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Chapter review 5

. . . tan x dx |
1 The integrating factor is ej =e Y =secx

Multiplying the equation by this factor gives:
secxd—y+ysecxtanx =2sec’ x
dx
= i( secx) = 2sec’ x
I y

:>ysecx=J-ZSeczxdx=2tanx+c

= y=2sinx+ccosx

V=

2 Rewrite the equation as d_y+ X o X
dx 1-x 1-x

X

. : NN Pt Y2 L
The integrating factor is e == =g 2" ) =™ = (1—x?)"

Multiplying the equation by this factor gives:

1 dy X 5x
T+ TV = 3
(I-x?)dv (1-x")'"  (1-x7)
:>d_y y - S5x i
de (1-x%)"  (1-x%)
= z T :J‘ > 3
(1-x7) “(1-x7)
= z = > Tt¢
(1-x7) (1-x7)
So y=5+c(l-x%)
d

3 Rewrite the equation as xay +y=—x
The left-hand side is the derivative of the product xy, so the equation is equivalent to

< ()=x

2

:)xy=—-|.xdx=—xz+c

x ¢
Soy=—"14-—
Y 2 x
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4 The integrating factoris ¢'* =e"™* =x
Multiplying the equation by this factor gives:

dy

=y =xlx

xdx y=xvx

:i(x)—x«/;
& 3%

=Xy = Ix\/—dx

N\m

mll\.)

So y:zx%+£
5 X

2

5 The integrating factor is eI 2 _ e’
Multiplying the equation by this factor gives:

2 d 2 2
e” Ly oxe” y=xe"
d 2 2
=—(e" y)=xe

dx( »)

2 2 2
:>e"y:.|.xe’“ dx=1e" +c

2
So y=1+ce”

dy 2x*-1 2x°

6 Rewrite the equation in the form —+

A x1-x%)" (-2

2221
x(1-x%)

The integrating factor is ¢

3x? —1 X
dx = dx
-[ l—x2

2x* -1 3x7 —1-x7
J‘x(l—x) _I -x

= —ln(x—x3)+%ln(l—x2) =In(1-x*)" —In(x—x°)

(1 x3)? I 1 1
(x—x%) x(1-x*)?
So the integrating factor simplifies to 1 .

x(1-x*)
Multiplying the equation by this factor gives:

1 dy 2x% -1 2x
Tt V= 3
x(1-x*) dx  x*(1-x%)? (1-x%)?

d y 2x
= T | = 3
dx{x(l—xz)zJ (1-x)?

=

y 1 :J. 3 dx: 2 1
x(1-x%)? (1-x%)? (1-x°)
So y= 2x+cx(1—x2)% =2x+cxyl—x7

+c

and this simplifies as follows:
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7 a Given that ay— ay = kek, the integrating factor is 6:j e

Multiplying the equation by this factor gives:

e ™ b_ ae ™y = ke™e ™
dx

d _ P
= —(ve ) =keMe™™
dx(y )

1—

fet ~ 4 RESEO
A—a

ke(/l - a)xeax kelx

ax ax

So y=———+ce” = +ce
A-a A-a

:ye_”:J.ke(i_”)xdxz +c

forA#a

b When ((x)=kx"e™
d —ax Ax _ax _—ax Ax
—(ye =ke™e“e ™ =ke
dx(y )

kxn+1

n+l

= ye ¥ = Ikx”dx = +c

n+1

So y= e™ +ce™

n+l

d
8 Rewrite the equation in the form el + Y _ 2cosx

fanx
. . . J.;dx J.cotxdx si
The integrating factor is ¢’ = =e =e"™"™ =sinx
Multiplying both sides by this factor gives:

sin xa + ycosx =2cosxsinx =sin2x using a trigonometric identity
d : :

= —(ysinx) =sin2x
dx

= ysinx = .[sin2xdx =—1lcos2x+c=—L+sin’x+c using cos2x=1-sin’x

So y =sinx+ Acosecx defining 4 =c—+

Note that without making the simplification using cos2x —1—sin? x, an alternative but correct
answer is obtained.

ysinx:J'sin2xdx=—%cos2x+c

=> y = —3C08 2X COSEC X + C COSEC X
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dy
9 a — 4+ py= 2]
X i y=y Inx

. -1
Use the transformation Z=) :

&z Ldy
& d
dy , dz
P dx
d_y—_272£
dx dx
z:y_1:>y:z_1

;2 :y—z :>y2 _
Transform the equation:

1

—xz?—=4z'=—27Inx
dx

Divide by —xz7:

dz =z In x .
—_Z-_"7 asrequired

dx x X

Thus:
ldz =z 3 Inx

xdx ¥  x
izj_ln_xdx

X X

J‘—x_z In xdx =x"" lnx—Ix_zdx

=x'lInx+x"

1 1 Inx
—z=—+—+c
x x X

z=l+Inx+cx
1

Since z=—
Y
1

y_l+lnx+cx
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102 Z=y22>271=y72

The original equation is:
dy . -1
2cosx——ysinx+ =0
dx Y Y

Transform the equation:
1 1

1 = -
2c0sx><—1——z2 sinx+z 2=0

222

cosx——zsinx+1=0
dx

cos xa —zsinx =—1 as required

b cosxg—zsinxz—l
dx

ZCOSX=—Xx+¢C
Z=CSeCx—XxSeCx

¢ Since z =)?

2
y" =csecx—xsecx
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The original equation is:

(x2 —yz)%—xy=0

Transform the equation:

(x2 —xzzz){x%+z}—xzz =0
dx

(1—22){x%+z}—z =0

(1—22)[x%+2} =z

dz z
X—+z=
dx 1-z2
dz z
xX—= ~—
dx 1-z
Z—Z(l—Zz)
a 1-2°
Z3

1-2° 1
e P
1 1 1
[ o] de=[—dx

1

2z

2
a 5 —ln(lJ:lnx+c
2y X

2

2y2

2

—Inz=lnx+c¢

2

—(Iny—-Inx)=Inx+c

~+Inx—Iny=Inx+c

2
2y°
~x' =2y’ Iny-2yc=0

-lny=c

X +2y"Iny+2y°c=0
X +2y*(Iny+c)=0
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12a z:Z:>y=xz

X
_ L,
dx  dx
The original equation is:
d_y:y(x+y)

dx x(y—x)
Transform the equation:
dz xz(x+xz)
X—+z=——2

x(xz—x)
_Z(Z+1)
oz
xkz Z(Z+1)_Z
dx z—1

z z+1)—z(z—1)

- z—1

_ as required
z—

~1 |
b Izzz dz=j;dx

1 1¢1 1
P2 by el el

1 1
—z ——Inz=Inx+c¢
2 2

l(l) —lln(l):lnx+c
2\ x 2 \x

2 —ln(lj:ZInx+2c
X X

2 —(lny—lnx)=2lnx+2c
x

2 +Inx—Iny=2Inx+2c
X

A —llnyzllnx+c
2x 2 2
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The original equation is:
dy = 3wy
dx  y*-3x°
Transform the equation:
dz -3x’z
X = T
xz"=3x
3z
-3
dz 3z
X—=-—
dx z* -3
—3z—-z (22 - 3)

z2 -3

—Zz

z .
= 3 as required

—Inz- 32=1nx+c
2z
3 -2
—ln(lj——(lj =lnx+c
x) 2\x
2
—Iny+lnx——=Inx+c
3x?
—lny—2 s =c
2
Iny+—=c
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15a

U=x+y >y=u-—-x
b _du_
dx dx

The original equation is:
dy
—=(x+y+1)(x+y-1
3= vty =)
Transform the equation:

%—1:(x+u—x+l)(x+u—x—l)

=(u+1)(u—1)
=u’ -1

du _ 2 as required
dx

1
Iu—zduzjdx
——=x+c

u
1
—=-Xx-c
u
1
u=—
x+c
1
X+y=-—
x+c
1
=— -X
x+c
Uu=y—x—2
y=u+x+2
d—yzd—u+1
dx dx

The original equation is:
dy 2

= (y—x—-2

- mx-2)
Transform the equation:

%+1:((u+x+2)—x—2)2

2
=Uu

du _ u®> —1 as required
dx
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15b Iu;;lduzjdx
1 A B

u’—1 :u—l u+1
1:A(u+1)+B(u—1)
When u = -1
—ZB=1:>B=—l
2
When u =1
24=1= A=+
2
11
w-1 2(u-1) 2(u+1)
1 1 1 1
N du—— du = [ dx
2J(M—D u 2J(u+n “=]

%ln(u—l)—%ln(u+l):x+c

%(ln(u—l)—ln(u+l)):x+c

1 (u—lj
—In| — [=x+c
2 \u+l

u—1 .
—— =Be¢" where B=e¢¢
u+l

u—1 _ B>

+
—

u
= Ae** where A = B*
u—1=(u+1)Aez"
=ude™ + 4e™
u—ude®™ =1+ Ae**
L41—Ae“)=1+Ae“
1+ 4e™
u= 2x
1-A4e”
Since u=y—x—-2
1+ Ae™
2= >
1-Ae™
1+ Ae™
1— Ae™

y-x-

y=x+2+
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16a u=v"?
1

u 7§= 1%

dv 1 % du

—_— = -

dd 2 dt

The original equation is:

dv
f—+v =2
dt

Transform the equation:

_3 1 _3
t|:—lu 2%}4%{ 2=2Fu 2
2 t
—ltd—u+u =2r
dr
d_“_z_“:_4¢2 as required
dt ¢t

Solution Bank
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16b €
=

u=t*(c—41)

Since u =v~>

v?=1(c—4t)
; 1

£ (c—4t)

1

Whent=1, y=—

2

2

v
v

N | =

o

—4

n o o
Il
o B

0.

1
TN (8- 4)

1
“2r\(2-1)
N S
2t\J(2—1)
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