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Review exercise 1

1 The inequality can be solved as follows:

2 1
x—2 x+1

2 b
x—2 x+1
2x+2—x+2

<
(x=2)(x+1)
x—+4<0
(x—2)(x+1)

The inequality is satisfied when numerator and denominator do not have the same sign. The numerator
is positive for x > —4, while the denominator is positive for x >2 or x < -1
Therefore, the inequality holds for x < —4 or for —1<x <2

2

2 >2x
x=2
2 You collect the terms together on
—2x>07% one side of the inequality, write the
X— expression as a single fraction and
x> = 2x(x — 2) 0 factorise the result as far as possible.
_— >
x-=2
4x—x*
>0
x=2
x(4-x) >0 You find the critical values by solving
x=2 the numerator equal to zero and the
denominator equal to zero. In this case
the numerator = 0, gives x = 0, 4 and the
. x(4—x) . .
Considering f(x) =——, denominator gives x = 2

the critical values are x =0, 2 and 4

x<0 0<x<2 |2<x<4 4 <x
Sign of f(x) + - + _
. X , For example if 4 <x, then
The solution of ) >2x is x(4—-x) _ positivex negative
{x:x<0}U{x:2<x<4} x-=2 positive
which is negative.
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2
x —12
3 >1
X X —12
Multiply both sides by x> < x cannot be zero as ——— would be undefined,
X
x* =12 4 so x? is positive and you can multiply both sides of
/ XXT > x an inequality by a positive number or expression
5 5 without changing the inequality. You could not
x(x*=12)=-x">0 multiply both sides of the inequality by x as x could
¥ =12x=x2>0 be positive or negative.
x(x*=x-12)>0
x(x—4)(x+3)>0
Sketching y = x(x—-4)(x+3) <« The graph of y = x(x—4)(x+3)
A crosses the y axis at x =-3, 0 and 4
/ < You can see from the sketch that the
< / graph is above the x-axis for -3 <x <0
> and x >4
/ 3 ONA * You can then just write down this
answer.
If you preferred, you could solve this
) x> =12 ) question using the method illustrated
The solution of >1is {x:-3<x<0}U{x:x>4} |in the solutions to questions 2 and 3
* above.
4 V1 3
Both y=2x—5 and y =— are
X
straightforward graphs to sketch and so this is a
- % _ suitable question for a graphical method. The
X

A

3
x
x(2x-5)=3
2x° =5x-3=0
2x+D(x-3)=0

— 1
X——7,3

2x-5=

The solution to 2x—5>i is {x:—3<x<0}U{x:x>3}

X

_ 3
After sketching the two graphs, 2x —5 > —
X

question, however, specifies no method and so
you can use any method which gives an exact

is the set of values of x for which the line is
above the curve. These parts of the line have
been drawn thickly on the sketch.

You need to find the x-coordinates of the
points where the line and curve meet to find
two end points of the intervals. The other
end point (x = 0) can be seen by inspecting
the sketch.
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5 x+k _k

x+4k x

x+k k
——>0
x+4k x

(x+k)x—k(x+4k) 20
(x+4k)x

x> —4k*
— >0
(x+4k)x
(x+2k)(x—2k) 0
(x+4k)x

(x+2k)(x—-2k)
(x+4k)x
the critical values are x = —4k,—2k,0 and 2k

Considering f(x) =

Solution Bank

For example, when £ is positive, in the interval 0 <x < 2k,
(x+2k)(x—2k) _ positive x negative

, which i
(x+4k)x positive X positive TR
x<-4k | 4k<x<-2k | 2k<x<0|0<x<2k | 2k<x
Sign of f(x) + — + — +
. x+k k.
The solution of >— 1S {x:x<—4k}u{x:—2k<x<0}u{x:x<0} > 2k
x+4k x
6a
b The points of intersection are those whose x-coordinate satisfies the equation 2 —x = _il
x J—

We solve this:

Q2-x)(x-1)=-2

(x=2)(x-1)=2

x*=3x+2=2

x> =3x=0

which is solved by x = 0 and x =3

Both solutions are acceptable. Therefore, the points of intersection are (0, 2) and (3,—-1)
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C

Ta

. . . : : : x
b The points of intersection are those whose x-coordinate satisfies the equation =

C

It is clear from the graph that the solution to the inequality is x <0 or 1<x<3

2x

2-x (x + 1)2
We solve this:
4x(x+1)* =2x(2—x)

4x(x* +2x+1)=4x-2x"
4x° +8x" +4x =4x—2x
4x’ +10x* =0

x*(2x+5)=0
Which is solved by x=0 and x=-3

These are both acceptable solutions. Therefore, the points of intersection are (0,0) and (—%,—%)

It is clear from the graph that the set of the solutions to the inequality is
{x:x<—%}u{x:x=0}u{x:x>2}

You should mark the coordinates
of the points where the graphs
meet the axes.

Inequalities which contain both an expression in x with a
modulus sign and an expression in x without a modulus sign,
are usually best answered by drawing a sketch. In this case,
you have been instructed to draw the sketch first. The

continuous line is the graph of y = |x + 2|

You should mark the coordinates of the points where the
graph cuts the axis.
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b The points of intersection are those whose x-coordinate satisfies the equation |x - 5| = |3x - 2|

8 ¢

9 a

For x>5 or x <%, this is equivalent to x—5=3x-2, which is solved by x=-2, which is
acceptable. For 2 <x <5, itis equivalent to 5—x =3x—2, which is solved by x =7, which is also

acceptable. Therefore, there are two points of intersection: (—2,%) and (,4)

It is clear from the graph that the set of the solutions to the inequality is {x 1x < —%} U {x DX > %}

Inequalities which contain both an expression in x with a
modulus sign and an expression in x without a modulus sign,
are usually best answered by drawing a sketch. In this case,
you have been instructed to draw the sketch first. The

continuous line is the graph of y = |x + 2|

You should mark the coordinates of the points where the
graph cuts the axis.

b

b

=Y

You should now add the graph y =2x to your sketch.

This has been done with a dotted line. You find the
solution to the inequality by identifying the values of x
where the dotted line is above the continuous line.

The intersection occurs when x > -2

When -2, x+2|=x+2<\
2x=x+2
x=2
The solution of 2x > |x+2| s x>2

A /f The dotted line is added to the sketch in part a to help
v you to solve part b. The dotted line is the graph of
! ¥ =2x + a and the solution to the Inequality in part b is

found by identifying where the continuous line, which

When f(x) is positive, |f(x)| =f(x)

, is above the dotted line,

corresponds to |x —2a

which corresponds to 2x + a

=Y

The intersection occurs when x < 2a

<

x— 2a| =2a—x < If f(x) is negative, then
2a-x=2x+a |f(x)| =—f(x)
B3x=-a=x=1a

When x < 2a,

The solution of |x—2a| >2x+ais x<ia
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11 We have two cases, depending on the sign of X
x f—

If x>3 or x<0, then it is positive and the inequality becomes % <8—x, which can be solved as
x —
follows:

+x—-8<0

xX—

x+x>—3x—8x+24
x—3

<0

x> —10x+24
—<
x—3

(x=6)(x—4) <0
x=3
This holds when numerator and denominator do not have the same sign; the numerator is positive for
x>6 or x <4, while the denominator is positive for x >3
Therefore, this inequality is solved for x <3 or for 4 < x < 6; we were looking for solutions with x >3

or x <0, therefore the set satisfying the first case is {x:x <0} U{x:4<x <6}

0

In the second case, we have 0 < x <3

> —12x+24
Here, the inequality becomes EEIDY . x, which leads to % <

This is solved by x < 6-24/3 orx>3
Clearly only the first one of these solutions is acceptable. Therefore, the set of the solutions is
{x:4<x<6}u{x:x<6—2\/§}

0

12 a Y
y=|2x-1| y=x
\ At
! x=0,y=|-1=1
o 3 <\"‘Atx=%,y=0

b There are two points of intersection.
At the right hand point of intersection,

x>+i=[2x-1=2x-1

2x-1=x=>x=1 If £(x) > 0, then [f (x)| = f(x)

At the left hand point of intersection, If £(x) < 0, then | £( x)| — _f(x)

x<i=|2x-1=1-2x
1-2x=x=>x=1

The points of intersection of the two graphs are

< You need to give both the
1 1 <
(3 ’ 3) and (1, 1) x-coordinates and the y-coordinates.
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¢ The solution of |2x—1|>x is {x:x<§}u{x:x>l}

13 [x=3|>2]x+1]|
(x=3)> >4(x+1)
X' —6x+9>4x* +8x+4

0>3x>+14x-5
(x+5@x-1)<0

Considering f(x)=(x+5)(3x-1),

the critical values are x =—5 and §

Solution Bank

As both |x - 3| and 2 |x + l| are positive you

can square both sides of the inequality without
changing the direction of the inequality sign. If
a and b are both positive, it is true that

a>b=a’>b*

You cannot make this step if either or both of a
and b are negative.

x<-5 |[5<x<%

Sign of f(x) + —

The solution of |x—3| > 2|x+ 1| 18

{x:—5<x<%}

Alternatively you can draw a sketch
of y = (x + 5)(3x —1) and identify
the region where the curve is below
the y-axis.

As a is positive, both |5x + a| and

21x* +10ax + a* <
Bx+a)(Tx+a)<0

Sketching y=(Bx+a)(7x+a) =

|2x| are positive and you can square

both sides of the inequality.

The graph is a parabola intersecting the

yA

/

=Y

@)

The solution of |5x+a| < |2x| s —

<x

<

x-axis at X = —%a and x = —%a

A common error here is not to realise
that, for a positive a, —%a is a smaller

number than — % a

It is very easy to get the inequality the
wrong way round.
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As X" —6x+8=(x—2)(x—4) the
curve meets the x-axisatx =2 and x =4

The sketching of the graphs
of modulus functions is in Chapter 5
of book C3

The curve meets the x-axis at (2, 0) and (4, 0)
The line meets the x-axis at (3, 0)
15 b To find the coordinates of 4. The x-coordinate of 4 is in the interval 2 <x <4

In this interval x> — 6x + 8 is negative and, hence,

If f(x) < 0, then

|£(x)| =—f(x)

|x2 —6x+8| =—x"+6x—8 <

—x’+6x—8= 3x =9

2x*+12x-16=3x-9

2x°=9x+7=0
2x-7)(x-1)=0
; As the x-coordinate of 4 is in the
X=7 /I/ < interval 2 < x < 4, the solutions
3x % -9 3 x =1 must be rejected.
y - =
2 4
The coordinates of 4 are (2,3),

To find the coordinates of B. The x-coordinate of B is in the interval x > 4

In this interval x> —6x+8 is positive and, hence,

If f(x) > 0, then | (x)| = f(x)

|x2—6x+8| =x’-6x—-8

X +6x+8= 3x—9

2x* —12x+16=3x-9
2x* =15x+25=0
(x=5)(2x-5)=0

x=5,g <

As the x-coordinate of B is in the

_3x5-9
2
The coordinates of B are (5, 3)

y 3

The solution of 2|x2 —6x+ 8| >3x—9 is

;
xX<%,x>5 <

interval x > 4, the solution

x= 25 must be rejected.

You solve the inequality by inspecting
the graphs. You look for the values of

x where the curve is above the line.
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16 a YA

R

6\\4

You should mark the coordinates
of the points where the graphs
meet the axes.

/HV

16 b Let the points where the graphs intersect be
Aand B

For 4, (x — 2)(x — 4) is positive

(x — 2) (x - 4) =6—2x The quadratic equations have been solved by
2 i completing the square. You could use the
* —bx+8=6-2x formula for solving a quadratic but the

2
x'—4x=-2 conditions of the question require exact
xP—4x+4=2 solutions and you should not use decimals.

(x—2)*=2
x=2— \/5 < The quadratic equation has another

solution 2+ \/5 but the diagram shows
that the x-coordinate of A4 is less than 2,

For B, (x — 2)(x — 4) is negative

- (x-2)(x—4)=6—-2x so this solution is rejected.
—x+6x—-8=6-2x
x*—8x=-14
X’ —8x+16=2
(x= 4)2 =2 The quadratic equation has another
x=4- \/E ) solution 2+ \/5 but the diagram shows
The values of x for which |(x —2)(x— 4)| =6-2x that the x—colord%nate. of B is less than 4,
so this solution is rejected.

are 2—\/5 and 4—x/§

¢ The solution of |(x —2)(x— 4)| <6-2x You look for the values of x where
is 2— \/E <x<d-— \/E < the curve is below the line.
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17 a Forx>-2,x + 2 is positive and the equation is
x* -1

x+2

=3(1-x)

x*=1=31-x)(x+2)=-3x"-3x+6

4x* +3x—-7=(4x+7)(x-1)=0

- _7
X——E,l

Solution Bank

As both of these answers are

Forx<-2,x+2is negative‘and the equation is
2
x -l 3(1-x)
—(x+2)
¥ —1=-31-x)(x+2)=3x"+3x-6
2x7 +3x=5=2x+5)(x-1) =0

x=—i <

greater than —2 both are valid.

As 1 is not less than —2 the answer 1
should be ‘rejected’ here. However,

2 <

The solutions are —3,—7 and 1

17 b
\
/1\ g
x* -1
The solution of ——<3(1—x) is
|x+2|
{xix<-3fuf{x:-1
18 2 A B

= +
(r+1)(r+2) r+1 r+2
2=A(r+2)+B(r+1)
2=A=-B

Let f(r)=L
r+1

. 2 (11
;(r+l)(r+2)=2;(m_r+2)
=2(f(D - f(n+1))

_ (l_ 1)
2 n+2

the earlier working has already shown
1 to be a correct solution.

To complete the question, you
add the graph of y = 3(1 —x) to
the graph which has already
been drawn for you. You know
the x-coordinates of the points
of intersection from part a.

You look for the values of x on the graph
where the curve is below the line.
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2 A N B
(r+1)(r+3) r+1 r+3
2=A(r+3)+B(r+1)

Solution Bank

19

2=24=-2B
Let f(r):L
r+1

n

2 (11
;(r+1)(r+3)_;(m_r+3j

= f()+f(2)=f(n+1)—f(n+2)
111 1

_5(n+2)(n+3)-6(n+3)-6(n+2)
- 6(n+2)(n+3)
_ n(5n+13)
C6(n+2)(n+3)
Hencea=5,b=13andc=6
r+l1 r

20a LHS=
r+2 r+l

B (r+1)> —r(r+2)
(r+D(r+2)
B P+ 2r+1—r2=2r

To show that an algebraic identity is true, you should
start from one side of the identity, here the left hand
side (LHS), and use algebra to show that it is equal
to the other side of the identity, here the right hand
side (RHS).

(r+h(r+2)
3 1
C(r+1)(r+2)
= RHS, asrequired

A

You use the identity that you proved in
part a to break up each term in the
summation into two parts.

A

This is the LHS of the identity with » = 1.

A

This is the LHS of the identity with » = 2.

A

This is the LHS of the identity with » = 3.
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2 r+1 r
Z(r+1)(r+2) Z(r+2 r+lJ

r=1 r=1

n+1 n

n+2 +1

Solution Bank

This is the LHS of the identity with r =n — 1.

r+l1 ro_ n—I1+1 n—1
42 r4l n—1+42 n—1+1
_n n-—1
n+l

This is the LHS of the identity with » = n.

2(n+2)
. n
T 2(n+2)

_n+l 1
n+2 2
_2n+1)-(n+2) 2n+2-n-2

2(n+2)

The only terms which have not cancelled one

another out are the —— in the first line of the

summation and the in the last line.

n+2

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.

12



INTERNATIONAL A LEVEL

Further Pure Maths 2 Solution Bank @Pearson

2 A B C

21a Let = + +
(x+D(x+2)(x+3) x+1 x+2 x+3

Multiplying throughout by (x +1)(x+2)(x+3)
2=Ax+2)(x+3)+Bx+1D)(x+3)+C(x+1)(x+2)
Substitute x = -1

When —1 is substituted for x then both
B(x+1)(x+3) and C(x+1)(x+2) become

)

2=Ax1x2=> A=1

Substitute x = -2
2=Bx-1x1= B=-2
Substitute x = -3
2=Cx-2x-1=C=1
Hence

1_ 2 +1
x+1 x+2 x+3

f(x) =

You use the partial fractions in part a to break up

b Using the result in part a with x = r each term in the summation into three parts.

> f(r)= 12 1
r=1

r+l1 r+2 r+3

\

1 2
=——=+
2 3 L4
3 A Three terms at the beginning of the summation
and three terms at the end have not been
+ L X+ cancelled out.
4 6

% l/
+ - X+
-1 \%\ +1
2 1
+ & — +
& +1 n+2

| 2 1
+ - +
/ +1 n+2 n+3
I 2 1 1 2 1
=——4— - +
2 3 3 n+2 n+2 n+3
= é — ! I This question asks for no particular form of

+
n+2 n+3 the answer. You should collect together like
terms but, otherwise, the expression can be
left as it is. You do not have to express your

answer as a single fraction unless the question
asks you to do this.
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22 a

=172 2 P2(r-1)
B =’ =2r+1)
- rr(r-1)°

o 2r-1

- rr(r—1)

d 2r—1 d 1 1
b 23y ‘,2(@_1)2 7]

Methods for simplifying algebraic fractions can
be found in Chapter 1 of book C3.

=,
LN
o2
KA
+ —
5

This summation starts from » = 2 and not from
the more common 7 = 1. It could not start from

r=1as is not defined for that value.

(r-1y

1 1
RS

— n
:%2—%:1——2, as required
n n
23 a
4 A4 B
r(r+2) r r+2
4=A(r+2)+Br
4=24=-2B
Let f(r)zl
r
3 4 =22[1_ 1]
—r(r+2) S\r r+2

=2(f(1) +£(2) - f(n+1)—f(n+2))

1 1 1
2 n+l n+2

_ 3n+D)(n+2)-2(n+2)—2(n+1)

In this summation all of the terms cancel out
with one another except for one term at the
beginning and one term at the end.

(n+1)(n+2)
_ n(3n+5)
C(n+1)(n+2)
Hencea=3and b=5
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100 100 4 49 4 100 100
= - f(r)= 2 f(r)-2 ()
r=50 r(}" + 2) r=l1 r(r + 2) r=1 r(r + 2) 1% z Z
100305 49x152 You find the sum from the 50th to the 100th term
= - by subtracting the sum from the first to the 49th
101x102  50x51 term from the sum from the first to the 100th term.
=2.960 590...—2.920 784 It is a common error to subtract one term too
=0. 4 do. many, in this case the 50th term. The sum you are
0.0398 (4 dp.) finding starts with the 50th term. You must not
subtract it from the series — you have to leave it in
the series.
477 —1=2r-1)2r+1)

Let
2 2 __4 B
4 -1 2r-DQ2r+1) 2r-1 2r+l

Multiply throughout by (2 —-1)(2r +1)
2=AQ2r+1)+B2r-1)

Substitute 7 =5

This question gives you the option to choose
your own method (the question has ‘or
otherwise’) and, as you are given the answer,
you could, if you preferred, use the method of
mathematical induction.

If the method of differences is used, you begin
by factorising 472 — 1, using the difference of two

2 .
Qr—1)2r+1)

squares, and then express

partial fractions.

2=24=A4=1
Substitute r =—1
2=-2B=B=-1
Hence
2 11
4r2—1 2r—1 2r+1

A

e

i

With r=1,

1 B 11 B 1 _l_l
2r—-1 2r+1 2x1-1 2x1+1 1 3
Withr=n-1,

1 B 1 1 B 1
2r—1 2r+l1 2x(n-1)-1 2x(n-1)
B 1 B 1 1 B 1

2n-2-1 2n-2+41 2n-3 2n-1

A

1
TS 2n-1
P
2n+1

n—1

<
<

=1- , as required

The only terms which are not cancelled out in the

summation are the I at the beginning and the

at the end.

20+l
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$ 2 i 2 i 2
24b = - <
r=11 4}"2—1 r=1 4?‘2—1 r=1 47"2—1
41 21
__ L 12l
41 41x21
20
861

25a Using the binomial expansion

Qr+1)° =8 +12r* +6r+1 1)
2r-1y° =87 —12r> +6r-1 2)
Subtracting (2) from (1)

Qr+1Y -Q2r-1°*=24"+2 (3)

A=24,B=2

b Using identity (3) in part a
Z(24r2 +2)= Z((2r +1)’ - (2r-1)")

24Zr +Zz Z((2r+l) -(2r-1y")

You find the sum from the 11th to the 20th
term by subtracting the sum from the first to
the 10th term from the sum from the first to
the 20th term.

The conditions of the question require an exact
answer, so you must not use decimals.

Subtracting the two expansions gives an
expression in 72, This enables you to sum 72
using the method of differences.

22 24242+...42=2n

24Zi:r2+2¢n=2/—13
PR+ ¥

ntimes

n
It is a common error to write Z 2=2.
r=I1

7N

The expression is (27 +1)° —(2r —1) with n
— 1 substituted for r.
Qn-1D)+1y -Q2n-1)-1)’

+2n+1) —M

=2n-1°-2n-3)°

<
<

24> P +2n=2n+1y’ -1

r=1

24" r* =8n +12n” +6n+1-1-2n

. . . 2
Summing gives you an equation in Z re,

which you solve. You then factorise the result to
give the answer in the form required by the

r=1

question.

=81’ +12n° +4n=4n2n* +3n+1)

=4n(n+1)(2n+1)

4n(n +1)(2n+ 1)
24

2
r

tn(n+1)(2n+1), as

r=1
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In the formula proved in part b, you replace

40 40 40 40 P
D @r=1)*=9) r*-6> r+y 1 *
r=1 r=1 r=1 r=1
Using the result in part b.

40
9> r? =9xLtx40x41x81=199 260
r=1
n(n+1)
2 b

Using the standard result Z r
r=l1

40
6> r=6x 40;41 = 4920
r=l1

the n by 40.

40
21 =40
r=1

Combining these results

40

Z (3r—1)> =199 260 —4920+40 =194 380

r=1

1 A B C
26 =—+ +
r(r+0)(r+2) r r+l1 r+2

1=A(r+1)(r+2)+Br(r+2)+Cr(r+1)
r=0:1=24
r=1:1=-B
r=2:1=2C

Let f(r)= 1
r

40
Z 1 =40 is 40 ones added together which is,

r=1

of course, 40.

IS L
=r(r+)(r+2) 27=5\r r+l1 r+2 r+l1

(D) =fCn+D)+ f(2n+2) - f(2))

_L

1 1 1

2 2n+1 2n+2

2 1
1- +
2n+1 n+l1

|— &= = =

(n+D)(2n+1)
2n* +3n _ n(2n+3)

4(n+D)Q2n+1)  4(n+1)2n+1)

Hencea=2,b=3 andc=4

(n+1)(2n+1)—2(n+1)+(2n+1)]
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27a RHS=r—1+1- L
r o r+l
_(r=Dr(r+D)+(r+1)~r

r(r+1)

To show that an algebraic identity is true, you
should start from one side of the identity, here the
right hand side (RHS), and use algebra to show
that it is equal to the other side of the identity,
here the left hand side (LHS).

_r(r2—1)+1
r(r+1)
_r3—r+1

= = LHS, as required
r(r+1)

b Using the result in part a

v by

This summation is broken up into 3 separate
summations. Only the third of these uses the
method of differences.

o] & n "(1 1)
— =N+ ——

r=1 I"(l""‘l) - r=1 r=1 r=1 r 7"+1
z . n(n+1)
7 2

In the summation, using the method of
differences, all of the terms cancel out with one
another except for one term at the beginning and
one term at the end.

Combining the three summations

Z”:r3—r+1_n(n+l)_ 1

To complete the question, you put the results

,,( r+ 1) - 2 n+l- n+1 of the three summations over a common
r=l denominator and simplify the resulting

_n(n+1)2—2n(n+1)+2(n+1)—2
- 2(n+1)
_n3+2n2+n—2n2—2n+2n+2—2
- 2(n+1)

B n+n _n(n2+1)

S 2(n+1) 2(n+1)

expression as far as possible.
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2r+3 _ﬁ B

r(r+1) o or+l
2r+3=A(r+1)+Br

3=4,1=-B

2743 1 1(3 1

r(r+1)3_’_3_r(;_mj
111
3T 3 4l

28

U P B
Zr(r+l)3—r:;(f(r)—f(r+l))

=(f()-f(n+1)
1
3"(n+1)

r=1

. 9 . i0 _ P
29 Using Euler’s solution e =cos@+1isiné, For any angle, 0, c08 0 = cos (=0)

cos2x +isin2x =™ < and . ‘

—sin @ =sin (—6)
You will find these relations useful
when finding the arguments of

cos9x —isin9x = cos(—9x) +isin(—9x) = '

Hence

i2x

cos2x+isin2x €7 o009 i
- ei(—9x) - = ¢

c0s9x —1sin9x

Manipulating the arguments in
=cosllx+isinllx ¢'? you use the ordinary laws of

indices.

This is the required form with n=11.

o It is sensible to abbreviate
30a By de Moivre’s theorem / cos® and sin @ as ¢ and s

c0s 50 +1isin 50 = (cos @ +isin @)’ = (c +is)’, say respectively when youehave as

. . . . . many powers of COS & and

=’ +5ctis +10c%1%s? +10¢%%s® + 5¢its? +i's” . .
S1n 19 to write out as von have

=’ +i5¢*s —10c%s —i10c¢?s® + 5es* —is”

Equating real parts Use the binomial expansion.

cos530 =c’-10c%s? +5¢s?

Using cos® @+sin* @ =1
08560 = ¢ —10¢* (1= *)+ 5¢(1 - 2)? Iijfe

=-1,i=-,i' =1

=c>—10¢° +10¢° +5¢-10¢% + 5¢°
=16¢" —20¢* + 5¢

=16co0s’ @—20cos’ & +5cos b, as required
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30b Substitute x =cos@into16x” —20x> +5x+1=0

31a

16cos’@—20cos’ @+5cos0+1=0
16cos’ @—20cos’ @ +5cosf =—1

Using the result of part a

cos560 =—1
50=rm,37, 57 <«
7 3m 5w
"5

Vs RY/4
x=cosf = cosg, cos?, coS 7T

A

Additional solutions are found by
increasing the angles in steps of

27.You are asked for 3 answers,
so you need 3 angles at this stage.

=0.809, -0.309, -1

By de Moivre’s theorem
c0s 56 +1isin 50 = (cos @ +isin @)’ = (c +is)’, say
=c” +5ctis +10c%i’ s> +10c%1’s” + 5ci’s”® +1°s°
=’ +i5¢*s —10c’s” —i10¢’s” + Scs* —is”
Equating imaginary parts
sin50 = 5¢*s —10c’s” +s°
=s(5¢* =10c%s* +s*)
=s(5¢* =10’ (1-c*)+(1-c*)?)
=s(5¢* —=10c* +10c* +1-2¢% +¢*)
=s(16c* —12¢* +1)

=sin@(16cos* @ —12cos’ +1), asrequired

The two approximate answers are
given to 3 decimal places, as the
question specified; the remaining
answer —1 is exact.

Repeatedly using the
identity

cos’ @ +sin’ @ =1,
which in this context is

2 2
s =1-c".
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sin560 +cos@sin26 =0
31b Using the identity proved
sin@(16cos* @ —12cos> @+1)+2sinfcos’0=0 < in part a and the identity

sin@(16cos* @ —10cos* @ +1)=0 sin 26 = 2sin & cos 6.
sin@(2cos’> @—1)(8cos’ 8 —-1)=0
Hence sin@=0, cos’ 0= %, cos’ 6 = 3

sin@d=0=6=0

coszé?:l:>cos6’:iL
2 2

You must consider the
negative as well as the

T
positive square roots.

cosﬁzizﬁz

V2
3n

cos@=—L:>6’=—

NG

coszé?:l:>cosé’:iL
8 2\2

cosd :L =60=1.209 (3dp.)

2\/5 The question has specified no
1 accuracy and any sensible
cost =— f =60=1932(3dp) < accuracy would be accepted for
the approximate answers.

The solutions of the equation are

0, %, %", 1.209 (3 d.p.)and 1.932 (3 d.p.).
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‘ oif _ it
32a sinf=———
21
Let z=¢" < Putting z = ¢' shortens the working.
-1
. z—z
then sinf = % Use Pascal’s triangle to remember the
! s coefficients in
sinsez(z_zlj (a+b) =a’ +5a°b+
2 10a°b* +10a°b* +5ab* +b°.
1 _ _ - _ _
= iy (2’ =5z %z +102° x 27 =102° x 27 +5zx 27 = 27)
1
1

=— (22 =522 +10z-10z"+5z7 = z7) The general relation is

321 g _ o -ind
1 (Z2=z7 5(23—2_3)+10(z—z_1) < sinnf = by

16 2i 21 2i n n

_z'-z
2i

:%(sin 50 —5sin 30 +10sin 0), as required

Each term on the right hand
side of the identity shown in
part a can be integrated using
the formula

b FsinS9d9=iji(sin59—551n39+10sine)d9
0 16 Jo

T

2 jsinnedez—

cosné

n

:L —lcos5¢9+§cos39—1000s9
16| 5 3

0

1 128 8 .
=—x——=—, as required
16 15 15
33a z=cosf+isinf
Using de Moivre’s theorem

z" =(cos@+isinf)" =cosnf+isinnd (1)

From (1)
1 1
z = = .« .
z"  cosnB+isinnf

Multiply the numerator and
= — — denominator by
cosn@+isinn@ cosn@—isinnd cos 70 —isin 1, the conjugate

cosn@ —isinnd ..
=— ———=Cos nf) —isin nt 2) -
cos” n@ +sin” nb cosn@ +1sin nb.

1 cos n@ —1isin né
% £

complex number of

W on .. ..
z" +z7" =cosnf +1sin n@ + cos n@ —1isin nf .
Use cos’ n@+sin’nd =1.

=2cosnd, as required.
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i0 i0 -1
33b cosf=— & _ZFZ
2 2

_1\6
cos6ez(z+z J
2

1
=—(2°+62°z7" +152° 27 420227 +152°27 + 62'27 +27°)

64 l l l l l l Pair the terms as shown.

zé(z(’ +6z° +152° +20+1527 + 627 +27°)

6 -6 4 -4 2 -2
1 (z +z +6(Z +z )+15(Z +z )+£j

:3_2 2 2 2 2 You use
1 ) Z"+z7" it
:3—2(cos6l9+6cos49+1500529+10) = cos nb wit
n=06,4 and 2.

¢ Fcosé 0deo :LJ.OE(COS69+6C0$40+15C0$2@+10)d9

0 32
L 1  in60+8sina0+ Psin204100
32 |6 4 2

0
) L ox % 5z o u:N With the exception of 108 all
32 2 327 4 of these terms have value 0 at

both the upper and the lower
limit.
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34a Let 4+4i=r(cos@+isinf)=rcosf+irsinf

Equating real parts
Finding the roots of a complex number is
4=rcosd (0)) usually easier if you obtain the number in
Equating imaginary parts the form 7¢'’. As you will use Euler’s
. relation, the first step towards this is to
4=rsind 2 get the complex number into the form
Dividing (2) by (1) r(cos@+isin0).

tan0:1:>¢9:E
4

Substituting & :g into (1)

4:rcos§:>4:rxL:>r=4\/§ <

N

5
To take the fifth root, write 4\/5 =22,

Hence

4+4i= 4\/§(cosg+isin§j

A

i

ENI]

5
=22¢

5 .m 5 9m 5 17n 5 .25m 5 .33n
5_n2a4 7204 D24 4 D2a 4 D24 4 5 9«
z>=2%e4,2%¢ 4,2%¢ 4+ ,2%e 4, 2% o 5 A
For example, if z° =22¢ * then

a—
<«

1 1.9 1 .17 1 .25 1 .33 ( 5 igﬂ)s 5><1 igﬁxl 1 i9”
. 9n A7n .25m .33n = i— —X—  I—x— — i
o - i= - i— - = — i — 2 4 —25 4 5 __792a20

z=|2%¢ =2%%¢ =2%e %,
Z:22620’22e20’226 20,226 20,226 20

This is the required form with » = V2 and

_1 9 17 25( 5) 3
2020720720\ 4) 20
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34b

The points representing the 5
roots are the vertices of a regular
pentagon.

L]

L]

>
H
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35a Let 32+32x/§i=r(cos6?+isin6?):rcos6?+irsin0

Equating real parts
32=rcosf (1
Equating imaginary parts
323=rsinf ()
Dividing (2) by (1)
tanf =3 =0 = g

o T .
Substituting 6 = 3 into (1)

32:rcos§:32=rx%:>r=64

Hence

Finding the roots of a complex number is
usually easier if you obtain the number in
N the form 7e'’. As you will use Euler’s
relation, the first step towards this is to
get the complex number into the form
r(cos@+1isinO).

32+32x/§i=64[cos§+isin§j <

A

—6de”

L .—5m

Additional solutions are found by increasing or

A

LT

i~ i— i—
2’ =64e3, 64e 3, 64e 3
z=4e°,4¢ ’,4e °

The solutions are re'’ where » =4 and

A

decreasing the arguments in steps of 27 You
area asked for 3 answers, so you need 3
arguments. Had you increased the argument

n 137 )
?by 2T to T , this would have given a
correct solution to the equation but it would

13w ) )
lead to 0 = T , which does not satisfy the

condition & < T in the question. So the third
argument has to be found by subtracting 27

T
from —.

— 49 ein, 49 ei71t’ 49 e—iSn

e™ =cosm+isinm=—1+0=—1.Similarly for
the arguments 77 and —37.

The value of all three of these expressions is —4’ = -2'*

Hence the solutions satisfy z° +2" =0, where k =18.
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The modulus of the complex number i is

. T .. T iE
1=CO0S—+1SIn—=¢
2 2

On 13n 17n
i— i— i—

57[ {7n
Z_eIO elO elO elO elO

Hence
z =cos @ +1sin @, where

T Sm Ej Ot 13n 17=n
2 9

_£=

1010 10710 10

e : e ? e : > \
97[ 13n 17w

LT

. . T . 1=
1 and its argument is —.So 1= le 2.

Additional solutions are found by increasing the
arguments in steps of 27T. AS the equation is of
degree 5, there are exactly 5 distinct answers.

On
on
For example, if z° =¢ 2 then

)

On

(e

on

eZ 10

37a 25=16+16i«/§=32(cos( +2k7tj+lsm( +2ImD

24 (16\/5)2 =32, arctan

z=r(cos@+isinf)

2° =r°(cos 50 +isin 56)

1643
16

T

3

11xn

r=32r=2
n 2kn w Tm 13n =
9:_+_ T T T T T
15 5 1515 15 3

in Tin 13im _in _llin
z=2e"%,2e",2e" ,2e *,2¢ °©

15

b The polygon is a regular pentagon.

38a |z -2+ i| =3 is the circle with centre (2, —1) and radius 3

Im 4

b |OC|=VI’+2% =45

Therefore,

Re

Min |z| = 3—+/5 and Max |z| = 3++/5
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39a |z - 2i| = 2 1s the circle with centre (0, 2) and radius 2

Im

40 a |z - 3i| =3 1is the circle with centre (0, 3) and radius 3

Im

b arg(z-3i)= %Tn is the half-line originating at (0, 3) at 2% to the positive x-axis

d
d

2d*> =9

dzﬁ

2

Therefore z=— 1

3J§+(3+3J§]
2

41 arg(z+3+i)= g is the half-line originating at (-3, —1) at gto the positive x-axis

Im 4

(=3,-1)
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42a |z+3+i|=|z-2+i|
Im 4

c argz= _3n is the half-line originating at (0, 0) at —3% to the positive x-axis
3m . .
arg z =—— 1is part of the line y = x
4
o 1. .
Substituting x = ) into y =x gives y = 5

Therefore z = —l — li
2 2
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43 a The locus forms a major arc since 6 = % <§

b Let z=x+1iy
z+i x+i(y+1) (x+i(p+1)(x=i(y-1)) ¥+ —1+2ix

2

z—i x+i(y-1) x2+(y—1)2 x +(y—1)2
2 2
_ Xty —12 i 2x :
x2+(y—1) x2+(y—1)

Now arg Z—H :E,so tan| arg Z—+1 —tan= =1
z—1) 4 z—1 4

Then

2x
Therefore 22 (y2—1)2 =1
x +y -1
x2+(y—1)2
2x B x*+y* -1
x2+(y—1) _x2+(y—1)
X'+t —1=2x

Hence the centre is at (1,0)

44 a A is represented by the complex number —1+ 3i.

b The radius of the circle is given by |X'AT| = |—1 —2i—(-1+ 3i)| =|-5i[=5

1 2

So the area of the sector is —r’0= _57:
2 12
2 2

Substituting » =35 gives %9 = %

Therefore 0 = %

Now XB = —5sin£+5cos£i = —§+ﬂi
6 6 2 2

5 53,

Therefore b=O0OB = —1-2i——+ 222
2 2

5V3-4

7 .
=——+ i
2 2
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45Let z=x+1y
|z—l|=\/§|z—i|
|(x—1)+iy|:\/§|x+(y—1)i|
Squaring the modulus gives
|x—1+iy|2 :2|x+(y—l)i|2
(x—l)2 +y° :Z(x2 +(y—1)2)
X' =2x+1+y? =2x"+2y* —4y+2
X' +2x+1* =4y +1=0
(x+1) ~1+(y-2)" —4+1=0
(x+1)" +(y-2) =4

Hence the circle has radius 2 and centre (-1,2)

46 a

z—-2i ) s

arg =arg(z—2i)—arg(z+2)=—.
z+2 2

The angles which the vectors make with the positive

x-axis differ by a right angle. As drawn here, the

Ton
difference is m —— = —. The locus of the points,
2 2

where the difference is a right angle, is a semi-circle,
with the line joining —2 on the real axis to 2 on the
imaginary axis as diameter.

It is a common error to complete the circle. The
lower right hand completion of the circle has

b . z—2i T
equation arg =——.
z+2 2

=Y

The dotted line represents the complex number
z+1—-1=z—(-1+1). The length of this vector is

the radius of the circle.

=Y

The diameter of the circle is given by d> =2°+2? =8, s0 d =2+/2

Therefore |z+1—-1| :¥:\/§

47a Both loci L and M are circles, hence they are similar.

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.

31



INTERNATIONAL A LEVEL

Further Pure Maths 2 Solution Bank @ Pearson

47b Computing the scale factor of enlargement amounts to computing the radii of both circles.

For L we have:

|Z—4|=\/§|Z+2i|
=412~ (42
|(x—4)+iy|2 =5|x+(y+2)i|2
()c—4)2+y2 =5(x2+(y+2)2)

¥’ =8x+16+y” =5x" +5y> +20y+20
4x’ +8x+4y* +20y+4=0

X +2x+3*+5y+1=0
(x+1)2—1+(y+%)2—%+1:0

Which simplifies to

(x+l)2 +(y+%)2 =3

Hence the radius of L is

For M we have:
|Z—6|=\/7|Z+6i|
|(x—6)+iy|:\/7|x+i(y+6)|
|(x—6)+iy|2 :7|x+(y+6)i|2
(x—6)2+y2 =7x° +7(y+6)2

X —12x+36+y" =T7x> +7y" +84y +252
6x° +12x+6y> +84y+216=0
X' +2x+y +14y+36=0
(x+1)" =1+(y+7)" -49+36=0
(x+1)" +(y+7) =14

Hence this circle has radius ~/14

Jia 2414

So the scale factor of enlargement is = 5
2
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48 The locus is given by
ar (z+lj_£
8 z 4
Substituting z = x +1y
z+1l x+l+iy  (x+1+iy)(x—1y) X’ +x+iy—ixy—iy+)°
z X+1y (x+iy)(x—iy) x’+y’
X Hx+yi—iy X +x+y’ -y
- 2, 2 =T a2 vt
X 4y X +y X4y

z+1) = z+1 T
=—, S0 tan| arg =tan— =1
z 4 z 4
-y

x> +y?

i

Now arg(

So =1

X Hx+y
x*+y°

—y=x"+x+)’
X +x+y"+y=0
(x+4) ~4+(r+4) 40

2 2
(x+3) +(r+3) =3

N o1

So the centre of the circle is (—+,—4) and the radius is 5
Therefore, this is the major arc of a circle.
The length of the curve required is r(2n —6), where 0 is the angle between the lines connecting the

endpoints of the arc to the centre of the circle.
) 0 5
Geometrically we can see that tan— = % =1, s0
2

g r
2 2
1

3)2%

6=
Therefore the length of the arc is —(2n —Ej = €
2 2) 2
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49 We consider the locus |z—i| :\/;|z+1|
Squaring gives |z—i|2 :p|z+1|2
Substituting z =x+1y:
|x+(y—1)i|2 =p|(x+1)+iy|2
x’ +(y—1)2 :p((x—i-l)2 +y2)
x*+y?=2y+1=px’ +2px+p+py’
(p—l)x2+2px+2y+(p—1)y2+p—l:O

2 2px 2 2y +1:0

X +ﬁ+y +p_1
’ : 1Y 1
X+ P __P 2+(y+ ]— >+1=0
p-1 (p—l) p-1 (p—l)

’ 1Y : 1
x|+ v+ =2 >+ -1
p-l p=t) (p=1) (p-1)

2 2 _ _
P f o L)y _p+l (p2 1)
p-1 p-1 (p-1)

’ 1Y 2
x|y y+ __=p -
p-1 p-1)  (p-1)
/7

Hence the radius is

p—1

For a circumference of 24xthe radius is 12
A2

NP oo

p—1

2p=(12p-12)’

Hence

50 %Sarg(z—l)sz?n

Im 4

s 2T
4:5.9:3{2—1]&' 3

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free. 34



INTERNATIONAL A LEVEL
Further Pure Maths 2 Solution Bank @ Pearson

51 {ZGC:—§<arg(z—3—3i)£%}m{ze(C:|z—3i|S3}

52

Im 4

am
6
o 5 10 Re

wa|

-

53 a The locus is given by the inequalities |z—6i| < 2|z—3| and Re(z) <k
Taking the first inequality:
|Z—6i|2 <4|Z—3|2
|x+(y—6)i|2 <4|x—3+iy|2
X +(y—6)2 <4((x—3)2 +y2)
X'+ =12y +36 <4x’ —24x+36+4)°
0<3x" —24x+3y" +12y
0<x’—8x+y* +4y
x*—8x+y +4y>0
(x—4) —16+(y+2) -4>0
(x—4) +(y+2)" =20
Hence the circle has centre (4,-2)
Hence, for a semi-circle, we should take £ =4

o’ wx20

b The area of the semicircle is T = 5 =10n
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54 The line corresponding to |z — p| =|z—g]| is given by the perpendicular bisector of p and g,

. +
that isx = %

1
The area of the triangular region is therefore 5 x(

So (q—p)2 =8x
g-p=-8x

Sog=p+ \/5, as required

9-pr

2
) -
2

55a The transformation defined by w=3z+4 —2irepresents a scaling by 3, followed by a translation

by the complex number 4 — 2i.

The translation leaves the area of the triangle invariant.

Therefore the new area is 3% x8 = 72.

55b We consider what happens to the line Im(z) =4 under the transformation.

Consider a point z = x+4i on the line.

This is mapped to w=3(x+4i)+4—2i=3x+4+10i.

Hence the line is mapped to the line Im(z)=10.

You know that | z| =1 and you are trying to find

out about w. So it is a good idea to change the
subject of the formula to z. You can then put the
modulus of the right hand side of the new
formula, which contains w, equal to 1.

56 w=2""1 o iz 2w=2--1
z—2
wz—2z=2w—-1=z(w-2)=2w-1
2w—1
z =—- <«
w—2
|Z|:1:‘2w+1 :1
|2w—1]|=|w=2]

Let w=u+1iv
|2(w+1v)—1|=|u+iv-2|
|Qu—-1)+12v|=|(u—-2)+1v|

/

It is not easy to interpret this locus geometrically
and so it is sensible to transform the problem into
algebra, using the rule that if z = x + 1y, then

2 2 2
lz|"=x"+y".

|Qu—-1)+i2v| =|(u—-2)+iv[
Qu-1y+47" =(u-2)"+v’
i —du+1+47 =u’ —du+4+V°

3w+ =3=ut+v =1

This is a circle centre O, radius 1 and has the equation

| w| =1 in the Argand plane.

Hence, the circle | z| =1 is mapped onto the circle
|w| =1, as required.
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57a z=x+7i

w=
z

W=z—-1=z—-wz=1

z =
1-w

Letw=u+1iv
) i
X+—i=——
2 l—-u—-1v

Multiplying the numerator and denominator

Solution Bank

@ Pearson

The real part of a complex number on Im z = — can

have any real value, which you can represent by the

symbol x, but the imaginary part must be %

Multiply the numerator and the
denominator of the right hand side

by l-u+iv <
1. i(l-u+1v)
_1:—’
2 (I-u) +v

B -V N I—u ;

(I-u)+v' (1-u) +V*

Equating imaginary parts
1 l-u

— <

by the conjugate complex of
l—u—iv whichis 1—u+iv.

You are aiming at |w|=1. If w=u+1iv,

2w -2u+l+v’
W =2u+1+v*=2-2u
u +v' =1
u® +v* =1 is a circle centre O, radius 1.

Hence the line, Im z =1 is mapped onto the
circle with equation |w|=1.

. z—1 .
b The transformation w'=—— maps the line Im z =+

z
onto the circle with centre O and radius 1.

The transformation w" =2w' maps the circle with centre

this is the equivalent to u’ +v* =1.So that
is the expression you are looking for.

The first transformation is the
transformation in part a.

The transformation z — kz
increases the radius of the

O and radius 1 onto the circle with centre O and radius 2. 4— circle by a factor of k. This

The transformation w=w"+3—1 maps the circle
with centre O and radius 2 onto the circle with

centre 3—1 and radius 2.

Combining the transformations

w=2(—2_1]+3—i
4

_2Z—2i+3z—iz

z
_(5-i)z-2i

z

transformation is an
enlargement, factor &, centre of
enlargement O.

The transformation z — z +a
maps a circle centre O to a circle
centre a. This transformation is a
translation.
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58a If z=x+1iy, then argz=§:—:1
X

Let x=y=41

W_/1+/”ti+l _(A+D+
A+Ai+1 A+(A+Di

|l _jaenea] —]

A+ (A+Di| [A+A+1D)i]

=

((A+D)*+4%)
(47 +(A+1))

[S1E

. T
Hence the points on argz = 1 map, under 7,

&

Solution Bank

For all complex numbers

al |a|
aand b,|—| = —
bl [b]

As A > 0, the image would only be part of
this circle but the wording of the question
does not require you to be more specific. You
are only required to show that the image
points are points on the circle; not all of the

onto p‘oints on the circle |w|=1.

b wz+wi=z+1
wz—z=1—1w

1—iw

w—1
[1—1w|

w—1|

|z] =

Hence |[1-iw|=|w-1]

points on the circle. (The image is, in fact,
just the lower right quadrant of the circle.)

This is the image under 7 of | z|=1 but it is

difficult to interpret and part ¢ would be
difficult without some further working.

T—iw| = |—i(w+D)| =] =i || w+i|=1x|w+i|=|w+i]

The image of | z| =1 in the z-plane is

This is the locus of points equidistant from

|lw+i|=|w—1]«
in the w-plane.
Writing w=u+1v:
lu+iv+i|=|u+iv—1|
|u+(v+1)i| = |(u—1)+iv|
|u+(v+1)i|2 = |(u—1)+iv|2
u’ +(v+1)2 :(u—l)2 +v°
WAV +2v+l=u’ —2u+1+v°

Sov=-u

the points in the Argand plane representing
—i and one. That is the perpendicular
bisector of (0,—1) and (1,0).
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58¢c,d vk
!lJ
. I+i i+1 1 1.
= Z=1=>W=—=——=———1
1 * 2 2 2 2
z
“ The perpendicular bisector of (0,—1) and

\ (1,0) is the line v = —u.
l -

59a z=q'e"’

. 1. .
b Let z=a'e" then we have w=az+—=¢' + ae ™
zZ
=cos@+isinf+a(cosd—isinb)
=(1+a)cos@+(1-a)isin@
=u+1v
Hence u = (1+a)cos€ and v=(1-a)sind

as required

¢ This ellipse corresponds to the case a =3, hence the points on the z-plane that are transformed to

the ellipse are those such that |z| =1

y.ﬂ.

L
2/

=
=Y
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Challenge

1 1. < _1 forO<x<2rm
l-sinx sinx
AnJ,

a2 T 3n/2 21

1 .
- and y =—— gives:
1—sinx sin x

sinx=1-sinx
2sinx =1

Equating y =

) 1
sinx=—
2
In the range 0 <x <2n
} 1 b 57
sinx=— at —and —
2 6 6
Therefore:

0<x<£ and 5—7[<x<7z
6 6

2mi .
2 a w=¢",0" =" =1

3k+1
- 1B 4 ¥ +(a)2) 14 o™ 4+ @tk
n= . =

3k+2
3k+1 3k+2 2
n_3k+2'1 +w +(a)) _1+a)3k+2+a)6k+4
' 3 3

_1+w3ka)2+(a)3k)2a)3a)_1+a,2+a,_0
- 5 ==
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b f(x)= Zanx"
f)=Ya,f(@)=) a0 f(@)=)a,(o)
f+HH(@)+ (@) _§ I+’ +(e)
3 e 3
= Z“nl{nzsk}’

=1 1if n =3k and 0 otherwise

where 1,,_;,,

c fx)=>1+x)% = §(45jxr
r

r=0

5,45 15 (45
S= 1 =

r=0

_f)+f(@)+f(@") _2"+(1+0)" +(+0°)”

3 3
_ 245 + (_w2)45 + (_a))45 _ 245 _(a)3)30 _(a)3)15
3 3

45
_2 72 asl+w+w* =0and @’ =0
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