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Chapter review 3

1 a We have ¢ =cos@+isin @ hence
%(ei‘g +e ) =1(cos@+isin @+ cos(—0) +isin(—0)) = %(cos @ +isin @ +cos @ —isin @) = cos &
Where we have used the fact that
cos & =cos(—0)

sin @ = —sin(—-0)
b We have

cos Acos B :%(em e )x%(ew n e—iB) _ %(ei(AJrB) " ei(A—B) " ei(B—A) " e—i(AJrB))

:%(COS(A+B)+isin(A+B)+cos(A—B)+isin(A—B)+cos(B—A)+isin(B—A)+cos(—(A+B))+isin(—(A+B)))
cos( A+ B)+cos(A-B)
2

:%(2COS(A+B)+2COS(A_B)):

2 We want to prove by induction that if z =r(cos @ +isin &) then for all n €[]

" =" (cos n@+isin n@) clearly the base case n =11s true, now assume the statement is
true for n =k then we have

K+l k . k . K+l . .
2" =zxz" =r(cos@+isin@)xr* (cos k@ +isin k@) =r""' (cos @ +isin @) (cos kO +isin k0)

= (cos@cos k6 —sin k@sin 6 +i(cos Osin k& + cos kO sin 0))
=" (cos(k+1)0+isin(k +1)0)

Hence the statement is true for n =k +1, this completes the induction.

3 (cos3x+isin3x)’

COS X —isinx
_ (cos3x+isin3x)’

cos(—x) +1isin(—x)

cos 6x +1sin 6x

- cos(—x) +1sin(—x)

= cos(6x ——x) +1sin(6x — —x)

=cos7x+1isin7x
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4 a (-1+i)°
If z=-1+1,then

YA
z(-1, 1)
|

|
I
11
I
I
|

r=y(=1?+1> =2
T 3m

0 =argz=m—tan" 1 —p——=2
1 4 4

So,—1+1= \/E(COS?ZTR-F isin%j

s (-1+1) = {\/5 (cos?)—n + isin3—nﬂ
4 4

=\2)* (cos%+isin%j

=16(cos6m +1sin 67)
=16(1+i(0))
Therefore, (—1+1)° =16
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Let z:l—li, then
2 2

YA

Therefore, —— =256
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5 a z=cos@+isind

z" =(cos@+isind)™"
de Moivre’s Theorem.

=cosn@+isinnd

RS =z " =(cos@+isinH)"

n

de Moivre’s Theorem.

=cos(—n#)+isin(—n )

=cosnf—isinnd cos(—nf) = cosn @

sin(—nf) =—sinnf

1 .. ..
Therefore z" +—n:cosn6’+1s1nn6’+c0sn¢9—1s1nn¢9
zZ

) 1 )
Le. z"+—=2cosn6 (as required)
zZ

b (zz +i2j =(z") +°C (z*)’ (izjﬁcz (zz)(izj +(i2j
z z z z
=z +3z2" (izj +32° (%j + (iéj
z z z

1

3
=z° 4327 + S+ —
z z

:(zé +Zi6j :3(22 +Z—12j
=2co0s66+3(2)cos26
=2co0s66+ 6cos 26

3
Hence, (zz +i2j =2c0s66+6c0s26
z

z

3
¢ (zz+i2) =(2c0s260)’ =8c0s’ 260 =2c0s68+6co0s26

508’20 =2cos60+Lcos20
Hence, cos’260 =1cos60+3cos26

— 1 _3
So a—z,b—z
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5 d j06c05329d9=I§%COS69+%C°S29‘19

7

a

1 3. T
=|—sin68+-—sin2 6
24 8

0

1 . 3. (= 1 . 3.
=|—sinn+—sin| — | |—| —sin0+—sin0
24 8 3 24 8
1 3(3
= —(0)+=| — | |—(0
NG
=—+/3
16
§ o 3 3
So, _[0 cos 26’d0:E\/§and k:E

We wish to show that cos’ @ = (cos56 +5cos30 +10cos )

Starting with cos@ =1(e" + e*i‘g) we have
cos’ 0 = é(el‘g + eﬂ‘g) = 3—‘2(e5“9 +5e*? +10e' +10e7 +5¢7 + e’s“g)

=(2c0s50 +10cos30+20cos @) =& (cos 50 +5cos 30 +10cos 6)

The area of the region is given by the integral

z z

2 2

J. cos’ xdx = 2I cos’ xdx
0

z
2

Using the first part of the question, this is equivalent to

)
j%(cosSx+5cos3x+lOcosx)dx
0
>
= l(lsinS)c+§sin3x+105inx) =l(lsn—+—sm—+10 n£)=l(l—§ O)=E
8\5 3 , 8\5 2 53 15

a We have sin8 = i(ei‘g —e? ) so that

21

. . . 6
sin® 0 =—-4(e’ e “g)

(=)

(eéia_66419+156219_20+lsezia_6e4ia+eéia)

=—2(2cos60 —12cos 460 +30cos 20 —20) = —35(cos 60 — 6cos 40 +15cos 20 —10)

D=
2|
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7 b Let a= g — @then recall that we have cosa = sin @ hence we have

cos® o =sin® @ = —3%(00566’—600546’+15 cos260-10)

=—i 0056(2—0:)—60054(2—aj+150052(£—aj—10
32 2 2 2

= —3%(005(371—605)—6cos(2n—4a)+15005(n—a)—10)

1 1
= —3—2(—cos6a—6cos4a —15cosa —-10) =3—2(cos6a+6cos4a+15 cosa +10)

¢ We have I: (cos® @ +sin® §)d6 = i—g using the previous two parts we can evaluate the integral as
a . a 1 1 . a
.[ (cos® @ +sin® #)dé = .[ — (1208460 +20)d6 = —[3sin 46 + 206
0 032 32 0

=i(3sin4a +20a)
32
Hence we require 3sin4a+20a =57 and observe that a = % solves this and this is the only
Solution since the function 3sin4a + 20a is increasing.
8 Let z=¢' then we have
) 1 - 1 .. 6 .. 6
sin60 =—(z°-z"°)=—((cos@+isin@) —(cos&—isin O
(= =)= ) = ( ')

When we expand the right hand side the only terms that survive are odd powers of sin hence we
get

= %(12i cos’ @sin @ —40i cos® @sin’+12icos Gsin’ 6?)
i
=6cos’ Bsin @ —20cos’ Asin’ + 6cos sin’ &

=2sinfcos 6?(3 cos* @—10cos” Osin’ @+ 3sin* 6?)
=sin 29(3 cos* @ —10cos” Asin® @+ 3sin* 6’)
=sin26|(3cos* @ —10cos> H(l—cos2 9)+3(1—cos2 6’)2)

=sin26’(3cos4 6 —-10cos’ 6’(1—0052 6’)+3(1—2cos2 6 + cos* 6’))
=sin20(16cos’ 0~ 16cos’ 6+ 3)
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9 a Let z=¢'" then we have

1 _ 1 .. 5 .. 5
005549:5(25+z 5)=Z((c050+1sm¢9) +(cos@—isin ) )

Now note the only terms that survive are even powers of sin so this becomes

1 _ 1 .. 5 .. 5
00550=3(25+z S)ZZ((COSGHSIHG) +(cos @ —isin6) )

= %(2i cos’ @ —20icos® @sin® @ +10icos fsin* 9)
i

=cos’ @—10cos’ @sin* +5cosfsin* &
=Cos 0(0054 6 —10cos’ @sin’ @+ 5sin* 0)
= 0050(0054 6 —10cos’ H(l—cos2 0)+5(1—cos2 0)2)
0050(0054 6 —10cos* 8 +10cos* H+5(1—2cos2 6 + cos’ 0))
cosH(l6cos4 6 —20cos’ 0+5)
b Now consider the equation
16x° —20x° +5x+1=0
We make the substitution x = cos @ so the equation becomes

16cos’ @—20cos’ 6 +5cos@ =—1
i.e. cos5@ =—1for which the general solution is 58 = n + 2kn for k € R we take 5 different

values of &
6=1
5
3n
0, = 5
0, =
Tn
04 = ?
O
0, = 5
Let x, = cos & so
%, =cos %=1 +4‘B ~0.809

37 1—\/3

x, =cos— =————=-0.309
5 4

X, =cosm=-1

N

X, = cos7—7I 1= -0.309
5 4

on 1+\/§
4

X5 =COS— =

=0.809

Now we only have 3 distinct solutions so we still have to check this is all solutions, factorising
out x+1gives

16x° —20x° +5x+1=(x+1)(42° ~2x 1) =0
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9 b (Continued)

10a

11a

And observe that

e e R

In other words the 3 distinct roots that we have obtained completely factorise the equation and

so these three solutions are the only solutions.

1++/5 1—\6_

Hence the three solutions are given by —1, 2 = O.809,T =

» .. ) 1 _
Let z=¢"Y =cos@+isiné then s1n¢9:?(z—z 1)so we have
i

sin’ @ =L.(z—zfl)5 =L.(z5 —522 +10z-10z"" +5z2"° —275)
32i 321

21

We wish to solve
sin50—5sin36+9sind =0
Which we can rearrange to give
sin56@—5sin360 +10sin @ =sin @
So 16sin’ @ =sin @

—-0.309

:L_(ZisinS@—lOisin30+20isin9) =%(sin59—55in39+10sin9)

So we either have sin @ = 0 in which case @ =0or 16sin* @ =1hence sind =+1and

. T 51
on 0< @ < mthe solutions correspond to 8 = —,?

(cos@+isinf)’ = cos50 +isin560

= cos’ 8 +°C, cos* O(isin §) +°C, cos’ O(isin 0)

de Moivre’s Theorem.

+°C, cos® O(isin 0)° +°C, cos® O(isin )" + (isin 9)’

=cos’ 8+ 5icos” Osin @ +10i* cos’ Gsin* 0

+10i’ cos? @sin® @ + 5i* cos@sin* @ +1i’ sin” @

Hence,
cos50+isin58 =cos’ @+ 5icos’ @sin@—10cos’ Osin 9

~10icos’ @sin’ @+ 5cosPsin* @ +isin’ 6
Equating the real parts gives,

cos56 =cos’ @—10cos’ sin*  +5cosfsin” O

= cos@(cos* @ —10cos’ @sin” @ + Ssin* )

Binomial expansion.

=cos@(cos* 6 —10cos” (1 —cos’ @) +5(1—cos )°) «—————— Applying

=cos@(cos* @ —10cos’ @+10cos* @+ 5(1—2cos’ @ +cos* H)) sin? @ =1-cos’ 6.

= cos(cos* @ —10cos* @ +10cos* @ +5—10cos’ &+ 5cos” 6)

=cos@(16cos* @ —20cos” @+ 5)
Hence, cos50 =cos@(16cos* @—20cos” @+5) (as required)

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



INTERNATIONAL A LEVEL

Further Pure Maths 2 Solution Bank @) Pearson
11b cos560=0

T
a=—
2

p—J® 3m 5n Tn In
107107101010
p={ L 3% % Tn O] fro<h<n
10 10 10 10 10
cos50=0=cos@(16cos* §—20cos’ +5)=0

Five solutions must come from: cos@(16cos* —20cos* §+5)=0
Solution (1) cos@ =0

a=—
2

For 0<@<, 0 zg (as found earlier)

The final 4 solutions come from: 16cos* @—20cos’ 8+5=0
+ 20 \J400=4(16)5)
32
20++/400-320
32
20++/80
32
20441645
3R
20445
Y
5++/5

8

COS

0s’ 0=
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11 b (Continued)

y

<Y

Due to symmetry and as cos (%j > cos (3—j

[ ® ,( 9w ,( 3m (T
cos”| — |=cos"| — |>cos"| — |=cos” | —
10 10 10 10

5-45 2(7%) 5-4/5 2(9%) 5++/5
, COS ,Co8" | — | =

10 8

12a Let z=¢" = cos@+isin @ then we have

. l( 3_2*3) s . V3 .. \3
_sin30 _ 5 Z -z (cos@+isin@) —(cosd—isinb)

30 = = -
0 cos30 Lzaz) i(2427) if(cos@+ising) +(cosOisind))
2

B 6icos® @sin @ —2isin’ @ _6coszﬁsin9—25in30
i(2cos3 6 — 6 cos@sin’ 9) 2cos’ @ —6c¢cosBsin’

Now divide top and bottom by cos’ 8 to give
3tané—tan’ @

tan36 = >
1-3tan- @
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12b We have
cot 30 = 1 1-3tan” @

tan 30 B 3tan @ —tan® @

Now divide top and bottom by tan’ 8 to give
cot’ @—3cot &

cot30 = >
3cot" -1
13a 4-4i
YA
4 -

0] argz | X
|
4
|
|

z(4,-4)

modulus 7 =+/4* + (—4)> =16 +16 =~/32 =/161/2 = 42

(4 T
t=0=—tan"'| — |=——
argumen an (4} Z
L A—4i=42 cos(—EJ + isin(—ﬁj
4 4
13b ' =4-4i
for 4—4i, r =42, 60 = _g
So, z° = 4\/5 e{iﬂ
=42 ei(7+2kn], keR
il ~Z424n k
Hence, z:|:4\/§ e( 4 ]:l
[ —F+2km
_ ( 12 )% 61[5] de Moivre’s Theorem.
(3%
:\/Ee 20 s 32
So, (442)° = (2})
=2 =2
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13 b (continued)
k=0,z = V2 e{iﬁj
()
k=1, z, = J2 e\
(%)
k=2,z,= J2e't
[ 9m
k=-1z,= 2 e{iﬁj
[ 17n
k=-2,z = 2 e{iEj

17mi

i Tni 3 oni
Therefore, z=2¢ 20,\/5620,\/564,\/56 20,\/56 20

C
Im 4
z
P
Z, .- \“
.‘ LY
’ *
.
, .
r 1
r 1
L] 1
i 1 \’-.
\ 0 ¢ Re
A ] 1 1
* r
L ] .
’
25‘\‘ ’
~
-~ ._a'
Z,

14a We have z=2-2i=2+/2¢ *, now suppose @’ = zthen let @ = re'’ then we have r* =+/8 so

1

r= (\/§ )3 = ( 23 )5 =+/2 and 30 = —% + 2kn hence three distinct roots are given by
®, = N

Tin
®, = J2en2

Yin

@, =2e 12
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IH]A
B
P S
PR L A
. ..
¢ S
-
’ “\ “s
;! \M
; 2;.— 2JT ‘s‘ ‘1
3 3 ‘t‘ ‘l
i >
II 2]‘1' . 'A Re
Y 3 k
.
. ’
*. K
C - o
" .. "0
__________

7in in

1 = - : : : .
¢ We have w= E[\/Ee 2 42e lzj but by geometrical considerations the argument of wis just

T
4

— and by considering the triangle with vertices at the origin, 4, B we have

(- Tm)_3m_
212 12) 12
that the modulus is given by 2 sin% = g hence we have w=-—¢*

d We have

in 6 6in 3in —in .
w’ =(%64J =%e4 =167 =167 S

Challenge

2kin

z+1
then we have @° =1s0 w=¢ ¢ for

z+1

6
We consider the solutions of ( j =1,let w=

z z

k € R hence we have

2ki
z+1 Tn
=¢C

z

So

2kin
z+1l=2ze ©
So

2kin
z[e 6 —lj=1

Therefore
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Challenge (continued)

2kin

Assuming € ¢ —1=0ie. 1<k <5, when k£ =0the equation becomes z = z + 1 which has no
solutions, however, for 1 <k <5we get a different solution. So our six values of z are

Zo=_%
cosE—l—isinE
L3 3__1 i3
1
2—2cosE 2 2
cosﬁ—l—isinﬁ
o3 3_ 1 i3
2—2COSE 2 6
3
z _cost—l—isin®t _ 1
’ 2—-2cosm 2
cosﬂ—l—isinﬂ
3 3 __ 113
1—2cos4—n 2 6
3
coss—n—l—isins—7I
yo3 3__ 1,13
5
1—20055?:I 2 2

which all lie on the straight line Re(z) =—1
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