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Chapter review 7

1 a

1-2x
y=¢

'

y'=-2e""=-2y
y'==2y'=(-2)"y

d" ;
Z =(-2)"y
d*

8

When x = log 32, d_Js} = )8 gl-2log32
dx

=2%(32) 7 =25 e = %

f(x)=In(1+¢") so f(0) =1In2
e’ 1
f'(x) = . =1- =1-(1+e*)7! f'(0) =~
l+e 1+¢* 2
ex/ 1
So f"(x) = ———— orusethequotientrule f"(0)=—
(x) (1e) q (0) 2
X\2 . x X X\ X
£"'(x) = (I+e’)’e —e'2(l+e)e Use the quotient rule and chain rule.
(1+e*)*
1 X X 1 X _ 2 X X 1_ X
(1+¢e") (1+¢")
Using Maclaurin’s expansion

2
In(1+¢") =In2 N
2 8

The expansion is valid for —1<e* <1=0, e* <1  so forx <0.

(40’ (4n'_ (@40

cosdx=1-

2! 4! 6!
—1-8x? +£x4 —@f +
3 45
cosdx =1-2sin* 2x,

45

so 2sin?2x=1-2cosdx =8x* — F...

16 4 1286,
3 45

sin® 2x = 4x% -
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2 3 4 2 4
. x° X x x° x
4 Usinge" =l+x+—+—+—+... andcosx=1-"—+"——...
2 6 24 2 24
[l,ﬁ+g} o
e =gl 2 M _exe 2 xe

Il
o

2 2\? 4
14+ -2 +l AR I | no other terms required
2 ) 20 2 24

5 Let f(x) =(x—§jcotx and a zgz fla)=0
' (x) :(x—gJ(—coseczx)+cotx: f'(a)=1
'(x) :(x—§J2cotxcosec2x+(—2 coseczx): '(a) = —4

"(x) = (x —%J (—2 cosec'x —4cot” xcos eczx) +6cotxcosec’x = f"(a) =12

Substituting into the Taylor series expansion gives

2 3
fx)=0+1| x—= e VSR IS v A
4) 2! 4 3! 4
T n) nY
=|x——|-2|x——| +2| x—— | +... as required
4 4 4

6 1n((1 +x)2(1- 2x)) =2In(1+ x) + In(1 - 2x)

zz{x_x_ﬂx_;_x?;_“}{(_zx)_ 207 (29 (-2’ +}

2 2 3 4

=2x—x* +2x3 —lx4 —2x—2x* —§x3 —4x* ...
3 2
=3x?-2x—...
7 f(x)=In(secx + tan x) f(0)=In1=0
t 2 t
F/(x) = secxtanx +sec” x _ sec x(tan x + sec x) _secx f(0)=1
secx +tanx secx +tanx

f"(x) =secxtanx £f"(0)=0
£'(x) = sec xsec” x + sec x tan x tan x f"(0)=1

3
T . . . X
Substituting into Maclaurin’s expansion gives y = x+€ +...
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d . d x2 x3 x4 xr xr+1
8 a —(e)=—|1+x+—+—+—+...+—+ +...
dx dx 21 31 4! rl (r+1)!

2x 3x° 4x° (r+1)x"
—t—+...+

=1l+—+ ceeF——
2! 3! 4! (r+1)!
2 3 xr
=l+x+—+—+...+—+...
2! 31 r!
:ex
d )C3 x5 x2r+1
b —(sinx)=—|x——+——...+(-1)"
dx RUEY 2r+1)!
2 4 2r
_ _3L Si 1y 2r+1)x
3! 5! 2r+1)!
2 4 6 2r
S A=) X . =cosx
21 4! 6! (2r)

2 4 6 2r 2r+2
¢ Leosm=d1-E X Xy eyt
& 204 el 2! 2r+2)

3 5 2r—1 2r+1
= —2—x+4i—6i+...+(—l)r2rx—+(—l)’”&+...
21 4 el (2r)! (2r +2)!

3 5 2r+1
S S ) A .
3! 5! 2r+1)!
=-— x—lx3+ix5—...+ix2r”+... = —sinx
3! 5! 2r+1!
x* xt
9 a You can write cosle—[;—ﬁﬁ..];it is not necessary to have higher powers

-1
1 1 x* Xt

secx = = — == ———+...
cOs X 1—(%—§+...) 2 24

Using the binomial expansion but only requiring powers up to x*

2 4 v s a2
secx:1+(—1){_[%_%]}+( 1)2(' 2) _[%_%}} N

2 4 4
S [ + higher powers of x
2 24 4

2
P
2 24
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9 b tanxzsmx:sinxxsecx
COS X
55 )
=l x——+—— .|| I+—+—x"+
3! 5! 2 24
¥ 5 5 X 1 5 X
=x+—F+—x" -——-—x +—+

X
2 247 31 23 s

1 1) (5 1 1Y)
=x+|——— (X | —=——+— X +...
2 6 24 12 120

3 15

2 3 2
S N

10 Using ¢" =1+x+5+§+... and cos3x=1-

2 3 2

. x° x 9x

e cos3x=|1l+x+—+—+... || 1—+...
2 6 2

¥2 9x? ¥ 9y
=ql+x+| ———— |+ ——— |+...

2 2 6 2
=1+x—4x2—§x3+...

11 f(x) = 1+ x)* In(1 + x).

£(x) = (1 + x)? %+ 2(1+x)In(1 +x) = (1+ x) {1 + 2 In(1 + x)}
X

£1(x) = (1+x)(%j+ 1+ 2In(1+x)} =3+ 2In(1 +x)

f!!l(x) — (%J

£f(0)=0, f'(0)=1, £"(0) =3, f"'(0) =2
Using Maclaurin’s expansion

(1+x)* In(1+x) =0+ ()x +%x2 +%x3 +...

N I
2 3
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3
12a ln(l+sinx)=ln{l+£x—%+...}}
x> 1 x> ? 1 x> ’ 1 x> )
=lx—t || x| o x| x|+
3! 2 3! 3 3! 4 3!

6 2 3
¥ X X
=Xx—
2 6 12
L4 L 2 a3
b .|‘61n(l+sin)c)dxzjl6 X——+———ldx
0 0 2 6 12
2 3 4 5 g 2 3 4 5
MY YT T T _0116(3dp.)
2 6 24 60 0 72 1296 31104 466560
13a f(x)=e""" = e 3 =e'xe? (As only terms up to x° are required, only first two terms

of tan x are needed.)

2 3 3
=[1+x+%+x—+...j[l+%+...j no other terms required.

3!
x3 x2 x3
=l l+—+x+—+—+...
3 2! 3!
2 3

X X
=l+x+—+—+...
2 2

b —tanx tan(—x)

e =e , S0 replacing x by — x in a gives

2 3
SRR P A A
14a f(x)=Incosx £(0)=0
Frx) =Y — tanx £(0)=0
COS X
f"(x) = —sec® x £"(0)=-1
£"'(x) = —2sec” x tan x £7(0)=0

£(x) = -2 sec’ x —4sec’ xtan’ x £""(0)=-2

Substituting into Maclaurin:

2 )C4 )C2 )C4

x
lncosx—(—l)?!+(—2)T!+...— —————
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14b Using 1+ cosx = 2cos’ (g},ln(l +cos x) = In2 cos? (g} =1In2 + 2Incos (g}

1(xY 1 x ! x x*
so In(l1+cosx)=In2 +29——| = | —— =2 —————_..
22 122 4 96

15a

y — e3x _ e—3x
y'=3e" +3e
yn=9e3x_9e—3x=9y

:9yl,y"" 9y"_81y

b Whenx=0,
y=0
y'=6
y"=9y=0
y"=9y'=54
y"=81y=0
y"™=81y'=486
soy= 6x+ﬁx +486x5+
3! 5!

=6x+9x° Jrﬂx5 +...
20

= e
— i (3:')” ( 3x) 2(1 ( 1) )(3x)

32ty 2nt 3201 201
n™ non-zero term is (1—(=1)>"") _
(2n-1)! (2n-1)!

16a f(x)=In(1+¢") 1 so f(0)=1In2
x\—1
e =1- —=1-(1+¢") 1
£'(x) = I+e £/(0) =~
1+e* / 2
So f"(x)= © 5 or use the quotient rule f"(0)=—
(1+e%)

(I+e*)e" —e'2(1+e")e"

b f!”(x) —

Use the quotient rule and chain rule.

(1+e")*
_ (1+e")e"{(l+e:)—2ex} _ e"(l—e’;) £71(0) = 0
(1+¢") (+e")
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16 ¢ Using Maclaurin’s expansion:
2

1n(1+e"):1n2+§+x—+...

The expansion is valid for —1<e*<1=0, e¢" <1 so for x <0

2 4 6
17 a cos4x=1—(4x) +(4x) _(4x) +...
21! 4! 6!
3 45

=1-8x" +

b cosdx=1-2sin’2x,

so 2sin’ 2x:1—cos4x:8x2—2x4+%4i56x6+
sin? 2x:4x2—Ex4+%x6+...
45
2 3 4 2 4
18 Using e =l+x+—t+> 4 and cosx=1-t > — .
2 6 24 2 24

2 4
[1,L+L ER
CcOSX __ 2 24
=e

€ =e><ei7><e§

dy . dy
19a —=2+x+sinyand x,=0, y,=0 (1) so|— | =2
dr X y Xo Yo Q)] (dxl
2

. - . d'y dy
Differentiating (1) gives =1+cosy— 2
gMg ™ Y i ()

=

2
Substituting x, =0, , =0, (%)0 =2 into (2) gives [jx{ l _3
3 2 2
Differentiating (2) gives jx—J; =cos y% —sin y(%j 3)

2 3
SubStituting Yo = 05 (Qj = 4, [QJ =3 into (3) giVeS [%j =3
0 0 0

dx dx?

Substituting found values into y =y, +x

Q] i
dx), 2!

Q] s
), 3!

y:2)c+§)c2 +lx3 +...
2 2

d3y
&

2 2\2 4
—el 14| -2 +l X f[1+2+...] no other terms required
2 ) 20 2 24
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19b At x=0.1, y~ 2(0.1)+%(0.1)2 +%(0.1)3 =0.2155

20 In((1+x)*(1-2x)) =2In (1 +x) +1In (1-2x)

2 3

=2x—x* +§x3 —%)C“—Z)C—Z)c2 —§x3 —4x* ...

=-3x=2x"—...
d’y dy
ZIF—(X+2)E+3)/:0 (1)
) .. ) d’y d’y dy ,dy
Differentiating (1) gives —— —(x +2 +3—=0
g(Mg 0 (x )dx2 FRREr

3
Sothatd——(x+2)dy+2dy 0 Q)
dx? dx

2
Substituting initial data in (1) gives [jx_);j =2
0

3
Substituting known data in (2) gives [d_yJ =—4
dx* ),

2
So y= 2+4x+2i—4i+
2! 3!

=2+4x+x° —§x3

22a f(x)=In(secx+tanx) £(0) =
t ? t
F1(x) = secxtanx +sec”x _ secx(tanx +secx) _ secx £(0) =1
secx +tanx secx +tanx
f"(x) =secxtanx £"(0)=0
f"(x) = sec xsec” x +sec x tan x tan x £f"'(0) =1

3
Substituting into Maclaurin’s expansion gives y = x + R

) }
4

In1=0
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22b We use the expansions:

In(sec x + tan x) =)c+%)c3 +...
sinx=x——4x’ +..

3!
to see that:

sin x —In(sec x + tan x)

x(cosx—1)
~ (x—§x3 +...)—(x+%x3 +)
- x(1-1x%+...-1)

1,3
—1x7 4.

===
L'+

sin x —In(sec x + tan x)

= lim
x>0 x(cosx —1)
—1x+.. 2

=lm———=—
=0 —2x +.. 3

23 a We differentiate the respective Taylor series term by term and match that up with the derivative.

Firstly:
— 1 1 1
e’ 1+x+§x +3'x +e- + ] "4
Ay 2, 30,40,
=4 ¢ —1+2'x+3'x TR
ol r+1 r
T eyt T
d 1 1
:E 1+x+§x +§x +--
| EE B B
+(r—l)!x +r!x + e
d 3.2, D)'@2r+1) ,,
b dxsmx 1- TR + +—(2r+1)! X7+
i _l ( 1)" 2r L
:>dx sinx =1 T +-- +(2r)!x .- =COSX
d _2 4 s (= 1) (2r) 2D
€ g o0s¥= 2'x+4'x +- +—(2r)' +-
d 1.3 (=" ¢,
= gy 0S¥ x+3'x +- +(2r_1)!x +
I R W (_I)FI 2D+ |
= ()C 3')(3 +-- +(2l"—1)!x + =—sinx
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d’y dy
2497, 9 1
dx ydx * M

2

Differentiating dz—y + Y_ X, gives Q + ydz—y + (sz =1 2)
& Tde P A A \d
2
Substituting initial values into (1) gives [%j =1
1

2 3

Substituting (d_yj =2 and d—J; = linto (2) gives d—); =-3.
dx ), dx” ), dx

Using Taylor’s expansion in the form with x, =1

y=0+2(x—1)+%?(x—1)2 +%(x—1)3 t..

=2(x—1)+%(x—1)2 —%(x—lf +...

2 4
X

25a You can write cosx=1- LT Y +.. .]; it is not necessary to have higher powers

-1
1 1 x* Xt

secx = = — == ———+...
cOs X 1—(%—§+...) 2 24

Using the binomial expansion but only requiring powers up to x*

2> 4 v s a2
secx:1+(—1){_£%_%]}+( 1)2(' 2) _[%_%)} N

4

2 4
S S + higher powers of x
2 24 4

2
ST B
2 24

sin x .
b tanx = =S8In X XSecx
CoS X
3 5 2
X X X 5 4
=l x——+——. || I+ ——+—x" +..
31 5! 2 24
¥ 5 s X 1 5 X
=X+—+—X —————x +—+

X
2 247 31 23)° s

1 1) (5 1 1)
=X+|——— | X+ ———F+— |x +
2 6 24 12 120
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2 3 2
26 Using e* =1+x+%+%+... and cos3x=1—@+...

2 3 2 .
. x° X 9x
e'cosdx=|1+x+—+—+... || 1—+...
2 6 2
x> 9x? X 9
=l+x+| ——— [+ ——— |+...
2 2 6 2

=1+x—4x> —%x3 +...

2 &y

2
27 a Differentiating jx—J;+ X dxy +y=0 (1) withrespect to x, gives:
d

3 2
d—);+2xd—y+x2d—f+—y:0 #))
dx dx dx®  dx

2
Substituting given data x, =0, y, =2 and (%} =linto (1) gives [jx—);j =-2
0

0

2 3
Substituting x, =0, (d_yj =1 and d_J; =—2into (2) gives 4y =—1
dx J, dx” ) dx’ ),
2 2 3 3
So using Taylor series y =y, + x(ﬂj + I d_g/ + 2 d—); +
dre ), 2!1{(dx" ), 3!{dx” ),

3
X

D S S
Y 6

b Differentiating (2) with respect to x gives:
4 2 3 2 2
jx—i}+2xjx—f+2%+x2 jxf+2xjxf+jxf=0 3)

2 3
Substituting x =0, (Qj =1, [d—);j =-2 and [d—);j = —linto (3) gives,
dx dx
0 0 0

dx
4 4

d'y d’y
atx =0, @+2(1)+(—2)=0, soyzo

28a f(x)=(+x) In(1+x)
f'(x)=(l+x)2%+2(l+x) In (1+x)=(1+x)(1+2 In (1+x))
X
f”(x)=(1+x)(ij+(l+2ln(l+x))=3+21n(1+x)
I+x
iy =| 2
mo=( i)
£(0)=0,f'(0)=1, £f"(0)=3, £"'(0)=2

b Using Maclaurin’s expansion

(1+x)21n(1+x)=0+(1)x+%x2 +%x3 +...

3., 15
=x+=x"+=x" +...
2 3
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3
29a 1n(1+sinx)=ln{1+£x—%+...}}

X 1 X ? 1 X ’ 1 X *
=l x—t || x| Ao x| x|+
3! 2 3! 3 3! 4 3!

B 6 2 3
)Cz )C3 )C4
=X——+———
2 6 12

L L 2 3
b .|‘61n(1+sinx)dxzjl6 x-p X gy
0 0 2 6 12

> 3 4 5T 2 3 4 5
M AP T T T _0.116(3dp)
2 6 24 60 0 72 1296 31104 466560
30a f(x)=e™ =¢ 3 =e'xe’ (As only terms up to x* are required, only first two terms

of tan x are needed.)

2 3 3
:(1+x+x—'+x—'+...j(l+%+...j no other terms required.

3 2t 3l
xz x3
=l+x+—+—+...
2 2

x3 2 x3
=l l+—+x+—+—+...

b e ™ =e", so replacing x by — x in a gives

31a Differentiating the given differential equation with respect to x gives:
&’y dyd’y dvd’y dy
yogt s t2 o+ =0
dx”  dx dx dx dx® dx

3 2
ool
y
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31b Giventhat y, =1, (?—:}:J =latx=0,

0

ErY L ram=osol 9 -
(dxzjo+(l) +(1) =0, So(dxzjo 2,

And (Qj = —i(l)(3(—2)+1), 50 (%j =5

o),
_ 3
Soy=1+(l)x+(—2)x2 +ix3 +...:1+x—x2+5i+...
2! 3! 6

¢ The approximation is best for small values of x (closed to 0): x = 0.2, therefore, would be
acceptable, but not x = 50

32a f(x)=Incosx £(0)=0
)= — tanx £(0)=0
cos x
f"(x) = —sec® x £"(0)=-1
£"'(x) = —2sec” x tan x £7(0)=0

£(x) = -2 sec’ x —4sec’ xtan” x £""(0)=-2

Substituting into Maclaurin:

2 4 2 4
X X X X
IHCOS)C—(—1)?!4‘(—2)?!4‘...——————,,,

b Using 1+ cosx = 2cos’ (%j,ln(l +cosx) = In2 cos? (%j =1In2 + 2Incos (%j

1(xY 1(x\ * x*
so In(I+cosx)=In2 +23——| = | ——| = | —...p=In2 —————_..
22 12\ 2 4 96

33a Let y=3",thenln y=In3*=xIn3=y=¢"s03" =" ™’

(xIn3)’ +()cln3)3 L
2! 3!
x*(In3)’ +x3(123)3 .

3 =e" =1+ (xIn3)+

=1+xIn3+

2 3
b Put x= 313 037 3 ) orak)
2 2 8 48
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34a We take f(x)=In (1 +2 cos( )) then differentiating:

2
' _;. —2.Zgin( X __L(LZX)
f(’C)_1+2cos(%) ( ? zsm( 2 ))_ 1+2cos(%)
£"(x) = —n| = cos(%) + msin’(¥) 2
2 (1+2cos (%)) (1+2cos(%))
) n2(2+cos(%))
2(1+2cos(%))2

b Evaluating the above at x =1, we find:
f()=In1=0,f'(1) = -, £"(1) = —n*

Hence the Taylor expansion about x =1 1is:
f(x)=—n(x— 1)+ ( ) (x—1)" +..

= ln(l+2cos(%)) = —7t()c—1)—717()c—1)2 +...

Challenge
do.._1_ a(1=D!
a We have alnx ;— -1 17, so holds for n =1
Assume true for n =k where k >1
Then:
dk+1

oz lnx——( DS (k=) x*

=—k(— 1)k+1 (k=1 x = =(- 1)(k+1)+1 ((k+1D)-1)!

k+1
X

So true for n=k +1
The result then follows by induction.

b Hence the Taylor series about x =a,a >0 is:

lnx=lna+iw&—a)”

(x a)’
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