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Review Exercise
Exercise A, Question 1

Question:
7 =2+i, zp=3+4i. Find the modulus and the tangent of the argument of each of
azz

Z
b &
)

Solution:
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tanf =—= i

10 2
z,z,* is in the fourth quadrant.
tan arg (z,z,*) :—%

7 24i. 3—4i
h =L 3

. T 3pd] 347 4
_ 6-8i+3i+4  10-5i

nlea

i1
tanf =2 =—
£ 2
a4
Zi. ..
~Lis in the fourth quadrant.
z;
fz) 1
tan arg | ==
'lex' 2
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z*® is the symbol for the conjugate complex
number of z.
If z=a+ib then z¥*=a—-ib.

Arguments in the fourth quadrant are negative.

The tangents of arguments are negative in the
second and fourth quadrants.

To simplify a quotient vou multiply the
numerator and denominator by the conjugate
complex of the denominator. The conjugate
complex of this denominator 3+ 44 is 3—4i.
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Review Exercise
Exercise A, Question 2

Question:
a Show that the complex numb%rg can be expressed in thev{arm) , Stating the walue of .
2+3i\* o
b Hence show th t5+i ) is real and determine its value.
Solution:
& 2+3i><5—i _ 10-2i+15i+3 T
5¢i 5-i 26 G- =X +1°=26
¥ ou should practise doing such
13418 1 . calculations mentally.
“"2% 22
1 it
=—(1+i)
2
-
A= You use the result from part (a) to

simplify the working in part (b).

2 1:1 +i_]J < (1+i]4is expanded using the binomial expansion
_1 (14 414612+ 482+1) / [a+é=]4=a4+4ar‘z= +6a’b? +4ab’ +b*
16" : :
P =ifxi=—1xi=—i

1 o
ZE[1+41_6_41+1] 4=i]><i:=—1><—1=1

i
1

:_><—--’,=—i . areal number
16 4

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 3

Question:
7=5+i, 2p=-2+3i

2_ 2
a Show thafz [*=2| 2| .

b Findarg (#z) .

Solution:
v [afSer 2 e frmar e |of =a+0?
|z =(=2)" +3*=4+9=13
26=12x13 When vou are asked to show or prove a
Hence result, vou should conclude by saving that
|7 2 2 a8 required. +————  You have proved or shown the result. You

can write the traditional g.e.d. if vou like!
b zz, =(5+i)(-2+3i)
=—10+151—2i—3=—13+13i

¥ Y

The argument is the angle with the positive
x-axis. Anti-clockwise is positive.

oy

Lad

&
I

e
13 ,

2,2, is in the second quadrant. As the question has not specified that vou
R should work in radians or degrees. You

arg(zz,)=m——="— 4+ could work in either and 135° would also
+ # be an acceptable answer.
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Review Exercise
Exercise A, Question 4

Question:
a Find, in the formp+ig where gnd q are real, the complex numbewrkich satisfies the equatic-%__Li1 = 1f2i.
b Show on a single Argand diagram the points which represemndz’.
¢ Expressz andz"in modulu—argument form, giving the arguments to the nearest d:
Solution:
3z-1 4
a e :
I-i I+12i Y ou multiply both sides of the equation
— 45 _ iy ! ;
32_1:8 41><1 2i «— by 2—i. |
1+21 1-2i Then multiply the numerator and
_B-161—4i—-8 —20i 4 denominator by the conjugate complex
o 5 T : of the denominator.
3z=1-4i
1 4,
z=———1
3 3
b v wo* (L EJ You place the points in the Argand
K diagram which represent conjugate
B complex numbers symmetrically about
ol e % - the real x-axis.
b Label the points so it is clear which is the
B gy criginal number {z} and which is the
xz(1.-1) :
conjugate (z*).
) (2 = 1Y o 4 1 16 17
¢ Zl'=1= e e
3/ L3) 9 9 9
| ” |_ J17
z : | |
3 The diagram vou have drawn in part
tan&z%:—i = f=76° (b) shows that z is in the fourth
3 / quadrant. There is no need to draw it
z is in the fourth quadrant. again.
arg z=—76%, to the nearest degree.
17 AN1T
. cos(—76%) +i ‘LTsm (—76°)
o It is alwaws true that |z*|:|z|

BT s ool oo
z‘:Tcos.fﬁ +1Tsm?6 L S and arg z*=—arg z,

50 vou just write down the final answer
without further working.
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Review Exercise
Exercise A, Question 5

Question:
71=-1+i/3, =3 +i

aFind iargzy i argz.

b Expresszz—l in the forrm+ib , wheseandb are real, and hence findrg(?]
2 2

c Verify that arg(?j =argz - agz.
2

Solution:
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k

T A S
1 3

z; is in the second quadrant

argz—?r—x—l?r
¥ g g
11 J,.'Ji-
Z;
f 1
O‘ .,‘;3 X
T

tanéa":_i = ¢
3 6

z, is in the second quadrant

T
arg z, =
(4341)(¥3=i) =(¥3)" =i
by Z_1=_1+]I.'\.I3‘X'\.I3‘_i =3+1=4

z, N3+ A3-i

—+/3+1+31+43
= =0+i

Although not strictly in the form
a+ib  the answer i is acceptable.

{ z, \-! T Any number on the positive imaginary axis
arg| — |=5 ¢ T
\z; ) 2 has argument =
T T Verify means show that the equation is
AR L ey - i from part (2) satisfied by the particular numbers in this
- uestion.
dr—m 3 &« [ z 3 1
= ==t e = | In part (2). vou worked out argz and arg z,
6 6 2 \Zq ) o
| = |
Hence the relation is satisfied by z; and z,. In part (b), vou worked out arg| —> i
/

|
| Ty

You substitute vour answers into the equation
in part (c) and check that it is correct.
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Review Exercise
Exercise A, Question 6

Question:

a Find the two square roots ®f 4i  in the foamib

, where aand b are real.

b Show the points representing the two square ro3 - 4i in a single Argand diagra

Solution:

” ' =3-4i =
Let z=a+ib where g and b are real.

(a+ib) =3-4i

a*+2abi-bt=3—4i

Equating real parts

a’—b*=3 L1 B
Equating imaginary parts /
2ab=-4 2]
From @
: 7
2a a
Substitute © into O
S
a — 5 | =3
lu a)
at— 4, =3
e
a'—3a'—4=0
(@ —4)(a*+1)=0 ——
a =4
a=2-2
Substitute the values of g into @
5
a=2 =b=—2"1=-1
2
2
a==-2 =bh=——"=1
=

The square roots of 3—41 are 2—1 and —2+1_

b ¥ &
Y [_—l ]_]

o x

© Pearson Education Ltd 2C
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The square root of, say, 2 is a root
of the equation z~ =2 . The square
root of any number k, real or

: 1
complex, isarootof z =K.

Equating real and imaginarv parts gives
a pair of simultaneous equations one of
which is quadratic and the other linear.
The method of solving these is given in
Edexcel AS and A-level Modular
Mathematics Core Mathematics 1,
Chapter 3.

The onlv possible solutions of
a*+1=0 are complex, a=*1i,
and as @ is real vou must ignore
these and only consider the roots

of @ —4=0
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Review Exercise
Exercise A, Question 7

Question:

The complex numberis -9 + 17i.

a Showz on an Argand diagram.

b Calculate arg, giving your answer in radians to two decimal places.

¢ Find the complex numbev for whichzw = 25+ 35i, giving your answer in the forpwiq , wherandq are real.

Solution:
a (-0.17)% 71
6 .
o X
17 You have to give vour answer to 2
b tan 8 = 5 = &=1.084 _ decimal places. To do this accurately

vou must work to at least 3 decimal
places. This avoids rounding errors and
errors due to premature approximation.

z is in the second quadrant.
arg z=m7—1084 . =2057 ..

=2.06, in radians to 2 d.p.

'

D417 041% 017

254351 254351 25435 X—Q—]?i
Z

In this question, the arithmetic gets

— _225_4251i_315i+595 + complicated. Use a calculator to help
-9) +17? vou with this. However, when vou use a
370 —740; calculator, remember to show sufficient
= 370 =1-2i working to make yvour method clear.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 8

Question:

The complex numbemsandw satisfy the simultaneous equations

2z+iw=-1, z-w=3+3i.

a Use algebra to fing, giving your answer in the foran+ib , wheseandb are real.

b Calculate arg, giving your answer in radians to two decimal ple

Solution:
a 2z+iw=-1 L1}
z—w=3+3i ® You use the same method as vou
. =R e leamt for GCSE to solve simultaneous
L S eSS equations. To balance the coefficients
Q+©@ (2+i)z=—4+3i of w_ vou multiply both sides of
HESL T SRFaagiEd equation ® by i. Adding equations @
a5 21 o o 3 and @ then eliminates w.
—54+101 .
=2 142
5
b Eo
2
¢ >
1 |0 i
5
tanf="=2 = £=1.107 ___ You must work to a least 3 decimal
1 places to obtain an accurate answer to 2
zis in the second quadrant. decimal places.
argz=m—1.107_.. =2.03, to 2d.p.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 9

Question:
The complex numbersatisfies the equatiozfn% =i, AeR.

(2-32)(1+1)

a Show thatz = >
1+

b In the case when=1 , fifgd and ag

Solution:
a z—2=ii(z+3i_‘1‘/_/,/___,_/—— Aix3i=34i' =31
=Aiz—34
z[l—ﬁi]=2—3/’-_ Y ou make z the subject of the formula
295 1+4i and then multiply the numerator and
Lt — ooy denominator by 14+ 41 which is the
i conjugate complex of 1—-A1i
(2-34)(1+11) , e B :
= . as required.
1+ A4

1+1 2 2
T G0 Y00 N WP
iR brre
I 2
-5 -2
V2 2
.
_J'
| 8-le =x
z
X T
tanf===1 = f=—
: 4
T
z is in the third quadrant. The question does not specify
( ;r“\_ 3T . radians and arg z = —135"would be
argz=—| A—— |=—— "
4 4 an acceptable answer.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 10

Question:
The complex numberis given byz=-2+2i .

a Find the modulus and argument of z

b Find the modulus and argument—ief

¢ Show on an Argand diagram the poiAt8 andC representing the complex numbar&zr andz+% respectively.

d State the value (0 ACB.

Solution:

PhysicsAndMathsTutor.com
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a |z[' =(2) +22 =4 +4=8

G ey
2 4

zis in the second quadrant.
T 37m

MEZ=H——=—0
£ 4 4

| 1 =2—2i =30 |
h = - i A : = =————1
z —2+2i 2-24 8 4 4
iR ERY e B o 2
2zl La) L 4) 16 16 8
El 2 1. «2
z| V8 242 4
il
i S G X
4
1
: T
and=3=1 =y g=—
! 4
T
z isin the third quadrant.
{ @\ 3m
z=—| g——|=——
il Rl S
4 . ; 1
c < 4 The point C, representing z+—, must be a
Cc : vertex of the parallelogram which has 04 and
OF as two of its sides.
0 x
B In this case, as vou have already shown that
A and OF make angles of ;—I[ii 5‘:':} with the
negative x-axis, the parallelogram is a
d SACE =90~ % rectangle.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 11

Question:
The complex numberg anrgl  are givergpy /3 +i Bhdl-i

a Show, on an Argand diagram, points representing the complex numbers 7 +and

b Expresszl— anezll— , each in the foamib , whesndb are real numbers.
1 2

c Find the values of the real numbé&randB such thai? + ZE =z+2.
1 22

Solution:

PhysicsAndMathsTutor.com
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. }-""'
P,
e i Zyt+2;
o \‘n‘ ’,--"#HK s The point representing z; +z, must form a
. ",-"' parallelogram with O and the points
Zﬁf*"f representing z; and z,.
) 7, +z, =+3+1, which is real, so you must
1 1 J3-} N draw the point representing z; +z, on the
b Z_ J 343 - J3=5 |:‘~ 3]1+1: positive x-axis.

43— _1'3_ L
~T4 4 4

1 1 .. 1-Fi 1+i 1.1
e SR e —=—+—1
z, 1-1 4 T4+E 2 2

You use vour results in part (b) to simplify
the working in part (c). Substitute the
answers to part (b) into the printed
equation in part (c)

A
C —t+—=zt2
EL R
F oy A
43 1Y 1 ) .
222l gl Sl gy e geny

TS R

Eguatimgreal parts You cr:btrﬂn a pair G.f simultaneous
| equations by equating the real and
{3 1 , GEriraL ; :

A+;B =43+1 © imaginary parts of this equation.

e

Equating imaginary parts
1 1

——A+—B=0 2]
Pl

0-0
AL e
4y
f"\'3+1\{

lkTJ;i =+3+1

A=4
Substitute in @
—]+%B =0 = B=2

A=4.8=1

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 12

Question:

The complex numbemsandw are given by = 1—’:, w= 1——B3i’ whereA andB are real numbers. Given thatw =i

a find the value ofA and the value dB.

b For these values @ andB, find tan[arg (v - 2)].

Solution:

PhysicsAndMathsTutor.com
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" s = A _ 4 xﬁ _4 (1+i) The expressions for both z and w are
1-1 1-1 141 2 " fractions with complex denominators.
B B 1431 R . ; You should remove these, by
i m T B T i EU +31] multiplving both the numerator and
denominator by the conjugate complex

of the denominator, before substituting
into the equation.

Z+w=1

e o off i i
E[’.I‘H}"'E (1+3i)=i ‘When equating the real and complex parts of
Equating real parts \ both sides of the equation, think of the

Y B complex numberi as 0+1i.

—+—=0 @O
2 10
Equating imaginary parts

—+—=1 8

Substitute into @

A A5 A
—4—=0=
2 10

A=-1B=5
b With these values of 4 and B

]

I
—
—

+

.
]

Il

|

+
b | Led b | =

W=

b | = b | =

e
e
+
(IS
-
I
Il

]

tan [arg [w—zj] =

= | b
Il
[ o)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 13

Question:

aGiven thatz=2-i , show tha =3-4i .

b Hence, or otherwise, find the rootg, and |, of the equ(&ztiioi)l2 =3-4i.
¢ Show points representirg amd on a single Argand diagram.

d Deduce thalty - z, |- 2V/5.

e Find the value ofirg ¢ +2) .

Solution:

PhysicsAndMathsTutor.com
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a 2=(2-) =4-4i tle— o

=4—-4i-1

=3—4i  as required.

b From part (a), the square roots of 3—4i
are 2—i and —2+i.
Taking square roots of both sides of the

equation [z +i]1 =3—-4i

d Using the formula

s I:Il _‘{',1} +(11_L~}‘\\
=(2—(=2)) +(=2-0)
_£ 4P

=420=2+5

Hence |zl =2

(e) #+z,=2="-2=-U

J'TG

L
X

&

arg (7, +2,) =~

(R =

© Pearson Education Ltd 2C
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You square using the formula
(a-b) =a* —2ab+5’

The square root of anv number k, real or

complex, is a root of z' =k Hence, part
(a) shows that one square root of 3—4i

is 2—1.

If one square root of 3—44i is 2—i_ then
the otheris —(2—i).

z; and z, could be the other way round but

that would make no difference to | z;— I,

or z; +z,.the expressions you are asked

about in parts (d) and (g).

z; —z, can be represented on the diagram
vou drew in part (c) bv the vector joining
the point representing z; to the point
representing z,. The modulus of z; —z, is

then just the length of the line joining
these two points and this length can be
found using coordinate geometrv.

The argument of any number on the

S ’ N T
negative Imaginary axis 15 —; or

-

=007,
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Review Exercise
Exercise A, Question 14

Question:

a Find the roots of the equatiaf+4z+7 = 0, giving your answers in the form+ iy ,where pand qare integers.

b Show these roots on an Argand diagram.
¢ Find for each root,

i the modulus,

ii the argument, in radians, giving your answers to three significant fi

Solution:
a 22 +4z =-7
2244z 4+4=-T+4=-3 «
(z+2)" =-3
z+2=*i43

z=—2+i43. —-2—-i43

(—2.43) x ¥
o X *
(-2, —V3)x
ci |—2+iv3f =(=2) #(¥3) =443=7
|-2+i43|=+7

|-2-iv3|=v7
cii ¥

N3 | g
2 O‘ x

t;aﬂi-?'zx—_!Elr = #=07137 ..

—24+i+3 is in the second quadrant
arg (—2+iV3)=m-0.7137 ...
=243, to 3 significant figures

arg(—2-1v3)=-243, to 3 significant figures

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com
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Y ou mav use any accurate method of solving a
guadratic equation. Completing the square

works well when the coefficient of z° is one
and the coefficient of zis even.

The moduli of conjugate complex
numbers are the same so vou do not have
to repeat the working.

Ifz z* are conjugate complex numbers,
then arg z* =—arg z_ Once vou have worked
out arg 7, vou can just write down arg z*
without further working.
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Review Exercise
Exercise A, Question 15

Question:

Given that.e R and thatandw are complex numbers, solve the simultaneous equatioins= 2, z-Aw = 1-2 giving
your answers in the foria+ib, wherea, beR, anda andb are functions o.

Solution:

You solve simultaneous linear equations with
complex numbers in exactly the same wav as vou
solved simultaneous equations with real numbers at
GCSE. In this case, as the coefficients of z are
already balanced, vou subtract the equations as they
stand to eliminate z.

z—i(A+i)=2

z=2+i(A+i)=2+id-1=1+i1

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 16

Question:

Given thatz =5-2i ,

a evaluatdzy| , giving your answer as a surd,

b find, in radians to two decimal placesgz

Given also that; is a root of the equatiB 10z + ¢ = 0, wherec is a real number,

c find the value oc.

Solution:
“ =gt +b?

'=54(-2)" =2544=29 +——— Ifz=a+ib.then|:z

a |31

5
tané?‘=% = 6=03805 ...

is in the fourth quadrant
to 2 decimal places.
¢ If z;=5-1i is one root of a quadratic equation
If & and 5 are the roots of a quadratic
equation, then the equation must have

with real coefficients. then z; =5+2i must be

the other root.

(z-2)(z—2,)=(2—-5+2i)(z—5-2i) the form (z—e)(z— ) =0.
=(z-5)"+4
=z —10z+25+4
=2z"-10z+29=0
Comparing this with the equation in the question
c=129

© Pearson Education Ltd 2C
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Exercise A, Question 17
Question:
The complex numbesandw are given by = 52__1i0i and =iz .
a Obtainz andw in the formp+iq , wher@ andq are real numbers.
b Show points representirgandw on a single Argand diagram
The originO and the points representingndw are the vertices of a triangle.
¢ Show that this triangle is isosceles and state the angle between the eqt
Solution:
5-10i 244
a z= ®
2—i 2+
_ 10+5i-20i+10
2 +1°
20-154 ;
= 43
)
w=iz=i(4-3i)=4i-3i" =3+4i
h [ .
v Arw(34)
) x
z(4,-3)
B
¢ Let 4 be the point representing w and
B be the point representing z. As vou are only asked to state the
angle between the equal sides, vou do
|w|: =32 +42 =25 = |w‘=5 not need to show working. If vou
- ) cannot see this angle is a right angle or
|—7 | =4° +|:_3] =15 = |Z |=5 if working was asked for, vou could

Hence 04 =08 =35 and the triangle OAF is isosceles. argue:
The angle between the equal sides, £ 408 =907 /

the gradient of OB. m'=—3

mm' =—1, so the lines are
perpendicular.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 18

Question:
S LA J2
T

a Find the modulus and argument of each of the complex numpersz, and

b Plot the points representirg z,, agdz  on a single Argand diagram.

¢ Deduce from your diagram thtar(%[) =1+42.

Solution:

PhysicsAndMathsTutor.com
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1+i 1+i

e S T, R

1-i 1+i

1420+ 142i-1 2i -
1 +1 2

2 =
% /
|z,|=1. argz = The argument of any number on

Page2 of 2

L

the positive imaginary axis is 5 or

1-i 1+i 2 2 2 op°
s _(¥2Y (92 2.2
A ='—'+1—'=—+—=
Sl Y I Y e
=1
1 Z5 It is worth remembering that anv complex
number of the form a +ai ., where a >0,
& has argument 2 . This working is then not
o| = 4
1 NEeCessary.
V2
N
tan & = ) =1
g
z, is in the first quadrant
Arg 2, = %
o4 A B
b ¥ 4 5+
Z
1 z, 3z 5 C
— i
a x =
0 N
oM
¢ gy ~ +! - +11i ZNOC =45°, the argument of z,
2 L2 ) ZC0A=90"—45"=45°
arg(z +2,) =" ZCOB=1-004=221"°, the diagonal of 2

taﬂ:ag‘\._? _N2+2
lx S) "_f 42 \ rgﬂ.w:

tan

42 2 l\EJ

=—— 4+~ =14++2, asrequired
Y2 42 b =1

© Pearson Education Ltd 2C
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=tan(arg(z +z,)

parallelogram bisects the angle

£NOB=45°+221°=674° =" in radians

BN
o
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Review Exercise
Exercise A, Question 19

Question:

7= 1+2i, =

glw

+ ii
5
aExpress in the formp+qg , whegg qsR

i 7y

2
Z '

i
In an Argand diagram, the origin @&nd the points representingy, ? and are the vertices of a rhombus.
2

b Sketch the rhombus on an Argand diagram.
c Find z;.

65

Solution:

PhysicsAndMathsTutor.com
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s 4
ai zlz1—[1+21]t\§+d1)
=E+ii+E1—§——1+21
3 5 & 3
. e 2
g 1+2i xg_gi
vz 3.4 3 4
. =Y S
5 5% 5 5
3 4. 6. B
el ot bt B v
o - S T
1
b J'.ﬂ £

(6 (12 36+144 180 36x5
d |Z | ki = 5 T = e
A s 25 25 25
5
Hence |z3 |= 6: as required

© Pearson Education Ltd 2C
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Page2 of 2

(3 43 _4\_(3Y (4] _9+16_

5.5 Ns 5] Vgl "l§5) 2%

The relation between 3 3 and1 is the well-known
3. 4, 5 relation divided bv 5 and, with practice, vou
can just write down answers like this.

On an Argand diagram the sum of two
complex numbers can be represented by
the diagonal completing the
parallelogram, as shown in this
diagram. (A rhombus is a special case
of a parallelogram. )
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Review Exercise
Exercise A, Question 20

Question:

7 =-30+15i.

aFind argz, giving your answer in radians to two decimal places.

The complex numbers amg are givenzpy -3 +pi adg + 3i , Wharelq are real constants and- g
b Given thatzzz = 7 , find the value gfand the value df.

¢ Using your values gb andg, plot the points corresponding2pz, aad on an Argand diagram.

d Verify that2z, + z3- 7 is real and find its value.

Solution:

PhysicsAndMathsTutor.com
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a -
Z
15 g .
30 O x
As vou are asked to give vour
taﬂ&:E:l = P=0464 « answer to 2 decimal places. you
2 should work to at least 3 decimal
z, is in the second quadrant. places. This avoids rounding errors.
argz; =7—6=268 to2dp.
b L3 =4
(-3+ pi)(g+3i)=—30+15i
—3g—% +pgi —3p=—7304+15i
Equating real parts . . : .
B35 30 > FEF S P quuatmg real and imaginary parts gives a
pair of simultaneous equations one of
- . which is quadratic and the other linear.
Equating imaginary parts The method of solving these is given in
S+pg=15 = pg=24... ... ... e Edexcel AS and A-level Modular
From @ Mathematics Core Mathematics 1.
5
q:ﬁ - Chapter 3.
B
Substitute € into @
P +E =10
e
p —10p+24=(p—4)(p-6)=0
=46
Substituting p =4 into @ gives g=6.
As p =g is given, this solution is rejected.
Substituting p =6 into @ gives g =4.
p =6, g=4 is the only solution.
A
¢ Rz ¥

) x

4 22,+2,—2 =2(-3+6i)+4+3i (=30 +15i)
=—6+12i+4+31+30-131=28. areal number

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 21

Question:

Given thatz=1+/3i and tha“zé:z+zi , find

aw in the forma+ib, where, beR

b the argument of,

c the exact value for the modulusvef

On an Argand diagram, the poiatrepresentg and the poinB representsy.
d Draw the Argand diagram, showing the poiAtandB.

e Find the distancAB, giving your answer as a simplified st

Solution:

PhysicsAndMathsTutor.com
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a w={2+2i)z=(2+2i)(1+3i)
=2+243i+21 243
=(2-2v3)+(2+2v3)i

Page2 of 2

2—243=-146 sowisin the second

h 'L_"ql
o 2
2+243
243-2
1342
A SR
243-
w is in the second quadrant
arg w=mT—& =183 to 3 significant figures
¢ |wl =(2-2v3)" +(2+2v3)’
=4-843+12+4+843+12=32=16x2
|w|=442
T
g ® B .
woA
0 4
e AB'=(2-243-1)"+(2423-v3) e

=(1-243) +(2+43)
=1-443+12+4+443+3
=2W=4x5

AB =245

© Pearson Education Ltd 2C
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quadrant.
The length of the sideis 243 —2 _not 2-243
as lengths have to be positive.

argw is exactly z—f That would be an

excellent answer to give, but an exact
answer is not specified, so it is not
essential. A calculator has been used
here. Radians are not specified so
degrees would also be acceptable.
argw=105"_ exactly.

A has coordinates fl \."3} and B has coordinates

(2—2‘-4'1 242 ‘-4'3] . You use the formula

AB* = fL =5 xl)z +( 35 —}'1}1 from Coordinate

Geometry to calculate 4B,
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Review Exercise
Exercise A, Question 22

Question:

The solutions of the equatiaA+6z+25=0arez and;, , where<argz <z an@ <argz, <0.
aExpressz; and, inthe foraxib , whexandb are integers.

b Show that” = -7 -24i .

c Find|212|.

d Findarg (212).

e Show, on an Argand diagram, the points which represent the complex nugnkgrs 212 and

Solution:

PhysicsAndMathsTutor.com
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zl+6z =-25
224+ 6z+9=-25+9

=

0 < arg z; < 7 implies that z, is in the first or
% second quadrant . —3+41i is in the second
I':Z +3J =-16 quadrant. so this is z, . The other solution is in the

z=—3%4 /// fourth quadrant, so that is z,. You need to know
zy=—3+4i, z;=—3—-4 which solution is z; before going on to parts (b).
- () and (d).
bz =(-3+4i) =9-24i-16
=—T7—241i as required

-3 L,_?}1 1 [,_,,4}: — 635 If vou recognise 7, 24, 25 as a set of numbers

C |ZT

satisfying the Pythagoras relation a* =5* +¢°,

|zl1 =4625=25 — vou can just write this answer down.
d ¥ 'y
7 .
/10 =x
24 4 ol
The inequalities O <argz < 7 and —7T<argz, <0
show that, in this question, the arguments are in
4 radians.
24 Where no accuracy is specified in the question, it is
tanf=— = A =11287 : e
= reasonable to give vour answer to 3 significant
z; is in the fourth quadrant figures.

arg z; =—( 1—#)=—1.85, to 3 significant figures

-‘1.".

0 3

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 23

Question:
z=43 -i. Mis the complex conjugate nf

a Show that?, = £ - ¥3;,
z 2 2

b Find the value df%| .
z
¢ Verify, for z=+/3 -i, thatargz% = argz-argz-

d Displayz, 2" andiD on a single Argand diagram.
z

Pagel of 3

€ Find a quadratic equation with ro andz-in the formax?+ bx +c = 0, wherea, b andc are real constants to be foL

Solution:

PhysicsAndMathsTutor.com
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a =3+

z  A3—-1 3= (1'3_?]:
= & X .

z* N3+ N3-i (v3) 41

(v3)' =243 +i* 324311

Page2 of 3

Y ou multiply the numerator and the denominator by
the conjugate complex of the denominator. The
conjugate complex of ¥3+i is v3—i, so the

:
numerator becom es [:'-.' 3—i)", which you can square

using the formula [a—b]z =a’ —2ab+b*.

3+1 4
223 A3, o
=~ 3 — i _ as require
4 Fd \'I] o % '-.'I.
b = 1 | -|-'—_?,‘|I =—+-=1
z vz) L 2] & e
sl
Zt
C ¥
v3 2=
() 1%
= = 5 5T
3 6
z is in the fourth quadrant
arg-——E
6 .
e Youuse argz*=—ar zand—:—ir':f_
g Y . . L 6) 6
Yo 1
3
and=2 o3 = §=5
1 3
2

Z

gZ _JT
¥ 3
i T I T
arg r—argzF =————=——_
5 J 6 6 3

Venty means show that the equation 1s
satisfied by the particular numbers in this
question.

You should show that the equation is
satisfied exactly and not use a calculator

giving approximate results.

= arg i verifving the result

PhysicsAndMathsTutor.com
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d 4
'}II X
X Z
In the Argand diagram, vou must place
- points representing conjugate complex
o - numbers svmmetricallv about the real x-
> ;
w axis.
z* *Z

If x=c and x= 5 are the solutions of a

e (x—z )(x—z, ) =(x—V3+i)(x—V3+i) quadratic equation, then the equation, after it

= (x—+ 331 e has been factorised, must be (x—a)(x— 5) =0
=x"—243x+3+1
=x'—2+3x+4

The equation is x* —2+/3x+4=0._

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 2

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 24

Question:

_1+7i
4+3i°

a Find the modulus and argument of z
b Write down the modulus and argumentof

In an Argand diagram, the poimisandB represent + 7i andl+3i respectively @dds the origin. The quadrilater@®ABC is
a parallelogram.

¢ Find the complex number represented by the fint

d Calculate the area of the parallelogr

Solution:

PhysicsAndMathsTutor.com
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1+ X4—3i _4-31+281+21

T443i 4-3i 0 47+3

You can see from the diagram that the
! T i
argument is 45° = F and vou need give no

further working.

z* is the symbol for the conjugate complex of =z and

& vou use the relations |z*|:|z| and arg z¥*=—arg z
| ™
¥ x to write down the answers.
A(L7)
You are not asked to draw an Argand diagram
B H 3) «——— in this question but vou will certainly need to
sketch one to sort out parts (c) and (d).
a x
C

Let the complex number represented by the You use the representation of the addition of

point C Ibe = complex numbers in an Argand diagram. The
OABC is a parallelogram. Therefore diagonal OF of the parallelogram represents the

OA+0C=08 «— ‘//f addition of the two adjacent sides, 04 and OC, of
1+7i4+w=4+31

the parallelogram.
w=3—4i

d OB'=4"43'=25 = OB=5
0C*=(-3)" +4*=25 = 0C=5

The gradient of OF is given by m =

e | e

The gradient of OC is given by m':—%L

mm' =—1 and, hence, OB is perpendicular to OC.
The area of the right-angled triangle OBC is given by
1

area = %basexheight=% x3x53=12-

e~ i

The diagonal of the parallelogram
divides the parallelogram into two

i / congruent triangles.
The area of the parallelogram is 2x12— =125

5

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 25

Question:

Given that::r—f: =i, wherg is a positive, real constant,

a show that = (& + 1) + i(& - 1).
2 2
Given also thatan(argz) = % calculate

b the value of. ,

c the value ofz|2 .

Solution:
z+2i ; : ’ .
& o You start this question by “making =
=k _ the subject of the formula™ a

method vou leamt for GCSE.

R

Dl x
If z=x+iy, then tan(argz) =
x

2A—-4=4A+2 =2 A= Multiplving all terms in both the
numerator and denominator by 2.
¢ Substitute A =6 into the result of part (a).
s Y e R
z=| —+1|+i]| =—1|=4+2i
SO R b

4

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 26

Question:

The complex numberg=2+2i amgl=1+3i are represented on an Argand diagram by th® poul@respectively.
a Displayz andz on the same Argand diagram.

b Find the exact values @2f |, || and the lengtiPQt

Hence show that

¢ AOPQ, whereQ is the origin, is right-angled.

Given thatOPQR is a rectangle in the Argand diagram,

d find the complex numbes; represented by the gRint

Solution:

PhysicsAndMathsTutor.com
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a .}'I“
xQ
¥ 5
L
(9 X
b |z =27+27=8=4x2 = |z |=2+2

2432210 = |z, | =410

3 4

P has coordinates(2.2) and Q (L 3)
PQ* =(1-2) +(3-2) =(-1) +1° =2
PO=12

¢ From(b). OP=242 and 0OQ =+10.
0P +PQ* =(22)' +(42)°
=8+2=10
=00*

Page2 of 2

You use the formula PQ* = {x,— :qjl +(m—» }]
/ from Coordinate Geometry to calculate PQO?.

Bv the converse of Pyvthagoras’ Theorem,

AOPQ is night-angled.

d ¥
e

R< P
0

v

You use the representation of the addition of
complex numbers in an Argand diagram. The
diagonal 0 of the parallelogram represents the

Mt > addition of the two adjacent sides, OF and OR, of
2+2i +2; =1+3i

Z=—11

© Pearson Education Ltd 2C
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the parallelogram. (A rectangle is a special case
of a parallelogram. )
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Review Exercise
Exercise A, Question 27

Question:

The complex numberis given byz = (1 +3i)(p + qi), wherep andq are real angh>0 .
Given that argz = % ,

a show thatp+2q=0 .

Given also thalz |= 102 ,

b find the value op and the value df.

¢ Write down the value oafrgzD .

Solution:

PhysicsAndMathsTutor.com
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a z=(143i)(p+gqi)
=p+gi+3ipi—3q

=[:p—3qj+(3p+qji

7T

arg z=—, given
4

tan[argz}=tan§

3p+@'_1
p—3q

3ptg=p—3g = 2p+4g=10
= p+2 =0, as required

b |z[ =(p-3¢) +(3p+4) =(1072)°
pr—6pg+9° +9p  +6pg +q° =200
10p* +10g* =200

pr4gt=20 . . 0
From the result of part (a)
p=—-2q ... ..... (2]

Substitute @ into @
497 +g" =20 = 5¢° =20 = ¢* =4
g=12
g =2 substituted into @ gives p=—4_As
p =0 is given in the question, this solution
is rejected and g =-2 is the onlv answer.
p=4.,g=-2

:

¢ argz

i
-

4

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page2 of 2

/| .
arg =

a | X

P
L

If z=x+iy. then tan[:argz] =
o

© and ® are a pair of simultaneous
equations, one of which is quadratic and
the other linear. The method of solving
theseis given in Edexcel AS and A
Level Modular Mathematics Core
Mathematics 1, Chapter 3.

You use arg z* =—arg z to wrte down this

: T
answer. Y ou were given that arg z = P
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Review Exercise
Exercise A, Question 28

Question:

The complex numberg amg are giverepy5+i, z,=2-3i.
a Show points representirg amd on an Argand diagram.
b Find the modulus of -2z .

¢ Find the complex numbezz+1— in the foemib , whar@ndb are rational numbers.
2

d Hence find the argument ezﬁ , giving your answer in radians to three significant figures.
2

e Determine the values of the real constarasdq such that::‘t%:;’il = 2i.
- 2

Solution:

PhysicsAndMathsTutor.com
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d

Page2 of 2

vh

If vou recognise the 3.4.5 “triangle”, vou
can write the answer 3 down without
further working.

z; 541 2431 10+15i+21-3 i j
sl T T The question asks vou to put vour answer in
z, 2-31 243 2°+3 the form a+ib . where g and b are rational
e 7+17i =l+Ei -3 numbers. Rational numbers are exact
13 13 13 fractions and so ﬁ and i— satisfv the
ph A conditions of the question. Approximate
i decimals would not be acceptable
u
]
g
= =
o = X
17
13 17
tand=13 =— = 91180
7
13

~L isin the first quadrant
-

arg 2= 1.18, to 3 significant figures

p+ig+3z,=2i(p—ig+3z)
p+ig+15+3i=2pi+2g+6i(2-3i)
=2pi+2g+12i+18
Equating real parts
p+15=29q+18 = p—-24=3 ... 0©
Equating imaginarv parts
g+3=2p+12 = -2p+q=9._. @
02 2p—4g=6... 8
a8+e —3g=15 = g=-5
Substitute into @
p+10=3 = p=-T
p=—1.4=—"5

You find two simultaneous equations by
equating the real and imaginary parts of the
equation.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 29

Question:

z=a+ib, wherea andb are real and non-zero.

aFindz? and% in terms &f andb, giving each answer in the forxz-iy , wherandy are real.
b Show thaz? |= a%+b? .

¢ Findtan(argz?) anctan(arg %) , in terms af andb.

On an Argand diagram the poii'f’ilrepresentss2 and the pot@trepresent% an@ the origin.

d Using your answer tc, or otherwise, show thatP, O andQ are collinear, the3a? = b°.

Solution:

PhysicsAndMathsTutor.com
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a  z'=(a+ib)’ =a*+2abi—b*

=(a*—b*)+2abi

i= 1 Xa—ibza—ib
z a+ib a—-ib a +b
e B
A aJ+E:111

" —(a*—5%) +(2ab)
=a'-2a'b" +b* +4a’t’
=a*+2a’0" +b* =(a’ +57)

.
b |¢

4

Hence |z? |=a’ + 5°. as required.

4 2ab
c tan (argz” | =———
v F a"_b‘
b

| =T

tan|arg— |=—Y T2 —

L gz} a

a +b°

d IfP O and Q arein a straight line then
F R
' argl | must be equal.

tan (arg z* ) and taﬂ{\
\ y |
2ab b

a-b a
28" =—F(a’-b*)
2at=—a*+5°

3a’= b, as required

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page2 of 2

I/‘ ¥
arg z o
X

0|

If z=x+iy. then tan[argz] =2 Youthe
x

use the answers in part (a).

¥

If P and  are in the same quadrant, this is
obvious, but when thev are in opposite quadrants
this is not so clear. A possible case is shown
above.
tan | arg z:‘}=tan['—[:ﬂr—6"]:| =tan (6 — 1)
R ()
=tan & =tan arg—
e

tan [S—PI} =tan & because the function tan has

period /. (This is in the C2 specification)
You would not be expected to explain this in an
examination.
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Review Exercise
Exercise A, Question 30

Question:

Starting withx = 1.5, apply the Newton—Raphson procedure onigg)te x3-3 to obtain a better approximation to the
cube root of 3, giving your answer to three decimal pl

Solution:

flx)=x -3 \\The cube root of x is the solution of
B x' —3=0. 1.5 is the first approximation and
vou have to find a second approximation
using the Newton-Faphson formula

£'(x)=3x" X =X, — f,[_x’:J\ )
f(15)=15-3=0375 L
£'(1.5)=3x15% =675

f(1.5) It is a good idea to write down the Newton-
x=15~ £ h 5] Faphson formula and adapt it to vour solution.
_: The examiner will then know what yvou are
=1 5= 0.375 doing.
6.75

=1.444 to 3 decimal places «—__ Correct the answer to the number of decimal

places vou are asked for.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 31

Question:

f(x) = 2 +x- 4. The equatiof(x) =0 has a raot in the interval [1, 2]. Use linear interpolation on the values at the end
points of this interval to find an approximatione.

Solution:
fix)=2"+x—4 The first stage of a linear interpolation is to

o i evaluate the function at both ends of the
f[l] e 7 interval.
f{2)=2"+2-4=2

a-1
. A diagram helps vou to see what is going on
W / 2 and, as vou are going to use similar triangles,
. g to see which sides in one triangle correspond
\x— = to which sides in the other triangle.

i e -+ Solve the equation to find o .
2a—21=21—o
=4 - \
1 This is an exact answer. There is no need to
a=1— =« correct to a given number of decimal places as
3 vou have not been asked to do this.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 32

Question:

Given that the equatio®~x-1=0 has a root near 1.3, apply the Newton—Raphson proceduréxneeex - 1to obtain
a better approximation to this root, giving your answer to three decimal |

Solution:
Let f(x) =x —x—1
£'(x)=3x"-1

£(13)=-0103
£'(13)=4.07

Remember to correct vour answer to the

: *_'___._________._.—-—-—-—4— number of decimal places asked for in the

question.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 33

Question:
f(x) = X3-12x+7.
a Use differentiation to findl'(x) .

The equatiorf(x) =0 has a root in the inter%lad x<1

b Takingx = % as a first approximation&o , use the Newton—Raphson procedure twice to obtain two further approximations to
a. Give your final answer to four decimal plac

Solution:
a £ix)=3x =12 o . ) o .
0.5 | or — | is the first approximation, which
b % =05 L2

vou are given. Y ou have to find two more
approximations. It is useful to call the first
approximation x.the second x; . the third x;.

£(05)=05 -12x05+7=1125
£'(05)=3x05"-12=-1125

etc. This helps vou keep track of where vou are
in a long calculation.

The signs need care here. Missing that “minus
a minus is a plus” is a major source of error,
even at A level!

£(0.6)=06" -12x06+7=0016
£'(0.6)=3x06"-12=-1092

X=X ——
' ()
0.016 Remember to correct vour answer to the
=0 -10.92 = NS number of decimal places asked for in the
=0.6015. to 4 decimal places question.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 34

Question:

The equatiosinx = %x has a root in the interval [1.8, 2]. Use linear interpolation once on the interval [1.8, 2] to find an «
of the root, giving your answer to two decimal pla

Solution:

In this question vou have not been given f ij

f{x)=sin x—lx
' 2 \ and have to choose a function vourself. To
|

choose [r] =sin X=X is sensible as

e

I [:x:I =0 is obviously equivalent to the

; ; 1 ;
equation sinx=—x. which vou are asked to

i

solve.

£(1.8)=007384 ... Remember to work in radians. The final
g " < answer has to be given to 2 decimal places and
f f"J ==0.00070 ... vou must work to sufficient accuracy to
achieve this. 3 decimal places will certainly be
enough to achieve this but there is no harm in

i iving more decimal places.
0_0?334\ S £

5
18 .1\5 0.09070 It is a common error to use —0.09070 instead
Ty of 0.09070 here f [I]is negative but the

number is the length of a side in the diagram
and lengths have to be positive.

Bv similar triangles

x—18 . 2—x
007384  0.09070

The numbers are quite difficult here. Use vour
calculator to help vou “cross multiply™ and

i h ctly.
0.09070xx—0.16326 = 0.14768—0.07384x e Rey

0.16454x=031094

Your answer must be corrected to 2 decimal

x= Ll ~1.89. to 2 decimal places. +— places — the accuracy specified in the question.

0.16454

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 35

Question:

f(x) = x*+3x3- 4x - 5. The equatiof(x) =0 has a root between1.2 and.6 . Starting with the interval [1.2, 1.6], use interval
bisection three times to obtain an interval of width 0.05 which contains thi

Solution:
The mid-point of the interval [1-1 1 -5] is You start interval bisection by dividing the interval
12416 ‘_7__________——-—-—'—_—' into two equal parts by findin g the mid-point of an
3 =14 mterval.
£(1.2)=-2.5424 <0 It is not always necessary to calculate the
£(14)=14736>0 walues at both ends and thle mid-point. In this
_ ’ _ case vou already have a sign change between
(f [1-5] =T74416) = x=12 and x=14 and, soit is not necessarv
There is a sign change between x=1.2 and to calculate the value of £ [:1_6].
x2=16.

Hence, the root lies in the interval [:1.1 1.4).

The mid-point of the interval [1.2.1 4] is
12+14

1.3

3

£(13)=-07529 <0

f{14)=14736>0, from above.
G ¥ You calculated f (1.4) earlier and thereisno

There is a sign change between x=1.3 and need to calculate it again.

x=14.
Hence, the root lies in the interval [:1.1 1.—1).

The mid-point of the interval [1.3= 1.4] 15

13414
—— =

-

1.35

f(1.35)=0.30263 =0 from above.

f (1.3] =—0.7529 <0
There is a sign change between x=13 :md/ 135-13=005 and so this interval satisfies

+=135 the requirements of the question.

Hence, the root lies in the interval (1'1 1'35] - (Quartic equations can be solved exactlv. You
mav have access to a computer package or
advanced calculator which can do this.
x=1336 20 is accurate to 5 decimal places,

which confirms the result of vour calculation.

© Pearson Education Ltd 2C
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Exercise A, Question 36

Question:
f(x) =3 tar(g)—x—l, -T<X<m.

Given thatf(x) =0 has a root between 1 and 2, use linear interpolation once on the interval [1, 2] to find an approximation to
this root. Give your answer to two decimal pla

Solution:
X x Unless it is clearly stated otherwise, all
f (x)=3tan L ?j —x=1 t—_— questions on this topic require vou to work in
- radians. Make sure vour calculator is in the
correct mode.

£(1)=—03611

f [2] =16722 The final answer must be to 2 decimal places.
To achieve this vou must work to at least one
more decimal place and it’s safer to work to

more. 4 decimal places will certainly be
1.6722 enough here.

1
0.3611 /‘ 2

Bv similar triangles

x—1 2—x

0.3611 16722

16722x-16722=0.7222-03611x

2.0333x=239442
Correct vour approximation to x to 2 decimal

11776 = places.

. 239442
20333

x =1.18, to 2 decimal places

© Pearson Education Ltd 2C
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Exercise A, Question 37

Question:
f(x) =3X-x-6.
aShow thaf(x) =0 has aroat betweenal and

b Starting with the interval [1, 2], use interval bisection three times to find an interval of width 0.125 which .

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Page2 of 2

“ £{xm)=3" =05
£(1)=3-1-6=—4<0
£f(2)=9-2-6=1>0

When vou are asked to “show that™, or “prove
; ; that™ a result is true, vou should give a
There is a sign change between x=1 and ; 2 5
—_— conclusion to vour argument. It is alwavs safe

to base the wording of vour conclusion on the
Hence the function f (x)has aroot @ between,—

wording of the question, as has been done
x=1 and x=2. here.
b 1+2 15 At each stage of an interval bisection question,
—— =13

——— vou begin bv dividing the interval into two

equal parts by finding its mid-point.
£(1.5)=-23038 ... <0

£(2)=1>0.fromabove. «—_  yoy calculated £ (1) and £ (2) in part (a) of
There is a sign change between x=1.5 and

the question and there is no need to calculate
x=1. them again in part (b).
Hence @ = [:l.i 2].

f[l.?S] =-009114 =0
f[:l_]=1 = _ from above.

There is a sign change between x=1.75 and
x=2.

Hence 2 £(1.75. 2).

17542

=1.875

[ )

£(1.875)=—-0.0298 <0

f[:l] =1=0_ from above.
There is a sign change

between x=1.873 and 2—1.875=0.125 and so this interval satisfies
=20 /’/ the conditions of the question.
Hence e [I.S?i 2).

© Pearson Education Ltd 2C
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Exercise A, Question 38

Question:
Given thatx is measured in radians aftg) = sinx - 0.4x,
a find the values of f(2) and f(2.5) and deduce that the equétiono hasea root in the interval [2, 2.5],

b use linear interpolation once on the interval [2, 2.5] to estimate the véq, giving your answer to two decimal plac

Solution:

4 f(x)=sinx—04x
f[l] =0.10929 =10
f[I.S] =—040152 ... =0

There is a sign change between x=2 and
=2

Hence the equation ['_x] =0has aroot & in

the interval [l 2.5

b l You have calculated the values of f [:x] at the
end points of the interval in part (a) and these
0.1093 \\ / values can be used in part (b).
By similar triangles The answer needs to be given to 2 decimal
a2 25— ‘_,,/-—’—“_'/J places; that will be 3 significant figures. It will
0.1093 04015 be sufficient to work to 4 significant figures
here. There would be no harm in using more
04015¢—-0.8030=02733-0.1093 significant figures but if vou onlv worked to 3
05108 =1.0765 significant figures the last figure might be
= 2.11, to 2 decimal places. inaccurate.

© Pearson Education Ltd 2C
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Exercise A, Question 39

Question:

T

f(x) = tanx+1-4x, -Z <x<Z.
2 2

a Show that(x) =0 has aroet inthe interval [1.42, 1.44].

b Use linear interpolation once on the interval [1.42, 1.44] to find an estime, giving your answer to three decimal pla

Solution:

" f(x)=tan x+1 —dx? To show a change of sign, you only need to
calculate the values of the function to one
significant figure. However later in the
question vou are asked to give vour answer to

3 decimal places {(which will be 4 significant
figures). It is sensible to work out and write
down at least 5 significant figures here. You do
not want to carry out or write out the
caleulations twice. It often pays to read quickly
the interval [1 421 _44] I through a question before vou start if.

/ 0.30743

a 1.44

£(1.42) ~—048448 <0
£(144)~030743>0

There is a sign change between x=142 and
x=144.

Hence the equation f [x] =0hasaroot & in

[=1

]

048448

By similar triangles
a—-142 144-a
048448 030743

(0.30743+0.48448)
= 144x0.48448+142x0.30743

0.7919x =1.1342018
& ~1432, to 3 decimal places.

© Pearson Education Ltd 2C
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Exercise A, Question 40

Question:

f(x) = cosyX —x

a Show thaf(x) =0 has aroat in the interval [0.5, 1].

b Use linear interpolation on the interval [0.5, 1] to obtain an approximation to . Give your answer to two decimal places.

¢ By considering the change of sign of)fover an appropriate interval, show that your answbrisoaccurate to two decimal
places

Solution:

a f[:x;lzcc'sx'x—x
In this topic, angles are measured in radians,

£(0.5)=0.2602 =0 «——  unless otherwise stated.
f(1)=—-0.4597 <0

There is a sign change between x=0.5 and

x=1.

Hence the equation f (x) =0has aroot & in

the interval [0.5.1].

0.2602 | N
0

B 2t

/._.
=
i
Lh
o
-

By similar triangles
a-05 1-a

02602 04597

0.4597¢—0.2299=0.2602 —-0.2602c
0.719%9a =0.4901

o = 0.68. to 2 decimal places If 0.68 is accurate to 2 decimal places then o

must lie in the interval 0675 < o <0.685_ Any

c £(0.675)=0.00606 ... > U*\ number in this interval rounded to two decimal
f [0.685] =—{00B38 ... .<0 = places is .68, You evaluate f [:x] at the end
There is a change of sign and, hence, points of this interval and, if there is a change
o e [[}_5?1 0.685) . of sign, vou know that & lies in the interval

and vou can deduce that (.68 is accurate to 2

Hence o =0.68 is accurate to 2 decimal ;
decimal places.

places.
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Exercise A, Question 41

Question:

f(x) = 2¥-x2-1

The equatiori(x) =0 has aroet between4.256  ardt.26

a Starting with the interval [4.256, 4.26] use interval bisection three times to find an interval 0§ wirdfH

b Write down the value ¢, correct to three decimal plac

Solution:

£(4.256)=-0.0069 ... <0

£ (4_253) =00025 .0 = no need to calculate [4.26_] :
There is a sign change between x=4.256 and
x=4238.

Hence a =[4.256. 4.258].

4256+4 258
2

4257

f[4.25?] =-00021..=0
f[:4.258]: 0.0025 ... =0, from above

There is a sign change between x=4.257 and
x=4238.
Hence o e[4.257.4.258].

Pagel of 1

which eontains .

As vou already have a change of sign, there is

257 +4.25
IR gy
2
£(4257)=-00021 =0, from above 4.2575—4.257 =0.0005, which is the same as
' : 5x107, and so the interval [4.257,4.2575]

£(4.2575)=000018 ...>0

There is a sign change between x=4.257 an
x=42575. COITECt.

Hence o €[4.257.4.2575].

satisfies the conditions in the question. The
open interval [4.251 4.25?5] would also be

Any number in the interval [4.257.4.2575]

b Asie [4_25?_ 4_25?5]_ i g ——————— rounded to 3 decimal places would be 4 .257.
) - Accurately o =4.257 4619 ___ which is 4.257,

o =4.257 is accurate to 3 decimal places. 50 3 deciradd Blaces:

© Pearson Education Ltd 2C
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Exercise A, Question 42

Question:

f(x) = 2x2+%—3

The equatiof(x) =0 has araot inthe inteval< x < 0.5

a Use linear interpolation once on the intel@@l< x<0.5  to find an approximatien to . Give your answer to three decimal places.
b Findf'(x).

¢ Taking 0.4 as an approximatione, use the Newtc—Raphson procedure once to find another approximatia.

Solution:

a f[:x:|=2r:+l—3
x

£(03)=051333 _ >0
£(05)=—05<0

|
0.51333& et

0.3

/
e
LA

By similar triangles
a—035 05-a
0.51333 035

(0.5+0.51333)x =0.5x0.51333+0.3%0.5
1.01333a = 0.4066

s oamal glaes: ! =x"' and the rule for differentiation
x
' 1 ;
b f'(x)=4x—— <—-_._\________‘____-_i[r’=]=nxﬂ-1 s
A dx” ¢
: o 5.0 1
C f(04)=-018 E[x J=—1xx" = =
f(04)=—465
£(04
6E=U.4——r[: )
£'{0.4)

No accuracy has been specified in the
= U_4—E question. Giving the answerto 2 or 3
4.?5(/// significant figures is reasonable.
o= 0.361

© Pearson Education Ltd 2C
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Exercise A, Question 43

Question:
f(x) =0.25% - 2+4 sinyX.
a Show that the equatidfx) =0 has areot between.24  xarm28

b Starting with the interval [0.24, 0.28], use interval bisection three times to find an interval of width 0.005 which «

Solution:

[:x] =025x—2+4dsinyx *——— Remember to carry out the calculations in
radian mode.

f

£(0.24)=-006<0

f [:0.28_] =0.09 =0 \ In a question where vou onlv have to consider
There is a sign change between x=0.24 and sign changes, younced erly work to.anc
=028 | ’ significant figure. The solution shown here

gives the minimum of working. You can, of
course, show more decimal places if vou wish.

a

Hence the equation f (x] =0 hasaroot &

between x=024 and x=028%.

024+028

7

£(026)=0.02>0
£(0.24)=—0.06 <0, from above

0.26

There is a sign change between x=024 and
x=026.

Hence z £[0.24.0.26].

024+026
—_—-=
£(0.25)=-0.02<0

f[:U.Eﬁ] = (.02 = 0, from above

There is a sign change between x=0.25 and
x=0.26.

Hence  £[0.25.0.26] .

0.25

0.25+0.26

=0.255

b |

£(0.255) ~ ~0.001 <0
£(0.26)~ 0.02 >0, from above

There is a sign change between x=0.235 and
x=0.26.

|
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Exercise A, Question 44

Question:

f(x) = X3+ 8x - 19

a Show that the equatidtx) =0 has only one real root.
b Show that the real root &k) =0 lies between 1 and 2.

¢ Obtain an approximation to the real roof(ef = 0 by performing two applications of the Newton—Raphson procequre to f(
usingx =2 as the first approximation. Give your answer to three decimal places.

d By considering the change of sign of)féver an appropriate interval, show that your answerigaccurate to three decimal
places

Solution:

PhysicsAndMathsTutor.com
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a £'{x)=3x"+8
As forallx, " =0, f'[x]}gb 0 for all x.
As the derivative of f [:r] is always positive,

f (x) is always increasing.

b Y

f;:r//x= y=="""

Asf [x}is alwaws increasing it can only cross

the x-axis once. as shown in the sketch and,
hence, the equation f [:x'] =10 has onlv one real

root.

b £(1)=-10<0
£(2)=5>0

There is a sign change between x=1 and
x=2.

Page2 of 3

Drawing a sketch diagram helps vou to see
what is going on. If the function is always
increasing, after crossing the x-axis it can
never turn round and cross the axis again.

Y ou should give a conclusion to this part of the

Hence the real root of f (x) =0 lies between question. You can word the conclusion by

x=1and x=2_

modelling it upon the wording in the question.

This is the Newton-Raphson formula

()
£'(,)

with the values that apply in

c xn=2
f(2)=20 P
£'(2)=5 T
L:I—f[zj zl—izi_?i this question.
’ £'(2) 20
£(1.75)=0.359375
£'(1.75)=17.1875
1.75
. £(1.75) _ 450359387
: £'(1.75) 17.1975

22 1.729, to 3 decimal places
d f(1.7285)~—0.0077 <0
£(1.7295)~0.0092>0

There is a change of sign between x=17285
and x=1.7295  Hence the root of the equation

lies in the interval [:1.?285= 1_?295] ;

It follows that the root is 1.729 cormrect to 3
decimal places.

© Pearson Education Ltd 2C
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If 1.729 is accurate to 3 decimal places then o
must lie in the interval 1. 7285 < ar<1.7295 .
Anv number in this interval rounded to 3
decimal placesis 1.729. You evaluate f [:x)l at
the end points of this interval and, if thereis a
change of sign, vou know that the root lies in

the interval vour answer is correct to 3 decimal
places.
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Review Exercise
Exercise A, Question 45

Question:

f(x) = x3-3x-1

The equatioffi(x) =0 has arapt in the intefval, - 1]

a Use linear interpolation on the values at the ends of the infegvat 1] to obtain an approximation to .
The equatiorfi(x) =0 has a rgét in the intefval 0]

b Takingx = -0.5 as a first approximation fo , use the NewRaphson procedure once to obtain a second approxima
p.

The equatiori(x) =0 has aropt inthe interval [1.8, 1.9].

c Starting with the interval [1.8, 1.9] use interval bisection twice to find an interval of width 0.025 which centains .

Solution:

PhysicsAndMathsTutor.com
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a £(—1)=(-1)"-3(-1)-1=—-14+3-1=1
£(-2)=(-2) -3(-2)-1=-8+6-1=-3

! -1
3
| Finding distances on the negative x-axis can be

/ difficult. The distance is the positive difference
I between the coordinates, so you must subtract

a—(-2)
3 1 the coordinates and. as & —[—2) =+ 2, this
ag+2=—"-3cx will be positive when & is between —1 and
4a=-5 =3
o —1.25
b £'(x)=3x" -3
f(—0.5)=0375
£'{-0.5)=—225 This expression evaluates as exactly —1 but as
f [:_[]_5} 0.375 / this is an estimate of 5, and not an exact value
f="05————="05—— £ B it b1 L )
f'[—[ﬁl_i\] _198 of A _itis sensible to give the answer to 2
decimal places.
G=-33
¢ 1.8+19

-

£(18)=-0368<0
£(1.85)=—-0218 <0

£(19)=0.159>0

There is a sign change between x = 1 85 and
=14
Hence e [1.81 1_9].

185419 _

2
£(1.875)~—0.0332 <0

f [1.9] =0.1539= 0. as above

1.875

There is a sign change between x=1873 and
r=19.

Hence y=(1.875.1.9).

© Pearson Education Ltd 2C
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Exercise A, Question 46

Question:

A point P with coordinatesx, y) moves so that its distance from the point (5, 0) is equal to its distance from the line with
equationx = -5 .

Prove that the locus & has an equation of the foryd =4ax , stating the value of a

Solution:

A diagram helps vou see and understand
what is going on. You should label
important points. If letters are not given
in the question, vou can make vour own
up. Putting them on a diagram makes
vour method clear to the examiner.

Using the formula

-

d’ =[x1—_1::J +[,1'1—}';_]] it

is often easier to worlk with

By the dEf‘lHitiDI} of a parabola the distances squared rather
SP1= PN than with distances.
SP== PN

§(5.0), P(x.3)
B 1 - Along PN, the distance from P to the
SP=(x-x) +(3n-1) y-axis is x, and it is a further distance

= LJL—SJ‘—:'//“ 5 from the y-axis to N.
PN=x+5

SP* = PN?
(2— 5]: +y° = (x+ 3) ” Multiply out the brackets using
)((—mx+\2‘§\+}'::/f/+1[]x+\2‘§\.‘— (a+B) =a’+2ab+b" . Then

“rancel” the equal terms on both
sides of the equation.

v =20x

Comparing with 1° =4ax . this is the

required form with a=35.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 47

Question:

A parabolaC has equatioly? = 16x . The poiBtis the focus of the parabola.

a Write down the coordinates of S

The pointP with coordinates (16, 16) lies @

b Find an equation of the lir#, giving your answer in the forax + by + c = 0, wherea, b andc are integers.
The lineSP intersect<C at the poinQ, whereP andQ are distinct points.

¢ Find the coordinates Q.

Solution:

PhysicsAndMathsTutor.com
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C

il

8

/{(iaﬁﬁ]

L J

L~

Page2 of 2

Y ou should mark on vour diagram any
points given in the question. Here mark 5,
P and 0. Diagrams often help vou check
vour working. Here, for example, it is
obvious from the diagram that (0 must have
a negative y-coordinate. If vou got y =4

{a mistake it is easy to make), vou would

il
-

know vou were wrong and look for an error
in vour working .

The focus of the parabola with equation
v? =4ax has coordinates [aﬁ]. Here a=4.

The question asks vou to write down the

answer, 50 vou do not have to show working.

a S40) &¥—rn— 000 |
b Using YR TR Gith
Y= HmH C—e
[xl }'1}:[:4= 0) and [\-‘C;“L;}—Llﬁ:iﬁ):
an equation of SP is
y-0 x-4
16-0 16-4
y x—4
16 12
W y=16" (x-4)
Jy=4x—16
4x—3y—-16=0
c From (b)
_3y+16
4
Substitute for xin y* =16x
3 s 3p+16 )
V=16 T =12y +64
. A )
1-1—12}-—54=0_
[: fl +—1 =0
v=16 cm‘respcnds to the point P.
For O, y=—4

_3x—4+16 4
- -
The coordinates of (J are [:L —4].

© Pearson Education Ltd 2C
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Methods for finding the equation of a straight
line are given in Chapter 3 of Edexcel AS and
A-Tevel Modular Mathematics. Core
Mathematics 1. You can use anv correct
method for finding the line.

To find Q vou solve the simultaneous
equations 4x—3y—16=0 and 3° =16x.
The method of using substitution, when
one equation is linear and the otheris
guadratic, is given in Chapter 3 of
Edexcel AS and A-Tevel Modular
Mathematics, Core Mathematics 1.
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Review Exercise
Exercise A, Question 48

Question:
The curveC has equationg = 32, y = 6t.
a Sketch the graph of the cur@

The curveC intersects the line with equatign- x - 72

at the pokendB.

b Find the lengttAB, giving your answer as a surd in its simplest fi

Solution:

a

You have to recognise that x=3¢", y =6¢
is a parabola and draw it passing through
the origin with the correct orientation.

/

For the intersections, substitute x = 3¢2, ¥

=6t
T

into y=x—72

Pagel of 1

(3¢, 62 ) is a general point on the parabola.

6r=3—72
3 —66-72=0
(<3) £-2t-24=0
(1—6)(z+4)=0
r=6.—4

The points 4 and B must be of this form
and, if they also lie on the line with
equation ¥ =x— 72, the points on the
parabola must also satisfv the equation of
the line.

-
-

For 4, sav, t=6
x=3 =108, y=6:=36

For B say, t=—4

The question does not tell vou which point
is A4 and which point is F but, as vou are
only asked to find the distance between
them, it does not matter which is which and
vou can make vour own choice.

x=31 =3x(~4)" =48 y =6r=-24

Using d* =[I1—Xq)j +|:J-'1_J*':):
AB =(108-48)" +(36—(~24))’
=60 +60° =2 =60

AB =(2%60" ) =602 44— |

© Pearson Education Ltd 2C
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You are asked to give vour answer as a
surd in its simplest form. 84 85 is not
acceptable as it is not a surd and v 7200
is not the simplest form. A surd in its
simplest form contains the square root
of the smallest possible single number.
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Review Exercise
Exercise A, Question 49

Question:

A parabolaC has equatioy? = 12x . The poinsandQ both lie on the parabola and are both at a distance 8 from the directrix
of the parabola. Find the lencPQ, giving your answer in surd for

Solution:

+—r 8§ —>
3 pe— p —»

v

v . 2 v
The directnix of y° =4daxis x=—a.

o 5
= Comparison of ¥* =4ax with y* =12x
shows that, in this question, a=3.

The equation of the directrixis x=-3.
If the x-coordinate of Pis p,
p+3=8 = p=>5
The y-coordinate of P is given by
' =12x=60 = y=460

By symmetry. the coordinates of O are (5. —V60) | Pis vertically above () and the distance
PO =260 —4415 from P to O is twice the 1—coordinate of P.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 50

Question:
The pointP(2, 8) lies on the parabo@with equationy? = 4ax . Find
athe value of,

b an equation of the tangent@oatP.

The tangent t&€ atP cuts thex-axis at the poinK and they-axis at the poinY.

¢ Find the exact area of the trianiOXY.

Solution:

a Substitute [l S] into v: =4ax.
6d=4ax2=8a = a=§=8

& 2 0 3
When a=8 and x=2
dy B 242
dr V2 42
Using y—y = m[:x—xlj . the tangent

toCatPis \

a4
i

e e
Wil dx

Using i[f’] e
dx-\. Fy

*.
[x- |=Tr =

y—8=2(x-2)=2x—4 *
y=2x+4
c AtX y=0 = 0=2x+4 = x=-2
So 0¥ =12
AtY x=0 = y=2x0+4 = v=4
S0 0Y =4

Area &GX}'=%DX 3 O}’:% % w4 =4

© Pearson Education Ltd 2C
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The method for obtaining the equation
of a straight line when vou kmow its
gradient and one point which it passes
through is given in Chapter 5 of
Edexcel A5 and A-Level Modular
Mathematics, Core Mathematics 1.




Heinemann Solutionbank: Further Pure Pagel of 2

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 51

Question:

The pointP with coordinates (3, 4) lies on the rectangular hyperboldth equatiorxy = 12 . The poir® has coordinates
(-2, 0). The pointd andQ lie on the lind.

a Find an equation of biving your answer in the formm=nx+c , whareandc are real constants.
The linel cutsH at the poinR, whereP andR are distinct points.

b Find the coordinates R.

Solution:

PhysicsAndMathsTutor.com
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You can see from the diagram that
both the x- and y-coordinates of R
are negative. This will help vou
check vour work in part (b).

. y— ¥
a Using —=1
¥i—h

x—x :
= L with «—— |

T

Methods for finding the equation of a straight
line are given in Chapter 5 of Edexcel AS and
A-Tevel Modular Mathematics, Core
Mathematics 1. You can use any correct
method for finding the line.

y—4  x=3 /
0-4 -2-3
y—=4 x—
BT
5(y—4)=4(x-3)
5v—20=4x-12
Sv=4x+8
1-%1+§ ...... *

b  Substitute * into the equation of H.

x =12
4 &)
xrf—x+— (=12
5 5)

Part (b) involves solving a pair of
simultaneous equations, one of which is linear
and one of which is quadratic, asxyisa
quadratic term. Substitution is used to solve
such pairs of equations.

4

Ex:+§x=12 = 4" +8x=60

r+2x-15=0
[:x+ Sj [x—?r_] =0
x=-—53

x=73 corresponds to the point P.

ForR. x=-—-5 *
12 12

24

¥

x -5
The coordinates of R are [—5=—2.4:I

© Pearson Education Ltd 2C
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There are two points on both the line [ and
the parabola H. You are given the

coordinates of one (3, 4) in the question.
Y ou are looking for the other point, so vou
must reject the value of x (3) which
belongs to P and take the other value.
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Review Exercise
Exercise A, Question 52

Question:

The point B12, 3) lies on the rectangular hyperbolavith equatiorxy = 36 .

a Find an equation of the tangent taatHP.

The tangent to kit P cuts the-axis at the point Mind the yaxis at the point N.

b Find the lengttMN, giving your answer as a simplified st

Solution:
a }.“.
\H
P(12.3)
0 M
J;=E=3L‘:»x'_l *
x

W oS 20

dx x5

At P, x=12

(&) _ 36 1

lac), 12 4

Using v—3, =m (x—:'c1 ) . the tangent
to Hat Pis

1
gty
¥ 4(x )

4y-12 =—x+12
x+4y=24

b AtM v=0 = x=24 = OM =2+
AMMx=0= y=6=0N=06
MN? =0M? +0ON?

=241+ 6" =612=36x7

Wi S ),
()

oL VPR T O R . 5
: Ea B x

i o 8

No particular form of the equation
of the tangent has been specified
and anv form would be accepted.
x+4y=24 has been chosen here

as, reading ahead, vou will have to
substitute x=0 and ¥ =0 into the

equation to find the comresponding v

and x._ Tt is verv easv to do this with
this equation. Reading ahead can
often save time.

MN=6NT =

© Pearson Education Ltd 2C
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A surd in its simplest form has the
square root of the smallest possible
single number.
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Review Exercise
Exercise A, Question 53

Question:

The pointP(5, 4) lies on the rectangular hyperbblavith equationky = 20 . The linkis the normal té1 atP.
a Find an equation of biving your answer in the forax+by +c = 0, wherea, b andc are integers.

The linel meetsH again at the poir®.

b Find the coordinates Q.

Solution:

PhysicsAndMathsTutor.com
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a
The normal to A at F is perpendicular to
the tangent at P The tangent has here

——— been drawn as a dotted line. To work out
perpendicular gradients vou will need
the formula mm'=-1.

g
20
y=""=20x"

x You have to find the gradient of the tangent
- e _ 20 before vou can find the gradient of the normal.
de 0 52 You find the gradient of the tangent by
AtP x—5% differentiating.

(dy) 20 4
ldx). 5 5
For the gradient of the normal, using mm'=-1,
{43 5
| ——=|nm=—1 = m' =—
L 5) 4

Using y—1; =m{x—2x ). the normal

5.
toHatPisy—4=>(x—-3) ) )
4 ’ You were asked to give vour answer in the

4(y—4)=5(x-5) form ax+&y+¢=0, where a. b and ¢ are
e 53:;:."5"// integers. The answer —5x+4y+9=0
5x—41-9=0 would also have been acceptable.

b Reamanging the answer to part (a)

41+9
=
5
Substitute this expression for x into xy= 20
f4y+97 S )
|~z JL == Expressions like 43" +9y—100 are not easv to
L D

A4y+9)y =100 factorise but, as P lies on both / and H, vou know
I: Prs s that the y-coordinate of P, y =4 , must be one

4y +9y-100= 04:7- answer to the equation. So (¥ —4) has to be one
(y—4)(4y+25)=0

factor and the other can just be written down

e using x4y =4y’ and —4 %425 =—100.
T 4
v =4 corresponds to the point P.
=
For Q, y=—6.25 = x(-6.25)=20 = xz_ﬁ*sq:_a_z

The coordinates of (@ are (3.2, —6.25)._

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 54

Question:

The curveH with equationx = 8t, y =% intersects the line with equat}'m%x+4 at the pgimatsdB. The mid-point ofAB is
M. Find the coordinates M.

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure

Substitute x =8, ¥ .. iW
r s
*8r+4

g 1
r 4
§=21.‘+4
t
Multiplving bv ¢ and rearranging
26 + 4 —8=0
(+2) £ +2u—4=(r+4)(r-2)=0
=2 -4

Ford say, =2 = x=8=8x2=16

Page2 of 2

- »

f 2
| 8¢ — |
\ Tt/
hvperbola. The points 4 and B must be of
this form and, if they also lie on the line

is a general point on the rectangular

; ; 1 :
with equation y = 5 x+4 . the points on the

parabola must also satisfv the equation of
the line.

The question does not tell vou which point is 4
and which point is B but, as the mid-point is not
affected by the choice, it does not matter which
is which and vou can malke vour own choice.

The x-coordinate of the mid-point of A58
is given by

632
=R

—8

Ly

The y-coordinate of the mid-point of A58
is given by
4-1

2

Yu =

=1

The coordinates of M are f—E 1].

© Pearson Education Ltd 2C
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The coordinates of the mid-point M of

A [xl= J.'l) and B(x;. }'J] are given by
o (HEx BEw)

(‘j'-;'ﬂ':vl'_‘d’\}_k 2 : P )-

e
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Review Exercise
Exercise A, Question 55

Question:

The pointP(24t%, 4&) lies on the parabola with equatir= 96x . The g@aiso lies on the rectangular hyperbola with
equationxy = 144 .

a Find the value of and, hence, the coordinateshof

b Find an equation of the tangent to the parabd® giving your answer in the formn=nmx+c , whereandc are real
constants.

¢ Find an equation of the tangent to the rectangular hyperbBlagating your answer in the forpp=nx+c , wheareandc are
real constant

Solution:

PhysicsAndMathsTutor.com
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The point with coordinates [ at*, 2at)
Vi c always lies on the parabola with

' equation v’ =4ax . in this case a=24.
so P is on the parabola for all +. There

| N will however only be one value of ¢ for
which P also lies on the rectangular

[. 245 48::} must satisfv the equation xy =144 hvperbola and vou find it by
245 % ARF — 144 substituting (24¢7, 48¢) intoxy =144 .
144 1 1
2448 8 2
) 1y
ForP, x=24r =24x| —| =6
\2)
}'=4Sr=48x% =24
The coordinates of P are (6, 24). gﬁzlﬁxﬁz.il:l"xﬁ_
2 i 47 | Sov96=+(4'x6)=446
b ¥ =96x = y=(96)" xF =446x° '
L s (i
de 2 x?
F_' ]
Avw=g, o205
x A6

Using y—y, =m [x—xlj . an equation of the tangent to the
parabola at P is
y—24= I[x— 6)=2x—12

y=2x+12
é }':E:l:&?g_’l
x
§=—144x-1=—ﬁ
dx x
Apwes, Dlultls y
dx 6

Using y—3, =m(x—2x ). an equation of the tangent
to the hvperbola at P is
y—24=-4{x—6)=—4x+24
¥=—4x+48

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 56

Question:

The pointsP(9, 8) andQ(6, 12) lie on the rectangular hyperbélavith equatiorxy = 72 .

a Show that an equation of the ch&@ of H is 4x + 3y = 60.
The pointR lies onH. The tangent tél atR is parallel to the chorBQ.

b Find the exact coordinates of the two possible positioR.

Solution:

PhysicsAndMathsTutor.com
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The diagram shows that there are
two positions of R, labelled R, and

R, in the diagram, where the
tangents to A are parallel to PQ.

When vou are asked to show that an
equation is true, vou must use algebra to
transform vour equation to the equation
exactly as it is printed in the question.

a }.n_
.: H
B N
T '
\N IIIRI _‘_\_"":‘--.._‘-‘_\_""‘-,____:\'_fr
R- X
Using YN TR itk
Ye—¥ M=
P(x.y1)=(9.8) and O(x,. 3,) =(6.12).
an equation of the chord PQ is
y—8 x-9
12-8 6-9
y—8& x—9
- =3
—3[:}'—8] =—1[x—9]
—3y+24=4x-36
4x43y =060, as required.
b Rearranging the answer to part (a)

3y=—4x+60 = y= —%x+ 20

The gradient of the chord is —g :

Ifthe tangents are parallel to 4B, the gradients

The lines v=mx+¢ and yv=mx+c'
are parallel if m =m'. For AB,

of the tangents must also be = o :_i F S ReEE. m':E_ The
oyl d.:l' =2 3 : .
y=7x" = E=—?-x = key step is. therefore, solving
T2 4 E=—i
S dx 3
X 3
; . 12
Tax3ed = A=) j3:54
x=%454=4346
3 3
B e B g o SN i
3IVe 346
¥ ¥
At R, x=+6y=— T2 =—1"X6=_41-|5
- 346 346

The coordinates of the two possible positions of
Rare (3v6,446) and (346, —46).

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 57

Question:

A rectangular hyperbold has cartesian equatien=9 . The p((tBrt %) is a general poit on
a Show that an equation of the tangerit-ltat(3t, TS) iSx +1% = 6t .

The tangent t¢d at(3t, TS) cuts the-axis atA and they-axis atB. The pointO is the origin of the coordinate system.

b Show that, at varies, the area of the trian(OAB is constan

Solution:

PhysicsAndMathsTutor.com
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Using i[f’\] =T,
d_.{.-\. 4

y= E = gx_l
x
d_lz_gx-: :_> i’gx'lt] =—1x9x ! = 0x7? =—i:.
32 dx’ X
il b
dx L3:_] ¢
; f ; o . &Y P i
Using y—y, =m{x—2x ) with (x, J,-l_]:i 3z, ;j ; You can use (x, » le 3z, 4 in
the tangent to /7 the formula y—y, =m(x—x) in
}-_i =—i,[:x—3r] < exactly the same way as vou use
3 o

(= ) Py-3t=—x+3¢

x+1'y =6¢, as required.
b For A, substitute, v=0 into x+r3}' =61,

x=60 = 04d=06¢

For B. substitute, x=0 into x+r:}' =61f.

Fy=6f = ,v:E — op=5
£ £
1 1 6
ME&&GAB=;OAXOE=; < ftx — =18
i = t

This area, 18, is a constant independent of . —

© Pearson Education Ltd 2C
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coordinates with numerical values
like, sav, (6 4.

This result means that no matter
which point vou take on this
rectangular hvperbola the area of the
triangle (4 F is always the same, 18.
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Review Exercise
Exercise A, Question 58

Question:

The pointP(ct, %) lies on the hyperbola with equatigr 2, whdeea positive constant.

a Show that an equation of the normal to the hyperbdbaist
tx-ty-c(t*-1) = 0.
The normal to the hyperbolaRimeets the ling=x &b. Given that # +1 ,

b show thaPG? = cz[t2 + izj
t

Solution:

PhysicsAndMathsTutor.com
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a i
y
| G
JP
=
y= o i
x . .
dv o The normal to H at P is perpendicular to
—=—Ccx =——5 the tangent at P To work out
dx 2 perpendicular gradients vou will need
At P, x=ct the formula mm'=—1_ So vou have to
dy e X find the gradient of the tangent before
& B 7 vou can find the gradient of the normal.
You find the gradient of the tangent
For the gradient of the normal, using mm'=-1, e
" ! 2
l——lm'=—1 = w'=r
\ 2%}
s : (. &)
Using y—y =m(x—x ) with (2. ) =; ¢k, —j :
L
an equation of the normal to the hvperbola at P is
[
y——=t(x—ct)
t
€
V——=Fx—¢l
r
(xt) yt—c=Fx—ct’ When vou are asked to show that an
Pr—ty—cttLe=0 equation is true, vou must use algebra to

transform vour equation to the equation
exactly as it is printed in the question.

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure

b For 7, substitute y = x into the result in part (a)

Fx— x:r—.:|::4 ~1)=0

(£ —£)x=c(e*-1)

Page3 of 3

You could not “cancel” the [:r1 —1:}

terms if £ ==1, as then [~r1—1§] would be

(. but these cases are explicitly ruled out
in the question.

Using ﬂr:=|:xl_x:)‘+['_}'1_}’2;|‘
r =
with{x,, 3, )= cr+— f:r+— |
[\1 1) |\- IJ
. 'f c"‘
(2 92) =| et |
\. I &

cfet-1) ele~1){+1) 2, c
A= '3 — = = = = —
=i r[r* ] 4
F c“‘.
The coordinates of ¢ are ca.‘+— ct+ _,J
I
PG]_['xl_x];I‘_H:yl_}:]‘ ) /
EI.-- o -..12 ‘-' s c:*-\.':‘l
=l ct+——ct| +| er+———
W T T G
: 7.9 { bl 1 -l‘l .
e o i s [l sy |- as required
o i

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 59

Question:

a Show that an equation of the tangent to the rectangular hyperbola with eq;aat't:?n

Tangents are drawn from the poin8,(3 ) to the rectangular hyperbola with egyatios

b Find the coordinates of the points of contact of these tangents with the hy)

Solution:

PhysicsAndMathsTutor.com
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L4

The diagram shows that, in part
(b), the tangents have two points
of contact with the hyvperbola.
One is in the first quadrant and

the other in the third.
a
& 5. .-
a V=—=¢'x
x
dy 1 -2 c
—=—X =——
x
At x=¢t
’
dy ¢ 1
dx 't £

" <
f i

Using y—», =m(x—x ) with(x, }ﬂzll ct, E; !
’ ) I\ I-"

an equation of the tangent to the hvperbola is

1

] —£=——,I:x—cr}

t i

¢ x €
¥ =tagh e

t E 3§ Part (a) is a general question. Part
s :E (k) is about the specific rectangular
T 8 hyperbola with ¢’ =16 . The first

[.XIP] rfy+ x=2er, as required: step in part (b) is to adapt the answer
o in (a) to (b) by substituting ¢ =4 .

b When ¢ =4, the equation of the tangent is
v+ x=8¢

(—3.3) must lie on both tangents and

I:—l 3) satisfies the Equ&':ij/// vou use this to obtain a quadratic in .
3t —-3=8

PhysicsAndMathsTutor.com
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3 & —3=(3¢+1)(r-3) =0

=23
3
ro4
The points on the hyperbola are L4r= _,j
I
II.-' *-\.l:‘
£ | ra o
When I=—1=the pointis | ——,— |=| ——.-12 |
3 37 1 L3 )
; 3}
b3 A%

When #=3, the point is 1| 12 3 [
L
The points of contact of the tangents with the hvperbola

Fd N o fo A
are '—i=—12'a.nd'lli'

TE A

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 60

Question:
The pointP(atz, 2at) , where>0 , lies on the parabola with equay?tm4ax
The tangent and normal Rtcut thex-axis at the point¥ andN respectively. Prove th%{l— =t

Solution:
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The # >0 in the question implies that vou
onlv need to consider the part of the
parabola where ¥ =0, that is the part

above the x-axis.

To find an equation of the tangent PT
yVi=dax = v =2a"x} (¥>0)

e i M
v=2ax dx dxV 4 ° =
1 3

dy 1.8 O
—=—xlaxi=—
dx X3
At x=at’, 2 =a't
dy a 1
dx a%r i

USiIlg l}l—}.ll :m".x—x].:] ‘l,'l.ﬁ_th {xl= }_.1.'] ={'a'j'1= ‘_{Jr] 3

an equation of the tangent to the parabola at P is

1 .
}'—Iar=—|x—ar.‘]
T

tv—2at=x—at The tangent crosses the x-axis
73
tv=x+at" ... .. 0 where y=10._

To find the x-coordinate of T, substitute ¥ =0 mto @

O=x+at’ = x=-ar
Using dlzl:xl—xz}lﬂz}fl—}':_]l with
(3%,_}'J=(af:=2ﬂf} and [:xr}':‘_izli—m.‘::ﬂ:l
PT* =(at’ —{—aﬁ_}'}: +(2at—-0)’

—(2a?)’ +4a*F = 4" + 4a*F

=dar(£+1) .. . e The normal is perpendicular to
the tangent. From working
To find an equation of the normal PNV . earlier in the question, you
Using mm'=—1_ « know that the gradient of the
Exm':—l = m = tangent is —.
t 3

Using y—w =m'(x—x ) with (x.3,) ={;a£:= Ear:]=

an equation of the normal to the parabola at Pis

PhysicsAndMathsTutor.com
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v—2at= —rfr:c—m‘: |

5 The normal crosses the x-axis
=—tx+ arq where y=0.
y+ix=2at+ar _._ .. 3]
To find the xcoordinate of NV, substitute v =0 into ©

tx=2at+af = x=2a+at’
Using ::271=[':::‘1—_1;_\_‘}1+I:J;1—JI.':‘_I1 with
{:x:i:;;'l}:['m‘::la.r'] and [x:=}':}=(2a+at:= ﬂ}
5w SR 2
PN =(ar’ —(2a+af' )| +(2at-0)
=(2a)" +(2at) =4d" + 4a’F
=4a (1+7)
From @ and @
pr? dar(f+1) .
R
PN°  da'(e +1)

Hence

=t as required.
PN o

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 61

Question:

The pointP lies on the parabola with equatig?l=4ax , Whatlie a positive constant.

a Show that an equation of the tangent to the paratat#, 2ap), p> 0, is py = x + ap2.
The tangents at the poirap?, 2ap)  aDEg’, 2aq)(p# g, p>0, g > 0) meet at the poirit.
b Find the coordinates of.

Given further thaN lies on the line with equation=4a

c find p in terms oig.

Solution:
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- foog Usi —_ x’”' = it
4 ¥y =dax = y=2a'x’ (y>0) i e
y=2a'x d_i[xé B P
i X -
d;-l' = lx 2afx T =1
dx 2 x-i
At x=gp?, =aip
dy a’ 1
dr &'p p
Using y—1 =m(x—2x) with (x.3)= (ap?.2ap).
an equation of the tangent to the parabola at Pis
1 5
y—2ap=—|x—ap’|
= !
pv—2ap’ =x—ap’
py=x+ap”. as required.
The equation of the tangent at @ is the
b An equation of the tangent to the parabola at @ is same as the equation of the tangent at
qy = x+aq’ o ‘._,-r—"'f P with the ps replaced bv gs. You do
A y TRTIRE not have to work out the equation
py=x+ap ... ... a again.
0-0 py-qy=ap —aq"
EP_Q]}'ZHLP? _431] To find x and v, in terms of p and g.
f a1 vou solve equations @ and ® as a
3.3 + yor : ;
- a[ﬁp g ] _ GM (p+9) _ a[p+q] pair of simultaneous linear
P—a }%"f equations.
Substitute into @
qcz[:p+g_] =x+ag”
x=ga(p+q)-ag” =apg+ag —agq =apg
The coordinates of N are (apg.a(p+g)). If N lies on the line with equation
v = 4a  then the y-coordinate of V,
[ If?\-“I]’ES on _}'=4ﬂ= / “rhidl}'_s a(p-i—qjmust be 4&-_
d(p+q)=44
p=4-g

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 62

Question:

The pointP(at?, 2at), t # 0lies on the parabola with equatigh=4ax , whatis a positive constant.
a Show that an equation of the normal to the parabdtasat

y+xt = 2at +at>

The normal to the parabolaRimeets the parabola againat

b Find, in terms ot, the coordinates Q.

Solution:

PhysicsAndMathsTutor.com
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%]

v =dar = y=2a'x"

Page2 of 3

a
y=2ax
dy 1 Lt al
—=—xlaxT=—
de 2 X2
At x=at’, x* =a't The normal is perpendicular to the
dv at 1 tangent, so vou must first find the
E:T:_ = gradient of the tangent. Then vou use
at 1 mm' =—1 to find the gradient of the
Using mm'=—1. normal.
Lo ]
—xm==1 =>m=—
z
Using y—y, =m(x—x ) with (x.3)= [_ar{ lar_.] I
an equation of the normal to the parabola at Pis
4 5 45 When yvou are asked to show that an
Lol =—1 [xx_ ot ] equation is true, vou must use algebra to
——tctat’ transform vour equation to the equation
Y+ ti=2at+af , as tequired exactly as it is printed in the question.
b

Let the coordinates of 0 be [:ag: 2ag ]

The point O lies on the normal at P, so
2ag+iag’ =2at+at’ <

You substitute x=ag” and v = 2ag into the
answer to part (a).

2ag—2at+atg’ —at =0
2a(g—t)+at(g’ —£)=0
2a(g—t)+at(g—t)(g+t)=0
a[q—r]['2+rlzg+r]jl =0
24+tg+17=0

) (2242
The coordinates of O are | a|
L.\
e &

t

© Pearson Education Ltd 2C
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There are two possibilities here: g—¢=10 and
2+2(g+t)=0. As P and Q are different points,

¢ =1, s0 vou need only consider the second
possibilitv. You use this to find g in terms of ¢,

Replacethe g in [ ag’, 2ag':|

243

I

by — - Youneed not

t
attempt to simpli fy this
further.
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Review Exercise
Exercise A, Question 63

Question:
a Show that the normal to the rectangular hyperlzy)bac2 , at the %mt%) t 2 0, has equatiog = 2+ % —atd
The normal to the hyperbolaRtmeets the hyperbola again at the pQint

b Find, in terms of, the coordinates of the point Q.

Given that the mid-point d®Q is (X, Y) and that # +1 ,
¢ show that = -2 .
Y 2

t

Solution:

PhysicsAndMathsTutor.com
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—— 1) X
a y="=cx"
X
B o . The normal to H at P is perpendicular to
— =X =——s the tangent at P. To work out
dx 2 perpendicular gradients vou will need
At P, x=ct the formula mm' =—1_ So vou have to
dy & I find the gradient of the tangent before
I - A ) h vou can find the gradient of the normal.
You find the gradient of the tangent by

For the gradient of the normal, using mm'=—1, dhifeenliating.

(1}

m=—1= m=¢

fr_l)jI

Using y—u =m[x—x1] with ( x;, y1]=; ct,
b5
an equation of the normal to the hvperbola at Pis
g 4
y——=t(x—ct)
=t'x—ctf
2 [ 3 .
Vv=tx+——cf  asrequired. ... 0

4

1 3
= = ¥y=—

%
For O, from @ and @

= i 3 Cl

Fxt——ct =—

t x

=t and collect terms as a quadratic in x
rx +(e—ett )x—ct=0

—

e

£)

When vou are asked to show that an
equation is true, vou must use algebra to
transform vour equation to the equation
exactly as it is printed in the question.
In this case, the form of the printed
equation suggests a method for the next
part of the question.

Writing the equation of the rectangular hvperbola,
in the form y= ..., enables vou to eliminate

quickly between @ and @

The x-coordinate of P, ¢ . must be a solution of

the equation. So [x— cr_] must be a factor of the

(x—ct) [_r‘:x+f:'] = *

x=ct comresponds to P

PhysicsAndMathsTutor.com

quadratic and, so, vou can write down the
second factor using xxfx =1 and
—ctxc=—ct.
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The coordinates of the mid-point of
A(x.3) and B(x,, y,)are given
lfxl +x;l_ ¥, +.}'::H':.
TREYi

I'-\.

by (X.¥)=

Multiplving all terms on the top and
bottom of the fraction by #°.

For O. x=—£:
7
Substitute the x-coordinate into @
et
y=—=——=—
2 &
£
i 3
The coordinates of Q are | —  —¢t° J'
r -
[ &)
ct+| —— 4
3 = c
. x L ¢z }:cr —c _
2
A _ -
il B )
T B e B N
c[.t4—1.}R
¥ e el %
—= —= W — -
¥ |:[1—I4] 2 c[l—r‘*]

2

=——, asrequired.
2

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Multiplving all terms on the top and
bottom of the fraction by ¢.
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Review Exercise
Exercise A, Question 64

Question:

The rectangular hyperbo@has equationy = ¢ , whereis a positive constant.

a Show that the tangent @at the poinP[cp, %j has equatiqﬁy =X+ 2cp.

The pointQ has coordinatas[cq, %] q#p.
The tangents t€ atP andQ meet aN. Given thatp+q#0 ,

2c
+q°

b show that the-coordinate oN is

The line joining Nto the originO is perpendicular to the choRD.

¢ Find the numerical value @fq?

Solution:

PhysicsAndMathsTutor.com
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"ﬁ
" }kn
Ll
\\\ !
.\
-] f /
-""‘--.._\_‘_‘_H_\_ \ o
0
e \ e X
) N
\
1
1
|
|
e T lF
a y=——=c'x
x
dy 3 i 5
=y ==
dx x
At x=cp
dy £ 1

PE czp: 7

|# 3
Using y—y, =m(x—2x) with(x, ») =i ep. kit

b
an equation of the tangent to the hvperbola is

1
y—— = (x—cp)
D r
c x ¢
F="= }+_
B Fe B
x 2
P
z r

(xp?) P'y=—x+2cp_asrequired ... @

The tangent at O is
g yv=—x+2cq .. ... a
To find the y-coordinate of N subtract @ from @
(P'-4¢*)y=2¢c(p-q)

y Pl [p—q] ECM 2e

e = . as required.
P’-¢  (p-d)(pta) Ptg

PhysicsAndMathsTutor.com

Page2 of 3

The equation of the tangent at O is the
same as the equation of the tangent at P
with the ps replaced by gs. You do not
have to work out the equation twice.

To find v, vou eliminate x from
equations @ and @ These equations
are a pair of simultaneous linear
equations and the method of solving
them is essentially the same as vou
leamnt for GCSE.
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¢ To find the x-coordinate of & substitute the result
of part (b) into @

Ay
=0 =—x+2cp
ptg
Irnt 2 —2ent 2
x=2ep— W 2ep(pt+q)—2ep R
rp+gq rptq ptg The gradient »1 is found using
The gradient of PO, m say, is given by i . S
m==2—1 with (x. ) =] . — |

A E}N_l hnTx \ J
P q g 1 / [ 2)
m= = =—— and (x, ¥, )= eg. —
v-ca ¢(p~g) P4 (2.32) L q)
The gradient of ON, m' sav. is given by
2e
_ptg_ 1
lcpg  pg
ptyq
Given that OV is perpendicular to PQ
mm' =—1

—ixi =—1= plg’=1

g P4

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 65

Question:

The pointP lies on the rectangular hyperbola=c®> , wheie a positive constant.

a Show that an equation of the tangent to the hyperbola at thd?éqintgpj, p>0, isyp? +x = 2cp.

This tangent &P cuts thex-axis at the poin&

b Write down the coordinates &f

¢ Find an expression, in termsmffor the length oPS.

The normal aP cuts thex-axis at the poinR. Given that the area afRPS  4dc® |

d find, in terms ofc, the coordinates of the poiP.

Solution:

PhysicsAndMathsTutor.com
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dy e’ 1

T 3
cp

{ b
Using y—y; =m(x—x) with(x, 3 = cp. £ .
L z.

an equation of the tangent to the hvperbola is
1

7 (x—ep)

g B

(xp*) p*y+x=2cp, asrequired. ... ‘“\

Page2 of 3

The tangent crosses the x-axis at v=0.
You can put v=0 into @ in vour head

b [2cp= I:I] 4

¢ Using ;:zr::[xl—xzjl+Ii3;1—;:,':}1 with

f i
(3.31)=| .= | and (x. ;) =(2ep.0)
r)
W e
PS5 =I:cp—‘cp\j +H—=—0| =7+
. l. ) ) »

and just write down the coordinates of
S5 . No working is needed.

PhysicsAndMathsTutor.com

There are many possible forms for this
answer. Any equivalent form would
gain full marks.
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d To find the equation of the normal at P.
The working in part (a) shows the gradient of the

tangent is —— .
I
Let the gradient of the normal be m'.
Using mm'=—1,
1 r t 2
——xm==1l=m=p
I
()
Using y—, =m' (x—x ) with(x. ») :1' p.— | .
\ 2/
an equation of the normal to the hvperbola at P is

[ q
y——=p(x—cp
©p(xap

= px—cp’

5 c 3
P x=y——+ep
r
To find the x-coordinate of R, substitute v=10

. c 3 c
PX=——+cp = x=gp——
B r

pi+1)

i i
RS:ZCp—i co——|= cp+—3=c'

Page3 of 3

To find an expression for the
area of the triangle vou can
obtain the length of the side RS
and use that as the base of the
triangle in the formula for the
area of the triangle. First you
need to obtain an equation of the
normal and use it to find the
coordinates of K.

Area ARPS =%RS>< height

1 [ p*+1)

If RS is taken as the base of the triangle, the
height of the triangle is the y-coordinate of P.

—11(:::—ch ;x—
2\ ) p

As p =0 is given in the question, vou
need not consider the altemative

1

solution p=——.

C i 4 1
=§Lﬁ’ +1
4 4 4 1 1 /
Bp =p'+1= p =8_ :>p=§
|"-' L-:H'I :"-'C B
The coordinates of P are;cp=—:=i—=3c'
I__‘_ p_)_l \‘_3 J

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 66

Question:

The curveC has equatioly? = 4ax , whegeis a positive constant.

a Show that an equation of the normatt@at the poinP(ap?, 2ap), (p # 0) is y + px = 2ap + ap°.
The normal aP meetsC again at the poir@(aqz, 2aq)

b Findqin terms ofp.

5

Given that the mid-point d?Q has coordinat 1128 a, —3a),

c use your answer 1b, or otherwise, to find the value p.

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure

x

ap P
Using mm'=—1,

Page2 of 3

The normal is perpendicular to the
tangent, so vou must first find the
gradient of the tangent. Then vou use
mm' =—1 to find the gradient of the

normal.

—xm=-1= m'=—p

£

Using y—, =m'(x—x) with (x.3)= (ap’. Zap~]=

an equation of the normal to the parabola at P is

y—2ap=—p(x—ap’)

=gt ap3

7|

yv+xp=2ap+ap’ . as required.

When vou are asked to show that an
equation is true, vou must use algebra to
transform vour equation to the equation
exactly as it is printed in the question.

Let the coordinates of O be [.aq] .2ag |

The point ( lies on the normal at P, so
lag+ pag® =2ap +ap’
2ag—2ap+apg” —ap’ =0
2a(g-p)+tap(g’—p')=0
2a(g~F] +ap(g-F) (g+p)=0
2+plg+p)=0
24 pg+pi=0

pg=—p -2 = g=—p—

| e

PhysicsAndMathsTutor.com

|

As P and O are different points,

p =g and it follows that g— p=0.
Y ou can, therefore, divide
throughout this line by [:q —p] .

Anv equivalent of this expressionis
p+2

/
acceptable, eg. g=—
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You only need one equation to

¢ The y-coordinate of the mid-point of PO is
find p and so vou do not need to

given by : .
oty Yom 2 Za(p+g ) cc:lnsxdtllr bntl:]. coordinates of the
£ 5 g _ Pz 4 _ I:E } :a[p+q] +—— mid-point. Either would do, but
= . it is sensible to choose the
The answer to part (b) is coordinate with the easier
2 ] .
o g numbers. In this case, that is the
gl y-coordinate.
=

Therefore p+g=-—

i~

The y-coordinate of the mid-point is

3
a(p+g)=ax——=-3a, given
e

| e

2a
——="Ta = p=
z

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 67

Question:

The parabol& has equationy2 =32x .

a Write down the coordinates of the focsief C.
b Write down the equation of the directrix ©f
The pointsP (2, 8) andQ (32,-32 ) lie onC.

¢ Show that the line joininB andQ goes througls.

The tangent t&€ atP and the tangent 10 atQ intersect at the poiri.

d Show thaD lies on the directrix oC.

Solution:

x=-8

f’,f‘

)

If ¥* =4ax . the focus has coordinates

(@.0) and the directrix has equation

a (8.0)

; y—¥ x—X
C USlIlg L O A
Fa—h

with
H—x

(%-21)=(2.8) and (x,. y,) =(32.-32)

an equation of PO is
Xl

3y—24=—4x+8
3y+4x=32

Substitute y=0
O0+4x=32 = x=8
The coordinates of § (8, 0) satisfy the
equation of PQ.

Hence 5 lies on the line joining P and .

PhysicsAndMathsTutor.com

0

. 2 .
x=—a. Comparison of y° =4ax with
7 1 '
¥° =312x, shows that, in this case,
a==8.

Methods for finding the equation of a straight
line are given in Chapter > of Edexcel AS and
A -Tevel Modular Mathematics, Core
Mathematics 1. You can use anv correct
method for finding the line.
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=32y = L'=+4*J2'cf"‘_'_'_'___—_._._._ V32=4(16x2)=416x42=442

d
P is on the upper half of the parabola where y=+4 2y
dy 1, . 4 242 4
E:;'h"x = On the upper half of the
- % parabola, in the first quadrant,
At x=2 d_} A _ 5 the y-coordinates of P are
dxr «2 positive.
Using y—y =m(x—x ). the tangent
toCatPis
y—8=2(x-2)=2x—4
y=Ix+d . o On the lower half of the

parabola, in the fourth
guadrant, the y-coordinates

Q is on the lower half of the parabola where y=-4+2"
of P are negative.

; ; 2142
B_ Ly N
dx 2 X

! 24 42
appegyy Heo 20 IR G
dx 432 442 2
Using v—x :m[:x—xlj . the tangent

toCatQis

}'+32=—1I:x—32]=—1x+16

2 ¥

}'=—lx—16 ...... a
7

-

To find the x-coordinate of the intersection of
the tangents. from @ and &

2x+4 =—%x—16

s
x=—20 = x:—lﬂxzz—g

(R

The equation of the directrix is x=—8 and. hence,
the intersection of the tangents lies on the directrix.
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