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Exercise 6C

2

dy dy
1 a —+524+6y=12c" (1
& y a

dx2
Lety=4e*
d—y:Aex
dx

2

Y _ e

2
Substituting into (1) gives:

Ae* +54e" +64e" =12¢"
124=12

A=1

Hence the particular integral is e*
m>+5m+6=0
(m+2)(m+3):O
m=-=2orm=-3

So the complementary function is:
y=Be ™ +Ce™

And the general solution is:
y=Be +Ce™ +¢"

b y=Be™+Ce™ +e" €))
Y_ —3Be”* —2Ce* +e*  (2)
dx

Whenx=0,y= 1 and d—y:O
dx

Substituting into (1) gives:
I=B+C+1

B=-C

Substituting into (2) gives:
0=-3B-2C+1 3)
3B+2C =1

Substituting B = —C into (3) gives:
-3C+2C=1

C=-land B=1

Therefore:

y= e L2 4ot
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dzy

2
Lety = A4e*
Y =24e™"
dx

Y e )
dx

2
fbc—f = 44>
Substituting into (1) gives:
44e” +44e* =12e*

84=12
4=2
2

Hence the particular integral is %ez“
m*+2m=0

m (m + 2) =0

m=0orm=-2

So the complementary function is:
y=B+Ce™

And the general solution is:

y=B+Ce™ +§e2x

y=B+Ce™ +%ezx 1)
dy —2x 2x

== 2Ce™ +3e 2)
dx

Whenx=0,y= 2 and d—y:6
dx
Substituting into (1) gives:
2:B+C+E
2

1
B+C=— 3
5 3

Substituting into (2) gives:

6=-2C+3
c=-2
2

Substituting C = —%into (3) gives:
3 1

2 2
3
B=2andC=-=
2

Therefore:
3 3
— 2__6—2x +_e2x
YTy 2
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2
d )2;—%—42)/:14 1)

Substituting into (1) gives:
424 =14

a=_1
3

Hence the particular integral is —%
m —m—-42=0

(m—7)(m+6) =0
m=7o0rm=—6

So the complementary function is:
y=Be ™ +Ce™

And the general solution is:

y=Be* +Ce’" —%
d_y =—6Be™ ™ +7Ce”
dx

When x =0,y = 0and

e |e
|~

0=B+C—1
3

oy
Il
| —
|
@)

2

W

=—6B+7C (3

A | =

ubstituting (2) into (3) gives:
=-6 (l -C j +7C
3

=-2+6C+7C

AN~ |+~

—
W
a

Il
oS
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2

4 9y —16sinx (1)

2

Let y=Asinx+ Bcosx

d—yzAcosx—Bsinx
d2y

—2:—Asinx—Bcosx

Substituting into (1) gives:
—Asinx—Bcosx+9(Asinx+Bcosx)=16sinx

—Asinx—Bcosx+9A4sinx+9Bcosx =16sinx
Asinx+ Bcosx =2sinx

Comparing coefficients:

For sin x:

A=2

For cos x:

B=0

Hence the particular integral is 2sin x
m>+9=0

m=13i

So the complementary function is:
y=Csin3x+ Dcos3x

And the general solution is:
y=Csin3x+ Dcos3x+2sinx

y=Csin3x+ Dcos3x+2sinx

%:3Ccos3x—3Dsin3x+2cosx

Whenx=0,y=1and d—y:8
dx

D=1

8=3C+2

Cc=2

Therefore:
y=2sin3x+cos3x+2sinx
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dzy

2

dy

5 a4 +4a+5y:sinx+4cosx 1)

Let y=Asinx+ Bcosx

d—yzAcosx—Bsinx
d2y

—2:—Asinx—Bcosx

Substituting into (1) gives:
4(—Asinx—Bcosx)+4(Acosx—Bsinx)+5(Asinx+Bcosx) =sinx+4cosx

—4Asinx—4Bcosx+4Acosx—4Bsinx+5A4sinx+5Bcosx =sinx+4cosx
Asinx—4Bsinx+4Acosx+ Bcosx=sinx+4cosx

Comparing coefficients:

sinx(A4—4B)+cosx(44+ B)=sinx+4cosx

Comparing coefficients:

For sin x:

A-4B=1 1)

For cos x:

44+ B=4 ?2)

Adding 4 X (2) and (1) gives:

174=17
A=1
B=0

Hence the particular integral is sin x
4m* +4m+5=0

x4 -43))

So the complementary function is:

1
y=e?2 (Acosx+ Bsinx)

And the general solution is:
1

et . .
y=e? (Acosx+Bsinx)+sinx
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1
5b y=e? (Acosx+Bsinx)+sinx
1

a:e 2x(—Asinx+Bcosx)+cosx—%e:Zx (Acosx+ Bsinx)

When x =0, y =0 and d—y:O
dx
A4=0
1
B+1-—A4=0
2

B=-1
Therefore:
1

-—x

y=—e 2 sinx+sinx

1
=sinx(1—e 2 J

2

6 a d—f—3%+2x=2z—3 )
det dt
Let x=At+B

dx

dt

d’x

dr’

Substituting into (1) gives:
—3A4+2(At+B)=2t-3
—3A+2At+2B=2t-3
For ¢

24=2
A=1

For constant terms:
-34+2B=-3
-3+2B=-3

B=0

Hence the particular integral is ¢

m> =3m+2=0

(m—l)(m—2) =0
m=lorm=2

So the complementary function is:
x =Ce* + De'

And the general solution is:
x=Ce" +De' +1t
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6 b x=Ce" +De +t
when r=0,x=1and whent=1,x=2
C+D=1
C=1-D 1)
Ce’ +De+1=2
Ce’+De=1 (2)
Substituting (1) into (2) gives:
(1-D)e’ +De=1

e’—De’+De=1

De(l—-e)=1-¢’
Do 1-¢?
e(l-e)
_l+e
e
co1_1te
e
_e-l-e
e
_ !
e
Therefore:

1 I+e
x=——e" +| — |e' +1
e e
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d’x
7 —-9x=10sint (1
1 Q)]

Let x=Acost+ Bsint

dx .
— =—A4sint+ Bcost
dr

d’x
ds?
Substituting into (1) gives:

—Acost—Bsint—9(Acost+ Bsint) =10sin¢

—Acost—Bsint—9A4cost—9Bsint =10sint
—10A4cost—10Bsint =10sint

For sin #:

-10B=10

B=-1

For cos #:

-104=0
A=0

Hence the particular integral is —sin ¢
m>—9=0

m=%3

So the complementary function is:
x=Ce" +De™

And the general solution is:

x=Ce" +De™ —sint

dr_ 3Ce* —3De™ —cost
dt

When t=0, x =2 and %:—1

=—Acost—Bsint

C+D=2
3C-3D-1=-1
3C-3D=0
C=D

C=land D=1
Therefore:
x=¢e'+e —sint
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2
d——4ﬂ+4x 3t (1)
d dt

¥ = /11,3 2t
;ﬂ =3%e* + 2A%e*
¢
d2
Fri 6Ate* +6At%e* +6At°e* +41’e

=6Ate™ +12A°e™ +4Ar’e™
Substituting into (1) gives:

6Ate” +121%e> + 406%™ 4(3,u2 2422 2f)+4,u3 2 = 3
6Ate” +12At%e* +40°e* —12At%e* —8Ar’e* +44'e* =

641 +1221 + 4487 =121 =88 +428° =3¢
64t =3¢
A=t

2

. . .1
Hence the particular integral is 5t3e2’

m’ —4m+4=0

(m—2)(m—2): 0

m=2

So the complementary function is:
=(A4+Bt)e’

And the general solution is:

x=(A4+Bt)e” +1t3 o
2

x=(A+Bt)e” +;t3 2’

dx

—=2(A+Bt)e + Be* +t362t+;t2 H

dt

When t=0, x =0 and %:1

A=0
24+ B =1
B=1
Therefore:

1
x=te* +—re*

= te (1+lt2)
2
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2
9 25%+36x=18 )

Let x=4

)

dt

d’x B

dr?

Substituting into (1) gives:
364=18

A=t
2

Hence the particular integral is %

25m* +36=0
, 36
m =——
25

m==+—i
So the complementary function is:
xX= Bcos(ét + Csin(étJ
5 5
And the general solution is:

x = Bcos ét +Csin ét +l
5 5 2

%:—éBsin ét +éCcos ét
dt 5 5 5 5

whent=0,x=1 and %:0.6

Therefore:

1 6 1.(6 1
X=—cCos| —t |+—smn| —¢ |+—
2 5 2 5 2
1 6 . (6
=—| cos| —t |+sin| —1¢ |+1
2 5 5
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10a if—zﬂux:zﬁ 60}
ds dr
Let x=At*+Bt+C
%:2At+B
dt
d2—x=2A
dr?

Substituting into (1) gives:
24-2(24t+B)+2(At* + Bt+C)=2¢

2A4—4At—-2B+2At> +2Bt+2C =21
For #:
24=2
A=1
For ¢:
—-4A4+2B=0
—4+2B=0
B=2
For constant terms:
24-2B+2C=0
2-4+2C=0
Cc=1
Hence the particular integral is ¢* +2¢+1
m*—2m+2=0

24 (-2) -4(1)(2)
" 2(1)

2444

2

m=1%1
So the complementary function is:
x=(Dcost+Esint)e'

And the general solution is:
x=(Dcost+Esint)e' +1* +2t+1
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10b x=(Dcost+Esint)e’ +1* +2¢+1

=(—Dsint+ Ecost)e' +(Dcost+ Esint)e’ +2¢+2

dr
whent=0,x=1 and E:3
dt
D+1=1
D=0
E+D+2=3
E=1
Therefore:
x=¢'sint+1" +2t+1
=¢ sint+(t+1)2
2
11a d—f—3d—y+2=3e2* )
dx dx
Let y = Axe®
Y_ 2Axe* + Ae**
dx
2
dy 4xe™™ +20e* +20e*

3 =
=4 xe”" +40e>"

Substituting into (1) gives:

4 xe™ +4le™ =3 (2/”txezx +2e™ ) +2Axe” =3e™

AAxe™ +42e™ —6Axe™ —31e™ +2Axe™ =3e™
A=3

Hence the particular integral is 3xe*
m*=3m+2=0

(m—l)(m—Z) =0

m=1lorm=2

So the complementary function is:

y=Ae" + Be™

And the general solution is:

y=Ae* + Be™ +3xe™”
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11b y=Ae" + Be™ +3xe™

d_y = Ae* +2Be* +3e* + 6xe™*
dx

Whenx=0,y= 0and d—y:O
dx

Substituting into (1) gives:
A+B=0
A=-B
A+2B+3=0
A+2B=-3
B=-3
A=3
Therefore:
y=3e" —3e” +3xe™
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2

d’y .
12 +9y=sin3x (1
RO 0))

2

Let y = Axcos3x+ Bxsin3x

d_y =-3A4xsin3x+3Bxcos3x+ Acos3x+ Bsin3x
d2y

—5 =-94xcos3x—9Bx sin3x—-6A4sin3x+ 6B cos3x

Substituting into (1) gives:
—9 Ax cos 3x —9Bxsin 3x —64sin 3x + 6.8 cos 3x +9( Ax cos 3x + Bxsin 3x) = sin 3x

—9A4xcos3x—9Bxsin3x—6A4sin3x+6Bcos3x+9Axcos3x+9Bxsin3x =sin3x
—6A4sin3x+6Bcos3x =sin3x

Comparing coefficients:

For sin 3x:

-64=1

a=—1
6

For cos 3x:
6B=0
B=0

Hence the particular integral is —%x cos3x

m>+9=0

m=13i

So the complementary function is:
y=Csin3x+ Dcos3x

And the general solution is:

y:Csin3x+Dcos3x—%xcos3x

d_y= 3Ccos3x—3Dsin3x—%cos3x+%xsin3x

Whenx=0,y=0and d—y:O
dx

D=0
1
3C-—=0
6
c-L
18
Therefore:

y =Lsin3x—lxcos3x
18 6
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13a if+5g+6x:2e‘t aa)

dt dr

x=Ae"’

E:—/le*’

dt

dz—x=le’t

ds’

Substituting into (1) gives:

Ae =5de" +64e =2¢e”

24=2

A=1

Hence the particular integral is e
m> +5m+6=0
(m+2)(m+3)=0
m=—-2orm=-3

So the complementary function is:
x=Ae” +Be™

And the general solution is:
x=Ae +Be” +e”

g:—2Ae’2’—3Be*3t—e*’
dt

When t=0, x =0 and %:2
A+B+1=0

A+B=-1 (1)
-2A4A-3B-1=2

—24-3B=3 (2)

Adding 2 X (1) and (2) gives:
B=-1

A=0

Therefore:

x=—e""+e”
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13b x=—-¢>"+¢"'

dr _ 3¢ —¢

dt
At a maximum % =0

dt

Therefore:

3¢ —e’' =0

3¢ =¢”

6731 B l

e’ 3

In(e?)=In Gj
_2t:1n@
(= —%mG)

=lln3
2

i —9e ' e
t

Since ¢ = l1n3
2

dz_x —éln3 —lln3
e =-9 2?2 +e?
t
3 1
— _9eln3 2 +eln3 2
31
= 9x3 2432
=—1.154..

. . . 1 . .
Since this is negative ¢ = Eln 3 is a maximum

—élnS —lln3

=-32+32
11
Bo27
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