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Exercise 7C
2 3
1 a L:e’)‘_1+(—)c)+ﬂ+ﬂ+
e’ 2! 3!
2 X
=1—x+7—z+... valid for all values of x
2x 3x 2 3
p & € :e4x:1+(4x)+ﬂ+@+
e’ 21 3!
3
=1+4x+8x2+32x +... valid for all values of x
2 X
¢ e =exe"=e 1+x+7+z+..} valid for all values of x
2 3 4
d In(l-x)=(—x)- 0 E E0 e
2 3 4
=1>x>-1
Rl
=—Xx-——— - -1<x<«1
2 3 4
3 5 7
o sm(_jz(fj_(z) CI I
2 ! 5! 7!
X ¥ X x’

valid for all values of x

= - +...
2 48 3840 645120

f In(2+3x)= ln{2(1+37x} =In2 +ln(l+37xJ

3\ (3x)
=In2 +3_x_@+@+ —1<3—x<1
2 2 3 2
2 3
:ln2+3—x—9i+9i+... —%<X<%
2 8 8 3 3
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2 3 4 5

2 a 1n(1+x)=x—x—+x——x—+x——..., -1<x<1
2 3 4 5
xz x3 x4 xs
Inl-x)=—x-—-—-——-—"—- . -1<x<1
2 3 4 5
I(H—xj=ln(l+x)—ln(l—x)
2 3 4 5 2 3 4 5
X X X X X X X X
=X-——+————+— =X ==
2 3 4 5 ( 2 3 4 5 j
2 5

As x must be in both the intervals —1<x <1 and -1<x<1
this expansion requires x to be in the interval —1<x<1.

V1-x 1-x 2 1-x

1+x i
soln,[—=| x+—+—+... |, -1<x<]l.
1-x 3 5

¢ Solving (T—x) =§ gives 3+3x=2-2x

—X
S5x=-1
x=-0.2

This is a valid value of x.

So an approximation to In (%) is 2(—0.2 -

0.008 0.00032)
5

=2(-0.2-0.0026666 —0.000064)

=-0.4055 (4 d.p.) This is accurate to 4 d.p.
d In 1+_x with x:% gives Inv4 =12
—Xx

(0.6)° s (0.6)°

5
~0.687552...=0.69 (2 d.p.)

so In2 =~ 0.6 +

Use the result in b.

2 3 3
I T O €20 A €0 S S SO S S S
2! 3! 3
2 3 2 3
e’x:l—x+ﬂ+ﬂ+...:l—x+x——x—+...
2! 3!
So e —e " =~ 3x+%x2,ifterms x> and above may be neglected.
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3
4 a 3xsin2x=3x£(2x)—@+...] =6x% —4x*+...

3!
2 4
cos3x = l—@+@—... =l—2x2 +2x4—...
21 41 2

) 2
So 3xsin 2x —cos3x = 6x> —4x* +...—(1—%x2 +—7)c4 —j
+21x2 59x4+

3xsin2x—cos3x+1 21 59 ,

b 3 =————X" +terms in higher powers of x
X 2 8

3xsin2x—cos3x+1 21
As x>0, so 5 tends to —.

X

5 a ln(l+x—2x2):ln(l—x)(l+2x)zln(l—x)+ln(l+2x)

X Xt
In(l-x)=—x————"7—"- oo -I1<x <1
2 3 4
2 3 4
In(l+2x) = (2x)— 2 20 @0 Lod
2 3 4 2 2
2 8x’ 4
=2x-2x"+——4x
So ln(l+x—2x2)=ln(l—x)+ln(l+2x)
2 3 4
=x_5x +7x 7 +..., —l<x<l(smaller interval)
2 3 4 2 2

b In(9+6x+x")=In(3+x)’ =21n(3+x)=21n3(1+§J =2{m3+m(1+§}}

3

=———+—- — ..., -3<x<3
3 18 81 324
So 1n(9+6x+x2):2{1n3+1n(1+§j}
2 3 4
:21n3+2—x—x—+2i—x—+..., -3<x<3
3 9 81 162
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6 a cos2x= [1 - (2x)° + (20" - (20)° + (2x) -.. J

2! 4! 6! 8!

4 6 8
g2 A 2
3 45 315
b Using cos2x =1-2sin’ x,
2x4+4x6_2x8
3 45 315

2sin? x =1—cos2x = 2x°> —

4 6 8
Sosin? x = x° —x—+2i—x—+
3 45 315

[Alternative: write out expansion of sin x as far as term in x’, square it, and collect together
appropriate terms!]

2 3 4
X X X
In(l+x)=x——+—-"—+...
7 Ind+x) 2 3 4
)C2 )C3 )C4
x=DEe"-D=x-D| x+—+—+—+...
()()()[23!4!]
)C3 4 )C2 )C3 )C4
S IR U
2 6 2 31 4
2 )C3 )C4
=—x+—+—+—+
8
2 3 4 2 3 4
So In(l+x)+(x—D(e" ~=| x- 4 =g | v T T
2 3 4 2 3 8
_2 X .2 1
3 g P=3977%

8 a Only terms up to and including x* in the product are required, so using
3

. x .
sinx = x—?+... (next term is kx°)

and the binomial expansion of (1—x)~2, with terms up to and including x°.
(It is not necessary to use the term in x*, because it will be multiplied by expansion of sin x.)

—x)? 3
(-0 =14+ (20 + (D T+ (2 S

=1+2x+3x> +4x> +...

. 3
So (lsm);z z[x—%+..}(l+2x+3x2+4x3+...)
—X
3 4
X2 43 At o
6 3
17x° 11x*
= x+2x7+ Ix b

3
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sin x , 17x° 1Ix*
y= S =x+2x" + +
(1-x) 6 3

So % =1+4x+ higher powers of x = at the origin the gradient of tangent =1.

3
9 a (1—3x)1n(1+2x)=(1—3x)(2—2x2+%—4x4+..}

3
=(2x—2x2 vtg%—4x4+...j—(6x2 —6x° +8x% —..))

=2x—8x> wt%x3 —12x* +...

*sinx = {1+ (2x)+ (20)° + (22)° + (22)° +..}{x—x—3

2! 3! 4! 3!

45> 2x* X
142X 42X +—+ | x = +...
3 3 6
4x* o Xt
XH2X7 420+ [+ - |+
3 6 3

+2x7 +%x3+x4+...
_ 1 _
¢ Vi+xleF=(1+x*)e”

252 2 3 4
D PO Y B () (C.20 A | B WE S S A
2 2 2) 2! 2! 31 4]

+.. } [only terms up tox* ]

10a eii22 :1+[—§J+ (_%2)2 + (_%)3 + (_L;)A‘ +...

x*oxt a® xS

S D I A

28 48 384
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2 2
X X

— e
10 b Area under the curve =Le 2 dx=2joe 2 dx

X XS X7 Xg 1
2y = 4 ... Integrate the result from a.
6

40 336 3456

z2[1 l+L—L+L}

6 40 336 3456
~1.711 3d.p.)

11a epxsm3x—{l+(p)+(px) (PX) }{(3 )_%4_ }

2! 3!
3.3 3
+px+ +2E 3x—9i+...
6 2
3p*x’ 9x°
=| 3x+3px* + +.o. |+ ——+...
2 2
L3
=3x+3px2+%+

@)’ (@)’ _}

b In(l+gx)= {(qx) 5 3

2 ay.3
So e™ sin3x + In(1 + gx) — x = 3x + 3 px* +W+qx—%+q al

2 2 3

g 12, [3p" . ¢ 9.3
=Q+q)x+|3p—"—|X"+| —/—+———— |X +...
2+¢q) [p 2J [2 3 2J

Coefficient of x is zero, so ¢ = 2.
Coefficient of x* is zero, so 3p -2=0=>p=%

Coefficient of x> =2-3_2=-L 50 k——73
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12 a exflnx — ex Xeflnx — ex xe~ Usingea +b — ea ><eb

-1 Ik
=e"xx usinge"" =k
eX
x
Clnx . e’ sinx ) ) )
e’ "sinx = ,and so, using the expansions of €" and sin x,

X

XX _x
(1+x+ 5+ % +...)(x ¢ +)

f(x)=e ™ sinx = x>0

X

2 3 2
X X X
=(1l4+x+—+—+... || ]l ——+...

6

X x|, : .4
=|1+x+ 5 + s + 3 ignoring terms inx" and above.

2
X ) )
=1+x+? There is no term in x°.

0.1 .:
b f(0.1):%r110'1:1.103329...

The result in a gives an approximation for £(0.1) of 1+0.14+0.00333333 =1.103333...

which is correct to 6 s.f.

13a
y=s8in2x—-cos2x
y'=2cos2x+2sin2x
y"=-4sin2x+4cos2x=-4y
y"l:_4yl
y"":_4y":16y
b
(2x)*  (2x)°
sin2x =(2x)———+-———...
3! 5!
2 4
c0s2x=1—@+@—...
2! 41
4x> 8x l6x*
y=—-1+2x+ - -
2! 3! 41
3 4
S P S . - —2;“
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Challenge
y=0-p"

f(x)=>10+x)*
f'(x)=a(l+x)",f"(x) =a(a—1D)A+x)*7

f(x) ST Clud VNI

soy=1+(-4)prys CAACAL

1 3
=1+=p"+=p*+...
2ﬂ 8ﬂ

v 4.2¢
b p=L=20-021
C C

A= 1+%0.212 +§0.214 =1.02278 (5 d.p.)

. .2
Observed journey time is 70 =19.55 years

1
¢ y=——=1.02281(5dp.)
J1-0.212
1 , 3 4j 1
1+=021 +=0.21" |/ ————==10.999973 (6 d.p.)
( 2 8 N1-0.212

Percentage error is
_1.02281-0.999973 o
1.02281

100

=2%

d The velocity will be larger and so S =Y will be larger making
c

the error in y larger. Hence the approximation would be less accurate.

if ship 3x faster
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