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Exercise 6D

2
1 a xzjx—f+6x%+4y:0 %*

As x=¢",—=¢"=x
du
Form the chain rule d_y = d_y X E
du dx du
Loy
du dx
2
Also d—{zi(xy)
du du\ dx
2
_dx dy dy dr
du dx dx*  du
2
du dx?

Sy @

= 2
dx*  du® du 2)

Use the results (1) and (2) to change the variable in *

2
d—f—ﬂ+6d—y+4y:0
du" du du
2
e VsV 40
du du

This has auxiliary equation

m’+5m+4=0
S(m+4)(m+1)=0
1.e. m=—4or -1

.. The solution of the differential equation ¥ is

y=Ae " +Be™
But e =x
e =x"=—
X
and e4“=x’4=—4
X
4 B
y=—gt—
xT x

@ Pearson

. d d
First express x ay as — and

u
&y &y &

Yo Pad du
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2 2
As x=¢", xQ:d—y and xzd_);:d_)z/_d_y
dx du dx* du” du

(See solution to question 1 for proof this.)

Use these results to change the variable in

2
9 & b

+4y=-0.
du®  du du Y

2
% + 4% +4y=0 +
This has auxiliary equation
m +4m+4=0
(m+2)" =0
m = -2 only

The solution of the differential equation ¥ is thus

y=(A+Bu)e™
As x=¢" . e =x"=—
and u=Inx

1
y:(A+Bln)c)><x—2

@ Pearson

2 2
Use xd—y:d—yand xzd—);:d_);_d_y
du dx* du’® du

Ensure that you can prove these two results.
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2

1 c x2%+6x%+6y:0 *

’ 5 Use xd—y :j—y and
dy _dy &y &y dy !
As x:e“,x——— nd x — = 2 2
dx  du & d’ du 4y _dy &y
(See solution to question 1 for proof of this.) di” dw” du
Use these results to change the variable in =
2
P L A e
du® du  du
d’y . dy
—=+5—+6y=0
du>  du 4 f
This has auxiliary equation
m*+5m+6=0
(m+2)(m+3)=0
m=-2or -3
The solution of the differential equation t is thus
y=Ae™ +Be™"
AS x:eu’e—Zu:x—Zziz
x
—3u -3 1
and e =x"=—
x
_4. B
y x2 x3
,d? d
d ¥ =2+42_28y-0 «
de® dy dy _dy
) Use x—=— and
. dy dy dy dy dy dx  du
As X=€ ,X—=——a and x PR 2 2
dx du & du® du 24y _dy dy
Substitute these results into equation = dr’  du’ du
Ay &b e
“du? du du
SR 4 ~28y=0
du’>  du
This has auxiliary equation:
m* +3m—28=0
(m+T7)(m-4)=0
m=-7or 4

- y=Ae "+ Be* is the solution to ¥

_ 1
As x=¢", .. e "=

X

4
and e =x

A 4

+ Bx

<
Il

7
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1 e

2
2 Y o0
dx dx
2
Asx:e“,xﬁ—d—y nd x dJ; Q_d_y
dx du dx*  du? du

Substituting these results into * gives

Ey & by

&’ du du
2
ie. %—5%—14)/:0 +
This has auxiliary equation:
m* —5m—14=0
iLe. (m—-T)(m+2)=0
m="T7or -2

. The solution of the differential equation  is
y=Ae™ +Be™
But x=e“, .. e'=x

_ _ 1
and e*=x’=—

y=Ax" +—

2
X

dy+3xd—+2y 0 =
& dx

2
As x:e“,xd—y:d—y and x dJ; d_y_d_y
dx du dx*  du® du

Substitute these results into * to give:
Oy & &

+2y=0
du?  du du Y

. d’ dy S dy
Le. +2—+4+2y=0

du  du r= f
This has auxiliary equation:

m?+2m+2=0

=—1=i
The solution of the differential equation ¥ is thus
y=¢ "[Acosu+ Bsinu]

As x=¢",e"=x =—
and u=Inx

y zl[Acoslnx+Bsinlnx]
x

Use xd_y:Q and
dx d

u
Sl & @

d du? du

2
Usexd—y:d— nd x zdy &y &
dx

du dx2 du*  du

A proof of these results is given in the
book in Section 5.6
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2 a y:E implies xy =z
x

dy dz
X—+y=—
dx dx
2 2
Also xd—);+d—y+g :d—f
dx® dx dr dx

. dy dy
.. The equation x—=+(2—-4x)——-4y =0
q & ( )dx y

2

2
becomes %—4(%—)/}—4)/:0

dx
2
ic. T2 4% .
dx dx
as required.
b m’—4m=0

=>m(m—-4)=0
=>m=0or4
So general solution is

z=A+ Be*

¢ yx=A+Be"
A B 4x
> y=—+—c¢
X X

3 a y:i implies z = yx* or x’y =z

x2
, dy dz
X —+2xy=— 1
PR A ey
2 2
Also xzd—);+2xg+2xd—y+2y:d—f ?2)
dx dx dx dx

The differential equation:

2

d’y
d’y dy ( dy J _
¥ =+ 4x—+2y |+| 2x* = +4xy [+2x’y =€ "
Using the results (1) and (2)
d’z _dz

@4‘2&4‘22267){ T

as required.

@ Pearson

Find d_y and d 32/ In terms
dx dx

2
ofE and d—f
dx dx

dz d’z .
Express — and —- in terms
dx dx
dy d*y

of — and —= respectively.
dy 0 gy TOPeCVE

dy _ )
X —= 4+ 2x(x+2)—=+2(x+1)* y = e *can be written
o ( )dx (x+1)"y
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3 b This has auxiliary equation as
m*+2m+2=0

—2++/4-8
m=———
2
m=-1%1
. z=¢ "(Acosx+ Bsinx)is the complementary function
A particular integral of T is z=2xe™"
dz d’
S.—=-Xe" and —f =Ae”
dx dx

Substituting into
(A=2A+20)e " ="
r=1

So z=e"is a particular integral.
.. The general solution of t is
z=¢ (Acosx+Bsinx+1)

¢ Now z=x"y

—X

y= © - (Acosx+ Bsinx +1) is the general solution of the given differential equation.
X

.. .. dz
4 a z=sinximplies a:cosx

YV osx
dx dz
d’y d dy .
and —J; :—J;cos2 x—Lsinx
dx® dz dz
"y dy
.. The equation cosx—= +sinx———2ycos’ x=2cos’ x
dx dx
2

d’y dy

Find d_y n terms of d_y and find
dx dx

2 2
d )2/ n terms of d )2/ and d_y
dz dz

) . d
becomes cos’ X~ —cosxsinx— +cosxsinx—2 —2ycos’ x = 2¢0s’ x

-.Divide by cos’ x gives:

dzy _ 2
E—Zy—Zcos X

=2(1-z*)t [ascos’x=1-sin’ x=1-2z]
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2

4 b First solve dy—2y=0
dz

2

This has auxiliary equation
m*—2=0

m=i\/§

.. The complementary function is y = Ae’ + Be

Let y =)z’ + uz+v be a particular integral of the differential equation +

2

Then ¥ = 2z 4 and 32 =0
dz dz

Substitute into ¥
Then 20 —2(Az” + uz +v) =2(1-z%)

Compare coefficients of z°: —2A=-2 .. A=
Compare coefficients of z: —2u=0 .. wu=0
Compare constants: 2h-2v=2 .. v=0

-.Z% is the particular integral.
.. The general solution of t is
y= A + Be V> 1 22,
But z=sinx
Loy = AeV?m 4 Be 5 4 gin? x
du d°x _du  du
B T e

X=ut,—=u+t—,—5=

+
de de” de? dt  df

So the differential equation becomes
2
£ 2%+td—? —2t(u +td—uj =-2(1-2¢" )ut
de dr dt

2
f[i§—4j=o
which rearranges to give

m’ —4=0
=>m=3x2

So general solution is
u=Ae" + Be™

=x= t(Ae2’ +Be’2’)
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5 ¢ dr _ Ae* + Be ™ + t(er” + —2Be’2’)
dt

x=2att=1= Ae’+Be> =2

;ﬂ:l att=1= Ae’ +Be> +24e*> —2Be? =1
t

—=34e’—Be? =1

Adding the equations we obtain

44e* =3
=4 :i2
4e
2
and then B = 572 :Si
4e 4

so the particular solution is

2
x=t izez’ +5ie’2’
4e 4
Challenge

Cdrdr A
So the equation becomes

x%+u =12x
dx

2
u_ﬂjdu_dy

:>d—u+lu =12
X

J-idx :elnx =x

So the integrating factor is e
d

This gives —(xu ) =12x

gives ——(xu)

= xu=6x"+A4
A

=>u=6x+—
X

= y=3x"+Alnx+B
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