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Chapter review 5 

1 The integrating factor is tan d ln sece e secx x x x∫ = =  
 Multiplying the equation by this factor gives: 

 

2

2

2

dsec sec tan 2sec
d

d ( sec ) 2sec
d

sec 2sec d 2 tan

2sin cos

yx y x x x
x

y x x
x

y x x x x c

y x c x

+ =

⇒ =

⇒ = = +

⇒ = +
∫

 

 
2 Rewrite the equation as 

2 2

d 5
d 1 1
y x xy
x x x
+ =

− −
 

 The integrating factor is 
121 12 22 2 2

d ln(1 ) ln(1 ) 21e e e (1 )
x x x xx x

−− − −−−∫ = = = −  
 Multiplying the equation by this factor gives: 

 

1 3 3
2 2 2

1 3
2 2

1 3
2 2

1 1
2 2

1
2

2 2 2

2 2

2 2

2 2

2

1 d 5
d(1 ) (1 ) (1 )

d 5
d (1 ) (1 )

5 d
(1 ) (1 )

5
(1 ) (1 )

So  5 (1 )

+ =
− − −

⇒ =
− −

⇒ =
− −

⇒ = +
− −

= + −

∫

y x xy
xx x x

y y x
x x x

y x x
x x
y c
x x

y c x

 

 

3 Rewrite the equation as  

 The left-hand side is the derivative of the product , so the equation is equivalent to  
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4 The integrating factor is 
1 d lne e

x xx x∫ = =  
 Multiplying the equation by this factor gives: 

 
5
2

3
2

d
d

d ( )
d

2d
5

2So  
5

yx y x x
x

xy x x
x

xy x x x x c

cy x
x

+ =

⇒ =

⇒ = = +

= +

∫
 

 

5 The integrating factor is  
 Multiplying the equation by this factor gives: 

 

2 2 2

2 2

2 2 2

2

1
2

1
2

de 2 e e
d
d (e ) e
d
e e d e

So  e

x x x

x x

x x x

x

y x y x
x

y x
x

y x x c

y c −

+ =

⇒ =

⇒ = = +

= +

∫
 

 

6 Rewrite the equation in the form 
2 2

2 2

d 2 1 2
d (1 ) (1 )
y x xy
x x x x

−
+ =

− −  

 The integrating factor is  and this simplifies as follows: 

 
1
2

1
2

1
2

2 2 2 2

2 3 3 2

3 2 2 3

2

3 2

2 1 3 1 3 1d d d
(1 ) 1

1ln( ) ln(1 ) ln(1 ) ln( )
2

(1 ) 1ln ln
( ) (1 )

x x x x xx x x
x x x x x x x

x x x x x x

x
x x x x

− − − −
= = −

− − − −

= − − + − = − − −

   −
= =     − −  

∫ ∫ ∫

 

 So the integrating factor simplifies to  

 Multiplying the equation by this factor gives: 

 

1 3 3
2 2 2

1 3
2 2

1 3 1
2 22

1
2

2

2 2 2 2

2 2

2 22

2 2

1 d 2 1 2
d(1 ) (1 ) (1 )

d 2
d (1 ) (1 )

2 2d
(1 ) (1 )(1 )

So  2 (1 ) 2 1

y x xy
xx x x x x

y x
x x x x

y x x c
x x xx

y x cx x x cx x

−
+ =

− − −

 
⇒ =  − − 

⇒ = = +
− −−

= + − = + −

∫
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7 a Given that , the integrating factor is de ea x ax− −∫ =  

  Multiplying the equation by this factor gives: 

  ( )
( ) ( )

( )

de e e e
d

d ( e ) e e
d

ee e d e

e e eSo  e e              for 

ax ax x ax

ax x ax

a x
ax a x a x

a x ax x
ax ax

y a y k
x

y k
x

ky k x c
a

k ky c c a
a a

λ

λ

λ
λ λ

λ λ

λ

λ
λ λ

− − −

− −

−
− − −

−

− =

⇒ =

⇒ = = +
−

= + = + ≠
− −

∫
 

 
 b When  

  
1

1

d ( e ) e e e e
d

e d
1

So  e e
1

− −

+
−

+

= =

⇒ = = +
+

= +
+

∫

ax x ax ax x

n
ax n

n
ax ax

y k k
x

kxy kx x c
n

kxy c
n

λ λ

 

 

8 Rewrite the equation in the form   

 The integrating factor is 
1 d cot d lnsintane e e sin

x x x xx x∫ ∫= = =  
 Multiplying both sides by this factor gives:  

  
2 21 1

2 2

dsin cos 2cos sin sin 2                                using a trigonometric identity
d

d ( sin ) sin 2
d

sin sin 2 d cos 2 sin      using cos 2 1 sin  

So  sin cosec            

yx y x x x x
x

y x x
x

y x x x x c x c x x

y x A x

+ = =

⇒ =

⇒ = = − + = − + + = −

= +
∫

1
2                                            defining A c= −

 

 
 Note that without making the simplification using , an alternative but correct 

answer is obtained. 

 
1
2

1
2

sin sin 2 d cos 2

cos 2 cosec cosec

y x x x x c

y x x c x

= = − +

⇒ = − +
∫  
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9 a 2d ln

d
yx y y x
x
+ =   

Use the transformation 1z y−= :  
2d d

d d
z yy
x x

−= −  

2d d
d d
y zy
x x
= −  

2d d
d d
y zz
x x

−= −  

1 1z y y z− −= ⇒ =  
2 2 2 2z y y z− −= ⇒ =  

Transform the equation: 
2 1 2d ln

d
zxz z z x
x

− − −− + = −  

Divide by 2xz−− : 
d ln
d

z z x
x x x
− = −   as required 

 

 b 
1 d ln 1e

x xx e
x

− −∫ = =  

Thus: 

2

1 ln

ln

dz z x
x dx x x
z xdx
x x

− = −

= −∫
 

2 1 2ln lnx xdx x x x dx− − −− = −∫ ∫  
         1 1lnx x x− −= +  
 
1 1 ln xz c
x x x

= + +  

1 lnz x cx= + +  

Since 
1z
y

=  

1
1 ln

y
x cx

=
+ +
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10 a 2 1 2z y z y− −= ⇒ =  
1 1

12 2z y z y
− −= ⇒ =  

d d2
d d

z yy
x x
=  

1
2

d 1 d
d 2 d

1 d
d2

y z
x y x

z
xz

=

=
 

The original equation is: 
1d2cos sin 0

d
yx y x y
x

−− + =  

Transform the equation: 
1 1
2 2

1
2

1 d2cos sin 0
d2

zx z x z
xz

−
× − + =  

dcos sin 1 0
d

zx z x
x
− + =  

dcos sin 1
d

zx z x
x
− = −  as required 

 
 b dcos sin 1

d
zx z x
x
− = −  

cosz x x c= − +     
 

sec secz c x x x= −  
 
 c Since z = y2 

2 sec secy c x x x= −  
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11 a yz y xz
x

= ⇒ =   

d d
d d
y zx z
x x
= +  

The original equation is: 

( )2 2 d 0
d
yx y xy
x

− − =   

Transform the equation: 

( )2 2 2 2d 0
d

zx x z x z x z
x

 − + − =  
 

( )2 d1 0
d

zz x z z
x

 − + − =  
 

( )2 d1
d

zz x z z
x

 − + =  
 

2

d
d 1

z zx z
x z
+ =

−
 

( )
2

2

2

3

2

d
d 1

1
1

  as required
1

z zx z
x z

z z z
z

z
z

= −
−
− −

=
−

=
−

 

 

 b   

2

3

1 1d dz z x
z x
−

=∫ ∫  

   3

1 1 1d d dz z x
z z x

− =∫ ∫ ∫  

2

1 ln ln
2

z x c
z

− − = +  

2

2 ln ln
2
x y x c
y x

 − − = + 
 

 

( )
2

2 ln ln ln
2
x y x x c
y

− − − = +  

2

2 ln ln ln
2
x x y x c
y

− + − = +  

2

2 ln
2
x y c
y

− − =  

2 2 22 ln 2 0x y y y c− − − =  
2 2 22 ln 2 0x y y y c+ + =  

( )2 22 ln 0x y y c+ + =  
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12 a yz y xz
x

= ⇒ =   

d d
d d
y zx z
x x
= +  

The original equation is: 
( )
( )

d
d

y x yy
x x y x

+
=

−
  

Transform the equation: 
( )
( )
( )

d
d

1
1

xz x xzzx z
x x xz x

z z
z

+
+ =

−

+
=

−

 

( )

( ) ( )

1d
d 1

1 1
1

2   as required
1

z zzx z
x z

z z z z
z

z
z

+
= −

−
+ − −

=
−

=
−

 

 
 b   

1 1d d
2

z z x
z x
−

=∫ ∫  

   
1 1 1 1d d d
2 2

z z x
z x

− =∫ ∫ ∫  

 
1 1 ln ln
2 2

z z x c− = +  

 
1 1 ln ln
2 2

y y x c
x x

   − = +   
   

 

 ln 2 ln 2y y x c
x x

 − = + 
 

 

( ) ln ln 2ln 2y y x x c
x
− − = +  

 ln ln 2ln 2y x y x c
x
+ − = +  

 
1 1ln ln

2 2 2
y y x c
x
− = +  
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13 a yz y xz
x

= ⇒ =   

d d
d d
y zx z
x x
= +  

The original equation is: 

2 2

d 3
d 3
y xy
x y x

−
=

−
  

Transform the equation: 
2

2 2 2

2

d 3
d 3

3
3

z x zz x
x x z x

z
z

−
+ =

−

= −
−

 

( )
2

2

2

3

2

d 3
d 3

3 3
3

  as required
3

z zx z
x z

z z z
z

z
z

= − −
−

− − −
=

−
−

=
−

 

 

 b   

2

3

3 d 1
d

z z
z x x
−

=
−

 

   

2

3

3 1d dz z x
z x
−

− =∫ ∫  

    3

1 1 1d 3 d dz z x
z z x

− + =∫ ∫ ∫  

2

3ln ln
2

z x c
z

− − = +  

23ln ln
2

y y x c
x x

−
   − − = +   
   

 

2

2

3ln ln ln
2

xy x x c
y

− + − = +  

2

2

3ln
2

xy c
y

− − =  

2

2

3ln
2

xy c
y

+ =  
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14 a u = x + y  ⇒ y = u – x 
d d 1
d d
y u
x x
= −  

The original equation is: 

( )( )d 1 1
d
y x y x y
x
= + + + −   

Transform the equation: 

( )( )

( )( )
2

d 1 1 1
d

1 1

1

u x u x x u x
x

u u

u

− = + − + + − −

= + −

= −

 

2d
d
u u
x
=  as required 

 
 b  2

1 d du x
u

=∫ ∫  

1 x c
u

− = +  

1 x c
u
= − −  

1u
x c

= −
+

 

1x y
x c

+ = −
+

 

1y x
x c

= − −
+

 

 
15 a 2u y x= − −   

2y u x= + +  
d d 1
d d
y u
x x
= +  

The original equation is: 

( )2d 2
d
y y x
x
= − −   

Transform the equation: 

( )( )2

2

d 1 2 2
d
u u x x
x

u

+ = + + − −

=
 

2d 1
d
u u
x
= −   as required 
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15 b  2

1 d d
1

u x
u

=
−∫ ∫  

2

1
1 1 1

A B
u u u

= +
− − +

 

( ) ( )1 1 1A u B u= + + −   
When u = −1 

12 1
2

B B− = ⇒ = −   

When u = 1 
12 1
2

A A= ⇒ =   

( ) ( )2

1 1 1
1 2 1 2 1u u u
= −

− − +
 

( ) ( )
1 1 1 1d d d
2 1 2 1

u u x
u u

− =
− +∫ ∫ ∫  

( ) ( )1 1ln 1 ln 1
2 2

u u x c− − + = +  

( ) ( )( )1 ln 1 ln 1
2

u u x c− − + = +  

1 1ln
2 1

u x c
u
−  = + + 

 

1ln
1

u x c
u
−

= +
+

 

1 e
1

xu B
u
−

=
+

 where ecB =   

2 2

2 2

1 e
1

e   where 

x

x

u B
u

A A B

−
=

+
= =

 

( ) 2

2 2

1 1 e

e e

x

x x

u u A

uA A

− = +

= +
 

2 2e 1 ex xu uA A− = +  
( )2 21 e 1 ex xu A A− = +  

2

2

1 e
1 e

x

x

Au
A

+
=

−
 

Since 2u y x= − −  
2

2

1 e2
1 e

x

x

Ay x
A

+
− − =

−
 

2

2

1 e2
1 e

x

x

Ay x
A

+
= + +

−
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16 a 2u v−=   
1
2u v

−
=  

3
2d 1 d

d 2 d
v uu
t t

−
= −  

The original equation is: 
3 3d 2

d
vt v t v
t
+ =   

Transform the equation: 
3 1 3

32 2 21 d 2
2 d

ut u u t u
t

− − − 
− + = 
 

 

31 d 2
2 d

ut u t
t

− + =  

2d 2 4
d
u u t
t t
− = −  as required 
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16 b 
12 d 2In

2

1e
t tt e

t
− −∫ = =   

2 4u t c
t
= − +  

 
( )2 4u t c t= −  

Since 2u v −=  
( )

( )

2 2

2
2

4
1

4

v t c t

v
t c t

− = −

=
−

 

( )2

1
4

v
t c t

=
−

  

When t =1, 1
2

v =  

( )
1 1
2 4c
=

−
 

4 2c − =  
4 4c − =   

c = 8 
So: 

( )2

1
8 4

v
t t

=
−

 

( )

( )

( )

2

1
4 2

1 1
2 2

1
2 2

t t

t t

t t

=
−

=
−

=
−

 


