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Further Pure Maths 2 Solution Bank @) Pearson
Exercise 7E
d’y d’y dy
1 Differentiating —- = x +2y, withrespect to ives—-=1+2—= (1
g 2T xT pecttox, gives- 3 & )
4 2
Differentiating (1) gives % =2((11x—); 2)
L . d’y .
Substituting x, =0, y, =1 1nto@ =x+2y, gives
2 2
4y =0+2 (1), so 4y =2
dx 0 dx 0
3
Substituting (2) =l into (1) gives d—); =1+2(l)=2
dx J, 2 dx® ), 2
Substituting [Qj =2 into (2) gives [Qj =2(2)=4
dx’ o dx’ o
So using the Taylor expansion in the form where x, =0, i.e. ii
3 4
y—lw{ ) I O )V S T S S
2 2! 3! 4! 2 3 6
. . d’y dy .
2 Differentiating (1+ x*)—= + x— =0, gives
g (+x)y+x -=0.¢2
3 2 3 2
(l+x2)j);3 +2xjx);+xjx); jﬁ 0 (1) ie (1+x> )d)C +3x %ﬁl—y:o

oL dy . ,od’y  dy . d’y
Substituting x =0 and | — | =linto (1+x")—+x-—=0, gives| —- | =0
dx dx dx dx” ),

0
2 3
Substituting x =0, (d—yJ =1and 4y =0 into (1) gives d—); =-1
dx J, dx? . dx” ),

Sousing the Taylor expansion in the formii,

() G x’

y=0+Ix+—x"+—x +..=x—+...
3! 6
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3 Differentiating d—y+y—e’“ =0, gives Qer—y—e” =0 @
dx ’ de’  dx
. . . dy dy
ATl AP 2
Differentiating (1) gives & + o e =0 2)

Substituting x, =0 and y, =2 into %+y— e =0, gives (%) +2-1=0, so (2) =-1
0

0

2 2
Substituting x =0, LQJ =—1 into (1) gives d—J; +(-1)-(1)=0so0 dy =2
dx J, dx” ) o 0

o d’y d’y d’y
Substituting x =0, | —= | =2 into (2) gives +(2)—(1)=0so0 =-1
° [dxzjo ()g [dx3j0 () () [dx 0

Substituting into the Taylor series with x, =0, gives

y= 2+( 1)x+(2) (3) 3

3
X
=2—x+x"——...
6

2

4 Differentiating % + xd—y + y = 0 with respect to x gives
3 3 2
d—f+ df Y. Y o @ e QJF d—+2dy 0
dx dx dx’ dx’ dx
Differentiating (1) gives
4 3 2 4 3 2
df+xdf d2+2dy 0 Q), i.e.df+xdf+3df=0
dx dx”  dx dx’ dx dx dx

2
Substituting x =0, y =1 and% = 2 into % + xg +y =0 gives

dx
2 2
[jx—fj +0(2)+1—0:>(3x2j -1

2
Substituting x =0, (Qj =2 and d—J; =—1 into (1) gives
dx J, dx” ),

dy dy) __
[dx3j0+0( )+2(2)=0, so(dx jo— 4

2 3
Substituting x =0, (d_yj =2, d—J; =—land d—J; = —4 into (2) gives
dx J, dx” ) dx” ),

SV L oy +3n =0 sol 9| =
(dx4j0+0( 4)+3(-1) O,so(dx4j0 3

Substituting into the Taylor series with form ii, gives
y—1+2x+( ) (4) x @x4+
2! 3! 4!

OGS N T LV
2 3 8

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



INTERNATIONAL A LEVEL

Further Pure Maths 2 Solution Bank @) Pearson

5 Differentiating 9.2 +2% — 3y gives d3—y+2dy 2P 43 @
S T CEYS G T e T Y

1

_ dy d’y _dy d7y
Substituting x, =1, y, =1 and | — —linto —+ 2— = 3xy gives =5
g X Yo (dxj & dr Y 8 (dx 1

2

dy d7y . . d’y
Substitutin, =1,y =1 —land | — | =5 into (1) gives | — | =-10
gx =Ly = (dxl (dle @ g (dx3l

Substituting into the form of the Taylor series form i, with x, =1, gives

y=1+(—1)(x—1)+@(x—1)2 +(_—10)(x—1)3 +...
2! 3!
=1—(x—1)+%(x—1)2 —%(x—lf +...

: L d? d ) : .
6 Differentiating a{ +2 yay +y° =1+x, twice with respect to x, gives

&y . &’y (dsz , dy
—+2 +2|—| +3y"—=1 (1
dx’ ydxz dx Y dx D

4 2
Q+2ydy+2dy(d yj+4(ﬂj(d j+3 23}6)/+6 (jﬁj =0 (2

dx’ dx’ dx | dx? dx J{ dx?
2 2
Substituting x =0, y =1 and Y =1 intod—{ + 2d—y+ y’ =1+ x gives d—{ =-2
dx dx dx dx” )

L dy d2 . . d’y
Substituting y =1,| — | =1and =—2into (1) gives | — | =0
dx J, o o dx” ),

dy d’y d3 . . dy
Substituting y =1, =1, —2 -2, =0 into (2) gives | —- | =12
dx J, dx a o dx” )

SO

So, using the Taylor series formii, y =1+ 1x + T 2

No) y:1+x—x2+%x4+...

7 a Differentiating (1+ 2x) % = x+2y° with respect to x
d’y . dy dy
1+2x)— + 2 1+4y— 1
{( . dx} Y 1)
Difterentiating (1) gives

ottt o4

:(1+2x);+4(1— N &y _y j Q)
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7 b Substituting x, =0 and y, =1 into (1+ 2x)% =x+2y° gives (%j =2()=2
0
Substituting known values into (1) gives

dy _ &yl
[dﬁ l +2(2) _1+4(1)(2):>[dx2 l 5

3

Substituting known values into (2) gives [ic—);j =4(2)* =16
0

: (dyj x(dy) X (dy
Sousing y=y,+x| — | +—|— | +—| 5| +
de ), 2!1(dx" ), 3! dx” ),

y:1+2x+ix2 L P S L S
A 3! 2 3

8 Differentiating sin x% + ycosx = y° with respect to x, gives

. d’y dy : dy dy
sinx—->-+cosx—— |[+| —ysinx+cosx— [=2y— 1
dx dx dx dx

2
) d . d
or smx—g}+2cosx—y—ysmx = 2y—y
dx dx dx

_ T : . dy ) . 1 (dy 1
Substitut =2 y=4+/2 into SINX——+ YCOSX = ves ——| — | +V2x—==2
ubstituting x, 4,y J2 into & h% y'g \/E(dxjn

NG
o(2) -5

d : .
Substituting X, :%, yO\/E , [ayj =/2 into (1) gives

T

H{22) )l ama

ks
4

2 2
So %(jx—fj +2-1=4 :(jx—fj =32
i i

o ) dy (x—x,)" (d*y
Substituting all values into y =y, + (x — x,) | +...

gives the series solution y =+/2 +/2 (x - %J i Sk
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2
9 a i Differentiating %—xz —y* =0 with respect to x, gives );—Zyd—y—Zx— 0 @
I -y . d’y d’y dJ/j
Differentiat 1 —-=2 -2 -2=0
ii Differentiating (1) gives 3 ydx2 (dx
so 40, C“_y_z(d_yjz —2 @
& ar e
. -y . d*y d’y (dyj dy (dyj d’y
b Differentiating (2) gives —2y—-2 -4 — || —1=0
e@eves o2 e ) el e

d'y Zydy 6dy d’y _0

SO —=-
dx* dx’ dx  dx?

3

¢ Substituting x, =0, y, =1, into %— x> —y* =0 gives

Substituting x, =0, y, =1, (%j =1 1into (1) gives

0

&y ¢y _
[dxz l 2(1)(1) - 2(0) = 0, so[dx l 2

dy d’y . .
Substitutin, =1, =1,| —= | =2 into (2) gives
g V= (dxjo [dle 2)g

d3_y — — 2 = Q —
[ 31) 2(1)(2) -2(1)* =2, so[ 31 8
3y

2
Substituting y, =1, [dy J =1, [%j =2 and d—3 =8 into (3) gives
0 0

0

dx
d'y) d'y) _
[dx l 2(1)(8) - 6(1)(2) =0, so[dx l 28

Substituting these values into the form of Taylor’s series form ii, gives

—1+(1)x+( )+ ® 3+@x“+...:l+x+x2+ix3+Zx“+...
2! 3' 4! 3 6
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10 Differentiating cos xd—y + ysinx + 2y’ = 0, (1) with respect to x, gives

cosx——yzﬁ—{vtycosxntw : y =0, ()

Differentiating again

3 2
3 —SInx

y dy d*y dyY
cos —ysinx+cosx—+6y" —+12y| —| =0, (3
¥ 2 T YSRE xdx Y dx’ y(dxj )
o ) ) dy dy
Substituting x, =0, y, =1 into (1) gives | — | +2(1)=0,s0 | — | =-2
dx J, dx J,

Substituting x, =0, y, =1, (jﬁj = -2 into (2) gives

0

d’y d’y
— | +1+6(1)(-2)=0,s0| —| =11
dx 0 dx 0

2
Substituting x =0, y =1, (dyj -2, &y =11 1into (3) gives
dx J, o’ o

&y _ T A I
[dﬁ j0+(1)( 2) +6(1)(11) +12(1)(=2)?, so [dﬁ jo 112

Substituting these values into the form of Taylor’s series formiii,

( 112) N
ves y=1+ 2x+
gives y (-2) T 3
y=1- 2x+12—1x —ﬁx3+

Ignoring terms in x” and higher powers, y ~1-2x+ ?xz _0

11 a We consider the differential equation:

d’y , dy
2 = 4)65 - 2y

Differentiating both sides:

3 2 2
ﬂ=4d—y+4xd—f—29=2d—y+4xﬂ

2

4 2 2 3 3
:l{:zjxfﬂjxf +dx ‘;x3_6‘;xf 4x3x);
3 3 4 3
df 6d); 4df+4df 4xdf+1odf
& AP dx dx

=

Le. p=4,9=10
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11 b Now use the initial conditions given to find:

dzy
(x H=4-1.2-2-2=4
dx?

d3
3()c )=2-2+4-1-4=20

d4
4()c )=6-4+4-1-20=104

5
j;;(x:1):10-20+4-1-104:616

Plugging this into the Taylor expansion for y(x), we see:
y(x)=2+4+2(x- 1)+ 4(x 1)* + 20(x 1)’
4, 104(x-1)* + 616(x 1)° +..
_ . 2, 10, 433
= y(x)=2+2(x-D+2(x-1)" + 3 (x-=1)

13, 1. 77, 1vs
+3(x l)+15(x 1)y +...
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