4n + 1)n + 2)

n3n + 5)
4n + 1)yn + 2)
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Exercise A, Question 4

Question:
’ | . . i,
a Exprws{i’. TPy in partial fractions.
"
% =] - 1 7‘1 £ * »
b Hence find the sum of the series ,Z]: FF T D using the method of differences.
Solution:
Set ——L—_identical
1 A ., B (r+2)(r+3)
(r+ 2)r+3) r+2 r+3 A B
R
A(r+ 3) + Bir + 2) i
: T+ 20 +3) Add the two fractions.
1 = A(r+3)+B(r+2) ~——— Compare numerators as
they are equivalent.
r=-3 = B=-1
r=-2 = A= 1 Solve for A and B.
! 1 - i 1
St r+ 2)(r+ 3) r+2 r+3

[
oy

Use the method of
differences.

| _
L ;(r‘+2)(r+3) . Z( 2) “~ (r+3)

-
+

=l 3" Ay

) - All cancel except
r=2 ,}y ]'{ first and last.
r=3 P = g

N 1
r=n +2 n+3

N R PP
Addz(r+2){r+3) 3 n+3

r=1
n+3-—-3
3(n + 3)

- n
3+ 3)
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Exercise A, Question 5

Question:

a Express—>/ + 4

TE D +2) in partial fractions.

5r+ 4 __n*+11n
r+1)r+2) 2n+1)n+2)

i
.
b Hence or otherwise, show that L
r=1

Solution:

]|
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Exercise A, Question 6

Question:

Given that

r o
r+ 1) 1 (r+ 1)
- r
hnd;{H 1)!

Solution:

Use given.

Use method of
differences.

Add B = - e

] (25 W 8 (n+ 1)

© Pearson Education Ltd 2C
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All cancel except
first and last term.
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Exercise A, Question 7

Question:

2r+1

Given that

. = and
— ZE 2+ 17

Solution:

2r+1 _ 1 _ 1 S
; R + 1) ; 2 ; T+ 12 Use given.
e : ZX Use method of
1 z T
differences.
All terms cancel
r=3 /3!; T ié except first and last.
_ 1
e 1° (n+ 1)2
; : 2r+ 1 1
5} 'I T R b — ]_ —
0 adding 2o B v 17 PrEr e
o om+1)-1 T
o {H+—]:I3 Slnipllf}’.
_ n+2n
(n+ 17
_ nn+2)
(n+ 1)
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Exercise A, Question 1

Question:

Express the following in the form r(cos # + i sin 8), where —w < 8 = 7. Give the exact values of r
and # where possible, or values to 2 d.p. otherwise.

a7’ b —5i C V3 +i d 2+ 2i e l—i
f -8 g 3—di h —8 + 6i i 2 -3
Solution:

PhysicsAndMathsTutor.com
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Exercise A, Question 2

Question:

Express the following in the form x + iy, wherex € Rand y € R.

(S S | P R
a S(cos= +isin= b s{cos=+isin—=|
(¢35 2] G i 6)
| 3 R T ] | | 0 1]
¢ 6/cos 2T + jsin 27 d 3| cos | ~27) 4 i sin (—£T) ]
' ) o 3 ) 3/
{ O mN e s T . far | v T
e 2v2(cos|—) +isin|—=1| f —4djcos—+isin =
Lo fary \ 4] \ 6 6
Solution:

PhysicsAndMathsTutor.com
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T 1 T
£+Ibtn?:..
= 5(0 + i)

= 5i

a 5{ COs

{uriw + i sin —]

c ::-l:msi—”+mni—”)

= (:l —az

e 2/2(cos (=) +isin (%))

7T
{:]
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Exercise A, Question 3

Question:

Express the following in the form re', where —ar < 6 < . Give the exact values of r and @ where
possible, or values to 2 d.p. otherwise.

a -3 b 6 c =23 - 2i
d-8+i e 2 -3 f 23 + 2y3i

B (coe T4 i cin T ifocic T _ & iy ) s gfeoe W i
: 05 + + =) 8 - = 2(cos £ —isin ¢
g 8(cos g Hising) h §{cos ¢ isine) i 2fcosz —ising|

Solution:
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Im

'—2'.."3_ + 2/3i= 2*."5!:‘."

g L,F!lun4+|>1n4)

__ =
= 2W2ed
-

e T _ 3 it T
hﬂ(msa ISil"lﬁ]

:H{.L‘.{Jﬁ(—;—:]+isin{—£” ‘ r=28,0

-
=8e 6

i Z(n’.‘.ms %T - isin %TJ]

= 2{'0:.‘-5{ -

[k

T
o

= Jg

} +isinf_—g}] r=20
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Exercise A, Question 4

Question:

Express the following in the form x + iy wherex e Rand y € R.

W, m
aet b 4p™ c /2 et
m o 5m

d Sec e 3e ¢ f et
-'..-:I 4
g " 2e i 8e
ge™h W2e 4 Be ¢
Solution:
i R
a ei=coss +isins
3 3
_ F ool
=g Mg

b 4e™ = 4(cos # + isin 7

=4(—1 + i)

"
e
-
s i
T
Il

1T+i.‘iir|'_'l—T'|

3 3

372 cos

= 43 + 4

e 3¢ 2= E-i:'u:ms.['—;—‘-'] + isin[—%] |

=3(0 - i)
= -3

Sm - -
f e® =cos 2" + isin 22
O 8]

PhysicsAndMathsTutor.com
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g e ™ =cos(—m +isin(—m)
=-=1+i(0)
= -1
h 3/2¢ = 'h'z[cmli —H+ + iﬁin(. 3 _
= 3v2(-L - Li
\ 1.2 1,2 ]
= -3 —3i
i Y — I, '_4'?1' = e '_414- \
i 8e 3 —Hl{_(}_‘:{. E—J|+|5|n||_ T)|
ool .- Y
_81 R ')
= —4 + 4/3i
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Exercise A, Question 5

Question:

Express the following in the form ricos 6 + i sin 8), where —w < =7

[r-m] I'._':v.TI _ _f’l.‘l
ael b 4e s ¢ 5e 8
Solution:

S (167 | i [ 167
aell =cos 3 ) +isin|55)

s =27 from the ‘
argument.
L 104 107 :
= COs| — + isin
V13 l | 13/
17 17 ,." )
b 4¢ > = -H m;| | + |~»|rl|
I =7 - :l' W
= 4| cos| LT) + isin| £F) |
L7V S ) Vet
= 4 cos| _'i_' - mn] 7—"'HI |
.1:F| } IR
c Sed = 1|Lm| | + isin| = 1_||

{ Fihr J i L. f A
5| cos| —’t—f—r} + isin| %"—’j |

© Pearson Education Ltd 2C
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Exercise A, Question 6
Question:
i# iﬂ]

Use e'® = cos @ + i sin 6 to show that sin # = ,}1. (e e

Solution:
e’ =cos 6+isin @ @
e "= cos(—@) +isin (—6) = cos@ — isin# @
Q- @ =e?—e'"=2ising
I (e — =) = sin @
2i '
L sind = 21 (e — 7' (as required)
i

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Further Pure 2 Pagel of 3

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise B, Question 1

Question:

Express the following in the form x + iy.

a (cos 204 isin 28)(cos 30 + isin 38)

b |:.ms :—']"-+ i sin -1- 1- || cos !HL, isin %TI

c 3 cos 17 + i sin 1"] X 2| cos 175 + i sin Ifrl-

d \h“m. 17-, | +isin | _?""r]| * u.'_-f[ms :‘: + i sin ;r|

e +|:_:::_}:~{ *”'T' || X ; I:LE}\'i 1— | +isin | _t—?TI |

f h{u.rs 0 + isin - }I X 3I Cos - 3 T+ isin —% | % }} | cOs ? +isin Egr

g (cos 48+ i sin 4f)icos 6 — isin )

1 :hms]—? +15m—-| X V2 -;m:,q = |5|n-—|

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Page2 of 3

a (cos 28+ isin 28)(cos 30 + isin 36)
= cos(28 + 38) + isin(28 + 34)
=cos50+ isin56

b (LUB ?T + i sin f?](mﬁ%"+ isin ??)
-ty + ] ssnfly+ 3

=cosw+ isinw

= —1 +i(0)
= -1
s P Sru I a4 see 0
C 3(1_054 + isin 4_] X ZLLOE 7 + 1sin 1211

= 3{2i(COS{W+ .__} - 15111(-4"1r + 1%])

L]

o
h—

f"
;-——\.

%r) +isin 3 }]

I
Loy

m—

[ i
1=
124)

]

L
+
w
%

d \-E(cos {—%) 4 isin [—%]] X x'§(CGS%T+ isin %r)

(V6)(v Rﬁ(cmq 1 "?"} + isin(—}—“’i - 3;:])

12
= 18(cos T + isin® V18 = VOv2
V1 {um4+jsm4) e
=32
3[' VI +—l)
V2 2

=3+ 3
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e s (=3 5 (-57) e s3] 5n(-5)
- {5+ 35 (5732
- {15 {157
= de{-32] 19n( 52
-o-F-3)
=—y3 —i

s w [ ST, P X 2w 2m
f ((msm+lsmme5|:msq+|sm3)>(3[cus T +1sin 5]

- (e 5+ )+ (5 + £+ )

lﬂ{m\iﬁ + isin 2~ :’6“)

- m‘ _v3 . % )
= —5/3 + 5i

£ (cos 460+ isin 46)(cos 6 — isin )
= (cos 40 + isin 46)(cos (—#) + isin (—8))
=cos(40 + —0) +isin (46 + —6)
= ¢os 36 + isin 3@

h 3 cos 1’£+|~.ln TEJX\Z{L05~—1~.|n- ]

%[cm + isin

5 12) Z(CDS{- )+ isin (-

)

iy
el

- 302 {eof - ) +50(5 - )

2 L{x'f{cﬂs{ -g] + isin( —g])
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Exercise B, Question 2

Question:

Express the following in the form x + iy.

cos 58 + isin 58
cas 20 4+ isin 240

S eae T 45 eing T
,...|LU.'&2+E‘:-]I]2|
b i

df e T 4 g AT
2'.““4 + isin 1)

T+ e I
3cos =+ 1sin =

1“3 3)

C

]

oo BTy 5 i BT
4l cos = + [ sin =
\ 6 6 |
cos 28 —isin 20
cos 30+ isin 30

Solution:
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b

C

cos 58+ isin 50

cos 260+ isin 20
= cos(58 — 28) + isin(56 — 26)

= cos 30+ isin 30

v2(cos T+ isin -"'I}

2 2/
-%(ms 3 +isinfg)
_x"?_ S E I ) PPN 1 S 2
—[.!]{L{JF:(.E—EJ+l.51ﬂ|:.§-'1”

o i iae T4 i T
—2x2[Lt153+151n-_§]'|

b

=11
“2h§+ﬁw

=2+ 2i

feae T 4 sain T
31105 3+1_~,m 3.]

[ e DT 1 ¢ ciry 2T
-1(1_{)5 0 + 1sin 5

= 3 cos|F - 3) + isin(F - 37}
“eof 5]+ on(-3)
=30 -1)

=—$

cos 28 — isin 26

cos 36 + 1sin 36

_cos(—=28) + isin(—246)
cos 30 + isin 34

= cos(—20 — 30) + isin{—26 — 36)

= Cos(—50) + isin(—58) or cos58 — isin 56

© Pearson Education Ltd 2C
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Exercise B, Question 3

Question:

z and w are two complex numbers where

z2=-9+3/3i, |w=v3and arg w = Ig
Express the following in the form r(cos 8 + i sin 6),
az b w, C Zw, d
where —w< 0=

Solution:
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C zw=6xi[cosﬁ—r+1ﬁm—]x [CO‘S

6 h-+1'i|n?'”

12 12

= [m’imi)(cus{%"" f—;’) * 'Si”(%r"" %T)]

IS(LOS[ Uﬂ'] + |51n(%))
&

= 13::05[ ]+ Hln( T_EJ

S S
4z~ 6xd(cos 5 + |5mF]
L 7 7ar

y %[cmlz + isin 12]

= l'fu(lt:os.%Jr 3 isin%’_}
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Exercise C, Question 1

Question:

Use de Moivre's theorem to simplify each of the following:
a (cos f + isin 6) b (cos 36 + isin 36)°

5

C |'L't.}5;-’-T+15m?T| d |4:r_1_\.r5;'-’7+13m )
' 3 \ ; .

3/ ] _|
= WL e M ioie WALS
e |cos 5 + isin 5 | f | cos 0 i sin 10
. _Cos 50 + isin 56 p (o8 26 + isin 26)
(cos 26 + isin 26)° (cos 46 + isin 46)°
1 i (cos 26 + i sin 26)
(cos 26 + i sin 26)’ (cos 36 + i sin 30)°
_€Os 56 + 15in 56 ] Cos@—ising®
(cos 30 — isin 36)° (cos 20 — isin 26)°
Solution:
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a (cos f + isin 6)°
= cos b + isin 64

b (cos 30 + isin 36)*
= cos(4(3) + isin(4(30)
=qos 120+ isin 128

[ I g g_-ri
C |:L055 + 15in 6-]

= Lm%ﬂv{- I‘niﬂ%
= —; +§|‘1

d (cus?gr+ i sin %]H
= LDE%}T"P |=.1an7""‘
= COSZT - |:-.L112T°T
= _% + *;1

e (cos %;,J?T + i sin 2;7)
= cos%+ 1smlsﬂ’r

=05 27+ isin 27
=¢cos0+isin 0
=14+ 1(N

=1

15

f fu.osm—:smm

- {:cus [_TﬁJ +isin (- %)}n

115“'] + i sin [ __%r)

= cos (?—5’] +isin (?—:;)

— cos -

=cos T +isinZ

2 2
=+ i
=i
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g cos 50 + isin 50
(cos 28 + 1sin 26)°

_ €08 58 + isin 5@
cos 48 + 1sin 48

= cos(560 — 48) + isin{(50 — 48)
=cosf+ising

h (cos 20 + isin 26)7
(cos 46 + isin 46)°
_ cos 146 + isin 146
cos 126 + isin 128
=cos(140 — 120) + isin(148 — 126)
=cos20 + isin2d

1
i
(cos 26 + isin 26)’
= (cos 28 + i sin 28) 3
= Cos (—66) + isin (—660)
= C0s 66 — isin 60

(cos 20 + isin 26)°
(cos 36 + isin 36)°
_ cos 86 + isin 88

cos 96 + isin 96
cos (88 — 98) + isin(86 — 98)
cos(—8) +isin(—#8)
=cos@—isiné

K _Cos 56 + isin 56
(cos 30 + isin 38)°

_ Cos 560 + isin 50
(cos (—36) + isin (—38))2

— _ CosSO+isin S0

cos (—68) + isin (—68)
cos (56 — —66) + isin (56 — —640)
cos 118 —isin 114

I cos #—isin @
(cos 20 — isin 28)°
_ cos(—@) —isin(—8
(cos (—28) — isin (—26))°

cos (—6) —isin(—0)
cos (—6#) — isin (—66)
cos(—0— —68) +isin(—0— —060)
=¢cos 58 — isin 50
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Exercise C, Question 2

Question:

I: Cos ?{;— + i sin ?ﬂ-|
Evaluate - 4"
I COs =X — j sin -

13 13/

Solution:

7ar 7m\?
-+ ~
|m~. 3 isin H|
47 . 4ot
|Cn~. 13 isin 13
kGO
) |LmH .|5mHI
-::c.m [= T—EI —isin |- %l :
287 HH'.r"
_|_
. Cos |. =" | isin |. 3 |
e [~ 24m) _ i 0 [ 247)
€os | — =3 | — isin |. 3 |
_ 287 _ _ 2441\ [ 287 _ '7‘41'
unl 3 ]3|+1s|n| i3 ]
52 52|
_|_
= 05 |._ 3 | 15in| i3 |

=cos 4w+ isin 4w
=cos 0+ isin 0
=1+ ()

= ]

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 6

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise C, Question 3

Question:

Express the following in the form x + iy where x € Rand y € R.

a(l+ipy b (-2 + 2i)° c (1—1)"
d (1 - 3i) e (3-1/3i) £ (-2/3 - 2i)
Solution:
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0=argz=—ma—tan™! .2',-5) —7+ g = -%"T
50, ~2v3 — 2i = 4cos - %’T] 4 isin(—-%—“]

V(=23 - 2P = [4[C{}5 ( SwJ + Hm( :w].]r

25w

= 4 3

_cns( J+15m[

1024( cos (—“‘ﬁl] +isin (—g])

1024( 23 - Li)
5 -

= 512y 512i

Therefore, (-=2v3 — 2i)° = 512V/3 — 512i

PhysicsAndMathsTutor.com
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Exercise C, Question 4

Question:

Express (3 + v3i)" in the form a + by3i where a and b are integers.

Solution:

© Pearson Education Ltd 2C
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Exercise D, Question 1

Question:

sin30=3sin0-4sint 6

Solution:

(cos 8+ isin @) = cos'f + isin'@ ' ; -
) de Moivre's Theorem.

= cos* @ + *C, cos* B(isin §) , ;
. - Binomial expansion. |
+ *Cycos B(isin ) + (isin &) -
= cos* # + 3icos? @sin @ + 3iZcos Osin?@ + i*sin @
= ¢cost 0+ 3icost Osin @ — 3cosfsin # — isint @
Hence,
cos 30 + isin 36 = cos* 8+ 3icos? fsind — 3cosBsin? @ — isinte

Equating the imaginary parts gives,

X - - L __ o} 1 T
5in3f = 3cos*Osinf — sin' @ Applying cos?8 =1 — sin 2§,

31 = sin@)sin g — sint @

3sin@(1 — sin’*#) — sin*#

3sin# — 3sint @ — sin' @

= 3sind — 4sin* @
Hence, sin 36 = 3sin § — 4sin® # (as required)

© Pearson Education Ltd 2C
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Exercise D, Question 2

Question:

sin 58 = 16sin® 6 — 20sin* @4+ 5sin @

Solution:

(cos @+ isin@)® = cos 56 + isin 56 T
de Moivre's Theorem.

= ¢os* @ + 3C, cos* B(isin #) + 3C, cos’ 6(isin §)* :
Binomial expansion.

+ 3C,cos? @(isin 8)* + SCycos B(isin )% + (isin 6)°
= ¢cos’ # + Sicos* @sin § + 10i’cos* #sin” 6 + 10i’ cos” fsin’ @
+ 5ifcos @sin* @ + i*sin* @
Hence,
COs S50 + isin 50 = cos® # + Sicos? Bsin # — 10 cos’ Bsin® @ — 10i cos® #sin' @
+ Scos #sin* 6 + isin® @
Equating the imaginary parts gives,

sin 56 = 5costdsin # — 10cos® #sin® # + sin’ o

5(cos®#)sin # — 10cos* Bsin* @ + sin® @

5(1 =sin?@)*sin# — 10(1 = sin’ #sin* 6§ + sin* @ Applying cos’8 =1 —sin? #.

5s5in@(1 — 2sin?@ + sin* @ — 10sin*#(1 — sin® @) + sin° @

Ssinf — 10sin* @ + 5sin®@ — 10sin® @ + 10sin° 0 + sin® @

16sin*8 — 20sin* @+ S5sinf

Hence, sin 56 = 16sin® 6 — 20sin’ # + Ssin @ (as required)

© Pearson Education Ltd 2C
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Exercise D, Question 3

Question:

cos 70 =64cos’ #— 112 cos* 0+ 56 cos* §— 7 cos 6

Solution:

(cos 8+ isin®)” = cos78 + isin76

de Moivre's Theorem. ‘

=cos’ 8+ 'Cycos® 6(isin @) + 'C,cos® 8(isin 6)°
+ "Cycos* Blisin @) + 'Cycos’ 8(isin 6)* + 'Cscos’ B(isin 8)°

+ "C,cos @(isin 0)° + (isin 8) Binomial expansion. }

cos’ 8+ 7icos® Bsin @ + 21i*cos? @sin” 0

+

351" cos* #sin’ @ + 35i*cos' Bsin? B + 2107 cos? #sin® @
+ 7i%cos #sin® @ + i"sin” @
Hence,
cos 78 + isin 76 = cos’ @ + 7icos® Bsin f — 21 cos’ Asin® @
— 35i%cos? Bsin® @ + 351%cos® Bsin* 0 + 21i% cos® Bsin® @
— 7cosfsin® @ — isin” @
Equating the imaginary parts gives,

cos7l=cos" 60— 21cos?@sin @ + 35cos @sin? 0 — 7 cos fsin® g

cos" 8 — 21cos*B(1 — cos? @) + 35cos? (1 — cos? B)?

costf=1-—sin?é.

Applying
—~ 7cosB(1 — cos* @)’ pPpPIyIng ‘

COS" @ —21¢cos9+ 21cos’ 6+ 35¢cos* 0(1 — 2cos @ + cos* o)
— FcosB(l — 3cos® 8+ 3costd — cost )

cos’@—21cos* 8+ 21cos’ B+ 35¢cos'@— 70cos” B+ 35¢cos’ 6

— 7cosf+ 21cos*d— 21cos’ @+ 7 cos’ @

64cos’#— 112cos @ + 56cos* @ — 7 cos @
Hence, cos 78 = 64 cos’ § — 112¢os” @ + 56.cos’ 8 — 7 cos™ # (as required)

© Pearson Education Ltd 2C
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Exercise D, Question 4

Question:

cos* 8 = (cos 46 + 4 cos 26 + 3)

Solution:

Let 2= cos @ + ising |

2+ 1) A ztg=2c0s0
\z+ };} = (2cos0)* = 16¢cos* G — |

— o 31 4 oae _"]‘.'!-*Jf' -;f]'L (1)*
=g +1C 25 + Gz |.;r'.l Gzl z) +13)

=7 + -lz‘ll%_] + 677 |:. %3] + 42%| }2| + i;
=4+ 4724+6+ i + -1.._.
%A
=2+ L] +4[2+5)+6
\ 2| 722
= 2c0s468 4+ H2cos26) + 6 » —1 "+ % = 2cosn@

S0, 16¢cos*@=2cos40 + 8cos208+ 6
16costd = 2(cos48 + 4cos28+ 3)

cos? f = = (cos 48 + 4cos26 + 3)
Therefore, cos* f = }-E{C{}h' 40+ 4cos28 + 3) (as reqLLirE-dJ

© Pearson Education Ltd 2C
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Exercise D, Question 5

Question:

sin® @ = <L (sin 58 — 5 sin 36 + 10 sin 6)

Solution:

Let 2= cos @ + isinfg

Pagel of 1

. 118 _ _ QR - | l— = 2isin #
|2+ N'l = (2isin 6)* = 32i°sin” 0 = 32isin> ~—
) ) f ) ; A - S . g 5
= 25 +3C, 2 -1) + 3¢, 2 -1) + s, 2( 1) +5c,z( 1) + (-1
= 7+ 52(-1) + 102(-1) + 102( L) + 52( 1) + (1)
IN-SPTP( o o IIRSE & & S [s & WIS 0 b (B
=7+ 52 5) + 102'{ 25 ) — 1024 55| + 52 5 ) - %
=5 -52+10z-10435_1
z P 7
=(p-L)-5(p-1] P
| Z _51| .“:|Lz zh] + 1012 —=)
= 2isin 50 — 5(2isin 36 + 10(2isin g)» z" 4 ;]r:- = 2isinn @
S0, 32isin 8= 2isin 530 — 10isin 34 4 20isind (+2i)

16sin® # =sin5# — 5sin 38 + 10sin @

sin’ § = ;- (sin 560 — 5sin 38 + 10sin 6)
Therefore, sin® @ = 1-(sin 56 — 5sin 36 + 10sin 6)

© Pearson Education Ltd 2C
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Exercise D, Question 6

Question:

a Show that 32 cos” 6 = cos 66 + 6 cos 46 4+ 15 cos 28 + 10.

b Hence find J " cos® @d@in the form am + b3 where a and b are constants.
il

Solution:
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letz=cos@ +isin@

116 ) e 2—7}=2msﬂ
a (E+E} = (2cos8)" = 64 cos" @

- 0,2 (3) (3 (3] + (3 (3 (3)
=78 + ﬁx5(;} + 151‘( ] ] + 2(]1‘({ ] + 1‘312( 1 ] 4 6/(715] +z%
=7-62+ 152+ 20+ = 15 [i+ll

Z A

7a__+ﬁ.;4 +]522+_l + 20
[ ) [ ) [ xz)

|

= 2cos60 + 6(2cos46) + 15(2s5in28) + 20— 2" + e 2cosné@

50, 64cos"# = 2cos60+ 12cos4d + 30cos2i + 20

32cos"@ = cos 66 + 6cos46 + 15cos28 + 10 (as required)

b ‘['.‘ cost f = 1_12 Y cosh8 + 6cos 46 + 15c0s26 + 108
] .

_ 1 [sin®@  6sin*f, 15sin’§ Ié
26 a4 Tz T
. 2ar) T
_ i 5111{17}4_?5!”(?4__15{']“(3) 104 -—{(}]}
321176 4 2 6
o Yoy BN3 o A5VE %_w]
7 A 1 TR s A
=137 4 155, 55
‘52,4‘“4‘3+3]
_ 19 & , S
‘ﬁ.§‘3+'i']
5 5% . 9 5 9
. o =2 4 J = P
L cos™ %+ﬁ4d 0= gﬁ,b A

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise D, Question 7

Question:

a Use de Moivre's theorem to show that sin 48 = 4 cos® #sin 8 — 4 cos #sin® 8.

4tan # — 4 tan* @
1 —6tan? 0+ tan* &

b Hence, or otherwise, show that tan 44 =

¢ Use your answer to part b to find, to 2d.p., the four solutions of the equation
X*raxt-6x*—4x+1=0.

Solution:

PhysicsAndMathsTutor.com
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a (cos §+ isinf)! = cos46 + isin 44 de Moivre's Theorem.

= cos* 0 + *C,cos* 8(isin @) + *C,cos? 8(isin 8)°

+9C, cos 8(i sin 8" + (i sin 6)* 1 Binomial expansion.

= cos* f + 4icos’ #sin 6 + 6i%cos’ #sin’ @
+ 4i‘cos #sin’ @ + i*sin* @
= cos* @ + 4icos® Asin @ — 6cos? fsin® § — 4icos fsin?  + sin' @
Hence,
cos46 + isin4f = cos* + dicos® @sin § — 6¢cos”* #sin’ 6 — dicos Bsin B + sin*e (@)
Equating the imaginary parts of Q) gives:
sin' @ = 4 cos’ #sin 8 — 4 cos #sin’ @ (as required)
b Equating the real parts of () gives:
cos 40 = cos? 0 — 6.cos’ Bsin? @ + sin* 0

tan 49 = Sin 460 _ _4cos*fsin § — 4 cos fsin* (cos 48 + cos* 6)
cos4f  cost @ — 6¢os? Bsin® @+ sint@  (cos4f = cos’ 6)

4cost@sin® _ 4cosfsin'e

- cos* 4 cos' 6
cos*f _ 6cos Asinc @ , sinté
costh cost o cost @

4ces’ @ sind_ dcosdsint @

_ cos'@ cosf cosfcos’ g
cos*f _ 6cos*@sin’ g . sin'@
cos'f  cestBcostd  costé

_ _4tanf— 4tan’o
1 = 6tan® @+ tan* @

4tan® — 4tan’ 0
1 —6tan’ @ + tan* @

Therefore, tan* @ = (as required)
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Exercise E, Question 1

Question:

Solve the following equations, expressing your answers for z in the form x + iy, where
xERandy ER.

az?—-1=0 bzZ-i=0 ¢ =27
dz7+64=0 e +4=10 f 2 4+8=0
Solution:
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for —8i,r=8 0= —%T

Sozd= S(L‘us(—g} + Isin{—;—r”
= 8((:{:-5(' -§+ 2km) + isin| -%r + Zkrr}) keZ

Hence, z = [8{:-:05{ —-53+ kaj + isin{_—%@ 2.‘:«-])]1

z=8

| _31- \ ' _:!T \
cos 2 r 2."(7) + isin[%ﬁwj) de Moivre's Theorem.

k=ﬂ;z=2(cos(—
k=l;z=2(c05%”+i5in%’]=2:ﬂ+i}=21
k=—-1z= (cos(——g—TJ |sm( 6]]=2(—‘§—%i]=—»-"§—i

Therefore, z = v3 — i, 2i, —v3 — i
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Exercise E, Question 2

Question:

Solve the following equations, expressing your answers for z in the form r(cos @ + i sin 6),
where —r< = m

az=1 b2+ 16i=10 c24+32=10
dz=2+2i e 2 +2V3i=2 f 2+3203432i=0
Solution:
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Exercise E, Question 3

Question:

Solve the following equations, expressing vour answers for z in the form re", where r > 0

and —w < 8= 7. Give 8to 2d.p.

=J]

+ 3i

azt=3+4j b z2=11-4i c zi=

Solution:
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]

[y
%

=/(=v7)P2+332=VT+9=/16=4

a:w—mn4L%]=Zﬁuﬂu“
|

So. 7= 4e1r2.21.'.':5.1u...|
74 = 4el2298530. 4+ 2w p e 7T

Hence, z = [4¢/2293530... + ..Aw]]'.

= 4l £293530... + Zkm) | de Moivre's Theorem.
_ i 2.283530... ; kil
=vZe' 4 2l

k=10 7 =2 pill5733.)
i
k=1 z=2g1441..)

= —1, z = 2 pi-09974..)
7

k= ,..ZJ 7= ;‘jen—z.snaz...u

Therefore, z = VZeO%, z = V2 2™, z = Ze 10 7z = Z e 257
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Edexcel AS and A Level Modular Mathematics

Exercise E, Question 4

Question:

a Find the three roots of the equation (z + 1)* = —1.
Give your answers in the form x + iy, wherex € Rand y € R.

b Plot the points representing these three roots on an Argand diagram.

¢ Given that these three points lie on a circle, find its centre and radius.

Solution:
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Exercise E, Question 5

Question:

a Find the five roots of the equation z° = 1 = 0.

Give your answers in the form r(cos 8 + isin #), where — o < # =< m.

b Given that the sum of all five roots of 2° — 1 = (0 is zero, show that

+ COS | —=—| = —=
T, 5 |

2r) [ dar] |
Cos - .
7 2

Solution:
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b50,21+22+2.’_1+24+25=ﬂ

1 + ms(z%rb + 1'_~.|r1( T ) * Lm[?ﬂ'] + nm[%r]

+ cos[j-%) . isinl r‘; ) + L051 < J + 151n( 4“] =1

dar)

SR

=1+ cm(zw} + lsm{ 2'"') + cm[ | + isin| ¥

+ -;:(15{2%") = isin{%”') + c('.rs[:t—rl - isin(%"} =)

1+ 2(.05( 2;“] + 21,05[ “HT] =0

2{:05(25—'”) + 2{:05{ 4;’) -1

2{(.0*.(2?] + 2::{15(%"_}:] = -1

cos[: 25_#] + ms(%} = % {as required)

© Pearson Education Ltd 2C
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Exercise E, Question 6

Question:

a Find the modulus and argument of =2 — 2/3i.

b Hence find all the solutions of the equation z* + 2 + 243i = 0.
Give your answers in the form re", where r>0and — v < 8= =

Solution:
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Exercise E, Question 7

Question:

a Find the modulus and argument of v6 + v2i.

b Solve the equation 77 = v6 + v2i.
Give your answers in the form re’ wherer>0and - o< <.

Solution:
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Exercise F, Question 1

Question:

Sketch the locus of z and give the Cartesian equation of the locus of z when:

alz==6 b |zl =10 clz—-3=2

d |7+ 3il =3 e [z—4ii=35 f 241 =1
gZ—1-4/=5 hjz+3+4i =4 ilz—-5+6il=35
j [2z2+6—4i|=6 k 3z-9—6i =12

Solution:
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Exercise F, Question 2

Question:

Sketch the locus of z when:

aagz=2 bargiz+3) =T carg(z—2)=%
3 4 2
darg(iz+ 2+ 2i) = --_4_‘ e arglz — 1 — [p::i"".' f arg(z+3i)==
: 29 . ; T . ; ; 3
g arglz— 1+ 3i)= 3 h arg(z — 3 + 4i) = —5 1 arg{z — 41) = - 3
Solution:
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Exercise F, Question 3

Question:

Sketch the locus of z and give the Cartesian equation of the locus of z when:

alz—6/=|z-2 bz+8=z-4
C |2 =z + 6i d 2+ 3i| =7 — 8i
e |2—2-=2il=|z+2+2i Fle+4+i=|z+ 4+ 6i
g |z+:3:=51| = |g—=F—5i hl|lz+4-2i=|z—8+ 2i
i ;j{':=I j lz+7+2i=|z—4-3i

Klz+1-6il=2+3i—-1z

Solution:
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Exercise F, Question 4

Question:

Find the Cartesian equation of the locus of z when:

az—=z2=1 bz+z2=10

Solution:

az—2=1(

. _ z=x+iy
rx+y)=(x=1y)=0 F=x—-1y
=2y =0 (Xi) h
»=2y =10
oy = ()

The Cartesian equation of the locusof z — 2* = 0isy = 0.

bz+:z*=0 .
. . z=x+1y
n i 'V 4+ (X — — et
xX+iy)+@x—-iy)=0 7 =x— iy
= 2y =0
x=10

The Cartesian equation of the locusof z + 2* = 0 isx = 0.

© Pearson Education Ltd 2C
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Exercise F, Question 5

Question:

Sketch the locus of z and give the Cartesian equation of the locus of z when:
al2-z=3 b Si—-z=4 c 3=2i-z=3

Solution:
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Exercise F, Question 6

Question:

Sketch the locus of z and give the Cartesian equation of the locus of z when:

alz+3=3z-5 b|z-3=4z+1|

C |z—1|=2|z+1 d|z+2-7i=2z-10+ 2i
e z+4-=-2i=2lz—-2-5i F |z| =212 —2

Solution:
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C ya lz2 =1i] = 2iz + i

x4+ iy —il =2x + iy + i

|x+i{y— 1:;’—4i:r+i[;,r+ 1)2

X+ (y-17=4x+(y + 1)

ey =2y 1 =4 Ryt 2y)
= 4x? + 4y” + By

3+ 3+ 10y +3=0

=Y

x3+y-’-+i§(}y+]=ﬂ

..HIU'I U-J[(J‘l
o|5 ““|M

+5) -
+5)
Circle centre [U, —%] radius %

d |z +2 - 7i| = 2]z - 10 + 2i

x+iy+2-7i=2x+iy - 10+ 2i

. [(x + 2) +i(y = 7> =4|(x — 10) + i(y + 2)]

O 10 15 20 2§ * (x + 22+ (y = 7) = 4|(x = 10)* + (y + 20|

1 X 2+ 4+ 4+ - 14y + 49 =[x — 20x + 100
+ 3+ 4y + 4|

322 - B4x + 3y* + 30y + 363 =0

X2 —28x+y 4+ 10y + 121 =0

(x— 142 — 142+ (y+ 572 -52+121=0

(x— 1424 (y+ 52 =100

Circle centre (14, —5) radius 10

e ya |2 + 42| =2z — Z —5i

e+ iy + 4 = 2i] = 21x + iy — 2 — §i

l(x + 4) +i(y = 2)]* = 4|(x — 2) + i(y - 5)]?

x+4P+(y-2r=4|x-2°+(y - 57
X X4+8+ 16+ —4dy+4=[x"-4x+4

+ y2 + 10y + 25]
3x2 - 24x + 32 - 36y + 96 =0
-8x+y2=12y+32=0

x—42—-16+(y—-62-36+32=0
(x—472+(y—672=20
Circle centre (4, 6) radius v20 = 2v5

100
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=Y

e
|

=22 - ¢4
2|-1l|z - 2|

x+iy|=2X1X|x+iy—2

FHyi=4(x -2 +5Y)
X2+ yi=4xl—-4dx + 4 +y?)
3 —16x+ 32+ 16=0

» _ 16 16 _

e - '3—1 +_}’ 4 T =1

(x 3# "4+v +16-9
.'!t

o — 8 L2 16

[l 3) t¥=3

Circle centre | |3 D] radlm i
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Exercise F, Question 7

Question:

Sketch the locus of z when:

Z T z— 3i T
a arg| = | = = b are -
t“"..f_-i'.{.' 4 “5"|-/-i--|.| I
P T [Z2 — 31 X
C ampg—=—| == d arv N | = 1
hl‘f — .2 | { ‘5‘| T - f _],
) Loy T o gl £ — B )

e argz —arg(z — 2 + 3i) = = f arg | =

Solution:
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(Circle arc has centre (=2, 2), radius 2v2)
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Exercise F, Question 8

Question:

Use the Argand diagram to find the value of z that satisfies the equations

zl=5and arg(z + 4) =

SE!

Solution:

© Pearson Education Ltd 2C
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Exercise F, Question 9

Question:

Given that the complex number # satisfies |z — 2 — 2i| = 2,
a sketch, on an Argand diagram, the locus of z.

i
6’

b find the value of 7z in the form a + ib, wherega e Rand b € R,

Given further that arglz — 2 — 2i) =

Solution:
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Substituting (2) into @) gives (x — 2)* + %:x - =4

>3x-22=21

3
= 4(x — 2)2 =12
= (x—2)2=3

s X —2=%V3
=>x=2%43
From the Argand diagram, x > 2.
Sox=2+3 ®

Asy—2=%lx—2(} @

Ve

Substituting 3@ into @) gives y -2 = _.1}_3__{2 +V3 -2)
v

Therefore, z = (2 + V3) + 3i

© Pearson Education Ltd 2C
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Exercise F, Question 10

Question:

Sketch on the same Argand diagram the locus of points satisfying

a |z - 2i| =| z — 8i|, i}ztrgiz—?.—ir—'%".
The complex number z satisfies both |z — 2i| = |z — 8i| and arg(z — 2 — i) = j_;

¢ Use your answers to parts a and b to find the value of z.

Solution:

© Pearson Education Ltd 2C
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Exercise F, Question 11
Question:
Sketch on the same Argand diagram the locus of points satisfying
m
alz—3+2i=4 b arg(z — 1) = —4.
The complex number z satisfies both [z — 3 + 2i| = 4and arg(z - 1) = —j—;—.
Giventhatz =a + ibwherea€ Rand b € R,

¢ find the exact value of @ and the exact value of b,

Solution:
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Substituting @ into @ gives (x -3+ (—x+1+2)2=16
=x=37+(-x+3¥=16
=x2-6x+9+x2-6x+9=16
= 2x2 - 12x + 18 =16
22 —-12¢+2=0

2x2-6x+1=0

_6%36 - 4(1)(1)

=X 5
fx=612~.-'ﬁ
% G B :zﬁf'
:xzﬁéhf
=>x=3*2/2

asx > lthenx =3 £ 2v2
@=y=-(3+2/2)+1
sy =-3-2/2 +1
=y=-2-2/2
Therefore, z = (3 + 2V2) + (-2 — 2/2)i

Soa=3+2/2, b=-2-2/2

© Pearson Education Ltd 2C
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Exercise F, Question 12

Question:

On an Argand diagram the point P represents the complex number 2.
Given that |z — 4 — 3i| = §,
a find the Cartesian equation for the locus of P,

b sketch the locus of P,

¢ find the maximum and minimum values of |z for points on this locus.

Solution:

© Pearson Education Ltd 2C
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Exercise F, Question 13

Question:

On an Argand diagram the point P represents the complex number 2.
Given that |z — 4 — 3i| = 8§,
a find the Cartesian equation for the locus of P,

b sketch the locus of P,

¢ find the maximum and minimum values of |z for points on this locus.

Solution:

© Pearson Education Ltd 2C
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Exercise F, Question 14

Question:

The complex number z = X + iy satisfies the equation [z + 1 + 1| = 2|z + 4 — 2i|.

The complex number z is represented by the point P on the Argand diagram.
a Show that the locus of P is a circle with centre (-5, 3).
b Find the exact radius of this circle.

Solution:

alz+1+i=2z+4-2i

sl +iy+1+il=2x+iy+ 4 - 2i

> [(x + 1) +i(y + 1)| = 2l(x + 4) + i(y — 2)|
S+ D+iy+ DE=2%x+4) + iy - 2)2

sx+ 1P+ (y+1)P=4lx+ 47+ (y — 2)Y
X+ 20+ 1+y+2y+1=4[x>+8x + 16 + y* — 4y + 4]
sxl+ 2+ 1+ + 2y + 1 =422+ 32c + 64 + 492 — 16y + 16
+0=3x>+30x+3y° - 18y +64+16—-1-1

> 32+ 300+ 32— 18y + 78 =0

= x*+ 1 +y* -6y +26=0

> X+ 52 =25+ (y—-3P-9+26=0

X+ 5P+ (v—32=25+9-26

> @x+572+(y-32=8

Therefore the locus of P is a circle centre (-3, 3). (as required)

b radius =8 = JIV2 = 2,2
The exact radius is 2v2,

© Pearson Education Ltd 2C
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Exercise F, Question 15

Question:

'f;"und arg(z — 4)

a find the value of z in the form a + ib, wherea E Rand b € R.

[f the complex number z satisfies both arg z = ;T

b Hence, find arg(z — 8).

Solution:
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b arg(z — 8i) = arg(4 + 4/31i — 8)
= arg(—4 + 4/31) = 0

Y

(—4, 4v3)

43

-
]
Y

S 0= 9 —tan '(4v{3]—w—5
3
=27
Oy

Therefore, arg(z — 8) = %T

© Pearson Education Ltd 2C
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Exercise F, Question 16

Question:

The point P represents a complex number 7 in an Argand diagram.

Given that |z + 2 — 2/3i| = 2,
a sketch the locus of P on an Argand diagram.
b Write down the minimum value of arg 2.

¢ Find the maximum value of arg z.

Solution:

PhysicsAndMathsTutor.com
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Exercise F, Question 17

Question:

The point P represents a complex number z in an Argand diagram.

kI

4

Given that argz — arg(z -+ 4) = = is a locus of points P lying on an arc of a circle C,

a sketch the locus of points P,

b find the coordinates of the centre of C,

¢ find the radius of C,

d find a Cartesian equation for the circle C,

find the finite area bounded by the locus of P and the x-axis.

1]

Solution:
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e Finite area = Area of major sector ACO + Area AACO

= 20827 - T) + J(4)2)
=5 @)(2m-F)+4

= 4{37) + 4

=o6mrt+4

Finite area bounded by the locus of P and the x-axis is 67 + 4.

b, ¢, d Method @:

argz — arg(z + 4) = arg (z _f )

P b
_m4x+w+J

X+ iy
(x +4) + iy

_ [ (x+ iy) (x+4) — iy
St + iy k) =iy

= arg

‘x(x + 4) — iyx + iy(x + 4) +»°
(x + 4)2+y*

' +4) + 32 + 4) — yx'
= arg (:r—{x ,J y1)+i_}'—{x 1 _}’.:-'
lx+a97+y° (x + 47 +y2
f 2 4 + yZ + —
= arg W){-iw
|\ (o +4)= + y° (x + 4)* + ¥*
x4 dx + y? [ 4y
= i AL, AN (155 | N ARN—
am_w+4ﬁ+f) .m+4ﬂ+f]
A
i 7 o\_m {x+413+y3J_ o
MWW%”H?Iﬂ'E*;ﬁ+u+yr-mﬂﬂ-l
{-x+413+_}'2)

=4y =x2+4x +y°

—sﬂ=x3+4x+y1—4_}r

>@+2P—-4+(y—-2—-4=0

= (x+22+(y-22=8
=@+ 22+ (y - 22 = (2V2)

PhysicsAndMathsTutor.com
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Exercise G, Question 1

Question:

On an Argand diagram shade in the regions represented by the following inequalities:

a|lzi<3 biz—2il>2 c lz+ 7= |z 1 d|lz+6|>|z+ 2+ 8i
e 2=zl =317 f 1=|z+4ij=4 g3=|z—3+5i=5 h2z.z—-3
Solution:
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Exercise G, Question 2

Question:

The region R in an Argand diagram is satisfied by the inequalities |2 = 5
and lz| = |z — 6i]. Draw an Argand diagram and shade in the region R.

Solution:

© Pearson Education Ltd 2C
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Exercise G, Question 3

Question:

Shade in on an Argand diagram the region satisfied by the set of points Pix, y), where
{

ZF1 =i =¥1uml“:~lurgz{—i

Solution:

© Pearson Education Ltd 2C
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Exercise G, Question 4

Question:

Shade in on an Argand diagram the region satisfied by the set of points P(x, y), where

zl =3 and l;a arg(z + 3) = .

Solution:

© Pearson Education Ltd 2C
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Exercise G, Question 5

Question:

a Sketch on the same Argand diagram:
i the locus of points representing |z — 2| = |z — 6 — Bi|,
ii the locus of points representing arg(z — 4 — 2i) = (),

iii the locus of points representing arg(z — 4 — 2i) = 7.

The region R is defined by the inequalities |z — 2| <z — 6 — 8il and O < arg(z — 4 - 2i)= T

3|

b On your sketch in part a, identify, by shading, the region K.

Solution:

© Pearson Education Ltd 2C
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Exercise G, Question 6

Question:

a Find the Cartesian equations of:

i the locus of points representing |z + 10| = |z — 6 — 4/2il,

ii the locus of points representing |z + 1| = 3.
b Find the two values of z that satisfy both |z + 10| = |z — 6 — 4/2iland |z + 1| = 3.
¢ Hence shade in the region R on an Argand diagram which satisfies both

lz+ 10/ <|z— 6 —4/2i|and |z + 1| = 3.

Solution:
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Exercise H, Question 1

Question:

For the transformation w = z + 4 + 3i, sketch on separate Argand diagrams the locus of w when
a 7 lies on the circle |z = 1,
b z lies on the half-line argz = ;T

¢ zlies on the line ¥ = x.

Solution:
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Exercise H, Question 2

Question:

A transformation T from the z-plane to the w-plane is a translation with translation vector

L W= ria a e riry
: 3) followed by an enlargement scale factor 4, centre O. Write down the transformation 1

intheformw=az + b, wherea, be C.

Translation || % ]

Solution:

Enlargement scale factor
4 centre (0, ()

Hence T: w = 4(z — 2 + 3i)
=4z -8+ 12i

The transformation Tisw =4z -8 + 12i Note:a=4,b= -8+ 12i.
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Exercise H, Question 3

Question:

For the transtormation w = 3z + 2 — 5i, find the equation of the locus of w when 2 lieson a
circle centre O, radius 2.

Solution:

w=23z+2—5i

METHOD @)  zlies on a circle, centre 0, radius 2.

- |2l =2
w=3z+ 2 - 5i
=w— 2+ 5 =23z

> lw— 2 + 5i| = |3z
» |lw—2 — 51| = |3||2
= [w— 2 = 5i| = 3|7
s w =2 = 51| = 3{2)
> w—2—15i=6
= |lw—=(2—=5i) =6

So the locus of w is a circle centre (2, =5), radius 6 with equation (1 = 2)* + (v + 5)* = 36.
METHOD @  zlies on a circle, centre 0, radius 2.

l [ enlargement scale factor 3, centre 0. ‘

3z lies on a circle, centre 0, radius 6.

translation by a translation vector | _ %:.

3z + 2 — 5ilies on a circle centre (2, —5), radius 6.
So the locus of w is a circle, centre (2, —35), radius 6 with equation (1 — 2)> + (v + 5)* = 36.
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Exercise H, Question 4

Question:

For the transformation w = 2z — 5 + 3i, find the equation of the locus of w as z moves on the
circle [z — 2| = 4.

Solution:
smoveson acircle |z — 2| = 4

METHOD Q) w=2z-5+ 3i
W+ S5—=31=2z

Wy =31

> z
w+ 5 - 3i e
hy 2 2 7 2
w+5—31—4 _ .
_2 2z 2
w+1-=3i_.
3 =z—2
w+ 1 — 3i
2 —;P.' 2
w+1-—231
= |z =2
2]
» W+ 1—3ij=2lz — 2
= [w+ 1 — 3i| = 2(4)
= w+1-—3ij=8

s lw—(=1+3i)|=8

So the locus of w is a circle centre (—1, 3), radius 8 with equation (u + 1)* + (v — 3)* = 8.

METHOD® |z—-2/=4
7 lies on a circle, centre (2, (1), radius 4

l enlargement scale factor 2, centre 0.

2z lies on a circle, centre (4, 0}, radius 8.

]

w= 2z = 5 + 3i lies on a circle centre (=1, 3), radius 8.

translation by a translation vector I'L_g I

So the locus of w is a circle, centre (—1, 3), radius 8 with equation (1 — 1) + (v — 3)* = 8.
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Exercise H, Question 5

Question:

For the transtformation w = z — 1 + 2i sketch on separate Argand diagrams the locus of w when:
a 7 lies on the circle |z = 1| = 3,

T

b z lies on the half-linearg(z — 1 +1i) = i

¢ zlies on the line y = 2x.

Solution:
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Exercise H, Question 6

Question:

For the transformation w = J £ # 0, find the locus of w when:

a z lies on the circle |2] = 2,

b z lies on the half-line with equation arg z = f

¢ z lies on the line with equationy = 2x + 1.

Solution:
S
W=z ZF 0

a zlies on a circle, [z| = 2

s
W=
> wl =|1]
I
= W = —
7|
= || = ; —— apply |2| = 2

1

Bl

Therefore the locus of w is a circle, centre (0, (1), radius

b z lies on the half-line, arg z = 11-

S I S |
: I - ;--rlllzf
Soargz =, becomes arg| -+ | 1
= arg(1) — arg(w) = ¥

_
= —AIgW = g —— arg 1 =0
— FIW = _?T
— argw 3

Therefore the locus of w is a half-line from (0, 0) at —1"

The locus of w has equation, v = —u, u >0, v <0,

PhysicsAndMathsTutor.com
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" with the positive x-axis.
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¢ zlieson theliney =2x + 1

o g opergean
W= = wz =1 LT g
=x+iy= L.
I+ iv
’ H—iv
=x+iy= 1_ ( _}
{0+ iv) (u — iv)
. = iv
=X+iy=
Y ut + v2
p I o=V
= x+iy= +|[ J
L A 1w+ 12
- ” _!’.l
Sox = andy = ——
L + e Y e+ 2

Hencey=2x + 1 bemmes“

Therefore, the locus of w is a circle, centre [Hl, -

(+ 12+ (v+ ;) =

e LN

© Pearson Education Ltd 2C
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el 2u

= =V =2u+ ut + 2
=0=w+2u+v+v

> u+12-1+ [:1J+ %]2

= (u+ 1)2 +

E—

=>{a:+1}2+(

= X (1* +v?)
R N LR

=
+

[ T w1
b b
Il
—— hlwn
|
—

-
+

S with equation
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Exercise H, Question 7

Question:

For the transformation w = 22,

a show that as z moves once round a circle centre (0, 0), radius 3, w moves twice round a
circle centre (0, 0), radius 9,

b find the locus of w when z lies on the real axis, with equation y = 0,

¢ find the locus of w when z lies on the imaginary axis.

Solution:

w=z

a 7 moves once round a circle, centre (0, 0), radius 3.
The equation of the circle, [z| = 3 is alsor = 3.
The equation of the circle can be written as z

or

Jeld

3 (cosp + isin )

> w=z"= (3(cosf + isin )
3*(cos26 + isin 24d) de Moivre’s Theorem.

Q{cos20 + isin 26)

S50, w= 9(cos 26 + isin 28) can be written as lw| =9

Hence, as |[w| = 9 and argw = 26 then w moves twice round a circle, centre (0, 0), radius 9.
b z lies on the real-axis =y =0

Soz=x+iybecomesz=x(asy=1{)

2 Wi 22 = it

= i+ iv = x2 +i(0)

s pu=x*andv=0

Asv =0and u = x* = 0 then w lies on the positive real-axis including the origin, 0.
¢ zlies on the imaginary axis = x =0

S0z =x+ iy becomes z = iy (asx = 0)

>W=72=(iy)? = —y?
=+ iv ==y + i(0)
s u==ylandv=0

As v = 0and u = —y* = 0 then w lies on the negative real-axis including the origin, 0.

© Pearson Education Ltd 2C
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Exercise H, Question 8

Question:

If zis any point in the region R for which |z + 2i| < 2,

a shade in on an Argand diagram the region R.

Sketch on separate Argand diagrams the corresponding regions for R where:

bw=2z-2+5]j
Cc w=4z+ 2 + 4i,
d |zw + 2iw| = 1.

Solution:

PhysicsAndMathsTutor.com
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Exercise H, Question 9

Question:

For the transformation w = = | . £ # 2, show that the image, under T, of the circle centre O,

2 g
radius 2 in the z-plane is a line / in the w-plane. Sketch  on an Argand diagram.

Solution:
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Exercise H, Question 10

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv, is

16

given by w = 7 & #+ 0,

a The transformation T maps the points on the circle |z — 4| = 4, in the z-plane, to points
on a line [ in the w-plane. Find the equation of /.

b Hence, or otherwise, shade and label on an Argand diagram the region R which is the
image of |z — 4/ < 4 under T.

Solution:

i — 1O
f.u—T
lz— 4] =4

=16

W Vi

- Wz =16

i BB
vz—4=32—4

w4 16— 4w
_ |16 — 4w
=z — 4| = “w |
16 — 4w
= |z — 4] = 129
[w
16 — 4wl
Applying (z — 4| = 4 gives | m = 4
—d{w — 4
s { ) = 4w
w

=4 |lw =4 =4\w
= 4w — 4| = 4w
- lw— 4| = |w

The image under T of |z — 4] = 4 is the perpendicular bisector of the line segment joining
(0, 0) to (4, 0). Therefore the line | has equation u = 2.

© Pearson Education Ltd 2C
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Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv,

3
2 -
Show that under T the straight line with equation 2y = x is transformed to a circle in the

3 3
)

is given by w = 7 2 # 2.

w-plane with centre | | radius _Iix 5.

Solution:

Tiw=53_, 242

=w2-2)=3

= 2w —wz =3

=2w=34+ wz
»2w—=3=wz

s 2w — 3 _
W

;= 20+ iv)— 3
j i+ iv
- (2u = 3) + 2iv
- u+iv
s [(2u — 3}.+ 2iv] " [t — !v|
[u + iv] [t — iv]

i

, (20 — 3w — iv(2u — 3) + 2iuv + 2072

W+ 2

g s S — 2471 + 3iv + 2471 + 212

' w +v?

Bt 2 .
;:_KZZH 35::?;21 +i 33,; 2]
e+ v u + v

S0, x + iy = 2u® - 3u+ 2v% i[ 3y ]

: u* + v? e+ 2

i 2 = Ju 4 2V
' u? + v2

v
u? + v2

andy =

PhysicsAndMathsTutor.com
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v 2% — 3u + 22
As, 2 =x-_>2( . =] =
Ot u® + v-J w + 2

6V _ 2w —3u+ 22
e + v? u + y2

= 6v = 2u? — 3u + 22
= 0= 2u - 3u+ 2v2 — 6v

=2 -3u+2v-6v=0 (+2)

ﬁ;iz—%;w v —3v=0
(o4 e - -3
(o3 - -3
N R

N R

The image under T of 2y = x is a circle centre [;, ;], radius %xﬁ, as required.

© Pearson Education Ltd 2C
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Question:

The transtormation T from the z-plane, where z = x + iy, to the w-plane where w = u + iy,
—iz +1i
Z+1
a The transformation T maps the points on the circle with equation x* + y* = 1 in the

z-plane, to points on a line [ in the w-plane. Find the equation of .

15 given by w = i S

b Hence, or otherwise, shade and label on an Argand diagram the region R of the w-plane
which is the image of |z| = 1 under T.

¢ Show that the image, under T, of the circle with equation x* + y* = 4 in the z-plane is a
circle € in the w-plane. Find the equation of C.

Solution:
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¢ Circle with equationx? + y? =4 = |z| =2

from part a w= —iz + i
P zZ+

—

.|"—

Applying [z| =2 =2 =

= 2lw +i| =i — w|

= 2w + i = |[(—=1)(w — )|

= 2|w + i} = |[(=1)[|(w —1)|

= 2w+il=|w=i

= 2u+iv+il=ju+iv—i

= 2u+i(v + 1) = [u + i(v = 1)

= 2u+i(v+ D2 =|u+ilv-1)]

= 42+ (v+ 1)3] = ? + (v — 1)
=42+ 12+ v+ 1 =12+ 2= 2v + 1
=4t + 42+ 8v+4 =2+ v -2r+1
=3+ 3+ 10v+3=0

10

=>uz+v2+Tv+l=G

The image under T of x* + ¥* = 4 is a circle € with centre (ﬂ, =

S

2
Therefore, the equation of Cis u® + [v + §] 16

?-

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Ll

), radius

4

3

Page3 of 3



Heinemann Solutionbank: Further Pure 2 Pagel of 2

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise H, Question 13

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv,
4z — 3i
el O
Show that the circle |z| = 1 is mapped by T onto a circle C.
Find the centre and radius of C.

is given by w = 2%+ 1.

Solution:

4z — 3i

w= e —

241

Circle with equation |z| = 3

_ 4z = 3i

w
z2—1

]

= w(z—1)=4z — 3i
= WwZ—w=4z — 3j
swz+4z2=w-3i

s Zw—4)=w— 3i

o W
“ =R
_ 11'—3i‘
w—4
gt w—3i
T lw=4
w— 3i
Applving 2| =3 =3 =
pplying w— 4

PhysicsAndMathsTutor.com
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= 3w — 4| = |w— 3i|

= 3+ iv— 4| = |u + iv — 3i|

= 3|t —4) +iv| = |u+i(v = 3)|

= 3P| (u-4)+iv?=|u+iv-3)?

= 9(u— 42+ v =u?+ (v— 3)?

=9 —Bu+16+v|=w+vi-6v+9
=90 - 72u+ 144+ MW=l +v2-6v+9
=81 —72u+ 8+ 6v+ 144 -9=0
=8 —72u+ 82+ 6v+135=0 (=8)

:>!12-9;1+-.J2+%v+%=u
=:-(u-g)z—%+{v+§}z—%+%=n
(o oo B3 4
== (H —g)2+ (v+%)z=%

o (o9 3 -

Therefore, the circle with equation |z| = 1 is mapped onto a circle C with

S LB (Y |
Lenlrt,(z 8)' radlusg,

© Pearson Education Ltd 2C
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Question:

The transtormation T from the z-plane, where z = x + iy, to the w-plane where w = u + iy,

R 1 ;
is given by w=—— 7z # —|.
5 ? 2+ i

a Show that the image, under T, of the real axis in the z-plane is a circle C, in the w-plane.
Find the equation of C,.
b Show that the image, under T, of the line x = 4 in the z-plane is a circle C, in the w-plane.
Find the equation of C..
Solution:
1

Liw=s——, f g —}
z 41 4

a Real axis in the z-plane = y =0

=w(z+il=1
1

swz=1-iw

= Wz + iw

o1 —iw
- L= W
1 —i(u+ iv
;\-_Z.:—{_ }
n+iv
. 1 —iu+v
b= ——
. T
1+ v)—iu u—iv
>z=L{ ) lx{ )

(u + iv) (i =iv)

(1 4+ viu—ivil +v) — i — uv
L F o= 3 =
u + v2

(1+viu—uv  il—v(l +v)—u?
& g 2} : © (—w( i l} )
-+ v e+ ve

y =y, i(=v=v:=ut
gt uv—uyv, I )

A

u? 4 e 1t + v
- i i{_'lr" — - ”2]
A —
n? + vl 12 + 2
2 7 s
; . i | b " e ' o
Sox+iy=
e . u? + vt
T
. u v—1v—u
sX = and y= —————
2+ v % 1t + 2
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—_ — R — e
Asy=0,——5———==0
Y u? + v

= =y=1v2=12=0
=W+ v +yv=0

:;-r:2+(v+%)2-%=ﬂ

=>-HZ+['L’+%J =

2 2

(v df -

Theretore, the image under T of the real axis in the z-plane is a circle C; with centre
1

_l e L ) i s | 2 _'_l 2=l
(U, 2), radius 5 The equation of C, is u +(v } 2) i

bAsx=4 - % =2
s + v-

= g = 2(u® + v2)
= = 2u+ 22

=0=21—u+2v? (+2)

| —

=0=u—-zu+ v
=>(]=[In—%]2—%+v3
:;-(u—%]z+v3=%
=:-(u—-%]3+v2=(‘li)z

Therefore, the image under T of the line x = 2 is a circle C; with centre (% {}'], radius 31
1

The equation of C; is [.u 1) +1 3

© Pearson Education Ltd 2C
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Exercise H, Question 15

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv,

4

K,zqéﬂ.

is given by w =2z +

Show that the transformation T maps the points on a circle |z| = 2 to points in the interval
| =k, k] on the real axis. State the value of the constant k.

Solution:
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T:w=z+;,xy‘ﬂ

Circle with equation |zl =2 = x* + y? =4

W=;-:+%
2
=.:‘H"=‘5J_:LI.
L @+iy)t+d
g _x3+2x_}fi—y3+-;
[(x2 — ¥2 + 4) + i(2xy)]
= W= i
x+1y
- S . i
R (€5 B (227 Bl 1)
(x + iy) (x — iy)

x* = xy? + 4x + 2xy? +i(2xy — 22y + 3 - 4y)

IE +J,E

_ [t _xy;‘ +_EII + i{-},j _IZ-}, _ﬂll
XA y* J x*+ y?

Lo XY D) el +y - 4)

Apply 2 + 2 + 4 w=20 1D U1

4 4
8x  iyl)
W= T + >
=w=2x+0i

=+ iv=2x + 0i
=u=2x,v=0
As|z|l=2=-2=sx=<2
So —-4=2x=<4
and -4=us4

Page2 of 2

Therefore the transformation T maps the points on a circle |z| = 2 in the z-plane to points in the

interval |—4, 4] on the real axis in the w-plane. Hence k = 4.
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Exercise H, Question 16

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv,
- 1l
is given by w = — ZF =3,

& ’ i B
Show that the line with equation 2x — 2y + 7 = 0 is mapped by T onto a circle C. State the
centre and the exact radius of C.

Solution:
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T L ] o S S
I w z—+3,z;‘. 3

Line with equation 2x — 2y + 7 = 0 in the z-plane

iz 3

W zZ+3
=wz+ 3 =1
= wz+ 3w=1

swr=1-3w

e 1 = 3W
5
1 — 3{u +iv
=3 f: - —{.. }
u+ iv
v g 1 = 33U — 3iv
- s —_—
> o+ iv
[(1 = 3u) — 3] . (w—iv)
= F = - -
[(2 + 1v)] (1 —iv}
L, = 0 = 3wu - 3v: —iv(l = 3u) — i(3uv)
' u? + v
=32 =32 | v+ 3uv = 3uv)
=T 2 2 * F £l
0=+ v u? + v:
P 2 Rl i—v
oy U 3;:1 13'.= 1 i }1
1 + 2 u? +v?
. =3 =3, (W)
So,x + iy = = + —
' Y u? + 12 u + 2
— 22— 22
— 3:;1 _’31!
w + v
-
andy = ———
anay u? + v?

As2x — 2y + 7 = 0, then

U3V (V) +7=0

J2m—6ut—6v¢, v
w + v ur+ v

s+7=0 (X @ +v?)

= -6 -6+ 2v+ 7+ v =0

S 2U=-61C -6V +2v+ Tut+ 7vi=10

>+ 2u+vi+2v=0

= 1Y= L4 pd+1)F=1=0

>m+1P+v+1)2=2

S @+ 12+ v+ 1)2= (27

Thaorafmara tha tramncfarmatine T mane tha liaa P Tare LT = M im tha 2 nlana a0 oo ciecla &7 wsidh
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Exercisel, Question 1

Question:

(cos 3x + isin 3x)° s _ B _ T _ :
oA % — S in the form cos nx + i sin nx where » is an integer to be determined.

Express

Solution:

(cos 3x + isin 3x)°

COsSx —isinx

_ (cos3x + isin 3x)°
T COS(—x) + isin{(—x)

_ _ Coséx + isin6x
COS(—x) + 15in (—x)

= Cos(hx — —x) + isin(6x — —x)
= Ccos7x + isin 7x

© Pearson Education Ltd 2C
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Exercisel, Question 2

Question:

Use de Moivre's theorem to evaluate

a(—=1+1i® b

Solution:

PhysicsAndMathsTutor.com
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Exercisel, Question 3

Question:

a If z=cos @+ isin 6, use de Moivre's theorem to show that '+ = = 2 cos né.

V3
b Express (53 + ;]f in terms of cos 66 and cos 26.

¢ Hence, or otherwise, show that cos® 26 = a cos 60 + b cos 26, where a and b are constants.

d Hence, or otherwise, show that IL“ cos’ 26d6 = k3, where k is a constant.

Solution:

az=cosf+isiné

Z"=(cos # + isin A"

=cosn@+isinndg de Moivre’s Theorem.
% =z"= (cos 8+ isin )"
=cos(—n@) +isin{—nf de Moivre's Theorem.
=cosnf—isinnd
cos(—nf) = cosnd
sin{—n#) = —sinng
Therefore 2" + % =cosn@+isinn@+ cosnf—isinnd
i.e. z" + % = 2cosnd (as required)
\3 iy SO R
b (2 +5] =@ +3CE )+ G| 5) + (%)
bl | 2% i | 22}
— b 34l 1Y a2 1] 1
= 76 + 3z (7] + 3z l.z_i.) +E
: 3 1
=204+32+5+ =
2z B

[ 1} 2 1}
S+ | =3|2+ =
|-.? z“J 3(? 72 |
= 2cos68 + 3(2)cos 28

= 2cos60 + 6cos2e

[ V3
Hence, [23 + l?:| = 2cos68 + 6cos 20
1 i
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f V3
C |:x3 | -12 = (2¢c0s20)* = 8cos?’20 = 2cos 69 + 60529

zZ=}

;. €0s*20 = £cos 60 + £cos 20
Hence, cos’ 26 = {cos 66 + +cos 26

T

w
d L" cos® 26d6 = j” §€0s 60 + ;cos26df

1]

54 sin 66 + ﬁblll_ﬂ".”

= [3ysinw + 3sin (%)) — (55sin 0 + 25in 0)

%0 +3(3)) - ©)
= I—ixg

So, L“ cos® 20de = -]",-.’1.'3

© Pearson Education Ltd 2C
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Exercisel, Question 4

Question:

a Use de Moivre's theorem to show that cos 56 = cos #(16 cos* 8 — 20 cos” 8 + 5).

" ' 5++/5

b By solving the equation cos 56 = 0, deduce that cos” | 1—7[’; | = - 3 L
. B F A f T 2 | g - | o
¢ Hence, or otherwise, write down the exact values of cos- : ']{-{?;-I, Cos* | {;ﬂ and cos” | “‘TI.

Solution:
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Exercisel, Question 5

Question:

a Express 4 — 4iin the form r(cos 8 + i sin 8), wherer > 0, —7 < 8 = 7, where rand 6 are
exact values.

b Hence, or otherwise, solve the equation z° = 4 — 4i leaving your answers in the form
7 = Re™™, where R is the modulus of z and k is a rational number such that -1 = k = 1.

¢ Show on an Argand diagram the points representing your solutions.

Solution:

PhysicsAndMathsTutor.com
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Exercisel, Question 6

Question:

a Find the Cartesian equations of

i the locus of points representing [z =3 +i|=|z— 1=,

ii the locus of points representing |z — 2| = 2V2.
b Find the two values of z that satisfyboth [z =3 +il=|z—-1—-iland |z - 2] = 2V2.
¢ Hence on the same Argand diagram sketch:

i the locus of points representing [z — 3 +i|=z—1 -,

ii the locus of points representing [z — 2| = 2V2.

The region R is defined by the inequalities |z — 3 +i| = [z — 1 —i| and |z + 2| = 2V2.
d On your sketch in part ¢, identify, by shading, the region R.

Solution:

PhysicsAndMathsTutor.com
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= circle centre (2, 0), radius 2v2.

= equation of circle is (x — 2)® + ¥2 = (2V2)?
=>x-2P+y=8

The Cartesian equation of the locus of points representing

|z-2|=2v2is(x — 2> + y2 = 8.

PhysicsAndMathsTutor.com

Page2 of 3

ai Let|z—-3+il=|z—-1-1i
=2 lx+iy-3+il=jx+iy—-1-i
= |x=3) +i(y + 1) =[x -1} +i(y — 1)
= |(x=3) +i(y + D)2 =] = 1) +i(y - D2
=x=32+(y+ 1) =(x-12+(y-1)7?
Sgs - e 4 s Dy ] STk T ays e 2y ]
= —0x+2v+ 10==2x—2y + 2
= —4x+4+8=0
= 4y=4x -8
=y=x—2
The Cartesian equation of the locus of points representing
lz=3+i=jz—-1—-i|lisy=x-2.
METHOD(Q@ i |z-3+i|=|z-1-|
As |z — 3 +i| = |z — 1 — i| is a perpendicular bisector of the line joining A(3, —1) to B(1, 1),
then m__m=1—§l=_—2:2= —1
and perpendicular gradient = :—}- =]
mid-point of AB is (3; 1, _12+ 1]
=1(2,0)
=y—=0=1(x - 2)
y=x-2
The Cartesian equation of the locus of points representing
lz—=34+i=lz—-1-ilisy=x—2.
ii z-2/=2/2
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Exercisel, Question 7

Question:

a Find the Cartesian equation of the locus of points representing |z + 2| = 12z — 11.
b Find the value of z which satisfies both |z + 21 = 12z — 1l and arg z = I
¢ Hence shade in the region R on an Argand diagram which satisfies both |z + 2| = 12z — 1

w -
and g Sagzsm

Solution:
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a|lz+2l=12z-1l
= lx +iy + 2l = |2(x + iy) — 1l
=[x+ iy + 2l =[2¢ + 2iy = 1l
2| + 2) + iyl = [(Z2x = 1) + 1(2y)
= |(x + 2) + iy]2 = |[(2x = 1) + i(2y)}?
= (X + 22 +y* = (2 - 1) +i(2y?
Xt dx+ 44y =4t —-4dx + 1+ 4y
= 0=3x>-8x+3*+1—-4
<3 -8x+ 3y -3=0

sx2-8x4y2-1=0
,(x 3‘” m+3.43—1n{:-
= (% - %3 =16,
o3 e

> (x-3) +r= (3

This is a circle, centre %, (}], radius -2

The Cartesian equation of the locus of points representing |z + 2| =

_4V 225
[z-3) +#=%
2
2]l = - - = 2:&
blz+21=122-11=(x 3] +yi=3
argz=g=>arg{x+iy}=g
s = tan ¥
= =tany
='f'2=1
X
=y=x  wherex>0,y>0

PhysicsAndMathsTutor.com
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3 3 9 9
ﬁzxz—%x=§
= sz—%x=1 (x3)
= 6x% — 8 = 3

= 6*—B8x—-3=0

_8=x V64 — 4(6)(—3)

== X

2(6)
_8+.136

ST

ey = ] Ilgvﬂﬁi

i 4 26\.'34
As x > 0 then we reject x = ﬂ_:ﬁ‘“34
and accept x = 4 +v34

2

asy=x, theny = 9 +6%.34
. [4+ 34, (4434,
e (15,3 12,3,

The value of z satisfying |z + 2 = [22 — 1] and argz = "4—7

4 + \'H) +

IS?,':( 6

PhysicsAndMathsTutor.com

4 +34). s e
[ 3 ‘.]I OR z=1.64+ 1.64i(2d.p.)
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Exercisel, Question 8

Question:

The point P represents a complex number z in an Argand diagram.
Giventhat z+ 1 -i| =1

a find a Cartesian equation for the locus of P,

b sketch the locus of P on an Argand diagram,

¢ find the greatest and least values of |z,

d find the greatest and least values of |z — 1].

Solution:
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Exercisel, Question 9

Question:

4—2i'|:?r
i 1’

Given that arg | £—= .
g atarg | Z — Bi

a sketch the locus of P(x, ¥) which represents z on an Argand diagram,

b deduce the exact value of 1z — 2 — 4i.

Solution:

PhysicsAndMathsTutor.com
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b |z — 2 — 4i is the distance from the point (2, 4) to the locus of points P.

4 +0 246
2 ’ 2‘ {2r4}|'

Therefore |z — 2 — 4i| is the distance from the centre of the semi-circle to points on the locus
of points P.

MNote, as the locus is a semi-circle, its centre is

radius of semi-circle

= (0=2)7+ (6 - 32

Hence [z — 2 — 4i|

The exact value of |z — 2 — 4i| is 2V2

© Pearson Education Ltd 2C
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Exercisel, Question 10

Question:

Given that arg (z — 2 + 4i) = I

a sketch the locus of P(x, y) which represents 2z on an Argand diagram,

b find the minimum value of |z| for points on this locus.

Solution:

PhysicsAndMathsTutor.com
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Exercisel, Question 11

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv, is

given by w = J.—}., z#0,

a Show that the image, under T, of the line with equation x = 1 in the zplane is a circle C in the
w-plane. Find the equation of C.

b Hence, or otherwise, shade and label on an Argand diagram the region R of the w-plane which
is the image of x = Lunder T.

Solution:

g i)
f.u—f

a linex = Lin the z-plane

2
.
W= F
= wz = 1
h, o — ]
A W
5 7 = l :
i+ iv
(1= iv)
= 1 — X -
(w+1wv) (u-—1iv)
s r.'j— n*?
e + 2
u N
»>Z= — + 1{ ;
A" e )
So.x+iy=—2 _ il —Y_
YT l:ri + v—’}
i -V
=X = andy = —
ul + v c u* + v?
Asx = 1 thend = — U
g 2 2 w4+

= 42 + v:=2u

s —=2u+vi=0

= u=-12-1+vi=0
= (u—1P2+vi=1

Therefore the transformation T maps the linex = % in the z-plane to a circle C,
with centre (1, 0), radius 1. The equation of Cis (u = 1)2 + v2 = 1.

PhysicsAndMathsTutor.com
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Exercisel, Question 12

Question:

The point P represents the complex number z on an Argand diagram.
Given that [z + 4i| = 2,

a sketch the locus of P on an Argand diagram.

b Hence find the maximum value of |z,

Ty, Ty, Ty and T, represent transformations from the z-plane to the w-plane. Describe the
locus of the image of P under the transformations

¢ Tyw=2z
d T, w=iz,
e Ty w=-iz,

f Tyw=2z*

Solution:

PhysicsAndMathsTutor.com
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Z lies on a circle with equation |z + 4i| = 2

d T:w=iz
w:';z
:.-'H=Z

i
wii
= — | =
i[:_}
wi
= =27
{(—1)
= —=Wji=2
= 7= —Wi

Hence [z + 4ij=2= |—-wi + 4i|=2

= |(—i)| jlw—4|=2
= w—4 =2

Page3 of 4

So the locus of the image of P under T, is a circle centre (4, 0), radius 2, with equation
(=42 +v2=4,

e Tyws=—iz

z lies on a circle with equation |z + 4i = 2

W= —iz

== iw = i(—i2)

= iw =2z
=% 7 = iW

Hencelz+ 4il =2=|liw+ 4di|=2

= lifw+ 4)| =2
= lij|lw+ 4 =2

> w+ 4 =2 —li

= ]

So the locus of the image of P under T; is a circle centre (—4, 0), radius 2, with equation
(u+ 42+ =4,

fF Tpw=z*

Z lies on a circle with equation |z + 4i| = 2

w=2=su+iv=x—1y-

50 u=x,v=-y and x=wandy=—-v
z+4i|=2= [x+ iy + 4i| =2

=x+iy+4)=2
= +il—v+4)|=
= lu+id—v|=2
= |u + i(4 — v)}* = 22
Su’+(4-vyP=4
U+ (v-4y=4

2

Z=x+1iy
=z =x =iy

So the locus of the image of P under T, is a circle centre (0, 4), radius 2, with equation
w2+ (v—4)y2 =4,

© Pearson Education Ltd 2C
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Exercisel, Question 13

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv,

z+ 2
z+1i'

a Show that the image, under T, of the imaginary axis in the z-plane is a line [ in the
w-plane. Find the equation of L.

is given by w = ZF —l

b Show that the image, under T, of the line y = x in the z-plane is a circle C in the w-plane.

Find the centre of C and show that the radius of Cis 1,10,

Solution:

PhysicsAndMathsTutor.com
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. z+ 2 :
I L T
I w z+|’”E i

a the imaginary axis in z-plane = x =0

z2+ 2
W = ——
Z+1i
=wz+i)=2z+2
w2 tiw=z+ 2
= WZ—z=2—iw
=S z2w—1)=2—iw
=2 = 1w
w—1i
o 2=ilu+iv)
n+iv—1
s 2=+ vV
i SR et
(=1 +iv

=

=%

(u— 1)+ iv

__[2+w—iu (u—1) — iv]
F[ I (w—1)—iv

_ (Z+Wu-=1)=—uv=iv(2+v)—iniu-=1)

B (=17 +
a2+ - 1}—mr_i(v{2+v}+u{u— 1)
(=1 ++* L (=142 )
. 2+viu-1)-uv .(1-*{2 + v} + u(u - 1)
Sox + iy = -
4 =12+ : (n— 17+ ]

_ (2+ vi{u—1)— uv
(= 1)% + 2

and y =

As x = 0, then

(24 v — 1) — uv _
(- 1)* + 17

= (2+viu—-1)—uv=20

> 2u-2+vw—-v—-uv=10

= 20H—=2—-v=0

== y=2n-2

0

-2 +v)—ulu-1)

(u— 1) +172

Page2 of 3

The transformation T maps the imaginary axis in the z-plane to the line / with equation

v = 2u — 2 in the w-plane.

b Asy = x, then
-W2+v)—uu—-1) _ (2+ v)iu

(u—1) + 2 (1t — 1
= —=yZ+v)—ualu—1)=(2 + v}u
s =2v =V -t u=2u—-2+vu
= =2V =V - +u=2u-2-v

~0=wr+v+u+v-2

- 1) —uv
)2 4+ V2

= 1) = nv
—Vv=uv

—L.IU-l-l.'l",'-—l'.-l—l'lwvlpllz—l-—'?:n

PhysicsAndMathsTutor.com
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Exercisel, Question 14

Question:

The transformation T from the z-plane, where z = x + iy to the w-plane where w = u + iy,
=z :

—*, 2 # —i.
z+i
The circle |z = 1 is mapped by T onto a line [. Show that [ can be written in the form
dau+ bv + ¢ = 0, where 4, b and ¢ are integers to be determined.

is given by w =

Solution:

T w= ‘;'1_;_:_:' aiak =}

circle with equation |z = 1 in the z-plane.

= wz+i)=4-2z
= wzt+iw=4-—2
=Wz +z=4—iw

+Ziw+1)=4 —iw

R 1
’ w+ 1
; 4 = iw|
w7 =
‘ w+1 |
_ |4 - iw|
lw+ 1|
. . 4 — in
Applying |z| = 1 gives 1 = ||n' +-—]--|-
v lw+ 1] = |4 — iw]
= lw+ 1| = |=i(w + 4i)
> |w + 1] = |=i] [w + 4il
> [w+ 1] = |w + 4i]
= |u+ iv+ 1] = |u + iv + 4i]

= [ + 1} +iv| = lu + i(v + 4)|
= (i + 1) + iv]2 = |u + i(v + 4)12
s+ 1P+ vi=u+ (v +4)>
s+ 20+ 14+vV:=u2+v+8v+ 16
= 2u+1=8v+ 106
= 2n—8v—15=0

The circle |2| = 1 is mapped by Tonto the line I: 2u — 8v—15=0
(ie.a=2,b=—-8,c=—-15).

© Pearson Education Ltd 2C
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Exercisel, Question 15

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iy,
Jiz+ 6
=g
Show that the circle |z| = 2 is mapped by T onto a circle C. State the centre of C and

show that the radius of € can be expressed in the form k v5 where k is an integer to be

is given by w = z# 1.

determined.

Solution:

PhysicsAndMathsTutor.com
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T w=3'2—+_b; z# 1
1-—2
circle with equation |z| = 2
=" JF+6
12

=wl—-—2=3iz+6

w

w-wz=3iz+ 6
= W — 06 = 3iz + wz
= w=06=z(31+w)
L Ww=6
w + 3i
w—6

w + 3il
lw — 6
e— =
|w + 3i

7l
Applying |z| = 2 = H =2

= |w — 6] = 2w + 3i|

= |u + iv — 6] = 2|u + iv + 3|

= (1 — 6) + iv] = 2|lu + i(v + 3)|

= |(u = 6) + iV]* = 2%u + i(v + 3)|°

= (= 6P + v =4[’ + (v + 3)7

= 02— 120+ 36 + v2 = 4[> + v + 6v + 9]

12— 120+ 36+ v =42 + 402 + 24v + 36

= 0=30+ 12u + 3v* + 24v

=0 =u+ 4u+ v + 8v
s0=(u+2P-4+(v+4)2-16
= 20 =(u+ 2+ (v+4)°

S+ 2P+(v+4)?2= [2513'—————__)‘ R=

Therefore the circle with equation |z| = 2 is mapped onto a circle C, centre (-2,

radius 2V5. So k = 2.

© Pearson Education Ltd 2C
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Exercisel, Question 16

Question:

arz + b
o ol

A transformation from the z-plane to the w-plane is defined by w =
where a, b, ¢ € R.
Giventhat w=1whenz=0and that w= 3 — 2i whenz= 2 + 3i,

a find the values of a, b and ¢,

b find the exact values of the two points in the complex plane which remain invariant

under the transformation.

Solution:

PhysicsAndMathsTutor.com
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_az+ b .
aws= s a, b, c € R.
w=1lwhenz=20
w=3-2iwhenz=2+ 3i

a0y + b b o
e o g e
_az+b
®:'w_x+b
e A2+3D)+D
@=3-A=%%+s
3_2i={2a+b}+3m

(2 + b) + 3i
(3=-2)2+b)+3i|l=2a+b+ 3ai

64+3h+9 1 —-4i—-2hi+6=2a+ b+ 3ai

(12 + 3b) + (5 — 2b) = (2a + b) + 3ai
Equate real parts: 12 + 3b = 2a + P
= 12=2a-2b

Equate imaginary parts: 5§ — 2b = 3a

= §=3a+ 2h

@ + & 17 = 5a
= ]5?=i!
® - 5_%+%
e _§ﬁ~2f1
. =13 _
= 5 [l
s‘hsh=c‘then(=%
=E =-I?.~.=—'13
I'he values are a S'b - o c -
7,-13 (x5
Y 5 5
w= 13
A—T (%5)
i 2= 13
52-13
; ; Fobe ok 5w JIZ— 13
invariant points =- 2 s> — 13

252—13)=172—-13
522 - 13z=172-13
522-30z+13=0
V900 — 4(5)(13)
10
V900 — 260

L
o
I+

[
i
o
I+

PhysicsAndMathsTutor.com
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Exercisel, Question 17

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv, is
given by
o E ]
W==5—Z%0.
a The transtormation T maps the points on the line with equation y = x in the z-plane
other than (0, 0), to points on the [ in the w-plane. Find an equation of [,

b Show that the image, under T, of the line with equationx + ¥ + 1 = 0in the z-plane is a
circle C in the w-plane, where C has equation u* + v —u + v = 0.

¢ On the same Argand diagram, sketch /and C.

Solution:
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Exercise A, Question 1

Question:

d_
o=

Solution:

dy

M= R
dx

=

Integrate and include the constant
of integration.
« y= [Zxdx e | of integration
= R Let the constant take values 1, 2, 3,
(), =1, =2 and draw solution curves.

Fe M= x* + ¢ where ¢ is constant

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com


http://www.kvisoft.com/pdf-merger/

Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 2

Question:

dy _
dx

Solution:

dy _

dy

1 ; Separate the variables and integrate.
/? dy = ji dx Include a constant of integration on
2 one side of the equation.

Iny = x + ¢ where ¢ is constant

Y

ec X e*

y = Ae* where A is constant (A = &)

© Pearson Education Ltd 2C
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Exercise A, Question 3

Question:

dy

= x2
dx

Solution:

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 4

Question:

dy
t==x>0
dx &' g

Solution:

© Pearson Education Ltd 2C
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Exercise A, Question 5

Question:
dy _ 2y
dx X
Solution:

dy 2y

dx x

1 2 . . ,

E : dy = 3Ethr . 1 Separate the variables and integrate.

Iny =2Inx + ¢ : i .
Express the constant of integration

Iny = Inx*+ InA » as In A where A is constant and use
i laws of logs to simplify your answer.
= InAx* |
y = Ax?

© Pearson Education Ltd 2C
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Exercise A, Question 6

Question:

d_"r' x

dx ¥

Solution:
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Question:

dy

—— i'.l'.
dx

Solution:
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Exercise A, Question 8

Question:
dy /
L (R A , x=0
dx x@x+ 1)
Solution:
dy _ ¥
dr xx+1)
| | ‘ Separate the variables,
; dy = dx » ! se parti
; [1’ | [tﬁlf 1 jrhc}n use partial fralLtmn'i to
T ? integrate the function of x.
| ]_ 1
Iny = 1__1 dx
Y= J\x &+
=lnx—-In(x+1)+c¢
X
Iny = In—— + InA
ny ]n“_ g +in
- .:1.'{
B ]n:i:+ 1
_ Az .
=y ¥ =1

Vi

4 =
; y= o3
2 ¥ X ll 1
1 y =i
0 X
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Exercise A, Question 9
Question:
dy

— = (05 X
dx

Solution:
dy

= COS X
dx

y=sinx +¢

© Pearson Education Ltd 2C
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y =sinx
y=sinx—1

y=sinx -2
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Question:

dy
—=vycotx, O<x<wmw
de -

Solution:
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Question:

dy ,
= = sect [, —
dx

- - T
- -
: 2

=

Solution:
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Exercise A, Question 12

Question:

dy

~=x(1—-x), O<x<l
dx

Solution:

Jnx—=In(l —x)=t+¢
In—>—=t+c¢
1 —%
2R R | 0 < x < 1 implies that A is
1 —x . | a positive constant.
x = Ael — xAe!
x(1 + Aef) = Ae
Ae!
X=——
I + Aef
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Question:

Given that a is an arbitrary constant, show that y° = 4ax is the general solution of the
” ; R« S
differential equation — = 5—.
qUation gy = ox
a Sketch the members of the family of solution curves for which a = l 1 and 4.
b Find also the particular solution, which passes through the point (1, 3), and add this curve to
yvour diagram of solution curves.

Solution:

dy _ ¥
dry  2x

[_%LFF%/%EL*‘

Iny =1lnx +¢

or Iny=slnx+InA

Il

Iny =InA ¥
ie. y=AE or ¥=A% or y=4ux
a Sketchy* =ux,y* = 4xand y* = 16x

Va

=Y

b % = 4ax passes through (1, 3)
9=4q
ie. a=sandy’ =9
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Exercise A, Question 14

Question:

Given that k is an arbitrary positive constant, show that y* + kx* = 9k is the general solution
dy -xy

of the differential equation U ; x| = 3.
dx 9 -x?

a Find the particular solution, which passes through the point (2, 5).

b Sketch the family of solution curves for k = ,',. 2 1 and include your particular solution in the
diagram.

Solution:
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Exercise B, Question 1

Question:
dy
r=—+Yy=COsX
dx ~
Solution:
dy
XY —— + Yy =C08X%
de -
so 4 (xy} = cos x
de
Xy = / cos x dx :
’ Remember to add the constant of
=5iNx+ ¢ » i integration when you integrate
; - not at the end of the process.
+ e — e i " j‘. ; !
Y=zsinx+z

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2

Edexcel AS and A Level Modular Mathematics
Exercise B, Question 2

Question:
dy
p¥ == — p~¥ g = yp?
dx .
Solution:
dy -
W X X
g e = g = X
dx ;
d .-
----- (e™y) = xe*
dx ]
SRy f,rt"‘ A i i Use integration by parts to integrate xe*.

=xe*—ef+¢

X

y = xett — g

+ cet . Multiply integration by €.
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Exercise B, Question 3

Question:

. dy :
sin x +ycosx =3
dx -

Solution:

; dy
sinx -~ + ycosx

= {
dx
4 (ysinx) =3
dx

y sin x

[ 3dx

ysinx =3x + ¢

ix :
= — + Y :
sinx sinx

= 3x COseCx + ¢ Cosecx
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Question:
dy
] : — I1 T o L'.-'l
xdx gx2-
Solution:
1 dv
B L 1.|1|_ — l."‘
xrdx x*
'Ll ] | Y
L — O e
dx |.1' ) /
-y = fefdx
X .
=¥ + ¢

y=xet+x
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Exercise B, Question 5

Question:
, o dy
22y Y 4 oy = &
dx
Solution:
dv This time the left hand side is
xie¥ = 4 2xe¥ =% » d .. . : d ..
dx —— (x= T y)) not just — (x-vy).
da dx
d .z
— {xegd) = X
dx
tie¥ = /.x dx
= + ¢
Ll!‘ == l] 4 {-1.
R
= 1 L g 6]
or y=In|;+ =]
) £ X-l
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Exercise B, Question 6

Question:
dy :
day — + 2y? = x?
Y dx ¥
Solution:
dvi Again the left hand side of the
_!,-1:1".' .+ 2 1 = _1'" " it a . 5 \
< dx Y equation can be written L—ﬂ (2x f(y)).
1.1. ¥
— (2xy°) = x
Lh. ",
2xyt = f.\'f- dx
A Ty
- ;_l L
r) Lo C | oy 3
ye=zxt+ 7% | Divide both sides by 2x.
= T [
or y=% =+ =
- VL6 2x |
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Exercise B, Question 7

Question:

a Find the general solution of the differential equation
x b
dx

b Find the three particular solutions which pass through the points with coordinates
i—, 0, l—-_',, 3) and [—' 19) respectively and sketch their solution curves for x < 0.

+ 2y =2x+ 1.

Solution:

=)
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Question:

a Find the general solution of the differential equation
dy ¥ ]
Inx-—+%==- J
dx x @@+ 1)x+2)

b Find the specific solution which passes through the point (2, 2).

x> 1.

Solution:
dy ¥ 1
a T T . S
de x &+ Dix+2)
d _ 1
2 (X y) = ————
e Y) (x + 1)ix + 2)
vInx = [ 1 X s I You will need to use partial
” (x + 1)ix + 2) l fractions to do the integration.
| ] '

]

Inf(x+ 1)-Inx +2)+¢

- Infx+1)=In{x+ 2)+ InA

Inx
!n__,l_i_x__f ]__J
(x + 2) . , .
y=— — is the general solution
Inx '
b Whenx=2,y=2
]
3 = Jﬂ?l
i
Inf;‘l =21In2 = In4
— |h
A=
16(x + 1)
N—=
. 3x+2)
50 y = - :
- Inx
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Exercise C, Question 1

Question:

dy

_.|_2r
dx )

]
i

Solution:

dy
. 2 +
d )

g
Find the integral factor /™ and
The integrating factor is /2% = ¢* « multiply the differential equation

dy | - by it to give an exact equation.
B S &l
t’ﬂ; (e*y) = e®

ety = [ e dx

)
ki

] —
5 € k0

£
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Exercise C, Question 2
Question:
dy

— +ycotx =1
dx

Solution:
dy

" Fycotx
dy -

The integrating factor is e/P®* = gfeotx d

= E.I'.u'.u.'r

The integrating factor ¢
can be simplified to f(x).

sinx »

Multiply differential equation by sin x.

L dy .

LSNX -+ Y COsSX =S5NX
de -

d i s

------ (ysinx) = sin x
dx

ysinx = j.'\'il] x dx
= —COsX + ¢

¥ =C0t X 4+ C COsecCx
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Exercise C, Question 3

Question:

dy :
= + ysinx = et
dx

Solution:

dy . .
4+ y5inx = a3
G b

The integrating factor is ¢!

dy . S
et i A 1 e S
dx )

y— 1% X

d CO8XY —
— Ve ) ]
dx ™

l1"_|E_.—--:\.'| = x + '.-

y = ATV o PO
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Exercise C, Question 4

Question:
dy ,
Ly = ot
de -
Solution:
dy . i
AR A — ';'J-d
dy - : _
= . ) ] ] i r. 7__" = r.
The integrating factoris e/~1% = ¢~ » | eine |_nhu t_h ”.I {.” 1 and
the minus sign is important.
X Lly X 2K X
AN e = e
’ dr 7
d
[dln':_' -'-] — Ln.'-
dx

_._
)
v
Il
“‘-‘é‘"‘:
%
-
=
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Exercise C, Question 5

Question:

dy
— t+tytanx =xcosx
dx

Solution:

dy
—+ytanx =X Co5 X

de - :

J Find the integrating factor

The integrating factor is e/™nrdr = plnsecx o P .
5 5 | and simplify €' to give f(x).

=SecC X
dy t
LseCx—— +tyseCxtanx = Xx
’ P ¥ F
1-‘-' (ysecx)=x
X
ysecx = /.r dx
L 4 .
= _1_1'- T L
y=(1x2+c)cosx
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Question:
dyv v
LT ]1
dey x &
Solution:
'Ll ) 3V
i) gt = 11
dr x x°
The integrating factor is ¢/s* = glnr =
dy 1
U Teryolle I e
dx - X
d 1
Vet q_’l“r .
gy " ] X
N |
xy= ix
. '1.
=nx +¢

y=dlnx + &
¥ X
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Exercise C, Question 7

Question:
,dy x3
X —xy = x>-2
dx Y x+2
Solution:
3 dy i x
dx ™~ x+2

First divide the equation through by x7,
to give the correct form of equation.

Divide by x* »
L S
Cdr x? xr+2

|
il

e 5 Inx — ,:‘J" ¥ o=

The integrating factor is e %

Multiply the new equation by ,3

1 dy 1 |
r dx .1‘-':‘1'F X+ 2
dit. | 1
— ot |'| - — -
i \x¥) Txr2
1, _ | .
oy = fr TS dx
=Infx+ 2)+ ¢

y=xInx+2) +ecx
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Exercise C, Question 8

Question:

.. dy
x> +y=
{rL y=x

Solution:

e T 3y

Il
o

5 " " " fL
he integrating factor is e’ ™
=g

Multiply equation % by x°

dy
1.3 13
e —+ = L 1
S b A &
d (1) ¢ i
lx'y) ==zx
dx J i
.
=23+
y=3X+cx

© Pearson Education Ltd 2C
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Exercise C, Question 9

Question:

dy

x+2)——y=i(x+2
]clx J ]

Solution:

dy .
X+ 2 —y=(x+2)
L
,dy 1 = | Divide equation by (x + 2) before
ey =1 w ol e o T
de (x+2) ‘ finding integrating factor.

The integrating factoris e'c*% " = g-Ix+ 2 = g™k

Multiply differential equation % by integrating factor.

LT o
T+ 2)dy x4+ 220 (x+2)

d[ 13| =]
dx |(x + 2)° x+2

1 W | A .
T+ f;- 3K

=In{x+2)+¢
y=@x+2)nx+2)+c@x+2)
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Exercise C, Question 10

Question:
dy X
T+ 4y = LJ
dx v oxt
Solution:
dy ¢t
X+ dy = =
dx - xe

Divide throughout by x

- dy o
Fhen == + 4\— — K
de X x°

The integrating factor is e’ ©

, dy 7 i . . ] wirate ret using intevratio
wxt =+ 4x'y =xe* |having multiplied % by x*| Integrate xe” using integration
dx s : : | by parts.

= i,"l Inx — L,h:;.,' = _l":

d y) = xet

dx
X y= /.It"T dx
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Question:

Find ¥ in terms of x given that
dy

x 4 + 2y = ¢* and that y = 1 whenx = 1.
dx : “

Solution:
dy

X=—+2Zy=¢
dv

Divide throughout by x

- dy 2. 1 .
Ihen i___ +.'1:_}' =xc

lx ¥

The integrating factor is e/* ™ = g2 Inx = ginx’” = 42

Multiply equation % by x*

- ,d .
hen x? Y + Zxy = xe*
dx i

= xp¥ — f v dx

=xet—e*+¢

Solve the differential equation
y=ler - Laxy € . then use the boundary condition
Tx Xt X2 ¥y = 1whenx =1 to find the
constant of integration.
Given also that y = 1 whenx = 1 5 S

Then 1 =¢—e + ¢

i

I
o
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Exercise C, Question 12

Question:

Solve the differential equation, giving y in terms of x, where

' =-—-xy=1landy=1atx=1.

Solution:

% d& - xy =1
Tode T

Divide throughout by x?

dy 1
ek e Yy = e &
g &+ x°
The integrating factor is e /+® = g-1nx = g™ ='tl.
Multiply equation % by 3
- dy 1 1
l'hen 15 =y ==
xde x*7
d (1.} 1
- | - Y| = —
de W</ gt
1 f 1 4,
- ‘F' = e Lh.
X - "
= /x'”‘ dx
= —3X Y4
L},- = ..%J—": + cx
S0 y=— I-.- + o
' a3x
Buty =1, whenx = 1
1 = —i + ¢
L' = -{,
1 4x
Y = e + Rkl
3t 3
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Exercise C, Question 13

Question:

Find the general solution of the differential equation
\ ':"I . 3 3
x+1 —J+2y=2tx-+ 1),
x/dx

giving v in terms of x.

Find the particular solution which satisfies the condition thaty = 1 atx = 1.

Solution:

f \dy ; £
(x+1)3 $ oy =2 @2+ 1)
\ x/ dx

Divide equation by x + 1 ]

X
= 2'34_ 2
My A g 8D
X \ | \
x+g)  (x+g]
dy Ty

Lo =X+ = Xy =2%(x? +
R TEy et

I'he integrating factor is e'+'+ L P RN
Multiply % by (x* + 1)

- 5 i"‘l ] 9
Then (x= + 1) ;1 + 2y = 2xlxt + 1)*

d > 1 2 4
— (2 4+ 1)y =22 (x* + 1)
dx“ ) ¥] : )

f.?_t[.ﬁ + 1) dx

P .
(X2 + 1)+«

yixt+1)

=
[

3 @2+ 1)+,

3

(X2 4]}
Buty =1, whenx = 1
1=1X4+1c
_ _z
=3
y=l@2e1p-—2
¥ I+ 1)
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Exercise C, Question 14

Question:

Find the general solution of the differential equation

C
cnsx—}+1'=i, T ened,
dx 2 2

Find the particular solution which satisfies the condition thaty = 2 atx = 0.

Solution:

Divide throughout by cos x

v
4 SeCx Yy =Secx
dx £ |

The integrating factor is g/ 3% * & = ginGecx +anx) , ] fﬂecx dx = In(sec x + tan x)

secxy +tanx

]

¥ ,
— + (seC-x + secx tanx) y

-4 seclx + secxtan x
dx

misecx +tanx)

‘% [(secx + tan x)y| = sec’x + secx tan x

(secx + tan x)y = /SCL":A’ + sec x tan x dx

tanx + secx + ¢

¢

Y=ty Tanx

Given also thaty = 2, whenx = ()

e N L
14+0
c=1
‘ 1 COs X
=1 4+ —— - - S T e
W Y= lver T Y = 1 1 +sinx
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Exercise D, Question 1

Question:

dy v =x

—==+4+= x>0v>=0
de x ¥ -
Solution:

a e -‘r o :
=% = y=az

]

dy dz ‘ Use the given substitution to express

—L': =7+ ¥ y (a ks
- . ‘ in terms of z, x and 22

: . . . dx

Substitute into the equation:
Ll;l :'E + ad
de x ¥

Z 4 dz _ ol 2 1

dx z
dz _ 1
de z

Separate the variables:

Then [x dz = /} dx

[E3]

-‘;? =lnx +r¢
j.-.’. - l —— B 1}.
i ny +¢asz=5%

¥ =222 (Inx + ¢)
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Exercise D, Question 2

Question:
dy ¥ -2
L= 4 x>0
dx x
Solution:
\ Y i b + x 42
§ == y=yzx and =7+ 1=
x g dx
dy v .2
= -|-“f-l. lr-—;{.':!'_,:/+ _]
de x4 dx z
"}l' .(E = _]1.
dy =z
Separate the variables:
lhen [z2dz = 1 dax
; 7
P .
Z=Inx 4+«
3
=l
.'I'
Y Inx + ¢
Ax

yi=3x"(Inx + ¢
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Exercise D, Question 3

Question:
dy v ¢
— =4 x>0
dx x «x
Solution:
y dy dz
As z== y=ixyand — =% + x ==
Xt dx da
dy ¥y - :
L A (O SR SR
de x x dx
dz )
X-==7x
da

Separate the variables:

) | I il L=
_./F{If.—fftl_x

| -
- Inx + ¢
Inx + ¢
¥
But z = =
il — —X
Inx + ¢
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Exercise D, Question 4

Question:

= x>0
dx 3xy?
Solution:
Z= 2 v = zx and o z+x dz
roe R R I
R P TR PP
Tdr 3xyt 77 Tdy 3x22a?
dz_1+4z
X——=-—=L -7
dx 3 72

Separate the variables:

) S s
..fl_'_x{ﬂf.—./fd.l

o In(1 + z°) = Inx + In A, where A is constant

. In(1 + 2*) = InAx

S0 1+ 2= Ax

And Z=Ax —1.But z = :
|-*
L =Ax -1
e

y'=ua*(Ax —1), where A is a positive constant
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Question:

Use the substitution z = y~? to transform the differential equation
dy 1

_h .- p ) L a — 'q d{ f:: .‘.
e +(tanx)y (2 sec x)y’, 5 x
into a differential equation in z and x. By first solving the transformed equation, ind the general

solution of the original equation, giving y in terms of x.

=

[ o]

Solution:
Givenz=y? . y=7"
dy 1, dz dy
and === =2 g8 e i Vo e dE S
dr 24 dx Find gy I terms of 7 and z.
L (Ftanx )y = — (2 secx)y’
dx 2 -
-173 dz | (ltanx)z= —-2secxz
: dx 2 /
dz
— —Ztan x = 4 sec
dr Ztanx = 4secxy %

This is a first order equation which can be solved
by using an integrating factor.

The integrating factor is e~/ + & = glncoss The equation that you obtain needs
3 3 STt ¥ far S.j ve a .
< an integrating factor to solve it

Multiply the equation % by cos x

Then  cosx X dz _ zsinx =4
dx

d
= 1_‘ % . x — — -
7 (zcosx) =4

ZCOSX =/J:d:n:

=4x + ¢

gt te

= Tos %
As y=z% 4= [COX
: v Y4x +t+c¢

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2

Edexcel AS and A Level Modular Mathematics

Exercise D, Question 6

Question:

Use the substitution z = & to transform the differential equation
dy .,
=+t = 2

dt
into a differential equation in z and t. By first solving the transformed equation, find the general
solution of the original equation, giving x in terms of L.

Solution:
Given that z = x, x = z2 and Eiil-: =2z dz
dt dit
». The equation L—E‘ + t3x = t*x* becomes
L
JZXQK + 222 =tz
dt

Divide through by 2z

Then ‘::r" titz=18

The integrating factorise’'" "' = e

el 224 12 el 2= 142 il
dt 2 2
d | LA T (-
— lzet" =< e
dt 2
ze! =/_-',-r3e"dr
=e'+c
p 7 f
== +.ce &
+ { o I:'|3
But x=2 x=01+c¢e ")
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Question:

Use the substitution z = y! to transform the differential equation
dvy x+ 1) ,
- 1?‘ = - - v--
dx x +
into a differential equation in z and x. By first solving the transformed equation, ind the general
solution of the original equation, giving y in terms of x.

Solution:
Letz=v"" theny = z!and 2 -zt s
) - y dx T dx
g dv 1 (x + 1)° 24
) —— =y = v Decomes:
dy x- x -
. (x+1) |
7 d"" 1 X"' = 772
dx x X
Multiply through by —z?
. x + 1)
l'hen 'fi‘; 1 Z= -
dx =x X
The integrating factor is e/P® = /i ™ = ¢/l = x
dz 3
LX—4z==(x4+1)
dx
ie. L) =—(x+ 1)°
dx
Xi= —[t_.t + 1) dx
I 4 .
=neint 17+ ¢
==t (x+ 10+ &
dx 2
N 4x
e
dc—(x+ 1)
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Question:

Use the substitution z = ¥* to transform the differential equation

dy 1
] 4+ 1-2 Y o4 =
2 )3t 2V =y

into a differential equation in z and x. By first solving the transformed equation,
a find the general solution of the original equation, giving y in terms of x.

b Find the particular solution for which y = 2 when x = 0.

Solution:
B - I L'h" ok
a Giventhatz=y andsoy=zZand-—=1.": dz
dx ° dx
- o 1
The equation 2(1 + x°) 4 2xy = 7 becomes
2 -1 dz b
2(1 +x8) X 52 -a35+2_rz -
Multiply the equation by e
: “ 1+
then T+’ 1+
The integrating factor is e/ 7= = "1+ = 1 4 42
2 dz .
: +xfy ==+ 2xr=1
2 ]'LLT

d Py =
< [(1 +2%z) =1

(1 +x3}z=/] dx

=‘1|+{~
e Tl
(1+x3)
: X+
\s y = 27, Y= =
o R (D!
b Whenx =0, y =2 L2=yT=c=4
v+ 4
S X+ 4
N
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Question:
Show that the substitution z = ¥y~ ~ " transforms the general equation
dy
= o Pyo= Ot
dx o 2
where P and () are functions of x, into the linear equation :‘:?: Pin—1jz=—(Xn -

(Bernoulli’s equation)

Solution:

Given z =y~ =1

yi=gims
dy s |
A =1 -l
dey »n- dx
-1 -+ dz
= e— ‘f 0 | S
n—=1 dx
dy
< ==+ Py = Q¥" becomes
et P 1 y" bec
_—If i'?'+."z' =z
n—1 da =

Multiply each term by —(n —1) z*

Then dz _ Pin=1)z 2 —==Qn=1)z72
dz
e, dz _ Pin=1)z=-=0Qin—1)
dz

© Pearson Education Ltd 2C
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Exercise D, Question 10

Question:

Use the substitution u = y +2x to transform the differential equation

dy  —(1+ 2y + 4x)

dy  1+y+2x

into a differential equation in « and x. By first solving this new equation, show that the general
solution of the original equation may be written 4x® + 4xy + y* + 2y + 2x = k, where k is a
constant

Solution:

= dy
Givenu =y +2xvandsoy = u—2xand 3= = du_,

de  dx Rearrange the given substitution
(14 2v <+ 4x to give y in terms of u and x,

. . . dy )
. the differential equation = = becomes »—

_ J *
d s S and % in terms of g—‘;

du _ 5 _ 1+ 2u
dx 1+ u

du _ —(1 + 2uw) + 2(1 + )

dx 1+ u

da _ 1

dy 1+uw

Separate the variables

[H +uydiu= [1 X odx

U+ % = x + ¢, where ¢ is constant
(y + 2x)°
And (y +2x) + ke Rl

2y +4x + 3  +4xy +4x7 =20 + 2
i.e. 4x% + 4wy + y* + 2y + 2x =k, where k = 2¢
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Question:

. . dy 3 _ : _

Solve the equation — = —= and sketch three solution curves.
dx vx=+16

Solution:

© Pearson Education Ltd 2C
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Exercise E, Question 2

Question:

. dy ; ;
Solve the equation [ilI = xy and sketch the solution curves which pass through
a (0, 1) b (0, 2) c (0,3
Solution:

dy
—— =Xy | Separate the variables and integrate.

[:, dy = /r dx

Iny = s x% + ¢, where ¢ is constant

y=et

= gf ¥ = Ae:™, where A is &

a The solution which satisfiesx = 0O when y = 1
isy=Ae*where 1 = Ae’ jeA=1
y=e
b The solution for whichy = 2 whenx =0 isy = Ae’™

with 2 = Ag" ie.Ad=2

y =2ei*

23

¢ The solution for which y = 3 whenx = 0 is y = 3¢’

The solution curves are shown in the sketch.
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Question:

Solve the equation 3—1 = —y¢ — kv given that v = u when t = 0, and that u, ¢ and k are positive
constants. Sketch the solution curve indicating the velocity which v approaches as t becomes

large.

Solution:
You can separate the variables by
- dividing both sides by (g + kv),
'l; = —g — kv or you could rearrange the
C .
equation as 3—} + kv = g and use
dv . s S
L 5 /l dt the integrating factor e,
; In g+ kv|= —t+ ¢ where ¢is a constant %

Whent=0,v=u
1 In g+ kul=c
k i

.. Substituting ¢ back into the equation %

kl|nﬂi,'+k1' =—I+%In £+ ku
- 115+ K01 ~tn g + ] =
g+kv_
e O
g.i_kl':jj'rki”f.’“
e ]- 7 4 2=kl ]
| k.4$+kmt &)

Ua

'he required velocity is —pms :
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Question:

: . dy
Solve the equation --i”: +ytanx = 2 secx
dx

Solution:

| Use an integrating factor
| to solve this equation.

- + ytanx = 2secx
de

Mtanx dy 3

Use the integrating factor e 'Y = gecx

dy ,
secxy - + ysecxtanx = 2secx
dx

d ,
— (ysecx) = 2secx
dx \
ysecx =/2 sectx dx

2tanx + ¢

2s5inx + ccosx

=2
Il
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Question:
: L. dy
Solve the equation (1 — x9) E + xy = Sx -1<x<1
Solution:
(12} dy | Xy = Sx Divide through by (1 — x?), then
dx find the integrating factor.
Divide through by (1 — x7)
d 5
LY X Ly = X :
d 1-x*" 1-2x°
B % s f 3 .*'LLT Im i1 %)
Use the integrating factore/! % =g ° '
. L"Illll _ll'-- - _!__J
vl — x*
_I.l?fi._?_"+ X Ly = Sx‘
I —a2dr (g — g2 (1 —x)3
d | 3~ Sx
d [(1 - s2y7ly] =S
dx - (1-x2)
(1-x%"y =/ 2% dx
J(1 - 22y
=5(1 = &%) +¢
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Question:

dy
Solve the equationx —+x +vy=0
e dx .
Solution:
1y iy S
L bx4+y=0 | Take the ‘¢’ term to the
dv other side of the equation.
dy
X-2+y ==x
de

This is an exact equation.

- i
50 = (xy) = =%
LI:'.. .
Xy = - [.r dx
= —la? 4 ¢
y = —2ix + %

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise E, Question 7

Question:
_ , dy oy
Solve the equation — + = = /X
de =x
Solution:
dy v =
+ ==,
it X
s . . ; J“.cl.l. Ini
Fhe integrating factorise’”™ =™ =x
8 5

Multiply the differential equation by the integrating factor:

dy _
X——+y=x7%
de -~
d !
(xy) = X
da:
xy = /:r' dx
=Sx+ ¢
i = 2y g £
Y=o+ 5
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Question:

: . dy
Solve the equation = + 2xy = x
dx

Solution:

dy
~— 4+ 20y =X
dx

The integrating factor is ™™ = ¢

Multiply the differential equation by e*

dy " ;

k"t L E_TL"L y = -r{ll.'l.
dx :

d (e*y) = x¢
dx -
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Question:

Solve the equation x(1 — x7%) e + (2P - 1)y=2x O<x<l

dx

Solution:

dy
ol —x9) =+ (2x2 — 1)y =228
Pl i\

Pagel of 1

Divide through by x(1 — x%)

You will need to use partial fractions

dy , 22— 1 26

y = — % s to integrate

dx rql—.:,] x(1 — 2%

1

P52 — .
“‘1—1 and to find the
(1 —x9)

integrating factor.

2¢ -l x
The integrating factor is u-’(*" L

2= =1 | S
e iy = A d
(1 — x)(1 +x1H jl - » ’?H—rJ 2{1+.1:}-| o

~-Inx = 3In(1 =x)=3In(l +x)

- Inxvl — x2

So the integrating factor is e "1 ¥ = ¢ si-v = __1

1 — x2
]

Multiply the differential equation % by

1l — x?
3 -
| ﬁ+ -1, 2
ol —a2dx ) — g2 (] — a2
.d I N ‘|'-". = 24.1:
dx [xv1 — 227 (1 -2
y Ty
_::__' = [_&X e
]l — x= (1 — x2)

= 2(1 —x%) 2 +¢
y=2%+ cxvl — %2
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Question:
, dg g .
Solve the equation R At + — = E when
L L
a E=0 b E = constant

(R, ¢ and p are constants)

Solution:

PhysicsAndMathsTutor.com

c E=cospt
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R dg.. 2 E This is a difficult question - particularly part ¢,
dt ¢ You may decide to omit this question, unless
dg o ¥ aad you want a challenge.
dt "R TR
B : . ff.dr ’
he integrating factor is ¢/ ¥ = ek
[} dq 1 i E [
Rt = 4 — ph = = plk
at " Re© TTRE
.g_ ‘f‘:l | = E ?l-”:r'.
dt (t}'L ] R E©

a Whenk =0

!
geke = k, where k is constant,

i

q = ke K

b When E = constant

f -
getc = fi el dt

t
= Ecef + k, where k is constant

i
q = Ec + ke &

¢ When E = cospt

l I
qele = f%mspi ehodf %

! I i
i.e. /%ms pt el = celc cospt + f cpefesin pt dt Use integration by parts.

[} ! ! 4
1 cos ptetedt = cef cospt + Rpc® et sinpt — [Rp’c®ele cos ptdt «—{ Use ‘parts
K again.

. e r
/1% + RPE"JJ el cos ptdt = cefe(cos pt + Rpcsin pt) + k, where K is a constant

l .!Rlx' 5 = _"l‘_ '-R:L X + " + k
i ft. cosprdt a +R2P2(:}L (cospt + Rpcsin pt) A+ RpD
From %
=€ ek(cospt + Rpcsinpt) + —K
phc = 0s e )
AT o e A e Ty
I
= C A g Py e i K : i
q —{m (cospt + Rpesinpt) + k'e %, where k' = W is constant
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Exercise E, Question 11

Question:

: : 3 . dy ; i
Find the general solution of the equation ar —ay = @, where a is a constant, giving vour
answer in terms of @, when
a Q= ket b Q = ke® ¢ Q= kx"e®,
(K, A and n are constants),

Solution:

dy =
Given that — —ay =
Vel v Ty Q

dr _ E—...\

The integrating factor is '™

"

cly - e
2 — e 5 ay = { o i
a2 Y=0

iy

Then e
{-_I [:l"‘t., |JL] — {Jﬁ.' iy
dx
}JC_I" =f(2u_1."l d‘r

a When Q = ke"

ye it = fke'* o When A
’ For A = a, see part b.

LS S ¢, where ¢ is constant

b When Q = ke™

ye = [k dx

= kx + ¢, where ¢ is constant

y = (kx + c)e”

¢ When Q = kx"e™

el + 1
= :ﬁ_ 1 + ¢, where ¢ is constant
T |
}I' = :jx_'_ 1 L,-H + L'f.'"“
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Question:

. _— FEET— : dy 2 ,
Use the substitution z = y~! to transform the differential equation x S =y Inx, intoa

linear equation. Hence obtain the general solution of the original equation.

Solution:

Use the substitution to express

. dy W i dy .
Giventhatz=v"" theny =z"'s0 = = =372 -d?. yin terms of z and == in terms
- : dx dx : dx
o . dy : of zand £,
I'he equation I‘Ijr + v = ¥° Inx becomes d
_ﬂ-zd_z +z2 ' =7"Inx
da:
Divide through by —xz~*
dz _z _ _Inx
dy =x x
il |
The integrating factor is e /x® = ¢ " = @"x = %
1dz_ z _ _Inx
e =z x2
d | ]_xl o _I_E}__:J_t_
de \x L

1 Z= —/—'--, Inxdx
X X=

= —[~llnx +/1.Lir
% S

_ ] 1
=z lnx+ 3

i
z=Inx + 1+ ¢x.

1
l+ex+Inx

As w=271 = g
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Exercise E, Question 13

Question:

Use the substitution z = y* to transform the differential equation

, dy ; : : : : . .

2cosx L —¥sinx + y~! = 0, into a linear equation. Hence obtain the general solution of
o

the original equation.

Solution:

Giventhatz=y% y=zand == 1,72
< dx

The differential equation

dy '
2cosx - — ysinx + ¥~ ' = 0 becomes
‘ll. . .
COSX Z idz _ Zisinx+z:i=0
dx

Divide through by z -

dz _ ,ciny = - . | This becomes an exact equation
g T I which can be solved directly.

then cosx

l—ﬂ; [£C0O8X)

ZCOSXY = —fl clx
= =X +

2= ok

S '.E
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Question:

. _— y : i gt . Ay :
Use the substitution z = % to transform the differential equation (x* = y%) == —xy =0, into a

dx
linear equation. Hence obtain the general solution of the original equation.

Solution:

& ¥ dy dr
Giventhatz== y=zxs0—>—=72 + x==
: P dx dx

- _ ) dy
he equation (x* — y*) == — xy = 0 becomes

dx
(X2 —z%?) |z +x dz } —HE=Q
| dx
. .. 42
— 747 + = L= =0
(1 —z%)z + (1 =z J‘cle Z
dz £
dz _ -z
d« 1-2z22
_ dz Z
i.e, dx
(3 dx 1-2°

Separate the variables to give

/’-[- —Z Liz=/-I dx
|z Ix
f{z b — 7N dz =/;=:"Ltr

3

i—z ~Inz=1Inx+¢
= -l-, =nx+Inz+c¢
2z°
=Inxz +¢
But ¥ =i
Ly -
(c + Iny) 273
2y2{lny +¢) +x2=0
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Exercise E, Question 15
Question:
; dy vix+y)

Use the substitution 2z = = to transform the differential equation == = —— ,into a linear
X dr x{y —x)

equation. Hence obtain the general solution of the original equation.

Solution:
v dy dz
p=t, oo y=krand—=2+x="
A Y dx dx
dy ylx+y) s  XZ2(x +x2)
- ik 1] LT h,ﬂ{_‘{}nles 7 + x "1‘{ = —— EEH.
dx x(y —x) dy  x(xz — x)
Z(l + 2
7z -.|- X d? — .".] _.:I
dey (z—-1)
; ; 21l + 2
50 dz _ '[_ ) _ 7
dx z—1
_ 27
zr—1

Separating the variables

["'_,_ Doz = [ldx
] 2 Jx

M1 1} !
flb-z)ex= free

- lnz=Inx+¢
y y

As 2 = T —llnT=Inx+¢
2 < x

- %Iny +ilnx =Inx +¢

Bl =iw

2x

£, |
—zlny=jzlnx +¢
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Exercise E, Question 16

Question:

: - 4 : i . . dy —3xy '
Use the substitution z = % to transtorm the differential equation = = =— into a linear

L

dr  (y* — 3
equation. Hence obtain the general solution of the original equation.

Solution:

= y dy ;
Giventhatz==soyv=zmand-—=72+x dz
x dx dx
- . dy —3xy
lhe equation —— = ——— becomes
de. g2 — 3x°
7 4282 ;_:‘_.-}_1 z_
e 2%x% - 3x
i.e. 29z -.,-"-‘i-‘f -z
dx 22-3
722 -3

Separate the variables:

[ =2 _ 2}
Then f|z—tj|dz = -_/ld_'m
LI 4 f X

[':,l -3z dz = ~Inx + ¢

)
Inz+2z2%=-Ilnx + ¢

-
[rw,v..jf_,—t

y
But zx =yandz =75

Iny + 3% = ¢
2y°
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Exercise E, Question 17

Question:

Use the substitution u = x + y to transform the differential equation
dy _ - . 2 . ; ;
Lh = (x +y + 1)ix +y — 1) into a differential equation in u and x. By first solving this new

equation, find the general solution of the original equation, giving y in terms of x.

Solution:
dy cy _
Letu=x+y then ¥ =14+ andso Y = x+y+ 1)(x +y— 1) becomes
dx dx dx
d_ -+ @-1)
dx
=put -1
du '
dx

Separate the variables.

Then [—1; du = /1 dx
a Ij_ -

=y
i X {
1
3 =X+ k= — =%t
But u=x+y .. iy ol o
'!,.'+_'|: —__-]_
- X+
}J:..:]..—‘
xXtE
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Question:

dy
d
into a differential equation in u and x. By first solving this new equation, find the general
solution of the original equation, giving y in terms of x.

Use the substitution u = y —x - 2 to transform the differential equation =(y —x — 2)°

Solution:

—d it d}.-
Giventhatu =y —x — 2, and so 84 = =< —
F ‘ ) ‘ dry  dx

]

dy ,
— = (y — x — 2)* becomes du | 1=u
dx

dx
i e i” = -”-1' iam I
o dx
i % 1 f 1
Factorise — into
[* 1l _ gy = [1 dx « w =1 (1t — 1)ue + 1)
Juw =1 i and use partial fractions.
l ]

|dn x + ¢ where ¢ is constant

r.,zm 1) 2u+1))

.‘,In w—-—1D=3dlnw+1)=x+c¢
%[n:: - [j =x+c
=1 _  Ze+2r _ 4n2t it R H——
- = = Ae* where A = e* is a constant
n+1

u—1=Aue™ + Ae™

u(1 = Ae®) = (1 + Ae®)
A 2%
y=1tae
1 — Ae®

But wu=y-x-2

Fia
1 + Ae”

y=x+2+
' 1 — Ae™
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Exercise A, Question 1

Question:

Solution:

d*y dy d*y dy

el + Sd;‘ o= The auxiliary equation of ”Eli,:-:-" + Ir&f +gy=0
is am® + bm* + ¢ = 0. If e and g8 are roots of
e this quadratic then y = Ae™ + Be™ is the
me+5m+6=0 general solution of the differential equation.

im+3Him+2)=0

The auxiliary equation is

m=-3or-2
So the general solution is y = Ae™™ + Be™™,
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Exercise A, Question 2

Question:

d>y  _dy
—_—— ; = ﬂ
e s e

Solution:

12 ,
9V _sY 112y =0
dx (5l z

The auxiliary equation is
m—-8m+12=0
(m=6)m=2)=0
m=2o0r6

So the general solution is y = Ae™ + Be™,
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Exercise A, Question 3

Question:

&y
dx? dx

Solution:

d2y v Find the auxiliary equation and
i—‘j—, + 2 —L=— - 15y =0 solve to give 2 real roots a and .
X e General solution is Ae™ + Bef*,

The auxiliary equation is
nmt+2m-=15=10
(m+5)(m-=3)=0

m=-=3o0r3
So the general solution is y = Ae ™ + Be™,
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Question:

d*y dy

—=—-3=-28y=0

dx- dx -

Solution:
d2y dv Find the auxiliary equation and
i__’ -3 =-28y=0 solve to give 2 real roots a and .
ox d General solution is Ae™ + Bef*,

The auxiliary equation is
mt=3m-28=0
0

m=7or—4

(m—=T7)(m+ 4)

So the general solution is y = Ae™ + Be ™™,
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Exercise A, Question 5

Question:
diy dy
4+ 2 =12y =10
d.\": d_x -
Solution:
diy  dy
L4+ 12y=0
dr®  dx

The auxiliary equation is
m+m-12=0
(m+4)im—-3=0

m=—40r3
So the general solution is y = Ade™™ + Be™.
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Exercise A, Question 6

Question:

dy  _dy

— + 5—=1)

dx- dx

Solution:
12y :
Y . sY o
dx- dx

The auxiliary equation is
m + 5m=10

mim + 5) =10 The auxiliary equation has
two real roots, but one of
them is zero. As Ae'™ = 4, the

m=0or -5

S0 the general solution is general solution is A + Bef*.
y=Ae™ + Be ™
=A+ Be ™ . | NB. There are other methods of

solving this differential equation. |
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Exercise A, Question 7

Question:

diy | _dy
I—=+7—+2y=
dx? de ™

Solution:

The auxiliary equation is
3 +7m+2=0
dm+1)im+2)=0

m=—+or =2
3

y=Ae ™ + Be ™ is the general solution.
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Exercise A, Question 8

Question:

dy dy
> —7=—2y=
dx® dax v

Solution:
dy  _dy

L 7L -2y=0
dx- dx

The auxiliary equation is
dmc =Tm—-2=10

(dm+ 1y(im=21=10

m=—-lor2
13

So the general solution is y = Ae™* + Be™.
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Exercise A, Question 9

Question:
d>  dy
().._.‘.'_? — e i 2}r =0
dx®  dx
Solution:
i | Find the auxiliary equation
dy dy | and solve to give two distinct

} 1___21"|__{] . | -
des dx 7 real roots a and 8. The general

solution is y = Ae** + BeP*,

The auxiliary equation is

Gt —m—2=10
(3m-=22m+1)=0
m= ':ur -1

So the general solution is y = Ae” + Be ",
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Exercise A, Question 10

Question:

1..’. ' ’
1592 - 7% _ oy — 0
s de

Solution:

Ay oy
|:i.‘.’—'}".'._—2jr.-“
dx” dx

The auxiliary equation is
15mF =Tm—=2=0

Sddm+ 1 E3m=2)=10
l

)
= —— I =
H 5”::

S0 the general solution is

y=Ae ™ + Be",
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Exercise B, Question 1

Question:
9Y 4+ 10¥ + 25y = 0
dx? dx
Solution:
12y '
L—i' + mﬁ-‘l + 25y =0
dx* dx *

The auxiliary equation is
m* + 10m + 25 = 0

(m -+ S)(m+ 5)=1)

The auxiliary equation has
repeated roots and so the general
solution is of the form (A + Bxje™,
where a is the repeated root.

or (m+57*=0

m = —5 only.

So the general solution is

¥y = (A + Bxle ¥,
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Exercise B, Question 2

Question:

dy dy
o o =0
o ISL— + 81y

Solution:

The auxiliary equation is The auxiliary equation is m* — 18m + 81 = 0,
4 y which has repeated roots and so the general
m> — 18m + 81 =0 VALGAY P TP e
solution is of the form (A + Bx)e™, where « is
(m—9)*=10 the repeated root.

m = 9 only.

So the general solution is
y = (A + Bx)e™.
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Exercise B, Question 3

Question:

Solution:

dy _dy
+2=+y=0
da? " T Y

The auxiliary equation is
m+2m+1=0
m+1)(m+1=0 or m+1¥=0
m = —1 only.
So the general solution is

y=(A+ Bx)e™
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The auxiliary equation is
m? + 2m + 1 =0, which
has repeated roots and so
the general solution is of
the form (A + Bx)e™, where
a is the repeated root.
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Exercise B, Question 4

Question:

dy _dy

— — 8=+ lay=

d? Cdx T

Solution:
dsy dy
2 8 416y =0
dx- dx X

The auxiliary equation is
m* — 8m + 16 =0
(m—4)" =10

m = 4 only.
The general solution is y = (A + Bx)e™.
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repeated roots and so the general
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where a is the repeated root,
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Exercise B, Question 5

Question:
%Y+ 14Y 4 49y = 0
dac? dx .
Solution:
dy dy
—= 4 14-= +49y = ()
dx- 45 :
The auxiliary equation is The auxiliary equation has

repeated roots and so the general
solution is of the form (4 + Bx)e™,
(m+7) =10 where a is the repeated root.

m+ 1ldm + 49 =10

m = —7 only.

So the general solution is
¥ =(A+ Bx)e ™,
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Exercise B, Question 6

Question:

Solution:

16 ﬂ‘ L S
dx- dx -

The auxiliary equation is The auxiliary equation has
repeated roots and so the general
solution is of the form (4 + Bx)e™,
(4m+ 1) =0 where a is the repeated root.

16m+8m+1=0

m= —l only.

So the general solution is
¥y=(A+ Bx)e v,
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Exercise B, Question 7

Question:

1:’.
dx- de -

Solution:

dy | dy
4—=-4=+y=0
ol Cae Y

The auxiliary equation is The auxiliary equation has
repeated roots and so the general
dm> —4m+1=0 e
solution is of the form (A + Bx)e™,
(2m—-1°=0 where a is the repeated root.

= 1
m = 5 only.

So the general solution is
y = (A + Bx)e”.
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Exercise B, Question 8

Question:
-ldg‘y + 20@ + 25y =0
ax? T Vx4
Solution:
12y '
4% 4 20 4 25y = 0
dx? dx

The auxiliary equation is
4m* + 20m + 25 =0
(2m+ 52 =0
m=—2

5 P

So the general solution is
¥ =(A+ Bxle 7.
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The auxiliary equation has
repeated roots and so the general
solution is of the form (4 + Bx)e™,
where a is the repeated root.

= —5 only.
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Exercise B, Question 9

Question:
dy dy
16— —24—=+9y =0
a2 Cax Y
Solution:
d’y dy
16—=—24-~+9y =0
a2 a7
The auxiliary equation is The auxiliary equation has

repeated roots and so the general

lom? — 24m+ 9 =0 e

? solution is of the form (A + Bx)e™,
(4m—3)°=0 where a is the repeated root.

3
m = only.
So the general solution is
y = (A + Bx)e®.
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Exercise B, Question 10

Question:
dy dy
S+ 23—+ 3y =0

ax? T a Y
Solution:

9 23¥i3y=0

< 4+ 23 -

dx? e
The auxiliary equation is The auxiliary equation has

> I s repeated roots and so the general
st cadm t% v solution is of the form (A + Bx)e™,
(m+v3)2=0 where a is the repeated root.

m=—v3

or using quadratic formula:

So the general solution is

y = (A + Bx)e "
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Exercise C, Question 1

Question:

d%y
— + 25 =10
dx- Y

Solution:

i-.'_tl + 25v =10

chr :
The auxiliary equation is The auxiliary equation has
imaginary roots and so the
; general solution has the
m= £5i form A cos ax + B sin ax,
where A and B are constants
and where iw is a solution
Yy = Acosdx + Bsin Sx. of the auxiliary equation.

m:+25=10

The general solution is
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Exercise C, Question 2

Question:

2y
}—1-1} +8ly=0

dx-

Solution:

d¥y
— +8ly=0

dx=

The auxiliary equation is The auxiliary equation has
2481 =0 imaginary roots and so the

general solution has the

m= £9j form A cos ax + B sin ax,

where A and B are constants

and where iw is a solution

¥ = Acos9x + Bsin9x. of the auxiliary equation.

The general solution is
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Exercise C, Question 3

Question:
rJ
d=y
_": —+ :}_r = ﬂ.
dx~
Solution:
d?y
—+y=0
chr=
The auxiliary equation is The auxiliary equation has
m+1=0 imaginary roots and so the

general solution has the
m= xi form A cos wy + B sin ax,
where A and B are constants
and where iw is a solution

y = Acosx + Bsinx., of the auxiliary equation.

The general solution is

© Pearson Education Ltd 2C
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Exercise C, Question 4

Question:

124
9‘"—% + 16y =0
dx?

Solution:

8] {11’

+ 16y =0
da- -

The auxiliary equation is The auxiliary equation has
imaginary roots and so the
) " general solution has the
me=—3 form A cos ax + B sin ar,

OmE+ 16 =1

and i = +3j where A and B are constants
. and where ie is a solution
. The general solution is of the auxiliary equation.

y = Acosix + Bsinix.
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Exercise C, Question 5

Question:

Solution:

L_i_f + 4 ‘_'i“lll 4 ]'3_,\,.' = {)
- o

The auxiliary equation is The auxiliary equation has
complex roots and so the

e+ 4m+ 13 =10 : ]
general solution has the form

m=_—2Ev16—52 e™ (A cos gx + B sin ),
2 where A and B are constants
And m=-2=3 and where p * ig are solutions

of the auxiliary equation.

The general solution is

y =¢ *(Acos3x + Bsin 3x).
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Exercise C, Question 6

Question:

The auxiliary equation is The auxiliary equation has
complex roots and so the
general solution has the form
8464 -4 X 17 e™ (A cos qr + B sin gx),
2 where A and B are constants
r—t and where p * ig are solutions
of the auxiliary equation.

e+ 8m+ 17 =10

m =

The general solution is

y = e (A cosx + Bsinx).
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Exercise C, Question 7

Question:
d dy
24y sy=0
dx- dx
Solution:
d%y dy | _
—=—4-=+3y=0
dx= clxe
The auxiliary equation is The auxiliary equation has
e R Ty complex roots and so the
) general solution has the form
m=3xv16 =20 e (A cos g + B sin ),
2 where A and B are constants
T M | and where p * ig are solutions
=2+ 1,/ : 3 :
2 of the auxiliary equation.
=2=%x]

y = e™(Acosx + Bsinx).
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Exercise C, Question 8

Question:
d?y dy
&Y 202 + 109y = 0
dx- dx N
Solution:
d?y dy
—+ 20-=+ 109y =0
dx= dx '
The auxiliary equation is The auxiliary equation has

complex roots and so the

m2+ 20m + 109 =0 ; :
general solution has the form

e 20 + V400 — 436 e™ (A cos g + B sin gx),
2 where A and B are constants
—20 + V=34 and where p * ig are solutions
- ] of the auxiliary equation.
=-10 * 3i

The general solution is

vy = e "4 cos 3x + Bsin 3x).
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Exercise C, Question 9

Question:
dy  dy
— — =+ 5v=10
dxc® dx Y
Solution:
ddy _dy
9-—=—-6-—=+5y=0
@ Cax Y
The auxiliary equation is The auxiliary equation has
92— 6m+ 5 =0 complex roots and so the
: general solution has the form
m=0%v 36 -4 X9XS5 e (A cos g + B sin gqx),
2X9 where A and B are constants
6 + /36 — 180 and where p * ig are solutions
S | RS of the auxiliary equation.
_6*v—144
18
_1+3
3

The general solution is
y = e™ (A cos 2% + Bsin 3x).
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Exercise C, Question 10

Question:
dy  dy .
— + V32 +3y=0
dx- dx
Solution:
dy  dy .
~—2 + V3L 4+ 3y =0
dx” dx
The auxiliary equation is The auxiliary equation has
m+3m+3=0 complex roots and so the
general solution has the form
e Y3 eI -4 K3 "™ (A cos g + Bsin ),
2 where A and B are constants
_ /3 + [0 and where p * ig are solutions
= % of the auxiliary equation.
_ —v3 *+ 3i
2

The general solution is
!I 1
y=¢ 2" (Acossx + Bsinzx).
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Exercise D, Question 1

Question:

Solution:

dy  dy
¥+ 6 4 5y =10
ax?” Cdx Y *

First consider

Find the complementary function, which

: '
é%‘: 7t (,{% +5y=0 is the solution ufj% + 6% + Sy = 0, then

: s . try a particular integral y = A.
The auxiliary equation is )

m+o6m+5=10
im+53m+1)=0
m=-=5or -1

So the complementary function is y = Ae™ + Be™,

d
The particular integral is A and so - Y 0,

dx
dy G Eoi s
v g 0 and substituting into % gives
S5A=10
A=2
The general solution is y = Ae™ + Be ™ + 2.
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Exercise D, Question 2

Question:

d>y  _dy

— — 8=+ 12y = 36x

dxs dx i

Solution:
d’y dy .
—=—8—=+12y=36x *
dx- dx )

First consider the equation
d*y dy
—= - 8=+ 12y = 0.
cx- dx ’

The auxiliary equation is

mt—=8m+12=0

(m=6)(m=-2)=0
m==6o0r2
So the complementary function is y = Ae™ + Be™. Try a particular integral

of the form A + px.

The particular integral is y = A + px

dy _ d = ()

™ dx B a2
Substitute into #.

Then —8p + 124 + 12px = 36a.
Comparing coefficients of x: 12 = 36, andsou =3

Comparing constant terms: —8u + 124 =0

Il
[

andas u = 3 S =24+ 120 =0 = A
2 + 3x is the particular integral.

The general solution is
y = Ae™ + Be™ + 2 + 3x.
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Exercise D, Question 3

Question:

d’y dy .

—_ o} = — — 2

e fe =i

Solution:
dy  dy 5
Y+ Y12y = 12¢2
dx?  dx Y = %

First consider the equation

dl‘}: 2 {_1}.?
des  dx

- 12y = 0.

The auxiliary equation is

m>+m—12=10

im+4)im-=-3)=0
m=—4or3
So the complementary function is y = Ae™ + Be™. Try a particular integral

- )
of the form Ae*.

The particular integral is ¥ = Ae™

dj = 2 e and {"—Il = 4re®

dx -

Substitute into #.

Then 4Ae™ + 2ae™ — 124e™ = 12e™

ie. —6Ae™ = 12¢™
A=-2

—2e™ is a particular integral,
The general solution is

y=Ae ™ + Be®™ — 2¢™,
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Exercise D, Question 4
Question:
d’y  _dy

22X 15y=5
e "% T

Solution:

d-ff + 2%
dx* dx

First consider the equation

15y =5 %

d?y | dy
+2=-15y=0
dx? dx Y

The auxiliary equation is
m*+2m=15=0
im+5m-3=0

m=-=5or3

So the complementary function is y = Ae™> + Be™, Try a particular integral
The particular integral is y = A ik

YL

de  da?
Substitute into %.
Then —-15A =5
i.e. A=

—% is the particular integral.

The general solution is y = Ae™™ + Be™ — —g
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Exercise D, Question 5

Question:

E;—Ba+lfgy=m+12

Solution:
dy dy

52_834"!(3‘}':81'4'12 *

First consider the equation

d*y dy
—= -8+ 16y =0
- cly "

The auxiliary equation is

m*—8m+ 1la=10

(m=-42=0
m = 4 only.
So the complementary function is y = (A + Bx)e™. The auxiliary equation
) has a repeated root so
I'he particular integral is y = A + px the complementary
dy s ddy o fl..;n_tlig:;c;m the form
—_— = I _J - i .
dx dx-

Substitute in .
Then 0—8u+ 16A+ l6px =8x + 12

Equate coefficients of x: lopw =8

~

Equate constant terms: —8p + 164 = 12

Substitute g = 1 —4 + 16A =12
16A =16
and A=1

I + Jx is a particular integral

The general solution is y = (A+ Bx)e™ + 1 + %x
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Exercise D, Question 6

Question:
d’y | ,dy
-+ 2=+ y=25c0s 2x
d? " ax Y )
Solution:
dx* de -
. dy dy
Solve —=+2-Y +y=0
¢ & a

The auxiliary equation is

mr+2m+1=0

(m+172=0
m = -1 only.

So the complementary function is y = (A + Bx)e ™. The complementary
- . . ) . function is of the form
lhe particular integral is y = Acos2x + psin2x y = (A + Bx)e™.

dy The particular integral

d;xz —2AsSin 2x + 2pcos 2x is Acos 2x + wsin 2x.

dy :

i = —4Acos 2y — 4usin 2x

doc?

Substitute in %.

Then (—4Acos2x — 4usin 2x) + 2(—2Asin 2x + Zpcos 2x)
+ (ACOS2X + usin2x) = 25c¢os 2x

Equate coefficients of cos 2x: -3 +4p=25 @
Equate coefficients of sin 2x: -3p-4r=0 @
Solve equations @and @: 3X @ +4X@= —-25A=75
A=-3
Substitute into® 9 + 4u=25 - pu=4|checkin@)]

The particular integral is y = 4sin2x — 3cos 2x
General solution isy = (A+ Bxje™ + 4sin 2y — 3 ¢os 2x.
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Exercise D, Question 7

Question:
dy

2 4 8ly = 15eX
dx? Y

Solution:

d2y =,
—= + 81y = 15e™ %
d‘l;
. d’y
First solve — + 81y =10
dx= '
This has auxiliary equation The auxiliary equation
: has imaginary roots,
m=+ 81 =0 so the complementary
i = +9i function is of the form
ACos wx + Bsin wx.

The complementary function is y = A cos9x + Bsin 9x.

The particular integral is y = Ae™

. d R d?y 4
l'hen L_IJ:I = 3ae™ and e = 9)e’
Substitute into .
Then 9ixe™ + 81ae™ = 15¢*

90Ae™ = 15¢"
50 A==

The particular integral is Ilp #
The general solution is y = Acos9x + Bsin9%x + %L"Lt.
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Exercise D, Question 8

Question:
d%y :
— + 4y =sinx
dx? Y
Solution:
d?
{E‘}J_; + 4y =sinx *
- d?
First solve _:f + 4y = 0.
This has auxiliary equation The complementary
. function is of the form
m+e=0 A cos wx + Bsinwx, as
m= +2i the auxiliary equation
has imaginary roots.

The complementary function is ¥y = Acos2x + Bsin 2x

The particular integral is ¥ = Acosx + usinx
dy :
- = =)sinx + pwcosx
dx £
dz
and dxt = —ACOSX — usinx
Substitute into #.
Then —Acosx — psinx + 4(Acosx + wsinx) = sinx
Equate coefficients of cosx: 3A=0
A=0
Equate coefficients of sinx: 3u=1
n=3

S0 the particular integral is %sinx

The general solution is y = Acos2x + Bsin2x + %sinx.
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Exercise D, Question 9

Question:
d>y  dy .
22 4 b Sy = 25x2 —
02 -ILLI + 5y = 25x 7
Solution:
9y Y sy —25x2-7 «
&2 e Y
dd  dy
First sol — —4=+5y=0
irst solve a2 o 'y

This has auxiliary equation

m—4m+5=10

_4*+v16 -20
MSs=— =
=2+ 2i
The complementary function is ¥y = (A cos 2x + Bsin 2x) The P.I is of the form
= 2
The particular integral is ¥ =A+ px+ vx? R R
dy
— =+ 2vx
dx n
d?
and d% =2v

Substitute into %.

Then 2v— 4u— 8vx + 5A+ Sux + Svx? =25x2 -7

Equate coefficients of x: Sv=25=>v=S5
coefficients of x: Su—8r=0=u=8
constant terms: 2v—4pu+ S5A = -7

10-32+ 5A=-7
SA=15=A=3

So the particular integral is 3 + 8x + 5x?

The general solution isy = e™(Acos2x + Bsin 2x) + 3 + 8x + 5x2.
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Exercise D, Question 10

Question:
dy _dy :
—= — 2=+ 26y = ¢
d? Tde " 7
Solution:
dy ,dy :
—= =242y =e" ‘&
(x~ dx ’
dy  dy | .
First solve —5-2-—=+26y=0
dlac? cx Y _
This has auxiliary equation The auxiliary equation
- o has complex roots and
mE=an ¥ 26 =0 so the complementary
7+ BA—3AX726 function is of the form
LEEESSS e (A cos gx + B sin q).
_2*/-100
2
=1=x35i

the complementary function is ¥ = e'(A cos 5x + Bsin 5x).

The particular integral is A¢, so {d?: = Ae* and
Substitute into equation .
Then Ae*— 2Xe* + 26Ae* = e
i.e. 254" = ¢
A= 55
The particular integral is 5-e*.
The general solution is
y = e*(Acos 5x + Bsin 5x) + Elgt"‘.
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Exercise D, Question 11

Question:

a Find the value of A for which Ax?¢* is a particular integral for the differential equation
dy dy .
_‘2 —_— 2_‘ :Pr = CaJ'
dx dx

b Hence find the general solution.

Solution:
dy _dy
a—-—-—254+y=¢" »
dx- dx
Given y = Ax® e* is a particular integral The auxiliary equation
has equal roots and so
dy _ Axle® + 2Axer the complementary
dx function has the form
2y y = (A + Bx)e*
i Axie* + 2Axe* + 2Axe* + 2Ae”

Substitute into #.
Then (Ax? + 4Ax + 20)e* — (2Ax? + 4Ax)e* + Axle* = ¢*
2Aet

A

Tndfem P

n 1 5 % 5
So y = 5x%* is a particular integral.

1%y |
b Now solve g 2 s +v =1
d: dy

3

This has auxiliary equation m* = 2m + 1 =0
(m—1¥=0
m =1 only

So the complementary function is (A + Bx)e”

The general solutionis y= (A + Bx + Lx?)e”.
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Exercise E, Question 1

Question:
dyy _dy _ dy
— 4+ 5— + 6y = 12¢° =land—==0atx=0
Ve Y d dv
Solution:
d?y dy : F ;
) + ‘?E + 6y =12¢" % Solve the equation to find the general
& solution, then substitute y = 1 when
Find complementary function. x = (1 to obtain an equation relating

A and B. Obtain a second equation
Auxiliary equationis m® + Sm+ 6 =0

dy
by using = = 0 at x = ), and solve to
m+3Hm+2)=0 ' dx

find A and B.

m=-=3or -2

complementary function is y = Ae ™ + Be ™

Then find particular integral

Lety = Aet
Then o et and ﬂ = \e
C (=
Substitute into #.  Then (A + 5A + 6A)e* = 12¢*
12Ae* = 12¢*
A=1

S0 particular integral isy = ¢*

General solution is Ae™ + Be * +e* =y ¥

Buty=1whenx =10 L A+B+1=1
i A+B=0 0]
% = —3Ae™™ - 2Be™¥ + ¢
dy ;
y Owhenx=0 . -3A-2B+1=0
JA+2B=1 @
From @ B = —4, substitute into equation @
JIA-2A=1=2A=1
B=-1
Substitute these values into ¥
The particuar solutionis y=¢ ¥ —e > + ¢
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Exercise E, Question 2

Question:
dy  _dy _ dy
4+ 2= = 2 )y = 2 3 ~=fHatx=0
o 2L1x 12¢ ¥ Zmddx O atx
Solution:

d’y

Find complementary function (c.f.):

Auxiliary equation is m* + Z2m =0
mim+2)=0

m=0or -2

cfis y=Ae"+ Be™
=A+Be®

Particular integral (p.i.) is of the form y = Ae™

b _ore, I gpe

dx dx?
Substitute into %.
Then (4A + 4A)e™ = 12e*
i.e. 8aeX = 12e® = A = 'H—Z = %
p.i. is 3e*
3 dl 5 i i =A+ Be ¥ + de¥ . ]
SRR S = 1 The general solution is
Buty =2whenx=0 2=;1+B+:2-‘ y=A+BE'Z*+§eZ"_
i.e. A+B= % ()]
dy e i e
— = —2Be™™ + 3e”
dx
dy |
—=6whenx=0 . 6=-2B+3
dx wie |
: -2B=3=B=-3
Substitute into equation ® A — Et = %
A=2

Substitute A and B into ¥

The particuar solution is y=2- :Ee'” 25 %le
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Exercise E, Question 3

Question:

d’ _dy _ _ dy 1. _
o dx 42y = 14 y—DandE—gatx—f}

Solution:

dy dy
—J 4oy =14 % - : l
e dx Find the general solution, then
use the boundary conditions

to find the constants A and B,

Find c¢.f.: The auxiliary equation is
m—m-—42=10
(m—=T7)m+6)=0

m=-—-6or7

cf.is y=Ae ™+ Be”

Find p.i.: The particular integral is y = A. Substitute in #.
—42A = 14

= 1
A=y

The general solution is y = Ae *+ Be™ — 5 ¥

Whenx=0,y=0 s 0=A+B- _!:
A+B=3 ©
s ¥ 3 - 1=
When x = 0, =5 T 6A + 7B
i.e: -6A+7B=1 @

4]

Solve equations @ and @ by forming 6 X @ + @

138 = 22
—
B= s
Substitute into® . A+l=1s4=1

Substitute values of A and B into §

¥ =1e"™ + le™ — Lis required solution

]
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Exercise E, Question 4

Question:
d?y s dy
a§+9y= 16 sin x y= Iandd—x=ﬂat.1:=ﬂ
Solution:
d? ”
E'}; + 9y = 16sinx *
Find c.f.: The auxiliary equation is The auxiliary equation has
2 - imaginary roots and so the
m-+9=0 ’ .
complementary function has the
m= *3i form y = Acosax + Bsin ax.

The c.f.isy = Acos3x + Bsin 3x

Find p.i. usey = Acosx + psinx

g = —Asinx + pcosx
%ﬁ = —ACOsXx — usinx

Substituting into # gives
—ACOSX — usinx + 9Acosx + 9usinx = 16s5inx
Equating coefficients of cosx: BA =0 = A =0
sinx:8u=16=u=2
The particular integral is y = 2sinx

The general solution is y = Acos3x + Bsin 3x + 2sinx ¥§

Given alsothaty =1latx=0 - 1=A4
j—i = —3Asin3x + 3Bcos 3x + 2cosx

. dy :
U51ngE=Satx=(} ;. 8=3B+2 - B=2

Substituting A and B into ¥
y = cos 3x + 2sin3x + 2sinx is the required solution.
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Exercise E, Question 5

Question:
d*y dy . , . dy
—+ 4=+ 3y=sinx+4cosx y=0and-—=0atx=0
dx- chx ' : dx
Solution:
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P

oz T 45 + Sy = sinx + 4cosx  *® The auxiliary equation has complex roots and
so the complementary function has the form
Find c.f.: the auxiliary equation is ¥y = e™(Acosgx + Bsingx).

dmt+4m+5=0

The cf.isy = e * (Acosx + Bsinx)

The p.i.is y = Acosx + psinx

g—i = —Asinx + pcosx
g = —Acosxy — upsinx

Substitute into #
Then —4Acosx — 4usinx — 4Asinx + 4pcosx + SAcosx + Susinx = sinx + 4 cosx
Equating coefficients of cosx: A + 4 = 4 0]
sinx: u—4x=1 @
Add equation @ to 4 times equation @
17p=17=n=1
Substitute into equation® . A+4=4=>A=0
p..isy =sinx
The general solution is
y= e ¥ (Acosx + Bsinx) + sinx §

Asy=0whenx =10

0=A
y= Be *sinx + sinx
d 1 1
d_xy = Be *cosx — jBe” “sinx + cosx
As %=ﬂwhenx =0

0=B+1=8=-1
Substituting these values for A and B into  §
y = sinx (1 — e *%) is the required solution.
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Exercise E, Question 6

Question:
2 .

A% _qdx 4 oy =2 -3 x=2and ¥ = 4 whent =0

dr# dt dt

Solution:

C:I'f -3 %r +2k=2t—3 =% This time t is the independent

. [ variable, and x the dependent variable.

Find c.f.: the auxiliary equation is The method of solution is the same as

. ' in the guestions connecting x and v.

mr=3Im+2=0 - e 8 y

4]
m=1or2

(m—=2){m-=1)

R LY 3
c.f.isx = Ae' + Be™

dy _  dx _
ax =0
T de?

Thepi.isx = A + ut,
Substitute into % to give —3p + 24 + 2ut =2t - 3

Equate coefficients of t: 2u=2=u=1
-3 . A=0

[}

Equate constant terms: 2A — 3u
The particular integral is t.
The general solution isx = Ae' + Be™ + t F

Given thatx=2whent=0 . 2=44+B8 @

.‘.\I.‘i[} L!E: = flEr + EHe'f + 1
dt
A ?tf =4whent=0 .. 4=A+28+1

A+ 28B=3 @
Subtract @ -0 =B=1
Substitute into -, A =1

Substituting the values of A and B back into ¥

x=e¢ +e¥+t
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Exercise E, Question 7

Question:

ﬁﬂ"f - 9x = 10sin t x=2and ¥ = —1 whent =0
df= dt

Solution:

2
dX _ 9x = 10sint *
de?

Find c.f.: auxiliary equation is
m—-9=0

m==3

The particular integral is of

c.f.isx = Ae* + Be™ .
the form Acost + wsint.

p.i. is of the form x = Acost + psint

3—"‘; = —Asint + pcost
de = —Acost — usint
de ARG

Substitute into equation %.

Then —Acost — psint — 9Acost — Yusint = 10sint

Equate coefficients of cost: -, —10A=0=A=0

Equate coefficients of sint: . —10uw=10= pu= -1
p.i. is —sint

General solution is x = Ae* + Be ™ —sint ¥

When t=0,x=2 s 2=A+B @
@=e 3t apa=3t _ .
a 3Ae 3Be cost
Whent=0%=-1 . —-1=34-3B—1
dt

0=3A-3B @
Solving equations ® and @, A =B =1
Substitute values of A and B into §

x = ¢ + ™ — sint is the required solution.
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Exercise E, Question 8

Question:
d“:f ~ 49 4 gy = 3pe x=0and ¥ = 1 whent=0
di- dt dt
Solution:
2 .
{:—; - 4% + 4x = 3te* = The complementary function
¢ has the form x = (A + Bt)e™.

Find c.f.: auxiliary equation is
m*—4m+4=0
(m—22=0
m = 2 only

c.f. isx = (A + BHe”

Find p.i.: Let p.i. be x = At’e™
Then ¥ = 2are? + 3are™
2 .
ﬂt—;‘ = 4At'e™ + 6ALe™ + 6ALe™ + 6Ate”

Substitute into .

Then (4AF + 12AF + 6At — 8AL — 12A8° + 4At))e™

6A=3=A=3

pi.isx = % Pe*

General solution isx = ((A + Bt) + 3'}e* §
But x=0whent=0 0=A

dx _ ,f 1312t 3.2] .2t

E—Zlﬂ +B!‘+E!‘ ]C + [B‘FEI"]Q
As $¥=1whent=0andA =0

1=8

Substitute A = 0 and B = 1 into ¥
Thenx = (t + 5’ Je* is the required solution.
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Exercise E, Question 9

Question:
259X 4 36y = 18 x=Innd%§=tHﬂwwnr=H
& L
Solution:
259% L 360 =18 &
de
Find c.f.: auxiliary equation is The auxiliary equation has imaginary

roots and sox = A cos @f + Bsin wf
is the form of the complementary
i function.

25m* +36 =0

7 —ji[{ and m= =%

E

cf.isx = Acosgt + Bsinzt
Let p.i. be x = A, Substitute into %
Then 36A =18

o

16

o | o

General solution isx = Acosft + Bsin2t + 5§

Whent=0,x=1 - 1=A+1:=2A=1=05

dx
dt

6 Asin 8¢t + S Beos 8
—<Asin <t _EHLG.\ =

When t =0, dr _ 0.6 .. 0.6=32B
L'[I 5
B

0.5=1
Substitute values for A and Binto ¥

Then x=1(cos ot +sin2t+ 1)
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Exercise E, Question 10

Question:

L"Jf— dx | 2y = 212 x=1land ¥ =3 whent=0
i~ dt dt

Solution:

A dv 5
Fr ZdE+2x 20 =

Find c.f.: auxiliary equation is
m=2m+2=0

]}1:21\'—4_8=1ii

2

- te —_ml A e o
clisx =e¢ (Acost + Bsint) The particular integral has

the formx = A + ut + vt

Let p.i.be x = A + ut + ot
dx

he == = g+ 2pt
then ar M v
d’x
= =2y
de

Substitute into %
Then 2r— 2 (u + 2vt) + 2(A + pt + vt?) = 282

Equate coefficients of t: 2r=2 = p=1

i
Il
d

coefficients of t: —4v+2u =0
constants: 2v—=2u+2A=0 = A=1
piisx=1+2t+ ¢
General solution isx = e’ (Acost + Bsint) + 1 + 2t + t2 §
But x=1whent=0 .. 1=4+1 .. A=0

As  x=RBe'sint+1+2t+£

% = Be'cost + Be'sint + 2 + 2t
lf"I:r—" T =
As i 3whent=0
3=B+2
B=1

Substitute A = 0 and B = 1 into the general solution ¥

x=e'sint+1+2t+ or x=e'sint+(1+1)72
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Exercise F, Question 1

Question:
: l.f‘. "th
.r-L ~+6x—=—+4y=0
dx” dx :
Solution:
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A3y dy
e = + 4y =0
g dx? Y ﬁxtit Y *
Asx = ¢, El_r = pil =y
du
| dy _dy _ dx
From the chain rule oo % £
dy  dy
du Yax @
d _ g | dy)
Also T =g l.xﬁ

Cdx o, dy Ay dx
= C& o 2 w OX
du dx * xd.r3 du

4

dy , ., 4%
ks _l_ ] & -
du v dx?

oy _ &y
dr* du? du

Use the results @ and @ to change the variable in %

d*y dy dy ¥
a dutl@mr =0
. d _ _dy
e, 4 544y =10
b du? du 4 7

This has auxiliary equation
m:+5m+4=0
(m+4)im+1)=0
i.€e. m=—4or—1

L]

The solution of the differential equation f is
y=Ae M+ Be™

But e'=x
- —1 = l
¢ X ¥
and e =y =1
I+
A, B
T + =
Y xt 2
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Exercise F, Question 2

Question:
x- %‘f + 51% + 4y
Solution:
L A P
& T ax T YT
dy dy dly d%y dy dy dy
X = alf = 1 o o =
As x=¢, Xy Ty W =T Use N and
2
(See solution to question 1 for proof of this.) -d_:_}: d_—_}' d_}*_
dv?  du®  du
Use these results to change the variable in #. Ensure that you can
dy_dy . dy prove these two results
du? u;Iu du =
d2y

dy
duz+4 +4y=0 ¥

This has auxiliary equation
m +4m+4=0
(m+2)2=0
m = =2 only
The solution of the differential equation § is thus
¥y = (A + Buye™

2

As x=¢' - eM=x2=1

X2
and n=Inx

¥=(A+ Blnx) Xx—lz
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Exercise F, Question 3

Question:
,d*y dy
x*—=S+6x—+6y=0
dx? de
Solution:
,d*y - f dy  dy
r-—=+6x=+6y=0 =% Use x—=— =-—— and
i dx ' de  du
Asx = et :-mr 4 nd 1"LPV dy _dy e d_:f = d_}: S5
s = pH 4 — e M { L'i_‘ g Sy . " W Vi =
"Tdx du’ de?  di?  du dx? du® du |

{See solution to question 1 for proof of this.)

Use these results to change the variable in %,
dy dy  _dy .
_."._; - 4+ h—= + {ﬂ" —_ ”,
du?  du du
dy  _dy
._.‘_,. i - h}. =} v?
du’ du
This has auxiliary equation
it + 5m+6=1(0
m+2yim+3)=0
m=—-2o0r-3

The solution of the differential equation ¥ is thus

y = Ae” M 4 Be~ ¥
As x =gl p 2 — X - ]}
¥
and e M =y3=1
‘1-‘.
i X< X
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Exercise F, Question 4

Question:
,d*y dy
=5+ 4x——-28y =0
dx? dx "
Solution:
, d*y dy : _ dy  dy
e o = —28y=0 % Use x— =— and
dx? dx . dr  du
nop ey oAy Ay dy 24y _dY &
A = t‘-' A= = == AN L'i_‘_1 = _‘J — v s Vi 3
"Tdx  du dy?  du?  du de?  du® du

Substitute these results into equation #

d dy dy
vo— = 4+ _|! ek

— - 28y =10
dut  du du y
d3y _dy
=+ 3= —28y =0
dir du ) ¥

This has auxiliary equation:
m+3m—-28=0
(m+7)m—-4)=0
m=-=7or4

y = Ae "+ Be" is the solution to ¥.

Asx=en - eli=1

X’

and et = y?
y=4 +pet

X’
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Exercise F, Question 5
Question:
A%y dy
- .,]_ — ]4_ r=10
T e Y
Solution:
&y dx dy ldy =0 =% Use x L and
i = = IS8 ==
da? dx * de  du
As x = go riv = ﬂ‘ i -LV - if = E_"" - d-:;r = d_}: B d}*‘
o Tde du T dx? de?  du de*  du®  du

Substituting these results into % gives
d¥  dy dy
dy _dy_ 4

: ~ — 14y =0
dut du dit ;
Py _dy
e, —2-52_14y=0 ¥
du- dut :

This has auxiliary equation:
m —=5s5m-14=0
e. (m=7)m+2)=0
m=7or =2
The solution of the differential equation ¥ is

y = ‘__h.:?u + Be 20

But x=¢" . e'"=x
= 2 -2 ]
and e =x " =—
x*
y = Ax’ + ﬁ;
C
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Exercise F, Question 6

Question:
x-*dz G s S

a? " e T
Solution:

LA L dy : dy dy
=t =+ 2y=0 = Use x— =— and

dx? de de  du

2 20
o W B o5 S, Ay dy 424 J = d = dy
o Tdr du C Todx? de?  du de?  du? du
i , ) A proof of these
Substitute these results into % to give: results is given in the
d?y  dy d book in Section 5.6.
)13 4oy =0
du®  du du °
g d%y d
ie. —'-;+2—'V+2v=£} K
du? du

This has auxi[im'}-‘ equali(m:

m*+2m+2=0

L

=—1*i

The solution of the differential equation ¥ is thus
y=e¢"|Acosu + Bsinu|

=1l 1

As x=¢" ¢'=x"=

==

and n=Inx

y = xl [Acosinx + Bsinlnx]
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Exercise F, Question 7

Question:

Use the substitution ¥ =§ to transform the differential equation

dy dy
Y 4 2 - 4% — 4y = 0 into the equation £Z — 492 — ¢

dx? dx da? dx

a

3 d- dy o :
Hence solve the equation .x'ﬂ-'-q}, + (2 = 4x)-= — 4y = 0, giving y in terms of x.
dx2

dx
Solution:
e dly
y= i-‘ implies xy =z Find <2 and S in
dx dx”
25
Y oy 02 terms of 9£ and 4 £
de 7 dx dx”
d  dy , d
Also xS+ D d%

de?  dx dx da?

The equation xd"{' + 2 - Y _ 4y =0
dx- dx

. . d*z [dz ' .
become st = g = | =gy =)
ecomes el |-.{Lr 7 ] Yy
i.e diz _ 4> dz _ 0 =*

dx?® tlx

The equation % has auxiliary equation
m* = 4m =10

0

€. m=0or4

I

mim — 4)

z = A + Be"™is the solution of #

But z=xy
xy = A + Be™
- fl E oL
A
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Exercise F, Question 8

Question:

Use the substitution y = “ to transform the differential equation
x

2y dy . d’z | ,dz
=5+ (e + 2)== + 2(x + 1)*y = ¢7* into the equation == + 2=— + 2z = &%,

dx? dx : . puls dx2 dr

= : P sy ; e : o
Hence solve the equation x- 13 + 2x(x + "”'1} + 2(x + 1)y = e7*, giving ¥ in terms of x.
- C

Solution:
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dz ddz

I = e 2 Mo alivg 3
=L impliesz=yx*orxy =z Express == in terms
y=Zimj ) Ay PIeS & M qa2
P dy + 2xy = dz @ of - a4 and yrespanwei}
dx dx dx e

dy
dx

The differential equation:

Also x"j; + 25 4 2% ‘E +oy=92 g

dxz

xi%g + 2Zx(x + zng—i + 2{x + 1)* = €™ can be written
, &%y dy , dy —
= + 4x—+ 4+ 2 2x- +4x-)+2.xr*=e"
L da? a T Y ( dx ; )

Using the results @ and @
d*z dz -x
+2=+2z=¢
dx? dx ¥
This has auxiliary equation
m +2m+2=0

—-2*+y4 -8
2

m=-1=i

m=

z=¢ " (Acosx + Bsinx) is the complementary function
A particular integral of §is z = Ae™
%=—he*’ and {%g=)¢e 2
Substituting into ¥
(A =24+ 20)e™*
A=1

=X

]

e

So z = e™ is a particular integral.
The general solution of ¥ is
z=e " (Acosx + Bsinx + 1)

But z = x’y

¥y = 1) is the general solution of the given differential equation.
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Exercise F, Question 9

Question:

Use the substitution z = sin x to transform the difterential equation

dy . dy . e dyy ,
Cos x—5 + sinx—-— — 2y cos’x = 2 cos® x into the equation —5 — 2y = 2(1 - 2°).
clxe dx dz=

_ dy . dy ; _ o :
Hence solve the equation cos x—= + sin x—— — 2y cos’x = 2 cos™ &, giving ¥ in terms of x.
1.. 3 l.‘. %
dx- Ly - o

Solution:

PhysicsAndMathsTutor.com
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Z = sinx implies %f = COSX Find S——i in terms of ‘% and find
d*y . d?y dy
dy _d —= in terms of — and -
s {j—f X Cosx dx? dz? dz’
And 1—"1} = d—‘j cos’x — S: sinx
The equation msxﬂ + sinxd—y — 2ycos*x = 2cos’x
d? dx
3
becomes cos*x —5 e y — Cosxsinx 4 + cosxsinx . 2ycos’y = 2cos’x
dz* dz dz
Divide by cos’x gives:
a2y

— — 2y = 2cos’x
dz*
=21-22% [as cos?’x = 1 — sinx =1 — 27

First solve g -2y=0
This has auxiliary equation
m —=2=0
m=xy2
-2

The complementary function is y = Ae'* + Be

Let ¥ = Az® + wz + v be a particular integral of the differential equation ¥.
Then gir = 2Az + i) and H_-}J =2A

Substitute into ¥

Then 24 = 2(A22 + pz + ») = 2(1 = 2

Compare coefficients of z: =2A = -2 - A=1
Compare coefficients of z2 =2y =0 R TR
Compare constants: 2A—2v=2 . pv=1(

2% is the particular integral.
The general solution of ¥ is
y = Ae'® + Be™ 4 22,
But z = sinx
y = Ae 2 4 Bemsinx 4 qin2y

© Pearson Education Ltd 2C
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Exercise G, Question 1

Question:

: . : S . diy dy
Find the general solution of the differential equation —5 + =~ +y =0

) de®  dx

Solution:
d¥y  dy o i :

= = i) l'he auxiliary equation has complex
det i« roots and so the solution is of the
Auxiliary equation is formy = ¢™ (Acosqgx + Bsingx).

m+m+1=0

—1+yT—4
2

i“..:q.i

2

m=

The solution of the equation is

V3 FANY - L
y=e7|Acossx + Bsinitx |
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Exercise G, Question 2

Question:

2 : ' : : . d¥y
Find the general solution of the differential equation 1;-, =~ 12 ]
dx?

Solution:

d?y dy .
— = 12=+ 36y =0
dx? dx i

The auxiliary equation is
m = 12m+36=0
(m—6F=0
m = 6 only
The solution of the equation is

y = (A + Bx)e™.

© Pearson Education Ltd 2C
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Exercise G, Question 3

Question:
- : : sz e . dy  dy
Find the general solution of the differential equation — — 4~ =10
- dx? dx
Solution:
dy  4dy M. T :
7 o 0 lhe auxiliary equation
- - has two distinct roots,
The auxiliary equation is but one of them is zero.

m2 —dm =0
mm-—4) =0
m=0o0or4
The solution of the equation is
‘I-'I = .'1{'1“. + ;{E-H

= A + Be®

© Pearson Education Ltd 2C
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Question:

; ; ; d-y 5 . dy
Find y in terms of k and x, given that 1._ + k*y = 0 where k is a constant, and y = 1 and —&: =]
- dx* d

atx = 0.

Solution:

dy : g .

G2 +ky=0 I'he auxiliary equation has

imaginary solutions and so the

The auxiliary equation is general solution has the form

m2 b= y =Acosax + Bsinwx. A and
B B can be found by using the
m= x ik boundary conditions.

The solution of the equation is

y = Acoskx + Bsinkx. [This is the general solution.]
But y=1whenx =0

1=A+0=A=1

y = coskx + Bsinkx

g—i = —ksinkx + Bkcoskx

oody _
Also e 1l whenx =0

= —_— :l

1=Bk=18H X

¥y = coskx + %sinkx.

© Pearson Education Ltd 2C
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Question:
. : . . . dy _dy : _ L dy
Find the solution of the differential equation — — 2= + 10y = 0 for whichy = 0 and == 3 at
de®  dx ' dx
x =10
Solution:
d’y  2dy E =
; v LL + 10y =0 The auxiliary equation has
e o complex roots and so the
This has auxiliary equation general solution is of the form
1= pl™ (A e i -
2 e & 40 =0 y = e (Acosgx + Bsingx).

2x4-40
2

M

m =

=1

I+

The general solution of the equation is

¥ =¢e" (Acos3x + Bsin 3x)

As ¥y =0whenx =0,
0=A+0=A=0
¥ = Be'sin 3x
ﬁ.l’ = 3Be' cos 3x + Be'sin 3x
dx
Also di = 3whenx =10
dx
3=3B+0=B=1
y = e*sin 3x is the required solution.

© Pearson Education Ltd 2C
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Exercise G, Question 6
Question:
LAy

- i : . d%y i ; ; :
Given that the differential equation c_l.x_ < 4Tr + 13y = e* has a particular integral of the form
= L

ke, determine the value of the constant k and find the general solution of the equation.

Solution:
d’y  4d 3 2
.‘? — ..‘3."+ ]Ij}a:{fl g
dys  dx :
First find the complementary function (c.f.): Use the fact that the general
. 0 solution = complementary
3 0 F & : - - - *
the auxiliary equation is function + particular integral.
m—-4m+13=0 '
_4+16 - 52
m= T
=2 + 3j

The ¢.f. is ¥y = e™ (A cos 3x + Bsin 3x)
Let the particular integral (p.i.) be y = ke™

v Ll-}' T ‘-13.'"" e A T B
Then o 2ke and 2 dke,

Substitute in % to give
(4k — 8k + 13k)e™ =™
i.e. Qkf'u = '.“?'1
k=1

The general solution of ®# isy = cf. + p.i.

1,2

e (Acos3x + Bsin3x) + 56

|

l.e. ¥

© Pearson Education Ltd 2C
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Question:

Given that the differential equation T2 Y= 4¢* has a particular integral of the form Kxe',

determine the value of the constant k and find the general solution of the equation.

Solution:

d? .

Yyt o

First find the c.f. Use general solution = complementary

function + particular integral.

The auxiliary equation is
m-1=0

m= =1

The c.f. isy = Ae™ + Be™

Let the p.i. be y = kxe*

Then j—'; = kye' + ke*

9 - keet + ke* + ke?

Substitute into %.

Then kxe* + 2ke* — kxe* = 4e*
k=2

So the p.i. isy = 2xe*

The general solution is y = c.f. + p.i.
y = Ae* + Be™ + 2xe*.

© Pearson Education Ltd 2C
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Question:
2y dy

C
The differential equation —5 — 4-—
O & T

a Find the complementary function.

+ 4y = 4e™ is to be solved.

b Explain why neither Ae* nor Axe” can be a particular integral for this equation.

¢ Determine the value of the constant k and find the general solution of the equation.

Solution:

d?y dy o

= — 4=+ dy =4 %
dx? dx

a First find the c.f.

The auxiliary equation is The auxiliary equation has a
S A S rclpeatc_d root and so the cr.j, is
. of the form y = (A + Bx)e™.
(m-—=2¢=0

i.e. m =2 only

The c.f. isy = (A + Bx)e™

3 3 . . . . '.1"'1}1 d.
b Ae™ and Bxe™ are part of the c.f. so satisfy the equation ? - 4—y + 4y = 0.
dx? dx

The p.i. must satisfy %.

¢ Let y=kx%e®
dy

~ = 2kx%e™ + 2kxe®
dx

1‘ 5 p Yo -
‘:h_‘-f = dkx“e™ + dkxe™ + 2kx X 2 + 2ke™
dx?

Substitute into %
(4kx? + 8kx + 2k — 8kx? — 8kx + 4kx?)e™ = 4e*

3

Zke™ = 4%
k=2
So the p.i. is 2x"e™
The general solution is y = (A + Bx + 2x%)e™,

© Pearson Education Ltd 2C
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Question:

i . : . d? ; : LT
Given that the differential equation FT + 4y = 5 cos 3t has a particular integral of the form
RTE

k cos 3t, determine the value of the constant k and find the general solution of the equation.

. . . - R . dy
Find the solution which satisfies the initial conditions that when £ =0,y = 1 and {_iF = 2.

Solution:
diy
—= +4y = 5cos3l *
ez *
The p.i. is y = kcos 3¢ The auxiliary equation has imaginary roots
iy sothecf isy = Acoswt + Bsinwt. 't' is the
Ej_: = —3ksin 3t independent variable in this question.
d%y .
—= = =8k cos 3t
dr

Substitute into %
Then —9kcos 3t + dkcos3t = 5cos3t
—5kcos 3t = 5cos 3t
k=—1
The p.i. is —cos 3t.

The c.1, is found next.

Il

The auxiliary equation is m” + 4

m= +7i
Thec.t.isy = Acos2t + Bsin 2t

The general solution is y = Acos2t + Bsin 2t — cos 3t

Whent=0,v=1 S 1l=A-1=A=2
dy , e
Ei:E = —2Asin 2t + 2Bcos2f + 3sin 3t
When t = 0, Lh =7 o 2=2R=R8=1

dt
y = 2cos2t +sin2f — cos 3t

© Pearson Education Ltd 2C
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Exercise G, Question 10

Question:

2 : , . dly _dy ; : ;
Given that the differential equation ;F = 3§ + 2y = 4x + ¢~ has a particular integral of the

form A + px + kxe*, determine the values of the constants A, g and k and find the general
solution of the equation.

Solution:
d’y _dy ;
———3=+2y=4x +e" «
dx~ de
PLisy= A+ ux + kxe™ Find the complementary function and add
by to the particular integral to give the general
:. ! ¥ e H -
= =+ 2kre™ + ket solution.
ax ¥
d? 3 2
1 = 2k X 26% + 2ke™ + 2ke
dx?

Substitute into .
Then (4kx + 4k)e™ — 3u — (6kx + 3k)e™ + 2A + 2ux + 2kve™ = dx + ™
ke™ + (2A — 3p) + 2ux = 4x + €™,
Equating coefficients of e™: k = 1
w2u=4=sp=2
constants: 2A —3u=0=A=3
¥ =3 + 2x + xe™ is the particular integral.

The auxiliary equation for % is

m—=3m+2=0
0

m=1or2

I

im—=2ym-=1)

The c.f. is y = Ae* + Be™
The general solution is y = Ae" + Be™ + 3 + 2x + xe™.

© Pearson Education Ltd 2C
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Exercise G, Question 11

Question:
= . o - ) dy  _dy = _ . ;
Find the solution of the differential equation lhi--. + b:{.i + Sy = 5x + 23 for whichy = 3
wx-= 2k )
dy . : o .
and h = 3 at x = (1. Show that y = x + 3 for large values of x.
L
Solution:
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dly dy
+8=+35y=35x+ 23 0]
ae " Cax Y

The auxiliary equation is

16

16m>+8m+5=10
. =f & x%}i__- 32{}
N 32 o
_ 1,4 V=256
I Tl T
= -1+

The c.f. isy = e * (A cos ix + Bsin ix)
Let the p.i. bey = Ax + p.

d_‘}rz _dj:(j
dx "oda?

Substitute into @

BA+5Ax +5u=>5c+ 23

Equate coefficientsofx: . SA=5=A=1
constant terms: A+ S5p=23=>pu=3

Thepi.isy=x+3
The general solution is ¢.f. + p.i.
ie. y=e ¥ (Acoskx + Bsinlx) + x + 3.
As  y=3 whenx=0
3=A+3=A=0

o S | .
y=Be Tsinzx+x+3

d\" =Xg =
s i ElBe & cus%x — tBe singx + 1
dy
As —=3whenx=20
5 dx i~ |
3=1B+1=B=4
y=4de “sinlx+x+3
Asx —o0,e ¥ —0; - y—x+3

. ¥ =x+ 3 for large values of x.

© Pearson Education Ltd 2C
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Exercise G, Question 12
Question:
dy

= : o . . dy
Find the solution of the differential equation — — —=
dxt  dx

y = 1 atx = 0 and for which y remains finite for large values of x.

— 6y = 3 sin 3x — 2 cos 3x for which

Solution:
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dly dy

dx?  dx

The auxiliary equation is

By = 3sin3x — 2¢o53x *

m—-m-6=0
im=3)m+2)=10
m=3o0r—-2
2y

The ¢.f.is y = Ae® + Be ™.

Let the particular integral be y = Asin3x + pcos 3x.
: dy _ . . &k
Then - =3Acos3x — 3usin3x

dx -

&y o ,
—= = —9Asin3x — Y cos 3x
dax? H

Substitute into  #%

Page2 of 2

The particular inegral is
¥ = Asin3x + pcos 3x.

Then —9Asin3x — 9ucos3x — 3Acos3x + 3usin3x — 6Asin3x — 6pcos 3x

= 35in3x — 2 cos 3x.

Equate coefficients of sin 3x:

-9A+3pn—-6A=3 ie 3u—15A=3 0
Equate coefficients of cos 3x:

—-9u—3A—-6pu=-2 ie -—-1S5u-3A=-2 @
Solve equations @ and @ togive A = =+ p =

Pl isy = + (cos 3x — sin 3x)

The general solution is

y=Ae™ + Be ™™ + 1 (cos 3x — sin 3x)

Asy=1whenx=0,1 =A+B+:

A+B =2
As y remains finite for large values of x,
A=10
B=3

y=2e®+ 1(cos3x — sin3x)

]
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Exercise G, Question 13

Question:

2 ;
Find the general solution of the differential equation {—“:-g + 251!?} + 10x = 27 cos t — 6sin t.
dr C

The equation is used to model water flow in a reservoir. At time t days, the level of the water
above a fixed level isxm. When t = 0, x = 3 and the water level is rising at 6 metres per day.
a Find an expression for x in terms of f.

b Show that after about a week, the difference between the lowest and highest water level is

approximately 6 m.

Solution:
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d’x

TE

+ Zg—f+ 10x = 27 cost — 6sint %

The auxiliary equation is
m+2m+10=0

_-2+Vi-40
m= 3
=—1=*3i
The c.f.isx = e™' (A cos3t + Bsin 3t)
Thepi.is x = Acost + psint
(i « AR .
T Asint + pcost
dix _ i
e - —AcCost — psint

Substitute into %

Page2 of 2

—Acost — usint — 2Asint + 2ucost + 10Acost + 10usint = 27 cost — 6sint

Equate coefficients of cost:  9A + 2u = 27

sint:  9u — 2A = —6.
Solve equations @ and @ to give A = 3, u = 0.

The p.i.isx = 3 cost.

The general solution isx = 3cost + e (Acos 3t + Bsin 3t)

But x=3whent=0: - 3=3+A=A4=0

x = 3cost + Be 'sin3t
dx

=2 = —3sint + 3Be "cos3t — Be 'sin 3t

dt

—0 9x_
When t =0, at 6

6=3B=B=2
x = 3cost + 2e'sin 3t
b Afteraweek t=7days. .. e '—0.
. x = 3jcost

The distance between highest and lowest water level is 3 — (—3) = 6m.
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Exercise G, Question 14

Question:

a Find the general solution of the differential equation
d2y dy
I~ 4 4x—+2y=Inx, x>0
dx= dx '

using the substitution x = e, where u is a function of x.

Pagel of 2

b Find the equation of the solution curve passing through the point (1, 1) with gradient 1.

Solution:
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dx

a Letx =e" then 2t = ¢
du

and dy=d—yxd—x=e“d—y= d_y

du ~ dx du dx jCi:l.i:
dy _de, dy, 4y dx
di?  du dx d:)r:2 du
_ _dy dZy
T x? = 2

x2d23+4x§i+2y Inx:zj+3dy+2y=lnx=rf

da? du
The auxiliary equation is
m+3m+2=0
(m+2y(m+1)=0
= m=-1or-2
Thectf.isy = Ae™ + Re'z"
Let the p.i. bey = hr.-+p,—> Adzy 0
du du?

Substitute into %
A+ 2 u+2pu=u
Equate coefficients of : 2A=1= A =1

constants: 3A+2u=0 . w= _;i

The p.i.isy = u -3
The general solution isy = Ae™ + Be™" + Ju — 3,
Butx=¢'— u=Inx.

_]=1

2_ 1
fande - =

xZ

2

Alsoe " =x =x

Page2 of 2

. dy
Find ﬁ

2

that

du?

into the differential equation.

dj’z

in terms of x and ——, and show

.}‘
dx

Z:,,

de

dy
dx

then substitute

The general solution of the original equation is y = ;—1' + :%

b But y = 1whenx =1

1=A+B-3sA+B=1 @
R e DR L 1,
dx 22 x 2
dy
Whenx=1,-% =1
en x dx
1==-A=-2B+3=A+2B=—} @

Solve the simultaneous equations @ and @ to give B = =2} and A = 4.

The equation of the solution curve described isy = pe

© Pearson Education Ltd 2C
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Exercise G, Question 15

Question:
: . dy dy 3 i . . _ o
Solve the equation LI' tlanxgs +y cos’x = cos*x e'n* by putting z = sin x, finding the
dx :
i . dy .
solution for which y = 1 and Fae Jatx = 0.

Solution:
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o dz _ gy el
= e ~ =L ¥
Z =sinx & cosx and T COSX
dZy _  dy d% _ dz
dT— _ESIHLK‘FCOSQ‘:@XE
2
. $51nx+ cos? xdy
dz dz?
2 .
c g+ tanx j—i + ycos?x = cos?x e"* ¥
d?y dy dy
) = + bt R 2 29 = cOS2x €7
= COS xdzz sinx o tanx cosx P Y COS*X = COS“X €
d2y .
= —+y=e %
dz? Y

The auxiliary equation is m* + 1 = 0 = m = =*i

Thecf.isy = Acosz + Bsinz

dy _ d’y _
The p.i.isy = Ae’ :a‘d = Ae’ and — 02 = A€’

Substitute in % to give
20’ =" > A=
The general solution of ®# isy = Acosz + Bsinz + %ez.

The original equation ¥ has solution

sinx

y = Acos(sinx) + Bsin (sinx) + le

2
But y=1whenx =0

ee 1 |
1=A+1ls4=1

e cosx (—Asin (sinx)) + cosx(Bcos (sinx)) + %cosxe“”x
is oy _
As —===3wh 0
S T when x =
1 2wyl
3=B+;=>B=2;

y = 3cos (sinx) + 3 sin (sinx) + 1 e

PhysicsAndMathsTutor.com
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Exercise A, Question 1

Question:

For each of the following functions, f(x), ind {'(x), {"(x), ") and f"'{x).

a e” b (1 +x) c xe' d In(1 +x)
Solution:

f(x) f"x) £(x) fx)
a |2e¥ 2202 = dels 23e = B 2ne¥
bin(l+x)" ' nm-101+x)"2|nn-1)n-2)(1+x"3 n!
C | e + xef e+ (ef + xe) 26" + (¢F + xe¥) = 3Je* + xef net + xe*

= 2¢* + xe*

d|(l+x)"" =(1 + x)~2 (=1(=2K1 +2)~ =2(1 +£)? |[{=1)*"'(n = DI{1 +x)™"
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Exercise A, Question 2

Question:

= 243 g G _ . Kty
a Given that y = ¢ ™, find an expression, in terms of y, for T

L
dOy 2
b Hence show that |~ | = o
ILh” In| !
Solution:
: dy . dy . . 's i
ay=et¥ go— =3t ¥ —— =3t - = 3led*+d and so on.
dx dx- dx?
o d”a sl + 30 2+ Ix
It follows that —— = 3"e~ "™ =3 asy=e* "
dx"

dsy
b — = 3%

dx® y

Whenx=In(3)=In32 y=e2*3n7 = 2 x i " = g2 x 3" = —‘; — 1 Aselm =g

Ltll.'p'l. W 3
So | -t l{ = 30 ¥ ‘. = g*,
vdx®/in (1) 3
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Exercise A, Question 3

Question:

Given that y = sin® 3x,

d
a show that Y = 3 sin 6x.
dx

b Find expressions for dy dy and dy
ind expiessions oz S Bt
‘ a2 da? 2 gt
I dy)
¢ Hence evaluate l:. i

Solution:

o ERTPOL. 1 1. SR ;
a y = sin?3x = (sin 3x)?, so == = 2(sin 3x)(3 cos 3x) Use 4t = o140,
dx dy dx
= 3(2sin 3xcos 3x) .
= 3sin 6x Usesin24 = 2sinAcos A,
d*y . diy _dYy
b — = 18cos6x, — = —108sin6x, —— = —648cos ox
da- dx? dxt
[dYy) .
B |_ = —648 cos 7 = 648
i1
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Exercise A, Question 4

Question:

fix) = x%e~™.
a Show that f"(x) = (6x — 6 — x%)e™", b Show that f"™(2) = 0,

Solution:

a f'(x) = 2xe~* — x%™"
!'r:[_.l.:l - l:ze—i ‘:I_ri-, —.1'| 12..1'5:" - X I':E‘_'l:l = t,—.x'l:z -UE' 4 .l"":'
f"x)=e* (-4 +2x)—e M2 —dx+xY)=eM-6+ 6x — %
b f"x)=e¢e*(6—-2x)—e ™ —-6+6x—x3)=e¢*12 — 8x + 2%
so f"2)=e%12—-16+4)=10
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Exercise A, Question 5

Question:

Given that y = sec x, show that

d=y [dy) 3
a — =2sec’x —secx, |==5), = 11V2.
clx- \dx* /5
Solution:

dy
a Given that y = secx, so t—ﬁ = S¢Cx tanx

diy , .
E‘—, = secx(sec’x) + (secx tanx)tanx ———  Use the product rule, ‘
dx2
= secx(seciy + tan’x)
= secx(secxy + sec’x — ir-—{ Use 1 4 tan?A = sec? A, l
= 2sec’x — secx
d3y X
b i‘r:" = fhsecex(secx tanx) — secx tanx
di

= secx tanx(6seciy — 1)

Substituting x = = in d.{:"
- . 8 - dx?

|=2] = 2))62) - 1) = 11v2
|.I}
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Exercise A, Question 6

Question:

Given that y is a function of x, show that

d o % ,(dy
a — ) = Fp—= 2| =2
a2 VT Ve T 4y
dy d? d
b Find an expression, in terms of ¥, == and - for w ).
dx dx?' dx?
Solution:
d.. i dy dy . . ‘
a =— () = = () === 2y~ 3
de ! Lix[} ) - Yz Use the chain rule
d 1y dy 1%y | i '
%—1_}* ) = LL‘tl ‘|r’ 1.1 2z :i.:' Lth 2}*:1-{? | ) J ‘ Use the product rule.
& d |, @y (dy)
4 way = d (25 L 5D
0 d.xL“ / d:u'-2 dx? \dx/ |

[ diy dy_  d% d}-‘ LF,_V[
= Hy—2 . N g0, ¥ Mk
Y Tdx T de | Cdx . ax?)

v, Rdy dYy]
H

“de © )
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Question:

Given that f(x) = In {x + V1 + x%}, show that

avl+x2f'(x)=1, b (1422 f"(x) +xf'(x) =0,
c (1 +x%) f"x)+ 3xf"(x) + f'x) = 0. d Deduce the values of £'(0), £"(0) and £"(0).
Solution:

=

fix) = Inix + v1 + x2}

a iy} = I ( X ren d _ 1du
a f'ix) = — X |1+ 7_’1 Use —(lnu) = ===,
x+y1+x3) | 1 +2Y] clx tdx |
. I R e
XA+ E7) W1 + x%) 1 + x?)

So (1 + x2) f'(x) = 1
b Differentiating this equation w.r.t. x, using the product rule
1 + x2) f"(x) + Lﬂl”{x} =)

Vi1 + x2)

So (1 +x))f(x) +xf'(x) =0

Multiply through by (1 + x7).

¢ Differentiating this result w.r.t. x
(1 + 25" (x) + 2xf"(x)) + {F(x) + xf"(x)) =0
giving
(1 + 22" (x) + 3xf"(x) + f'(x) =0

dfo)=—1_=1
V1+0
Using (1 + x%)f"(x) + xf'(x) = O with x = O and f'(0) = 1
(0)+ (0)(1)=0=1"0)=0
Using (1 + x%)f""(x) + 3xf"(x) + f'(x) = Owithx = 0, f(0) = 1 and "(0) = 0
")+ () +1=0=f"0) = -1
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Question:

Use the formula for the Maclaurin expansion
and differentiation to show that

al(l-x'=1+x+x22+...+x+..

b /I Fa=1+2-%,2 _
Vil +x) 278 16

Solution:

afixy=(1-x)"1 = f0)=1
ffix)=—-(1-x)3-1)=(1-x)"2 » f1(0) = 1
i) = =-2(1 — 03 -1)=2(1 — ) = ") =2
x)=-32(1 -0 4-1=3.2(1-x"* = "(0) = 3|

General term: The pattern here is such that {”(x) can be written down

fxy=rr—1) .. 2(1 —x)" "+ =r(1 —xy 0t 1 = fin0) = ¢!
e o . : f'(0)_, f7(0)
Using f(x) = f(0) + (O)x + gx-- S SR e S B T
2! r!
- e 2.2 rl - 2 r
(I=-x)"=l+x+mx+. +ox'+. . =l+x+x"+.. +2x"+..
£y r.
b fix)= (1 +x) = (1 +x)* - f(0) = 1

f'(x) = +(1 +x) 7 > £(0) = 1

) = 2(—3(1 + x) = = 1(0) = -1

f(x) = 3(=(—=3)(1 + x) > 17(0) = 4

Using Maclaurin’s expansion

( | {31
AL [ =<1 ]
s e A doa o AEY 3
V(1 +x)=1+3x+ o +—_;|1
DT (- L S
2 8 16
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Exercise B, Question 2

Question:

Use Maclaurin’s expansion and differentiation to show that the first three terms in the series

-

expansion of e*"* are 1 +x + 5.,

Solution:

a fix) = et » f(0) = 1
f'{x) = cosxein® 0 =1
f'(x) = cos?xedn¥ — sinx eHn? s £(0) = 1

Substituting into Maclaurin’s expansion gives

SNy — ¥ 0 _] .2
0 ] + L:+2!_1 A o

= ot 1.2 4
'—1-x+;j.\-...
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Exercise B, Question 3

Question:

4 al
AN A

a Show that the Maclaurin expansion for cosx is 1 — % + 41 20

b Using the first 3 terms of the series, show that it
gives a value for cos 30° correct to 3 decimal places.

Solution:

a f{x) = cosx > f(0) = 1
f'(x) = =sinx > f'(0)=0
f"(x) = —cosx = "0y = =1
"'{x) = sinx = M"0)=0
f™{x) = cosx = f"{0) =1

The process repeats itself after every 4th derivative, like sinx does (see Example 5).
Using Maclaurin’s expansion, only even powers of x are produced.

o (=1} ., 1. W g § s
cosx =1+ T.‘t’" + 4-!-14 + ...+ _ij?:ﬂ!_'t” +
=1-% 48, X
21 4l (2n)!

2 1
b Using cosx = | —';—I + :I—I withx = 7 (must be in radians)
) : i 3

2 4
osx = 1 — I + T =(.86605 ... which is correct to 3 d.p.
cosx = 1 = Y 37104 866 which is correct to 3 d.p
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Question:

Using the series expansions for ¢* and In(1 + x) respectively, find, correct to 3 decimal
places, the value of

ace b In{gl:l

Solution:

a Substituting x = 1 into the Maclaurin expansion of €', gives

WO S T
= Pt gl g lgl el Lo ly
e=l+l+a*ts*tatataty

The approximations, to 4 d.p. where necessary, using » terms of the series are

1 2
1 | 2
Soe=2718(3d.p.)

H 5 6

2.7083 | 2.7167

9
2.7183

10
2.7183

3 | 4

7 | 8
2.5 | 2.6667

2.7181 | 2.7183

Approx.

b Substituting x = 0.2 into the Maclaurin expansion of In(1 + x), gives

(0.2)* (0.2 (0.2)} (0.2 (0.2)° (0.2)" _

f6\ - =
iz} =02 ==5 3 R e "7

The approximations, to 4 d.p. where necessary, using n terms of the series are

2
0.1823

3 | 4
0.1827 | 0.1823

il 1 2

02 | 0.18

Approximation

Soln(g)=0.182 (3 d.p.)
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Question:

Use Maclaurin’s expansion and differentiation to expand, in ascending powers of x up to
and including the term in x?,

a e b In(l + 2x) c sinfx

Solution:

a fix) = e¥, f"x) = I"e™*

So f(0)y=1, £'(0) = 3, £(0) = 32, £(0) = 3%, £(0) = 3*

' 4
fix) =e*=1+3x+ ‘z,x + %x + E1r4+
9x* 27 .4 w i S B . (3x)*  (3x)'  (Bx)*
=14+ 3x+ = 5+ T+_I + ... |Note: thisis 1 + 3x + 3 +- 3 + ai 4
b Asf(x) = In(1 + 2x), fl0)=In1=0
P(x) = —2— = 2(1 + 2x)"! £(0) = 2
=TT ™ ) =
f"lx) = —4(1 + 2x)72, (0 = —
"(x) = 16(1 + 2x)74, f"(0) = 16
I--r.lr{.t.] — _1)6{] _|_ .?I:l .IJ f:rrrH]] e —Qf‘j
. (—4) ., (16 -96
Soln(l +2x)=0+ 2x + _2,’_] + T:],l‘ + [—4:—3].\:" + ...
o i o Py 2 l. 4 2_ i
=2y — 2x* + &f — 4x* + ... [ Note: thisis 2x — L'-ﬂ - :—.--—; - E—T—] + ...
3 2 3 4
¢ fix) =sin®x f(lOy=0
['{x) = 2sinx cosx = sin 2x ' =0
f"(x) = 2cos 2x 0y =2
"(x) = —4sin2x 0y =0
["™{x) = —8cos2x ™) = —8
: — BB e 2 3 (=38 -I' xt e, X!
Suf{xb—sm.r~[]+ﬂx+zr +UI+-1' +.,.—:r;—,-%.+
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Exercise B, Question 6

Question:

Using the addition formula for cos (A — B) and the series expansions of sin x and cos x,
show that

. T 1 | x x  xf '
cos(x—S)== |1+ - +=+2+...
T )T E 26 24 -
Solution:
sy ! 8 W= e Ry 0 o) s IRl 1 : : |
a cosjx — h;l = COSX CO3| 4: | T SInxsin |4‘1 ‘ Use cos(A — B) = cos Acos B + sin Asin B.
=1 (cosx + sinx)
V2
1 || e - A .
S | - L+ - b
7 UE T A L _.
] I N
= l+x—2 —= = ]
y | 2 6 24
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Exercise B, Question 7

Question:

Given that f(x) = (1 — x)* In(1 — x)

a Show that f"(x) = 3 + 2In(1 — x).

b Find the values of f{(0), (0, £"(0), and £"(0).

¢ Express (1 = x)° In(1 = x) in ascending powers of x up to and including the term in x*.

Solution:

a fix)=(1—-x)In(1 — x)

" ¢—=1) |
f'iix) = (1 —x)* X e 2(1 —x)(—=1)In(1 — x) Use the product rule.

=x-1-2(1 -2In(1 —x)

Mx) = 1 ZI:I - x) X 1% -In(l=-x)|=1+2+2Inll —=2=3+2In(1 —x)

"x) = 2
b "'(x) T
Substituting x = 0 in all the results gives

f(0)=0, f'(0)= -1, f{0)=3, f"(0)=-2

7 ¥ 5 3 . [_2] 1
€ fix) = (1 —x)°In(l —x) =0+ [‘-*1].‘L'+TJ" AR TR
— 3x* __l 1
x+—2 333
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Question:

a Using the series expansions of sin x and cos x, show that

B — 3.3 17 .5
Isinxy—4xcosxy +x=5x" ———=x" + ..,
’ 2' 7120
b Hence, find the limit, as x — 0, of S.310% = 4 cosx +x

.L.';

Solution:

a Using the series expansions for sinx and cosx as far as the term in a°,

o | 5

T _ X _ 1.3y .1 5 _
NNnx =Xx .:_I T i—' SRR e 4 ;.’J., T -I-::-ﬁx
. -
osr=1—-% +% = =1-=1g24 Lad-
cosx = 1 51 +_}] e =1 =325+ 2%
50 3sinx — dxcosx +x =3(x —fat 4t — L) —dx(1 -G+t - L) +x
=3r -3t p —dr+ 2l
3siny —4dxcosx +x = :’.t-‘ - 1!,{,.1‘-* + ...

25Ny —4xcosx +x _ 3 17
b 3 =F Az
x - -

x* + higher powers in x using a
ik g
Hence, the limit, asx — 0, is 5.
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Exercise B, Question 9

Question:

Given that fix) = In cos x,

a Show that {'(x) = —tanx

b Find the values of £'(0), £"(0), £"(0) and £"'(0).

¢ Express In cos x as a series in ascending powers of x up to and including the term in x*.

d Show 1hat uslng the first two terms of the series for In cos x, withx = f gives a value for

In 2 m I: 1 + 1%

Solution:

a fix) =Incosx = f(0) =0
g 1 d 1 du] o

! — e bl — LA s = =
i) = sz % ( sinx) Milnn] 7 dx) {0y = 0
= —tanx

b Mix) = —secix — "0y = —1
{"(x) = —2secx(secxtanx) = —2sec’xtanx = f"(0) =0
f"(x) = —2|sec®x(sec*x) + tanx(2sec’x tanx)) = {7(0) = -2

¢ Substituting into Maclaurin's expansion

- . 2
Incosx =0+ Ox + iz vt + 0xt + E4 }x'*+
- S
"2 12
ubstititing % = Tgives n[-L )= -4 7] - 1 (=
d Substituting x = 7 gives lnl_,'j_.l 2\16) ~ 13\358
(11 _ I _
but In (E} = {28 = Eln 2,
st =iinp =
3 216 12.256
. W: F =l
In2 = T ?Sﬁ using only first two terms,
~m (14 )
16 1 96 |
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Question:

Show that the Maclaurin series for tan x, as far as the term in x°, isx + }.‘r‘ + T“;.;.‘r'“.

Solution:

a fix) =tanx = f(0) =0
f'(x) = sec’x » 1(0) = 1
f"(x) = 2secx(secxtanx) = 2secixtanx = {"[0) =10
[""(x) = 2|sec’x(sec’x) + tanx(2sec’xtanx)| > £(0) =2

= 2(sec*x + 2sec’xtan’x)
{"(x) = 2([4sec’ x(secxtanx)} + 2{sec’x(2tanxsec’x) + tan’x(2sec’xtanx)] = "0)=0

as tan(0) =0

= |hsectxtany + 8sec’xtan®x

Ssecixtanx(2secix + tan’x)

f"'(x) = 8sec’xtanx(d4sec’xtanx + 2tanxsec’x) + 8(secix + 2sec’xtan’x)(2sec’x + tan’x)
— ""0) = 16 as tan(0) =0
seci() =1

Substitute into Maclaurin’s expansion gives

2 5 i
tanx =0+ lx+ 92+ 23+ Dt 4+ 1045 4

2! 3! 417 5!

A o 2 .3
= — + J o
_11-3 ISI
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Question:

Use the series expansions of ¢, In(1 + x) and sin x to expand the following functions as far as the
fourth non-zero term. In each case state the interval in x for which the expansion is valid.

J-’ _le
- b 2E
& e
c elt* d In(1 —x)
e sin (';] f In(2 + 3x)
LR
Solution:
{2y (=)
o e S e
=1—-x+ l IF + ... valid for all values of x
e X ¥ (4x)"  (dx)°
b e e=1+ (4x) + =7 4 =31
=1+ 4x + Bx? + % + . valid for all values of x
1 4% — : i [ o x_l I'J' l e H . . . "
c e =g Xet= L’II +x + 5 + % + | valid for all values of x
(—x)? (=x)P  (—x)
dIn(l —x)=(—x) - + " + + ... [F1<=x=1]
2 3 4
l>x= -]
- g R e S L
2 3 4
o o ) B @G
¢ ﬁmli_} = i.'i} ~ 3 + = T -
& ¥ xt x’ -
= - 4 - it all values
5~ 15 1 810 " GEE im valid for all values of x
; _ [ 3x\] _ [+ o 3a)
£ In2+3x) = Inf2(1+ 3 )}=1n2 +n(1+3%)
x| (3x)’
31: ol 2 Jx
—lr12+ T+ 3 + —1c::?£1
3r_ Bt oy 2 y
= 4 2= S —s<x==
= In2 > "] ] X =2
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Exercise C, Question 2

Question:

a Using the Maclaurin expansion of In(1 + x), show that

[ § By 3 5 \
In(1+ H=2fx+E+E+ ] -1<x<,
\1—2x) \ 3 35 /
b Deduce the series expansion for En]l |' —]1—4_:' :I, -1l<x <1,

¢ By choosing a suitable value of x, and using only the first three terms of the series in a,
find an approximation for lm:_%'l. giving vour answer to 4 decimal places.

d Show that the first three terms of your series in b, withx = —‘, gives an approximation for
In2, which is correct to 2 decimal places.

Solution:

PhysicsAndMathsTutor.com
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2 3 4 3
alntl+x}=x—%+%—‘%+‘%—.,., ~1<x=1
2 3 4 5

Intl—x}=—x~’%—-%—%—%—..., -1l=x<1

|ﬂ1+x]=mu+xy4m1—m

1 —%]
2 3 4 5 | 2 3 4 A
X X X X X X X X
e e o e
R R I [x 2 3 4 5
21..{ zx";
= 284S £ o
e+ S+ %

3 3
=2x+i+x7+..,]
3 5

Asx must be in both theintervals —l <x=sland -1 =sx < 1
this expansion requires x to be in the interval -1 <x < 1.

1+x)| _ 1+x].':l 1+x]
hmdl—x)'ﬂl—x in(1 =3
f1+x R '
== et _+“‘ — - L
snlnh(l_x) (I:rc+3+5 y, l=<x=<]
c Snlving[-%#’ =%give53+ 3x=2-2
Sx = -1 ‘ e X |
3= =02 This is a valid value of x.

So an approximation to ]n[%] is 2[' = G AL LS -ﬂ—ﬂMJ

3 5

1l

2(=0.2 - 00026666 — 0.000064)
—0.4055 (4 d.p.) This is accurate to 4 d.p.

B . E———
d Inlll.(1 -x) with x = £ gives Inv4 = In2

3 5
50 1n2 = 0.6 + (Efl 4 {Esfj}_

= 0.687552 ... = 0.69 (2d.p.) |[Using the series in a gives In2 = (.7424...]

Use the result in b.
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Exercise C, Question 3

Question:

. R — yo . ' T PR . [ ..
Show that for small values of x, g — pm¥ = + 2yt
Solution:

2x)*  (2x)° ;
et =14+ 2x = ST =1+2¢+ 222 + 2
(=x¥  (=x) o xd
x = _ ) —_ 4 L — T+

o 71 3l RS
So e — e ¥ = 3x 4 ;;-1:3, if terms x* and above may be neglected.
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Exercise C, Question 4
Question:
a Show that 3x sin 2x — cos 3x = —1 + Sx? — 2t — .,

b Hence find the limit, asx — 0, of [ 3x sin 2x — Cos 3x + 1'|.

x*
Solution:
3 1
a 3xrsin2x = L‘Ix‘{[i‘xl - [,1% : = fx? — 4zt
_ G Bxy . 9., 27,
¢ 9
S0 3xsin2x — cos 3x = 6x” — 4dxt + -1 - 231 + ”ﬁ?x‘ - :
_ 21 .2 594
= —1 + ?.1 g A +

F — C0s 3x 59 ; ; ;
p SxSinz r}.m w1 -2:}1 - ;T + terms in higher powers of x

3 ﬂ'.. S0 ‘5_{'3!'1_2)‘____‘('95_3‘3__—'—__1 tends to 21

Asx ;
x 2
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Exercise C, Question 5

Question:

Find the series expansions, up to and including the term in x*, of
a In(l +x— 2x%
b In(9 + 6x + x2).

and in each case give the range of values of x for which the expansion is valid.

Solution:

alnl+x-2x=In(1 —x)(1 + 2x) =In(1 —x) + In(1 + 2x)

i

5 4
P ) ey L L N S -1l=x<1
[ 273 3
L - A ) | |
In{1 + 2x) = (2x) — 5 + E Y = —F ey
o
= 2.1‘—._.1‘3+§‘1 — 4t

Soln(l +x— 22 =In(l —2) + In(l + 2x)

N i . . W
= A _2_ + _r —4— F iy

1< x =1 (smaller interval)

b In(9+6x+2% =In(3 +x)°=2In(3+x)=2In3(1 + Ji| = ?.{In 3+In[1+ '3;]|]|

. -« &) G G .
[ht‘t‘,‘-{[lﬁﬂﬁltmUtlﬂl1+§.}IIS =|:?]— 5—* 5=+ —I{E‘ii
X _ X0 o :
=S - — S -3<x=3
3 18 81 324 t
SoIn(9 + 6x + x?) = 2(In3 + ln[ 14 ‘zﬂr
9 2% x> 28 x
=2In3+SF -+ -5+ . —-3<xe]
3+ T - tar gt ¥
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Exercise C, Question 6

Question:

a Write down the series expansion of cos 2x in ascending powers of x, up to and including
the term in x*.

b Hence, or otherwise, find the first 4 non-zero terms in the power series for sin® x.

Solution:

(20)" (22 (20)° (207 |

21 T T4 el g

=] - 2;1{:_:' b g‘_xj - __]"'_x‘:_n =+ 'z*r_h =
3 45 315

[
a cos2x = 'll

b Using cos2x = 1 — 2sin’x,

, 2t . 4xb | 2%b
2 o2k g 2 X
3 45 315

e sl x' 2%t P

So sinfx=al—-%-+ S5 - o=

3 45 315

|Alternative: write out expansion of sinx as far as term in x7, square it, and collect together
appropriate terms!|
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Exercise C, Question 7

Question:

Show that the first two non-zero terms of the series expansion, in ascending powers of x, of
In(1 +x) + (x — 1)(e" — 1) are px* and gx*, where p and g are constants to be found.

Solution:
In(1 xe xd ot
alnl+xy)=r—="—+="0——"2 +
2 3 4
['—]3{“"—1]—‘-_1]'.+,'l" L_|x4_ |
R e AT TR g T Y
2 Jl.'l x-j I_'!": x"‘ '1-4
=x-+_+—1”—1r+_+_.+_+”1
2 5] 2 6 24
) 3 4
X X b
==Xttt ==+.
3 8
So In(1+2)+@-1)eF-)=[e-Z+L -4 J+(w+Z+22, )
. ) F \ 2 3 | 2 3 g
Iy 5 |
e [ — s = —
38 P=39="3
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Exercise C, Question 8

Question:

sin x

a I‘.xp&mi: - in ascending powers of x as far as the term in x*, by considering the

product of the expansions of sin x and (1 —x)™"

b Deduce the gradient of the tangent, at the origin, to the curve with equation y = L LE

(1 —x)P"

Solution:

a Only terms up to and including x* in the product are required, so using

=3
; X . 5
5N =X — ? ... [(nextterm is kx)

and the binomial expansion of (1 — x) ¢, with terms up to and including x”.
(It is not necessary to use the term in x*, because it will be multiplied by expansion of sinx.)

(—x)* (—x)*

(1 —x)y%=1%(—2—%) + (=2)(—3) T+ [-2}{--3][-4]—T i
=142+ 3%+ 47 + ...
- s I { !
i Mo [ I .. S LI D B
(1-x2 | 6 /
4 4 ]
—x+22+ 30 +act+ L (T4
\ G 3 !
3 4
=g+ 10 1,
5] 3
by=_5NX _ 90, 17, 11x% |
(1 —x) b 3
i . _— - ;
S{}L% = 1 + 4x + higher powers of x = at the origin the gradient of tangent = 1.
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Exercise C, Question 9

Question:

Using the series given on ]mg_u 112, show that
a (1-3x)In(1+ 2x) = 2x — 82 + 23 — 12¢7 +
|a

be¥sinx=x+222+ 23+ +,

cVl+xd)e*=1-x+22 -5+ It +.
Solution:

B!

3 dat + :I (see (Q5a)

a (1 - 3x)n(l +2x0) = (1 = 3x) IIE.L?: — 242 +
=(w-20+ 8 g+ L) - (@2 -6 B - L)

=26 - 8% + 20t — 1200 +

e o I L, (207 (2x) | (2x) [ & '
b e~sinx = *ll + (2x) + 1 + 3 + v iin +., ||.r —3p o [only terms up to x|

_|'1+2.).+2.1 +4JL +.---+ ||::—- T}

[ 3 4t foxd )
=|:I:t + 2x2 + 22 + = +I'._E_§'.-|+"‘
=x + 2x? +11 B4+ ...
c (1 +x%)e*= (1 +xYie™
B 1.2 . (1Y 1) oxr ox xt \
2 2 i
=[1+X -% 4 l-x+2 -2 2 4
| 28 |1k — g hag iy
_fe i Thoa S | W o B (O
=1 *::-'-|:5+§J..1 + | 5= 2 +|\ﬂ+1 §]:l: -I-.j
=1-x+x2—2x0+ 1yt
5
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Exercise C, Question 10

Question:

_xt
a Write down the first five non-zero terms in the series expansions of e 2,
w ] T

b Using vour result in a, ind an approximate value for J e 2 dx, giving your answer to
. : : .

3 decimal places.

Solution:
. l—-‘ff;:l‘ .'_?sz| " '3‘;|4
B [ X V2 ' - ' /
aes=lt{-F)t— F* 3t *
2 | i !
=1-Z 42 _X . X _ .
2 B 48 384
| |
b Area under the curve = e dx = 2[ e 7 dx
L] ¥
| PO S s N S Integrate the result f
| e AT N e, O grate the result from a.
2|* —% * 30 " 336 T 3456 l l

A

w111 1 . 1
~2|1 =%* 10~ 336 * 3335

e

~ 1.711 3 d.p.)
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Exercise C, Question 11

Question:

; i ; ; { ;
a Show that e™ sin 3x = 3x + 3px* + _,I’ -.1 + ... where p is a constant.

b Given that the first non-zero term in the expansion, in ascending powers of x, of
e sin 3x + In(1 + qx) — x is kx*, where k is a constant, find the values of p, g and k.

Solution:
(px )’ | 3x)*
a eMsin3x = {] + (px) + —'Ir—— + U_y— e {E‘l xX) — : ;} ll‘
F‘, j‘{r{ f (}'{' i
R 3 — =—+.
| 1+ px —+ .| 32 : |
3pPa? [ gy
= 1+-’. 2427 4+, + - 4+,
2 = 3t
= 3x + 3px? + - walia u
2
| n;t] (gx)*
b In(1 + gx) = @) - 55—+ =5~
1.- . J
3' ,.". = J} I.! '.EII 51-!
Soesin3x + In(1 + gx) —x = 3x + 3px* + % + qx — “;T + ”‘IT — x5+ .
(2 + g +|1:— ) ‘Jr(fi‘”_’ﬁ]"l 2%t +
SR e L e
Coefficient of x is zero, so g = —2.
Coefficient of x* is zero, s03p - 2=0=p = 2:
Coefficient of x* = { = —: - j’ = - Ift sok = _g
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Question:

f(x) = e~ ¥ gin x, x =0

a Show that if x is sufficiently small so that x*and higher powers of x may be neglected,
_1:.?
3

b Show that using x = 0.1 in the result in a gives an approximation for f{(0.1) which is

correct to 6 significant fiigures.

fix)=1+2x+

Solution:
a l._"r ~Inx - {I-"-' x L|—|I'IJ' - L:'"". )( 1-_1“"'1'_[ UHlﬂg L-,r-' + b — L"[ W L:l.h
=¥ ¥ x| using ei"* = k
e
X
ad ¢ < 5 E 3 .
er—Inxginy =& f}r-‘i, and so, using the expansions of e* and sinx,
f .T'? l_{ \ g I_’G \
|1 +x+%+ €t |lx— )
“:.1} = E.'l. Inx hIII.T = ) ] \ : b - 0
X
/ x2 43 \ 22 \
=|]l+x+=4+=4+ .. 1] —=— + ...
L 5+ )1 =g Yo
i ¥2 oy (x2  x3) . : 2
=|l14+x+=+2|— |2 +2| ignoring terms in x* and above.
| 2 &) | | & h 'I 8 &
=1+4+x+ 1:: There is no term in x°.

oL | S [
b i(0.1) = % = 1.103329...

The result in a gives an approximation for f{0.1) of 1 + 0.1 + 0.00333333 = 1.103333...
which is corect to 6 s.1.
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Question:

a Find that Taylor series expansion of vX in ascending powers of (x — 1} as far as the term
in(x— 1%

b Use your answer in a to obtain an estimate for v1.2, giving your answer to 3 decimal places.

Solution:
a fix)=vx = f(a) + f'(a)x — a) + F;;”il‘ —a)* + fi;"{”]m = i)+ fi:‘;”:x —ayt+ ..., wherea = 1
fx) = vX f(1) =
fx) = %A: " F(l) = %
frx) = — o~ (1) = —4
4 4
f""(x) = %x S (1) = %
Sox=1+4 %u: -1) - :I,_]TH: - 112 4 ET%%'H — 1) - m];—_[_]sx 1)4 4
=1+d@-p-te- 1+ da- - Sea -+
bViZa~1+ %m.z; - o2+ L2y -2 0.2

8 16 128
1+ 0.1 = 0.005 + 0.0005 — 0.0000625
1.095 (3 d.p.)

&
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Exercise D, Question 2

Question:

Use Taylor's expansion to express each of the following as a series in ascending powers of
{(x — a) as far as the term in (x — a)*, for the given values of a and k.

alnx (a=e k=2) b tan x .::::.l;,kz.%:. c cosx (a=1,k=4)

Solution:

PhysicsAndMathsTutor.com
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All solutions use the Taylor expansion in the form:

Page2 of 2

nr )
£x) = @) + F @)@ — a) + & ')( ay+ % ( '3( S SN r'!:“} —a) +
a Letf(x)=Inx then fla) =fle) =Ine=1
] — ! r = f'ip} = !
[[x}—x f'(a) = F(e) =
) = —L f(a) = f"(e) = — L
x° e’
(-3
f _ _ | \ Ez | 3
S50 {xn—]nx—I+Eix—eJ+ 3 x—eF+..
. +{x—e]_{x—1+:]|v+
e 2e*
b Let f(x) = tanx then fla) = f{;-rj =3
f'(x) = sec’x f'la) = t'(’,‘f} =4
f"(x) = 2secxtanx ) = 1" "—;] = 2(4)(v3) = 8/3
f"(x) = 2sec’x + 2tanx(2sec’x tanx) f"(a) = f”‘[\g} = 2(16) + 4(4)(3) = 80
_ =5 ol B3y, e 80 |3
So f(x)=tanx =3 +4;.L 3J+ 5 (x = ] +3r[x 3’1 + ..

T4 afx — T\ + 473 (x — T2 4 40
=~3+-I-|:x"%r]+4x-3[x—%r) +T{x—1"]‘+_“

3
c Let f(x) = cosx then ta) = f(1) = cos 1
f'(x) = —sinx f'(a) = F(1) = =sin 1
["(x) = —cosx f"(q) = f"(1) = —cos 1
f"(x) = sinx " (a) = ""(1) = sin 1
f"™(x) = cosx f"(a) = f"(1) = cos 1
S0 flx) = cosx =cosl —sinl(x — 1) — I[Cm”{ =1+ Sm“qx 1) + e
2 () 24

© Pearson Education Ltd 2C
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Exercise D, Question 3

Question:

a Use Taylor's expansion to express each of the following as a series in ascending powers of
x as far as the term in x*.
i cos ;._:c 1 1‘-| ii In(x + 3) iii sin (x T|
b Use your result in ii to find an approximation for In 5.2, giving your answer to
6 significant figures.

Solution:

© Pearson Education Ltd 2C
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Exercise D, Question 4

Question:

Given that y = xe*,
: d"y .
a Show that .= = (n + x)e’.
dx
b Find the Taylor expansion of xe* in ascending powers of (x + 1) up to and including the

term in (x + 1)%

Solution:
dy : . .
ay=xe,—=xe"t+ef=ex+1) Product rule.
dx
d2y .
—=xt+te t+tef=¢e*x +2)
dx-
d*y _ _
—= =xe* + 2ef + e* =¥y + 3)
da
_ 1y
Each differentiation adds another e*, so dx_’ =0+ x)e",

So for f(x) = xe®, f"x) = (n + x)e*.

b Using the Taylor series witha = =1, f(=1) = —e!, f(=1)=0,f(=1)=¢"!
f"(—1) = 2e~!, f"(—1) = Je!

S0 xef= e"]'.—i +0(x+ 1)+ 2—][{.1’ + 1) + :;ﬁ'i-" + 1)° —;’1[1 + D%+ |l
' ] 3 | ) | . '
=eN-1+z@x+1P2+ax+ 13+ + 14+ ...}
¢ . 1 z{r 1) 3i_x §] 811 1) .I
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Exercise D, Question 5

Question:

a Find the Taylor series for x? In x in ascending powers of (x — 1) up to and including the
term in (x — 1)%

b Using vour series in a, find an approximation for In 1.5, giving your answer to
4 decimal places.

Solution:

a Letf(x)=x'Inx thenasa = 1 fla) =f(1)=0
F'(x) = 3x%Inx + 2% % ; = x%(1 + 3Inx) f'(a) = '(1) = 1
f(x) = x2 xg + 2x(1 4+ 3Inx)=x(5 + 61lnx) f"fa) =f"(1) =5
f"(x) =x x%+ (S+ 6lnx) =11+ 6lnx f"(a) = f"(1) = 11
f"(x) = E f™(a) =f"(1) = 6

Using Taylor, form ii

T . i 152 4 Mg 158 4 O g v
fix) =x*lnx =0+ 1{x ]:+—2!u 1) topl 1) g LY =k
. 3y 2 11 1 R |
={x—1)+2(x—1¥+=(x— — (X — + ...
(x — 1) 2:1‘ 1)% + e x—1) +4{t 1)

b Substituting x = 1.5 in series in a, gives

il 5 ) 11 . 1 i
— S=0542(05°7 + 22050+ (0.5 + ...
3 Inl 0.5 2(1]"1} + 3 (0.5) 4“*&}

= 0.5 + 0,625 + 0.22916... + 0.015625 (= 1.369791 ...)

So this gives an approximation for In 1.5 of k.

EF{L;{(‘:U?‘JI ..) = (.4059 (4 d.p.)
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Exercise D, Question 6

Question:

Find the Taylor expansion of tan (x — a), where a = arctan |—L ], in ascending powers of x up to
and including the term in x2,

Solution:
Let f(x + a) = tan(x — a), so that f(x) = tanxand a = -«
As = ;lrt_'t;m[ gll tan a = ; and cos a = :—:
fix) = tanx Ha) = f(—a) = tan(—a) = —j
. , . : 2
f'ix) = sec’x f'ia) = f'{—a) = ::’
16
o o . a 2 ‘i — M — 25I { '% e | J-"”'-'I
f"(x) = 2sec’xtanx "(a) = "(~a) = 2{ T2 )| 3] = ~|33)
Using the form ii of the Taylor expansion gives
| FS '||
- (34} 3,25 \. 32/ %
- - = {:z — arctz . = == 4 =X <+ il -+
fix + a) = tan(x — arctan| 3 ] 7+ 1g¥ I
3 .25 75 5
S LI = el o Al
4 16 4
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Exercise D, Question 7

Question:

Pagel of 1

Find the Taylor expansion of sin 2x in ascending powers of (x — ;‘;T| up to and including

3 V4
the term in (x — F)".

Solution:

a f(x) =sin2x

flx) = sin 2x

f'{x) = 2cos2x

["(x) = —4sin 2x

["(x) = —8cos 2x

I'r\lr.r

(x) = +16s5in2x

So fix) = sin 2x

Il

© Pearson Education Ltd 2C
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anda= :—:
fla) = fl - | = wmzf - “—;
Hia) = I:: = chsi :T} =
"(a) = f(Z) = —4sin(F) = -2
"'(a) = (%) = ~8cos (7]
f"(a) = " ;l::' = 16sin .%T
\_25_ Fifx—Z)+ {—;\. '.%;[I - ;—| y 1;_!_-}_:|,x 5
‘*;- +1(x- ;"| - V3(x - :]3 - %(’x ~ :]” + X
utor.com
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Question:
Given thaty = — I _
Vi1 + x)
a find the values of | LIJ'} o [ d?y)
C ralues ¢ and [— |-
vy 3 ltd.l" l4

b Find the Taylor expansion of — I , in ascending powers of (x — 3) up to and including

. - V(1 + x)
the the term in (x — 3)-.
Solution:
a Giveny = _—] =(1+x)? yi(= value of y whenx = 3) = 1
Ja +x) 2
dy | (dy | 1, 1 1
—.=_—|_T‘ ;l:—_x_..z— =
cla 2{ & L /5 2 8 16
dy 3 _3 (d>) 3 1 3
—= =21+ | == =2t o =i
a2 4 &2 =353 =18
b So using
R i f"(3) - P [ 12 i
fx) = £(3) + F3)(x = 3) + —(x = 32 + ... with {(3) ‘-{ﬁ"""la
1 1 1 ; 3 3
= == — e —3) + - 32+ ..
Y \-'{| +x) 2 H‘iu 3) 256 o)

© Pearson Education Ltd 2C
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Question:

Find a series solution, in ascending powers of x up to and including the term in x*, for the

) dy

differential equation [1.1,3 =x + 2y, giventhatatx =0,y =1and g = %
Solution:

d%y d*y dy
Differentiating —= = x + 2y, with respect tox, gives —= =1+ 2=

8 a2 ~ “ SVE & w O
dy d2y
Differentiating (D gives == 2
ifferentiating () gives e 2 )
: o . dy ;
Substituting x, = 0, ¥, = 1 into 0 = x + 2y, gives
'Ll V [ d2y)
) ) =0+ ?tl},mll i'?" =12
OTRUTIONBPRIIY (43 ) [ B i 'dv'_ e 45
Substituting |-.{I;EJ” =5 into @) gives I.d_,bn | Zlni-l =2
Substituting | {IJ*VI:l = 2 into (2) gives III {14.1-1' =22 =4
' c 3‘: '-LL'I:'J h o 51 ¥ | 1x-1 .'“ =
So using the Taylor expansion in the form where x, = 0, i.e. ii
(1) (2) 0. (2) .o . (4). X A ALTE 7y
+lalax+xt+ —x+ x4+ =14+ 42+ +2+ ...
y=1+g)n+ 5rat +3ra + gra S S A
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Question:
B ) A , dy o dy dy
F'he variable y satisfies (1 + 2% —== +xs—=0andatx =0, y=0and == 1.
€J [ }d_r-'! dx Y dx
Use Taylor's method to find a series expansion for y in powers of x up to and including the term
inx*,
Solution:
dy dy
Differentiating (1 + x- Jl S =+ % :_.L = (), gives
. dy? dy d¥y dy dy* dy dy
1+x)-—+2x—+x + == he.(l+2)-—+3x-="+-—-=0
l }LI.I.‘"‘ da? dx?  dx ® dx? dx?  dx
dy m [ d?y)
Substitutingx = 0 und|—] linto (1 +x° :ln =0, Hnul—— =ﬂ
Lt
Substituting x = 0, | e =1and | d'y | =0into @ gives | & v| |
H 1.1. |II i« lti.l"t Io g In

So using the Taylor expansion in the form ii,

0y 5, (=1} y x#
= e —_—t e = i
y=0+1x+ T TRC A St Tt i

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2

Edexcel AS and A Level Modular Mathematics

Exercise E, Question 3

Question:

5 : 2 . . dy i
Given that y satisfies the differential equation ﬁ +y—¢"=0andthaty =2 atx =0, find

a series solution for y in ascending powers of x up to and including the term in x°.

Solution:

Differentiating t%j +y—e* =0, gives i—;f + 3% -ef=0 @

Differentiating @ gives ::: + fflj -e¢=0 @

Substituting x, = 0 and y, = 2 into g:r +y —e* =0, gives I:‘%:—f]“ +2-1=10, 50 !S{; ]” = =]
Substituting x = 0, | j}:lu = —1 into @ gives l'i:'lu. +(-1}=-(1)=0s0 |I:"1I1}’” =2
Substituting x = 0, II:;]“ = 2 into @ gives | :‘;:’: :|“ +(2) - (1) =0so ii_}: ]” =—1

Substituting into the Taylor series with x;, = 0, gives
(2) (—1)

oo = 2 %
y=2+I I]x+2]-x+ 3!.1:4-...
="4‘—Jr+.::3—'?‘1—-q
2 G
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Exercise E, Question 4

Question:

Use the Taylor method to find a series solution for

d* 5 dy dy

+x==4+y= =0,¥y=
5 ri.r +y=0,giventhatx =0,y =1 and dx =2,
giving vour answer in ascending powers of x up to and including the term in x*
Solution:
Differentiating :_ﬂ + x% + y = 0 with respect to x gives

d’y xdj}'+t1v dy _ 0 ® L dty 1 d}r+ d}-j:n

et Tde? dr e ' e T T i
Differentiating @ gives

dy dly d% d*y dty dty d%y

—— +x—S+ -+ 2-==0 Q, —~ +x—=+3-—==0

e g a0 O MR iiaaiin,
g B e A " dy
Substitutingx =0,y =1 i 2 i.r i = () gives

[ d? ‘}f [ d2y)

| +02)+1=0=|-2| = -1
| L}L’ ' V) \dx? /g
[ d%y . ;
Substituting x = 0, I—) = 2 and I -—|| ~1into @ gives
J||
(9Y) 4o 22) = 0,50 (2] =
&E.:-in_"— (—1) + 2(2) = 0, 50 d“
Substituting x = 0, I:dyj =2 |ﬂl = —1 and |—b —4 intu@gives
L'l.'t' W 'd_\:z 'O )

| -}r V|
l? +0(—4) + 3(-1) =0, m|”‘)

Substituting into the Taylor series with form ii, gives

y=1+2e+ 00 080 Oy

51 3 AR

=1+2-dx2-204 104

2 3 8
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Exercise E, Question 5

Question:
d* dy
The variable y satishes the differential equation d? + 2—&— 3xy,andy = 1 and
dy
=-=]atx = 1.
d 2
Express y as a series in powers of (x — 1) up to and including the term in (x — 1)°.
Solution:
&y, ,dy dy  ,dy dy
Differentiating — + 2= = 3xy gives — + 2—5 = 3x —-+3v
ifferentiating Tz t25; y give T 232 i Q)
2 fdy dy [ d?y)
f)l]_]l.'ill[i!f,\:,=1,-'=|:1ILI— = —] —=hf Vs ;
ubstituting x, = 1, ¥, d e/ | i Ix— T = XY give m_;
Substituting x, = 1, ys = 1, |Lh] = =1 and | dz‘vlll = 5 into (@ gives | {!:ﬁ‘yl = =10
: g 8 Xy v Yoo ] -dx-”-', % P 'tj.t'“]

Substituting into the form of the Taylor series form i, with x, = 1, gives

5 10 ;
Lkif =)= 1 )= %1.};— 1) + L}u - 1¥ + ...

J

lwqx*|]+--uu 1:-~%1x— 13 + ...
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Question:

Find a series solution, in ascending powers of x up to and including the term x*, to the

iz_y dy - dy
differential equation —; a2 + ijﬁ y'=1+ux given thatatx =0,y =1 and Av 1.
Solution:
d’ dy

Ulf[Lantmtlng + 2y = = + ¥y = 1 + x, twice with respect to x, gives

dHy dy [dy\e Jdy

L AR . S R VLA |

' P lfJI. Y dx @

dly diy %y d_} | d? Ld%y y\*

—+2;-'— 2 +-1 }+fv =0

e Y At 1I4Ll}| P || ] @
Substitutingx = 0 1 and b _ 1 into dy + dy +yi=1+x% 1ws| I = =2
2 & Ej 5 .".}II [11 l:_l_ 7z _' d. 51 _.”
A [dy ) [d?y dy)
i, 5 = 2 = & .‘"‘. —? » ] =
Substituting y = 1, |-.+jx ]“ 1 and |I 02 )U into @ gives |¢ 3 0

dy ' [ dy) [ diy)
Substitutingy = 1, } =1,|==] =-2,(=2] =0into ives | —=| =12
ubstituting ¥ | y \d&x/,, |-.d.r-‘ b into @ give l.d.x'" L
-2

S0, using the Taylor series form ii, y = 1 + lx + Ej—r}.\:—‘ + {E} b ? iy SR

soy =1 +x—x3+%x*+“
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Exercise E, Question 7

Question:
{1+ 2x Ji:: x + 2y?

dy dy _ (4|
a Show that (1 +2xJE+4H -N =45 ]

. dy .
b Given that y = 1 at x = 0, find a series solution of (1 + 2x) {h =x + 2y?, in ascending

powers of x up to and including the term in x”.

Solution:

2 W dy 3
a Differentiating (1 + ?.xj$ = x + 2y* with respect tox

[ dy _dy dy

= Y= 4 dar_ >
1” E J}Lh" 3 zd. } ¥ 4‘}&1' )
Differentiating @) gives
' diy diy| | [, d%]| | d’y dy |\’
(1+2%)—=+2—=14+12—51 =4y —-+4----
{ g R e b (:Lr-

" 2 f .'I_
S (14 2%) L'}?- +a1-pST=4 2] @

[-J

. _— . dy .
b Substituting x, = 0 and ¥, = 1 info (1 + E.E_r:j—; = x + 2y* gives [ “} ]

Substituting known values into @ gives

d*y) ;
[dy) +2(2) =1+ 4(1)(2) = |: u}:l =35
Substituting known values into @ gives (d.x:* =4(2)2 = 16
't
2 | d2y) A dy)
#1492 dY
So usingy = y, + r| —) illla:jl‘l“ e ll'dx‘-'\n i
v=l+2x+25|x-’+ [;,’x*+ - 1+2x+;‘-x + 8434
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Question:

Find the series solution in ascending powers of (.1: - A'?'; up to and including the term

dy
in (x - ] for the differential equation sin x L_Li + y cosx = y* given thaty = v2 atx = %T

Solution:

: . g -
Differentiating smx&% + ycosx = y= with respect to x, gives

::;a {Lr + II —ysinx + u)u‘?] =2 ? @®
or xmx?: + ZLL}'axif — ysinx = 2}:—:;
Substituting x;, = I ¥o =2 into 51'111‘::1:; + ycosx = ¥ gives u2_ '. ‘}’ | X \% =2
50 :{;] . =2

: o iy = .
Substituting x, = }', Yo= V2, (L_l.r:l = 2 into @ gives
'3

}I - 2I|Il t_ IIH'{E'! — {v 2.}| - :| = 2(v2)(v ?l}r

s E dx W2/ V2

(1 (d? d2y .
50 éllfl,r wa= 1=t |S), =28

V2 \dx _.|_1 J \vdx® ) 3

35 4 (dy x 12y
Substituting all values intoy = y, + (x — I“,t:i:‘t 5” [ : "
rives the series solutiony = vZ + V2 (x — 7| STy ?—T']E +
five : 54 ; . g 5 |: 1 i
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Exercise E, Question 9

Question:

= = T ey . = d‘.‘lr'l 3 '

lhe variable y satishies the differential equation i X% =iy =),

dx

a Show that i
dy dy 5 .. Ay d u' (dy\”
i —=—-2y—-2x =0, if — — =

de? “dx e~ Y l d /

dty d* y d? v dy
b Derive a similar equation involving — =, e Rl and y.
de?’ da?’ dx?' dx

¢ Given also that atx = 0, y = 1, express y as a series in ascending powers of x in powers of x up
to and including the term in x4,

Solution:

PhysicsAndMathsTutor.com
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i ifferentiati d_}r_ 2l = " Yo i 'Jdl‘}r_ d‘}'
ai DIffLI‘t[lTIatEI'Igdx x* — y* = 0 with respect to x, gmsdx zydx 2x=0
d? 2
ii Differentiating @ gives dxf Z :ijg Z[ ] -2=0

Lody | ody tiy)"_
So o Eydx_,_ Z[E =2 ©

b Differentiating @ gives — dy _ d*y d}'][ ] ( ][d?} 0

dx? dx dx?

dy dly dy d?y

s — — 2y - X——=10

Yoo Yot @ ®

e o dy .

¢ Substituting x, = 0, ¥, = 1, into = x% = y? =0 gives

'd}'] s g 'dy) .
[{—&U §] l—U,su(lde—l

Substitutingx, = 0, v, = 1, ( y] 1 into @ gives

1]

2

'Lizy') 'dzy)
—| = 2(1)}(1) — 2(0) =0, so | —=
[-dx 0 [ *

]

N 'dy) d%y
Substitutin =1, (— =1, (
g:"’” dx 6

dxl)” = 2 into @ gives

[S—;’)H - 21)(2) - 212 = 2, 50 (H”]

Substituting y, = 1 (:ii;)“ =1, d?” = 2 and [g)” = § into @ gives
:g'“—zma}—a 1)2) =0, m[w =28

Substituting these values into the form of Taylor’s series form ii, gives
y=1+(1)x + EZZI] t + -L;E-%.ti + [-zi?njx‘ +..=1+x+2x%+ f;-x-‘ + -g-x*‘ =
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Question:

= dy ;
Given that cos x = + y sin x + 2y* = 0, and that y = 1 at x = (0, use Taylor’s method to

dx
show that, close to x = (), so that terms in x* and higher power can be ignored,
y=~1-2c+a? — 23,
Solution:

dy
Differentiating cosx i | + ysinx + 2y* = 0, @ with respect to x, gives

|'
mix = aLVE+ ycosx + uly"i¢+ {av- @

Differentiating again

3 2y
LL}.‘:I‘L—?I—SI]JL::}—'}*blnI+{_Uin—1ill+6 i‘rv+12 I:{h = 0, @

. {dy [dy)
Substituting x, = 0, y, = 1 into @ gives l%] +2(1) = 0,50 l%] =2
\ n 0

fd
Substituting x, = 0, ¥, = 1, |I:] = =2into @ gives
1\ Iqr

IIL1 }\ +1+6(1)=-2)=10, ﬁ(:(FI_vll =11

'dlen dx n
ituti dy) , .
Substitutingx =0,y = 1, Ild, ) = =2, {E&-; = 11 into @ gives
L2 |y
l" E
.") + (1)(=2) + 6(1)(11) + 12(1)(=2)%, smLL_“’\ = 112

Substituting these values into the form of Taylor’s series form ii,

givesy =1+ (—2)x + Lly2 4 i -+

Zr sr
= 11 56
y=1- 2.1c+--,5—x —;—x +
j 2t & 4 . , 11 J:l'l.r]l 3
gnoring terms in x* and higher powers, y = 1 — 2x + —z—x B
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Exercise F, Question 1

Question:

Using Taylor’s series show that the first three terms in the expansion of (x - -iﬂ- cotx, in
, = IR i g { mid 4 a3
wowers of (x — =0, are (x — -2[x —=| +2{x - s
| (¥ =3 )rare(x=7)—2(x-7) (*- %)
Solution:
fix) = cotxanda=T.
4
i qrh
flx) = cotx sof{~ |=1
\2)
: " o f T
f'(x) = —cosecx f'[Z )= -2
\
t"(x) = —2 cosecx (—cosecx cotx)
I CNE - o TN _
= 2CosecZxcotx [ [z} 4
Substituting in the form of Taylor
. = 2 () .
Hx) = fla) + Pla)x —a) + = e gy,
ot =1+ (-2)(x—-T)+Ax-T)P+
' “NE"g) Tt T g
_ ; _ . :
So(x—Teotx=(x— T\ - 2(x - TV +2(x-T}V +
I._ 4 | { 4 | { 4 | | 4/
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Question:

a For the functions f{x) = In(1 + ¢'), find the values of £(0) and {"(0).

b Show that {"(0) = 0.

¢ Find the series expansion of In(1 + e*), in ascending powers of x up to and including the
term in x?, and state the range of values of x for which the expansion is valid.

Solution:
a fix) =In(1 + &%) s0 f(0) = In2
f'{xr — '-."I " — ] — I = ] - {'l + L...'I.i"l 1-'[['}] = l
: 1+ a* 1 + e* : 2
o i e _ - H oA ]
Sox) = £ — or use the quotient rule "0y = =
'+ ey ' ¢ O =3
X 2al &l Aty aX .
b ") = (H+e)e “(1+e e ‘ Use the quotient rule and chain rule.

{1+ &%

_( +ene((l + e — 2¢% _ (1 —¢Y)

: f"(0) = 0
(1 + e*)? (1 +e)? :

¢ Using Maclaurin’s expansion:
ol
In(l+e)=In2+2+% + ..
' 2 8

The expansion isvalid for-1<e*=1=0,¢*=1 soforx=0.
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Exercise F, Question 3

Question:

a Write down the series for cos 4x in ascending powers of x, up to and including the term in x".

b Hence, or otherwise, show that the first three non-zero terms in the series expansion of

sin? 2x are 4x? — Loxt + 1306,
Solution:
a cosdy = 1 — (4x)° | (4x)*  (4x)°
L T
32 256
=1 - 8x2+ 25yt — =26 4
ks 3 45 %

b cosdx = 1 — 2sin?2x,

50 2sinf2x =1 -—cosdx = 8x2 —==x +

3 T
sin 2x = 4x? — -1:,;’.1:" + I_‘z:th" + ...
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Question:

Given that terms in x° and higher power may be neglected, use the series for ¢ and cos x,

to show that e+ = g/ | — e 8o |
\ 2 6/
Solution:
xs , ox, xt e X ot
Usinge*=14+x+=% +> 4+ + .. andcosx=1—-%+ - — ..
5 2 "6 24 ‘ 2 " 24
I R - 5 x4 it
gt =gl 2 Hi=pxXe 2XeH
=ef1+ | -2 |+ 1 & | 4 !‘-1 it E + ...| no other terms required
2TV TEL B Y e A e '
—L».1_~)+-T.1+ i-J|+.'.rF+ |
2 5 I 24 |
X o 4 [ z 4
X X x I | ; X
=gl —=+=+ +.ogp=81 %+ by
. 2 8 24 | : 2 6
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Question:

dy

dx

Use the Taylor series method to obtain y as a series in ascending powers of x up to and
including the term in x*, and hence obtain an approximate value for y at x = 0.1.

=2+x+sinywithy=0atx = 0.

Solution:
dy fdy|
I =2+x+siny and x,=0,5,=0 @ ml 1.LI|..
Differentiating @ gives &y _ 1 + mwtl'}r @
: B 5 ’ d.‘l.': e
E §
Substituting x, =0, ¥, =0, { | = 2 into (@ gives TJE'15| =3
lo
dy d’y [dy)
Jifferentiating Hves —= = Cosy — gsinyl ==
Differentiating @ gives sl e “”jll.mr ] @
Lh | 11 na { diyl :
Substituting  y, = | b ]” =2, | \53/ = 3 into @ gives |73 = 3
| r'I 1 !
Substituting found values intoy =y, + A|' L:: & { ¢ _"'_ | + ilt": |
'| i

y=2x+3x2 + 13 + ...
At x=0.1,y = 2(0.1) + 5(0.1)* + 3(0.1)* = 0.2155
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Exercise F, Question 6

Question:

Given that |2x¢| < 1, find the first two non-zero terms in the expansion of

In|(1 +2)%(1 — 2x)] in a series of ascending powers of x.

Solution:

In[(1 +x)*(1 — 2x)] = 2In(1 + x) + In{1 — 2x)
- a2, xb Lo ooy (=207 (=280 (2%, |
= 2x §+_i E+...|+:[ 2x) 5 + 3 3 |'
S % PP =M= -
= —3x* — Zn? =
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Question:

Find the solution, in ascending powers of x up to and including the term in x*, of the

- : . dy dy : dy
differential equation-—= — (x + 2) —+ 3y =0, given thatatx =0,y = 2 and — = 4.
da= dc : dx
Solution:
d'y dy . .
—S - X +2)=+3=0 0]
cx- dx :
" - . dly dy dy _dy
Differentiating rjyes — — (X + 2)—=—-—+3==10
ating O3 dx? : dc  dx | Cdx @
e o S ‘ [ %)
Substituting initial data in @ gives | — | =2
Itl:[” '
. o . ) [ d¥y
Substituting known data in @ gives | il‘ | = —4
VA T
o o A 2x® 4xt
50 y=24+4x+ TR

=2 + 4% + 2% — 22}
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Exercise F, Question 8

Question:

Use differentiation and the Maclaurin expansion, to express In(sec x + tan x) as a series in
ascending powers of x up to and including the term in x°.

Solution:
fx) = In({secx + tanx) f(0)=Inl1=0
fx) = SeCxtanx + sec’x _ SECX(lany + secx) .. £(0) = 1

secx + tanx secx + tanx
f"(x) = secx tanx "(0) = 0
f"(x) = secxsecix + secxtanxtanx £'(0) = 1

: LT o : o ad
Substituting into Maclaurin's expansion givesy = x + Y b ST
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Question:

Show that the results of differentiating the following series expansions

2 x* ox xf
ef = I+ETE+,,.+H+.,.,
: = | 1 5 | (=1) 2r+
r=x—=x'+—x— T+, — + ..
MMX =X =¥ T 5% — % @r+ 01~
ey B 12 x B xh <A by
cosx = 1 2_‘+-T' -5—,-+ -+ ”lZ_r}_!+
agree with the results
a d (ef)=¢* b d_ {sinx) = cosx c d_ (cosx) = —sinx
da e dx
Solution:
d d { R e o x' - i '
a — LY = 1+ax+4+ S 4204 = '
e el 21 T3 T g IR TR
2, 3t 4xd ir+ 1L
=] +x+2 e L2 D s
et et ta o+ 1)
_ - X,
=1+x+ 5 - 3 + ...+ IR
= @
bii_ﬁjnx}z g..x_'-{.-'i_l_{‘:_ +[—|}-' ..:tz_J_l 4 |
dx ™ dx | 318 (2r + 1)! -
3x? , 5x (2r+ 1)x*
=] =2 42 F(=1Y S =
3 B T T
¥ 1 6 r
o] gt -1y -X_ + ... = cosx
TR T (—1) B COSX
d TR d | _x." 14 _xlm o x.!r e i x.‘.‘r-—.'!
¢ =gl gt gt -t VY et
| Iy "I.T{ fixd zj.xlr | i l.Zr o Z}Ixﬂr +1 \
Sl b - S + o+ (—1) TN el i o s cin S
TR T =Gt D @r+ 2 |
.1‘1‘ x:‘u x2r+l
= —x 4+ =, (=1
IR TR R T 3
A . [ e ! ’.+ ] A + _.{_]'}J - 2r# 1 + || = ]
|'.'l eTha S!I Br T ]]!x wo | sinx
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Question:

d-'-v dy dy

—_— — = L = f= =7
T3 +y = atx=1,y=0,- I

Find a series solution of the differential equation, in ascending powers of (x — 1) up to
and including the term in (x — 1)".

Solution:

d’ 1f+ dy - @

dx? i_Ix'

. T i dy . dty dy [dy £

Differentiating —S +y-—=x,gives 5 +y -5 + || =1
& dx® y dx gIve o’ Y clx* | dx | @
Substituting initial values into @ gives | }”|
: e [y [ d2y) [ diy) :
Substituting [-==| =2and |—| =1 into jves | —= | = =3,
& l-t.t.t I |' dx” /) @3 \dx?/

Using Taylor's expansion in the form with x, = 1

(1) (=3)

y=0+2x-1)+ 2,1.::-13 4Tix—]h
=26 -D+a@e-12-d@-1p+
2 5 5
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Question:
) 4 -
* 1 X7 < X’ a
a Giventhatcosx=1-=+=— .., showthatsecx=1+=+=x*+ ....
' 21 " 41 2 24
b Using the result found in a, and given that sinx = x — ‘— + f ., find the first

gl
three non-zero terms in the series expansion, in ascending powers of x, for tan x.

Solution:
- f i e u i P .x: x{ .I-' ic e R ANF i Y ’ .
a You can write cosx = 1 — iE —57 - I; it is not necessary to have higher powers
- —1
: 1 1 | (%~ %} \|
Secx = = - =l = |%==+..]
cosx F_x | | |.. 2 24 T

Using the binomial expansion but only requiring powers up to x*

5&'L’I=1+[—|J*—i:'5 ?-':EHI {_1_5 .{ l. 2‘»’__“
=1+ |: J‘; = ?‘: + ’: + higher powers of x
=]+§+£II++

hlal'!,:\.—zi,]'—;'i::Sil‘JxXSECI
=|i.l:-%;+§—';~ ]||1|-J§+%:r4+ |
=x+ %+%.r-*=t—:-ﬁx‘+g+_
=+ (z-sP + 5~ * o)¥
=X 4-%+%x5+
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Exercise F, Question 12

Question:

By using the series expansions of e* and cos x, or otherwise, find the expansion of
¢* cos 3x in ascending powers of x up to and including the term in x*

Solution:
Vi abas] poamed B o s ot [.’%x:'-’L
singet=1+4+x 20 - 3 o andcos3x=1 - S e
| 2 -4 | [a T |
Feps3x = T+=—+=+.. — 2 |
ercos3r=(1+x+X+% + . )|1-24
\ . (3] 3! 2
[ [ 42 9y 2\ 23 Oyt 1
= | ] et | T e D | + L e 2 + i
. \ 2 2! l' H 2 'l
=1+x—4x* - L;ix‘ + i
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Question:

d*y Ly
—= 4yt + -Uu.tiw—?1t1vﬂ'mi—-1at!.-ﬂ.
dx? dx Y * " dx

a Use the Taylor series method to express ¥ as a polynomial in x up to and including the

term in x*.

b Show that atx = 0, i'xf = 0.

Solution:

d- '_}f , dy

a Di ooty = 0 @ with respect to x, gives

diy dy dj’

. . - f

A TR TR ISR dx ‘ @

1}_!1 &)

b

Substituting given data x, = 0, ¥, = 2 and |;x—}r] 1 into @ gives |
' 0

| Adast

e

o [dy ) [ d%y)
Substituting x, = 0, |d._.1’] = 1 and |dl—,:\ = —2 into @ gives = -1
\ 0 WL

[dy) 2/ d*y) 3 dy
So using Taylor series y = y, + r| ’ =] I|

)y 2, 3T

1
y=2+x—x3—f—3+..‘

b Differentiating @ with respect to x gives

d*y dy dy . d¥ dy d%
4+ =+ 2=+xt=+ =+ =0
dat dx? dx dx? de?  da? @
Substitutingx = 0, [ﬂ] =1, | = —2 and l, — | = —1into @ gives,
dx/, ]LL ' '
diy d'y
at:r—{}L—"4—'f2{ij+t~2}—ﬂsnhl 0
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Exercise F, Question 14

Question:
Find the first three derivatives of (1 + x)% In(1 + x). Hence, or otherwise, find the expansion
of (1 +x)% In(1 + x) in ascending powers of x up to and including the term in x*.

Solution:

flx) = (1 +2%In(1 + x).

f'(x) = (1 + .r]"'--l-l—r F2(1 +x)In(l +x) = (1 +x)|1 + 2In(1 + x)}
() = (1 +x) (75— + {1 +2In(1 + 2} =3+ 2In(1 + )

1'.«::“‘-] == | I 3_ 1 -II

f(0) =0, (0 =1, f(0) =3, f(0) =2

Using Maclaurin's expansion

‘ E - 2 ;
(1+xPIn(l+x)=0+(1x + ;r‘_ 4+ .‘i ¥4
— j 2 4 ] ]
=X+ .j':f + :'iJ. o
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Question:

a Expand In(1 + sin x) in ascending powers of x up to and including the term in x*,

b Hence find an approximation for f" In(1 + sin x) dx giving your answer to
! . 0 g
3 decimal places.

Solution:

a In(1 + sinx) = In{1 + ir—'_—:T + .|
. a8 1. a3 2 1f. _x3 Y1 a8 \4
= |x EJF | gr.”f 3—!+ |+_§|_.1 ?er | 3[.1: §+ | +
1 4 |
=|I _£ __II_’_'t_+ +1 ‘i_|_ __] 4+ 30 SE T YN CESSATY
=k | 5| 3 i @) st no other terms necessary
= _r__l.%l.{ "'_44.
Ty T E 1
b Flml + sinx)dx = f:".“t'—‘}-—: + & X \dx
¥i) ' H-'IJ \ 2 ('? l?el
:c[il—-x—j _2fl_a_ o + T ™ _ 01163 dp)
12 6 '24 60), 72 1296 31104 366560 e
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Exercise F, Question 16

Question:

, 3 : ; .
a Using the first two terms, x + t;— in the expansion of tan x, show that

]
LNy — R _‘r_J_]‘ 3
e 1l +x 4 >+ 3 + ...

b Deduce the first four terms in the expansion of e ™"* in ascending powers of x.

Solution:
. x4 'T,i s ) * .
aflx)=eir=¢g 4 =g X gF (As only terms up to x* are required, only first two terms
of tanx are needed.)
1 iSO || x! ' :
= | 1 +x+=+ {I ||: 1+ 3 + ... | no other terms required.
. i - |
_|]+_.%_+J+?_'1+%__Tl”-'l
X X
=1l+x+%+=+ ...
2 2

b e7hBn¥ = ei™%) 50 replacing x by —x in a gives

- il
lant — - : -_
e Sl S >
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Question:
1.ﬂ-’-;.f' s [dy\? & il
“dx? \dx | Y '

N y 1]."- 3
a Find an expression for =
dx

dy
}'_.J Et,_ : .Iv_ - _ﬂ
Given that y = 1 ang _::_i ity =0,

b find the series solution for y, in ascending powers of x, up to an including the term in x*.
¢ Comment on whether it would be sensible to use your series solution to give estimates
foryatx = 0.2 and at x = 50,

Solution:

a Differentiating the given differential equation with respect to x gives
S ' o) I !
I’-.+LI;}d_J: dyd'._i_g!&

Yard T drda? © “drax? | dx

. y _ 1 )dy[,d% ||}
$8: o m 212 ge S
v dx? y |dx | %d_t- - 1.'

=

.d‘l
1, [=2)

=latx=10
-LLX'-'” '

b Given thaty, =

|-.¢11.3".'L“+“’ + (1) =0, 5u| | = -2,

(dly) _
And lu.T} = =5 ((DI3(=2) + 1], m|{i i), =5

A g
S0 }f—1+£l}1:+{—’:r?+-1x+ =1+x—22+22X 4+ .
2! 3! G

¢ The approximation is best for small values of x (close to 0): x = 0.2, therefore, would be
acceptable, but not x = 50.
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Question:
2 4
a Using the Maclaurin expansion, and differentiation, show that In cos x = —f%- - ;':2 + ...
b Using cos x = 2 cos? |§| — 1, and the result in a, show that
32 ot
Infl +cosx)=In2 —=——-—=—+_.,
{1 *+ C ) _1- ‘}{1
Solution:
a f(x) = Incosx fl0)=0
s —SIOX o ¥ _
f"(x) = —sec*x () = —1
f"(x) = —2sec’xtanx {0y =0
[™{x) = —2sectx — dsecixtanix 0y = =2

Substituting into Maclaurin:

xt x? xt
g s —— — s —? - i N
Incosx = | ]!2! + | _14! + ... 3

e

— |
a1

b Using 1 + cosx = st—’['-;-' |, In(1 + cosx) = Inzmsi{*g':. =|n2 + 2In cns{fg:.
so In(l + cosx) =1n2 + 2! 1| X '|: — .l =ing - X A
' : | 212) 1212/ | 4 9%
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Question:

a Show that 3* = efIni,

b Hence hind the first four terms in the series expansion of 3%,

¢ Using your result in b, with a suitable value of x, find an approximation for V3, giving
your answer to 3 significant figures.

Solution:

a Lety=3thenlny=In3*=xIn3 = y = e¢fni g0 3* = g*in}

(xIn ;s_a-’ (xIn3)?

b F =Rl 4 lnd)+ Lt

2(In3)? xY(In3)
v 4 4 + s

=1+xIn3 + -
2 [

= 1.73 (3 s.t.)

: 3)° 3)°
¢ Putx = Fr%ﬂ C(In3) N (In3)

R |
el TR 18
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Question:

Given that f(x) = cosec x,
a show that
i f'(x) = cosecx(2 cosec’x — 1)
ii ["'(x) = —cosec x cot x(6 cosec’x — 1)
b Find the Taylor expansion of cosec x in ascending powers of (x — :‘;—r] up to and including

the term (x — :1—'-":.".

Solution:

a f(x) = cosecx
f'{x) = —cosecxcotx

1]

—Cosecx (—cosectx) + cotx(cosecx cotx)
cosecx (cosec’x + cot’x)

cosecx [cosec’x + (cosec’x — 1))

= cosecx {2cosectx — 1)

i f"(x)

ii f"(x) = cosecx (—4 cosec?x cotx) — cosecxcotx (2cosecix — 1)
= —Cosecx cotx (6 cosec’x — 1)

b f(7)=v2 f(F)=-v2 '(F) = 32, () = —11V2.
Substituting all values intoy =y, + (x — x,) |§w_‘:_ﬂ1 P+ ad _-2-!-'1:”}3 |:1]j¥1,'1 + ... withx; = I
cosecx =2 + (— fi{x — -lT] + 13—5?' =% _“;‘":,“J + [;:#éll - 11]{ +
=3 — qu - "IT| + %.{'x - %T}) E ]L“:[.‘c - %Tf e
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Question:

Find the polar coordinates of the following points

a (512) b (-5 12) c (=5, —-12)
d (2, —3) e V3, —1)
Solution:
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Exercise A, Question 2

Question:

Find Cartesian coordinates of the following points. Angles are measured in radians.

a (6, 7'_'| b (6, -1 c |6, ')”T.'I
Y \ 6/ Vo4
d (10,27 e (2,m
1 ,+ f
Solution:
e 0T -
ax=~6cos | H] s b 373
y= hsin:.'- =3 point is (3v3, 3)
¥
T &3 _ L5
b x = 6cos| r = 3v3
¥y =6sIn [ —:.-T] = =3 S pointis (3v3, —3)
3
c x=6cos(3T) =-Lor-3/2
\ 4/ V2
y = 65in | M =6 -3/ s pointis (—3v2, 3v2)
- \ 4/ 73
d x=10cos(27) = -10_ _52
L "l' J '.2
v = 10sin [2T| = ~10_ _5/3 point is (—5v2, —5/2)
’ \ 4/ v
e x=2cos(m = -2
y = 2sin(m) = () point is (=2, 0)
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Exercise B, Question 1

Question:

Find Cartesian equations for the following curves where a is a positive constant.
ar=2 br=3sech c r=J5cosec

Solution:

b r=3secH

rcosf@ =3 Le.x=3

C r= 3cosech

rsinf =3 .e.y=35
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Question:

Find Cartesian equations for the following curves where a is a positive constant.

a r=4uatan fsec br=2ucos 8 c r=3asinf
Solution:
a r= 4atan fsec
p=2dasing
cos’ @ ; :
rcos” @ = 4asin @ » { Multiply by r.

rrcost @ = darsin @

x>=4ay or y=X

Jm
b r=2acos@
o= 2arcos

-

22+ =2ax or (@E—al+y=da’

C r=3asinf

r = 3arsin 8

x* + y* = 3ay or x4 (y—24) =20
: ' | | 4
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Exercise B, Question 3

Question:

Find Cartesian equations for the following curves where a is a positive constant.
ar=4(1-cos28 br=2cos*# crP=1+tan?#

Solution:

| Use cos28=1- 2sin’ @

a r=4(1 — cos 28 s
2s5in°@=1—cos 28

r=4x2sin’eg

3 — Qricinl E
rt = 8r-sin- @ — e

(2 + y2) = 8y?

2cost
2ricos’ @

(22 + y2) = 2x2

=3
iy
Il

-
Lo
Il

C rr=1+tan20

sect f = —‘ Usesec?f@ =1+ tan? .

B
il

rreostg =1

i.e. xé=] or r==*]
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Exercise B, Question 4

Question:

Find polar equations for the following curves:

a x.:! 4 }._' — ]h l:' .‘J.‘j' = 4 C | _1{_-3 L ‘1}_'_-"|_ — E‘le
Solution:
ax+y =16

rr=16 or r=4

b xy =4
rcos@rsin = 4

4 8

T cos@sinf 2cos@sin O

i.e = 8cosec2d

c (x2+ %) = Zxy
(Y = 2rcos@rsin @
r* = 2rlcos @sin @

r* =sin20
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Question:

Find polar equations for the following curves:
axi+y -2x=0 bx+y?*=4 cx—-y=3

Solution:

a ¥+y:=-2x=0
rt—2rcos8=0

v

== 2rcos @

r=2cosfl
b (x+y)? =4
J‘._' 4 :L_.-_' T .?*1-}.1 = _1.
r2+ 2recosfirsin = 4
(1l +sin28 =4
P
l + sin28
C X=3= 3

rcosf = rsing =3
Hcos@—sind) =3

ri 1 cos - 1l singl| = J’
v V2 I W2
sy Ty _ 3
mm|b‘+i;—E
-—i---' +T_T
r= Lz\L{.tﬂ' 1)
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Exercise B, Question 6

Question:

Find polar equations for the following curves:

ay=2x by=-V3x+a c y=x(x - a)
Solution:
a y=2x

rsin @ = 2rcos
tanf = 2 or # = arctan 2
b y=—3x+a
rsinf = —=y3ircosf+a

Hsin @ + V3 cos B) =

L V3 '
r!,%ﬁlrlﬂ-thmM =

3 =

-
| =3

rsin (8 +

wy
[~

N (e I TR 4
I—EL{)‘\LL|IH. 3|

C ¥y =x{x —a)

rsin@=rcosf@{rcos g — a)
tan @ = rcos P — a
rcosf=tanf + a

r=tan #secl + asechd
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Exercise C, Question 1

Question:

Sketch the following curves.

5
ar=o6 b §=2%

Solution:
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Exercise C, Question 2

Question:

Sketch the following curves.

ar=2secé b r=3cosec @ cr=2sec|6- 1_,:"']
Solution:
a r=2sec#@ Vi .
rcosf =2 :
je il I’
1.2, X P EE ---r
: linex =2
b r= Acosech ¥4
rsinff= 3 . . —
i.e y=3
:'-l.'
i e =T al | — _TI: 1',|
C r=2sec(#0 3] i
recos (@ — T =2
3
rcos {;‘cm%'_ + rsin #sin %‘" =2
5 o S
gty =2
X+ W 3=4
or y = 4_ — ];x
vd W3

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 3

Question:

Sketch the following curves,
ar=asinf br=all —cosé@ € 7= dcos 38

Solution:
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Exercise C, Question 4

Question:

Sketch the following curves.

ar=af2+coséd b r=a(6 + cos 8) cr=a(d4+3cosd
Solution:
a r= a2 + cos ) *

- T 3

r 34 2a i 2a Ja
b r=alb + cosh) 4
6a,
: ™ 37 :

S5a

¥ 7d Gl Sa Gl 7a

bﬂ
6>2x1 S no dimple.

Y

¢ r=aqafd + 3cos ) :
da!

0 0

3|2y
=

r a 44 i dq 7

4<2X3 ;. adimple at 8 = .
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Exercise C, Question 5

Question:

Sketch the following curves.

ar=a2+sin# b r=ual6 + sin ) cr=a(44+3s5na
Solution:
ar=a2+sind &
- Ja.
T 3
r 24 3a 2a a 2a " Za Za 9=0
a,
2 =2 x 1s0nodimple
b r=al6 +sinf) b
il
L 3m| 4
7] 0 5 T 5 2m
r 6a | 7a | 6a | 5a | 6a S 6a H=0
Sa
6 =2 X 1 s0 no dimple
¢ r=q4 + 3sin@ "
fa:
T 37
o | 0 2| = | | o
¥ 4qa 7a d4a a 4a
T da da =0

(&

4 <2 x 3 - thereisadimple at § = i;r

The graphs in question 5 are simply
rotations of the graphs in question 4.
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Exercise C, Question 6

Question:

Sketch the following curves.

ar=29 b ri=a"sin@ ¢ rP=a%sin 20
Solution:
ar=2d .1.
T 3
r () T | 27 | 3w ‘ 47
b =asin# 4
iy
0 2E
r () i | 0 B B =0
Cc rP=a’sin2f i
T i 2T 3
@193 ‘ 2 |7 ‘ w | B
-
=0
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Exercise D, Question 1

Question:

Find the area of the finite region bounded by the curve with the given polar equation and the
half lines # = e and 6 = B.

F=acos 8, a=10 B= ?’JT

Solution:
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Exercise D, Question 2

Question:

Find the area of the finite region bounded by the curve with the given polar equation and the
half lines # = e and 6 = B.

r=al(l +sin &, Q=

[x._::;!

g="7T

Solution:
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Exercise D, Question 3

Question:

Find the area of the finite region bounded by the curve with the given polar equation and the
half lines # = a and 8 = B.

. RE i T
r=uasin 38, a==— 3=
(e 'B 4

Solution:
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Exercise D, Question 4

Question:
Find the area of the finite region bounded by the curve with the given polar equation and the

half lines #= e and 8 = .

r2=qa?cos 286, a=0 B= f

Solution:
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Exercise D, Question 5

Question:

Find the area of the finite region bounded by the curve with the given polar equation and the
half lines # = e and 8 = .

r*=qa’tan 6, a=0 8= I’r

Solution:
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Exercise D, Question 6

Question:

Find the area of the finite region bounded by the curve with the given polar equation and the
half lines @ = e and 8 = 