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Exercise 5B

1 a xﬂnty:cosx
dx

d d dy
=— =cos as — =x—+y from the product rule
dx(xy) x ™ (xy)=x o p

:>xy=_[cosdx=sinx+c

I . c
So y=—sinx+—
X X

dy
b e*——-e'y=uxe
dr y

d _ d _ Ldy
=—(e"y)=xe" as —(e'y)=e*—=——¢e "y from the product rule
dx( y)=x dx( ») & y produ

=e'y= J‘ xe'dx = xe* — J‘ e'dx using integration by parts formula (with u =x,v=e¢")
=xe'—e" +c¢

So y=xe —e* +ce” multiplying both sides by e

c sinx2+ycosx=3
dx

d ) d ) . dy
= —(ysinx)=3 as — (ysinx) =sinx—=+ ycosx from the product rule
™ (ysinx) ™ (ysinx) R p

:>ysinx=j3 dx
= ysinx=3x+c
3x
. + .
sinx sinx

So y= =3xcosec x + ccosec x

1 1 Idy 1
=—|—y|=¢" as —| —y |=————1y from the product rule
( yj dx (x yj xdx ¥’ 4 P

So y=xe" +cx
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1 e Simplify the left-hand side by noting that from the product and chain rules

d d(e y)
a( x’e’)=x’ +2xe” the product rule
y
x? d(e dee) dy + 2xe” the chain rule
dy
= x%e’ dy +2xe”
dx
So x’e’ = & + 2xe” —x:%(xzey):x

2
, X
= x’e’ =J.x dx=7+c

[S—
[

So y=In —+—j

d : :
= . 2xy7)=x us ing the product and chain rules

=)y =—x+—
YT Tax
c
So y=44|—x*+—
4 2x
L dy : : o JPeoar  farar o
2 a The equation is in the form 5+P(x) v =0(x), so the integrating factor is e =e =e

Multiplying the equation by this factor gives:
e” d_y+ e” 2xy =1
dx

d >

=— (" )=1
&0

:>ye"2 =J.1dx=x+c

x+c 2 2
So y=—5—=xe" +ce "
X
e

b As x > o, e becomes much larger than x; therefore, y — 0.
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3 a xzd—y+2xy=2x+1
dx

d ,
-~ —2x+1
] (x"y)=2x

:>x2y=.|.(2x+l)dx
=x’y=x"+x+c

1
Soy:1+—+i2
X X

b When x=—1,y=0, 1-24+4c=0=>4c=1=c=7

1
Soy=1+—+—~
4 4x°
When x=-4,y=3, 1-2+4c=3=4c=4=c=1
Soy:1+l+i2
X X
When x=—7, y=19, 1-2+4c=19=4c=20=c=5
Soy:1+l+i2
X X

The curves have a horizontal asymptote at y =1 and a vertical asymptote at x =0
1 1
When y = 1,—+%=0:>x=—c. When y =0, x*+x+c=0. There are no real roots forc>Z.
X x
So a sketch of the three curves for x <0 is

4
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4 a hx—+=—=———
dx (x+D(x+2)

1
(x+1D)(x+2)
1
(x+D(x+2)

=I[(x+2)_(x+l)jdx=j(L— 1 jdx
(x+D(x+2) x+1 x+2
=In(x+1)-In(x+2)+1In 4
rlA(x+l)
_In(x+1D)-In(x+2)+In4 _ (x+2)
B In x ~ Inx

dv y 1
X

dy y

d d )
= —(ylnx)= as — (ylnx) =lnx—= +< using the product rule
dx(y x) dx(y x) X o+ using the produ

:ylnx:j

So y

In; 4)
In2
So In24)=2In2=1n4

:>%A:4:>A:%

b When x=2, y=2, 2=

In 16(x+1)
3(x+2)

So the solution is y =
Inx

. . . 2dx
5 a The integrating factor is eI =e™

Multiplying the equation by this factor gives:

d
er_y+262xy — erex

d
:>_(62xy)=63x

dx

2x ., 3x 1 53
=e y—_[e dx=1e"+c
So y=1le'+ce™

jcotxdx Insinx

b The integrating factor is e e =sinx

Multiplying the equation by this factor gives:
. dy .
sinx——+ ycosx =sinx
dx
= i( sinx) =sinx
I y

= ysinx = Isinxdx= —cosx+c

So y=-—cotx+ccosecx
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Isinx dx

—cosx
=€

5 c¢ The integrating factor is e
Multiplying the equation by this factor gives:

—COosXx —COSX *COSXeCOSX

d .
e " —+ ysinxe =e
dx

d
:_ —COSX — 1
& (ye™™™)

—COsS X

= ye =x+c

cosx Cosx

So y=xe™" +ce

) ) e
d The integrating factor is e =e <
Multiplying the equation by this factor gives:
e Y
dx

2x —x

—ye '=e""e

d -Xx X
=—((e)=¢

)
:>ye”‘=_[e"dx=e"+c
So y=e> +ce*

J-tanxdx _ lnsecx

e The integrating factor is e e =secx

Multiplying the equation by this factor gives:
d
secxayvtysecxtanx = X COSXSECX
= i( secx)=Xx
&r y
= ysecx ='[x dx=1x*+c
So y= (%x2 +c) COS X
fre

Multiplying the equation by this factor gives:

f The integrating factoris e~ =e" =x

dy X
—~ t+y=—
xdx Y x°
d 1
= =—
] (xy) .

:>xy=.[%dx=ln|x|+c

So y=lln|x|+£
x X

Note that P(x) =—1 and the minus

sign is important.
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5 g Divide both sides by x” to get an equation in the form %+P(x) ¥ =0(x). This gives:
1 __x
dx xy x+2 @

1 1
IWCLV w P |

The integrating factoris ¢’ * =¢ " =¢ *=—

x
Multiplying equation (1) by this factor gives:
1 1 _ 1
xdr x° 4 x+2

=Ly o[ n(x+2)+c
X x+2

So y=xIn(x+2)+cx

h Divide both sides by x* to get an equation in the form ay + P(x)y = Q(x). This gives:

dy 1 1
—+—y== 1
e 3x0 3 0
. . . _I‘LCLr linx 1 % 1
The integrating factoris e’3* =¢’ =e"" =x°

Multiplying equation (1) by X gives:

1
So y=—x+cx
Y

i Dividing both sides by (x + 2) gives:
d 1
- y=1 (1)

jzdx CIn(x+2 1“%
(42) " gontesd) 2

The integrating factor is e

Multiplying equation (1) by the integrating factor:

Ly 11
x+2)dr (x+277  (x+2)
df 1 I
=— y|=
dx{(x+2) } 2

I

I
= = dx =In(x+2)+
x+2)" Ix+2 nx+2)re

So y=(x+2)In(x+2)+c(x+2)
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5 j Dividing both sides by x gives:

dy 4 e
TAy=s (1)

dx x X

J-ﬂdx 4
4Inx Inx 4
=g =e" =x

The integrating factor is e
Multiplying equation (1) by the integrating factor:

x4d—y+4x3y:xe"

d .
= —(x*y)=xe
dx
Integrating xe™ using
integration by parts

:>x4y='[xexdx=xex—'[e"dx=xe"—e"+c R

1 . 1 . c
Soy=—e ——¢ +—
x x x

6 Dividing both sides by x gives:

2
. . . —dx 2
The integrating factor is eI" = =l = x?

Multiplying equation (1) by x>
x° Y, 2xy = xe*

= i(xzy) = xe”

dx
2 X x x X X
=X y='[xe dx = xe —'[e dx=xe" —e" +c
1 1
So y=—¢" ——2e“‘+i2
x X X
Giventhat y=1whenx=1, thenl=e—e+c=c=1
: . 1 1
So the required equationis y=—¢"——¢e' +—
X X X
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7 Dividing both sides by x° gives:

dy 1 1
= = 1
drx x Y X D
— ldv Cnx lnl 1
The integrating factoris € °* =¢ =~ =¢ * = -

Multiplying equation (1) by 1
x

ldy 1 1
rar ¥
df1) 1
¥
ly:J‘idx:j)f“d)c:——x3+c
X x*
1 1
Soy=——x"+ax=——"F+cx
3x

1 4
But y =1 when x =1, SOIZ—E-{-c:c:E

So the required equation is y = —— +ﬂ
3x 3

8 a Dividing both sides by (x + lj gives:
X

2 2
d + 2 y= 20 +1) , which simplifies to
dx (x+§) (X+%)
dy 2x 2
= 4 xy=2x(x"+1 1
dx  x’+1 Y ( ) M

2x
. . . Pa e 2
The integrating factoris € * " =e"" ' =(x"+1)

Multiplying equation (1) by (x* +1)
(x> + l)d—y +2xy =2x(x* +1)

dx
= %((x2 + l)y) =2x(x* +1)

Y +1) = [ 2x(x" +1) dx = %(x2 +1y +c

c
(x> +1)

So y=%(x2+1)2+

1 1 2
b Given that y =1 when x = 1, then 1=§X4+EC:C=_§

2
3(x* +1)

. . 1
So the required equation is y = E(x2 +1)°
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9 a Dividing both sides by cosx gives:

dy
—+ ysecx =secx 1
b )]

Using the standard result ISGCXdX =In(secx +tanx) | (you will not be expected to prove this result)

. . . secxdx
the integrating factor is ej = "o — gec x + tan x

Multiplying equation (1) by this factor gives:
d
(secx +tan x)ay +(sec’ x+secxtan x)y =sec’ x +sec x tan x
d >
= a((secxvL tan x)y) =sec’ x +sec x tan x
= (secx+tanx)y = '[secz x+secxtan xdx =tan x +secx+c¢

So y=1+
secx+tanx

b Given that y =2 whenx =0, then 2=1+——=c=1

1+0
1
Soy=1+————
secx +tanx
o ) CoS X
Dividing top and bottom by cos x gives y =1+ -
I+sinx

10 a Dividing both sides by cos x gives
dy
—+ ytanx =secx 1
K (1)

Jtanx & Infecx]

The integrating factor is e e =secx

Multiply both sides of equation (1) by sec x
SCC)CQ-F)/ tan x = sec” x
dx
i( secx) =sec’ x
I Y

:>ysecx=_|‘sec2x dx
= ysecx=tanx+c

= y=sinx+ccosx

b Given that y =3 when x =mn, then 3=sinn+ccost=0—c=c=-3.
So the particular solution is y =sinx —3cosx

10¢ Ifx=g,theny:sing-i—ccosg:chO:l for any value of ¢
. ) 3n . 3m 3n
Similarly if x=7, theny:s1n7+ccos7:—l+cx0:—l for any value of ¢

So {E, 1} and {3_71, — 1} lie on all solution curves.
2 2
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dy b
11 Dividing by a gives Y, —y=0
dx a

[Pa B
The integrating factoris e’« =e*
Multiplying by this factor gives

bx bx

bx
=e‘y=c

bx

So the general solutionis y =ce *
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