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Exercise A, Question 1

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(5+2i) +(8+9i)

Solution:

(5+8)+i(2+9)=13+11i
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Exercise A, Question 2

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(4 + 10i) + (1 - 8i)

Solution:

(4+1)+i(10-8)=5+2i
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Complex numbers
Exercise A, Question 3

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(7 + 6i) + (-3 -5i)

Solution:

(7-3)+i(6-5)=4+i
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Complex numbers
Exercise A, Question 4

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(2-i)+(11+2i)

Solution:

(2+11)+i(-1+2)=13+i
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Complex numbers
Exercise A, Question 5

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(3-7i) +(-6+7i)

Solution:

(3-6)+i(-7+7)=-3
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Complex numbers
Exercise A, Question 6

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(20 + 12i) - (11 + 3i)

Solution:

(20-11) +i(12-3) = 9 + i
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Complex numbers
Exercise A, Question 7

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(9 + 6i) — (8+10i)

Solution:

(9-8) +i(6-10)=1-4i
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Complex numbers
Exercise A, Question 8

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(2-i) - (-5 +3i)

Solution:

(2--5)+i(-1-3)=7-4i
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Complex numbers
Exercise A, Question 9

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(-4 - 6i) - (-8 - 8i)

Solution:

(-4--8)+i(-6--8)=4+2i
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Complex numbers
Exercise A, Question 10

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(-1+50) - (-1+1i)

Solution:

(-1--1)+i(5-1) = 4i
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Complex numbers
Exercise A, Question 11

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(3 +4i) + (4 +5i) + (5 +6i)

Solution:

(3+4+5)+i(4+5+6)=12+15i
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Complex numbers
Exercise A, Question 12

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(-2-7i) + (1 +3i) - (-12+i)

Solution:

(-2+1--12)+i(-7+3-1)=11-5i
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Complex numbers
Exercise A, Question 13

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
(18+5i) - (15— 2i) - (3+7i)

Solution:

(18-15-3)+i(5--2-7)=0
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Complex numbers
Exercise A, Question 14

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
2(7+2))

Solution:

14+ 4i
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Complex numbers
Exercise A, Question 15

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
3(8- 4i)

Solution:

24-12i
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Complex numbers
Exercise A, Question 16

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
7(1-3i)

Solution:

7 - 21i
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Complex numbers
Exercise A, Question 17

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
2(3+i) +3(2+1i)

Solution:

(6+2)+(6+3)=(6+6)+i(2+3)=12+5i

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 18

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .
5(4+3i) —4(-1+ 2i)

Solution:

(20+15i) +(4-8i) = (20+4) +i(15-8) =24+ 7i
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Complex numbers
Exercise A, Question 19

Question:

Simplify, giving your answer in the foria+ bi, whereaOR and O R .

(+5)6+3)

Solution:

(l+§)+|(1+§):3+2|
2 2 3 3
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Complex numbers
Exercise A, Question 20

Question:
Simplify, giving your answer in the foria+ bi, whereaOR and O R .

(BvV2 +i) - (V2 -i)

Solution:
(3J2 -V2)+i(l--1)=2J2 +2i
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 21

Question:

Write in the formbi, whereb O R .
J(-9)

Solution:

J9.J(-1) = 3i
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 22

Question:

Write in the formbi, whereb O R .

V(-49)
Solution:

VBT = 7
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 23

Question:

Write in the formbi, whereb O R .

J(-121)
Solution:

J121/(-1) = 11i
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 24

Question:

Write in the formbi, whereb O R .
\/(=10000)

Solution:

\/10000,/(-1) = 100i
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 25

Question:

Write in the formbi, whereb O R .

J(-225)
Solution:

J225,/(-1) = 15i
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 26

Question:

Write in the formbi, whereb O R .
J(E5)

Solution:

J5(-1) =iV5
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 27

Question:

Write in the formbi, whereb O R .

V(-12)
Solution:

JT20) = VA3 = 23
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 28

Question:

Write in the formbi, whereb O R .

J(-45)
Solution:

J35[T) = V3BT =3iV5
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 29

Question:

Write in the formbi, whereb O R .

J(-200)
Solution:

J200,/CT) = VI0042/(1) = 1012
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Complex numbers
Exercise A, Question 30

Question:

Write in the formbi, whereb O R .

JE1a)
Solution:

V147/(-1) = V493 /(1) = 7iV/3
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Complex numbers
Exercise A, Question 31

Question:
Solve these equations.

X2+ 2x+5=0
Solution:

a =1lb=2c=5

_2£[(4-20) _ 234

2 2
X =-1%2i

X
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 32

Question:
Solve these equations.

x2-2x+10=0

Solution:

a=1lb=-2c=10

= 2+,/(4-40) _ 2+6i
- 2 T2
x=1%3i
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 33

Question:

Solve these equations.
x2+4x+29:0
Solution:
a=1lb=4c=29

w= A% J(16-116) _ -4+10i
= > =

2

Xx=-2%5

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 34

Question:
Solve these equations.

X2+ 10x+26 =0

Solution:

a=1b=10c=26

‘= -10+,/(100-104) _ -10+2i
- 2 T2

Xx=-5%i
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 35

Question:
Solve these equations.

x2—6x+18:0

Solution:

a=1lb=-6¢=18

‘= 6+./(36-72) _6+6i
- 2 T2
X=3%3i
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 36

Question:

Solve these equations.
X2 +4x+7=0

Solution:

a=1lb=4c=7
X = -4+ /(16-28) _ -4+iJ12 _ -4+2iJ3
2

2
X=-2+i/3
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise A, Question 37

Question:

Solve these equations.
x2—6x+11=0
Solution:

a=lb=-6¢c=11
‘= 6+ /(36— 44) _6%iV8 _6+2iV2
2 2

2
x=3+i2
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Complex numbers
Exercise A, Question 38

Question:

Solve these equations.
X2 = 2x+25=0
Solution:
a=1b=-2c=25

= 2+./(4-100)  2+iJ96 _ 2+4iJ/6
2 2

2
x=1+2iJ/6
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Complex numbers
Exercise A, Question 39

Question:

Solve these equations.
X2 +5x+25 =0
Solution:
a=1b=5c=25

y = -5+ ./(25-100) _ -5+iy75 _ -5+5i/3
2 2 2

X= +

-5 . 5iV3
2

Nlm
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Complex numbers
Exercise A, Question 40

Question:

Solve these equations.

x2+3x+5=0
Solution:
a=1b=3c=5
3, VO-20) _ -3xiyi1
2 2
gz 3, W11
2 2
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Complex numbers
Exercise B, Question 1

Question:

Simplify these, giving your answer in the foeam bi
(5+i)(B+4i)

Solution:

5(3+4i) +i(3 +4i)

= 15+ 20i+ 3i + 4i°

=15+20i+3i-4

=11+23i
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Complex numbers
Exercise B, Question 2

Question:

Simplify these, giving your answer in the foeam bi
(6 + 3i)(7 + 2i)

Solution:

6(7+ 2i) + 3i(7 + 2i)

= 42+ 12i+21i+6i°

=42+12i+21i-6

=36+ 33i
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Complex numbers
Exercise B, Question 3

Question:

Simplify these, giving your answer in the foeam bi
(5-2i)(1 +5i)

Solution:

5(1+ 5i) — 2i(1 + 5i)

= 5+ 25i - 2i - 10i°

=5+25i-2i+10

=15+23i
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Complex numbers
Exercise B, Question 4

Question:

Simplify these, giving your answer in the foeam bi
(13- 3i)(2 - 8i)

Solution:

13(2- 8i) - 3i(2 - 8i)

= 26— 104i- 6i + 24i?

=26-104i-6i - 24

=2-110i
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise B, Question 5

Question:

Simplify these, giving your answer in the foeam bi
(-3-i)(4 +7i)
Solution:

~3(4+7i) —i(4 + 7i)
-12-21i- 4i - 7i%
~12-21i-4i+7
-5-25i
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Complex numbers
Exercise B, Question 6

Question:

Simplify these, giving your answer in the foeam bi
(8 +5i)2

Solution:

(8 + 5i)(8 + 5i) = 8(8+ 5i) + 5i(8 + 5i)

= 64+ 40i + 40i + 25i°

=64 +40i+40i- 25
=39+80i
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Complex numbers
Exercise B, Question 7

Question:

Simplify these, giving your answer in the foeam bi
(2-9i)?

Solution:

(2-91)(2 - 9i) = 2(2- 9i) - 9i(2 - 9i)

= 4-18i- 18i+81i

=4-18i-18i-81

=-77-36i
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Complex numbers
Exercise B, Question 8

Question:
Simplify these, giving your answer in the foeam bi

@+iE2+i(3+i)

Solution:

2+)@B+i) =2@+i) +i(3+i)
=6+2i+3i+i%

=6+2i+3i—-1

=5+5ij

(2 +1i)(5 +5i) = 1(5+5i) +i(5 + 5i)
= 5+ 5 + 5j + 5i2
=5+5+5 -5

=10i
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Complex numbers
Exercise B, Question 9

Question:

Simplify these, giving your answer in the foeam bi
(3-2i)(5 +i)(4 - 2i)
Solution:

(5+i)(4 - 2i) = 5(4- 2i) +i(4 - 2i)

= 20— 10i + 4i - 2i2

=20-10i+4i+2

=226

(3- 2i)(22- 6i) = 3(22- 6i) - 2i(22- 6i)
= 66— 18i - 44i+12i%

= 66-18i— 44i— 12

=54-62i
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Complex numbers
Exercise B, Question 10

Question:
Simplify these, giving your answer in the foeam bi
(2 +3i)3

Solution:

(2+3)2 = (2+ 3i)(2+ 3i)
=2(2+ 3i) + 3i(2 + 3i)

= 4+ 6i + 6i + 9i2
=4+6i+6i-9

=-5+12i

(2 + 3i)3 = (2+ 3i)(-5 + 12i)
=2(-5+12i)+ 3i(-5+12i)
~10+ 24i - 15i + 36i2
-10+24i - 15i - 36
-46+ 9i
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Complex numbers
Exercise B, Question 11

Question:
Simplify

Solution:

I XXX X]X]

=i%xi2xi2=-1x-1x-1=-1
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise B, Question 12

Question:

Simplify

(3i)*

Solution:

3i % 3i x 3i x 3i

= 81(ixi xi xi) = 81(2x 9

=81(-1x-1)=81
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Complex numbers
Exercise B, Question 13

Question:
Simplify
o+

Solution:

= (iZxi2xi)+i = (1 x-1xi) +i
=i+i=2i
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Complex numbers
Exercise B, Question 14

Question:
Simplify
(4i)3-4i®

Solution:

(4i)° = 4i x 4i x 4i = 64(i x i xi)
= 64(-L xi) = -64i

4i3= 4 x i xi) = 4(-1 xi) = -4i
(4i)3 - 43 = —64i - (-4i)

= ~64i + 4i

= -60i
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Complex numbers
Exercise B, Question 15

Question:
Simplify
1 +i)®
Solution:
(1+0)®

=2 +8.1i+28.Pi%2+56.2i%+70.£i* + 56.£i°+ 28.7i® + 8.1/ +i®
= 1+ 8 + 282+ 5615+ 70" + 561° + 281 + 8i' + 8

=-1

=-1

><I2><I =i

=i“xi ><|2><| =1

(1+i)8 =1+8i - 28-56i+70+56i—28-8i+1
=16

oy o g b~ Tw N

2
2 2
2 2
2 2
2 2

Note also that (#i)2 =(L+i)(1+i)
=1+2i+i%=2i
So (1+i)8=(2)* =16i*=16
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Complex numbers
Exercise C, Question 1

Question:
Write down the complex conjugai@ for
az=8+2
b z=6-5i

cz=2-
3

N

d z=5 +iJ/10

Solution:
a 2H=8-2i

b 2H=6+5i

d 7= V5 -iV10
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Complex numbers
Exercise C, Question 2

Question:

Find z+Zz” andz" for
az=6-3i

b z=10+5i

cz= +h
4

Nlw

d z=J5-3iJ/5
Solution:

a

z+79 = (6-3i)+(6+3i)) =12
zZ" = (6-3i)(6+3i)
= 6(6+ 3i) - 3i(6 + 3i)

=36+ 18i- 18i-9i2 =45
b

z+Z9 = (10+5i) + (10-5i) = 20
Z" = (10+5i)(10- 5i)
= 10(10- 5i) + 5i(10- 5i)
= 100~ 50i + 50i - 25i% = 125

C
D_(3 1.) (3 1.)_3
z+z- =[Z+Zi)+ (2 -Zi) =2
4 4 4 4 2
20 - (2+1)(2-2)
4 4 4 4
_E(E_li) li(é_l.)
a\a 4) a\s 4
-9 _3;,3,_1;
16 16 16 16
_10_5
16 8
d

z+77 = (/5 -3iV5)+ (V5 +3iV5) =25
z" = (/5 -3iV5)(/5 +3iV5)
=/5(/5 +3iv/5) - 3iv/5 (/5 +3iV5)
= 5+ 15i - 15i - 45i2
=50
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Complex numbers
Exercise C, Question 3

Question:
Find these in the form+bi .
(25-10i) + (1 - 2i)
Solution:
25-10i _ (25-10i)(1 +2i)
1-2i (1-2i)(1+2i)

(25— 10i)(1+2i) = 25(1+ 2i) - 10i(1 + 2i)
25+ 50i - 10i - 20i°

= 45 + 40
(1-2i)(1+2i) =1(1+2i) - 2i(1+2i)
=1+ 2i-2i - 4i2
=5
45+ 40i = 9+8i
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Complex numbers
Exercise C, Question 4

Question:

Find these in the form+bi .
(6+i)+(3+4i)
Solution:

6+i  _ (6+0)(3-4i)
3+4i (3+40)(3-4)
(6+i)(3-4i) =6(3-4i)+i(3 -4
= 18- 24i+ 3i - 4i°
=22-21i
(3+4i)(3-4i) =3(3-4i) +4i(3 - 4i)
=9-12i+12i- 16

=25
22-21i _22_ 21
25 %5 25
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Complex numbers
Exercise C, Question 5

Question:

Find these in the form+bi .
(11+4i) + (3+1i)

Solution:

11+4i _ (11+4)@-i)
3+i  (3+)(3-I)
(11+4i)(3-0) =11(3-i) +4i(3-i)

= 33— 11i+12i - 4i2
=37+i
(B+)@B-i) =3(3-i)+i(3-i)

=9-3i+3i-i2
=10
37+i _37, 1.

10 10 10
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Complex numbers
Exercise C, Question 6

Question:

Find these in the form+bi .
1+i

2+i

Solution:

1+i _ (1+i)(2-10)
2+ (2+i)(2-))
L+)2-i) =1@2-i)+i(2-i)
=2-i+2i-i?
=3+i
@+i)(2-0) =22-i)+i2-i)
=4-2i+2i-i2
=5
3+i _3

2 =4
5 5

gl
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Complex numbers
Exercise C, Question 7

Question:
Find these in the form+bi .

3-5i
1+3i

Solution:

3-5 _ (3-5i)(1-3i)
1+3i  (1+30)(1-3)
(3-5i)(1-3i) =3(1-3i)-5i(1-3i)

= 3-9j - 5i + 15i2
=-12-14i
(1+3i)(1-3i) =1(1-3i)+3i(1-3i)
=1-3i+3i-9i2
=10
l2-ui __6_7,
10 " 5 5
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Complex numbers
Exercise C, Question 8

Question:
Find these in the form+bi .

3+5i
6-8i

Solution:

3+5 _ (3+5i)(6+8i)
6-8i  (6- 8i)(6+8i)
(3+5i)(6+8i) =3(6+8i)+5i(6+8i)
= 18+ 24 + 30i + 40i°
=-22+54
(6-8i)(6+8i) =6(6+8i) - 8i(6+8i)

= 36+ 48i - 48i - 64i°

=100
-22+54i _ -11 27,
100 50 50
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Complex numbers
Exercise C, Question 9

Question:

Find these in the form+bi .
28-3i
1-i
Solution:

28-3 _ (28-3i)(1+1i)

1-i (1-i) (L +i)
(28-3i)(1+i) =28(1+i) - 3i(1+i)

= 28+ 28i - 3i - 3i2

= 31+ 25i
(L-i)(L+i) =1(L+i) —i(L+i)
=1+i-i-i?
=2
31+25i 31 25.
===+ =j
2 2 2
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Complex numbers
Exercise C, Question 10

Question:
Find these in the form+bi .

2+i
1+4i

Solution:

2+ _ (2+i)(1-4)
1+4i  (1+4i)1-4)
2+i)(1-4) =2(1-4)+i(1 -4

=2-8i+i-4i°
=6-Ti
(L+4i)(1-4) =1(1-4)+4i(1-40)
= 1-4i + 4i - 16i2
=17
6-7 _6 _7,
17 17 17
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Complex numbers
Exercise C, Question 11

Question:
Find these in the form+bi .

(3-4i)?
1+]

Solution:

(3-4)2 = (3-4i)(3-4i)
= 3(3- 4i) - 4i(3 - 4i)
=9-12i-12i+16i%

=-7-24
—7-24i _ (-7-24i)(1-i)
1+ (1+)@-i)

(-7 -24i)1-i) =-7(1-i) - 24i(1-i)
= =7+ 7i - 24i + 24i%

=-31-17i
@+i)2-i) =1(1-i)+i(L-i)
=1-i+i-i?
=2
-81-17i _ -81_17,
2 T2 2
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Complex numbers
Exercise C, Question 12

Question:

Given thatz = 1+i,z =2+iandz=3+i, find the following in the forra+ bi

2122
z3

Solution:

zzo =(1+i)(2+1i)
=1(2+i0) +i(2 +i)
=2+i+2i+i2
=1+3i
7o _ 1+3i _ (1+3i)(3-1)
7z 3+ (3+)(3-))
(1+3)(3-0) =1(3-i) +3i(3-i)

=3-i+9-3i2
=6+8i
B+i)@B-0) =3(3-i)+i@3-i)

=9-3i+3i-i2
=10

6+8i :§+£i

10 5 5
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Complex numbers
Exercise C, Question 13

Question:

Given thatz = 1+i,z =2+i andz=3+i, find the following in the form+bi .

@)
4|

Solution:

@)? =@+i)@2+i)
=2(2+i) +i(2 +i)
= 4+2i+2i +i?
=3+4
@ _3+4i _ (3+4)A-i)
2 1+ (L+i)@-i)
(3+4i)(1-i) =3(1-i) +4i(1-i)
=330 +4i - 42
=7+i
(L+i)(2-0) =1(1-i)+i(L-i)
2

=1-i+i-
=2
7+i 7

—_ = — 4

N
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Complex numbers
Exercise C, Question 14

Question:
Given thatz = 1+i,z =2+iandz=3+i, find the following in the forra+ bi

221 + 5Z3
2

Solution:

271+5z3 =2(1+i) +5(3+1)

=2+2i+15+5i
=17+7i
271+5z3 _ 17+7i _ (A7+7i)(2-1)
2+ (2+i)@2-0)

A7+7)(2-0) =17(2-i) +7i(2-i)

= 34— 17i+ 14i - 7i2
= 41-3i
@+)@2-i) =2(2-i)+i2-i)
=4-2i+2i-i2
=5
41-3 _41_3,
5 5 5
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Complex numbers
Exercise C, Question 15

Question:

Given that5+—z2i =2-i, findzin the forma+bi .

Solution:
5+2 _,_;
V4
,= 542 _ (5+2)@2+])
2-i (2-)(2+i)
(5+2))(2+i) =5(2+i) +2i(2+1)
= 10+5i +4i + 2i2
=8+
(-2 +i) =22+i)-i(2+i)
=4+2i-2i-i2
=5
,-8+9 _8 9
5 5 5
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Complex numbers
Exercise C, Question 16

Question:

6+8  6+8 giving your answer in the fora+ bi

Simplify ===+ 5

Solution:

6+8i , 6+8i

1+ 1-i

_ (6+8i)(1-i)+(6+8i)(1+i)

- L+ -i)

_ B(1-i)+8i(1-i) +6(1+i) +8i(1+1i)
- 1(1-i) +i(1 —i)

_ 6-6i+8i—8i°+6+6i +8i+8i°
1-i+i-i2

=6+8i

12+ 16i
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Complex numbers
Exercise C, Question 17

Question:

The roots of the quadratic equatixﬁ'& 2x+26=0area and; . Find
a a andp

ba+p

C ap

Solution:

X2+ 2x+26=0
a=1b=2 c=26

_ 2+ /(4-104) _ -2+ 10i

X
2 2

a o =-1+5i8=-1->5i or vice versa
ba+p=(-1+5)+(-1-5)=-2

c

af = (-1+5i)(-1-5i)
= —1(~1 - 5i) + 5i(~1 - 5i)
=1+5i -5/ - 2512 =26
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Complex numbers
Exercise C, Question 18

Question:

The roots of the quadratic equatix?n— 8x+25=0area and; . Find
a a andp

ba+p

C ap

Solution:

X2 -8x+25=0

a=1b=-8 c=25

= 8+./(64-100) _ 8+6i
= > =

2

(8)a=4+3i,8=4-3i or vice versa
(b)a+p=(4+3i)+(4-3i)=8
(C) o = (4+3i)(4-3i)

= 4(4 - 3i) + 3i(4 - 3i)
=16-12i +12i - 6% =25
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Complex numbers
Exercise C, Question 19

Question:
Find the quadratic equation that has re + 3i and2 - 3i.
Solution:

If roots arex an@ , the equation is

(X=a)(x=f) =x2=(a+p)x+af=0
atp =(2+3)+(2-3i)=4
af = (2+3i)(2- 3i)
= 2(2- 3i) + 3i(2 - 3i)
= 4-6i+6i-9i%2=13

Equation iex2 - 4x+13=0
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Complex numbers
Exercise C, Question 20

Question:
Find the quadratic equation that has r5 + 4i and-5 - 4i.

Solution:
If roots arex an@ , the equation is

(X=a)(x=f) =x2=(a+p)x+af=0
a+p =(-5+4i)+(-5-4i)=-10
af = (-5 + 4i)(=5 - 4i)
= —5(=5 — 4i) + 4i(~5 — 4i)
= 25+ 20i - 20i - 16i%
=41
Equation isx2+10x+41=0
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Complex numbers
Exercise D, Question 1

Question:

Show these numbers on an Argand diagram.
a7+2i

b 5-4i

C —6-i

d -2+5i

e3i

f V2 +2i

1,5,
—=+ 2
g 2

N

h -4

Solution:

D(-2,5)e

e E(0,3)

If_-' 5 ‘J s F '[x.'rz 2} e h (?, 2}

[ ]
<Y

® B (5 -4)
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Complex numbers
Exercise D, Question 2

Question:
Given thatz =-1-i z=-5+10i and3=3-4i ,

afind zz, zz3 and?2 in the forra+ib .
Z3
b showz,z,z3225,2123 and?2 on an Argand diagram.
Z3

Solution:

a 7z, = (-1 -i)(-5 + 10i)

= -1(-5+ 10i) - i(-5 + 10i)
= 5-10i +5i - 10
=15 5i

zz3 = (-1-i)(3 -4i)

~1(3- 4i) —i(3 - 4i)

~3+4i-3i+4i%
=7 +i

7 _ -5+10i _ (-5+10i)(3+4i)
73 3-4i  (3-4i)@3+4)
_ =5(3+4i) + 10i(3+ 4i)
T 3(3+4i) - 4i(3+4i)
~15-20i + 30i + 40i2
9+12i - 12i - 162
~55+10i _ -11, 2.
25 5 5
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.z Y A
(-5, 10}

(M2

21 za A5 5

e T .
0 x
L]
zy(-1.-1)
L] 23
1:3. —‘4]‘ LA
(15, -5)
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Complex numbers
Exercise D, Question 3

Question:

Show the roots of the equatiwx2 -6x+10=00n an Argand diagral

Solution:

x2—6x+10=0
a=1lb=-6¢=10

= 5£1/(36-40) _ 622

2 2

Roots ar8+i and-i

'

e 34

w ¥

[ B

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise D, Question 4

Question:

The complex numbers = 5+ 12i,z, = 6 + 10i,3= -4+ 2i andz = -3-i are represented by the vec@AOB,OC  @Dd
respectively on an Argand diagram. Draw the diagram and calt@fgt©E| [0C| , [OmEnd

Solution:

y 4 A

D%

OA| = \/(52+122) = /169 =13
08| = (6 +107) = V136 = V434 = 2/34
0G| = \[((—4)2+22) =20 =45 =25

oD = \/’ ((—3)2 + (—1)2) =10
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Complex numbers
Exercise D, Question 5

Question:

z=11+2iandz =2+4i. Showy,z, ang+z on an Argand diagram.

Solution:
Y A
Zy + 22
___#(13,8)
(2, 4) __--
’ 4.
|lIIllI a
1 - z,(11,2)
'II.I “{—.,v-""ffff
.'IIIll _,--""-F-F-ﬂ--'--'--ﬂ-f
O X
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Complex numbers
Exercise D, Question 6

Question:

7z =-3+6iandz =8-i.Showy,z, and+z on an Argand diagram.

Solution:
Yy A
21 =
A
b -_"‘---____‘_ 21"'22
‘xx a5, 5)
N

(8, -1)
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Complex numbers
Exercise D, Question 7

Question:

7z=8+4iandz =6+7i. Showy,z and -z on an Argand diagram.

Solution:
y 4 z5 (6, 7)
Z4 {'E, 4}
0, X
f 21 — Z..'E
(2,-3)
_ZE‘{-’
(-6, -T)
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Complex numbers
Exercise D, Question 8

Question:

71 =-6-5iandz, =-4+4i. Showy,z angd -2z on an Argand diagram.

Solution:
2, (-4, 4) 1
0 e
.'I/I \\.\.‘1&
/ \:3‘ ~Z;
% ol )
i) & J i
(-6, —5‘1‘*:\ / i i
‘
2y -23(-2,-9)
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Exercise E, Question 1

Question:

Find the modulus and argument of each of the following complex numbers, giving your answers exactly where possible,
and to two decimal places otherwise.

12+ 5i
Solution:
z=12+5j
y A
(12, 5)
C - .
O 12 ¥

4 =12 +5) =J169 =13

tana = i. o =0.39 rad.
12

argz =0.39
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Complex numbers
Exercise E, Question 2

Question:

Find the modulus and argument of each of the following complex numbers, giving your answers exactly where possible,
and to two decimal places otherwise.

V3 +i
Solution:
z=1/3 +i

y A

(13, 1)
gy
|Lr' O -h__
(o] 413 X

el= (W372+#) =va=2

tano = o=

r
5
argz =

m'|=| a|'_\
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Complex numbers
Exercise E, Question 3

Question:

Find the modulus and argument of each of the following complex numbers, giving your answers exactly where possible,
and to two decimal places otherwise.

-3+ 6i
Solution:
z=-3+6i
f
3,6) 1
:,\'.
6
0 oA -
30 X

1= (-3 +€°) = Va5 =35

tana =g. a=1.107 rad
argz =7—-a=2.03
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Complex numbers
Exercise E, Question 4

Question:

Find the modulus and argument of each of the following complex numbers, giving your answers exactly where possible,
and to two decimal places otherwise.

2-2i
Solution:

z=2-2i

YA

x ¥

el= (2 +(27) =B =22

tana = o=

NN
N

argz =-a=-2
7
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Complex numbers
Exercise E, Question 5

Question:

Find the modulus and argument of each of the following complex numbers, giving your answers exactly where possible,
and to two decimal places otherwise.

-8-7i
Solution:
z=-8-7i
YA
8 -
= T X
TS
(-8, -7)

1= | (-8%+(7?) =13

tana = %. o =0.7188 rad
argz =—(r-a) =-2.42
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Complex numbers
Exercise E, Question 6

Question:

Find the modulus and argument of each of the following complex numbers, giving your answers exactly where possible,
and to two decimal places otherwise.

-4+ 11i
Solution:
z=-4+11i
YA
(~4, =11)
L)
17
i_'t\%-ﬁl
4 0 'x

Z|= \/‘“((—4)2 + 112) = /137

tana :%. o =1.222 rad
agz =n—a =192
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Complex numbers
Exercise E, Question 7

Question:

Find the modulus and argument of each of the following complex numbers, giving your answers exactly where possible,
and to two decimal places otherwise.

2J3-iV3
Solution:
z=2J3-iJ3

YA

2J3
Of=n LE "";
' f3
(243, -43)

2l | (/32 +(-V3)) = V15

_N3 _1 _
tana = 23 2 o =0.4636 rad.
argz =-0.46
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Complex numbers
Exercise E, Question 8

Question:

Find the modulus and argument of each of the following complex numbers, giving your answers exactly where possible,
and to two decimal places otherwise.

-8-15i
Solution:
z=-8-15i
YA
B -
E-J o L "x
15
(-8, -15)

|- Vf (-8 + (-157) = V289 =17

tana = %. o =1.0808 rad.
argz =—(r-a) =-2.06
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Complex numbers
Exercise F, Question 1

Question:

Express these in the fonrtcos 8 +i sin 9), giving exact values af andg where possible, or values to two decimal pli
otherwise.

az2+2i

b 3i

C —3+4i
d 1-3i
e —2-5i
f -20

g 7-24i

h -5+ 5i

Solution:

a

r 2+2%) =J8=2J2
(2+2) -

tana == =1. o=

T
4

Bl
2
2
6 =2
4

pigi = T £)
[ \/_(cosz isin,

3i 3(cos—+|5|n )
2 2

C
\/(( 3)2+42) J25=5
tana :g o =0.927 rad.
0 =r-a=221

-3+4i =5(cos2.21isin2.21)

d

PhysicsAndMathsTutor.com
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‘ =\/(12+(—ﬁ)2) - Ja=2

tana 2?. (x—%
1-4/3i :2005(?”)+|sm( )]
e

r = (27 +(57) =2
tana :g a=1.190 rad

-2-5i =/29(cost1.95)+isin(-1.95)).

= | ((-20%+0?) = vaoo =
tana =0
0 ==x
—20 =20(cog +isinr)

g
r = |(7P+(-297) = V625 =25
tana = 2—74 o=1.287 rad
6 =-1.29

7-24i =25(cost1.29)+isin(-1.29))

h
\/(( 5) +52) J50 =52
tana :E—l_ a=Z.
5 4
0 —a=3—ﬂ
4

-545 = 5\/5(005?’Z + isin%”).
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Complex numbers
Exercise F, Question 2

Question:

Express these in the fonrtcos 8 +i sin 0), giving exact values af andg where possible, or values to two decimal pli
otherwise.

3
r511+i\/§
b L
2-i
¢ Lt
=1
Solution:
a
3 __ 31-iV3)
1+iV3  (@+iV3)1-iV3)
_ 3-3iV3
1(1-i/3)+iv3(1-iv3)
__ 3-3Y3  _3-3i38
1-iV3 +iy3 -3i? 4
3 ﬂi
T4 4
(722 2
. \/((E) (@J] (2+2)
4 4 16 16
- [®)-:
“yV\16/ " 2
_3/3.3_ I
tana —T-Z—\/S_ a—g
0 =-2
3
8.3 co(_—”) + ism(—))
1+iJ3 2 3
b
1 2+
2-i  @2-)@2+)
- 2+i - 2+i
2+ -i@+i) ~ 4+2i-2i-i2
2+ 2 1.
=— _=—_+4 I
5 5 5
0 2 2
S EREjR =
5 5 25 25
_[5_-1_45
“N25 T U5 5
tang =~+2=1 @ =0.4636 rad.
5 5 2
0 =0.46
i. =£(cos 0.46+isin 0.46)
2-i 5
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1+i _ (+i)@A+i)

1-i  (@-i)(L+)
A+ FiIL D) L1+i+i+il
CAA+H) - ) 14i-i-i2
_2 _
=2=

—
1
8 =
N —_
o
N
+
Hl\)
~—
1
[E=Y

tana =
6 =

1+i

T . . T
- = 1(cos— + |$|n—)
1-i 2 2
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Complex numbers
Exercise F, Question 3

Question:
Write in the forma+ib , whera e R arde R
T . . T
a Sﬁ(cosz +i smz)
b 6(cos?£ +i sm3—”)
4 4
T . . T
c \/§(cos§+| S|n§)
d 7(005(—5) +i sin(—f)j
2 2
e 4(005(—5—”) +i sin(—s—”)j
6 6
Solution:

asf( 3+3i

o)

b

(3o -5

=-3J2 +3J2i
C\/_( +—|J % g

d 7(0+ (-1)i) = -7i

e4[£+(2))_—2\/— 2i

2
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Complex numbers
Exercise F, Question 4

Question:

In each case, find; |,|z0| amgk, , and verify thap |5 z || 2l
a z1=3+4i 7p=4-3i

b z=-1+2i 2 =4+2i

C z=5+12i Zp=T7+24i

dz=V3+iV2 z=-V2+iJ3

Solution:

a

o =|(F+4) = V25 =5
ol = |(#+37) =v25 =5
zzp =(3+4i)(4-3i)
= 3(4- 3i) +4i(4 - 3i)

=12-9i+16i- 12
=24+7i

lz2zp| = \/(242+72) =.625=25

[z1]|zo] =5x%5=25=|z2)

o = |(0%+22) =45

|22| :\/(42+22) :m :2\/3
7zzp =(-1+2i)(4 +2i)
=-1(4+2i) + 2i(4 + 2i)
—4-2i +8i +4i2
-8+ 6i
| 6

laz| = \/((—8)2+ ) = 100 = 10
lz1 |l 22| =~/5 %25 =10=|zz)

c
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iz =\/(52+122) = J169 = 13

(72+242) = /625 =25
(5+ 12i)(7 + 24i)
=5(7+ 24i) + 12i(7 + 24i)

35+ 120i + 84i + 2881
—253+ 204

22| x((—253)2 + 2042) - J105625= 325

[211| 0] =13 x25=2325=|zz)|

12|

PalZ)

d

= (V3P +(27) =5

o = (V2P - s
7z =(V3 +iV2)(-J/2 +iV3)
= J3(—V/2 +i3) +iV2 (-2 +i/3)
-J6 +3i-2i +i%/6
-2J6 +i

lazl = (2067 +F) = @a+1) =5

Iz 11zl =<5 x+5=5=z2z]|.
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Exercise G, Question 1

Question:
a+2b+2ai = 4+6i, wherea andb are real.

Find the value oa and the value cb.

Solution:

Real parts: a+2b=4

Imaginary parts: 2a=6

a=3
3+2b =4
2b =1
b :1
2
a=3 and b=l
2
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Complex numbers
Exercise G, Question 2

Question:
(a—-b) +(a+b)i =9+5i, whereaandb are real.

Find the value oa and the value cb.

Solution:
Real parts : a-b =9
Imaginary parts :a+b =5
Adding : 22 =14
a =7

7-b =9

b =-2

a=7and b=-2.
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Complex numbers
Exercise G, Question 3

Question:
(a+b)(2+i) =b+1+(10+2a)i, wherea andb are real.

Find the value oa and the value cb.

Solution:
Real parts : A+b) =b+1

2a+2b =b+1

2a+b =1 @
Imaginary parts : a+b =10+2a

-a+b =10 (i)

@ - : 3a =-9

a =-3

Substitute into (i) :-6+b =1
b =7

a=-3 and b=7
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Complex numbers
Exercise G, Question 4

Question:
(a+ i)3 =18+ 26i, wherea s real.

Find the value oa.
Solution:

(a+i)® =a%+3a% +3ai%+i®

= (a3-3a) +i(3a%- 1)

Imaginary part : a2-1 =26

3a2 =27

a2 =9

a =3or -3

Realpart :a =3 gives 27-9=18 . Correct.
a =-3 gives -27+9=-18 . Wrong.

So a=3.
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Exercise G, Question 5

Question:
abi = 3a— b+ 12i, wherea andb are real.

Find the value oa and the value cb.

Solution:

Real partsO =3a-b 0]

Imaginary parts :ab=12 (i)

i, b= 12
From (ii), b= a

Substitute into (i) : O =3a- lé
3a%2-12 =0
a® =4

-0 p=12_
If a—2,b—2 6

f a=-2hph=2=6
-2

Either a =2 and b=6
or a =-2 and b=-6.
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Exercise G, Question 6

Question:

Find the real numbersandy, given that

1

— =3-2i
X+iy

Solution:
(B-2)(x+iy)=1

3(x+iy) - 2i(x+iy) =1
3x+3yi - 2xi —2iy =1
(Bx+2y)+iBy-2x) =1

Real parts: X+2y=1 (i)

Imaginary parts : $-2x=0 (i)

2x (i) + 3 x (ii):
6X+4y+9y—-6x =2
13y =2
=2
y 13

Substitute into (i) : 3+1;‘3 =1

3x =

Blwk|o

X =

_ 3 _ 2
x=—and y=—
13 13
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Complex numbers
Exercise G, Question 7

Question:

Find the real numbersandy, given that
(x+iy)(1+i) =2+i

Solution:

(x+iy) (X +i) =x(1+i) +iy(1+i)

=X+ Xi +iy+idy
= (x-y) +i(x+y)

Real parts : X-y =2
Imaginary parts x+y =1

Adding : X =3
3

X =—

2

3 1

—+Vv= = ——

Sty=1ly=-

=3 =1

x—zand y >
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Complex numbers
Exercise G, Question 8

Question:

Solve for reak andy

(X +iy)(5 - 2i) = -3+7i

Hence find the modulus and argumenk efly
Solution:

(x+iy)(5-2i) =x(5- 2i)+iy(5- 2i)
= 5x — 2xi + 5yi - 2yi?
= (5x +2y) +i(-2x + 5y)

Real parts: 5x+2y=-3 (i)
Imaginary parts : -2x+5y=7 (i)

@iyx2: 1x+4y =-6
(i) x5: -10x+25y =35
Adding : 2% =29

y =1

Substitute into (i) : %+2
5x
X

mnmn nu
|
= 0w

x=-1and y=1

FL+i (1P +P) = V2
arg(-L+i) =zx-—arctan 1

T _ 3

_ﬂ"—_:_
4~ 4
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Complex numbers
Exercise G, Question 9

Question:

Find the square roots 7 + 24i.

Solution:

(@+ib)? =7+24i
a(a+ib) +ib(a+ib) =7+24i
a’+abi +abi + %% =7+24i

(@%-b?) +2abi =7+ 24i
Real parts:  a2-b%=7 (i)
Imaginary parts: 2ab=24 (ii)

From(i), b=22=12
2a a

Substituting intdi):  a%- = =7
at-144=7a°
a%-7a%-144=0

(a2-16)(a%+9) =0
a2=16 or a2=—9

Sinceaisreala=4or a=-4

Whena=-4b = f—i =-3
Square roots are+3i and —(4+3i),i.e. (4+3i)
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Complex numbers
Exercise G, Question 10

Question:
Find the square roots 11+ 60i.

Solution:

(a+ib)? = 11 + 60i
a(a+ib) +ib(a+ib) = 11+ 60i
a2+ abi +abi + b%2 = 11 + 60i

(a®-b?) + 2abi = 11+ 60i
Real parts:  a%-b%=11 (i)

Imaginary parts: 2ab=60 (i)

From (ii):b = %0_30
2a a

Substituting into (i); a2- 22’ =11

a%-900=11a°
a*-11a%2-900=0
(a2-36)(@2+25)= 0
a2 =36 or a2 =-25

Sinceais reala=6 or a=—6.

Whena=-6b = f—g = -5,
Square roots ate+5i and - (6 + 5i),
i. .£(6 + 5i)
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Complex numbers
Exercise G, Question 11

Question:
Find the square roots 5 - 12i.

Solution:

(a+ib)%=5-12i
a(a+ib) +ib(a+ib) = 5-12i
a’+abi +abi +b%%=5-12i

(a®-b?) + 2abi =5-12i

Real parts:  a%-b?=5 @)

Imaginary parts: 2ab=-12 (i)

From (ii):b = 1z2_-6
2a a
Substituting into (): a®- 32 =5
a

a%-36=5a°
a*-5a2-36=0
(@2-9)(a%+4)=0
a®=9 or a°=4.

Sinceais reala=3 or a=-3

Whena=-3b= :—2 =2

Square roots ai@-2i and - (3 - 2i),
i. e. £(3-2i)
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Complex numbers
Exercise G, Question 12

Question:

Find the square roots of

Solution:

(a+ib)2 = 2i
a(a+ib) +ib(a+ib) = 2i
a’+abi +abi +b%% = 2i

(@2 -b?) + 2abi = 2i

Real parts: a?-b2=0 ()

Imaginary parts: 2ab=2 (i)

From (ii): b=2=1
2a a
Lo N2 01
Substituting into (i) : a -— =0
a
a*-1 =0
at =1

Real solutions are=1 or a=-1.

Whena=1,b=3=3=1
a 1

Whena=-1b= _il =-1.
Square roots afet+i and — (1 +i),

i.e. +(1+i)
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Exercise H, Question 1

Question:
Given thatl + 2i is one of the roots of a quadratic equation, find the equ
Solution:
The other root is-2i .
If the roots are ang@ , the equation is
X—a)(x=p) :XZ—(a+ﬂ)x+(xﬂ:0

atf =(1+2)+(1-2i)=2

af = (1+2i)(1-2i)

= 1(1-2i) + 2i(1 - 2i)
=1-2i+2i-4i2=5

Equation isx2—2x+5=0
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Complex numbers
Exercise H, Question 2

Question:
Given the3 - 5i is one of the roots of a quadratic equation, find the equ
Solution:
The other root i8+5i .
If the roots are ang@ , the equation is
X=—a)(x=p) :x2—(a +B)x+ap = 0.

a+p =(3-5)+(3+5)=6

af = (3-5i)(3+5i)

= 3(3+ 5i) - 5i(3+ 5i)
=9+15i-15i- 25i° = 34

Equation isx2—6x+34=0
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Complex numbers
Exercise H, Question 3

Question:
Given thala + 4i, wherea is real, is one of the roots of a quadratic equation, find the eqt
Solution:
The other root isa—-4i .
If the roots are ang@ , the equation is
(X - a)(x—f) = X2 = (a+B)x+af = 0.
a+p =(a+di)+(a-4i)=2a
aff = (a+4i)(a-4i)
=a(a-—4i) +4i(a- 4i)
= a’- 4ai +4ai - 16i° = a®+ 16

Equation isx2 - 2ax+a2+16=0
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Complex numbers
Exercise H, Question 4

Question:

Show thatx = -1 is a root of the equatixﬁ}r 9x%+33 +25=0.
Hence solve the equation complet

Solution:

Whenx = -1,

3+ 0x% +33+25=-1+9-33+25=0

So x=-1is aroot.

So(x+1) is a factor

x3+0x2+ 33+ 25 = (x+ 1)(x2+8x+25): 0

a =1, b=8, c=25.

-8+ .,/(64-100 - i
« = V( ) CE

2 2

Roots are-1, — 4+ 3i and-4 - 3i

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise H, Question 5

Question:

Show thatx = 3 is a root of the equatiZ){?—4x2 -5x-3=0.
Hence solve the equation complet

Solution:

Whenx =3,

2x3-4x?-5x-3=54-36-15-3=0.

Sox =3 is aroot.

So(x-3) is a factor.

23— 4x% —5x -3 = (x-3)(2%+ 2x+1) = 0

a =2,b=2,c¢c=1.

X_—zi,/(4—8) 2#2i _ 1,1
)

4 4 2

Rootsare3,_—1+1i andt - i
2 2 2 2
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Complex numbers
Exercise H, Question 6

Question:
Show thatx = —% is a root of the equatiext + 3x2+ 3x +1 = 0.

Hence solve the equation complet

Solution:

Whenx = _—1,
2

2x3+3x2+3x+1 Z(El

v

(%) {(2)

=0

le

1,3
4 4

__ 1.
Sox——zlsaroot.

So(2x+1) is a factor.
23+3x2+3x+1= (X +1)x2+x+1) =0

a=1 b=1,c=1
_1£J@-4 _12iV3 _ 1 £

2 T2 2
Roots are*, —* + ﬁi and=L - ﬁi )
2' 2 2 2 2
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Exercise H, Question 7

Question:

Given that-4 +i is one of the roots of the equatix3+ 4x% - 15x - 68 = 0, solve the equation complete

Solution:
Another root is-4 - i
The equation with roots amd is

(X=a)(x~B) =x2 = (a+B)x+af =0,

atp =(-4+i)+(-4-i)=-8
af =(-4+i)(-4-1)

—4(-4-i) +i(-4-1)

=16+4i-4i-i%=17

Quadratiz equation €% + 8x+17= 0.
So(x2+8x+17) is a factor of®+ 4x2 - 15x - 68).
(x3+4x% - 15— 68) = (X2 + 8x + 17)(x - 4)

Roots are 4-4 +i and-4 -i.
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Complex numbers
Exercise H, Question 8

Question:

Given thatx® - 123+ 31x% + 108 - 360 = (x2 - 9)(x2 +bx +c), find the values ob andc, and hence find all the solutions of
the equatiorx® - 12x3+ 31x% + 108 - 360 = 0.

Solution:
x¥ =123+ 31x% + 108 - 360= (x2 - 9)(X2 + bx + C)

x3 terms : 12 =b
b =-12

Constant term :-360 =-9c
c =40

(X% - 9)(x% - 12x+40)= 0

x2—9=0: x2=9
x=3 or x=-3
x2—12x+40=0

a=1,b=-12,¢c=40

12+ ./(144-160) 12+4i )
X= > = =62

2

Roots are3, — 3, 6+ 2i and6 — 2i
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Complex numbers
Exercise H, Question 9

Question:

Given thal2 + 3i is one of the roots of the equatix4 +2x3- %2 + 38 +130= 0, solve the equation complete

Solution:
Another root i - 3i
The equation with roots amd is

(X—a)(x=B) =x° = (a+B)x+af =0

atf =(2+3i)+(2-3i)=4
af = (2+3i)2 - 3i)

= 2(2- 3i) +3i(2 - 3i)

= 4-6i+6i-9%=13

Quadratic equation &% - 4x+13= 0.
So(x2 - 4x+13) is a factor of* + 2x3 - x2 + 38x + 130).
(x*+2x3 - X2 + 38+ 130) = (x2 - 4x + 13)(x2 + 6x + 10)

x2+6x+10=0

a=1,b=6,¢c=10
<= -6+,/(36-40) _ —6+2i
- 2 T2

=-3zi

Roots are2+3i, 2-3i, —3+i and-3-1i.
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Complex numbers
Exercise H, Question 10

Question:
Find the four roots of the equatiaﬁ— 16=0
Show these roots on an Argand diag!

Solution:

x*-16=0
(X2-4)(x%+4)=0

x2=4 or x°=—4

x=2,-2, 2i or —2i

a1

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercise H, Question 11

Question:

Three of the roots of the equatiax5+ bx* + cx3+dx? + ex + f = 0 are-2, 2i andL + i. Find the values ca, b, ¢, d, e andf.
Solution:

The other two roots arei  ahet i

The equation with roots amd is

(x=a)(x=p) =X* = (a+f)x+af =0,

Using 2 and-2i,
a+p =2i-2i=0

af =(2i)(-2i) = -4i2=4
Quadratic equation ig2+4=0
Using 1+i and 1-i,

a+p =(L+i)+(@1-i)=2

af = (1+i)A-i)
= 1(1-i) +i(1 i)
=1-i+i-i’=2.

Quadratic equation ig2-2x+2=0
The required equation is

(x+2)(x2+4)(x2-2x+2) =0
(x3+2x2+4x+8)(x2—2x+2) =0

K32 = 2x +2) + 2x3(x2 = 2x+ 2) + Ax(x2 — 2x +2) + 8(x2 - 2x+2) = 0
x5—2x4+2x3+2x4—4x3+4x2+4x3—8x2+8x+8x2—16x+16=O

X0+ 23 +4x2-8x+16=0

a=1,b=0,c=2,d=4,e=-8, f=16.
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Complex numbers
Exercisel, Question 1

Question:
a Find the roots of the equatiaﬁ+22+ 17=0giving your answers in the forawib , whexeandb are integers.

b Show these roots on an Argand diag!

Solution:
a
22 +22+17=0
22+927 =-17 You may use any accurate method of

solving a quadratic equation. Completing

square works well when the coefficientasf
is one and the coefficient ofiz even.

(z+1)*=-16 J(-16) = 4/(-1) = 4i

z+1=4+4j

Z2+2z2+41 =-17+1=-16

z=-1-4i -1+4i

b
(-1, 4)x V4 In the Argand diagram, you must place
points representing conjugate complex
N numbers symmetrically about the resdxs.
(o] X
(-1, -4} =
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Complex numbers
Exercisel, Question 2

Question:
7= —i,22 = l+i\/§
a Find the modulus of

i Yavs)

4
Z )

b Find the argument of

i 12

Give your answers in radians as exact multipler.

Solution:
ai
2z, = —i(1+iV3) -i xiJ/3 ==(-1)/3 =/3
= —j+ \/§
= \/§ —i
2 _ 2, 12— — You find the modulus of complex numbers
|2z," = (V3) +(-1)"=3+1=4 using the result that, it = a+ib , then
2z = 2 2% = a®+ b?. This result is essentially the
same as Pythagoras' Theorem and so is easy
to remember.
i
z _ - 1-i3 To simplify a quotient, you multiply the
2z  1+iV3  1-iV3 numerator and denominator by the conjut
-3 3 1. complex of the denominator. The conjugate
T 2e/al +(\/§)2 =74 4 complex of this denominatdk+i</3 , is
1-i4/3.
2 2 2
‘a . (_ﬁj +(1) 3,11
2 4 4 16 16 4
R
Z - 2
bi
22, = 3 -i
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vt _ You draw a sketch of the Argand diagram to
3 - check which quadrant your complex number
0 i X is in.
1
212z You usually work out an angle in a right
L angled triangle using a tangent.
- -
tand = Ve =60 5
3z, is in the fourth quadrant.
arg @z) = —% You then adjust you angle to the correct

guadrant. The argument is measured from
the positive »axis. This is clockwise and,

F
hence, negativc\r\ arg(z,z;)

This complex number is in the third
quadrant. Again the argument is negative.

% is in the third quadrant.
2

"”9@ ={-5)-% /Q/ ’

© Pearson Education Ltd 2C
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Complex numbers
Exercisel, Question 3

Question:

a Express in the form+bi , wheesgbeR

.. 1
N z-—.
z
b Find|z?).

¢ Find arg(z— %) giving your answer in degrees to one decimal place.

Solution:
ai
;= 1 4271 _2-i It is useful to be able to write down the
240 2-i 5 product of a complex number and its
- 2_1 conjugate without doing a lot of working.
5 5

(a+ib)(a—ib) = a+b? This is sometimes
called the formula for the sum of two
squares. It has a similar pattern to the
formula for the difference of two squares.

(a+b)(a-b) =a’-b’

You square using the formula

2
=44y 2_ .2 2
=——-—i+|=i - —a‘-
= o5 (5) (a—-b)*=a“-2ab+b
4 _ 41
25 25 25
_3_4
25 25
i
1 _2_1,
Z—E =< 5| 2+1i)
NERETRP
5 5
_8_5;
5 5

PhysicsAndMathsTutor.com
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2 2 2
A=) ()
25 25
9

L 16 _ 25 _

625 625 625

1

25

[ =3
Cc
i ¥Yi
] O
6 d
5
71
£
6
tang =3 =7 =0=
5

36.87

z- % is in the third quadrant

1 e — -—
arg (z— E) =—(180 - 0)
=-143.1,told.p.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com
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You should draw a sketch to help you de:
which quadrant the complex number is in.

Arguments are measured from the positive
x-axis. Angles measured clockwise are
negative.
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Complex numbers
Exercisel, Question 4

Question:
The real and imaginary parts of the complex nunabex+iy satisfy the eq(@ation- (1 +3i)y-7=0.
a Find the value ok and the value of.

b Find the values of

i 2

iiarg z

Solution:

a

2X—=Xi-y-3yi—-7=0 You find two simultaneous equations by
equating the real and imaginary parts of the
eqguation.

(2x-y-=7)+(-x—-3y)i =0+0i You think of 0 a® + 0i a number which h¢

both its real and imaginary parts zero.
Equating real and imaginary parts
Real 2x-y-7=0
Imaginary —-x-3y=0

xX-y=7 (1)
x+3y=0 (2 The simultaneous equations are solved in
2x(2) 2x+6y=0 (3) exactly the same way as you learnt for

(3) - (1) 7y =-7= y= -1 GCSE.

Substitute into(2)

Xx-3 =0=x=3
x =3y=-1

bi

z =3-i

4 =F+(-1)°=10

lZ =10

As the question has not specified that you
should work in radians or degrees, you ct
work in either and-18.4 would also be an

PhysicsAndMathsTutor.com
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tand = % — 0 =0.322 in radians

zis in the fourth quadrant.
arg z=-0.322 in radians to 3 d.p.

© Pearson Education Ltd 2C
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acceptable answer.

The question did not specify any accurac
significant figures is a sensible accuracy but
you could give more.
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Complex numbers
Exercisel, Question 5

Question:

Given thal2 +i is a root of the equaticz3— 11z+20=0, find the other roots of the equati

Solution:

One other root i —i

The cubic equation must be identical to
(z-2-i)(z-2+i)(z-y)=0
(z-2)=i)((z=2)+i) = (z-2)*~i?

=72 -47+4+1=7%-42+5
Hence

(22—4z+ 5)(z—y) =73-11z+20
Equating constant coefficients
-5=20=y=-4

The other roots ar2-i anrd

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

If a+ibis aroot, thera—ib must also be a
root. The complex roots of polynomials w
real coefficients occur as complex conjugate
pairs.

If a, f andy are the roots of a cubic
equation, then the equation must have the
form(x—a)(x=£)(x—7y) =0.

You know the first two rootsy andg, so the
only remaining problem is finding the third
rooty.

You need not multiply the brackets on the
left hand side of this equation out fully. If
the brackets were multiplied out, the only
term without & would be when +5 is
multiplied by -y and the product of these,
-5y, equals the term withoaton the right
hand side+20 .
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Complex numbers
Exercisel, Question 6

Question:

Given thatl + 3i is a root of the equatiﬂ?% 6z+20=0,

a find the other two roots of the equation,

b show, on a single Argand diagram, the three points representing the roots of the equation,

c prove that these three points are the vertices of eangled triangle

Solution:

a One other root i — 3i

The cubic equation must be identical to
(z-1-3i)(z-1+3i)(z-y)=0

((z-1)-3i)((z— 1)+ 3i) = (z- 1)* - (3i)?
222—22+1+9=22—22+10

Hence

2 _ _ -3

(z 22+10)(z y) =2z"+62+20

The other roots afe— 3i an@

b

¥a ={1,3)

PhysicsAndMathsTutor.com

If a+ibis a root, thera — ib must als(
be a root. The complex roots of
polynomials with real coefficients
occur as complex conjugate pairs.

If «, fandy are the roots of a cubic
equation, then the equation must have
the form(x—a)(X—p)(x—y) = 0.

You know the first two rootg; angl

so the only remaining problem is
finding the thirdy .

You need not multiply the brackets on
the left hand side of this equation out
fully. If the brackets were multiplied
out, the only term without awould

be whent10 is multiplied byy and
the product of these 10y , equals the
term withoutz on the right hand side,
+20.

Equating constant coefficients
-10y=20=y=-2
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The gradient of the line joining2,0) to (1,3) is given by

m=z2"%_ 3-0 _3_4 You prove the result in part (c) using

xp-% 1-(-2) 3 the methods of Coordinate Geometry

that you learnt for the C1 module.
These can be found in Edexcel
Modular Mathematics for AS and A-
level Core Mathematics 1, Chapter 5.

The gradient of the line joining2,0) 1@ ,-3) is given by

_ Yo% _ 3-0 _ -3 _ _
m = Xo-% 1-(-2) 3 1

Hencemm = -1, which is the condition for perpendicular
lines.

Two sides of the triangle are at right angles to each other
and the triangle is right-angled.

© Pearson Education Ltd 2C
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Complex numbers
Exercisel, Question 7

Question:
21=4+2i,2p=-3+i
a Display points representing awrg on the same Argand diagram.

b Find the exact value ¢ - z| .

Given thatw = 2 ,
4]

c expressw in the forma+ib , wherg,beR

d find argw, giving your answer in radiat

Solution:

= (4, 2)

Pagel of 2

-2 =4+2i—(-3+i) z — 7, could be represented by the vector
=4+2i+3-i=7+i joining the poini(—=3,1) to the point (4, 2).
|z - 2| is then the distance between these

two points.

|21‘ 22|2 7242 =50 The question specifies an exact answer, so
decimals would not be acceptable.

|z-2| =50=52

- 4+2i y -3-i - -12-4i-6i+2
-3+i  -3-i (32 + 2

_ -10-10i

~ 10

=-1-i

PhysicsAndMathsTutor.com
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1
tan02%21:>9=
2

w is in the third quadrant.

( 77:) 3z
argw=-{z->]=-="
4 4

© Pearson Education Ltd 2C
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Complex numbers
Exercisel, Question 8

Question:

Given that3s - 2i is a solution of the equation
x4—6x3+ 19x2—36x+78: 0,

a solve the equation completely,

b show on a single Argand diagram the four points that represent the roots of the ¢

Solution:

a

Letf(x) = x* - 6x3+ 19x% — 36x + 78 When you have to refer to a long express
like this quartic equation, several times in a
solution, it saves time to call the expression,
say,f(x) . It is much quicker to wrifé¢x)
thanx? - 6x3+ 19x% - 36x + 78!

As3-2iis aroot of(x),3+2i isalsoarootiffx) If a—ibisaroot, thera+ib mustalso be a
B N N m2 root. The complex roots of polynomials w
(x=3+2)(x=3+21) =(x=3)"+4 real coefficients occur as complex conjugate

=x’>-6x+9+4 pairs.
=x%-6x+13
X2+6 If . andp are roots df(x) , thefifx) must
x*—6x3+ 192 - 36x+ 78 have the fornfx — a)(x —[)’)(x2 +ax + b) and
2 x* - 6x3+13% the remaining two roots can be found by
X7 Oxr13 6x2 — 36X+ 78 solvir]gx.2 +ax+b=0. The method used
6x2 — 36x+ 78 thheigeclassglcilr:)ga;:gt; t()sy I.ong division. In
Hence

f(x) = (x2—6x+ 13)(x2+6) =0

X°+6=0 = x=#/6
The solutions of(x) =0 are

3-213+2ii/6 —-iJ/6

PhysicsAndMathsTutor.com
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¥
(0, V6) (3, 2} =

0 X
(0, -..'_E]I (3, =2) =

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Complex numbers
Exercisel, Question 9

Question:

_a+3i
2+ai’

acsR.

aGiven thata=4, findz| .

b Show that there is only one valueadfor whichargz = %, and find this value.

Solution:

a
a+3i _ a+3i
2+ai  2+ai
2a-a% +6i+3a
4+3a?
5a 6-a°.
B 4+a2+ -

% 2—a!
2-ai

Substitutea = 4

20 , -10. 1.
=—+_—1=1-Zi
20 20 2
2
2 2 1 5
=Y +(—_) ==
|z| >
4=
2
b
5a
2 5a
tan(argz) = 42 =
( gz) 6-a2 6-a’
4+a2

Also from the data in the question
tan(argz) = tan% =1

Hence
5a
6-a
(@a-1)(@+6)=0=a=1,-6
If a = —6 substituting into the result
_30_30,_3_3
40

=1=>5a=6-a’=a’+5a-6=0

2

in part (a)

40 4 4
This is in the third quadrant and has a negative

PhysicsAndMathsTutor.com

You could substituta =4 into the
expression for at the beginning of part (a)
and this would actually make this part ea:
However you can use the expression ma

* once in this part and three times in part (b)
as well. It often pays to read quickly right
through a question before starting.

¥
arg z

0 X

-

If z=x+iy, thentan(argz) = %

At this point you have two answers. The
guestion asks you to show that there is only
one value of a. You must test both and
choose the one that satisfies the condition
argz= %. The other value occurs because
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argumen(—%”) ,S@a=-6 s rejected. tan% andtar(—%”) are both 1.
If a = 1, substituting into the result in part (a)
=3 + E| =1+
5 5
This is in the first quadrant and does have an
argumem’4i .

a = lis the only possible value af

© Pearson Education Ltd 2C
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Numerical solutions of equations
Exercise A, Question 1

Question:

Use interval bisection to find the positive square rox? -7 =0, correct to one decimal pla
Solution:

x2-7=0

So roots lies between 2 and 3fgy = -3 §ayp= + Using table method.

a f(a) b f(b) a+b fla+h)
2 2

2 -3 3 +2 2.5 -0.75

2.5 -0.75 3 +2 2.75 0.5625

2.5 -0.75 2.75 0.5625 2.625 -0.109375
2.625 -0.109375 2.75 0.5625 2.6875 0.2226562
2.625 -0.109375 2.6875 0.2226562 2.65625 0.055664
2.625 —-0.109375 2.65625 0.055664 2.640625 -0.0270996

HencexZ - 7 = 0 wherx = 2.6 to 1decimal pla

© Pearson Education Ltd 2C
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Numerical solutions of equations

Exercise A, Question 2

Question:

a Show that one root of the equatixﬁr 7x+2=0lies in the interval [2, 3].

b Use interval bisection to find the root correct to two decimal pl

Solution:

af2)=8-14+2=-4  f(x)=x3-7x+2

f(3)=27-21+2=+8

Hence change of sign, implies roots between 2 and 3.

b Using table method.

a f(a)
2 -4
2 -4
2.25 ~2.359375
2.375 ~1.2285156
2.4375 ~0.5803222
2.46875  -0.2348938

2.484375 —0.0567665
2.484375 —0.0567665

Hencex = 2.49 to 2 decimal plact

© Pearson Education Ltd 2C
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b

3
2.5
2.5
2.5
2.5
2.5
2.5
2.4921875

f(b)

+8
0.125
0.125
0.125
0.125
0.125
0.125
0.0336604

a+b
2
2.5

2.25
2.375
2.4375
2.46875
2.484375
2.4921875
2.4882813

Pagel of 1

f(a+b)
2
0.125

—-2.359375
—-1.2285156
-0.5803222

—-0.2348938

—-0.0567665

0.0336604
—-0.0116673
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Numerical solutions of equations
Exercise A, Question 3

Question:
a Show that the largest positive root of the equa‘nicrx3+ 2x% - 8x - 3lies in the interval [2, 3].
b Use interval bisection to find this root correct to one decimal |
Solution:
af2=8+8-16-3=-3  f(x) =x>+2x2-8x-3
f(3) =27+18-24-3=18

Change of sign implies root in interval [2,3]

b
a f(a) b f(b) a+b f(222)
2 2
2 -3 3 18 2.5 5.125
2 -3 2.5 5.125 2.25 0.51562
2 -3 2.25 0.515625 2.125 -1.37304
2.125 -1.3730469 2.25 0.515625 2.1875 -0.46215

Hence solution = 2.2 to 1decimal pl

© Pearson Education Ltd 2C
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Numerical solutions of equations
Exercise A, Question 4

Question:
a Show that the equatidix) = 1 - 2sirx has one root which lies in the interval [0.5, 0.8].

b Use interval bisection four times to find this root. Give your answer correct to one decim:

Solution:

a f(0.5) = +0.0411489

f(0.8) = -0.4347121

Change of sign implies root between 0.5 and 0.8

b
a f(a) b f(b) a+b f(a+b)
2 2
0.5 0.0411489 0.8 -0.4347121 0.65 -0.2103728
0.5 0.0411489 0.65 -0.2103728 0.575 —0.0876695
0.5 0.0411489 0.575 -0.0876696 0.5375 -0.0239802

0.5 to 1 decimal plac

© Pearson Education Ltd 2C
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Numerical solutions of equations
Exercise A, Question 5

Question:

a Show that the equatian= % - % x>0, has a root in the interval [1, 2].

b Obtain the root, using interval bisection two times. Give your answer to two significant |

Solution:

a f(1)=-05 p=%+x—
f(2) =+0.5

Change of sign implies root between interval [1,2]

b
a f(a) b f(b) a+h f(a+b)
2 2
1 -0.5 2 +05 1.5 0.0833
1 -0.5 1.5  0.083 1.25 -0.175
1.25 -0.175 1.5  0.083 1.375 -0.0397727
1.375 -0.0397727 15  0.083 1.4375 0.0230978

Hencex = 1. 4to 2 significant figure

© Pearson Education Ltd 2C
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Exercise A, Question 6

Question:

f(x) = 6x - 3%

The equatioi(x) =0 has a root between?2
to give an approximation to this rc

Solution:

a

2
2
2.25
2.375
2.4375
2.4375
2.4375

f(a)

3

3
1.6553339
0.6617671
0.0709769
0.0709769
0.0709769

2.4 correct to 1 decimal pla

© Pearson Education Ltd 2C
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b

3
2.5
2.5
2.5
2.5
2.46875
2.453125

asd

. Starting with the interval [2, 3] use interval bisection three times

f(b)

-9

—-0.5884572

—0.5884572

—-0.5884572

—0.5844572
—0.2498625

—-0.0872613

a+b
2

2.5
2.25
2.375
2.4375
2.46875
2.453125
2.4453125

Pagel of 1

a+b)
2

—0.588457

1.65533
0.66176
0.0708
—0.2498
—-0.08726
—-0.0076



Heinemann Solutionbank: Further Pure

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Numerical solutions of equations
Exercise B, Question 1

Question:
a Show that a root of the equati@ﬁ— 3x-5=0lies in the interval [2, 3].

b Find this root using linear interpolation correct to one decimal |

Solution:
af2)=8-6-5=-3 f(x)=x>-3x-5
f(3) =27-9-5=+13
Change of size therefore root in interval [2, 3]

b Using linear interpolation and similar triangle takiggas the first root.

3-x _ 3 _ af(b)-bf(a)
-2 13 7 f(b)-f(a)
SO

13(3-x) =3(x1—-2)
39- 13X1 = 3X1— 6
16x; =45
X1 =2.8125 ffy) =8.8098

Using interval (2, 2.8125)

28125-x, _ 3

Xp—2 8.8098
Xo =2.606 f(p)=4.880

Using interval (2, 2.606)

2.606-x3 _ 3

x3-2  4.880
Xp =2.375 f()=1.276

Using interval (2, 2.375)

2375-%4 _ 3
X4-2 1.276
Xp =2.112 f(y) = -1.915

Using interval (2.112, 2.375)

2.375-x5 _ 1.915

x5-2112  1.276
=2.218 ffg) =-0.736

Using interval (2.218, 2.37

PhysicsAndMathsTutor.com
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2.375-x5 _ 0.736
Xg-2218 1276
=2.318 fig) =0.494

Using interval (2.218, 2.318)

2.318-x; _ 0.736
x;-2.218  0.494
=225 f(x)=-0.229

2.3 to 1 decimal plac

© Pearson Education Ltd 2C
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Numerical solutions of equations
Exercise B, Question 2

Question:
a Show that a root of the equatin?— 8x2+1=0has a root between=1 ard 2

b Find this root using linear interpolation correct to one decimal |

Solution:
af(l)=5-8+1=-2 f(x)=5x—-8x2+1
f(2) =40-32+1=+9
Therefore root in interval [1, 2] as sign change.

b Using linear interpolation.

x, =1.818 f() =4.612.

Using interval (1, 1.818)

1.818-x, _ 2

Xo-1 4612
Xo =1.570 f(%) = 0.647

Using interval (1, 1.570)

1570-x3 _ 2

Xg— 1 0.647
x3 =1139 f(xg) = -1.984

Using interval (1.139, 1.570)
1570-x4 _ 1.984

xg—-1139 0647
X4 =1.447 f(x) =-0.590

Use interval (1.447, 1.570)

1.570-x5 _ 0.590
xs— 1447  0.647
=1511 ffg) = —0.0005.

Ans 1.5 correct to 1 decimal pla

© Pearson Education Ltd 2C
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Numerical solutions of equations
Exercise B, Question 3

Question:
a Show that a root of the equatiér’r 3=x liesinthe interval [3, 4].

b Use linear interpolation to find this root correct to one decimal |

Solution:
afd) =1 fx) =§+3—x
f(4) =-0.25
Hence root as sign change in interval [3, 4]

b Using linear interpolation

4-x _ 025
X1—3 1
x =3.8 f(x)=-0.011

Using interval [3, 3.8]

38-x _ 00111
X = 3 1
Xp =3.791 f(%) = —0.0004579

Ans = 3.8 to 1decimal pla

© Pearson Education Ltd 2C
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Numerical solutions of equations
Exercise B, Question 4

Question:

a Show that a root of the equati@ncosx—1=0lies in the interval [1, 1.5].
b Find this root using linear interpolation correct to two decimal pl
Solution:

a f(1) = 0.0806

f(1.5)= -0.788

Hence root between (1, 1.5) as sign change

b Using linear interpolation

15-% _ 0.788

Xl—l 1
x, =1.280 f(1.280) -0.265

Use interval [1, 1.28]

1.28-xo - 0.265
Xo—1 1
Xo =1.221 f(1.221F -0.164

Use interval [1, 1.221]

1.221-x _ 0.164
x3—1 1
X3 =1.190 f(1.190F -0.115

Use interval [1, 1.190]

1.190-x4 _ 0.115

X -1 1
x4 =1.170 f(1.170)F 0.088

Use interval [1, 1.170]

1.170-x5 _ 0.088
X5-1 1
x5 =1.156 f(1.156)= -0.068

Root 1.10 to 2 decimal plac

© Pearson Education Ltd 2C
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Numerical solutions of equations
Exercise B, Question 5

Question:
a Show that the largest possible root of the equaﬁomx2—3 =0lies in the interval [2, 3].

b Find this root correct to one decimal place using interval interpol

Solution:

af2)=8-8-3=-3 f(x)=x3-2x2-3
f(3)=27-18-3=6

Hence root lies in interval [2, 3] aftk 0 x = 3f(x) < 0.

b Using linear interpolation

3-x - §
Xl—2 3
x; =2.333 f(x)=-1.185

3—X2 _ 6

Xp—2.333 1185
Xo =2.443 f(%) =—-0.356

3—X3 6

X3 —2.443 0.356
X3 =2.474 f(g) =-0.095

3-x - 6
Xg4—2.474 0.095
X4 = 2482

Henceroot=2.5to 1 ¢
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Numerical solutions of equations
Exercise B, Question 6

Question:
f(x) = 2% -3x-1
The equatiorfix) =0 has a root in the interval [3, 4].

Using this interval find an approximationx.

Solution:

Let root ben

4 is the approximation.
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Numerical solutions of equations
Exercise C, Question 1

Question:

Show that the equatior?— 2x—-1=0has a root between 1 and 2. Find the root correct to two decimal places using the
Newtor-Raphson proces

Solution:

f1) =-2  f(x) =x3-2x-1
f(2) =3 f(2)=3 is correct

Hence root in interval [1,2] as sign change

f(x) =x3-2x-1

f(x) =3x%-2
Letx, = 2.
Thenx; =xg-— —f,(XO)
f (x0)
=p_3
X, = 2 10
X, = 1.7
Xp =X~ ﬂ
f(x)
xo =18g- 1885
8.6032
=1.661
X3 =X ——f,(XZ)
f(x2)
Xg = 1661~ 0.2597
6.2767
=1.6120
X4 =1.620- 1d.620)
f (1.620)
_ 1 6o 00115
5.8732
=1.618

Solution =1.62 to 2 decimal places
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Numerical solutions of equations

Exercise C, Question 2

Question:

Pagel of 1

Use the Newton—Raphson process to find the positive root of the eqx%tiax? -6x-3=0correct to two decimal

places

Solution:

f(0) =-3 f(x) = X3+ 2x2 - 6x - 3

f(1) =1+2-6-3=-6
f2) =8+8-12-3=1

Hence root in interval [1,2]

Using Newton Raphson

f(x) =x3+2x%-6x-3
f’(x) =3x2+4x-6
X =2

o)
f (x0)

=2- i

14

=1.92857
Yy = 192857~ 00404494
12.872427
= 1.92857-0.00314
=1.9254

Thenx; =xg-—

Root = 1.93 to 2 decimal plac
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Numerical solutions of equations
Exercise C, Question 3

Question:

Find the smallest positive root of the equabkér—r x2-80= 0 correct to two decimal places. Use the Newton—Raphson
process

Solution:

f(x) =x*+x%-80
f’(x) = 4x3 + 2x

Let xg =3 f(3) =10
So X =3- w
f (x0)
w =3-10
1 114
=2.912
Thenx, =2.912- ﬁ)i;?g
=2.908

Hence root = 2.91 to 2 decimal plac
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Numerical solutions of equations
Exercise C, Question 4

Question:

Apply the Newto—Raphson process to find the negative root of the equx3— 5x+ 2 = 0 correct to two decimal plact

Solution:

f(x) =x3-5x+2
f'(x) =3x%-5

f(0) =2

f(-1) =-1+5+2=6
f(-2) =-8+10+2=4
f(-3) =-27+15+2=-10

Hence root between interval [-2,-3]
Letx,=-2

- f’(Xo)
f (x0)
=-2- ﬂ
7
=-2.5714

xp =-2.571- 00
()

2,571 2139
14.83

~2.4267
—2.4267- 21570

12.6662
-2.4267-0.01234

-2.439
o ag. 0.00163
2.439 12.846

-2.4391

Thenx, =-

X3

£
|

Root =-2.44 correct to 2 decimal plac

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Numerical solutions of equations
Exercise C, Question 5

Question:

Show that the equati(ﬂx3—4x2— 1=0has aroot in the interval [2, 3]. Taking 3 as a first approximation to this root, use
the Newto—Raphson process to find this root correct to two decimal p

Solution:

f(x) =2C-4x2-1.
f(2) =16-16-1=-1
f(3) =54-36-1=17

Sign change implies root in interval [2,3]
f'(x) = 6x2 - 8x
Let x;=3

=3- fx0)
f (x0)
=3- H
30
=243
3- f$2.43)
f (2.43)
— 243~ 4.078
16.05
=2.43-0.254

=2.179
X3 =2.179

Then xq

X2 =2

_ f(2.179)
f'(2.179)
_ 5 170 0-6998
11.056
=2.179-0.063296
=2.116
X, =2.116- 1:116)

f'(2.116)
=2.116- 29388511
9.937
_ f(2.112)
f'(2.112)
-0.00084
9.8672

x5 =2.112

=2.112-
=2.112

Ans = 2.11 correct to 2 decimal ple
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Numerical solutions of equations
Exercise C, Question 6

Question:
f(x) = x3-3x%+5x-4

Taking 1.4 as a first approximation to a rogtof this equation, use Newton—Raphson process once to obtain a second
approximation tcx. Give your answer to three decimal pla

Solution:

f(x) =x3-3x%+5x-4
f'(x) =3x%-6x+5

Letx, = 1.4

Using Newton Raphson

_f1.4)
f'(1.4)
_ 14 70136
2.48
=1.4+0.0548
=1.455 to 3 decimal places

X, = 1.4
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Numerical solutions of equations
Exercise C, Question 7

Question:

Use the Newton—Raphson process twice to find the root of the eqmﬁiew =70 which isxear to . Give your
answer to three decimal plac

Solution:

f(x) =2x3+5x-70
f'(x) =6x%+5

Letx,;=3
Using Newton Raphson

=3- f’(i)
f(3)
=3- _—l
59
=3.02
xp =3.02- 102
£'(3.02)
0.1872
59.72

-3.017 to 3 decimal places.

=3.02-
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Exercise D, Question 1

Question:

Given thaff(x) = x3-2x+2has a root in the intervptl, —2] , use interval bisection on the intervval- 2] to obtain the
root correct to one decimal pla

Solution:

f(x) :x3—2x+2
f(-1) =-1+2+2=+3
f(-2) =-8+4+2=-2

Hence root in interval [-1, —2] as sign change

a f(a) b f(b) a+b f(a+b)
2 2
-1 +3 -2 -2 -1.5 +1.625
-1.5 1.625 -2 -2 -1.75 0.141
-1.75 0.141 -2 -2 -1.875 -0.842
-1.75 0.141 -1.875 -0.841 -1.8125 -0.329
-1.75 0.141 -1.8125 -0.329 -1.78125

Hence solution i-1.8 to 1 decimal plac
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Numerical solutions of equations
Exercise D, Question 2

Question:

Show that the equatioﬁ— 12x-7.2=0has one positive and two negative roots. Obtain the positive root correct to three
significant figures using the Newt-Raphson proces

Solution:

f(x) =x3-12x-7.2=0

f(0) = 7.2 f(-1) = 3.8
f(1) = -18.2 f(-2) = 8.8
f(2) = —23.2 f(-3)=1.8
f(3) = -16.2 f(-4) = -23.2
f(4) = 8.8

positive root between [3, 4]
negative roots between [0, -1], [-3, —4] kgt= 4

; _ f(xo)
Using Xy = xg— =——
f (xo)

wheref(x) = x3—12x-7.2
f'(x) =3x%2-12

SOX1:4—§
36

Xy =3.756 to 3d.p.

xp =3.756- 216
30.322

Xy =3.732

xg =3.732- 2011
30.323

xg =3.7316

Hence root = 3.73 to 3 significant figu
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Exercise D, Question 3

Question:

Find, correct to one decimal place, the real rox3+2x-1=0 by using the Newtc—Raphson proces

Solution:

f(x) =x3+2x-1

f(0) =-1

f(1) =2

Hence root interval [0, 1]

Using f(x) = x3+2x -1

f'(x) =3x%+2 and Xp=1

X = xg— 00
f (o)
2
Xl - 1 g
X1 =06
Xo = 0.6 Oim
3.08
X2 =0.465
_ _0.031
xg =0.465 5647
X3 =0.453

Hence root is 0.5 to 1decimal ple
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Numerical solutions of equations
Exercise D, Question 4

Question:

Use the Newton—Raphson process to find the real root of the eqm%ttiax?+4x— 6 =0, takingx = 0.9 as the first
approximation and carrying out one iterat

Solution:

f(x) =x3+2x%+ 4x - 6
f'(x) =32 +4x+4

f(0.9) =-0.051
£(0.9) =10.03
f(x0)
X| =Xg— ——
1 =050
_g_ ~0.051
10.03

=0.905 to 3 decimal places
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Exercise D, Question 5

Question:

Use linear interpolation to find the positive root of the equzx3— 5x+ 3 = 0 correct to one decimal pla

Solution:

f(x) = X3 - 5x+3
f(1) =-1
f(2) =+1.

Hence positive root in interval [1, 2] Using linear interpolation arak the 1st approximation

2—Xl 1
X -1 1
2—X1 =X1
2X1 =3

1

X1 =15 f(x)=1125

Then

2-x% _ 1
xp—15  1.125
Xo =1.882 f(%)=0.260
1.882-x; _ 0.260
Xp-15  1.125
Xo =1.810 f(x) =-0.117
1.882-x4 _ 0.260
Xp—-1810  0.117

=1.832

root = 1.8 to 1 decimal pla

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics
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Exercise D, Question 6

Question:

f(x) = X3+ x2-6.

a Show that the real root &) =0 lies in the interval [1, 2].

b Use the linear interpolation on the interval [1, 2] to find the first approximatign to

¢ Use the Newton—Raphson process ahdfce, starting with your answerhoto find another approximation 1o
giving your answer correct to two decimal pla

Solution:

a

f(x) = x3+x2-6
f1) =-4

f(2) =6

Hence root in interval [1, 2]

b
2-% _6
Xl—l 4
X1 =14
Cc
Xg =14

f(x) =x3+x2-6
f’(x) = 3x%+2x
_ fxo)
f'(x)
-1.296

8.68
= 1.55to 2 decimal places

X1 =X

=14-
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Numerical solutions of equations
Exercise D, Question 7

Question:

The equatioros = %x has a root in the interval [1.0, 1.4]. Use linear interpolation once in the interval [1.0, 1.4] to find
an estimate of the root, giving your answer correct to two decimal |

Solution:

COX = 1x =f(x) = ix— CoX
4 4

f(1) =-0.29
f(1.4)=0.180
14-% _ -0.290
x-1  -0.180
X =1.153
X1 = 1.15 to 2 decimal places
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Numerical solutions of equations
Exercise D, Question 8

Question:
f(x) = x3-3x-6
Use the Newtc—Raphson process to find the positive root of this equation correct to two decimal

Solution:

f(x) =x3-3x-6
f'(x) =3x2-3

f(0) =-5 f(1) =-7
f(2) =-3 f(3) =+13

Hence root in interval [2, 3]

Letx,=2
Then
)
f ()
=2- _—3
9
x =2.333
4.301
X2 -
16.500
Xp =2.297
xg =2.297- 2228
12.828
X3 =2.279
B _ -0.000236
Xq =2.279 12.582
=2.279+0.000019
X4 =2.2790

Ans = 2.28 to 2 decimal plac
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Quadratic Equations
Exercise A, Question 1

Question:

A curve is given by the parametric equatian:sth, y=4t. t OR. Copy and complete the following table and draw a
graph of the curve ford<t<4 .

t -4]-3|-21-1|-05|0]05]|1|2]|3] 4
x = 2t2| 32 0|05 32
y=4 |-16 2 16
Solution:

x=2t2| 321 18| 8| 2| 05|0|05/2|8]|18]32
y=4t|-16|-12|-8|-4| -2 |0| 2 |4|8]|12]|16

y A
20

15 ¥

10 M

v

1] 4 8 12 16 20 24 28

Xl“

-5
_1 {} ---\-\-\-"-\-\_\_

-15 TTm——

=20
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Quadratic Equations
Exercise A, Question 2

Question:

A curve is given by the parametric equatioms3t2, y=6t. t O R. Copy and complete the following table and draw a
graph of the curve for3<t<3 .

t -3|1-2]1-1]1-0.5/0]05|1]2]3
X = 3t2 0

y =6t 0

Solution:

w=3t2| 27| 12| 3 [0.75|0]0.75| 3| 12| 27

20

15

10

Xl“

-2

L
//f
0 \\j\ 8 12 16 20 24 28

o 1 {} ----"“-\..__

-15 —

-20
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Quadratic Equations
Exercise A, Question 3

Question:

A curve is given by the parametric equatiansat, y = % t OR, t# 0. Copy and complete the following table and draw
a graph of the curve fed <t<4 .

t -41-3|-2|-11-0.5]0.5|112]|3|4
X=4t|-16 -2

y=2| -1 -8

Solution:

t|-4| -3 |-2|-1|-05[05|1|2| 3 |4
x=4t|-16| -12|-8|-4| -2 | 2 |4|8| 12 |16
Al -1]_4|-2|-4| -8 | 8 |4]2
y t 3

W
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Quadratic Equations
Exercise A, Question 4

Question:
Find the Cartesian equation of the curves given by these parametric equations.

ax=5t2 y=10t

5.2
ex=—=t5 y=5t
> y

f x=3t2 y =23t
g x=4t, y=2t2

h x=et, y=3t2
Solution:

a y=10t

=y
So t—10 (1)

x=5t2 (2)

Substitutg(1) into (2):

2
10

5y2

2
Sox = = simplifies tox = b
100

Hence, the Cartesian equatiory?v- 20x
b y=t (1)

=1

X 2t2 )

Substitutg(1) into (2):
_12
X= 2y

Hence, the Cartesian equatiory?y- 2x
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c y=10ax
-y

So t—100 (1)
x=502 (2)

Substitutg(1) into (2):

2
—sof L
x—50(100)

2 2
Sox= Y simplifies tox = R
10000 200

Hence, the Cartesian equatiory?s“- 20«

_12
X = 5t 2
Substitutg(1) into (2):
2
X = i(ﬂ)
5\ 2
25y 5y2

Sox = —— simplifies tox = =-
20 4

Hence, the Cartesian equatiory??- %x

e y=5
=Y

So t-5 (@D}
_5.2
x—2t 2

2 2
So x=2 simplifies toc= L
50 10

Hence, the Cartesian equatiory?sr- 10x

f  y=2J3t
_y

So t-m (@D}
x=3t2 (2)

PhysicsAndMathsTutor.com
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Substitutg(1) into (2):

< o(z5)

_V3y? _1x _ 3
So X—TgIVGW—ﬁXﬁ

Hence, the Cartesian equatiory?v- 4.3x

g x=4t
_ X
So t-Z (@D}
y=2t2 (2)

Substitutg(1) into (2):
2
A X
v=2(3)
2

So =2iz simplifies toy = =
T P 8

Hence, the Cartesian equatiorx?; 8y

h x=6t
_X

So t—6 D
y=3t2 (2)

Substituteg(1) into (2):
2
=3(X
y= 3(6)
_ . . _ x2
So y= 6 simplifies toy = -

Hence, the Cartesian equatiorx% 12y

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page3 of 3



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Quadratic Equations
Exercise A, Question 5

Question:

Find the Cartesian equation of the curves given by these parametric equations.

ax=t, szl’ t£0

b x=T1t, y=%, t£0

¢ x=34/5t, yzg, t#0

1
dx==, y==, t20
X 5’y 5t’

Solution:

a w=tx(})

Xy:

—_ | -+

Hence, the Cartesian equationxys= 1

b xy:7t><(%)

_Ax
Y T

Hence, the Cartesian equatiorxys= 49

c xy:SJth(ﬁ}

t

Hence, the Cartesian equationys= 45

t (1
d Xy'gx(g)

Hence, the Cartesian equationxys= %

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Quadratic Equations
Exercise A, Question 6

Question:
A curve has parametric equations 3t, y = % tOR, t20.

a Find the Cartesian equation of the curve.

b Hence sketch this cun

Solution:
a xy=3tx (%)

=&
YA

Hence, the Cartesian equationxys= 9

b

B
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Quadratic Equations
Exercise A, Question 7

Question:

A curve has parametric equations v/2t, y = g tOR, t£0.

a Find the Cartesian equation of the curve.

b Hence sketch this cun

Solution:
a xy= ﬁtx(?}

=2
VR

Hence, the Cartesian equatiorxys= 2

b

vk

=¥
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Quadratic Equations
Exercise B, Question 1

Question:

Find an equation of the parabola with
afocus (5, 0) and directrix+5=0

b focus (8, 0) and directrix+8=0 ,

c focus (1, 0) and directrix=-1 ,

N w

d focus(g, O) and directrix = -

N

efocus(T, J and directrix +

NP

=0 .
Solution:

The focus and directrix of a parabola with equa;i%n: 4ax , ar@)(andx+a=0 respectively.
afocus (5, 0) and directrix+5=0 .

Soa=5 andy2 =4(5) .

Hence parabola has equat'ry?n: 20x

b focus (8, 0) and directrix+8=0 .

Soa =8 andy? = 4(8) .

Hence parabola has equat'rp?n: 32

c focus (1, 0) and directrix=-1 giving+1=0
Soa =1 andy? = 4(1) .

Hence parabola has equatip’n= 4x

d focus(g, 0) and directrix = —g giving+§ =0 .
Soa= % andy2 = 4(§)x .

Hence parabola has equatiy?n: 6x

efocus(g, OJ and directrix + % =0 .

_
Soa= % andy? = {%}x

PhysicsAndMathsTutor.com
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Hence parabola has equat'rp?n: 2./3x
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Quadratic Equations
Exercise B, Question 2

Question:

Find the coordinates of the focus, and an equation for the directrix of a parabola with these equations.
ay? =12«

b y2 = 20x

c y2 =10x

d y2 =4/3x

e y? = J2x

f y2=5J2x

Solution:

The focus and directrix of a parabola with equa;i%n: 4ax (am xamro= 0 respectively.
2 _ ; _12 _

ay“=12x. So4a=12, glvesl-T =3.

So the focus has coordinates (3, 0) and the directrix has equation0

20

by2=20x. So4a =20, gives = n =5 .

So the focus has coordinates (5, 0) and the directrix has equation0

c y2 =10x. So4a =10, gives =

~8
N

So the focus has coordina(e;’s 0) and the directrix has equati%n: 0

d y? = 4/3x. Soda =43 , gives = % = 3.
So the focus has coordinate®,0)  and the directrix has equatigs = 0

ey?=2x Soda= 2, giveaz% .
So the focus has coordinaE#, Oj and the directrix has equa{iégﬁ =0
f y2 =5/2x. Soda =52 , gives =

5.2
=

So the focus has coordina{éﬁ?, 0] and the directrix has equa{igfz =0
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Quadratic Equations
Exercise B, Question 3

Question:

A point P(x, y) obeys a rule such that the distanc® &6 the point (3, 0) is the same as the distan¢tofthe straight
line x+ 3 =0. Prove that the locus Bfhas an equation of the foryR = dax stating the value of the corsstant

Solution:
'y
3 | x /"Jf
HpEe—2— P (%, ¥)
d
0 \S {3, 0)
""-.\__\_\__
x+3=0

From sketch the locus satisfige = XP

Therefore,'SP2 = XpP? .

So,(x = 3%+ (y - 0)? = (x— -3)>

X2 —6X+9+y2 =x%+6x+9

—6x + y2 = 6X

which simplifies toy2 =12x .

So, the locus oP has an equation of the form

y2 = 4ax, wherea = 3.

© Pearson Education Ltd 2C
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The (shortest) distance oft the line
x+3 = 0is the distancXP.

The distance Ss the same as the distance
XP.

The line XPis horizontal and has distance
XP=x+3

The locus of Hs the curve shown.

This means the distance #the same as the
distance XP

Used? = (% - x])2 +(Y, = yl)2 onSP? = XP?,
whereS(3,0) ,P(x,y) , anK(-3,y) .

This is in the formy2 =4ax .

Soda=12, givea = % =3.
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Question:

A point P(x, y) obeys a rule such that the distanc® o6 the poin{2./5, 0) is the same as the distande tf the
straight linex = -2./5 . Prove that the locus®has an equation of the foryR = 4ax stating the value of the corsstant

Solution:
vk
Eﬂllg % —
Ke—sm—a P (X, V)
d
: Q’gl | r
x=-2/5

From sketch the locus satisfigid = XP

Therefore,SF’2 = XP? |
S0,(x - 25)" +(y-0)2 = (x~—215)°.

x° = 4JBx+20+y? = x° + 4J5x + 20
~4J5x+y? = 4/5x
which simplifies toy? = 8/5x .

So, the locus oP has an equation of the form
y? = 4ax, wherea = 2./5 .

© Pearson Education Ltd 2C
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The (shortest) distance oftB the linex = -2/5
orx+2+/5 =0 s the distance XP

The distance SP is the same as the distafite

The lineXP is horizontal and has distance
XP = x + 2./5.

The locus oP is the curve shown.

This means the distance SP is the same as the
distanceXP .

Used® = (% =) + (, ~ y;)° onSP? = XP?,
whereS(24/5,0) P(x,y) , anK (-24/5y) .

This is in the forrry2 =4ax .
Soda =845, givesaa = # = 2./5.
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Question:

A point P(x, y) obeys a rule such that the distanc® ¢ the point (0, 2) is the same as the distan¢tofthe straight
liney=-2.

a Prove that the locus &f has an equation of the foryn= e stating the value of the constant
Given that the locus d? is a parabola,

b state the coordinates of the focu$Ppfind an equation of the directrixRo

¢ sketch the locus (P with its focus and its directri

Solution:

a The (shortest) distance oftB the
line y = -2 is the distance YP

The distancé&P is the same as t
distanceYP.

The line YPis vertical and has
distancerP =y +2 .

The locus oP is the curve
shown.
y=-2

From sketch the locus satisfi8B=YP . This means the distan&® is the
same as the distan¥®.

Therefore,SF’2 = YP2 )

So,(x=0)? + (y-2)? = (y--2)% Used” = (3 —x)* + (v, — y;)* on
SP? = YP?, whereS(0, 2) P(x,V)
andY(x,-2).

x2+y?—dy+4=y?+ay+4
x2—4y:4y

which simplifies tox? = 8y and thep= %xz

So, the locus oP has an equation of the foryn= %xz , Where

PhysicsAndMathsTutor.com
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_1
k= 5
b The focus and directrix of a parabola with equay?)rx 4ax (ar@) xam=0 respectively.
Therefore it follows that the focus and directrix of a parabola with equxﬁigmay (Q,are and

y +a = 0respectively.

So the focus has coordinates (0, 2) and the directrix has equ)a%iergy is in the formx? = day .

y+2=0 So4a:8,givesa:%:2.

Cc
¥ A
1
= — vy
5(0,2)
e O R il i
Y22
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Question:
The liney = 2x-3 meets the parabql%z 3x  atthe pdihendQ.

Find the coordinates (P andQ.
Solution:

Line: y=2x-3 (1)

Curve: y2 = 3X 2
Substituting(1) into (2) gives
(2x-3)% = 3x

(2x-3)(x-3)=3x

4x2—12x+9:3x
4x2-15¢+9=0

(x-3)4x-3)=0
x:3,g
4

When x=3, y=2(3)-3=3

When ng, y=2(§)—3=—g
4 4 2

Hence the coordinates BfandQ are (3, 3) ané%,—g) .

© Pearson Education Ltd 2C
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Exercise C, Question 2

Question:

The liney =x+6 meets the parabq@: 32  atthe pogdB. Find the exact lengtAB giving your answer as a st
in its simplest forn

Solution:

Line: y=x+6 (1)
Curve: y2 =32x ()
Substituting(1) into (2) gives
(x+ 6)2 =32x

(x+6)(x+6) =32

X2+ 12x + 36 = 32«
X2 - 20x+36=0

(x-2)(x—-18)=0

x=2,18

When x=2, y=2+6=8.
When x=18, y=18+6=24.

Hence the coordinates AfandB are (2, 8) and (18, 24).

AB = (18-2)2+(24-8)2 Used = \ (% — %)% + (¥, - V).

= V168 +16
= J2(16Y

=162

Hence the exact lengAB is16V/2.

© Pearson Education Ltd 2C
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Exercise C, Question 3

Question:

The liney =x-20 meets the parabql%: 10x  atthe poméndB. Find the coordinates éfandB. The mid-point of
AB is the poinM. Find the coordinates M.

Solution:

Line: y=x-20 (1)
Curve: y2 =10x ()
Substituting(1) into (2) gives
(x - 20)2 = 10x

(x = 20)(x— 20) = 10x

x2 — 40x + 400 = 10x
x2 - 50x + 400= 0

(x-10)(x-40)=0

x=10,40

When x =10, y=10-20=-10.
When x =40, y=40-20=20.

Hence the coordinates AfandB are (10, —10) and (40, 20).

The midpoint ofA andB is (10;40, _102+ 20) =(25,5) Use(%, %)

Hence the coordinates M are (25, 5

© Pearson Education Ltd 2C
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Question:

The parabol& has parametric equatiors: 6t> yz12t . The focu€is at the poins.

a Find a Cartesian equation Gf

b State the coordinates $fand the equation of the directrix@

¢ Sketch the graph .

The pointsP? andQ are both at a distance 9 units away from the directrix of the parabola.
d State the distandesS.

e Find the exact lengtRQ, giving your answer as a surd in its simplest form.

f Find the area of the triangPQS, giving your answer in the fork+/2, wherek is an intege

Solution:
a y=12
=Y
So t= > D
x=6t2 (2

Substitute(1) into (2):
2
X= 6(1)

12

2 2
So x= & simplifies tox = Y

144 24

Hence, the Cartesian equatiory?sr- 24x
b y2 =24x. So 4 =24, givesa = %’ =6.

So the focus$§ has coordinates (6, 0) and the directrix has equati@= 0

c
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¥ &

B

The (shortest) distance oft® the line
X+ 6 = 0is the distanceqP

x+6=0
ThereforeXyP =9 .

The distance P% the same as the distance
%P, by the focus-directrix property.

Hence the distandeS=9
e Using diagram in (d), the-coordinate oP andQ isx=9-6=3.
Whenx = 3,y2 = 24(3)=72.

Hencey =72
=+/3642
=162

So the coordinates are BfandQ are(3,6+2) anq3,-62) .
As P andQ are vertically above each other then

PQ =62 --62
=12J2.

Hence, the distandeQ is12/2.

f Drawing a diagram of the triangRQS gives:
The xcoordinate oP and Qis 3 and thex
coordinate of Sis 6.

PhysicsAndMathsTutor.com
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o

12/2 |

'

S

Hence the height of the triangle is height
=6-3=3
The length of the baselig+/2
Area = 2(12/2)(3)
= 2(362)
=18/2.
Therefore the area of the triangle.8/2, wherek = 18.
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Question:
The parabol& has equatiomr2 =4ax , whegeis a constant. The poiégtz, gt) is a general poin€on

a Find a Cartesian equation Gf

The pointP lies onC with y-coordinate 5.

b Find thex-coordinate oP.

The pointQ lies on the directrix o€ wherey = 3. The liné passes through the poiftsandQ.

c Find the coordinates ).

d Find an equation fdr giving your answer in the forax+ by + ¢ = 0, wherea, b andc are integers.
Solution:

a P(%tz, %t) Substitutingx = %tz ang = gt intgz2 =4ax gives,

2 2

5 50\ 25 > 25 5
—t =4a| -t —— =hat — =hba —=a
(2) (4 ):> 4 =2 =2

Whena= E,y2 = 4(§)x = y2 =5x
4 4
The Cartesian equation 6fis y2 = 5x.
- - 25 _ -
b Wheny—5,(5)2—5x: = =x=>x=5

Thex-coordinate oP is 5.

CAsa= %, the equation of the directrix Gfis x+% =0orx=-

Alon

Therefore the coordinates Qfare(—%, 3) .

d The coordinates d® andQ are (5, 5) ané—%, 3) .

_ _3-5 _ -2 _8
m=MPQ = A

8
| .y—S—E(x—S)
| :25y—-125=8(x-5)
|:25y-125=8x-40
|:0=8x-25y-40+125
|:0=8x-25+85

PhysicsAndMathsTutor.com
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An equation foll is8x—25y +85=0.
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Exercise C, Question 6

Question:

A parabolaC has equatiomr2 =4x . The poiBtis the focus te.

a Find the coordinates &

The pointP with y-coordinate 4 lies of.

b Find thex-coordinate of.

The linel passes througBandP.

¢ Find an equation fdr giving your answer in the forax + by + ¢ = 0, wherea, b andc are integers.
The linel meetsC again at the poird.

d Find the coordinates @.

e Find the distance of the directrix C to the poiniQ.

Solution:

ay?=4x. Soda=4, givemr=2>=1 .

INIIFN

So the focus has coordinates (1, 0).
Also note that the directrix has equationl =0

b Substitutingy =4 into/2=4x gives:

16:4x:x:176:4.

Thex-coordinate oP is 4.
¢ The linel goes througls(1,0) anel(4,4)

4-0 _
4_

Hence gradient dfm = 1 C g

Hencey-0 = g(x -1)

3y =4(x-1)
y =4x-4
0 =4x-3y-4

The linel has equatioAx-3y—-4=0.
dLinel:4x-3y-4=0 (1)

Curve :y2 = 4x ()]

PhysicsAndMathsTutor.com
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Substituting(2) into (1) gives

y2 -3y-4=0

(y-4(y+1)=0

y=4,-1

At P, itis already known that=4 .So@ty=-1

Substitutingy = -1 intoy2 =4x gives

(—1)2 =4X=>Xx=

INJ

Hence the coordinates Q‘are(%,—l) .

e The directrix ofC has equatiom+1=0 or=-1 Q has coordinate%, —1) .

U
x=-1
0 x
- . e \
T 1 afl)
4 47

From the diagram, distansel+% = ;

Therefore the distance of the directrix®fo the poinQ is%.
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Exercise C, Question 7

Question:

The diagram shows the poiRtwhich lies on the parabofawith equationy2 =12 .

=}

%
'

y2=12x

The pointSis the focus o€. The point9Q andR lie on the directrix t&C. The line segmer®P is parallel to the line
segmenRS as shown in the diagram. The distanc®®fs 12 units.

a Find the coordinates & andS.
b Hence find the exact coordinatesRodndQ.

¢ Find the area of the quadrilatePQRS, giving your answer in the fork+/3, wherek is an intege
Solution:

12

ay?=1 Soda=12, givem = S =3.

Therefore the focuS has coordinates (3, 0) and an equation of the directi@i®k+3 =0 orx = -3. The coordinates of
R are (-3, 0) a® lies on thex-axis.

b The directrix has equatior= -3 . The (shortest) distanétofthe directrix is the distan€®). The distanceP =12 .
The focus-directrix property implies the® = PQ = 12

Therefore thex-coordinate oP isx=12-3=9.

As P lies onC, whenx = 9,y2 =12(9) = y2 =108

Asy>0,y=+108 = /363 =63 = P(9,6/3)

Hence the exact coordinatesPére(9, 6v3) and the coordinates@fare(-3, 6/3) .

c
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12
fmm-smmmessssmsmsssssssssssasssssssssssssss-eas -
AQ P
63 .
Tr s
R .
6
Area(PQRS :%(6+12)6\/§
=%(18)(6x/§)
= (9)63)
:54\/§

The area of the quadrilatelPQRS is 54+/3 andk = 54.
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Question:

The pointsP(16, 8) andl(4, b), whereb < 0 lie on the parabalawith equationy2 =4ax .

a Find the values od andb.

P andQ also lie on the liné The mid-point ofQ is the poiniR.

b Find an equation df giving your answer in the form=mx+c , whereandc are constants to be determined.
¢ Find the coordinates .

The linen is perpendicular tband passes througdh

d Find an equation af, giving your answer in the forgp=nx+c , whameandc are constants to be determined.

The linen meets the parabof@aat two points.

e Show that the-coordinates of these two points can be written in the fom+ 413 , Whereu amedntegers to k
determinec
Solution:

a P(16, 8). Substituting =16 ang=38 inte? = dax gives,

(8)? = 4a(16) = 64 = 64a = a:% =1,

Q(4,b). Substitutingc=4 y=b and=1 intga2 =4ax gives,
b% = 4(1)(4)= 16 = b=+16 = b= +4. Asb < 0,b = 4.
Hencea=1b=-4.

b The coordinates d® andQ are (16, 8) anth,-4) .

l:y-8=1(x-16)
l:y=x-8
| has equatioly=x-8 .

16+4 8+-4
2 2

¢ R has coordinat

):(10,2) .

d Asnis perpendicular tg m, = -1

n:y-2=-1(x-10)

PhysicsAndMathsTutor.com
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n:y-2=-x+10
n:y=-x+12

n has equatioy = -x+12 .
eLinen: y=-x+12 (1)
ParabolaC: y? = 4x 2
Substituting(1) into (2) gives

(=x+ 12)2=4x

X2 — 12x - 12x + 144 = 4x
x2 - 28x +144=0

(x—- 147 - 196+ 144=0
(x-14¥-52=0

(x— 14 =52
x-14=+52
x-14=+J413
x-14=+2.13
x=14+2./13

Thex coordinates arx = 14+ 213,
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Question:

Find the equation of the tangent to the curve
a y? = 4x at the point (16, 8)

b y2 = 8x at the point4, 4J2)

¢ xy = 25 at the point (5, 5)

d xy =4 at the point whereg =

N[~

e y2 = 7x at the point7, -7)
f xy = 16at the point where=2y2 .

Give your answers in the forax+by +c=0.

Solution:

aAsy>0 in the coordinates (16, 8), then

1
y2 =dx = y = Jax = JAJX = 2x2

Soy=2x2
dy 1y -1 1
&_Z(E)X 2 =X
So,ﬂ:i
dx X
_dy_ 1 1
At (16, 8),mT—dX T

T: y—8=%(x—16)

T:4y-32=x-16

T:0=x-4y-16+32

T:x-4y+16=0

Therefore, the equation of the tangentisty + 16 = 0.

b Asy >0 in the coordinateg, 4v2) , then

1
y?=8x=y=Bx = VBYX = VA2VX = 2/2x2
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1
Soy=2/2x2

_1 _
yzZ\/E(%)x 2=42x"2

dx
& _ 12
Tdx X
J2 _ 2
At(4,4\/§),m-|-=%=ﬁ27.

T:y-42 =%(x—4)
T:2y-8V2 =J2(x-4)
T:2y-8J2 =2x-42
T:0=2x-2y-4J2 +82

T:V2x-2y+4J2 =0

Therefore, the equation of the tangenf2x -2y + 442 = 0.

ny:25:>y:25x_1

& _ 2 25
e
At (5 5)m==-28-_25__4

"2 m"
T:y-5=-1(x-5)
T:y-5=-x+5
T:x+y-5-5=0
T:x+y-10=0

Therefore, the equation of the tangent4s/-10=0

dxy:4:>y:4x_l

dx X2
1 _dy_ 4 __ 4 __
Atx—z,mr . e (1) 16
)
1,4 _ 1
Whenx—z,y— 8= 2,8

y-8=-16(x-
T:y-8 16(x 2)
T:y-8=-16x+8

PhysicsAndMathsTutor.com
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T:16x+y-8-8=0
T:16x+y-16=0
Therefore, the equation of the tangeritis+y - 16 = 0.

e Asy<0 in the coordinatgg,-7) , then

1
Y2 = Tx = y = —J7X = —JTJX = —JTx2

1
Soy=-J7x2
¥ (2)cb L}
o - VT g el
oW - T
" dx 2JX
_ V7T _ 1
AL@ =) mr =g = 27 2

T: y+7=—%(x—7)

T:2y+14=-1(x-7)

T:2y+14=-x+7

T:x+2y+14-7=0

T:x+2y+7=0

Therefore, the equation of the tangentiy+7=0

fxy=16:>y=16x_1

dy - _ge2--16
™ 16x 2
Atx=2\/§,m|-=ﬂ:— 6 ___16_,
dx (2\/5)2 8
Whenx:zﬁ,yzl_ﬁzi:£:4\/§:>(2\/§’4\/§)

22 V2 J2V2
T:y-4J2 = -2x-2V2)
T:y-4J2 =-2x+4J2
T:2x+y-4J2-4J2 =0
T:2x+y-8J2 =0
Therefore, the equation of the tangerxis y - 82 = 0.
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Exercise D, Question 2

Question:

Find the equation of the normal to the curve
a y2 = 20x at the point wherg =10 ,

b xy=9at the poin(—g, —6) .

Give your answers in the forax + by + ¢ = 0, wherea, b andc are integers.

Solution:

a Substitutingy = 10 intoy2 = 20x gives
(10)2=20x:x=% =5 (5,10)

Asy>0, then

y? =20 = y = V20x = V20vX = V45X - 2052

1
Soy=25x2

_1 _
d—y—2\/§(%)x 2=J/5x"2

dx
0¥ _ 5
dx VX
d 5
At(5,10),mT=d—z—%:l

Gradient of tangent at (5, 10)rig = 1
So gradient of normal igy =-1 .
N: y-10=-1(x-5)
N: y-10=-x+5
N: x+y-10-5=0
N: x+y-15=0
Therefore, the equation of the normakisy-15=0
bxy=9=y= ox 1
d_ g 2=

)
dx X2
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:—3_:—4
) 9

(o))

3 dy 9
At x=-=mr=—==- =-
2 dx _3y2
%«

|

Ao

Gradient of tangent iﬁ%g.—G) sy = -4

So gradient of normal igy = :—1

1
7
N: y+6:%(x+§)

) _..3
N: 4y+24—x+E
N: 8y+48=2x+3
N: 0=2x-8y+3-48

N: 0=2x-8y-45

Therefore, the equation of the normais- 8y - 45=0.
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Exercise D, Question 3

Question:

The pointP(4, 8) lies on the parabola with equatiyﬁt 4ax . Find
athe value of,

b an equation of the normal @atP.

The normal taC atP cuts the parabola again at the p@nt=ind

c the coordinates dd,

d the lengttPQ, giving your answer as a simplified st
Solution:

a Substitutingc=4 ang =8 intg2 =4ax gives

(8= 4(@)(4) = 64=16a=> a= > =4

So,a=4.

b Whena =4, y? = 4(4)x= y2 = 16x..

ForP(4,8),y>0, so

1
y? = 16x = y = VI6x = V16X = 44X = 4x2

1
Soy=4x2
_1 _1

ﬂ—4(1)x 2=2X 2
dx 2
So,ﬂ:i

X VX

d 2 2

AtP(4,8),|’n-|-:d_i:ﬁ:E:l

Gradient of tangent &(4, 8) ismy = 1.
So gradient of normal &(4, 8) ismy =-1.

N: y-8=-1(x—4)

N:y-8=-x+4
N:y=-x+4+8
N: y=—x+12

PhysicsAndMathsTutor.com
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Therefore, the equation of the normallatP is y = -x+12.
cNormalN: y=-x+12 1)
Parabola: y2 = 16x ()]

Multiplying (1) by 16 gives
16y = —16x+ 192
Substituting(2) into this equation gives
16y = -2

By = -y~ +192

y2+16y-192=0
(y+24)(y-8)=0

y=-24,8
At P, itis already known that=8 . So@f y=-24
Substitutingy = -24 intoy? = 16x gives

(=24 = 16x = 576 = 16x = X = 51—766 =36,

Hence the coordinates §fare(36,-24) .

d The coordinates d® andQ are (4, 8) an{36,-24) .

AB = /(36— 4)2+(-24-8)2 Used = || (%~ )2 + (¥, — Yp)2.
= 322+ (-32
= 2(32¢
-

=322

Hence the exact lengAB is 324/2.
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Question:

The pointA(-2, -16) lies on the rectangular hyperhdlavith equationxy =32 .
a Find an equation of the normalltbat A.

The normal tdH at A meetsH again at the poiri.

b Find the coordinates B.

Solution:

axy=32=y=3x1

dy _ 55232
o - 9P

2 - - __32_ 32 __
At A(-2,-16),mr = R

Gradient of tangent a¥(-2,-16) s =-8

So gradient of normal &{(-2,-16) gy = :—; = %.

N: y+16=%(x+2)

N: 8y+128=x+2
N: 0=x-8y+2-128
N: 0=x-8y-126
The equation of the normal kb atA is x-8y—-126=0.
b NormalN: x-8y-126=0 Q)
HyperbolaH : xy=32 (2

Rearrangind?) gives
y=—

X

Substituting this equation int{d) gives

x—S(%) ~126=0

X - (ziG) ~126=0
X
Multiplying both sides b gives
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X2 - 256-126x = 0
X2 - 126x— 256 = 0
(x-128)(x+2)=0
X =128,-2

At A, itis already known that=-2 . SoBfx=128
- , 32 .
Substitutingx = 128 intoy = < dives

=32 _
Y 12

N

Hence the coordinates Bfare(lzs,%) .
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Question:

The pointsP(4, 12) and)(-8, -6) lie on the rectangular hyperlidlaith equationxy = 48 .
a Show that an equation of the liR€ is3x-2y+12 =0.

The pointA lies onH. The normal td1 atA is parallel to the chorBQ.

b Find the exact coordinates of the two possible positio/A.

Solution:

a The pointsP andQ have coordinateB(4, 12) and)(-8,-6) .

Hence,y-12 = g(x— 4)

2y—-24 =3(x-4)

2y—-24 =3x-12
0 =3x-2y-12+24
0 =3x-2y+12

The linePQ has equatioBx-2y+12=0.

b From part (a), the gradient of the ch&@ is%

The normal tdH atA is parallel to the chorBQ, implies that the gradient of the normaHatA is%

It follows that the gradient of the tangentHatA is

dy -2 48
Yo _ge2=-48
dx x2
dy 48 2 48 _ 2
At A =2 =—-—"=-= — ==
M ™ 2 37 2 3

WhenXZGﬁ:y:ﬁ_fzm:4\/§
_ _ 48 _ -8 _ -8J2 _
Whenx = 6ﬁ:>y__—6ﬁ_ﬁ_—ﬁﬁ_ 42
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Hence the possible exact coordinated afe(6v2,4J2) or-6v2,-442).
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Question:

V3

The curveH is defined by the equations= V3t y = . te Rt#0

The pointP lies onH with x-coordinate2/3 . Find:
a a Cartesian equation for the cuie

b an equation of the normal kbatP.

The normal tdH at P meetsH again at the poir®.

¢ Find the exact coordinates Q.

Solution:

axy:\/§t><[\/§j

ot
Xy=—
Hence, the Cartesian equationtbfs xy = 3.

b xy::%:y=3x_1

Y- _g2-_3
i 33X “= 2
3 3 1
AtXZZﬁ,mr:ﬂ:— =" =-=
dx (2@)2 12 4
Gradient of tangent & ismy = —%.
So gradient of normal & ismy = )

)

At P, whenx=2J3,=2/3=/3t=t=

%

23=2
3

QI

Whent = 2,y = 73 - P[Zﬁ,gj.

N: y—g =4(x-2/3)
N: 2y - /3 =8(x - 2V/3)
N: 2y-3 =8x-16J3
N: 0=8x-2y-16J3 ++/3
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N: 0=8x-2y-15V3
The equation of the normal kb atP is8x - 2y - 153 = 0.
c NormalN:; 8x-2y-153 =0 (1)

HyperbolaH: xy=3 2

Rearrangind?2) gives

<
1
< |w

Substituting this equation int{d) gives

8x—2(§)—15\/§ =0

8x - ( ) 15/3 =0
Multiplying both sides by gives

8x()15\/§—0

8x%-6-15V3x =0
8x2 - 153x-6 =0

At P, it is already known that=23 , 8-2J3) is a factor of this quadratic equation. Hence,

(x=2y3)(8x++/3) =0

x=2J3(atP) or x= —%(at Q).
At P, whenx = %2——\/—t:>t_%: %

Whent = 1
8

Ly= B =8/E o Q(—%ﬁ,—sﬁ).

Hence the coordinates Q‘are( =J3, —8J—)
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Question:

The pointP(4t2, 8t) lies on the parabalawith equationy2 =16x . The poirR also lies on the rectangular hyperbHla
with equatiorxy =4 .

a Find the value of, and hence find the coordinatesof
The normal tdH at P meets the-axis at the poini.

b Find the coordinates of.

The tangent t& atP meets the-axis at the poinT.

¢ Find the coordinates df.

d Hence, find the area of the trianINPT.

Solution:

a Substitutingx = 4t ang =8t intey=4 gives

4

(@) =4=32°=4=13= 2

SOI=§/@.

2
Whent = 5 X 4(2) 1.

N
|-

=1 y-g(1)=
Whent = 5y 8(2) 4.
Hence the value dfis% andP has coordinates (1, 4).

bxy=4:>y=4x_1

Gradient of tangent &(1, 4) ismr =-4.

1.1
-4 4°

So gradient of normal #&(1, 4) ismy =
N:y-4= %(x—l)

N: 4y-16=x-1
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N: 0=x-4y+15
N cutsx-axis=>y=0=0=x+15=x=-15
Therefore, the coordinates Mfare(-15, 0).

cForP(1, 4),y>0, so

1
y? = 16x = y = VIBK = VIBYX = 4JX = 4JX = 4x2

1
Soy=4x2
dy _ (1),-1_, -1
Pl (2)x 2=2X 2
dy_ 2
"dx X
-2 _2_
AtP(1,4),mr—dx A1 2

Gradient of tangent &(1, 4) ismr =2.
T:y-4=2(x-1)

T:y-4=2x-2

T:0=2x-y+2

T cutsx-axis=> y=0=0=2x+2=>x=-1
Therefore, the coordinates dfare(-1, 0) .

d

N{-15,0)

T(-1,0)

Using sketch drawn, Are&d NPT = Area(R+S) - Area(9

-1 _1
= 5(16)4)- (@)
=32-4
=28
Therefore, AreiA NPT =28
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Question:

The pointP(3t2, 6t) lies on the parabolav@th equationy? = 12x .
a Show that an equation of the tangent tat®is yt = x + 3t2.

b Show that an equation of the normalto Cas R +y = 33+ 6t
Solution:

1
aC y?=12x= y=+/12x = +J/4J3JX = +2J3x2

1
Soy =+2./3x2

So,ﬂ—iﬁ
dx IX

2 B i TN I |

At P(3t?, 6t),m|-—dx—i\/?—i\/§t—t.

T: y—6t=%(x—3t2)

T:ty-6t2=x-3t2

T: yt=x—3t2+6t2

T: yt=x+3t2

The equation of the tangent to C aisBit = x+3t2.

b Gradient of tangent ®(3t2, 6t) sy =

So gradient of normal &(3t%, 6t) gy = — = t.

N: y-6t=—t(x-3t9

N: y- 6t = -tx+ 3t

N: xt+y = 3t3+6t.

The equation of the normal to C aisxt +y = 3t3+6t.
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Question:

The pointP(6t, %) t# 0, lies on the rectangular hyperbolanith equationky = 36 .

a Show that an equation of the tangent tatHPis x +t% = 12t.

b Show that an equation of the normal tatPis t - ty = 6(t4— 1).

Solution:

aH:xy=36=y=36x1t

dy - _ge2-_36
o 2
6 dy _ 36 _ 36 _ 1
AtPGt,—, - =-———F=-——F=-—
© D= 62 36> 2
T: y—? =-2(x-6t) (Now multiply both sides by )
t

T: ty - 6t = -(x - 61)

T: t%y -6t = -x+6t

T: x+t2y=6t+6t

T: x+t2y= 12t

The equation of the tangent toati Pis x +t% = 12t.

b Gradient of tangent &(6t, ?) sy = -

So gradient of normal E(6t, ?) gy = e =t
)

N: y—? =t%x-6t) (Now multiply both sides by)t

N: ty - 6 = t3(x - 6t)

N: ty-6=tx-6t*

N: 6t*-6 =t -ty

N: 6(t*- 1) =t -ty

The equation of the normal to&d Pis t -ty = 6(t* - 1).
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Question:

The pointP(5t2, 1) lies on the parabdlawith equationy2 =4ax , whera is a constant and 0
a Find the value oé.

b Show that an equation of the tangenCtatP is yt = X+5t2.

The tangent t& atP cuts thex-axis at the poinK and they-axis at the poin¥. The pointO is the origin of the
coordinate system.

¢ Find, in terms ot, the area of the triangOXY.

Solution:
a Substitutingx = 5t ang =10t intg® =4ax gives

2
(1002 = 4@)(5t%) = 1002 = 20%a = a= 2 =5
20

So,a=5.
b Whena = 5,y = 4(5)x = y? = 20x.

1
C: y? =20k = y = +/20x = +J4/5 X = +2/5x2

1
Soy=+25x2

Ty-100= 2(x-509)

T: ty-10t° = x - 5t

T: yt=x-5t2+ 102

T: yt=x+ 5t2

Therefore, the equation of the tangenCtatP is yt = X +5t2.

For(at?, 2at) ony? = 4ax
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We always get%(yz) =4a

dy _2a_2a _1

—~ =g =—=—"==
2ydx dx y 2ac t

cT: yt=x+5t2

T cutsx-axis= y=0= 0= x+5t2 = x = -5t2
Hence the coordinates Hfare(—5t2, 0).

T cutsy-axis= x= 0= yt =5t° = y = 5t
Hence the coordinates ¥fare (0, ).

¥ A

X (-5t2, 0) o

it =

Y (0, 5t)

Using sketch drawn, Area\ OXY = %(5t2)(5t)

=2
2

3

Therefore, Area OXY = 275@
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Question:

The pointP(at? 2at) 1# 0, lies on the parabolar@th equationy? = 4ax , where a is a positive constant.
a Show that an equation of the tangent tat®isty = x + at2.

The tangent to @t the point Aand the tangent to & the point Bneet at the point with coordinatega, 3a)

b Find, in terms oa, the coordinates (A and the coordinates B.

Solution:
1
a.C:y2= dax = y = +Aa = VAAX = 20aK2

1
Soy=2vax2

N[

_1 _

¥ 2ﬁ(l)x 2 = Jax
dx 2
Soyﬂ = ﬂ
dx IX

dy _ va

2 === :ﬂ
At P(at”, 2at),m|-—dx \/F At 1

T:y-2at= tl(x—atz)

T: ty—2at2=x—at2

T:ty= x—at?+ 2at?

T:ty=x+ at?

The equation of the tangent toa€Pisty = x + at?.

b As the tangent Goes througlt4a, 3a) , then substitute -4a  and3a into T
t(3a) = -4a+ at?

0=at’-3at-4a

t2-3t-4=0

(t+1)t-4)=0
t=-1, 4

Whent = -1 ,x= a(—l)2 =a,y=2a(-1)=-2a= (a, -2a).
Whent = 4 x = a(4)? = 163, y = 2a(4) = 8a = (16a, 8a).
The coordinates of And Bare(a, —-2a) and (16a, 8a).
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Question:

The pointP(4t, %) 1# 0, lies on the rectangular hyperlighaith equationxy = 16 .

a Show that an equation of the tangenCtatP is x + téy = 8t.

The tangent tdl at the poinfA and the tangent tid at the poinB meet at the poirX with y-coordinate 5X lies on the
directrix of the parabol& with equationy2 = 16X .

b Write down the coordinates f
¢ Find the coordinates @& andB.

d Deduce the equations of the tangentd twhich pass througK. Give your answers in the forar + by + ¢ = 0, wherea,
b andc are integer:

Solution:

aH:xy=16:>y=16x_1

& _ge2--16

dx X2

6 _ 16 _ 1

4 dy
AtP@t, S)mp=2t=-"2 =2 =
@D =g @? 12t

T:y-

—~ |

= —iz(x—4t) (Now multiply both sides btf J)
t

T: t3y - 4t = —(x - 4t)
T:ty -4t = -x+4t
T: x+t%y =4t +4t
T: x+t2y=8t

The equation of the tangentkbatP is X+t2y =8t.

by2=16x. So4a=16,give$1=1746=4 .

So the directrix has equatiar4=0 ot -4

Therefore aX, x = -4 and as stategl=5

The coordinates of are(-4, 5).

cT: x+tiy =8t

As the tangent goes througl-4, 5) , then substitute -4 a5 into
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(-4) +12(5) = 8t

5t2-4= 8t

5t2-8t-4=0

(t-2)(5t+2)=0
2

t=2, -=
5

Whent:2,x=4(2):8,y=%=2:>(8, 2).

4

— 2 o8 4 _8 _
Whent = 5 X 4( 5) £ 10=( c 10).

)

The coordinates ok andB are (8, 2) and—% -10) .

d Substitute =2 ant= —é intd to find the equations of the tangentsddtthat go through the poiikt

Whent=2,T: x+4y=16=x+4y-16=0

2
Whent = _2 T x+ (_Z) y= 8(—3)
5 5 5

T: x+iy:—E
25 5

T: 25x+4y=-80

T:25+4y+80=0

Hence the equations of the tangentsxardy — 16 = 0 and25x + 4y + 80 = 0.
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Question:

The pointP(atz, 2at) lies on the parabdlawith equationy2 =4ax , whera is a constant andz 0 . The tangenCtatP
cuts thex-axis at the poin#.

a Find, in terms of andt, the coordinates @&.
The normal taC atP cuts thex-axis at the poinB.
b Find, in terms of andt, the coordinates d.

¢ Hence find, in terms ca andt, the area of the triangAPB.

Solution:

1
aC: y? =dax =y =+J4ax = V4VaJX = 2/ax2

1
Soy=2/ax2
_1 _1
d—y=2\/ﬁ(3)x 2=.Jax 2
dx 2
dy _ va
"dx X
2 —d—y: va :—\/E :1
At P(at<, 2at),m|-—dx \/; NS

T y—231=?1(x—at2)

T: ty-2at?=x-at?
T:ty=x-at?+2at?

T: ty:x+at2

T cutsx-axis= y=0. So,
0=x+a12:x=—at2

The coordinates o4 are(-at2, 0).

b Gradient of tangent at(atz, 2at) sy =T1
So gradient of normal &{(atz, 2at) gy = & =t

N: y-2at = —t(x - at?)
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N: y—2at:—tx+a13

N cutsx-axis= y=0. So,

0-2at = —tx +at>
tx = 2at + at3

X = 2a+at2

The coordinates d8 are(2a +at2, 0).

c
Ya
P{at?, 2af)
A{—-atZ, 0) B{2a+ at?, 0)
Y
\
A i
2af2 + 2a
Using sketch drawn, AreaAPB = %(2a+2at2)(2at)
= at(2a+2atd)
= 2a%(1+t9

Therefore, Area APB = 2a%(1 +t9)
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Question:

The pointP(th, 4t) lies on the parabdfawith equationy2 =8x .

a Show that an equation of the normalt@tP is xt +y = 23+ 4t.
The normals t& at the point&k, SandT meet at the point (12, 0).
b Find the coordinates &, SandT.

¢ Deduce the equations of the normalC which all pass through the point (12,

Solution:
1
aC: y2:8X:>y:i\/8_:\/Z\/§\/_:2\/§X§
1
Soy=22x2

1
Yoz (E)x‘i =2x72
dx 2

dy _ V2
Tdx  JX
dy _ V2 J2 1
At P2 4t),mp == Y - Ne -2
(2%, 40, mr dx [x2 V2t ot

Gradient of tangent &(2t%, 4t) sy :tl

So gradient of normal &(2t%, 4t) gy = (_— = .

)

N: y—4t:—t(x—2tz)

N: y—4t=—tx+2t3

N: xt+y:2t3+4t.

The equation of the normal @atP isxt+y = 23+ 41,

b As the normals go through (12, 0), then substituta2 yanal Ninto
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(12)t+0= 23+ 4t

12t = 263+ 4t

0=2t3+4t-12t

0=23-8t

t3-4t=0

t(t2-4)=0

tt-2)(t+2)=0

t=0, 2, -2

Whent=0, x=2(0=0, y=4(0)=0 = (0, 0)
Whent=2, x=22P=8  y=4(2)=8 = (8, 8)
Whent=-2, x=2(2°%=8  y=4-2)=-8 = (8, -8).
The coordinates d®, SandT are (0, 0), (8, 8) an@, -8)
C Substitute =0, 2, -2 intot+y= 2t3+ 4t. to find the equations of the normalsHdhat go through the point (12, 0).
Whent=0,N: 0+y=0+0.=>y=0

Whent =2 ,N: x(2) +y =2(8)+4(2)

N: 2x+y=24

N: 2x+y-24=0

Whent = -2 ,N: x(-2)+y =2(-8) +4(-2)

N: —2x+y=-24

N: 2x-y-24=0

Hence the equations of the normalsared 2x+y-24=0and2x-y-24=0.
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Question:

The pointP(atz, 2at) lies on the parabdlawith equationy2 =4ax , whera is a positive constant amé¢t 0 . The tangent
to C atP meets thg-axis atQ.

a Find in terms of1 andt, the coordinates d.
The pointSis the focus of the parabola.
b State the coordinates &f

¢ Show thaPQ is perpendicular tSQ.

Solution:
> 1
aC: y* =dax=y=J4ax = J4/aJx = 2vax2

1
Soy=2/ax2

_1 _1
¥ =2\/5(1)x 2=.Jax 2
dx 2

Ja

Jat?

2 _ Oy _
At P(at4, 2at), mp= =

~ [

afs

T y—231=?1(x—at2)
T: ty-2at?=x-at?
T:ty=x-at?+2at?
T: ty:x+at2

T meetsy-axis= x=0. So,

2
ty:0+at22y:%:>y:at

The coordinates dp are (0.at).
b The focus of a parabola with equatiy)?n: 4ax  has coordinated.(
So, the coordinates &are @, 0).

c P(at?, 2at), Q(0, at) andS(a, 0).
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M =

= =—-——=-.
TQ a-0 a

Thereforempg x mgg = % x—t=-1

SoPQ is perpendicular tSQ.
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Question:

The pointP(6t2, 12t) lies on the parabdlawith equationy2 =24x .

a Show that an equation of the tangent to the parab&lasay = x + 6t2.
The pointX hasy-coordinate 9 and lies on the directrix@f

b State thex-coordinate ofX.

The tangent at the poiBton C goes through poirX.

¢ Find the possible coordinatesB.

Solution:
1
aC:y? = 24x =y = +J24x = V46X = 2/6x2
1
Soy=2/6x2

& 2\/6(%)X% = \/Ex'%

dx
Oﬂzﬁ
"dx  JX
d V6 _ V6 _1

T:y-12= %(X—Gtz)

T: ty—12tz= X — 6t2

T:ty= x - 6t2+12t2

T:ty=x+ 6t2

The equation of the tangent@atP isty = x+ 6t2.
b y? = 24x. Soda =24, givea = 2—44 =6 .

So the directrix has equatiar 6 =0 or 6
Therefore ak, x = -6.

cT:ty=x+ 6t2 and the coordinates fare(-6, 9).

As the tangent goes througi-6, 9) , then substitute -6  arne9 into
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£(9) = -6 + 6t2

0=6t2-9t-6

2A2-3t-2=0

t-2)(2+1)=0
1

t=2, -=
2

Whent=2, x=6(2F=24, y=12(2)=24= (24, 24).

2 2’

2
==L y=6(-1) =2, y=12(-1)=-6= (3 -
et =1 x=o(-) =2, y-1-1) =5 (3, -o)

The possible coordinates Bfare (24, 24) anég, —6)
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Question:

A parabolaC has equatiomr2 =12x . The poifstis the focus of.

a Find the coordinates &

The linel with equationy = 3x intersects at the poinf wherey >0.
b Find the coordinates &f.

¢ Find the area of the triangOPS, whereO is the origin
Solution:

ay2:12x. So4a:12,give$1:1742:3 .

So the focus$ has coordinates (3, 0).
b Linel: y=3 (1)

ParaboleC: y2:12x ()]
Substituting(1) into (2) gives

(3x)2 = 12x
ox? = 12x

™2-12x=0
3X(3x-4)=0

x=0,ﬂ
3

Substituting these values wback into equatiofil) gives

x =0,y = 3(0) 0= (0,0)

=4 =34 4
x-3,y-3(3) 4:(3,4)

As y >0, the coordinates &f are(%, 4) .

PhysicsAndMathsTutor.com
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Ya
f
4
p(2 4)
\3
4
Y 5(3,0)
R e E LT, X
0 3 X
Using sketch drawn, AreaOPS = %(3)(4)
_ 1
= 5(12)
=6

Therefore, AreiA OPS=6
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Exercise F, Question 2

Question:

A parabolaC has equatiomr2 =24x . The poiRtwith coordinatesk 6), wherek is a constant lies o@.
a Find the value ok.

The pointSis the focus o€.

b Find the coordinates &

The linel passes througBandP and intersects the directrix Gfat the poinD.

¢ Show that an equation fbrs 4x+ 3y -24=0.

d Find the area of the triancOPD, whereQ is the origin

Solution:
a (k, 6) lies ony? = 24x gives

62 = 24Kk = 36 = 24k = 0 =k = k=2,
24 2

b y2 = 24x. Soda =24 , givem = 2744 =6 .
So the focus has coordinates (6, 0).
¢ The pointP andS have coordinateB(g, 6) arg6, 0).

0-

|03
1
1
mlco|o,
11
|
11
|

IS
wls

m =nps=

[¢]

N w

I: y-0= —%(x—6)

I: 3y=-4(x-6)

I: 3y=-4x+24

I: 4x+3y—-24=0

Therefore an equation foiis 4x + 3y - 24=0.

d From (b), as =6 , an equation of the directrix#s6=0 xer-6 . Substituting6 | mitees:

4(-6)+3y-24=0
3y=24+24

3y =48

y=16
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Hence the coordinates Dfare(-6, 16).

Ya
D (-6, 16)
16 | /3
F’uz'ﬁ)

: R /
y ° 7% UN\_S6.0)_
e il b-—z

15

?

Using the sketch and the regions as labeled you can find the area required. LeOPDeaArea(R

Method 1
Area(R = AreaRST) - Area(S) — Area(T)
= Zas+o(2)-2eae-3(2)e

- %(22)(%) - (3)(16)- (2)(3)

- (2)--()

= 30
Therefore, Area OPD = 30
Method 2

Area(R = Area(RSTU) - Area(9 — Area(TU)
~(12)(16)- 2(6)(16)- 5(6)©®)

96-48-18
30

Therefore, AreiA OPD = 30
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Question:

The parabol& has parametric equatiors: 122 ys24t . The focu€ie at the poin&
a Find a Cartesian equation Gf

The pointP lies onC wherey >0 P is 28 units frons,

b Find an equation of the directrix 6f

¢ Find the exact coordinates of the pdmt

d Find the area of the triancOSP, giving your answer in the fork+/3, wherek is an intege

Solution:

a y = 24t
=Y

So t= 2 Q)
x=122 (2)

Substitutg(1) into (2):

2
X = 12(1)
24

122

2
So x=-2 simplifies toc = L
576

Hence, the Cartesian equation®is y2 = 48x.

48

b y? = 48x. Soda = 48, gives = =12

Therefore an equation of the directrix@fs x+12 =0 orx=-12.

c

From (b), as = 12 , the coordinates of S, the focu€ e
(12, 0). Hence, drawing a sketch gives,

Pagel of 2

The (shortest) distance oft® the
line x = -16is the distance XP

The distanc&P = 28 .

The focus-directrix property implies

thatSP = XP =28

The directrix has equation=-12
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Ay Therefore the xcoordinate of Rs
Xx=28-12=16.
X 16—+{+12—p

=Y

y? = 48x
x=-12

Whenx = 16,y? = 48(16)= y° = 3(16Y

Asy >0, theny = 1/3(16Y = 164/3.
Hence the exact coordinatesRoire(16, 161/3) .

d
vk P (16, 16./3)
I
' 16,3
A !
B
' =
o) 5(12,0) X
4 -

Using the sketch and the regions as labeled you can find the area required. LLeO&reaAread)

Aread) = Area(AB) - Area(B
- %(16)(16\/5) —%(4)(16\/5)

= 1283 -32/3
= 96\/§

Therefore, AreiA OSP = 963 andk = 96.
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Question:

The point(4t2, 8t) lies on the parabdlawith equationy2 =16x . The linewith equatiomx - 9y + 32 = 0 intersects the
curve at the pointB andQ.

a Find the coordinates & andQ.

b Show that an equation of the norma[lat(4t2, 8t) isxt+y= 43+ gt

¢ Hence, find an equation of the normall@t P and an equation of the normalGaat Q.
The normal taC atP and the normal t€ atQ meet at the poirRR.

d Find the coordinates &t and show thaR lies onC.

e Find the distancOR, giving your answer in the fork/97, wherek is an intege

Solution:

aMethod 1

Line: 4x-9y+32=0 (1)
ParaboleC: y2 =16x (2)

Multiplying (1) by 4 gives
16x-36y+128=0 (3)
Substituting(2) into (3) gives

y2 - 36y +128=0

(y-4)y-32)=0
y=4,32
Wheny=4, 4 =16x :x:g:1 = (1,4)

Wheny =32, 32 = 16x :x:%‘:m — (64,32)

The coordinates d® andQ are (1, 4) and (64, 32).
Method 2

Line: 4x-9y+32=0 (1)

ParaboleC: x = 4t?, y=28t 2

Substituting(2) into (1) gives
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442 -9(8t) +32=0
162-72t+32=0

2A2-9t+4=0
@t-1)(t-4)=0

2
Whent =~ x—4(2) 1, vy 8(2) 4 = (1,4).
Whent=4, x=4(4° =64, y=8(4)=32 = (64,32).

The coordinates d® andQ are (1, 4) and (64, 32).
1
b C: y?=16x = y = V16x = V16X = 4x2

1
So y=4x2
& (L) h = o
vl (2)x 2=2x 2

Solﬂ = i
dx X

2 —ﬂ:—:—:_
At(4t,8t),mT—dX \/P x T

Gradient of tangent &4t2, 8t) sy :Tl

So gradient of normal #&t2 8t) gy = (_—1 = .

)
t
N: y-8t = —t(x- 49

N: y-8t=—tx+4t>

N: xt+y:4t3+8t.

The equation of the normal (C)at(4t2, 8t) isxt+y= 43+ 8t

¢ Without loss of generality, from part (B)has coordinates (1, 4) when % dpdhas coordinates (64, 32) when4

Whent =

wolE) =) o)

1 1
D IXx+y=Z+4
NEx+y =3

N

N: x+2y=1+8
N: x+2y-9=0

Whent = 4,
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N: x(4)+y=4(4)>+8(4)

N: 4x+y =256+ 32

N: 4x+y-288=0

d The normals t&€ atP and atQ arex+2y-9=0 andix+y-288=0

N,: Xx+2y-9=0 (1)

N, 4x+y-288=0 (2)

Multiplying (2) by 2 gives

2x(2): 8x+2y-576=0 (3)

(3-(1): 7x-567=0
37x:5672x=5767:81

(2=  y=283-4(81)=288-324=-36

The coordinates dR are(81,-36).

Wheny = -36,LHS = y2 = (-36)° = 1296

Whenx = 81,RHS=16x = 16(81)= 1296

As LHS=RHS, R lies onC.

e The coordinates @@ andR are (0, 0) and (8136 ).

J81-072+(-36-0) 7

\/Sf + 362
J7857
JEDEN
JB197
997

OR

Hence the exact distanOR is9+97 andk = 9.
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Question:

The pointP(atz, 2at) lies on the parabdalawith equationy2 =4ax , whera is a positive constant. The pof@tlies on the
directrix of C. The pointQ also lies on the-axis.

a State the coordinates of the focusCodind the coordinates Q.
The tangent t& atP passes through the poigt

b Find, in terms oa, the two sets of possible coordinate:P.

Solution:
The focus and directrix of a parabola with equa;i%n 4ax , ar@)(andx+a=0 respectively.
a Hence the coordinates of the focusCodire @, 0).

As Q lies on thex-axis theny =0 and s@ has coordinatesa, 0)

1
b C: y? = 4ax = y = Vaax = V4 vavx = 2/ax2

1

Soy=2/ax2
_1 _1
d—y=2\/§(£)x 2=vax 2

dx 2

dy _va

Tdx WX

Ja Ja 1

2 —ﬂ:—Z—:_
AtP(at,Zat),mT—dX \/g =T

T: y-2at= %(x—atz)

T: ty—2at2:x—at2

T: ty:x—at2+2at2
T: ty:x+at2
T passes througka, 0) , so substitute-a y=0 Tin
t(O):—a+at2:>0=—a+at2:0:—1+t2
S0,t2-1=0= (t-1)(t+1)=0=t=1,-1

Whent=1, x=a(l’=a, y=2a(l)=2a = (a 2a).

Whent=-1, x= a(—l)2 =a, y=2a(-1)=-2a= (a,-2a).
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The possible coordinates P are a, 2a) or (a, —2a).
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Question:

The pointP(ct, %) c>01%20, lies on the rectangular hyperbdlaith equationxy = c? .

a Show that the equation of the normaHa@t P ist3 - ty = c(t4— 1).

b Hence, find the equation of the normab the curve/ with the equatiorxy =36 at the point (12, 3). Give your answer
in the formax+ by =d , where, b andd are integers.

The linen meetsV again at the poir.

¢ Find the coordinates Q.

Solution:
aH:xy=c?=y=cX"
2

Yoo x2=C
dx x2

d c? c? 1
At P(Ct,E), =2 =0 2 = =
t mr dx (Ct)2 C2t2 t2

Gradient of tangent &t(ct, %) isy = -2

So gradient of normal m(ct %) iy = —— =t2

N: y—% =t%x-ct) (Now multiply both sides by)

N: ty—c=t3(x—ct)

N: ty-c=tx-ct?

N: ct?-c=tXk-ty

N: t-ty=ct®-c

N: tx -ty = c(t*- 1)

The equation of the normal kb atP ist -ty = c(t* - 1).

b Comparingxy = 36 withxy = 2 gives=6 and comparing the point (12, 3) (mg) gives
ct=12= (6)t =12 =t = 2. Therefore,

n: (9%~ @y=6(2"-1)
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n: 8x-—2y=6(15)

n: 8x-2y=90

n: 4x-y=45

An equation fom is4x -y = 45.

¢ Normaln: 4x-y=45 (1)
HyperbolaV: xy = 36 2

Rearrangind?) gives

y:?

Substituting this equation int{d) gives

ax— (ﬁ) =45
X

Multiplying both sides by gives

4x2 - 36 = 45¢

4x% - 45x-36=0
(x-12)(4x+3)=0

X= 12,—E
4

Itis already known that=12 . So & x = —%.

Substitutingx = —% intoy = % gives

y= o= —36(%) = 48,

)

Hence the coordinates Q‘are(—

Nlw

Nlw

) —48) .
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Question:

A rectangular hyperbola Has equatiorxy=9 . The lindg aid are tangents.tdhe¢ gradients df arigd are bet%l . Find the
equations ofp ang .

Solution:
H: xy = —ov-1
IXy=9=y=9%

ﬂ = —9)(_2 = —i
dx X2

Gradients of tangent linés and arebo};h implies

ENE

9o _
X2
=x%=36

= x=+/36

= X=16

= — —| = :_g :—E —| —E

Whenx=-6, 6y=9 =y i 3(6, 2).
3 =-1

At (6,5), mr=-7 and

cy-3 o1

Ty > 4(>< 6)

T: 4y-6=-1(x-6)
T: 4y-6=-x+6

T: x+4y-12=0

3 —
At (—6,—5), mr=-7 and

T: y+g=—%(x+6)
T: 4y+6=-1(x+6)
T: 4y+6=-x-6
T: x+4y+12=0

The equations fdi argd axe 4y-12=0andx+4y+12=0.
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Question:

The pointP lies on the rectangular hyperboda= c® ,where0 .The tangent to the rectangular hyperbola at the point
P(ct, %) t > 0, cuts thex-axis at the poinK and cuts thg-axis at the poinY.

a Find, in terms ot andt, the coordinates of andY.

b Given that the area of the trianlOXY is 144, find the exact value c.

Solution:

aH: ><y:c2:>y:c2x_1

2
Yoo x2=C
dx x2

2

dy__ P
() %2

At P(ct,%),mr

,—>N| -

T y—% = —iz(x—ct) (Now multiply both sides by?.)
t

T: tzy—ct:—(x—ct)

T: ty-ct=—x+ct

T: x+t2y=2ct

T cutsx-axis=>y=0= x+t2(0):20t:>x=20t
2ct _ 2c

T cutsy—axis:x:0:0+t2y:2ct:y:—2 =T
t

So the coordinates akg2ct, 0) andY(o,%) .

b
¥ A
2c
N V{D"TP )
2¢ |
2
i X (2¢t, 0)
ol R L e R e - ..5-['
2ct
Using the sketch, areOXY = %(2ct)(%) = %2[ = 2c2
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As arear OXY = 144 , the@c? = 144 = c2 =72
Asc>0,c=+72 =362 =642.
Hence the exact value c is6+/2.
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Question:

The pointsP(4at2, 4at) anQ)(lGatz, 8at) lie on the parabol€& with equationy2 =4ax , whera is a positive constant.
a Show that an equation of the tangenCtatP is 2ty = x + 4at?.

b Hence, write down the equation of the tanger@ &1 Q.

The tangent t& atP meets the tangent @atQ at the poinR.

c Find, in terms oa andt, the coordinates (R.

Solution:
1
aC:y?=4ax=y=+Jdax = VA aX = 2vax2
1
Soy=2vax2
1
dy _ 2\/5(3){5 =Jax 2
dx 2

dy _va
"dx

X

2 —ﬂ:—ﬁ :—\/ﬁ :i
At P(4at”, 4at), mr o o 2vat

T: y-dat= %(x—4at2)

T: 2ty- 8at? = x - 4at2

T: 2ty= x — 4at? + 8at2

T: 2ty= X + dat?

The equation of the tangent@at P(4at2, 4at) iS2ty = x+ dat? .
b P has mapped ont@ by replacing by 2, ie.t - 2t
So,P(4at? 4at) — Q(16at2 8at) = Q(4a(2t), 4a(2t))

At Q, T becomeg(2)y = x + 4a(2t)2

T: 2(2)y = x + 4a(2t)?

T: 4ty=x+ 4a(4t2)

T: 4ty=x+16at2
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The equation of the tangent(tbatQ(lGatZ, 8at) isdty = x+16at“ .

cTy 2ty:x+4at2 (1)

TQ: 4ty = x + 16at2 2
(2) - (1) gives
2ty = 12at2

2
Hence,y = % = 6at.

Substituting this int@l) gives,
2t(6at) = x + 4at?

12at? = x + 4at®

12at? - 4at? = x

Hencex =8at? .

The coordinates dR are(8at?, 6at) .
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Question:

A rectangular hyperbold has Cartesian equation = 2c>0 .The p((icnt %) , Wheré t>Q is a general point on
H.

a Show that an equation an equation of the tangdﬁtat(ct, %) isx+t%y=2ct .

The pointP lies onH. The tangent tbl atP cuts thex-axis at the poinK with coordinates @, 0), wherea is a constant.

2
b Use the answer to patto show thaP has coordinate{a, %]

The pointQ, which lies orH, hasx-coordinate 2.

¢ Find they-coordinate ofQ.

d Hence, find the equation of the li@¥), whereO is the origin.
The linesOQ andXP meet at poinR.

e Find, in terms o#, thex-coordinate oR.

Given that the lin@®©Q is perpendicular to the lineP,

f Show that? = 2a2 |,

g find, in terms ofa, they-coordinate oR.

Solution:

aH: ><y:c2:>y:c2x_1

Y _ 2o
=X 2=

x

T: y-

<
t

=-S(x-ct) (Now multiply both sides bf2.)
t

T: t2y—ct:—(x—ct)
T: t2y—ct=—x+ct
T: x+t2y=2ct

An equation of a tangent td)at(ct, %) isx+t2y= 2ct .
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b T passes througk(2a, 0), so substitute=2a,y =0

(2a)+t2(0):2ct:>2a:2ct:>§:t:t:%

Substituta:% int((ct,%) gives

P c(%)é = P[a, %2}

HenceP has coordinateB[a, %}

¢ Substituting« =2a into the curvd gives

C2

_ 2 —
(2a)y=c"=y= o

They-coordinate oR isy = %.

d The coordinates dd andQ are (0, 0) anéZa E—J

2
C
Mo :5 0: 02 :C—2
Q™ 2a-0  2aa) 222

C2
OQ: y—OZE(X_O)

2
0Q:y=<3. (1)
4a
. K&
The equation 0OQisy = -
4a

e The coordinates of andP are (2, 0) anc(a, %J .

2 2

C C

-0 = 2

a —a __C
a2

2
XP:y-0=-=(x-2a)
a

2
XP: y= —C—z(x— 2a) (2)
a

Substituting(1) into (2) gives,

N

CZX C
=-—(x-2a
2 2%

N

2
Cancelling, gives,
a
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—=—(x—-2a

5 =~(x-2a)

X=—x+2a

4

g:Za

4

j = 422) _8a
5 5

Thex-coordinate oR is%a.

2 2

f From earlier partsnog = % antp = _i

OP is perpendicular tXP = mpg x mkp = -1, gives

m, xrrx = C_2 _C_2 :__(:4:—1
oQ P 4a2 a2 4a4

4 4 4_, 4 (2\%_ .4
—-c'=-4a" = c =4a :>(c) =4a

c2:\/4a4 =\/Z\/¥ =2a°.

Henceg?=2aZ , as required.

gAtRx= 8—:. Substitutingx = 8—: intoy = é gives,

432

- 2 () o
42\ 5/ 2082

and using the?=2a® gives,

The y-coordinate oR is%a.
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Question:

Describe the dimensions of these matrices.
2 (—11 g)

> (2)

(45 3)

d@ 23

e(3 -1

100
flo10
001

Solution:

1 0);
a(_1 3)|52><2

b (%)isle

12 1);
c(3 O_l)ISZXS

d@ 2 3is1x3
e (3 -1)is1x2

10 0)
flo 1 0|is3x3

001
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Exercise A, Question 2

Question:

For the matrices

w=(23) o5 2) =6 3)
find

a A+C

b B-A

c A+B-C.

(23 )-C2)
o (5 3)-6G3)-(2 9
¢ (f _31)+(—41 —12)_(8 2):(8 8)
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Exercise A, Question 3

Question:

For the matrices

A= (%) B=(1 -1), C=(-1 1 0),

D=(0 1 -1), E=(3),F=(2 13,

-1,
find where possible:

a A+B

b A-E

c F-D+C

d B+C

e F—(D+C)

f A-F

g C-(F-D).

Solution:

aA+Bis (2x1)+(1x2) Not possible
b a-e=(3)-(%)=(3)

c

F-D+C 213-(01-D+(-1 10

119

d B+Cis (1x2)+(1x3) Not possible

e

F-(D+C) (21 3-[(01-D+(-11 0]
213-(-12 -1

(3 -1 49

fA-F=(2x1)-(1x3) Not possible.

g

C-(F-D) (k11 0-[(213-(0 1 -1
(-110-(2 0 9

(-3 1 -4
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Exercise A, Question 4

Question:
i a 2)_(1 c)_(5 0}

Given tha(_1 b) (d _2) (0 5), find the values of the constarash, ¢ andd.
Solution:

a-1 =5 = a=6

2-c =0 = c=2

-1-d =0 = d=-1

b-(-2) =5 = b=3
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Exercise A, Question 5

Question:

. 1 2 0\,(abc)_(c5c)s¢
Given tha(a Cj+(1 2 0)—(0 ° C), find the values o&, b andc.

Solution:

l1+a
2+b
O0+c
a+1l
b+2
c+0

O 0O 00010

Use b=3 in @ = c¢=5
Use c=5 in @ = a=4
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Exercise A, Question 6

Question:

5 3) (a b 71

Giventhato -1|+|c d|=|2 0|, find the values o#, b, c, d, e andf.
21 e f 1 4

Solution:

5+a =7 =—=a=2
3+b =1 =b=-2

O+c =2 =>c=2
-1+d =0 =d=1
2+e =1 =—e=-1

1+f =4 =f=3
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Exercise B, Question 1

Question:

i~aa—[2 O (1) 5
For the matrices= (4 —6) , B= (_1), find

a3A

b A

N

c 2B.

a 3(421 —%) ) (162 —28)
0326
*o4)=(3)
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Exercise B, Question 2

Question:
Find the value ok and the value of so thaﬁ(O 1)+k(O 2):(0 7).
20 -10 x 0
Solution:
1+2k = 7
= 2%k =6
= k =3
2-k = x
= 2-3 =X
0 X =-1
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Exercise B, Question 3

Question:
. a 0)_o1 c)\_(3 3
Find the values dd, b, c andd so tha12(1 bj 3(d _J (_4 _4).
Solution:
2a-3=3 = 2a=6
= a=3
0-3c=3 = <c¢=-1
2-3d=-4 = -3d=-6
= d=2
2b+3=-4 = 2b=-7
= b=-35
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Exercise B, Question 4

Question:

. 5 al_ofc 2)y_(9 1
Find the values o, b,canddsotha(b o) 2(1 _1) (3 d)'

Solution:

o
+

oo

N2 Ulw o

U
aoaNochoo
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Exercise B, Question 5

Question:

: -3 2k) _(k
Find the value ok so tha( K ) + k(ij = (6)'

Solution:

-3+2k?=k
=  2k?-k-3=0
(2k-3)(k+1)=0

O k=§ or -1
2

AND k+2k?=6

=  2k%+k-6=0
(2k-3)(k+2)=0

O k:§ or -2
2

So common value ik = %
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Exercise C, Question 1

Question:

Given the dimensions of the following matrices:
Matrix A B C D E
Dimension| 2 x 2|1 x2]1x3|3x2|2x3

Give the dimensions of these matrix products.
aBA
b DE
cCD
d ED
eAE

f DA

Solution:

a(@lx2)2x2)=1x2
b (3x2)02x3)=3x3
C(1x3)3x2)=1x2
d (2x3)O3x2)=2x2
e (2x2)Q2x3)=2x%x3
f (3x2)(2x2)=3x2
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Exercise C, Question 2

Question:

Find these products.
1 2\(-1

2 (3 4)(2)
12\(0 5

o (5 2% 3)

(5 9(2)-()
o (325 5= )
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Exercise C, Question 3

Question:

The matrixA= (_01 _32) and the matrig= (1 0 1)

Find
AZmeansA x A
aAB

b A2

(¢ G237 %)
> (536 3)-63)
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Exercise C, Question 4

Question:

The matriced\, B andC are given by

() (1) e

Determine whether or not the following products are possible and find the products of those that are.
aAB
bAC
cBC
d BA
eCA

fCB

Solution:

aABis(2x1)[02x2) Not possible

b AC = (i)(—a )= (:g :‘2‘)

cBCis(2x2)Q1x2) Not possible
aen=(3 3)(0)-=(0)
e CA=(-3 —2)(?) = (-8).

f CB=(-3 —z)(_31 %)=(—7 -7)
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Exercise C, Question 5

Question:
ind i 2 alf1 3 0
Find in terms Ofi(l _1)(0 a 2).
Solution:

(2 a)(l 3 o):(z 6-a 2a)
1-1J\o-12/"\1 4 -2
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Matrix algebra
Exercise C, Question 6

Question:
ind i 3 2\(x -2
Find in terms 015((_1 x)(l 3).
Solution:

(590 3)-(%7 222)
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Exercise C, Question 7

Question:

a1 2
The matrixA= (0 1) .
Find
aA?
b A3

¢ Suggest a form fohk,

You might be asked to prove this formula Ak in FP1 using induction from Chapte

Solution:

#9696 )

3_,2_f12\(1 4\_(1 6

b A%=AA ’(o 1)(0 1)‘(0 1)
_f1 2x2
Note A@-(O 1)
3_f1 2x3
A‘(o )

Suggests = (
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Exercise C, Question 8

Question:

oa_(a 0
The matrixA= (b Oj .
aFind, in terms ofi andb, the matrixAZ2.

Given thatAZ = 3A

b find the value oa.

Solution:
2= 3 (8
b A2=3A:( 2 Oj:(%‘ Oj

= a2=3a
and ab=3b
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Exercise C, Question 9

Question:

A=(-1 3, B= @ c= (g :g)

FindaBAC

b AC2

Solution:

a

2

BAC = (1)](—1 3)(3 :g)

ZJ
=1((-4 -7)
0

-8 -14
=|-4 —7}

0 O

b

AC?=(-1 3)(61 :3)(3 :g)

= (-4 —7)(61 ::23)
=(-16 29
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Exercise C, Question 10

Question:

1
A= [—1] , B=(3 -2 -3).
2

Find a ABA

b BAB

Solution:

a

1 1
ABA 2[—1}(3 -2 —3)[—1}
2
fi
2

=N

b
1
BAB =(3 -2 —3)[—1}(3 -2 -3)
2
=(-DEB -2 -3
=(3 23
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Exercise D, Question 1

Question:

Which of the following are not linear transformations?

ap(y) - [yzf 1)

Solution:
aPis not. (0,0) — (0,1)

2 is not linear

bQisnot. x - x
cRisnot.y - x+xy is not linear
d Sis linear

eT is not. (0,0) - (3,3)

f U is linear
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Exercise D, Question 2

Question:

Identify which of these are linear transformations and give their matrix representations. Give reasons to explain why the
other transformations are not linear.

Solution:

: -1
a Sis represented A Oj

b T is not linear. (0,0) - (1,-1)

cUis notlinear. x — xy is not linear

; 0 2
dV is represented t(/_l 0)

eW is represented A éj
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Exercise D, Question 3

Question:

Identify which of these are linear transformations and give their matrix representations. Give reasons to explain why the
other transformations are not linear.

Solution:

a Sis not linear x - x2 ang - y2 are not linear

; -1
b T is represented t@ 0)

- -1

c U is represented A 1)

d V is represented 0)
00

; 0
eW is represented b 1)
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Exercise D, Question 4

Question:

Find matrix representations for these linear transformations.
X y+2x

a (Y) - ( -y j
X -y

b (3) - (x + 2y)

Solution:

X y+2x| _[2X+Y). %,2 1)
a (y} - (—y }_[Ox—yJ is represented b -1
X 0O-y ). -1
b Y]~ I x+2y is represented 1 2
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Exercise D, Question 5

Question:
The triangleT has vertices dt1, 1), (2, 3)and (5, 1).

Find the vertices of the image Bfunder the transformations represented by these matrices.
(5 9)
J
(5 2)
Solution:
(390439659
O vertices of image of are af(1,1); (-1,3); (-5,1)
b (1 4)(—1 2 5):( 3 14 9)
0 -2/J\131 -2 -6 -2
O vertices of image of are a{3 ,-2); (14 ~6); (9 - 2)
c (o —2) (—1 2 5) _ (—2 -6 —2)
2 0/\ 131 -2 4 10
O vertices of image of are a{-2,- 2); (-6,4); (2,10)
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Matrix algebra
Exercise D, Question 6

Question:

The squaré&has vertices dt1, 0) , (0, 1), (1, 0) aiod - 1)

Find the vertices of the image $tinder the transformations represented by these matrices.

(5 9)
(3 3)
o 3)

Solution:
a(z O)(—l 01 o)=(—2 02 o)
0 3\0o1o0 -1 030 -
O vertices of the image @are(-2,0) : (0,3); (2,0); (05 3)
b (1 —1)(—1 01 O)z(—l -11 1)
1 1J\ 010 -4 -1 11-1
O vertices of the image &are(-1,-1); (-1,1); (1,1); (157 1)
C(l 1(—1 01 0):(—1 11 —9
1 -1\ 010 -1 -1-11
O vertices of the image &are(-1,-1); (1 - 1); (1,1);(4,1)
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Exercise E, Question 1

Question:

Describe fully the geometrical transformations represented by these matrices.
(5 %)
> (2 )
¢ (—01 é)

Solution:

~—
= O
~—
1
|
o
-
Y

—
= O
~—
1
|
o
—=
F Y

Rotation 90° clockwise (or 270° anticlockwise) about |
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Matrix algebra
Exercise E, Question 2

Question:

Describe fully the geometrical transformations represented by these matrices.

|

o (59

Solution:

NIk O

—
O -
~—

!
TR
Nt
L

—

NIPO ONIR

~—
= O
~——
!
TN
- =

Enlargement - scale factézr centre (0,0)
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Matrix algebra
Exercise E, Question 3

Question:

Describe fully the geometrical transformations represented by these matrices.

- fol

0 -1
2

1

1 1
2

Enlargement Scale factor 4 centre (0,0)

c
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_1
1 J2
o] ~ |_1
J2
1
0 2
1) 7 o|_L
J2

Rotation 225° an-clockwise about (0,0) or 135° clockw
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Exercise E, Question 4

Question:

Find the matrix that represents these transformations.
a Rotation of 90° clockwise about (0, 0).

b Reflection in the-axis.

¢ Enlargement centre (0, 0) scale factt

Solution:

a

o

((1)) ) (_1)5 Matrixis (O %
1) - ()t

((1)) ) ((1)) 0 Matrixis (L ©
FE) () el

0 2

"} (o) - (&) :
( )

)
2
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Matrix algebra
Exercise E, Question 5

Question:

Find the matrix that represents these transformations.
a Enlargement scale factes  centre (0, 0).

b Reflection in the ling/=x .

¢ Rotation about (0, 0) of 135° anticlockw

Solution:
a
' © - (5

— o/ ~ \o . [-2 0
(O) (O)DMatr|X|s(0 _4)
1) ~ \-4

r
b

O Matrix is (0 1)

‘ () -6 H

C
i’ _1
w (1) 7z
o/ 7| 1 1
)/‘ \/El 0 Matrix is f
j 0 7z V2
1) 7 o|_L
J2
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Exercise F, Question 1

Question:

(3 (6 e

Find these matrix products and describe the single transformation represented by the product.
aAB

b BA

cAC

d A2

eC2

Solution:

o= (g (% 0)=(2 9

=— Reflectioniny =x

0 1
- o J
5 -6

b BA = ( 0 _1)(_1 O) = (0 1) Reflection iny = x

-1 0 10

_(-1 0\f2 O\_(-2 O
CAC—(0 _1)(0 2)—(0 _2) Enlargement scale facte2 centre (0,0)

2_(-1 0\(-1 o\_(1 0 . .
dA _(0 —1)(0 _1)—(0 1) Identity (No transformation)

[This can be thought of as a rotationef + 180 = 360]

ect=(3 969 )

Enlargement scale facter 4 centre (
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Exercise F, Question 2

Question:
A = rotation of 90° anticlockwise about (0, 0) B = rotation of 180° about (0, 0)
C = reflection in thec-axis D = reflection in the yaxis

a Find matrix representations of each of the four transformafipBsC andD.

b Use matrix products to identify the single geometric transformation represented by each of these combinations.
i Reflection in thex-axis followed by a rotation of 180° about (0, 0).

ii Rotation of 180° about (0, 0) followed by a reflection inxfeis.

iii Reflection in they-axis followed by reflection in the-axis.

iv Reflection in they-axis followed by rotation of 90° about (0, 0).

v Rotation of 180° about (0, 0) followed by a second rotation of 180° about (0, 0).

vi Reflection in thex-axis followed by rotation of 90° about (0, 0) followed by a reflection irythgis.

vii Reflection in they-axis followed by rotation of 180° about (0, 0) followed by a reflection irx-axis

Solution:

a

rd

Rotation of 90° anticlockwis@&= (2 _Ol) —
J

Rotation of 180° about (0,0)B= (_01 _01) —

Reflection inx-axis C= (Cl) _O) S
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Reflection in yaxis D= (_1 O) -

b

eo-(3 93 9-(3 ) =
Reflection iny-axis

a3 96D

Reflection iny-axis

i co=(2 2) (3 9=(¢ 9) e®

Rotation of 180° about (0,0)

o I3 93

— - Reflection in liney = —x

v ee= (_o1 —01)(_01 —01) ) (3 8)

Rotation of 360° about (0, 0) or Identity

o = (3 9)(3 0)(6 %)
- (1) )
- (2 _01) G4

Rotation of 90° anticlockwise about (0, 0)

Vii
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8b = (é —01)(_01 —01)(_01 (1))

Identity - no transformatic
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Exercise F, Question 3

Question:

Use a matrix product to find the single geometric transformation represented by a rotation of 270° anticlockwise about
(O, 0) followed by a refection in ttx-axis

Solution:

Rotation of 270° about (0,0) -

(é) (_Ol)m Matrixis ( O 1
0 =

(1 -1 0/
0

—
—

Reflection isx-axis -—

(6) - ()
0 0
(&) - ()
1 -1
Rotation of 270 followed by reflection iaxis is:

(é —01)(—01 é) :(2 é)

- 1 O
U Matrix is (O _1).
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Matrix algebra
Exercise F, Question 4

Question:

Use matrices to show that a refection inykaxis followed by a reflection in the line= —x is equivalent to a rotation
90° anticlockwise about (0, !

Solution:
L
Reflection in yaxis —% 0 Matrix is Y= (—01 (1))
i
Reflection iny = -x —=——1= 0 Matrix R=(01 _o)
i & -

—oll- i.e. Rotation of 90° anticlockwise about (0, 0).
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Exercise F, Question 5

Question:

.
Se

The matrixR is given b

ol ol
5l

a FindR?.
b Describe the geometric transformation representeRby

¢ Hence describe the geometric transformation represent®d by

d Write downR8.

Solution:
1 1Y1 1

ar’= ? _? ? _? :(2 _o)
2 2 \V2 2

b

—= i.e. R represents rotation of 90° anticlockwise about (0, 0)

—_—
"

¢ R represents a rotation of 45° anticlockwise about (0, 0)

d R8 will represent rotation af x 45° = 360

This is equivalent to no transformation

0 RBa= (é 2)
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Matrix algebra
Exercise F, Question 6

Question:

(29 ()

The transformation represented by the md®ris the result of the transformation represented by the nfafdokowed
by the transformation represented by the ma&gix

a FindR.

b Give a geometrical interpretation of the transformation represenirR.

Solution:

areor=(3 2)(3 2)=(5 )
¥

Reflection iny-axis
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Matrix algebra
Exercise F, Question 7

Question:

SEARERNCP

MatricesA, B andC represent three transformations. By combining the three transformations in thB,dadewed by
A, followed byC a single transformation is obtained.

Find a matrix representation of this transformation and interpret it geomet

Solution:

CAB = (:i })(? —_170)(3 g)
(Z 5)G )
- (—01 _01)

Reflection in the liney = —x
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Matrix algebra
Exercise F, Question 8

Question:

() (9 =3 )

MatricesP, Q andR represent three transformations. By combining the three transformations in thR dalkwed by
Q, followed byP a single transformation is obtained.

Find a matrix representation of this transformation and interpret it geomet

Solution:

o= 1 3)6 (S 3

Enlargement scale facto
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Exercise G, Question 1

Question:

Determine which of these matrices are singular and which are non-singular. For those that are non-singular find the
inverse matrix.

2 (—3;1 _21)
(5 3)

(&3

Solution:
a
3 -1 _ ~_,_ _
det‘_4 2‘ = 6-(-4)x(-1)
= 6-4
=2 #0

0 the Matrix is non-singular

: A2 1
So inverse |§21(4 3)

1 05
or (2 1.5)

b

3 3 A
det‘_1 _1| 3-(-1)x3
-3+3

0

O Matrix is singular.

c

0-0

25
det‘o O|
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O Matrix is singular

d

det 5-6

12’
35

-1 #0

O Matrix is non-singular

el 5 2\_(-5 2
Inversels_—l(_3 1)-(3 _)

e

6 3 _
det‘4 5 12-12

0

0O Matrix is singular

f

4 3 _
det‘6 2‘ 8-18

-10 #0

O Matrix is non-singular

Inverse is i( 2 - )
-10\-6 4

_ (—0.2 0.3
06 -0.4
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Matrix algebra
Exercise G, Question 2

Question:

Find the value o& for which these matrices are singular.
al+a

2 (3 2 )

b (1+a 3—a)
a+t2 l-a

2+a l-a
C(l—a a)

Solution:

a

det“;1 1;a = 2a-3(1+a)
= 2a-3-3a
= 3-a

Matrix is singular foa = -3

b
_ (1+a 3-a
LetA = (a+2 1—a)
detA = (1+a)(l-a)-(3-a)(a+2)
= 1-a’-(-a%+a+6)
= 1-a’+a’-a-6
= -a-5
detA =0 = a=-5
c
LetB = (2+a 1—a)
l-a a
detB = 2a+az—(1—a)2

2a+az—1+2a—a2
4a-1

detB = 0 = a=

INJI
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Matrix algebra
Exercise G, Question 3

Question:

Find inverses of these matrices.

a 1l+a
a (1+a 2+a)

2a 3b
(%3
Solution:
a
- a 1+a
LetA = (1+a 2+a)
detA = 2a+a2—(1+a)2
= 2a+a’-1-2a-a°
= -1
Al - 1 2+a -(1+a)) (-[2+a] (1+a)
T -1{-1+a) a ) |(@+a) -a
b
LetB = (Za 3b)
-a -b
detB = -2ab-(-a)x3b
= —2ab+3ab
= ab
-1 _ 1(-b -3b
B™ = ab(a 2aj

|

© Pearson Education Ltd 2C
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Exercise G, Question 4

Question:

a Given thatABC =I , prove th&l=ca .

bGiventhaIA:(O 1) and::(2 1) fin®.

-1 -6 -3 -1

Solution:
a

ABC = |
= AlaBc = A}
= BC = Al
- Bccl = At
= B = Alct=(cajt
0 Bl = ca
b

en = (5 2)(E 3)

- (13
et - (3 )
5 B = (—31 —41)
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Exercise G, Question 5

Question:

a Given thataB =C , find an expression fér

b Given further than= (2 ‘1) and= (3 6) fingl

4 3 1 22
Solution:
a
AB =C

= AlaB=aATc
= B=Alc
b

A = (i ‘1) — det A=6--4=10

1 _ 1(3 1
OAT = 10(—4 2)
0 B = A

(902
10\-4 2/\1 22
_ i(lO 40)
10\-10 20
_ (1 4)
-1 2
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Matrix algebra
Exercise G, Question 6

Question:

a Given thatBAC =B , wher® is a non-singular matrix, find an expressionAor

_ (5 3 .
b Whenc= (3 2),f|ndA.

Solution:
a

BAC =B
= B1BAC=818
= AC =l
= A=Cc1
b

_(5 3
C‘(a 2)
detC=10-9=1

-1_1(2 -3
D c ’1(—3 5)

_[(2 -3
0 A(2)
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Exercise G, Question 7

Question:

a2 -1 (4 7 -8\ -
The matrixA= (_4 3) anole-(_8 13 18)' Find the matrix8.

Solution:

— 2 -1 =6 —-(— -1)=
A = (_4 3 = detA=6-(-4)x(-1)=2

-1 _ 13 1
0oA ‘2(42)

AB = (—48 _13 188) (x on left byA )
= B= %(j %(—48 —13 1%)
-
5= (517)
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Matrix algebra
Exercise G, Question 8

Question:
. 5 4 11 -1) _
The matrlez( ) anthB =|-8 9 |. Find the matriXA.

2 1 B

Solution:

11 -
AB = |-8 9 (x on right by BY

— ABB1 =

I
N\
e
N 0 =
ol
N———
%
iR

2 -1
1(13 39
= 13 -26 13
0 -13

n
I
ok

[
P w
e 2
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Exercise G, Question 9

Question:

The matrixA= (4312 bej , wher@ andb are non-zero constants.
aFindA L.

The matrixB= (;2 2bb) and the matrix is given byB= XA .

b Find X.

Solution:

a

A=(3a bj —  det A= 6ab-4ab = 2ab

da 2b
4_1(2b -b
HATE 2ab(—4a 3a)
b
B = XA

= BAL = xaal
0 X = BAL

_(-a b)Y 20 -b)_ 1
so X = (Sa 2b](—4a 3:;1)x 2ab
_ 1 (—6ab 4ab]

2ab\—-2ab 3ab

_ (-3 2
H X = (—1 3/2)
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Matrix algebra
Exercise G, Question 10

Question:

a_f(a 2a ~_ (2b —2a
The matrixA= (b 2bj and the matri= (—b N )

a Find det A) and detB).

b Find AB.

Solution:

a

A = (g gz] = detA=2ab-2ab=0

B = (Eg ‘ga) = detB=2ab-2ab=0

(o

_ (a 2a\2b -2a

AB = (b 2b)(—b aj
- (2ab—2ab —2a2+2a2]
262 - 202 —2ab+2ab

- (59
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Exercise G, Question 11

Question:
The non-singular matrice’s andB are commutative (i.AB =BA ) aW®BA =B

a Prove thar? =| .

Given thatA= (2 é) , by considering a matixof the form(f:1 3)

b show thaa=d andb =c.

Solution:

a

Given AB=BA

and ABA=B
- A(AB) =B
- A B=B
= Asl=gg1
. A=
b

_{0 1Yfa b
AB_(lO)(cd
_(a b)f0 1
BA_(Cd)(lO

AB =BA = b=c
d=a

i.e. a=dandb=c
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Exercise H, Question 1

Question:
wp— (0 -1
The matrixR= (1 0)
a Give a geometrical interpretation of the transformation representld by
b FindrR™.

¢ Give a geometrical interpretation of the transformation represenIR'l.

Solution:
a
(1,00 - (0,2) ~
(0,1) - (-1,0) l' \
P |
;

R represents a rotation of 90° anticlockwise about (0, 0)

b

detR =0--1=1
-1 _( 01
0 Rt =(99)
c R_lrepresents a rotation of —90° anticlockwise about (0,0)
(or... 90° clockwise... or... 270" anticlockwise...)
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Matrix algebra
Exercise H, Question 2

Question:

v (-1 O
aThe matnxS-(0 _1)

i Give a geometrical interpretation of the transformation represent8d by
i Show thag?=I .

iii Give a geometrical interpretation of the transformation represen&‘olby

b The matrixT= (_01 _1)

i Give a geometrical interpretation of the transformation represent&d by
i Show thatr?=I .
iii Give a geometrical interpretation of the transformation representealby

¢ Calculate deS) and deiT) and comment on their values in the light of the transformations they reg

Solution:
(1,00 - (-1,0)
2101 - (0,-1 A

g
Srepresents a rotation of 180° about (0,0)

i S will be a rotation ofL80+ 180 = 360 about (0,0) 0 S?=1

o (336969

iii S™L=S=rotation of 186about (0,0)

bi
(1,00 - (0,-1)
0,1) - (-1,0

T represents a reflection in the liy = —x
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(958 96 )=

i T™1=T =reflection in the liney = —x

c

detS =1-0=1
detT =0-1=-1

For bothS andT, area is unaltered

T represents a reflection ¢ O has a negative determinant. Orientation is rev
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Exercise H, Question 3

Question:

The matrixA represents a reflection in the lipex  and the md&riepresents a rotation 70  about (0, 0).
a Find the matrixC=BA and interpret it geometrically.

b Findc™* and give a geometrical interpretation of the transformation represerﬁe‘ﬂi by

¢ Find the matribD= AB and interpret it geometrically.

d FindD 1 and give a geometrical interpretation of the transformation represend™.

Solution:
a
= O 1 i’ z,’
A=Y b
e
|
Reflection in y = x
(01
5 ‘(—1 0)
i
P_
1
Rotation of 270 (about (0,0))
— (0 1}f{O 1Y_(1 O
c =ea=(53)0 8= -2)
= ri_’_

j'Y
C represents a reflection in the lipes O (or thex-axis)
bcl=c= (l O) is areflection in the liney = 0

0 -1

c

o2 )(20-(39
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D represents a reflection in the lire O (or they-axis)

dDl=D= (_é 2) is a reflection in the line= 0
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Exercisel, Question 1

Question:

The matrixA= (i _31) is used to transform the rectarRylgith vertices at the points (0, 0), (0, 1), (4, 1) and (4, 0).
a Find the coordinates of the vertices of the image. of

b Calculate the area of the imageR.

Solution:
a(z —)(o 0 4 4)=(o -1 7 89

4 3J)\0 110 0 3 191
Coordinates of image ar@®,0); (-1,3); (7,19); (8,16)

b
AreaofR=4x1=4

detA=6--4=10

O Area ofimage =10x4
=40.
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Exercisel, Question 2

Question:

The triangleT has vertices at the points3.5, 2.5) €16, 10) akd, 4)

a Find the coordinates of the verticesTafinder the transformation given by the makix (_31 _51)

b Show that the area of the imagelat 7.5.

c Hence find the area T.

Solution:
a (—1 —1)(—3.5 -16 -7 :(1 6 3)
3 5\l25 10 4)7\2 2 -1

Coordinates off' arét,2); (6,2); (3+ 1)

24 AreaofT’=%><5><3=7.5
i T
3
1 ]

IRV

b

detM =-5+3 =-2
O Areaof Tx|-2| =Areaof T
= Areaosz%5

=3.75
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Exercisel, Question 3

Question:

The rectangl® has vertices at the pointsi, 0), (0, -3), (4, 0) and (3, 3).
The matrixA= (_12 3;a), wherea is a constant.

a Find, in terms o#, the coordinates of the vertices of the imagR ahder the transformation given By
b Find detf), leaving your answer in terms af
Given that the area of the imageRois 75

c find the positive value ca.

Solution:
a(—z 3—a)(—1 0 4 g):(+2 3a-9 -8 3—3a)
1 a 0 -30 -1 -3a 4 3+3a

Image of R is (+2 ~ 1); (3a-9 ,- 3a); (-8,4); (3— 33,3+ 3a)

b
detA =-2a-3+a
=-a-3
1 31
Area of R = EX5><3 X2 e %
=15 AT R 3%
¥ T T T P | T
=1 g =
-3 3

c

Area of Rx| det A| =75
0 |detA =2=5
15

So |-a-3 =5
= -a-3 =5 o0ra+3=5

O positive value ofa =2
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Exercisel, Question 4

Question:

-G e (90

A rectangle of area 5 &is transformed by the matri. Find the area of the image of the rectangle whést
aP

bQ

cR

dRQ

eQR

fRP

Solution:

adetP=2+12=14 [Oarea of image is 70 &n

b detQ=4+2=6 0O area ofimage is 30 ém
cdetR=1-4=-3 [areaofimage is 15 ¢n

d det RQ = det R x det Q = -18 0 area of image is 90 &n
e det QR = det Q xdet R = -18 [ area of image is 90 ¢n

f det RP =det R xdet P = -42 0 area of image is 210
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Exercisel, Question 5

Question:

The triangleT has area 6 cfrand is transformed by the mat(ig aiz) , Wharis a constant, into triang‘l’é

a Find detf) in terms ofa.
Given that the area af  is 36 ém

b find the possible values a.

Solution:

a

detA =a(a+2)-9
=a2+2a—9

b

Area of T | det A| =Areaof T
O 6x | det A| =36
O detA =16
=a+2a-9 =6
a®+2a-15 =0
(@a+5)(a-3) =0
Oa=3o0or -5

or

:>a2+2a—9 =-6

a’+2a-3 =0

(@a+3)(a-1) =0
a =1or -3
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Exercise J, Question 1

Question:
Use inverse matrices to solve the following simultaneous equations

a7x+3y=6

-Bx-2y=-5

b 4x-y=-1
-2x+3y=8

Solution:

a(_; _3) =A = detA=-14+15=1

-1_1(-2 -3
DA "1(5 7)

0a (3)=()=0)=~43)
o (=590
(33 -(3

O x=3,y=-5

bB= (_‘2‘ ‘%) = detB=12-(-2)(-1)= 10

-1_1(3 1
5 B _10(2 4)
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Exercise J, Question 2

Question:
Use inverse matrices to solve the following simultaneous equations

adx-y=11

3x+2y=0

b 5x+2y=3
3x+4y =13

Solution:

_[{4 -1 _ _
a A—(3 2) = detA=8+3=11
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Exercise K, Question 1

Question:

The matrixA= (i ;) transforms the triangR®OR into the triangle with coordinatés, —-2) , (4, 4), (0, 8).

Find the coordinates P, Q andR.

Solution:

_(3 1 ha-
A—(4 2) = detA=6-4=2.

1_1f2 -1
0oA _2(—4 3)

640)

A(APQR) = (_2 48

. 12 -1\(6 4 0
O APQR given by 5(—4 3)(_2 4 8)
:1(14 4 —8)
2\-30 -4 24
=(7 2 —4)
-15 -2 12
OPis (7,-15),Q is (2, -2), Ris (-4, 12)
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Exercise K, Question 2

Question:

The matrixA= (% _13) and\B = (4 1 9).

Find the matri>B.

Solution:
_f1 -3 _ _
A-(2 1) = detA=1+6=7
-1_1({1 3
- A _7(—2 1)

s =35 )1 5 9

_1f7 28 21
i B "7(—7 7 —14)

(1 4 3
D B"(—11—2)
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Matrix algebra
Exercise K, Question 3

Question:

A (_72 —13) 8= (—45 —11)  © (g 9

The matrice#\, B andC represent three transformations. By combining the three transformations in th& order
followed byB, followed byC, a simple single transformation is obtained which is represented by the Ratrix

aFindR.
b Give a geometrical interpretation of the transformation represented by

¢ Write down the matriR2.

Solution:

a

R =CBA .
l'l :

b R represents a reflection in the lipe x
c R?=|
Since repeating a reflection twice returns an object to its original po
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Matrix algebra
Exercise K, Question 4

Question:
The matrixY represents a rotation 86" about (0, 0).

aFindY.

The matriced\ andB are such thatB =Y . Given that (g i)

b find A.

¢ Simplify ABABABAB.

Solution:

a

) R V= ((1) _ol)

b AB =Y = A=YBL

e
R
(29

C ABABABAB =Y*

B :(3 2) = detB=3-4=-1

= rotation of 4x 90=360 about (0, 0)
=l
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Matrix algebra
Exercise K, Question 5

Question:

The matrixR represents a reflection in tlkeaxis and the matri represents an enlargement of scale factor 2 centre (0,
0).

a Find the matrixC= ER and interpret it geometrically.

b Findctand give a geometrical interpretation of the transformation represenc‘l.

Solution:
Reflection in xaxis L R= (1 0)
0 -1
i
-
"1
Enlargement S.F. 2 centre (0, 0) = (2 0)
0 2
a
_ (2 o\f1 O Reflection in thex-axis and enlargement SF 2. Centre (0, 0)
C=ER =
0 2/\0 -
(9
0 -2
1
=0
-1_1(-20\_|2
b C ‘—_4(0 2)‘ 0 -1
2

Reflection in thex-axis and enlargement scale fac%or . Centre (0, 0)
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Matrix algebra
Exercise K, Question 6

Question:

The quadrilateraR of areadenf is transformed ® by the mat?i:x@tp Ej wherep is a constant.

a Find detP) in terms ofp.
Given that the area & = 12cnf

b find the possible values p.

Solution:

a

l1+p p
P= = detP =p(l+p)-p@2-
[Z_p pJ P(L+P) ~P(2~P)

=p+p®-2p+p?
=2p - p.

b

Area of Rx| det p| = Area of Rt
O 4x | det p| =12
O detp =43
So 2%-p =3
= 2p%-p-3 =0
2p-3)(p+1) =0
=1or3
p=-1or >
or 2p2—p =-3
= 2p2—p+3 =0

Discrimininat is (—1)2 -4x3%x2=-23
<0
O no solutions

o) p=-1 or g are the only solutions
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Exercise K, Question 7

Question:

The matrixA= (26; :Ebj , wher@ andb are non-zero constants.
aFindA L.

The matrixy= (26;1 bej and the matrix is given byxA =Y .

b Find X.

Solution:

a

3 1
-1 _1[3 -b|_|a a
HA abj-2a a -2 1
b b
b
XA =Y = X=YA1L
3 _1
_(a 2b) a a
- X‘(zab)_zg
b b
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Matrix algebra
Exercise K, Question 8

Question:
The2 x 2, non-singular matrice8, B andX satisfyXB = BA .

a Find an expression fot.

; (5 3 (2 1 i
b Given thatA= (0 _2) an@= (_1 _1) , findX.

Solution:

a

XB =BA
0 (xB)B™ =BaB™!

i.e. X=BAB™! (- BB =)

B :(_21 _11) = detB=-2-(-1)=-1
o e =—il(_ll _21) :(—11 —12)
o ox=(5 36 3G )
:(—21 —11)(3 _41)
=% 3)
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Series
Exercise A, Question 1

Question:

Write out each of the following as a sum of terms, and hence calculate the sum of the series.

10

ayr
r=1

10
c Yy
r=1

10
d X @p?+3
p=1

5
e Y (7r+1)?
r=0

4
f Y 2i(3-4i%)
i=1

Solution:

al+2+3+4+5+6+7+8+9+10=55

bR+ +52+6%+72+82=199
cB+28+B+8245246+7%+8%+93+10°= 3025

{notice that this result is the square of the result for (a)}
d5+11+21+35+53+75+101+131+165+203= 2800
el+64+225+484+841+1296=2911
f-2-52-198-488=-740
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Series

Exercise A, Question 2

Question:

Write each of the following as a sum of terms, showing the first three terms and the last term.

n
a >y (rr-1)
r=1

n
b ¥ (r3+1)
r=1

n
c Y (-4G+4)
j=1

k
d Y p(p+3)
p=3

Solution:
a6+13+20+...+(7n-1)
b3+17+55+... + (2n3+1)
C-15-12-7+...+(n-4)(n+4)
d18+28+40+... +k(k+3)
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Series
Exercise A, Question 3

Question:

In each part of this question write out, as a sum of terms, the two series deffnéeg)by ; for example, wripadu
10 10

the seriesy’ r? and r . Hence, state whether the given statements relating their sums are true or not.
r=1 r=1

n n+1
ay@+1)=>((3r-2)
r=1 r=2

n n
b >ar=>2r

r=1 r=0

Solution:
a The two series are exactly the samhey +10+... + (3n+ 1), and so their sums are the same.
b The two series are exactly the sameq +6+ ... +2n, and so their sums are the same.

¢ The statement is not true.

r=10
Y r2=12+22+3+...+10° = 385(using your calculator)
r=1

10 2
Sr| =(@1+2+3+...10¢ = 55 = 3025.
r=1

2
n n
[This one example is enough to proEer2= [z r] for all nis not true]
r=1 r=1

d This statement is true.

|

3

PhysicsAndMathsTutor.com
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2
n n
[This does not prove thaX, 3= [Z r] for all n; but it is true and this will be proved in Chapter 6]

r=1 r=1

e The statement is not true.
L2 - 2 2 P 2
El[& +4] {3><1 +4} +{3><2 +4} +{3x +4} + +{3n +4}

:3{12+22+32+... +n2} +4n

n
3 r%+4 =3(1°+22+FP+ ... +n2} +4
r=1
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Series
Exercise A, Question 4

Question:

Express these series usiig notation.
a3+4+5+6+7+8+9+10
b1l+8+27+64+125+ 216+ 243 +512
C11+21+35+ ...+ (@+3)
d11+21+35+ ...+ (@@ -4n+5)

e3x5+5x7+7x9 ...+ (2r-1)2r +1)+...tokterms

Solution:

Answers are not unique (two examples are given, and any letter may be uged for

10 8

ayr, >(r+2)

r=3 r=1

8 9
b3 Y (r-1)°
r=1 r=2
n n+1l
c Y (2%+3), Y (2r%-4r+5)
r=2 r=3

n n-1
d Y (22-4r+5), Y (2r2+3).

r=3 r=2
k+1 k

ed (r-1)@+1), Y (2r+1)(2r+3)
r=2 r=1

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Series
Exercise B, Question 1

Question:

n
Use the result fod_ r to calculate

r=1
36
ayr
r=1
99
b >r
r=1
55
cC > p
p=10
200
d Y r
r=100
k 80
e>r+ > r,wherek<80.
r=1 r=k+1
Solution:
3637 _ oo
b 222190 _ 4950
2
55 9
cY p-3 p=2X90_9%10_ 1540 45=1405
L op1 22
200 99
dYr-Yr= 200;201— 9 leoo = 20100~ 4950= 15150
r=1 r=1

k 80 80
edr+ Y r:Zr:@=3240

r=1 r=k+1 r=1
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Exercise B, Question 2

Question:

n
Given that)’ r =528,
r=1

a show thah?+n - 1056= 0

b find the value on.

Solution:

ag(n+1) =528= n(n+ 1) = 1056 = n%+n - 1056= 0

b Factorising{n—-32)(n+33) =0 (or use “the formula”= n=32 , as cannot be negative.
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Question:
2n-1
aFind ) k.
k=1
2n-1 3n
b Hence show that}, k==—(n-1),nz2 .
k=n+1
Solution:
a(m—nﬁ%—n+n:(m—DQm:nQn_D
2 2
b
2n-1 n n N n
> k=> k=n@2n-1)-—(n+1)=—{2(2n-1)- (n+1)} =-(3n-3)
k=1 k=1 2 2 2

=21
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Question:

2k _
Show that > r= W,kz 1

r=k-1 2
Solution:
2k k-2 2 2
~ _ 2 _(k=2), . (AKCH2K) - (K°-3k+2)
Elr Elr S (k1) - =—=(k-1) 5

_ 3K%+5k-2 _ (3k-1)(k+2)
2 2

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Series
Exercise B, Question 5

Question:
2

n n 3_
aShow thaty r- > r= -1

r=1 r=1 2

81
b Hence evaluate>’ r .
r=10

Solution:

an2(n2+1) _nin+1) _n
2 2 2

{ n(n?+1) - (n+ 1)} = 2(n%-1)

81 ¥ 9 g
b Y r=>r->r= —(93—1) [using part (a)E 3276.
r=10 r=1 r=1 2
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Question:
n n
(In this exercise use the results forr ~ andl )
r=1 r=1
Calculate the sum of the series:
55
ay (3r-1)
r=1
90

b>@-m)
r=1

46
C Y (9+2r)

r=1

Solution:
55 55

a3y r-Y 1=3x 22X _55- 4565
r=1 r=1 2
9 90

b2 1-73 r=2x90-7x 22X = o845
r=1 r=1
6 46

co 1+22r:9><46+2><¥:2576
r=1 r=1
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Question:

Show that

n
ay (3r+2)=2@n+7)
— 2
r=1
2n
b ¥ (5i - 4) = n(10n - 3)
i=1
n+2
C > (2r+3)=(n+2)(n+6)
r=1

d

n
> (4p+5)=(2n+11)(n-2)

p=3
Solution:
0 d n n n
a3l r+2> 1=3x—(n+1)+2n=—(3n+3+4)=—(3n+7)
_ _ 2 2 2
r=1 r=1
2n 2n on
b5 i-4Y 1=5x2-(2n+1)-4(2n) =n(10n+5-8)=n(10n-3)
i=1 =1 2
n+2 n+2 (n+2)
€2 r+3% 1=2x-—=(n+3)+3(n+2)=(n+2)(n+3+3)=(n+2)(n+6)
r=1 r=1 2
d

n n 2
4% p+5) 1t- 3 (4p+5) :{4xﬂ(n+1)+5n} -(9+13)
p=L  p=1 ] p=t 2
=2n%+7n-22=(2n+11)(n-2)
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Question:
k
a Show thaty’ (4r - 5) = 2k2 - 3k.
r=1

k
b Find the smallest value &ffor which 3’ (4r - 5) > 4850

r=1
Solution:
K K )
a4y, r-5Y 1=4x(k+1)-5k= 2k~ 3k
r=1 r=1

b 2k? - 3k > 4850=> 2k? - 3k - 4850> 0 = (2k + 97)(k— 50) > O,
sok > 50 [kis positive] = k=51
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Question:

n
Given thatu, =ar+b and}_ u, = g(7n +1), find the constanta andb.
r=1

Solution:

an?+ (a+2b)n

n
_an —
Z(ar+b)—7(n+1)+bn- 5

r=1
. . 7n%+n
Comparing W|thT = a=7anda+2b=1

Soa=7,b=-3
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Exercise C, Question 5

Question:

an-1
aShowthaty (1+3r)=24?-2n-1n>1
r=1

99
b Hence calculat®’ (1+3r) .
r=1

Solution:

an-1 4an-1
ay 1+3 Y r=(4n-1)+3x
r=1 r=1

w = (4n-1)(1+6n) = 24n%-2n-1

b Substitutincn = 25 into above result gives 14¢
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Exercise C, Question 6

Question:
2k+1

Show that Y’ (4-5r) = —(2k+1)(5k+1),k=0
r=1

Solution:

2k+1 2k+1 (2k+1)
4 z 1-5 z r:4(2k+1)—57(2k+2) =(2k+1){4 -5Kk+1)}
r=1 r=1
= (2k+1)(-1-5k) = —(2k + 1)(5k + 1)
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Question:

n
Verify that 3 r2= %(n +1)(2n+1)is true forn=1,2 and 3.
r=1

Solution:
n n 1

Forn=1, Y r?2=£=1, S+ D@+1)= 1+ DR+ =1
r=1
n n 2

Forn=2, Y r2=12+22=5, S+ +1)= S+ @A+ =5
r=1

n
Forn=3, Y r?=f+22+F=14, Jn+1@n+1)= §(3+1)(6+1)=14
r=1
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Question:

n
a By writing out each series, evaluad¥ér  fior1,2,3 and 4.
r=1

n
b By writing out each series, evalugier® fior1,2,3  and 4.
r=1

¢ What do you notice about the corresponding results for each ven 7

Solution:
1 2 3 4

adr=1 >Yr=1+2=3 Y r=1+2+3=6, > r=1+2+3+4=10
r=1 r=1 r=1 r=1

1 2 3 4
bYrd=1 Y r3=£+B=0 Y 3=£+2+2=36 Y r3=2+2+33+4 =100

r=1 r=1 r=1 r=1
¢ The results for (b) are the square of the results f
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Exercise D, Question 3

Question:

Using the appropriate formula, evaluate

100

ay r?

r=1

40
b Y r?
r=20

30
cyrd
r=1

45

d >y 3
r=25

Solution:

a% x 101x 201 = 338350

40 19 0 19
by r2-3Yr2= g XA1x 81— = x 20x 39 = 22140~ 2470= 19670
r=1 r=1
2
c 302231 = 216225
45 24 2
dYy -y 3= 4522462 - 242225 = 1071225 90000= 981225

r=1 r=1
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Question:

n n
Use the formula fo>” r?> o} r3 to find the sum of
r=1 r=1

ar+22+ P+ 42+ . +522
b23+33+48+ .. +40°
c26°+27%+28%+29% + ... + 1007
d2+22+3+ .. +(k+1)2

et +28+B+ . +(2n-1)°

Solution:
2 o
ay r?= % x53x105= 48230
r=1
40
by r3-1= 402:412 - 1=672399
r=1
100 25
¢ Y r?- ¥ r?= 220 x101x 201~ 2 x 26 51 = 338350- 5525= 332825
r=1 r=1
kel
dy 2= “%”(ku)(zue,)
r=1
2n-1 202
ey (3= - D27 li (. n%(2n - 1)?
r=1
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Exercise D, Question 5

Question:

For each of the following series write down, in termga,dhe sum, giving the result in its simplest form

2n
ay r?
r=1

n+1l
d>; r3

r=1

3n
e Y Kin>o
k=n+1

Solution:
(2n) _n
aT(Zn +1)(4n+1) = 5(2n +1)(4n+1)

b (n2-1)n(2n?-1)
6

C (2n6_ 1) (2n)[RE@n-1)+1] = (zn—gl)(Zn)(4n -1)= %(2[’] -1 -1)

g M+ Dn+2)7°
4

e
3n n
D K3— > K3 = (Sn)z(?;n+ 1y _ nz(n: 1)? _ ”72{9(3n+ 1)2_ (n+ 1)2}
r=1 r=1
n? N
= 7{3(3n +1)-(n+1)H3(Bn+1)+(n+1)}using a“-b“ = (a—b)(a+b)]
= %2{(8 n+2)(1n+4)}
= n%(4n + 1)(5n +2)
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Exercise D, Question 6

Question:

Show that
d 1

aY r?=Z(n-1)(2n°+5n+6)
r=2 6
2n n

by r?= S+ D1+ 1)

r=n

Solution:

2n®+3n°+n-6 _ (n-1)(2n°+5n+6) [use factor theorem]

a%(n+1)(2n+1)—l:

6 6
b
2n n-1
Y r2-% 12 = %(2n+1)(4n+1)—(n—;1)n(2n—1)
r=1 r=1

= £{2@n+1)(4n+1) - (n- 1)@~ 1)}

%{(l6n2 +12n+2)-(2n2-3n+1)} = 2(14;12 +15n+1)

= %(14n +1)(n+1)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Series
Exercise D, Question 7

Question:

3_ 3n°(n+1)(En+1)

2n
a Show that)_ k 2

k=n

60
b Find ¥ k°.
k=30

Solution:

_ @)%@n+1)? _ (n-1)°n?

3_ 3
L K-2k 2 2

4@n+12-(n-13

[2@2n+1)+(n-1)H2(2n+1)-(n-1)} “Difference of two squares”

"}l:m ">|3|\J 'b|3m

_ 3n?
Bn+1)(3n+3) = T(Sn +1)(n+1)

b Substitutincn = 30 into (a) gives 3 159 6
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Exercise D, Question 8

Question:

2n
a Show thaty’ r3=n@2n+172
r=1

n n n
b By writing out the series fop (2r)3 , Show th@(Zr)3: 8> r3

r=1 r=1 r=1
2n n
c Show that® + 3%+ 5%+ .. + (2n - 1)> can be written a3 r3- 3" (2r)3
r=1 r=1

d Hence show that the sum of the cubes of therficatd natural numbers + 2+ 53+ ... + (2n-1)3 isn(2n?-1).

Solution:
2n 2 2
ay ri= (emyfen+1)° (in MO n’(2n+ 1)

r=1

n n
b Z(Zr)3:23+43+63+ +(2n)3:23{13+23+33+ +n3} =8> r3
r=1

r=1
C
B+B+55+ . +(2n-13 =13+ B+F+ . +(2n-13+2n)3 - 23+ L2+ + .. +(2n)D

2n n
= r3- Z(Zr)s.

r=1 r=1

2n n
d Using the results in parts (b) and @) 3 +5°+... + (2n-1)3= > 3-8 > r3
r=1 r=1
n
=n%@2n+1)>%-8 > r3 (using(a))
r=1
2_ 8n2(n + 1)2
4
=n9q(2n+1)%2-2(n+1)3
=n9(4n+4n+1) - 2(n+ 2n+1)]
= n2(2n2— 1)

= n2(2n +1)
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Question:

n n n
Use the formulae fop r3 3 r% Y rand Y 1, where appropriate, to find
r=1 r=1 r=1 r=1

30
a Y (m’-1)
m=1

40
b >r(r+4)
r=1

80
c > r(r2+3)

r=1
35
d ¥ (3-2).
r=11
Solution:
30
ay mP-30=0%31X61_55_ 9405
m=1 6
40 40
by 244y = 20X4IX8L, 40X 55140+ 3280= 25420
- ~ 6 2
r=1 r=1
80 80
cY 343y r= 80% x 8 +3x 39%8L _ 10497600+ 9720= 10507 320
r=1 r=1 4
35 10 35 10
d Y (3-2)- Y 3-2)= ¥ r3-2@35)-| T r3-2(10)
r=1 r=1 r=1 r=1
35 10
3 3= 3 r3-2(35-10)= 352:362 - 102: 1P _ 5= 396900- 3025- 50 393825
r=1 r=1
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Exercise E, Question 2

Question:

n n n
Use the formulae fop_ r3 " r? ,anll r , where appropriate, to find

r=1 r=1 r=1
n
a Z(r2+4r)
r=1
n
b > r(2r2—1)
r=1
2n
c > r3(1+r1), giving your answer in its simplest form.
r=1
Solution:
n n
ay 242 Tr= n(n+1)(2n+1) N 4n(n+1) _ nin+21){(2n+1)+ 12} _ ﬂ(n+1)(21+13)
r=1 r=1 6 2 6 6
n, 2 2n2n+1)2 nn+1) _nn+1){n(n+1)-1} _n 2
b2} r*->r= - = = —(n+1)(n“+n-1)
r=1 r=1 4 2 2 2
c
% 2, % 3 - 2n(2n+:(L3)(4n+1) . (2n)2(in+1)2 _ n(@n+1){4n +31)+3n(2n+1)}
r=1 r=1

= %(Zn +1)(6n2+7n+1) = %(n +1)(2n+1)(6n + 1)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Further Pure

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Series
Exercise E, Question 3

Question:

n
aWrite out ) r(r +1) as a sum, showing at least the first three terms and the final term.

r=1
n n
bUse the results forY r  anll r2  to calculate
r=1 r=1
1x2+2x3+3%x4+4x5+5x6+...+60%x61

Solution:

alx2+2x3+3x4+..+n(n+1)

60 _ 60
b Puttingn=60:3 r2+ 3 r = 29% 6;" 121, 80XBL _ 73810+ 1830= 75640
r=1 r=1
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Exercise E, Question 4

Question:

n
a Show thaty’ (r +2)(r +5) = %(n2 +12n+41)

r=1
50
b Hence calculated’ (r +2)(r +5).
r=10
Solution:
a

n n n n

S (r?+7r+10) = Y r?+7Y r+10) 1

r=1 r=1 r=1 r=1
=%(n+1)(2n+1)+72(n+1)+10n
:2{(2n2+3n+1)+21(n+1)+60}

= g(an +24n+82)= %(n2 +12n+41)

b Substitutincn = 50 andn = 9 in the formula in (a), and subtracting, gives 51
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Exercise E, Question 5

Question:

(n=n(n+1)(n+2)
7 .

n
aShow thatd’ (r-1)r(r+1) =
r=2

b Hence find the sum of the seri3x14x15+14x15x 16+ 15x 16X 17+ ... + 44x 45x 46,

Solution:
a
n n n N ) X
Y(-n=Y3-n =y3-Yr :M_E(n+l)
r=2 r=1 r=1 r=1 4 2
n(n+1)(n2+n 2
=2+ 1){n’+n-2)
:ﬂ(n+1)(n+2)(n—1):w
4 4
45 45 13
b Y (r-Dr(r+1)=> (r-Drr+1)- > (r-r(r+1)= 44x45:46x47_ 12x13214x15
r=14 r=2 =2
=1 062 000
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Exercise E, Question 6

Question:

Find the following sums, and check your results for the cases2 and 3.

n
a Y (r3-1
r=1

n
b ¥ (r-1y
r=1

n
c Y r(r+1y

r=1
Solution
n n 2 2
ay -3 1= s Mansa2-g) = Dt an?en-a)
Z _ 4 4 4
r=1 r=1
= 3 n, 3 2 1x0
Whenn=1: % (r°-1)=0; B+2n?en-2)= 120 =0
r=1
2 3 n, 3 2 2x14
Whenn=2: Z(l’ —1):O+7:7; Z(n +2n +n_4): =7
r=1
S 3 n .3 2 3x44
Whenn=3: > (r°-1)=0+7+26=33; S 2n"en-4)= =133

r=1

b

n n n n
S@l-4+1) =43 r?2-4Y r+Y 1=

r=1 r=1 r=1 r=1
= %{ 2(2n2+ 3n+1)-6(n+1)+ 3} = %(4n2— 1)

4n(n+1)(2n+1) 4n(n+1) n
6 2

1
Whenn=1: Y (4r?-4r+1)=1; g(4n2—1)=1x3:1
r=1
2 2 n, 2 2x15
Whenn=2: > (4r“-4r+1)=1+9=10; 5(4n -1 = 3 =10
r=1
3 n 3x35
Whenn=3: Y (4r®-4r+1)=1+9+25=35; 5(4n2—1):T:35

r=1
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n n n n 2 2
Z(r3+2r2+r) =y r3+22 24 Y= n“(n+1) + 2n(n+1)(2n+1) + n(n+1)
r=1 r=1 r=1 r=1 4 6 2

= _n(nl; Dian(n+1)+4(n+1)+6} = %{3n2+ 1in+10}

= %(n +1)(n+2)(3+5)
! 2 n 1x2x3x8
Whenn=1: Y r(r+1)*=1x4=4; E(n+1)(n+2)(3n+5)=T=4
r=1
2 2 n 2x3x4x11
Whenn=2: Y r(r+1)*=4+2x9=22; E(n+1)(n+2)(3n+5):T=22
r=1

3x4x5x14 _
12

3
Whenn=3: Y r(r+1)2=22+3x16=70; 1—”2(n+ 1)(n+2)(3+5) = 70

r=1
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Exercise E, Question 7

Question:

n
a Show thaty’ r3(r-1)= %(n2 ~1)(@3n+2).
r=1

b Deduce the sum d x22+2x 32 +3x 42+ .. +30x 3%

Solution:

a

an (3 % 2 = n’(+1°  n(n+1)2n+1)
4 6

r=1 r=1

- %{3 n(n+1)-2(2n+1)}
= Nn+1) (3n2 -n-2)
12

n(n+1)(n-1)(3n+2) _ n(n®-1)(3n+2)
- 12 - 12

31 31
bAs r2(r -1)=73 r2(r - 1), substituten = 31 in (a); sum235 600
r=2 r=1
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Exercise E, Question 8

Question:

n
a Show thaty (r - 1)(r +1) = g(Zn +5)(n-1).
r=2

b Hence sum the seril x3+2x4+3x5+ ... +35x 37.

Solution:

n n
a[Z(rz—l) = Z(rz—l) as wherm =1 the term is zero]
r=2 r=1

n n n
Y(2-n=Yr2-31 :%(n+l)(21+1)—n

r=1 r=1 r=1

36
D1x3+2x4+3x5+...+35x37= ) (r-1)(r+1)
r=1

Substitutingn = 36 into result in (a) gives 16 1
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Exercise E, Question 9

Question:
12
a Write out the series defined BY r(2+3r) , and hence find its sum.
r=7
2n n
b Show that 3 r(2+3r) = E(14n2 +150+3).
r=n+l

¢ By substituting the appropriate valuen into the formula irb, check that your answer fa is correct

Solution:

A7x23+8%x26+9x29+10%x32+11x35+12x38=1791.

2n 2n n
b > (2r +3r) = Z(2r+3r2)— Z(2r+3r2)
r=n+1 r=1 r=1

n n n
S@+3)=2Y r+3Y r? =n(n+1)+2(n+1)(2n+1)

r=1 r=1 r=1
:2m+nQ+Qmﬂn
= g(n +1)(2n+3)
2n
= Y (2r +3r%) =n(2n+1)(4n+3)
r=1
2n
Y (2r+3r%) =n(2n+1)@n+3)- %(n +1)(2n+3)
r=n+1

= 2{2(2n +1)(4n+3) - (n+1)(2n +3)}

= g{(16n2 +20n +6) - (2n2 +5n + 3)}

= 2(14n2 +15n+3)

¢ Substitutingn = 6 gives 179
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Series
Exercise E, Question 10

Question:

Find the sum of the serit x 1+2x3+3x5+...ton terms

Solution:

n
Series can be written gs r(2r - 1)
r=1

n n n
dr@r-1=23% r2- > =2xg(n+1)(21+1)—2(n+1)
r=1 r=1 r=1
_ n(n+1){2(2n+1)-3}
6
_ n(n+1)(4n-1)
- 6
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Exercise F, Question 1

Question:

n
a Write down the first three terms and the last term of the series giv&nh(by+ 3")
r=1

b Find the sum of this series.
¢ Verify that your result itb is correct for the casin=1,2and 3

Solution:

a@R+3)+(@+3)+(6+3F)+...+(2n+3") [=5+13+33+...+(2n+3)]

n n n
by @+3)=23r+¥ 3 =n(n+1)+g(3”—1) [AP + GP]
r=1 r=1 r=1

c
n=1 (b) gives2+3 =5, agrees with (a)
n=2 (b) gives6+12 =18, agrees with (a)
n =3 (b) givesl2+ 39 =51, agrees with (i
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Series
Exercise F, Question 2

Question:
Find
50

a Y (7r+5)

r=1

40
b Y (2r?-1)

r=1
75
c Yl
r=33
Solution:
50 50
a7y r+53 1= 12051 550)- 9175
r=1 r=1
0 _ 4
b2y r2-y 1= 2UDED_ 40 44 240
r=1 r=1
5 R 2
¢y 13- 3=13 <760 32238 . oha 716
r=1 r=1 4 4
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Question:
n
Given thaty’ U, = n?+4n,
r=1
n-1
afind > Uy.
r=1

b Deduce an expression gy

2n
cFind Y U;.

r=n

Solution:

a Replacingn with (n- 1) gives(n - 1)%+4(n-1) = n+2n-3

n n-1
bu,=> U -3 Ur:n2+4n—(n2+2n—3):2n+3
r=1 r=1

2n n-1
cY U= U :(4n2+8n)—(n2+2n—3)=3n2+6n+3:3(n+1)2
r=1 r=1

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Series
Exercise F, Question 4
Question:
30
Evaluate} r(3r - 1)
r=1

Solution:

30 30
33 (2o 3 = 3%30%31x61 30;31 = 28365~ 465= 27900

r=1 r=1 6
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Exercise F, Question 5

Question:

n
Find 3 r2(r -3).

r=1
Solution:
n n n2 n
Tr3-3Y 12 =Ln+12-2n+1@n+1)
r=1 r=1 4 2

(n+{n(n+1)-2(2n+1)}

(n+1)(n-3n-2)

Ny =Ny
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Exercise F, Question 6

Question:

2n on
Show thaty” (2r - 1)? = ?(16n2 - 1).

r=1
Solution:
2n 2n 2n 4
4% r2-4 Sr+d 1= En(2n+1)(4n+1)—4n(2n+1)+2n
r=1 r=1 r=1

= Ma2n+1)@n+1)-12(n + 1) + 6}

S w

= M3on2 4+ 24n+4-12(2n + 1) + 6}

w

=2@:°-2)

- 2—;(16n2 -1
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Exercise F, Question 7

Question:

n
a Show thaty r(r +2) = g(n +1)(2n+7).
r=1

b Using this result, or otherwise, find in termsnpthe sum o8log2+ 4log2? + 5log2 + ... + (n + 2)log2".

Solution:

a

n n
S r2+23r =%(n+1)(2n+1)+22(n+1)
r=1 r=1

= %(n +1){(2n+1) + 6}

= %(n +1)(2n+7)

b

n n
The seriesis X (r +2)logZ =Y r(r+2)log2 as log2=r log2

r=1 r=1
n

=log2 > r(r+2) as log2 is a constant
r=1
= %(n +1)(2n+7) log2
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Exercise F, Question 8

Question:

2n
Show that} r2= D(n +1)(an +b), wherea andb are constants to be found.

r=n
Solution:
2n 2n n-1
2_ 2 2 _(@)@n+1)@n+1) (n-1)n2n-1)
S r2= 32y r2 o et !

r=n r=1 r=1
= %{2(8n2 +6n+1) - (2n2 -3n+1)}

= %(14n2 +15n+1)

%(n+1)(14n+1) a=14, b=1

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Series
Exercise F, Question 9

Question:

n
a Show thaty (r2-r-1) = %(n ~2)(n+2).

r=1
40
b Hence calculate)’ r%-r-1).
r=10
Solution:
a

n n n
> r2- >r=->1 :%(n+1)(2n+1)—2(n+1)—n
r=1 r=1 r=1

= 2{n + D@ +1)-3(n+1)-6)

= %(an -8)
=5(*-4)

=2(-2)(n+2)

40 40 9
b > (r%-r-1)= Z(rz—r—l)— Z(rz—r—l)
r=10 r=1 r=1
Substituten =40 ana =9 into the result for part (a), and subtract.

The result is 2128- 230 = 2104
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Exercise F, Question 10

Question:

n
a Show that} r(2r2+ 1)= g(n + 1)(n2 +n+1).

r=1
58
b Hence calculated’ r(2r?+1).
r=26
Solution:
a

n n 2 2

2y 3+ 3y =TT (n+1) +2n+1)
r=1 r=1 2 2

=g(n+1){n(n+1)+l}

= g(n+ 1)(n%+n+1)

b Substituten = 58 andn = 25into the result for (a), and subtract. The result = 565-
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Question:

Find

n
ay r(3r-1)
r=1

n
b > (r+2)(3+5)
r=1

n
c Y @3-2r+1)

r=1
Solution:
n n
a3y r2-Yr= ”(”+1)2(2”+1) - ”(”2”) = r‘(r‘erl)(2n+1—1): n?(n+1)
r=1 r=1

b

n n n
3y 241y r+10y 1 = MEUANED IBOED g0,
r=1 r=1 r=1

=g{(2n2+3n+1)+11(n+1)+20}
= g(Zn2 +14n+32)= n(n2 +7n+16)
Cc
n n n 2 2
2y 32y r+ Y1 :%—n(n+1)+n
r=1 r=1 r=1
n 2
=§{n(n+1) -2(n+1)+2]
2
= 2{n(n+1)2—2n} = %(n2+2n—1)
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Series
Exercise F, Question 12

Question:

n
a Show thaty r(r +1) = %(n +1)(n+2).

r=1
60
b Hence calculate), r(r+1) .
r=31
Solution:
a

n n
Y2+ =@+ + S(n+1) = Z(n+1)2n+1+3)
r=1 r=1 6 2 6

=2(1+1)(n+2)

b Substituten = 60 andn = 30into the result for part (a), and subtract. The result = 6
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Exercise F, Question 13

Question:

n
a Show thaty r(r +1)(r +2) = %(n +1)(n+2)n+3).
r=1

b Hence evaluat3x4x5+4x5x6+5x6x7+... +40x41x 42

Solution:
a
n 3 n 2 n n2 2 n
Drt+33 re+23r :7(n+1) +E(n+1)(2n+1)+n(n+1)
r=1 r=1 r=1
=%(n+1){(n(n+1)+2(21+1)+4}
= %(n +1)(n+2)(n+3)
40
D3x4x5+4x5x6+5x6x7+... +40x41x42="Y r(r+1)(r +2)
r=3
40 40 2
Sr(r+D)(r+2) =D r(r+D(r+2)= D rr+1)(r+2)
r=3 r=1 r=1
:40><4l:<142><43_2><3><4><5:740430

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Further Pure

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Series
Exercise F, Question 14

Question:
n n
aShow that}’ r{2(n-r)+1} = E(n +1)(2n +1).
r=1
b Hence sum the seriéz-1)+2(2n-3)+3(2n-5)+... +n
Solution:

n n
a Series can be written g +1) Y r-2 Y r?asn is a constant.
r=1 r=1

= (2n+ 1)g(n +1)- %(n +1)(2n+1)

= %(n +1)(2n+1)

n
b > rl2(n-r)+1]=(2n-1)+2[(2n-4)+ 1] +3[(2n-6) + 1] + ... +n[2(n —n) + 1]
r=1

=(2n-1)+2(2n+3)+3(2n+5) +... +n, the series in part (b).
The sum, therefore, %é(n +1)(2n+1)
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Exercise F, Question 15

Question:

a Show that whem is even,

3
PoBeP -n3=13+23+33+...+n3-16[13+23+33+...+(gj]

n n
2
'3
=y ri-16) rd
r=1 r=1
2

b Hence show that, fareven® - 23+ 38— ... —n3= —%(Zn +3)
¢ Deduce the sum - 28+33— ... —40%
Solution:

a

B-B+FB- -8 = B+28+B+ S -2B+8+68+ .+
=(@B+28+B+ .. +nd)-2 {23(13+23 +3B 4. (Z)S}asnlseven

:(13+23+33+...+n3)-16{13+23+33+"' +(2)3}

n

3% 3 n
=>r°-16 Y r’[As n is evenz is an integer]

r=1 r=1
b
n 2 2
SRS TR ] 15
Y ri-163 13 :7(n+1)2—1 z
r=1 r=1
2 2 2
= n_(n + 1)2_4H_M
4 4 4
2 2
n 2_nNn 2
=—(n+ -—(n+
F(n+ 1P -To(n+2)
n2
7{(n +1) —(n+2)}
n2
7( -2n-3) = —(2n+3)

¢ Substitutincn = 40, gives-33200
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Exercise A, Question 1

Question:

Prove by the method of mathematical induction, the following statememt¥far

N
> r=>n(n+1)
2

r=1

Solution:
1

n=1LHS =Y r=1
r=1

RHS = %(1)(2) =1

ASLHS = RHS, the summation formula is true foe 1

Assume that the summation formula is truerferk
K1
ie. > r=Zk(k+1).
r=1 2

With n = k+ 1terms the summation formula becomes:

k+1
S =1+2+3+=+k+(k+1)
r=1
1
= Sklk+ )+ (k+1)
:%m+nw+a
= %(k+l)(k+l+l)

Therefore, summation formula is true wheak + 1

Pagel of 1

If the summation formula is true far=k , then it is shown to be true fok+ 1 . As the result is true for , itis now

also true for aln = 1andn O z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 2

Question:

Prove by the method of mathematical induction, the following statememt¥far

3-10204q)2

Ms>

r

ENE

1

r

Solution:

1
n=1;LHS = Y ri=1
r=1

1l 202 1,
RHS —Z(l) (2) _2(4)_1

ASLHS = RHS, the summation formula is true foe 1

Assume that the summation formula is truerferk
K 1
ie. Y r3= ZKk%(k+1)%
— 4
r=1
With n = k+ 1terms the summation formula becomes:

k+1
> r3 =B +2%4 334> 43+ (k+1)°
r=1

= %kz(k +1)2+(k+1)°

E N N e N e Y

(k+ 1)2[k2 +4(k+ 1)}

(k+ 1)4(K2 + 4k + 4)

(k+1)%(k+2)?

(k+1)%k+1+1)2

Therefore, summation formula is true wheak + 1

Pagel of 1

If the summation formula is true far=k , then it is shown to be true fok+ 1 . As the result is tnue for , itis now

also true for aln = 1andn O z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 3

Question:

Prove by the method of mathematical induction, the following statememt¥far
d 1
Sr(r-1)= 5n(n+1)(n—1)
r=1
Solution:
1
n=1LHS = > r(r-1)=1(0)=0

r=1

RHS = %(1)(2)(0)= 0

ASLHS = RHS, the summation formula is true foe 1

Assume that the summation formula is truerferk
K 1
ie. Yr(r-1)= Sk 1)(k-1),
r=1

With n = k+ 1terms the summation formula becomes:

kilr(r ~1) =1(0)+2(1)+3(2)+ 2 +k(k-1) + (k+ 1)k
- :%k(k+ 1)(k-1) + (k+ 1)k

- %k(k+ 1[(k-1)+3]

- %k(k+ 1)(k+2)

- %(k+ D+ 2)k

- %(k+ D(k+ 1+ 1)(k+ 1-1)

Therefore, summation formula is true whenk + 1

Pagel of 1

If the summation formula is true far=k , then it is shown to be true fok+ 1 . As the result is tnuse for , itis now

also true for aln = 1andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 4

Question:

Prove by the method of mathematical induction, the following statememtifar
(1x6) +(2x7)+ (3% 8)+ = +n(n+5) = %n(n+1)(n+8)

Solution:

n
The identity(1 x 6) + (2x 7) +(3x 8)+ = +(n+5) = %n(n +1)(n+8) can be rewritten a3 r(r +5) = %n(n +1)(n+8).

r=1
1
n=1;LHS = Y r(r+5)=1(6)=6
r=1
1 1
RHS = =(1)(2)(9)= =(18)=6
3 3
As LHS = RHS, the summation formula is true foe 1
Assume that the summation formula is truerferk
K 1
ie. > r(r+5) = Zk(k+1)(k+8).
r=1 3
With n = k + 1terms the summation formula becomes:
k+1
> r(r+5) =1(6)+2(7)+3(8)+ = +k(k +5)+ (k + 1)(k+6)
r=1
= %k(k+ 1)(k+8) + (k + 1)(k+ 6)
- %(k + D)k(k +8) + 3(k+6)]
_1 2
= 3(k+1>[k +8k+3k+18}
_1 2
=<+ 1)[k +11k+ 18}
=%w+nw+mw+a
= %(k+ 1)(k+2)(k+9)
= %(k+ 1)(k+1+1)(k+1+8)
Therefore, summation formula is true wheak + 1
If the summation formula is true far=k , then it is shown to be true for+ 1 . As the result is true for , itis now also

true for alln = 1andn 0 Z* by mathematical inductio
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Proof by mathematical induction
Exercise A, Question 5

Question:

Prove by the method of mathematical induction, the following statememt¥far

n
> r@Er-1)= n?(n+1)

r=1

Solution:
1

n=1LHS =Y r@r-1)=1(2)=2
r=1

RHS =2(2) = (1)(2)=2
ASLHS = RHS, the summation formula is true foe 1

Assume that the summation formula is truerferk

k
ie. Y r(3r-1) = k’(k + 1).
r=1

With n = k + 1terms the summation formula becomes:

kilr(Sr —1) =1(2)+2(5)+3(8)+ = +(3k - 1) + (k+ 1)(3(k+ 1) - 1)
r=1

=kqk+1)+(k+1)(K+3-1)

= k(k+ 1)+ (k+1)(3ZK+2)

=(k+ 1)[k2+3k+2}

=(k+1)(k+2)(k+1)

= (k+17k+2)

= (k+1)%(k+1+1)

Therefore, summation formula is true wheak + 1

Pagel of 1

If the summation formula is true far=k , then it is shown to be true fok+ 1 . As the result is tnue for , itis now

also true for aln > 1andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 6

Question:

Prove by the method of mathematical induction, the following statememtifar

n
Y (r-17=
r=1

1

e 2_
3 n(4n<-1)

Solution:

1
n=LLHS = Y @r-17=¥=1
r=1

RHS = 1a)4-1)=1n)@)=1
3 3
ASLHS = RHS, the summation formula is true fore 1

Assume that the summation formula is truerferk

k
ie. Y (2r-1)°= @@= 1) = Lir+ 1)2k-1).
bt 3 3

With n = k+ 1terms the summation formula becomes:

k+1
Y @ -1 =12+ +54 2 +2k- 12+ (2(k+ 1) - 1)
r=1

- %k(4k2— 1)+ (2k+2-1)

= %k(4k2— 1)+ (2k+1)°

= Li@k+ 1) (2K 1)+ (2k+ 1)2
(2k+ 1)[k(2k— 1) + 3(2k+ 1)]
(2k+ 1)[2k2 — K+ 6k+ 3]
(2k+ 1)[2k2+ 5k+ 3}

(2k+ 1)(k+ 1)(2k+3)

(k + 1)(2k+ 3)(2k+ 1)

(k+ Df2(k+ 1)+ 2k + 1) - 1]

wWlkRPrWwPFRPWIFPWIRPWIRPWIRFPWIFPEP®

(k+ 1)[4(k +1)2- 1]

Therefore, summation formula is true whenk + 1

If the summation formula is true far=k , then it is shown to be true fdt+ 1
true for alln = 1andn 0 Z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 7

Question:

Prove by the method of mathematical induction, the following statememt¥far

n
Y or=o"p
r=1

Solution:

1
n=1;LHS = Y 2" =2'=>
r=1
RHS =22-2=4-2=2
ASLHS = RHS, the summation formula is true fos 1

Assume that the summation formula is truerferk
k
ie. > 2 =212
r=1

With n = k + 1terms the summation formula becomes:

kilzr =244 22+ 2% > 42K 4 2L
= ZokHl_ 5 Skt

=202 -2

— 2](2k+1) -2

=rk+l_op

ZokHI+L_,

Therefore, summation formula is true wheak + 1

Pagel of 1

If the summation formula is true far=k , then it is shown to be true fok+ 1 . As the result is tnue for , itis now

also true for aln > 1andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 8

Question:
Prove by the method of mathematical induction, the following statememt¥far
n n

r-1_4-1
r=1
Solution:

1

n=1;LHS = Y 4 1=4=1

r=1

RHS =4-1-3_4
3 3

ASLHS = RHS, the summation formula is true fos 1

Assume that the summation formula is truerferk

&K-1

k
ie. Y 471= .

r=1

With n = k+ 1terms the summation formula becomes:

k+1
z 4r—1 :40+41+42+ > +4k—1+4k+1—1
r=1

_ 41 34
3 3
K -1434
3
_4dH-1

3
_ddy-1
T3

~ 4k+1_ 1
3

Therefore, summation formula is true wheak + 1

If the summation formula is true far=k , then it is shown to be true fok+ 1
also true for aln = 1andn 0O Z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 9

Question:

Prove by the method of mathematical induction, the following statememt¥far

n

Sr(ry=(+1)!-1

r=1

Solution:
1

n=1;LHS = > r(rH)=1(1H=1(1)=1
r=1

RHS =2!-1=2-1=1
ASLHS = RHS, the summation formula is true for 1

Assume that the summation formula is truerferk

k
ie. dr(r!)y =(k+1)!'-1
r=1

With n = k+ 1terms the summation formula becomes:

k+1
dor(rl) =11H+22N)+3(3 N+ = +k(k!) +(k+1)[(k+1)1]
r=1
=(k+1)!-1+k+1)[(k+1)
=k+1)I+(k+[(k+1)1]-1
=(k+1)![1+k+1]-1
=k+1)!I(k+2)-1
=(k+2)!-1
=(k+1+1)!-1

Therefore, summation formula is true wheak + 1

Pagel of 1

If the summation formula is true far=k , then it is shown to be true fok+ 1 . As the result is tnue for , itis now

also true for aln = 1andn 0O Z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 10

Question:

Prove by the method of mathematical induction, the following statememtifar

2n 1
> r2= En(Zn +1)(4n+1)
r=1

Solution:

2
N=1;LHS = Y r?=2+22=1+4=5
r=1

_1 =Ll -
RHS =2(1)B)®)= 5(15)=5

ASLHS = RHS, the summation formula is true fore 1

Assume that the summation formula is truerferk

2k 1
ie. Y r?= SK(@k+ 1Ak 1),
r=1

With n = k+ 1terms the summation formula becomes:

2(k+1) 2%k+2
r2= > 2 =12+ 224 Fr > +k2+ (2k+ 1)2 + (2k+ 2)
r=1 r=1

= %k(2k+ 1)(4k+ 1) + (2k+ 1)% + (2k + 2)2

= %k(2k+ 1)(4k+ 1) + (2k+ 1)2 + 4(k + 1)2

= %(2k+ D[k(4k+1)+3(2k+1)] +4(kk+ 1)2

WikRPrWFRPWIPFPWPWIRFRWIPRWIE

(2k+ 1)[4k2+ Tk + 3] + 4(k + 1)
(2k+ 1)(4k+ 3)(k+ 1) + 4(k + 1)
(k+ 1)[(2k+ 1)(4k+ 3) + 12 + 1)]

(k + 1)[8KZ+ 6K+ 4k + 3 + 12k+ 12]

(k + 1)[8K2 + 22k+ 15]

(k + 1)(2k+ 3)(4k+5)

(k+1)[2(k+ 1)+ 1][4(k+ 1) + 1]

Therefore, summation formula is true whenk + 1

If the summation formula is true far=k , then it is shown to be true fdt+ 1
true for alln = 1andn 0 Z* by mathematical inductic
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Proof by mathematical induction
Exercise B, Question 1

Question:

Use the method of mathematical induction to prove the following statemenitifar
8" - 1is divisible by

Solution:

Letf(n) =8" -1, wheren O Z" .

0 f(1) = 81— 1 = 7, which is divisible by 7.

O f(n) is divisible by 7 whem =1 .

Assume that fon=k ,

f(k) = 8K - 1is divisible by 7 fok 0 Z* .

0 f(k+1) =g+1-1
=gkgl-1
=889 -1

0 f(k+1)-f(k) =[8(8)-1]-[8%-1]
=g@E)-1-8+1
=789

0 f(k + 1) = f(k) + 7(8)

As both fk) and7(8k) are divisible by 7 then the sum of these two terms must also be divisible by 7. Thergfere f(
divisible by 7 whem =k +1 .

If f(n) is divisible by 7 whem =k , then it has been shown thgti§(also divisible by 7 whem=k+1 . Asniis
divisible by 7 whem = 1, f(n) is also divisible by 7 for an = 1andn 0O Z* by mathematical inductic
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Proof by mathematical induction
Exercise B, Question 2

Question:
Use the method of mathematical induction to prove the following statemenitifar
3" - 1is divisible by ¢
Solution:
Letf(n) =32" -1, wheren 0 Z* .
0 f(1) =32 -1=9-1 =8, which is divisible by 8.
O f(n) is divisible by 8 whem =1 .
Assume that fon=k ,
f(k) = 3% - 1is divisible by 8 fok 0 z* .
0 f(k+1) =KD -1
_ k42 _y
=3 P21
=9(3%)-1

0 f(k+1) -f(k) =[9(3)-1]-[3%-1]
=@y -1-3%+1
= 8(3)

O f(k + 1) = f(k) + 8(3)

As both fk) and8(32k) are divisible by 8 then the sum of these two terms must also be divisible by 8. Thereiere f(
divisible by 8 whem =k +1 .

If f(n) is divisible by 8 whem =k , then it has been shown thti§(also divisible by 8 whem=k+1 . Asriis
divisible by 8 whem = 1, f(n) is also divisible by 8 for an = 1andn O z* by mathematical inductic
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Proof by mathematical induction
Exercise B, Question 3

Question:
Use the method of mathematical induction to prove the following statemenitifar
5"+ 9" +2is divisible by «
Solution:
Letf(n) =5"+9"+2 wheren 0 Z" .
0 f(1) =5 + 9+ 2 = 5+9+2 = 16, which is divisible by 4.
O f(n) is divisible by 4 whem =1 .
Assume that fon=k ,
f(k) = 5K + 9% + 2is divisible by 4 fok 0 Z* .
0 f(k+1) =51k le2
=5 +okgl+2

= 5(5¢) +9(9) +2

O f(k+1) —f(k) =[5(5) +9(9K) +2] - [5% + 9K + 2]
=55) +9(9%) +2-5 -k -2
= 4(5F) +8(9%)
= 4[5* +2(9)

0 f(k+ 1) = f(k) + 4[5 + 2(9)¥]

As both fk) and4[5k + 2(9)k] are divisible by 4 then the sum of these two terms must also be divisible by 4. Therefore f
(n) is divisible by 4 whem =k+1 .

If f(n) is divisible by 4 whem =k , then it has been shown thti§(also divisible by 4 whem=k+1 . Asriis
divisible by 4 whem = 1, f(n) is also divisible by 4 for an = 1andn O z* by mathematical inductic
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Proof by mathematical induction
Exercise B, Question 4

Question:

Use the method of mathematical induction to prove the following statemenitifar
2*" _ 1is divisible by 1!

Solution:

Letf(n) =2*" -1, wheren 0 Z* .

0 f(1) = 2*M -1 =16-1 = 15 which is divisible by 15.

O f(n) is divisible by 15 when=1 .

Assume that fon=k ,

f(k) = 2* - 1is divisible by 15 fok 0 z* .

0 fk+1) =286
_ Akt

=K A_1
= 16(2%) -1

0 f(k+1) —f(k) =[16(2%) -1]-[2%-1]
=16(F*)-1-2%+1
= 15(8)

O f(k +1) = f(k) + 15(&)

As both fk) and15(8k) are divisible by 15 then the sum of these two terms must also be divisible by 15. Thenefore f(
divisible by 15 whem =k +1 .

If f(n) is divisible by 15 when =k , then it has been shown tmt$(also divisible by 15 whem=k+1 . Ag(is
divisible by 15 whein = 1, f(n) is also divisible by 15 for an > 1andn 0 z* by mathematical inductic

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Proof by mathematical induction
Exercise B, Question 5

Question:

Use the method of mathematical induction to prove the following statemenitifar
#""14 1is divisible by -
Solution:

Letf(n) =321+ 1 wheren 0 Z* .

0 f(1) = W14 1 =3+1=4, which is divisible by 4.
O f(n) is divisible by 4 whem =1 .

Assume that fon=k ,

f(k) = 31+ 1is divisible by 4 fok 0 Z* .

0 f(k+1) =32k D149
- 2k+2-1,
S AN 2
= 9(32k_1) +1

0 f(k+1)-f(k) = [9(32‘“1) + 1} —[32‘“1 + 1}
9(32"‘1) +1-3%1_q
= 8(32"‘1)

O f(k + 1) = f(k) + 8(32k‘1)
As both fk) and8(32k‘1) are divisible by 4 then the sum of these two terms must also be divisible by 4. Therefere f(
divisible by 4 whem =k +1 .

If f(n) is divisible by 4 whem =k , then it has been shown thgti§(also divisible by 4 whem=k+1 . Asniis
divisible by 4 whem = 1, f(n) is also divisible by 8 for an = 1andn 0O Z* by mathematical inductic
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Proof by mathematical induction
Exercise B, Question 6

Question:

Use the method of mathematical induction to prove the following statemenitifar
n3+6n2 + 8nis divisible by :

Solution:

Letf(n) = n3+6n2+8n, wheren>1 anah 0 z* .
0 f(1) = 1+ 6 +8 =15 which is divisible by 3.
O f(n) is divisible by 3 whem =1 .

Assume that fon=k ,

f(k) = k3+6k?+ 8k is divisible by 3 fok 0 Z* .

0 f(k+1) = (k+1)3+6(k+1)%+8(k+1)
= k3+ 3k2+ 3k + 1 + B(k2+ 2k + 1) + 8(k+ 1)
=k3+3k2+3k+1+6k%+12k+6+8k+8
= k3+ k2 + 23k + 15

0 f(k+1)—f(k) = [k3+9k2+ 23k + 15] - [k3+ 6k2 + 8K]
= 3k2+ 15k + 15
= 3(k2+5k +5)

0 f(k+1) = (k) +3(k2+5k+5)

Pagel of 1

As both fk) and3(k2+ 5k+5) are divisible by 3 then the sum of these two terms must also be divisible by 3.

Therefore ff) is divisible by 3 whem =k+1 .

If f(n) is divisible by 3 whem =k , then it has been shown thgti§(also divisible by 3 whem=k+1 . Asniis

divisible by 3 whem = 1, f(n) is also divisible by 3 for an = 1andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise B, Question 7

Question:

Use the method of mathematical induction to prove the following statemenitifar
n3+5nis divisible by

Solution:

Letf(n) =n3+5n, wheren=1 and 0 Z* .

0 f(1) = 1+ 5 = 6, which is divisible by 6.

O f(n) is divisible by 6 whem =1 .

Assume that fon=k ,

f(k) = k3+5k is divisible by 6 fok 0 Z" .

0 f(k+1) = (k+1)%+5(k+1)
= k3+3k2+3k+1+5(k+1)
=k3+3k2+3k+1+5k+5
=k3+3k2+8k+6

O f(k+1)-f(k) =[k3+3k?+8k+6] - [k3+5K] Letk(k+1) =2mmO Z", as the
— 312+ 3K+ 6 product of two consecutive integers

must be even.
=3k(k+1)+6

=3(2m +6
=6m+6
=6(m+1)

O f(k+1) =f(k) + 6(m+ 1).

As both fk) andé(m+ 1) are divisible by 6 then the sum of these two terms must also be divisible by 6. Thereiere f(
divisible by 6 whem =k +1 .

If f(n) is divisible by 6 whem =k , then it has been shown thti§(also divisible by 6 whem=k+1 . Asriis
divisible by 6 whem = 1, f(n) is also divisible by 6 for an = 1andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise B, Question 8

Question:

Use the method of mathematical induction to prove the following statemenitifar
2".3" — 1is divisible by 1

Solution:

Letf(n) =2".3" -1, wheren 0 Z" .

0 (1) = 2232 -1 = 2(9)- 1 = 18- 1 = 17, which is divisible by 17.

O f(n) is divisible by 17 when=1 .

Assume that fon=k ,

f(k) = 2€.3 - 1is divisible by 17 fok 0 Z* .

0 fk+1) =212k _q
= 2X@®*@E?-1
= 2X@M@* ) -1
=1802¢ &) -1

0 f(k+1)—f(k) = [18(%.32") - 1} —[2".32" - 1}
= 18X ) -1-K 341
=17(X.3%)

0 f(k+ 1) = f(k) + 17(%.3%)

Pagel of 1

As both fK) and17(2k.32k) are divisible by 17 then the sum of these two terms must also be divisible by 17.

Therefore f) is divisible by 17 when=k+1 .

If f(n) is divisible by 17 when =k , then it has been shown tmti$(also divisible by 17 whem=k + 1

. Agiis

divisible by 17 whem = 1,f(n) is also divisible by 17 formtt 1 and z* by mathematical induction.
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Proof by mathematical induction
Exercise B, Question 9

Question:
fn)=13"-6" noz*.
aExpress fok 0 Z" f(k + 1) - 6f(k) in terms ofk, simplifying your answer.

b Use the method of mathematical induction to prove tin) is divisible by 7 for aln 0 Z*.

Solution:
a

flk+1) =13FF 1+l
=13 13 -6¢
=13(1%) - 6(6Y)

0 f(k + 1) - 6f(k) = [13(1?5) - e(ek)} - e[1é< - sk}

= 13(1%) - 6(6) - 6(13) + 6(6)
=701

bf(n)=13"-6", wherenO Z* .

O f(1) = 13" - 6' = 7, which is divisible by 7.
O f(n) is divisible by 7 whem =1 .
Assume that fon=k

f(k) = 13¢ - ¥ is divisible by 7 fok 0 z* .
From (a)(k + 1) = 6f(k) + 7(1%)

As bothéf(k) anc?(l’ok) are divisible by 7 then the sum of these two terms must also be divisible by 7. Tieyrefore is
divisible by 7 whem =k +1 .

If f(n) is divisible by 7 whem =k , then it has been shown fifmt is also divisible by 7nvhiem 1 f(n) isdivisible
by 7 whem =1 f(n) is also divisible by 7 foralb 1  amd Z* by mathematical induction.
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Proof by mathematical induction
Exercise B, Question 10

Question:
g =5"-6n+8n02Z".
a Express fok 0 Z" g(k+ 1) - 25g(K) in terms ok, simplifying your answer.

b Use the method of mathematical induction to prove ti) is divisible by 9 for aln 0 Z*.

Solution:
a

gk+1) =52K*D _gk+1)+8
=K 2 _6k-6+8
= 25(5K) - 6k + 2

0 g(k+1)-25g(K = [25(52") — 6k + 2} - 25{52k —6k+ 8}

= 25(5K) - 6k + 2 - 25(5%) + 150k — 200
= 144-198

b
g(n) =5"-6n+8 wheren 0 Z* .

0 g(1) = 5° - 6(1) + 8 = 25— 6 + 8 = 27, which is divisible by 9.
O g(n) is divisible by 9 whem =1 .

Assume that fon=k

g(k) = 5% - 6k + 8 is divisible by 9 fok 0 Z* .

From(a), gk+1) =25gk) +144n-198
=25gK) +18(&h—11)

As both25gk) and8(&h-11) are divisible by 9 then the sum of these two terms must also be divisible by 9. Therefore
g(n) is divisible by 9 whem =k +1 .

If g(n) is divisible by 9 whem =k , then it has been shown ¢itat is also divisible by 9nwhiem 1 g(n)As is
divisible by 9 whem = 1 g(n) is also divisible by 9 foratt 1 and z* by mathematical induction.
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Proof by mathematical induction
Exercise B, Question 11

Question:
Use the method of mathematical induction to proves" - 3" is divisible by 5 for aln 0 z".

Solution:

f(n) =8"-3", wheren0 2" .

O f(1) = 8- 3 = 5, which is divisible by 5.
O f(n) is divisible by 5 whem =1 .
Assume that fon=k ,

f(k) = 8¢ - 3¢ s divisible by 5 fok 0 z* .

0 f(k+1) =gktl-g+1
=gkg-3 4
= g(gk) - 3(3)

0 f(k+1)-3f(k) = [8(8“) - 3(é<)J - 3[8" - 3"}

= 8(8) - 3(F) - 3(84) + 3(F)
=58

From (a)(k + 1) = f(k) +5(8)

As bothf(k) anc$(8k) are divisible by 5 then the sum of these two terms must also be divisible by 5. Tiferefore is
divisible by 5 whem =k +1 .

If f(n) is divisible by 5 whem =k , then it has been shown ftmat is also divisible by 5nehiem 1 f(n) isdivisible
by 5 whem =1 f(n) is also divisible by 5 foralb 1 amd z* by mathematical induction.
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Proof by mathematical induction
Exercise B, Question 12

Question:
Use the method of mathematical induction to prove32n+2 +8n-9is divisible by 8 for aln 0 Z*.
Solution:
f(n) = 322 +8n-9, wheren 0 Z* .
0 f(1) =PW*2481)-9
=3 +8-9=281-1 =80 Which is divisible by 8.
O f(n) is divisible by 8 whem =1 .
Assume that fon=k ,
f(k) = 3%*2 + 8k - 9iis divisible by 8 fok 0 Z* .

flk+1) =32& D2 g1+1)-9
= @K 22 g+ 1) -9
=32 (21 gk+8-9
=9(3%*2) +gk-1

0 f(k+1)-f(k) = [9(32'”2) +8k- 1} - [32'“2 +8k- 9}

=9(@**2) +8k-1-3%+2_gk+9
=832 +8

= 8[32“2 + 1}
O f(k+1) = f(k) + 8[32'“2 + 1}

As bothf(k) an@{32k+2 + 1} are divisible by 8 then the sum of these two terms must also be divisible by 8. Tiieyrefore
is divisible by 8 whem =k+1 .

If f(n) is divisible by 8 whem =k , then it has been shown fitmt is also divisible by 8nvhiem 1 f(n) isdivisible
by 8 whem =1 f(n) is also divisible by 8 foralb1  amd Z* by mathematical induction.
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Proof by mathematical induction
Exercise B, Question 13

Question:

Use the method of mathematical induction to prove2® + 3°"~2 is divisible by 5 for aln 0 Z".
Solution:

f(n) = 26"+ 322 wheren 0 7+ .

0 f(1) = 28M+ 32M-2 = 6 4 P = g4+ 1 = 65 which is divisible by 5.

O f(n) is divisible by 5 whem =1 .

Assume that fon=k ,

f(k) = 25K + 3%=2js divisible by 5 fok 0 Z* .

0 f(k+ 1) — 26(k+l) +32(k+1)—2
— 26k+6 + 32k+2—2

= F() + P(7?)
= 64(2%) + o2

0 fk+1)-f(k) = [64(26k) + 9(32‘“2)} - [26'< + 32k‘2}
6 4(26k) N 9(32k—2) _ ok _ g2
= 63(2%) + 832
= 63(2%) + 63(3%2) - 55(3*2)
_ 6{26k . 32|<—2} _ 55(32k—2)
O f(k+1) =f(k)+ 6{2‘Sk N 32k‘2} - 55(32"‘2)
= f(K) + 63f(k) - 55(32k‘2)

= 64f(K) - 55(32'<‘2)
O f(k+1) = 64f(k) - 55(32'<‘2)
As both 64f k) and—55(32k‘2) are divisible by 5 then the sum of these two terms must also be divisible by 5. Therefore
f(n) is divisible by 5 whem =k +1 .

If f(n) is divisible by 5 whem =k , then it has been shown fitmt is also divisible by 5Snehiem 1 f(n) isdivisible
by 5 whem =1 f(n) is also divisible by 5 foralb 1 amd z* by mathematical induction.
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Proof by mathematical induction
Exercise C, Question 1

Question:

Given thatu,,1 = 5u, + 4, U = 4, prove by induction that, =5"-1 .
Solution:

n=1uy= 5-1=4 as given.

n =2 uy =5 -1=24, from the general statement.

anduy = 5u; + 4 = 5(4) + 4 = 24, from the recurrence relation.

Sou, is true when =1 and also true when2

Assume that fon=k thaty =5-1 is true fior1 z*

Then uq =5u+4
=5(s-1) +4

=5*1-544
=51l

Therefore, the general statementz 5" - 1 is true whek + 1

If upis true whem =k , then it has been shown that 5" - 1 is also true whén- 1
thenu, is true forath>1 and0z* by mathematical induction.
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Proof by mathematical induction
Exercise C, Question 2

Question:

Given thalu,.1 = 2un +5, 1 = 3, prove by induction that, = 2"*?-5 .

Solution:

n=1u=2*2-5=8-5=3 as given.

n=2up= 2*-5=16-5= 11, from the general statement.
andu, = 2u; +5 =2(3) + 5 = 11, from the recurrence relation.
Sou, is true when =1 and also true when?2

Assume that fon=k thaty = 2*2-5 s true fior Z*

Thenug, =2u+5
= 2(2"‘“2 - 5) +5

=2k*3_10+5
_ok+1+2

Therefore, the general statemegtz 2"*2-5 s true whek + 1

If unis true whem =k , then it has been shown that 2"*? -5 is also true mhérr 1 upy. As
n=2, thenu, istrue forah =1 and0Zz* by mathematical induction.
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Proof by mathematical induction
Exercise C, Question 3

Question:

Given that,,1 = 5u, - 8, Uy = 3, prove by induction that, =5""1+2 .
Solution:

n=1u=51+2=1+2=3 as given.

n=2up= 5 14+2=5+2=7 from the general statement.
andu, = 5w -8 = 5(3) - 8 = 7, from the recurrence relation.

Sou, is true when =1 and also true when?2

Assume that fon=k thaty, =5"1+2 s true for z*

Then ugq =5u—8
- 5(5"‘1+ 2) -8
=11, 10-3

=542
_ k11, o

Therefore, the general statemeptz 51 +2 is true wheR + 1

If unis true whem =k , then it has been shown that 5" 1+ 2 is also true whé&r1  up. As
n=2, thenu, istrue forah =1 and0Zz* by mathematical induction.
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Proof by mathematical induction
Exercise C, Question 4

Question:

n _
Given thatu,+1=3u, + 1, u; = 1, prove by induction that, = % .

Solution:
n:],ulz%:zzlasgiven.
n=2upy= Tl = % = 4, from the general statement.

anduy = 3w +1 = 3(1) + 1 = 4, from the recurrence relation.

Sou, is true when =1 and also true when?2

K _
Assume that fon=k thaty = % is true flor) Z*

Thenug1 =3u+1

:{§_1+1
2

_ (3(3“)-3}3

2 2

_FHl_340
2
FHlg

2

N-1

Therefore, the general statements is true whek + 1

n_
If upis true whem =k , then it has been shown that % is also true whér 1 up. As

thenu, is true forath =1 and0Zz* by mathematical induction.
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Proof by mathematical induction
Exercise C, Question 5

Question:
Given thatl,,o = 5up41 - 6Uy, U =1, uy = 5prove by induction that, =3"-2" .
Solution:
n=1uy= 3-2'=3-2=1as given.
n=2uy=3-22=9-4=5 as given.
n=3uz= 3% - 28=27-8=19 from the general statement.
andug = 5u, - 6uy = 5(5) - 6(1)

=25-6 =19, from the recurrence relation.
Sou, istrue when=1n=2 and also true when3
Assume that fon=k and=k+1 ,
bothy, = 3 - 2X andy,; = - 2X*Lare true fok 0 z*

Then uc+p = SUc+q~6U

:5(3k+1_2k+1)_ 6(3k_2k)

o(37) -5(2) -o(3) +o(2)
s(37%) -5(2%) ~2(#)(#) +o(2)(2)
5(é<+1) 5(2k+1) 2(3k+l) +3(2k+l)
3(é<+1) 2(2k+1)

=(#)(F)-()()

= g+ _ k2

Therefore, the general statementz3"-2"  is true whek + 2

If uyis true whem=k and=k+1 then it has been shownupat3" - 2" is also truenshien?2
n=1n=2andn=3, them, istrueforal>1 amndlz* by mathematical induction.
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Proof by mathematical induction
Exercise C, Question 6

Question:

Given thatin» = 641 - 9uy,, Uy = -1, up = 0, prove by induction that, = (n-2)3""L1
Solution:

n=1u=(1-23"1=(-1)(1)=-1 as given.

n=2uy=(2- 2)32_1 = (0)(3)=0, as given.

n=3uz=(3-2)3>"1=(1)(9)= 9, from the general statement.

and uz = 6uy—9u = 6(0)—9(-1)
=0--9 =9, from the recurrence relation.

Sou, istrue when=1,n=2 and also true whnen3
Assume that fon=k anad=k+1 |,

bothy, = (k-2)3F1

andug, = (k+1-2)F 11 = k-1)F are true fok 0 Z* .

Then Ugrp = 6Usq -
= 6((k - 1)3“) - 9((k - 2)é“1)
= 6(k- 1)(3“) - 3(k- 2).3(3“‘1)
= 6(k- 1)(3*) - 3(k- 2)(3‘<‘1+1)
= 6(k- 1)(é<) —3(k- 2)(3'<)
- (3k)[6(k ~1)-3(k-2)]
- (3k)[6k— 6-3k+6]
= 3k(3)
_ k(3k+1)
= (k+2-2)(3+27)

Therefore, the general statements= (n- 2)3”'1 is true whem=k+2 .

If unis true whem=k and=k+1 then it has been shownuhat(n - 2)3"tis also true when=k+2
forn=1,n=2andn = 3, then, is true for aib1 andn 0 z* by mathematical induction.
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Proof by mathematical induction
Exercise C, Question 7

Question:

Given thatn, o = 7up+1- 10U, Uy = 1, up = 8, prove by induction that, = 2(5"%) - 2"
Solution:

n=,Luw= 2(50) —(20) =2-1=1,as given.

nNn=2uy= 2(51) - (21) =10-2=8,as given.

n=3uz= 2(52) - (22) =50-4 = 46, from the general statement.

anduz = 7ux—10u = 7(8)—10(1)
=56-10=46, from the recurrence relation.

Sou, istrue when=1,n=2 and also true when3
Assume that fon=k anad=k+1 |,

bothy, = 251 - k1

andugq = 2(5 17 - K+ 1-1- 289 - K are true fok 0 Z* .

- 7(2(é<) - 2k) - 1o(2(é<‘1) - 2k‘1)

= 14(5") - 7(2") - 2o(5"‘1) + 10(2"‘1)
=14(3) - 7(2) - (3)(s"7) +5(2)(27)
-1 4(5k) _ 7(2k) _ 4(5k—1+1) + 5(2k—1+1)

= 14(5") - 7(2") - 4(5") ¥ 5(2")
-G

- o541) - (244

_ 2(5k+2—l) _ (2k+2—l)
Therefore, the general statemeqtz 25" %) - 2" Lis true whem =k +2 .

If upis true whem=k and=k+1 then it has been shownuhat2(5"%) - 2" Lis also true when=k+2 . As, is true
forn=1,n=2andn = 3, then, is true for aib1 andn 0 z* by mathematical induction.
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Proof by mathematical induction
Exercise C, Question 8

Question:

Given thatly,o = 6up+1—- U, U =3, Uy = 36, prove by induction that, = (3n - 2)3".
Solution:

n=1u = (3(1)-2)(3) = (1)(3) = 3, as given.

n=2;up = (3(2)- 2)(F) = (4)(9) = 36, as given.

n=3u3=(3(3)- 2)(33) = (7)(27) = 189 from the general statement.

and uz = 6uy—9uy = 6(36)— 9(3)
=216-27 =189, from the recurrence relation.

Souy, is true when=1,n=2 and also true wien3

Assume thatfon=k and=k+1 ,

bothuy, = (3k-2)(&)

andu,.1 = (3(k+1) - 2)(3*Y) = 3k + 1)@*) are true fok 0 Z* .

Then ug+p =61~ 9
= 6((3k + 1)(3‘<+1)) - 9((3k - 2)(3“))
= 6(3K+ 1)31(3k) —9(%- 2)(3“)
= 18(+ 1)(3*) ~9(x-2)&)
- 9(é<)[2(3k+ 1)-(3k-2)]
- 9(é<)[ek+ 2-3Kk+2]
- 9(é<)[3k +4]
- 32(é<)[3k +4]
= (3k+4)(3?)
= (3(k+2)-2)(3*?)

Therefore, the general statements (3n-2)3" is true whem =k +2 .

If upis true whem=k and=k+1 then it has been shownuhat(3n-2)3"is also true when=k+2 . Ag, is true for
n=1,n=2andn = 3, them,, is true for a1 andn 0 z* by mathematical induction.
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Proof by mathematical induction
Exercise D, Question 1

Question:
Prove by the method of mathematical induction the following statememtfar*
(1 2)”: (1 2n)
01 01
Solution:
1
n=1:LHS :(é i) :(é i)

a3 -1

AsSLHS = RHS, the matrix equation is true for 1

Assume that the matrix equation is truerferk

e (390

With n = k+ 1the matrix equation becomes

(97606
01 0 1/ \0 1
626 2

0 1)\0 1

:(1+0 2+2k)

0+0 0+1)

:(1 2(k+ 1)]
0 1

Therefore the matrix equation is true whmenk + 1

Pagel of 1

If the matrix equation is true for=k , then it is shown to be true fok + 1 . As the matrix equation is truelfar is

now also true for an>1 andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise D, Question 2

Question:
Prove by the method of mathematical induction the following statememtfar*
(3 —4)” _ (2n+1 ~4n )
1 -1 n  -2n+1
Solution:

1
—1- _(3 4Y _(3 4
= = (2 )= (3 )

_(2m+1 -4(1) ) _ ( -4)
RHS _[ 1 -2)+1) " \1 -1
AsSLHS = RHS, the matrix equation is true for 1

Assume that the matrix equation is truerferk

o (3 —4)k:(2k+1 4k )
\1 1 Kk -2k+1f

With n = k+ 1the matrix equation becomes

(3 —4)'“1 =(3 —4)"(3 —4)
1 -1 1 -1/ \1 -1
:(2k+1 -4k )(3 —4)
k —2k+1\1 -1
:(6k+3—4k —8k—4+4k)
3k-2k+1 —-4k+2k-1
:(2k+3 —4k—4)
k+1 -2k-1
_(2(k+1)+1 -4(k+1)
Tl (k+1)  —2(k+1)+1

Therefore the matrix equation is true whmenk + 1

Pagel of 1

If the matrix equation is true for=k , then it is shown to be true fok + 1 . As the matrix equation is truelfar is

now also true for an>1 andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise D, Question 3

Question:

Prove by the method of mathematical induction the following statememtfar*
(2 0)” (2" o
11 2"-11
Solution:
2 0)'_(2 0
-t -(2 9= (2 9)
2 o) (2 o)
RHS = =
[21— 11 \11
AsSLHS = RHS, the matrix equation is true for 1

Assume that the matrix equation is truerferk

ie.(2 0)k:[ 2 0
LU (k-1

With n = k+ 1the matrix equation becomes
SRR
11 11/\11
:( 2 o](z o)
k-1 )\ 1

:[ 2 +0 o+o]

2(F)-2+1 0+1

_( 229 0]
C&K-11

2k+1 0
:(2k+1_1 1]

Therefore the matrix equation is true whmenk + 1

Pagel of 1

If the matrix equation is true for=k , then it is shown to be true fok + 1 . As the matrix equation is truelfar is

now also true for an>1 andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise D, Question 4

Question:
Prove by the method of mathematical induction the following statememtfar*
(5 —8)” _ (4n+ 1 -8n )

2 -3 2n 1-4n

Solution:

1
—1- _(5 -8y _(5 -8
n=ss =(3 )= (5 )

_(4D+1 -8(1) \_{(5 -8
RHS _[ 2(1) 1—4(1)]_(2 —)

AsLHS = RHS, the matrix equation is true for 1

Assume that the matrix equation is truerferk

ie (5 —8)k=(4k+1 -8k
"\2 -3 2k 1-4k/)

With n = k+ 1the matrix equation becomes

RN
2 -3 2 -3/ \2 =
:(4k+1 -8k j(s —8)
2k 1-4k)\2 -3
:(20k+5—16k -32k - 8+ 24k
10k+2-8k -16k—-3+12
:(4k+5 —8k—8)
2k+2 —4k-3

_(Ak+1)+1 -8(k+1)
Tl 2(k+1) 1-4(k+1)

Therefore the matrix equation is true whmenk + 1

Pagel of 1

If the matrix equation is true for=k , then it is shown to be true fok + 1 . As the matrix equation is trgelfar is

now also true for an>1 andn O Z* by mathematical inductio

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Proof by mathematical induction
Exercise D, Question 5

Question:

Prove by the method of mathematical induction the following statememtfar*

FRA

Solution:

1
—1- (2 5y _(25
=sis =2 9= (29

RHS = [21 5(2 - 1)] (0 1)

ASLHS = RHS, the matrix equation is true for 1

Assume that the matrix equation is truerferk

e (2 i)k - [20" 5(2‘1— 1)]

With n = k+ 1the matrix equation becomes
(2 5)k+1 (2 5)k(2 5)
0 1, 0 1,

2K +0 5(é<) +5(2K - 1)}
0+0 0+1

-5
|
[21( ) 5(é<)+5(2") 5]
|
%

0

ok+1 5(21)(2k) 5]
0

o+l 5(é<+l) 5]

_ [2‘”1 5(2”1— 1)]

0 1

Therefore the matrix equation is true whmenk + 1

Pagel of 1

If the matrix equation is true for=k , then it is shown to be true fok + 1 . As the matrix equation is truelfar is

now also true for an>1 andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise E, Question 1

Question:
Prove by induction th" - 1is divisible by 8 fon 0 Z*.
Solution:
Letf(n) =9" -1, wheren O Z" .
O f(1) = 9t - 1 = 8, which is divisible by 8.
O f(n) is divisible by 8 whem =1 .
Assume that fon=k ,
f(k) = 9¥ - 1is divisible by 8 fok 0 Z* .
O fk+1) =9k*1-1
=okg-1

=99 -1

0 f(k+1) -f(k) =[9(95) -1]-[9%-1]
=9y -1-9+1

=8(9)
O f(k + 1) = f(k) +8(9X)

As both fk) and8(9k) are divisible by 8 then the sum of these two terms must also be divisible by 8. Therefere f(
divisible by 8 whem =k +1 .

If f(n) is divisible by 8 whem =k , then it has been shown thti§(also divisible by 8 whem=k+1 . Asriis
divisible by 8 whem = 1, f(n) is also divisible by 8 for an>1 andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise E, Question 2

Question:

The matrixB is given byB = (é g) .

aFindB? ands® .
b Hence write down a general statement&®r  pfarz*

¢ Prove, by induction that your answer to b is correct

Solution:

2_ _f1 o\f1 o\_(1+0 0+0Y_(1 O
B”=BB ‘(o 3)(0 3)‘(o+o o+9)‘(o 9)

83=-82 :(1 O)(l o):(1+o o+o):(1 o)
0 9/\o 3/ "\o+0 0+27/ "\o 27

b AsB?= (3 :(:Zj andss = [(1) 3%] , we suggest thalt = (é ;j

1
—1- (1 0y _(10
v=ss =(2 9= (2 9

s <3 349

As LHS = RHS, the matrix equation is true for= 1

Assume that the matrix equation is truerferk

(39 %

With n = k+ 1the matrix equation becomes

(37696
0 3 0 3/ \0 3
_(1 0 (1 0)
“lo FN\0 3
_(1+0  0+0
“lo+0 0+3(F)
(1 0
“lo 1
Therefore the matrix equation is true whenk + 1
If the matrix equation is true fin =k, then it is shown to be true fn = k+ 1 As the matrix equation is true fn = 1, it is
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now also true for an>1 andn O Z* by mathematical inductic

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure

Solutionbank FP1

Pagel of 1

Edexcel AS and A Level Modular Mathematics

Proof by mathematical induction
Exercise E, Question 3

Question:

n
Prove by induction that for0 z* , th3t (3r +4) = %n(Sn +11).
r=1
Solution:

1
n=1LHS = > Br+4) =7
r=1

RHS = %(1)(14): %(14) =7
ASLHS = RHS, the summation formula is true fos 1
Assume that the summation formula is truerferk
K 1
ie. > (Br+4)= Ek(3k+ 11).
r=1
With n = k + 1terms the summation formula becomes:
k+1

> (Br+4) =7+10+13+=+(3k+4)+(3(k+1)+4)
r=1

k(3k+11)+ (3(k+1)+4)

k(3k+11)+ (3k+7)

[k(3k+11)+2(3k+7)]

[3k2+ 11k + 6k + 14]

[3k2+ 17k + 14]

(k+1)(3+14)

NP NP NP NRNR NP NP

(k+1)[3(k+ 1) +11]

Therefore, summation formula is true wheak + 1

If the summation formula is true far=k , then it is shown to be true fok+ 1
also true for aln > 1andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise E, Question 4

Question:
A sequencey, Uy, ug, Uy, 2 is defined byunsq=5u,-3@2", uy=7.
a Find the first four terms of the sequence.

b Prove, by induction fan 0 z* , thap, = 5" +2"

Solution:

aup+1 = 5up - 32"

Given,u;=7.

Up = 5up - 3(2%) = 5(7) - 6 = 35— 6 = 29

Uz = 5Up — 3(2) = 5(29) - 3(4) = 145- 12 = 133

Uy = 5u3— 3(2%) = 5(133)- 3(8) = 665- 24 = 641

The first four terms of the sequence are 7, 29, 133, 641.
b

n=1u=5+2=5+2=7 as given.

n=2 uy=5+22=25+4=29 from the general statement.
From the recurrence relation in part (&)= 29

Sou, is true when =1 and also true when2

Assume that fon=k y, = 5<+2¢ s true farg z*

Then ugq =5uK - 3(é<)
= 5(5¢ + 2¢) - 3()
= 5(5) + 5(2) - 3(X)

= 5(5¢) + 2424
_ kL, Skl

Therefore, the general statemept=5"+2" s true whek + 1

If u,is true whem =k , then it has been shown that 5" + 2" is also true mhénr- 1
thenu, is true forath>1 and0z" by mathematical induction.
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Proof by mathematical induction
Exercise E, Question 5

Question:
The matrixA is given byA = (_94 }?)

; ; —(8n+1 16én +
a Prove by induction that" = ( Can 1_8n) fornOz*.

The matrixB is given byB = (A1

b Hence findB in terms oin.

Solution:
a
n=1LHS = (_94 }?)1: (_94 }?)
s <25 20109

AsLHS = RHS, the matrix equation is true for 1

Assume that the matrix equation is truerferk

ie (9 16)k=(8k+1 16k
" \-4 7 -4k 1-8k/)

With n = k+ 1the matrix equation becomes

(9 16)k+l :(9 16)k(9 16)
-4 -7 -4 -7) \-4 -7
:(8k+1 16k j(g 16)
-4k 1-8k\-4 -7
=(7Z<+9—64k 12&+16-11%
-36k—4+3% -64k-7+56K
_(8k+9 16k+16)

-4k-4 -8k-7
_(8(k+1)+1 16(k+1)
T -4k+1) 1-8(k+1)

Therefore the matrix equation is true whmenk + 1

If the matrix equation is true for=k , then it is shown to be true fok + 1
now also true for ath>1 andOz* by mathematical induction.

b
det(A) = (8n+1)(1-8n) - —64n2

=8n-64n2+1-8n+64n2
=1

PhysicsAndMathsTutor.com
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—_(an-1_1(1-8n -16n
B=(A) _1( 4n 8n+1)

_(1-8n -16n
SOB_( 4n 8n+1)
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Proof by mathematical induction
Exercise E, Question 6

Question:
The function f is defined bign) = 52141 wheren O zZ" .
a Show that(n + 1) -f(n) = p (*" 1), whereu is an integer to be determined.

b Hence prove by induction than) is divisible by €

Solution:

a

f(n + 1) - 52(n+1)_1+ 1
=g2n+2-1, ¢

=154
=25F" Y +1

0 f(n+1)-f(n) = [25(52”‘1) + 1} -5 14

=253 Y4151
=247

Thereforeu =24 .

bf(n)=5""1+1 wheren 02" .

7 f(1) = 2141 =5+ 1 =6 which is divisible by 6.
7 f(n) is divisible by 6 whem =1 .

Assume that fon=k ,

f(k) = 521+ 1is divisible by 6 fok 0 Z* .

Using (a)f(k + 1) - f(k) = 24(5% 1

T f(k+ 1) = f(k) + 243X

As both fk) and24(52k‘1) are divisible by 6 then the sum of these two terms must also be divisible by 6. Therefere f(
divisible by 6 whem =k +1 .

If f(n) is divisible by 6 whem =k , then it has been shown thti§(also divisible by 6 whem=k+1 . Asniis
divisible by 6 whem = 1, f(n) is also divisible by 6 for an = 1andn O z* by mathematical inductic
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Proof by mathematical induction
Exercise E, Question 7

Question:
Use the method of mathematical induction to prove7" + 4" + 1is divisible by 6 for aln O Z™.

Solution:

Letf(n)=7"+4"+1 wherenO Z" .

0 f(1) = 72+ 4"+ 1 =7+ 4+ 1= 12 which is divisible by 6.
O f(n) is divisible by 6 whem =1 .

Assume that fon=k ,

f(k) = 7% + 4 + 1is divisible by 6 fok 0 Z* .

0 f(k+1) =7 1edktlig
=K dn
= 7(7) + 44 +1

0 f(k+1)—f(k) =[7(75)+4&)+1] - [7K+ 4 +1]
=7(F) +ady+1-7K -4 -1
= 6(7X) + 3(4¥)
= 6(7) +3(47H.4
= 6(7%) + 1247}
= 6[7% + 24"}

0 f(k+ 1) = f(k) + 6[7€ + 24K Y
As both fk) and6[7k + 2(4)"'1] are divisible by 6 then the sum of these two terms must also be divisible by 6.
Therefore ff) is divisible by 6 whem =k+1 .

If f(n) is divisible by 6 whem =k , then it has been shown thgti§(also divisible by 6 whem=k+1 . Asniis
divisible by 6 whem = 1, f(n) is also divisible by 6 for an = 1andn 0O Z* by mathematical inductic
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Proof by mathematical induction
Exercise E, Question 8

Question:

. . 3up-1
A sequencey, up, ug, Uy, 2is defined byu,4q = u'll , =2

a Find the first five terms of the sequence.

3 n
b Prove, by induction fan 0 z* , thap, = 4(2) -1
Solution:

_3up-1
a.Un+1— 4 .

Given,u; =2

_3w-1_3@2)-1_5

4 4 4 16
() x
3uz-1 16 16 _ 17
py=——:=——"—=="="
4 4 4 64
3(17) B 13
_3wy-1_°\eaa _ 64 __13
Us = = =— =
4 4 4 56
The first five terms of the sequence aré,, E, E,—l—B.
4’16’ 64’ 256

b
3\ .
n= l;u1=4(z) -1=3-1=2, as given.
3\? 9 5
n=2uy= 4(2) —l=2-1=7 from the general statement.

From the recurrence relation in part (&)= %

Sou, is true when =1 and also true when?2

k
Assume that fon=k y = 4(%) -1is true fork 0 Z™* .

PhysicsAndMathsTutor.com
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Then w41

n
Therefore, the general statements 4(%) -1is true whem=k+1 .

n
If uyis true whem =k , then it has been shown that 4(;) -1lis also true when=k+1 . As, istruefor1 and

n=2, thenu, is true forah>1 and0z* by mathematical induction.
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Exercise E, Question 9

Question:

A sequencey, up, g Uy, > is defined by, = 3" + 72",

a Show thaty, 1 - 9u, = 2(7%7%), wherel is an integer to be determined.

b Hence prove by induction that is divisible by 8 for all positive integers
Solution:

a

- 32(n+1) + 72(n+1)—1
- 32n(32) + 72n+2—1
=332 + 72" Y79
= 9(32") +49(7"7Y

Un+1

0 Uneg=9uy =[9(3%") +49(72" b - 932" + 72N7Y
= 9(") +49(7P"Y - 93" - 97"}
= 40(7"7Y)

Therefore/ =40 .

bu,=3"+72""1 wheren0Z" .

0 u =2 -720"1-32 7L = 16 which is divisible by 8.
O up is divisible by 8 whem =1 .

Assume that fon=k ,

u, = 3 + 7% Lis divisible by 8 fok 0 Z* .

Using (a) U1 - 94, = 40(72K~Y)
72k-1)

O ug+1 = 9uy +40(

As both9uy andio(7<"Y are divisible by 8 then the sum of these two terms must also be divisible by 8. Therefore s
divisible by 8 whem=k+1 .

If unis divisible by 8 whem =k , then it has been showndhat is also divisible by 8nvhem 1 u,. As s divisible by
8 whenn = 1 u,, is also divisible by 8 for al>1 andiz* by mathematical induction.
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Proof by mathematical induction
Exercise E, Question 10

Question:

Prove by induction, for all positive integarsthat
(1x5)+(2x6)+(3x7)+ = +n(n+4) = %n(n +1)(2n+13)
Solution:

The identity(1x 5)+ (2 x 6) + (3x 7)+ = +n(n + 4) = %n(n +1)(2n+13)

n
can be rewritten a3’ r(r +4) = %n(n +1)(2n +13).
r=1

1
n=1;LHS = z r(r+4)=1(5)=5
r=1

_1 1
RHS = <(1)(2)(15)= 5(30)=5

As LHS = RHS, the summation formula is true for 1

Assume that the summation formula is truerferk

K
ie. 3 r(r+4)= %k(k+ 1)(2 +13),
r=1

With n = k + 1terms the summation formula becomes:

k+1
Sor(r+4) =1(5)+2(6)+3(7)+ = +k(k+4) + (k+ 1)(k+5)
r=1

= L+ 1)(2k+ 13) + (k+ 1)(k+5)

(k+ 1)[K(2k + 13) + 6(k+ 5)]
(k+1)[2k2 + 13k + 6k + 30]

(k+ 1)[2k2+ 19k + 30]

ol olk ol ol ol o

(k+ 1)(k+2)(2k + 15)

(k+1)(k+1+1)[2(k+1)+13]

Therefore, summation formula is true wheak + 1

If the summation formula is true far=k , then it is shown to be true fok+ 1
also true for aln > 1andn O z* by mathematical inductic
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Examination style paper
Exercise A, Question 1

Question:
n n n
Use the standard results di r  and Err2 to show that, for all positive integerg + 1)(3r +2) = n(an2+ bn +c),
r=1 r=1

r=1
where the values @, b andc should be state

Solution:

Zn:(r +1)3r+2) = Zn:(3r2+ 5r +2) Multiply out brackets first

r=1 r=1
n n n - . 2
- 2 Split into three separate parts to isolate ,
=3> r°+5> r+2>1 St andy 1
r=1 r=1 r=1
= 32(n +1)(2n+1)+ 52(n +1)+2n Use standard fr?rmulae err2 >r and
remember thad 1=n .
r=1
= g[(n +1)(2n+1)+5(n+ 1) +4] Take out facto«‘;T
= D[2n2 +3n+1+5n+5+ 4} Multiply out the terms in the bracket.
2
= E[2n2 +8n+ 10] Simplify the bracket.
2
— n[nz +4n+ 5] Take out factor of 2 from bracket which will
then be ‘cancelled’ by th% term to give the
Soa=1b=4anct=5. answer.
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Exercise A, Question 2

Question:
f(x) =x3+3x-6
The equatioiix) =0 has araot inthe interval [1, 1.5].

a Taking 1.25 as a first approximationdo , apply the Newton—Raphson procedure omféotoli(ain a second
approximation ta. . Give your answer to three significant figures.

b Show that the answer which you obtained is an accurate estimate to three significan

Solution:
a
f(x) =x3+3x-6 Differentiatef(x) to giveé (x)
f'(x) =3x°+3
Using the Newton-Raphson procedure
with x = 1.25
% =1.25- f§1-25) State the Newton-Raphson procedure.
f (1.25)
3, 2x _ i
_ 1 o5 [1.25+3x1.25-6] Substitute 1.25.
[3x1.25 +3]
_ _ [-0.29@875]
=125 =%
=1.25+.0386...
=1.29¢o 3 sf) Give your answer to the required accuracy.
b
f(1.285) =-0.023... <0 Check the sign d{x) for the lower and upper
f(1.295) =0.0567... >0 bounds of values which round to 1.29 (to 3 sf).

As there is a change of sign &ixl) is  State ‘sign change’ and draw a conclusion.
continuous the roat satisfies

1.285< a0 <1.295
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Exercise A, Question 3

Question:
11
| V2 2 (V2 o
R= 11 andS—[ ﬁ]
V2o V2

a Describe fully the geometric transformation represented by edRlanélS.
b CalculateRS.

The unit squard), is transformed by the transformation representefi foylowed by the transformation represented by
R.

c Find the area of the image U after both transformations have taken pl

Solution:
a
R represents a rotation 885 anti-clockwise about 0. -1 -1
1 V2 0 V2 ,
Rtakes(o) t 1 anél) o__1 S0 is
J2 J2
rotation.
Srepresents an enlargement scale fa¢®r cente€i of the for Kk O) so is enlargement
0 k
with scale factok.
b
1 1 Use the process of matrix multiplication eg
Rs=| Y2 VZ[v2 0 :(—1 —1) (@b)(g) = ac+bd.
1 _tlo vz \1 - d
J2 2

Determinant oRS = 2 Recall that the determinant of mat@( 3)

[0 Area scale factor df is 2. isad — bc and that this represents an area

scale factor.
[0 Image of U has area 2.
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Exercise A, Question 4

Question:
f(z) = A+322-62+10
Given thatl +i is a complex root &) =0

a state a second complex root of this equation.

b Use these two roots to find a quadratic factor Df f{ith real coefficients.

Another quadratic factor of4|is 22 +2z2+5.

¢ Find the remaining two roots fff) = 0

Solution:
a

1-iis a second root.

b

[z—(1+1)][z-(1-1)] is a quadratic factor.

0z22-22+2 is the factor.

c

If 22+22+45=0

7 = -2+J4-20
2

=—1i%\/Ei
=—1+2i

Remaining roots arel +2i and - 2i

© Pearson Education Ltd 2C
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This is the conjugate @&f+i , and complex
roots of polynomial equations with real
coefficients occur in conjugate pairs.

Multiply the two linear factors to give a
quadratic factor.

Use the quadratic formula

2= —bi\/b2—4ac

2a
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Exercise A, Question 5

Question:

The rectangular hyperbola s equatiorxy = c? . The points (Cp, Epj an(cq, %j lie on the hyperbola H
a Show that the gradient of the chord BQ%.

The pointR, (3c, %) also lies on ldnd PRis perpendicular to QR

b Show that this implies that the gradient of the clPQis 9.

Solution:
a
c_c . 7
The gradient of the chord PQ_P__4 Use gradient Xo =%
cp-cq
—cla=p . c(p-q) Use a common denominator to combine the
pq fractions.
—cla=p 1
pa c(p-a)
=_ (-9 Expres{q-p) as(p-aq)
pa(p - a)
-1 Divide numerator and denominator by the factor
Pq (p-0).
b
PR has gradient: Use the result established in part (a) to deduce
3p these gradients.

QR has gradien%

These lines are perpendicular

03ix1-4 Use the condition for perpendicular lines
% % mm = -1
1
0Lt=-
9q
ot=-9
pq
0 Gradient ofPQ = ;—; =9, Find the value of;—; .
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Examination style paper
Exercise A, Question 6

Question:

M= (—Xl 2;;47)

a Find the inverse of matriil, in terms ofk, given thatM is non-singular.
b Show thaM is a singular matrix for two values x and state these valu
Solution:

a The determinant df1 is

X(x+4) - (-1)(x-7)

=x2+4x+2x~7
=x2+6x-7
The inverse oM is Use the result that the inverse@f 3) is
1 X+4 7-2X 1 (d —b)
x2+ex-7\ 1 X ad-bc\-C a)
b M is singular when
X2 +6x—-7=0 Put the value of the determinantMfequal
ie: (x+7)(x=1)=0 to zero.
O x=-7 or 1. Then solve the quadratic equation.
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Exercise A, Question 7

Question:

~

The complex numbemsandw are given by = - ,and =iz .

=

a Expressz andw in the forma +ib , whera andb are real numbers.
b Find the argument af in radians to two decimal places.

¢ Showz andw on an Argand diagram

d Find|z - w].
Solution:
a
=1 _ (7=Dd+D) Multiply numerator and denominator by the
1-i (1-i)(L +i) conjugate ofl —i .
- 8+ 6i
2 Remembei? = -1
=4+3i
w=1z =i(4+3i)
=-3+4i
b
argw =m- (tan"14 / 3) As w is in the second quadrant in the Argand
diagram.
=221
Cc
Im
w i
oz
o = Re

PhysicsAndMathsTutor.com
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Z-W =7-i

z-w| =72+ (-1)
= /50
=52.
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Exercise A, Question 8

Question:

The parabol& has equatiomr2 =16x .

a Find the equation of the normal@oat the poinP, (1, 4).

The normal aP meets the directrix to the parabola at the pQint
b Find the coordinates @}.

¢ Give the coordinates of the poR on the parabola, which is equidistant frQ and from the focus (C.

Solution:

a

> 1
y =16x=>y =4x2

Yy =4x lx_71
dx 2
-1
=2x2
At (1, 4) gradient is 2 Find the gradient of the curve at (1, 4).
0 Gradient of normal igt Usemm = -1as the normal is perpendicu
2 to the curve.
The equation of the normal ys-4 = ;(x -1) Usey -y, = m(X—X)
ey = ly+al
lery = —x + 42
b
The directrix has equation=-4 . The directrix of the parabolf =4ax has

_ ) _ equationx =-a .
Substitutex = -4 into normal equation

=6t
Dy—62

SoQis the poin(—4,6%) .
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1
1
Q E i R/
1
]
1
:
i (4,0)
1
1
1
1
]
1
1
®=—4
AtRYy = 6% The point R must have the sameoy

ordinate as the poir@.

1 1
Ox = 27% _ 169
16 64
. . [169 13
SoRis the om(—,—)
P 64’2
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Exercise A, Question 9

Question:

a Use the method of mathematical induction to prove that d@r*
n r-1 n-1

> r+(1) = £(n2+n+4)—(£) .

— 2 2 2

r=1

bf(n) = 32 + (-1)"2" neZ*

By considering@f(n+ 1) —f(n) and using the method of mathematical induction prove that,for 32 + (-1)"2"is
divisible by 5

Solution:
alLetn=1
0
LHS :1+(%) =1+1=2
1(.2 1\0 Show that the result is true when
RHS =—(1 +1+4)—(—) n=1
2
Ll g
—2><6 1=2

0 LHS=RHS 0 resultis true fon = 1

Assume that the result is true for k

i,[@l} %(k2+k+4)_@k‘l

k Show that assuming the result is true
1 .
Add(k+1) + (E) to each side. forn =k implies that it is also true fi
n=k+1

k+1 r-1 k-1 k
1 _ 1,2 (1 1
2 ke e ()
9 1\k1 1\ Collect the similar terms together.
K +k+4+2k+2)+(§) (—1+§)

k-1
2 _1(1
k +3k+6) (2)

(k+1)2+(k+1)+4)—(1)k
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wheren=k+1

ie: Result is implied fon=k+1 .

0 By induction, as result is true far=1 then it is impliedConclude that this implies by

forn=2,n = 3, etc... ie: for all positive integer values for mduction that the result is true for all
positive integers.

b

f(n) = 3"2 + (-1)"2"ez*

Letn=1
f(1) =33+ (-1t
=27-2
=25 Show that the result is true when
n=1
This is divisible by 5.
Let f(k) be divisible by 5 Assume that ¥) is divisible by 5

ie: 32+ (-1)K=5Aa0

Consider
2f(k + 1) - f(k) = 2.3+ (-1t k+1_g+2 _(_qjkok Follow the hint given in the question

=3422.3- 1] + 2X(-1)[-4 - 1]
= 3*2 x5 5, (-1)k2K

— 5(3k+2 _ (_1)k2k). Collect similar terms together and
look for common factor of 5.

0 2f(k+ 1) - f(k) is divisible by 5.

=5B

0 2f(k+1) =5B+f(k) As f(k) and2f(k + 1) — f(k) are each
=5B+a) divisible by 5, deduce thftk +1) is

also divisible by 5.

ie: 2f(k + 1) is divisible by5 = f(k + 1) is divisible by 5.

So by induction a§1) is divisible by 5 then sf(® andUse induction to complete your proof.

isf(3) .... and by inductiofi(n) is divisible by 5 for all

positive integers.
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Exercise A, Question 1

Question:
7 =2+i, zp=3+4i. Find the modulus and the tangent of the argument of each of
azz

Z
b &
)

Solution:

PhysicsAndMathsTutor.com
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tanf =—= i

10 2
z,z,* is in the fourth quadrant.
tan arg (z,z,*) :—%

7 24i. 3—4i
h =L 3

. T 3pd] 347 4
_ 6-8i+3i+4  10-5i

nlea

i1
tanf =2 =—
£ 2
a4
Zi. ..
~Lis in the fourth quadrant.
z;
fz) 1
tan arg | ==
'lex' 2
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z*® is the symbol for the conjugate complex
number of z.
If z=a+ib then z¥*=a—-ib.

Arguments in the fourth quadrant are negative.

The tangents of arguments are negative in the
second and fourth quadrants.

To simplify a quotient vou multiply the
numerator and denominator by the conjugate
complex of the denominator. The conjugate
complex of this denominator 3+ 44 is 3—4i.
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Review Exercise
Exercise A, Question 2

Question:
a Show that the complex numb%rg can be expressed in thev{arm) , Stating the walue of .
2+3i\* o
b Hence show th t5+i ) is real and determine its value.
Solution:
& 2+3i><5—i _ 10-2i+15i+3 T
5¢i 5-i 26 G- =X +1°=26
¥ ou should practise doing such
13418 1 . calculations mentally.
“"2% 22
1 it
=—(1+i)
2
-
A= You use the result from part (a) to

simplify the working in part (b).

2 1:1 +i_]J < (1+i]4is expanded using the binomial expansion
_1 (14 414612+ 482+1) / [a+é=]4=a4+4ar‘z= +6a’b? +4ab’ +b*
16" : :
P =ifxi=—1xi=—i

1 o
ZE[1+41_6_41+1] 4=i]><i:=—1><—1=1

i
1

:_><—--’,=—i . areal number
16 4
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Exercise A, Question 3

Question:
7=5+i, 2p=-2+3i

2_ 2
a Show thafz [*=2| 2| .

b Findarg (#z) .

Solution:
v [afSer 2 e frmar e |of =a+0?
|z =(=2)" +3*=4+9=13
26=12x13 When vou are asked to show or prove a
Hence result, vou should conclude by saving that
|7 2 2 a8 required. +————  You have proved or shown the result. You

can write the traditional g.e.d. if vou like!
b zz, =(5+i)(-2+3i)
=—10+151—2i—3=—13+13i

¥ Y

The argument is the angle with the positive
x-axis. Anti-clockwise is positive.

oy

Lad

&
I

e
13 ,

2,2, is in the second quadrant. As the question has not specified that vou
R should work in radians or degrees. You

arg(zz,)=m——="— 4+ could work in either and 135° would also
+ # be an acceptable answer.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 4

Question:
a Find, in the formp+ig where gnd q are real, the complex numbewrkich satisfies the equatic-%__Li1 = 1f2i.
b Show on a single Argand diagram the points which represemndz’.
¢ Expressz andz"in modulu—argument form, giving the arguments to the nearest d:
Solution:
3z-1 4
a e :
I-i I+12i Y ou multiply both sides of the equation
— 45 _ iy ! ;
32_1:8 41><1 2i «— by 2—i. |
1+21 1-2i Then multiply the numerator and
_B-161—4i—-8 —20i 4 denominator by the conjugate complex
o 5 T : of the denominator.
3z=1-4i
1 4,
z=———1
3 3
b v wo* (L EJ You place the points in the Argand
K diagram which represent conjugate
B complex numbers symmetrically about
ol e % - the real x-axis.
b Label the points so it is clear which is the
B gy criginal number {z} and which is the
xz(1.-1) :
conjugate (z*).
) (2 = 1Y o 4 1 16 17
¢ Zl'=1= e e
3/ L3) 9 9 9
| ” |_ J17
z : | |
3 The diagram vou have drawn in part
tan&z%:—i = f=76° (b) shows that z is in the fourth
3 / quadrant. There is no need to draw it
z is in the fourth quadrant. again.
arg z=—76%, to the nearest degree.
17 AN1T
. cos(—76%) +i ‘LTsm (—76°)
o It is alwaws true that |z*|:|z|

BT s ool oo
z‘:Tcos.fﬁ +1Tsm?6 L S and arg z*=—arg z,

50 vou just write down the final answer
without further working.
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Review Exercise
Exercise A, Question 5

Question:
71=-1+i/3, =3 +i

aFind iargzy i argz.

b Expresszz—l in the forrm+ib , wheseandb are real, and hence findrg(?]
2 2

c Verify that arg(?j =argz - agz.
2

Solution:
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k

T A S
1 3

z; is in the second quadrant

argz—?r—x—l?r
¥ g g
11 J,.'Ji-
Z;
f 1
O‘ .,‘;3 X
T

tanéa":_i = ¢
3 6

z, is in the second quadrant

T
arg z, =
(4341)(¥3=i) =(¥3)" =i
by Z_1=_1+]I.'\.I3‘X'\.I3‘_i =3+1=4

z, N3+ A3-i

—+/3+1+31+43
= =0+i

Although not strictly in the form
a+ib  the answer i is acceptable.

{ z, \-! T Any number on the positive imaginary axis
arg| — |=5 ¢ T
\z; ) 2 has argument =
T T Verify means show that the equation is
AR L ey - i from part (2) satisfied by the particular numbers in this
- uestion.
dr—m 3 &« [ z 3 1
= ==t e = | In part (2). vou worked out argz and arg z,
6 6 2 \Zq ) o
| = |
Hence the relation is satisfied by z; and z,. In part (b), vou worked out arg| —> i
/

|
| Ty

You substitute vour answers into the equation
in part (c) and check that it is correct.
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Exercise A, Question 6

Question:

a Find the two square roots ®f 4i  in the foamib

, where aand b are real.

b Show the points representing the two square ro3 - 4i in a single Argand diagra

Solution:

” ' =3-4i =
Let z=a+ib where g and b are real.

(a+ib) =3-4i

a*+2abi-bt=3—4i

Equating real parts

a’—b*=3 L1 B
Equating imaginary parts /
2ab=-4 2]
From @
: 7
2a a
Substitute © into O
S
a — 5 | =3
lu a)
at— 4, =3
e
a'—3a'—4=0
(@ —4)(a*+1)=0 ——
a =4
a=2-2
Substitute the values of g into @
5
a=2 =b=—2"1=-1
2
2
a==-2 =bh=——"=1
=

The square roots of 3—41 are 2—1 and —2+1_

b ¥ &
Y [_—l ]_]

o x

© Pearson Education Ltd 2C
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The square root of, say, 2 is a root
of the equation z~ =2 . The square
root of any number k, real or

: 1
complex, isarootof z =K.

Equating real and imaginarv parts gives
a pair of simultaneous equations one of
which is quadratic and the other linear.
The method of solving these is given in
Edexcel AS and A-level Modular
Mathematics Core Mathematics 1,
Chapter 3.

The onlv possible solutions of
a*+1=0 are complex, a=*1i,
and as @ is real vou must ignore
these and only consider the roots

of @ —4=0
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Exercise A, Question 7

Question:

The complex numberis -9 + 17i.

a Showz on an Argand diagram.

b Calculate arg, giving your answer in radians to two decimal places.

¢ Find the complex numbev for whichzw = 25+ 35i, giving your answer in the forpwiq , wherandq are real.

Solution:
a (-0.17)% 71
6 .
o X
17 You have to give vour answer to 2
b tan 8 = 5 = &=1.084 _ decimal places. To do this accurately

vou must work to at least 3 decimal
places. This avoids rounding errors and
errors due to premature approximation.

z is in the second quadrant.
arg z=m7—1084 . =2057 ..

=2.06, in radians to 2 d.p.

'

D417 041% 017

254351 254351 25435 X—Q—]?i
Z

In this question, the arithmetic gets

— _225_4251i_315i+595 + complicated. Use a calculator to help
-9) +17? vou with this. However, when vou use a
370 —740; calculator, remember to show sufficient
= 370 =1-2i working to make yvour method clear.

© Pearson Education Ltd 2C
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Exercise A, Question 8

Question:

The complex numbemsandw satisfy the simultaneous equations

2z+iw=-1, z-w=3+3i.

a Use algebra to fing, giving your answer in the foran+ib , wheseandb are real.

b Calculate arg, giving your answer in radians to two decimal ple

Solution:
a 2z+iw=-1 L1}
z—w=3+3i ® You use the same method as vou
. =R e leamt for GCSE to solve simultaneous
L S eSS equations. To balance the coefficients
Q+©@ (2+i)z=—4+3i of w_ vou multiply both sides of
HESL T SRFaagiEd equation ® by i. Adding equations @
a5 21 o o 3 and @ then eliminates w.
—54+101 .
=2 142
5
b Eo
2
¢ >
1 |0 i
5
tanf="=2 = £=1.107 ___ You must work to a least 3 decimal
1 places to obtain an accurate answer to 2
zis in the second quadrant. decimal places.
argz=m—1.107_.. =2.03, to 2d.p.

© Pearson Education Ltd 2C
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Exercise A, Question 9

Question:
The complex numbersatisfies the equatiozfn% =i, AeR.

(2-32)(1+1)

a Show thatz = >
1+

b In the case when=1 , fifgd and ag

Solution:
a z—2=ii(z+3i_‘1‘/_/,/___,_/—— Aix3i=34i' =31
=Aiz—34
z[l—ﬁi]=2—3/’-_ Y ou make z the subject of the formula
295 1+4i and then multiply the numerator and
Lt — ooy denominator by 14+ 41 which is the
i conjugate complex of 1—-A1i
(2-34)(1+11) , e B :
= . as required.
1+ A4

1+1 2 2
T G0 Y00 N WP
iR brre
I 2
-5 -2
V2 2
.
_J'
| 8-le =x
z
X T
tanf===1 = f=—
: 4
T
z is in the third quadrant. The question does not specify
( ;r“\_ 3T . radians and arg z = —135"would be
argz=—| A—— |=—— "
4 4 an acceptable answer.

© Pearson Education Ltd 2C
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Exercise A, Question 10

Question:
The complex numberis given byz=-2+2i .

a Find the modulus and argument of z

b Find the modulus and argument—ief

¢ Show on an Argand diagram the poiAt8 andC representing the complex numbar&zr andz+% respectively.

d State the value (0 ACB.

Solution:

PhysicsAndMathsTutor.com
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a |z[' =(2) +22 =4 +4=8

G ey
2 4

zis in the second quadrant.
T 37m

MEZ=H——=—0
£ 4 4

| 1 =2—2i =30 |
h = - i A : = =————1
z —2+2i 2-24 8 4 4
iR ERY e B o 2
2zl La) L 4) 16 16 8
El 2 1. «2
z| V8 242 4
il
i S G X
4
1
: T
and=3=1 =y g=—
! 4
T
z isin the third quadrant.
{ @\ 3m
z=—| g——|=——
il Rl S
4 . ; 1
c < 4 The point C, representing z+—, must be a
Cc : vertex of the parallelogram which has 04 and
OF as two of its sides.
0 x
B In this case, as vou have already shown that
A and OF make angles of ;—I[ii 5‘:':} with the
negative x-axis, the parallelogram is a
d SACE =90~ % rectangle.

© Pearson Education Ltd 2C
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Exercise A, Question 11

Question:
The complex numberg anrgl  are givergpy /3 +i Bhdl-i

a Show, on an Argand diagram, points representing the complex numbers 7 +and

b Expresszl— anezll— , each in the foamib , whesndb are real numbers.
1 2

c Find the values of the real numbé&randB such thai? + ZE =z+2.
1 22

Solution:

PhysicsAndMathsTutor.com
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. }-""'
P,
e i Zyt+2;
o \‘n‘ ’,--"#HK s The point representing z; +z, must form a
. ",-"' parallelogram with O and the points
Zﬁf*"f representing z; and z,.
) 7, +z, =+3+1, which is real, so you must
1 1 J3-} N draw the point representing z; +z, on the
b Z_ J 343 - J3=5 |:‘~ 3]1+1: positive x-axis.

43— _1'3_ L
~T4 4 4

1 1 .. 1-Fi 1+i 1.1
e SR e —=—+—1
z, 1-1 4 T4+E 2 2

You use vour results in part (b) to simplify
the working in part (c). Substitute the
answers to part (b) into the printed
equation in part (c)

A
C —t+—=zt2
EL R
F oy A
43 1Y 1 ) .
222l gl Sl gy e geny

TS R

Eguatimgreal parts You cr:btrﬂn a pair G.f simultaneous
| equations by equating the real and
{3 1 , GEriraL ; :

A+;B =43+1 © imaginary parts of this equation.

e

Equating imaginary parts
1 1

——A+—B=0 2]
Pl

0-0
AL e
4y
f"\'3+1\{

lkTJ;i =+3+1

A=4
Substitute in @
—]+%B =0 = B=2

A=4.8=1

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 12

Question:

The complex numbemsandw are given by = 1—’:, w= 1——B3i’ whereA andB are real numbers. Given thatw =i

a find the value ofA and the value dB.

b For these values @ andB, find tan[arg (v - 2)].

Solution:

PhysicsAndMathsTutor.com
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" s = A _ 4 xﬁ _4 (1+i) The expressions for both z and w are
1-1 1-1 141 2 " fractions with complex denominators.
B B 1431 R . ; You should remove these, by
i m T B T i EU +31] multiplving both the numerator and
denominator by the conjugate complex

of the denominator, before substituting
into the equation.

Z+w=1

e o off i i
E[’.I‘H}"'E (1+3i)=i ‘When equating the real and complex parts of
Equating real parts \ both sides of the equation, think of the

Y B complex numberi as 0+1i.

—+—=0 @O
2 10
Equating imaginary parts

—+—=1 8

Substitute into @

A A5 A
—4—=0=
2 10

A=-1B=5
b With these values of 4 and B

]

I
—
—

+

.
]

Il

|

+
b | Led b | =

W=

b | = b | =

e
e
+
(IS
-
I
Il

]

tan [arg [w—zj] =

= | b
Il
[ o)

© Pearson Education Ltd 2C
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Exercise A, Question 13

Question:

aGiven thatz=2-i , show tha =3-4i .

b Hence, or otherwise, find the rootg, and |, of the equ(&ztiioi)l2 =3-4i.
¢ Show points representirg amd on a single Argand diagram.

d Deduce thalty - z, |- 2V/5.

e Find the value ofirg ¢ +2) .

Solution:

PhysicsAndMathsTutor.com
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a 2=(2-) =4-4i tle— o

=4—-4i-1

=3—4i  as required.

b From part (a), the square roots of 3—4i
are 2—i and —2+i.
Taking square roots of both sides of the

equation [z +i]1 =3—-4i

d Using the formula

s I:Il _‘{',1} +(11_L~}‘\\
=(2—(=2)) +(=2-0)
_£ 4P

=420=2+5

Hence |zl =2

(e) #+z,=2="-2=-U

J'TG

L
X

&

arg (7, +2,) =~

(R =

© Pearson Education Ltd 2C
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You square using the formula
(a-b) =a* —2ab+5’

The square root of anv number k, real or

complex, is a root of z' =k Hence, part
(a) shows that one square root of 3—4i

is 2—1.

If one square root of 3—44i is 2—i_ then
the otheris —(2—i).

z; and z, could be the other way round but

that would make no difference to | z;— I,

or z; +z,.the expressions you are asked

about in parts (d) and (g).

z; —z, can be represented on the diagram
vou drew in part (c) bv the vector joining
the point representing z; to the point
representing z,. The modulus of z; —z, is

then just the length of the line joining
these two points and this length can be
found using coordinate geometrv.

The argument of any number on the

S ’ N T
negative Imaginary axis 15 —; or

-

=007,
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Review Exercise
Exercise A, Question 14

Question:

a Find the roots of the equatiaf+4z+7 = 0, giving your answers in the form+ iy ,where pand qare integers.

b Show these roots on an Argand diagram.
¢ Find for each root,

i the modulus,

ii the argument, in radians, giving your answers to three significant fi

Solution:
a 22 +4z =-7
2244z 4+4=-T+4=-3 «
(z+2)" =-3
z+2=*i43

z=—2+i43. —-2—-i43

(—2.43) x ¥
o X *
(-2, —V3)x
ci |—2+iv3f =(=2) #(¥3) =443=7
|-2+i43|=+7

|-2-iv3|=v7
cii ¥

N3 | g
2 O‘ x

t;aﬂi-?'zx—_!Elr = #=07137 ..

—24+i+3 is in the second quadrant
arg (—2+iV3)=m-0.7137 ...
=243, to 3 significant figures

arg(—2-1v3)=-243, to 3 significant figures

© Pearson Education Ltd 2C
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Y ou mav use any accurate method of solving a
guadratic equation. Completing the square

works well when the coefficient of z° is one
and the coefficient of zis even.

The moduli of conjugate complex
numbers are the same so vou do not have
to repeat the working.

Ifz z* are conjugate complex numbers,
then arg z* =—arg z_ Once vou have worked
out arg 7, vou can just write down arg z*
without further working.
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Review Exercise
Exercise A, Question 15

Question:

Given that.e R and thatandw are complex numbers, solve the simultaneous equatioins= 2, z-Aw = 1-2 giving
your answers in the foria+ib, wherea, beR, anda andb are functions o.

Solution:

You solve simultaneous linear equations with
complex numbers in exactly the same wav as vou
solved simultaneous equations with real numbers at
GCSE. In this case, as the coefficients of z are
already balanced, vou subtract the equations as they
stand to eliminate z.

z—i(A+i)=2

z=2+i(A+i)=2+id-1=1+i1

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 16

Question:

Given thatz =5-2i ,

a evaluatdzy| , giving your answer as a surd,

b find, in radians to two decimal placesgz

Given also that; is a root of the equatiB 10z + ¢ = 0, wherec is a real number,

c find the value oc.

Solution:
“ =gt +b?

'=54(-2)" =2544=29 +——— Ifz=a+ib.then|:z

a |31

5
tané?‘=% = 6=03805 ...

is in the fourth quadrant
to 2 decimal places.
¢ If z;=5-1i is one root of a quadratic equation
If & and 5 are the roots of a quadratic
equation, then the equation must have

with real coefficients. then z; =5+2i must be

the other root.

(z-2)(z—2,)=(2—-5+2i)(z—5-2i) the form (z—e)(z— ) =0.
=(z-5)"+4
=z —10z+25+4
=2z"-10z+29=0
Comparing this with the equation in the question
c=129

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1
Solutionbank FP1
Edexcel AS and A Level Modular Mathematics
Review Exercise
Exercise A, Question 17
Question:
The complex numbesandw are given by = 52__1i0i and =iz .
a Obtainz andw in the formp+iq , wher@ andq are real numbers.
b Show points representirgandw on a single Argand diagram
The originO and the points representingndw are the vertices of a triangle.
¢ Show that this triangle is isosceles and state the angle between the eqt
Solution:
5-10i 244
a z= ®
2—i 2+
_ 10+5i-20i+10
2 +1°
20-154 ;
= 43
)
w=iz=i(4-3i)=4i-3i" =3+4i
h [ .
v Arw(34)
) x
z(4,-3)
B
¢ Let 4 be the point representing w and
B be the point representing z. As vou are only asked to state the
angle between the equal sides, vou do
|w|: =32 +42 =25 = |w‘=5 not need to show working. If vou
- ) cannot see this angle is a right angle or
|—7 | =4° +|:_3] =15 = |Z |=5 if working was asked for, vou could

Hence 04 =08 =35 and the triangle OAF is isosceles. argue:
The angle between the equal sides, £ 408 =907 /

the gradient of OB. m'=—3

mm' =—1, so the lines are
perpendicular.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 18

Question:
S LA J2
T

a Find the modulus and argument of each of the complex numpersz, and

b Plot the points representirg z,, agdz  on a single Argand diagram.

¢ Deduce from your diagram thtar(%[) =1+42.

Solution:

PhysicsAndMathsTutor.com
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1+i 1+i

e S T, R

1-i 1+i

1420+ 142i-1 2i -
1 +1 2

2 =
% /
|z,|=1. argz = The argument of any number on

Page2 of 2

L

the positive imaginary axis is 5 or

1-i 1+i 2 2 2 op°
s _(¥2Y (92 2.2
A ='—'+1—'=—+—=
Sl Y I Y e
=1
1 Z5 It is worth remembering that anv complex
number of the form a +ai ., where a >0,
& has argument 2 . This working is then not
o| = 4
1 NEeCessary.
V2
N
tan & = ) =1
g
z, is in the first quadrant
Arg 2, = %
o4 A B
b ¥ 4 5+
Z
1 z, 3z 5 C
— i
a x =
0 N
oM
¢ gy ~ +! - +11i ZNOC =45°, the argument of z,
2 L2 ) ZC0A=90"—45"=45°
arg(z +2,) =" ZCOB=1-004=221"°, the diagonal of 2

taﬂ:ag‘\._? _N2+2
lx S) "_f 42 \ rgﬂ.w:

tan

42 2 l\EJ

=—— 4+~ =14++2, asrequired
Y2 42 b =1

© Pearson Education Ltd 2C
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=tan(arg(z +z,)

parallelogram bisects the angle

£NOB=45°+221°=674° =" in radians

BN
o
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Review Exercise
Exercise A, Question 19

Question:

7= 1+2i, =

glw

+ ii
5
aExpress in the formp+qg , whegg qsR

i 7y

2
Z '

i
In an Argand diagram, the origin @&nd the points representingy, ? and are the vertices of a rhombus.
2

b Sketch the rhombus on an Argand diagram.
c Find z;.

65

Solution:

PhysicsAndMathsTutor.com
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s 4
ai zlz1—[1+21]t\§+d1)
=E+ii+E1—§——1+21
3 5 & 3
. e 2
g 1+2i xg_gi
vz 3.4 3 4
. =Y S
5 5% 5 5
3 4. 6. B
el ot bt B v
o - S T
1
b J'.ﬂ £

(6 (12 36+144 180 36x5
d |Z | ki = 5 T = e
A s 25 25 25
5
Hence |z3 |= 6: as required

© Pearson Education Ltd 2C
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(3 43 _4\_(3Y (4] _9+16_

5.5 Ns 5] Vgl "l§5) 2%

The relation between 3 3 and1 is the well-known
3. 4, 5 relation divided bv 5 and, with practice, vou
can just write down answers like this.

On an Argand diagram the sum of two
complex numbers can be represented by
the diagonal completing the
parallelogram, as shown in this
diagram. (A rhombus is a special case
of a parallelogram. )
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Review Exercise
Exercise A, Question 20

Question:

7 =-30+15i.

aFind argz, giving your answer in radians to two decimal places.

The complex numbers amg are givenzpy -3 +pi adg + 3i , Wharelq are real constants and- g
b Given thatzzz = 7 , find the value gfand the value df.

¢ Using your values gb andg, plot the points corresponding2pz, aad on an Argand diagram.

d Verify that2z, + z3- 7 is real and find its value.

Solution:
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Heinemann Solutionbank: Further Pure Page2 of 2

a -
Z
15 g .
30 O x
As vou are asked to give vour
taﬂ&:E:l = P=0464 « answer to 2 decimal places. you
2 should work to at least 3 decimal
z, is in the second quadrant. places. This avoids rounding errors.
argz; =7—6=268 to2dp.
b L3 =4
(-3+ pi)(g+3i)=—30+15i
—3g—% +pgi —3p=—7304+15i
Equating real parts . . : .
B35 30 > FEF S P quuatmg real and imaginary parts gives a
pair of simultaneous equations one of
- . which is quadratic and the other linear.
Equating imaginary parts The method of solving these is given in
S+pg=15 = pg=24... ... ... e Edexcel AS and A-level Modular
From @ Mathematics Core Mathematics 1.
5
q:ﬁ - Chapter 3.
B
Substitute € into @
P +E =10
e
p —10p+24=(p—4)(p-6)=0
=46
Substituting p =4 into @ gives g=6.
As p =g is given, this solution is rejected.
Substituting p =6 into @ gives g =4.
p =6, g=4 is the only solution.
A
¢ Rz ¥

) x

4 22,+2,—2 =2(-3+6i)+4+3i (=30 +15i)
=—6+12i+4+31+30-131=28. areal number

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 21

Question:

Given thatz=1+/3i and tha“zé:z+zi , find

aw in the forma+ib, where, beR

b the argument of,

c the exact value for the modulusvef

On an Argand diagram, the poiatrepresentg and the poinB representsy.
d Draw the Argand diagram, showing the poiAtandB.

e Find the distancAB, giving your answer as a simplified st

Solution:

PhysicsAndMathsTutor.com
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a w={2+2i)z=(2+2i)(1+3i)
=2+243i+21 243
=(2-2v3)+(2+2v3)i

Page2 of 2

2—243=-146 sowisin the second

h 'L_"ql
o 2
2+243
243-2
1342
A SR
243-
w is in the second quadrant
arg w=mT—& =183 to 3 significant figures
¢ |wl =(2-2v3)" +(2+2v3)’
=4-843+12+4+843+12=32=16x2
|w|=442
T
g ® B .
woA
0 4
e AB'=(2-243-1)"+(2423-v3) e

=(1-243) +(2+43)
=1-443+12+4+443+3
=2W=4x5

AB =245

© Pearson Education Ltd 2C
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quadrant.
The length of the sideis 243 —2 _not 2-243
as lengths have to be positive.

argw is exactly z—f That would be an

excellent answer to give, but an exact
answer is not specified, so it is not
essential. A calculator has been used
here. Radians are not specified so
degrees would also be acceptable.
argw=105"_ exactly.

A has coordinates fl \."3} and B has coordinates

(2—2‘-4'1 242 ‘-4'3] . You use the formula

AB* = fL =5 xl)z +( 35 —}'1}1 from Coordinate

Geometry to calculate 4B,
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Review Exercise
Exercise A, Question 22

Question:

The solutions of the equatiaA+6z+25=0arez and;, , where<argz <z an@ <argz, <0.
aExpressz; and, inthe foraxib , whexandb are integers.

b Show that” = -7 -24i .

c Find|212|.

d Findarg (212).

e Show, on an Argand diagram, the points which represent the complex nugnkgrs 212 and

Solution:

PhysicsAndMathsTutor.com
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zl+6z =-25
224+ 6z+9=-25+9

=

0 < arg z; < 7 implies that z, is in the first or
% second quadrant . —3+41i is in the second
I':Z +3J =-16 quadrant. so this is z, . The other solution is in the

z=—3%4 /// fourth quadrant, so that is z,. You need to know
zy=—3+4i, z;=—3—-4 which solution is z; before going on to parts (b).
- () and (d).
bz =(-3+4i) =9-24i-16
=—T7—241i as required

-3 L,_?}1 1 [,_,,4}: — 635 If vou recognise 7, 24, 25 as a set of numbers

C |ZT

satisfying the Pythagoras relation a* =5* +¢°,

|zl1 =4625=25 — vou can just write this answer down.
d ¥ 'y
7 .
/10 =x
24 4 ol
The inequalities O <argz < 7 and —7T<argz, <0
show that, in this question, the arguments are in
4 radians.
24 Where no accuracy is specified in the question, it is
tanf=— = A =11287 : e
= reasonable to give vour answer to 3 significant
z; is in the fourth quadrant figures.

arg z; =—( 1—#)=—1.85, to 3 significant figures

-‘1.".

0 3
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Review Exercise
Exercise A, Question 23

Question:
z=43 -i. Mis the complex conjugate nf

a Show that?, = £ - ¥3;,
z 2 2

b Find the value df%| .
z
¢ Verify, for z=+/3 -i, thatargz% = argz-argz-

d Displayz, 2" andiD on a single Argand diagram.
z

Pagel of 3

€ Find a quadratic equation with ro andz-in the formax?+ bx +c = 0, wherea, b andc are real constants to be foL

Solution:

PhysicsAndMathsTutor.com
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a =3+

z  A3—-1 3= (1'3_?]:
= & X .

z* N3+ N3-i (v3) 41

(v3)' =243 +i* 324311

Page2 of 3

Y ou multiply the numerator and the denominator by
the conjugate complex of the denominator. The
conjugate complex of ¥3+i is v3—i, so the

:
numerator becom es [:'-.' 3—i)", which you can square

using the formula [a—b]z =a’ —2ab+b*.

3+1 4
223 A3, o
=~ 3 — i _ as require
4 Fd \'I] o % '-.'I.
b = 1 | -|-'—_?,‘|I =—+-=1
z vz) L 2] & e
sl
Zt
C ¥
v3 2=
() 1%
= = 5 5T
3 6
z is in the fourth quadrant
arg-——E
6 .
e Youuse argz*=—ar zand—:—ir':f_
g Y . . L 6) 6
Yo 1
3
and=2 o3 = §=5
1 3
2

Z

gZ _JT
¥ 3
i T I T
arg r—argzF =————=——_
5 J 6 6 3

Venty means show that the equation 1s
satisfied by the particular numbers in this
question.

You should show that the equation is
satisfied exactly and not use a calculator

giving approximate results.

= arg i verifving the result

PhysicsAndMathsTutor.com
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d 4
'}II X
X Z
In the Argand diagram, vou must place
- points representing conjugate complex
o - numbers svmmetricallv about the real x-
> ;
w axis.
z* *Z

If x=c and x= 5 are the solutions of a

e (x—z )(x—z, ) =(x—V3+i)(x—V3+i) quadratic equation, then the equation, after it

= (x—+ 331 e has been factorised, must be (x—a)(x— 5) =0
=x"—243x+3+1
=x'—2+3x+4

The equation is x* —2+/3x+4=0._

© Pearson Education Ltd 2C
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Exercise A, Question 24

Question:

_1+7i
4+3i°

a Find the modulus and argument of z
b Write down the modulus and argumentof

In an Argand diagram, the poimisandB represent + 7i andl+3i respectively @dds the origin. The quadrilater@®ABC is
a parallelogram.

¢ Find the complex number represented by the fint

d Calculate the area of the parallelogr

Solution:

PhysicsAndMathsTutor.com
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1+ X4—3i _4-31+281+21

T443i 4-3i 0 47+3

You can see from the diagram that the
! T i
argument is 45° = F and vou need give no

further working.

z* is the symbol for the conjugate complex of =z and

& vou use the relations |z*|:|z| and arg z¥*=—arg z
| ™
¥ x to write down the answers.
A(L7)
You are not asked to draw an Argand diagram
B H 3) «——— in this question but vou will certainly need to
sketch one to sort out parts (c) and (d).
a x
C

Let the complex number represented by the You use the representation of the addition of

point C Ibe = complex numbers in an Argand diagram. The
OABC is a parallelogram. Therefore diagonal OF of the parallelogram represents the

OA+0C=08 «— ‘//f addition of the two adjacent sides, 04 and OC, of
1+7i4+w=4+31

the parallelogram.
w=3—4i

d OB'=4"43'=25 = OB=5
0C*=(-3)" +4*=25 = 0C=5

The gradient of OF is given by m =

e | e

The gradient of OC is given by m':—%L

mm' =—1 and, hence, OB is perpendicular to OC.
The area of the right-angled triangle OBC is given by
1

area = %basexheight=% x3x53=12-

e~ i

The diagonal of the parallelogram
divides the parallelogram into two

i / congruent triangles.
The area of the parallelogram is 2x12— =125

5

© Pearson Education Ltd 2C
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Exercise A, Question 25

Question:

Given that::r—f: =i, wherg is a positive, real constant,

a show that = (& + 1) + i(& - 1).
2 2
Given also thatan(argz) = % calculate

b the value of. ,

c the value ofz|2 .

Solution:
z+2i ; : ’ .
& o You start this question by “making =
=k _ the subject of the formula™ a

method vou leamt for GCSE.

R

Dl x
If z=x+iy, then tan(argz) =
x

2A—-4=4A+2 =2 A= Multiplving all terms in both the
numerator and denominator by 2.
¢ Substitute A =6 into the result of part (a).
s Y e R
z=| —+1|+i]| =—1|=4+2i
SO R b

4

© Pearson Education Ltd 2C
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Exercise A, Question 26

Question:

The complex numberg=2+2i amgl=1+3i are represented on an Argand diagram by th® poul@respectively.
a Displayz andz on the same Argand diagram.

b Find the exact values @2f |, || and the lengtiPQt

Hence show that

¢ AOPQ, whereQ is the origin, is right-angled.

Given thatOPQR is a rectangle in the Argand diagram,

d find the complex numbes; represented by the gRint

Solution:

PhysicsAndMathsTutor.com
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a .}'I“
xQ
¥ 5
L
(9 X
b |z =27+27=8=4x2 = |z |=2+2

2432210 = |z, | =410

3 4

P has coordinates(2.2) and Q (L 3)
PQ* =(1-2) +(3-2) =(-1) +1° =2
PO=12

¢ From(b). OP=242 and 0OQ =+10.
0P +PQ* =(22)' +(42)°
=8+2=10
=00*

Page2 of 2

You use the formula PQ* = {x,— :qjl +(m—» }]
/ from Coordinate Geometry to calculate PQO?.

Bv the converse of Pyvthagoras’ Theorem,

AOPQ is night-angled.

d ¥
e

R< P
0

v

You use the representation of the addition of
complex numbers in an Argand diagram. The
diagonal 0 of the parallelogram represents the

Mt > addition of the two adjacent sides, OF and OR, of
2+2i +2; =1+3i

Z=—11

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 27

Question:

The complex numberis given byz = (1 +3i)(p + qi), wherep andq are real angh>0 .
Given that argz = % ,

a show thatp+2q=0 .

Given also thalz |= 102 ,

b find the value op and the value df.

¢ Write down the value oafrgzD .

Solution:

PhysicsAndMathsTutor.com
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a z=(143i)(p+gqi)
=p+gi+3ipi—3q

=[:p—3qj+(3p+qji

7T

arg z=—, given
4

tan[argz}=tan§

3p+@'_1
p—3q

3ptg=p—3g = 2p+4g=10
= p+2 =0, as required

b |z[ =(p-3¢) +(3p+4) =(1072)°
pr—6pg+9° +9p  +6pg +q° =200
10p* +10g* =200

pr4gt=20 . . 0
From the result of part (a)
p=—-2q ... ..... (2]

Substitute @ into @
497 +g" =20 = 5¢° =20 = ¢* =4
g=12
g =2 substituted into @ gives p=—4_As
p =0 is given in the question, this solution
is rejected and g =-2 is the onlv answer.
p=4.,g=-2

:

¢ argz

i
-

4

© Pearson Education Ltd 2C
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/| .
arg =

a | X

P
L

If z=x+iy. then tan[:argz] =
o

© and ® are a pair of simultaneous
equations, one of which is quadratic and
the other linear. The method of solving
theseis given in Edexcel AS and A
Level Modular Mathematics Core
Mathematics 1, Chapter 3.

You use arg z* =—arg z to wrte down this

: T
answer. Y ou were given that arg z = P
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Review Exercise
Exercise A, Question 28

Question:

The complex numberg amg are giverepy5+i, z,=2-3i.
a Show points representirg amd on an Argand diagram.
b Find the modulus of -2z .

¢ Find the complex numbezz+1— in the foemib , whar@ndb are rational numbers.
2

d Hence find the argument ezﬁ , giving your answer in radians to three significant figures.
2

e Determine the values of the real constarasdq such that::‘t%:;’il = 2i.
- 2

Solution:

PhysicsAndMathsTutor.com
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d

Page2 of 2

vh

If vou recognise the 3.4.5 “triangle”, vou
can write the answer 3 down without
further working.

z; 541 2431 10+15i+21-3 i j
sl T T The question asks vou to put vour answer in
z, 2-31 243 2°+3 the form a+ib . where g and b are rational
e 7+17i =l+Ei -3 numbers. Rational numbers are exact
13 13 13 fractions and so ﬁ and i— satisfv the
ph A conditions of the question. Approximate
i decimals would not be acceptable
u
]
g
= =
o = X
17
13 17
tand=13 =— = 91180
7
13

~L isin the first quadrant
-

arg 2= 1.18, to 3 significant figures

p+ig+3z,=2i(p—ig+3z)
p+ig+15+3i=2pi+2g+6i(2-3i)
=2pi+2g+12i+18
Equating real parts
p+15=29q+18 = p—-24=3 ... 0©
Equating imaginarv parts
g+3=2p+12 = -2p+q=9._. @
02 2p—4g=6... 8
a8+e —3g=15 = g=-5
Substitute into @
p+10=3 = p=-T
p=—1.4=—"5

You find two simultaneous equations by
equating the real and imaginary parts of the
equation.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 29

Question:

z=a+ib, wherea andb are real and non-zero.

aFindz? and% in terms &f andb, giving each answer in the forxz-iy , wherandy are real.
b Show thaz? |= a%+b? .

¢ Findtan(argz?) anctan(arg %) , in terms af andb.

On an Argand diagram the poii'f’ilrepresentss2 and the pot@trepresent% an@ the origin.

d Using your answer tc, or otherwise, show thatP, O andQ are collinear, the3a? = b°.

Solution:

PhysicsAndMathsTutor.com
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a  z'=(a+ib)’ =a*+2abi—b*

=(a*—b*)+2abi

i= 1 Xa—ibza—ib
z a+ib a—-ib a +b
e B
A aJ+E:111

" —(a*—5%) +(2ab)
=a'-2a'b" +b* +4a’t’
=a*+2a’0" +b* =(a’ +57)

.
b |¢

4

Hence |z? |=a’ + 5°. as required.

4 2ab
c tan (argz” | =———
v F a"_b‘
b

| =T

tan|arg— |=—Y T2 —

L gz} a

a +b°

d IfP O and Q arein a straight line then
F R
' argl | must be equal.

tan (arg z* ) and taﬂ{\
\ y |
2ab b

a-b a
28" =—F(a’-b*)
2at=—a*+5°

3a’= b, as required

© Pearson Education Ltd 2C
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I/‘ ¥
arg z o
X

0|

If z=x+iy. then tan[argz] =2 Youthe
x

use the answers in part (a).

¥

If P and  are in the same quadrant, this is
obvious, but when thev are in opposite quadrants
this is not so clear. A possible case is shown
above.
tan | arg z:‘}=tan['—[:ﬂr—6"]:| =tan (6 — 1)
R ()
=tan & =tan arg—
e

tan [S—PI} =tan & because the function tan has

period /. (This is in the C2 specification)
You would not be expected to explain this in an
examination.
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Review Exercise
Exercise A, Question 30

Question:

Starting withx = 1.5, apply the Newton—Raphson procedure onigg)te x3-3 to obtain a better approximation to the
cube root of 3, giving your answer to three decimal pl

Solution:

flx)=x -3 \\The cube root of x is the solution of
B x' —3=0. 1.5 is the first approximation and
vou have to find a second approximation
using the Newton-Faphson formula

£'(x)=3x" X =X, — f,[_x’:J\ )
f(15)=15-3=0375 L
£'(1.5)=3x15% =675

f(1.5) It is a good idea to write down the Newton-
x=15~ £ h 5] Faphson formula and adapt it to vour solution.
_: The examiner will then know what yvou are
=1 5= 0.375 doing.
6.75

=1.444 to 3 decimal places «—__ Correct the answer to the number of decimal

places vou are asked for.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 31

Question:

f(x) = 2 +x- 4. The equatiof(x) =0 has a raot in the interval [1, 2]. Use linear interpolation on the values at the end
points of this interval to find an approximatione.

Solution:
fix)=2"+x—4 The first stage of a linear interpolation is to

o i evaluate the function at both ends of the
f[l] e 7 interval.
f{2)=2"+2-4=2

a-1
. A diagram helps vou to see what is going on
W / 2 and, as vou are going to use similar triangles,
. g to see which sides in one triangle correspond
\x— = to which sides in the other triangle.

i e -+ Solve the equation to find o .
2a—21=21—o
=4 - \
1 This is an exact answer. There is no need to
a=1— =« correct to a given number of decimal places as
3 vou have not been asked to do this.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 32

Question:

Given that the equatio®~x-1=0 has a root near 1.3, apply the Newton—Raphson proceduréxneeex - 1to obtain
a better approximation to this root, giving your answer to three decimal |

Solution:
Let f(x) =x —x—1
£'(x)=3x"-1

£(13)=-0103
£'(13)=4.07

Remember to correct vour answer to the

: *_'___._________._.—-—-—-—4— number of decimal places asked for in the

question.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 33

Question:
f(x) = X3-12x+7.
a Use differentiation to findl'(x) .

The equatiorf(x) =0 has a root in the inter%lad x<1

b Takingx = % as a first approximation&o , use the Newton—Raphson procedure twice to obtain two further approximations to
a. Give your final answer to four decimal plac

Solution:
a £ix)=3x =12 o . ) o .
0.5 | or — | is the first approximation, which
b % =05 L2

vou are given. Y ou have to find two more
approximations. It is useful to call the first
approximation x.the second x; . the third x;.

£(05)=05 -12x05+7=1125
£'(05)=3x05"-12=-1125

etc. This helps vou keep track of where vou are
in a long calculation.

The signs need care here. Missing that “minus
a minus is a plus” is a major source of error,
even at A level!

£(0.6)=06" -12x06+7=0016
£'(0.6)=3x06"-12=-1092

X=X ——
' ()
0.016 Remember to correct vour answer to the
=0 -10.92 = NS number of decimal places asked for in the
=0.6015. to 4 decimal places question.

© Pearson Education Ltd 2C
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Exercise A, Question 34

Question:

The equatiosinx = %x has a root in the interval [1.8, 2]. Use linear interpolation once on the interval [1.8, 2] to find an «
of the root, giving your answer to two decimal pla

Solution:

In this question vou have not been given f ij

f{x)=sin x—lx
' 2 \ and have to choose a function vourself. To
|

choose [r] =sin X=X is sensible as

e

I [:x:I =0 is obviously equivalent to the

; ; 1 ;
equation sinx=—x. which vou are asked to

i

solve.

£(1.8)=007384 ... Remember to work in radians. The final
g " < answer has to be given to 2 decimal places and
f f"J ==0.00070 ... vou must work to sufficient accuracy to
achieve this. 3 decimal places will certainly be
enough to achieve this but there is no harm in

i iving more decimal places.
0_0?334\ S £

5
18 .1\5 0.09070 It is a common error to use —0.09070 instead
Ty of 0.09070 here f [I]is negative but the

number is the length of a side in the diagram
and lengths have to be positive.

Bv similar triangles

x—18 . 2—x
007384  0.09070

The numbers are quite difficult here. Use vour
calculator to help vou “cross multiply™ and

i h ctly.
0.09070xx—0.16326 = 0.14768—0.07384x e Rey

0.16454x=031094

Your answer must be corrected to 2 decimal

x= Ll ~1.89. to 2 decimal places. +— places — the accuracy specified in the question.

0.16454

© Pearson Education Ltd 2C
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Exercise A, Question 35

Question:

f(x) = x* +3x3- 4x - 5. The equatiof(x) =0 has a root between1.2  and.6 . Starting with the interval [1.2, 1.6], use interval
bisection three times to obtain an interval of width 0.05 which contains thi

Solution:
The mid-point of the interval [1-1 1 -5] is You start interval bisection by dividing the interval
12416 ‘_7__________——-—-—'—_—' into two equal parts by findin g the mid-point of an
3 =14 mterval.
£(1.2)=-2.5424 <0 It is not always necessary to calculate the
£(14)=14736>0 walues at both ends and thle mid-point. In this
_ ’ _ case vou already have a sign change between
(f [1-5] =T74416) = x=12 and x=14 and, soit is not necessarv
There is a sign change between x=1.2 and to calculate the value of £ [:1_6].
x2=16.

Hence, the root lies in the interval [:1.1 1.4).

The mid-point of the interval [1.2.1 4] is
12+14

1.3

3

£(13)=-07529 <0

f{14)=14736>0, from above.
G ¥ You calculated f (1.4) earlier and thereisno

There is a sign change between x=1.3 and need to calculate it again.

x=14.
Hence, the root lies in the interval [:1.1 1.—1).

The mid-point of the interval [1.3= 1.4] 15

13414
—— =

-

1.35

f(1.35)=0.30263 =0 from above.

f (1.3] =—0.7529 <0
There is a sign change between x=13 :md/ 135-13=005 and so this interval satisfies

+=135 the requirements of the question.

Hence, the root lies in the interval (1'1 1'35] - (Quartic equations can be solved exactlv. You
mav have access to a computer package or
advanced calculator which can do this.
x=1336 20 is accurate to 5 decimal places,

which confirms the result of vour calculation.
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Exercise A, Question 36

Question:
f(x) =3 tar(g)—x—l, -T<X<m.

Given thatf(x) =0 has a root between 1 and 2, use linear interpolation once on the interval [1, 2] to find an approximation to
this root. Give your answer to two decimal pla

Solution:
X x Unless it is clearly stated otherwise, all
f (x)=3tan L ?j —x=1 t—_— questions on this topic require vou to work in
- radians. Make sure vour calculator is in the
correct mode.

£(1)=—03611

f [2] =16722 The final answer must be to 2 decimal places.
To achieve this vou must work to at least one
more decimal place and it’s safer to work to

more. 4 decimal places will certainly be
1.6722 enough here.

1
0.3611 /‘ 2

Bv similar triangles

x—1 2—x

0.3611 16722

16722x-16722=0.7222-03611x

2.0333x=239442
Correct vour approximation to x to 2 decimal

11776 = places.

. 239442
20333

x =1.18, to 2 decimal places

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 37

Question:
f(x) =3X-x-6.
aShow thaf(x) =0 has aroat betweenal and

b Starting with the interval [1, 2], use interval bisection three times to find an interval of width 0.125 which .

Solution:

PhysicsAndMathsTutor.com
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“ £{xm)=3" =05
£(1)=3-1-6=—4<0
£f(2)=9-2-6=1>0

When vou are asked to “show that™, or “prove
; ; that™ a result is true, vou should give a
There is a sign change between x=1 and ; 2 5
—_— conclusion to vour argument. It is alwavs safe

to base the wording of vour conclusion on the
Hence the function f (x)has aroot @ between,—

wording of the question, as has been done
x=1 and x=2. here.
b 1+2 15 At each stage of an interval bisection question,
—— =13

——— vou begin bv dividing the interval into two

equal parts by finding its mid-point.
£(1.5)=-23038 ... <0

£(2)=1>0.fromabove. «—_  yoy calculated £ (1) and £ (2) in part (a) of
There is a sign change between x=1.5 and

the question and there is no need to calculate
x=1. them again in part (b).
Hence @ = [:l.i 2].

f[l.?S] =-009114 =0
f[:l_]=1 = _ from above.

There is a sign change between x=1.75 and
x=2.

Hence 2 £(1.75. 2).

17542

=1.875

[ )

£(1.875)=—-0.0298 <0

f[:l] =1=0_ from above.
There is a sign change

between x=1.873 and 2—1.875=0.125 and so this interval satisfies
=20 /’/ the conditions of the question.
Hence e [I.S?i 2).
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Exercise A, Question 38

Question:
Given thatx is measured in radians aftg) = sinx - 0.4x,
a find the values of f(2) and f(2.5) and deduce that the equétiono hasea root in the interval [2, 2.5],

b use linear interpolation once on the interval [2, 2.5] to estimate the véq, giving your answer to two decimal plac

Solution:

4 f(x)=sinx—04x
f[l] =0.10929 =10
f[I.S] =—040152 ... =0

There is a sign change between x=2 and
=2

Hence the equation ['_x] =0has aroot & in

the interval [l 2.5

b l You have calculated the values of f [:x] at the
end points of the interval in part (a) and these
0.1093 \\ / values can be used in part (b).
By similar triangles The answer needs to be given to 2 decimal
a2 25— ‘_,,/-—’—“_'/J places; that will be 3 significant figures. It will
0.1093 04015 be sufficient to work to 4 significant figures
here. There would be no harm in using more
04015¢—-0.8030=02733-0.1093 significant figures but if vou onlv worked to 3
05108 =1.0765 significant figures the last figure might be
= 2.11, to 2 decimal places. inaccurate.
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Review Exercise
Exercise A, Question 39

Question:

T

f(x) = tanx+1-4x, -Z <x<Z.
2 2

a Show that(x) =0 has aroet inthe interval [1.42, 1.44].

b Use linear interpolation once on the interval [1.42, 1.44] to find an estime, giving your answer to three decimal pla

Solution:

" f(x)=tan x+1 —dx? To show a change of sign, you only need to
calculate the values of the function to one
significant figure. However later in the
question vou are asked to give vour answer to

3 decimal places {(which will be 4 significant
figures). It is sensible to work out and write
down at least 5 significant figures here. You do
not want to carry out or write out the
caleulations twice. It often pays to read quickly
the interval [1 421 _44] I through a question before vou start if.

/ 0.30743

a 1.44

£(1.42) ~—048448 <0
£(144)~030743>0

There is a sign change between x=142 and
x=144.

Hence the equation f [x] =0hasaroot & in

[=1

]

048448

By similar triangles
a—-142 144-a
048448 030743

(0.30743+0.48448)
= 144x0.48448+142x0.30743

0.7919x =1.1342018
& ~1432, to 3 decimal places.

© Pearson Education Ltd 2C
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Exercise A, Question 40

Question:

f(x) = cosyX —x

a Show thaf(x) =0 has aroat in the interval [0.5, 1].

b Use linear interpolation on the interval [0.5, 1] to obtain an approximation to . Give your answer to two decimal places.

¢ By considering the change of sign of)fover an appropriate interval, show that your answbrisoaccurate to two decimal
places

Solution:

a f[:x;lzcc'sx'x—x
In this topic, angles are measured in radians,

£(0.5)=0.2602 =0 «——  unless otherwise stated.
f(1)=—-0.4597 <0

There is a sign change between x=0.5 and

x=1.

Hence the equation f (x) =0has aroot & in

the interval [0.5.1].

0.2602 | N
0

B 2t

/._.
=
i
Lh
o
-

By similar triangles
a-05 1-a

02602 04597

0.4597¢—0.2299=0.2602 —-0.2602c
0.719%9a =0.4901

o = 0.68. to 2 decimal places If 0.68 is accurate to 2 decimal places then o

must lie in the interval 0675 < o <0.685_ Any

c £(0.675)=0.00606 ... > U*\ number in this interval rounded to two decimal
f [0.685] =—{00B38 ... .<0 = places is .68, You evaluate f [:x] at the end
There is a change of sign and, hence, points of this interval and, if there is a change
o e [[}_5?1 0.685) . of sign, vou know that & lies in the interval

and vou can deduce that (.68 is accurate to 2

Hence o =0.68 is accurate to 2 decimal ;
decimal places.

places.
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Exercise A, Question 41

Question:

f(x) = 2¥-x2-1

The equatiori(x) =0 has aroet between4.256  ardt.26

a Starting with the interval [4.256, 4.26] use interval bisection three times to find an interval 0§ wirdfH

b Write down the value ¢, correct to three decimal plac

Solution:

£(4.256)=-0.0069 ... <0

£ (4_253) =00025 .0 = no need to calculate [4.26_] :
There is a sign change between x=4.256 and
x=4238.

Hence a =[4.256. 4.258].

4256+4 258
2

4257

f[4.25?] =-00021..=0
f[:4.258]: 0.0025 ... =0, from above

There is a sign change between x=4.257 and
x=4238.
Hence o e[4.257.4.258].

Pagel of 1

which eontains .

As vou already have a change of sign, there is

257 +4.25
IR gy
2
£(4257)=-00021 =0, from above 4.2575—4.257 =0.0005, which is the same as
' : 5x107, and so the interval [4.257,4.2575]

£(4.2575)=000018 ...>0

There is a sign change between x=4.257 an
x=42575. COITECt.

Hence o €[4.257.4.2575].

satisfies the conditions in the question. The
open interval [4.251 4.25?5] would also be

Any number in the interval [4.257.4.2575]

b Asie [4_25?_ 4_25?5]_ i g ——————— rounded to 3 decimal places would be 4 .257.
) - Accurately o =4.257 4619 ___ which is 4.257,

o =4.257 is accurate to 3 decimal places. 50 3 deciradd Blaces:

© Pearson Education Ltd 2C
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Exercise A, Question 42

Question:

f(x) = 2x2+%—3

The equatiof(x) =0 has araot inthe inteval< x < 0.5

a Use linear interpolation once on the intel@@l< x<0.5  to find an approximatien to . Give your answer to three decimal places.
b Findf'(x).

¢ Taking 0.4 as an approximatione, use the Newtc—Raphson procedure once to find another approximatia.

Solution:

a f[:x:|=2r:+l—3
x

£(03)=051333 _ >0
£(05)=—05<0

|
0.51333& et

0.3

/
e
LA

By similar triangles
a—035 05-a
0.51333 035

(0.5+0.51333)x =0.5x0.51333+0.3%0.5
1.01333a = 0.4066

s oamal glaes: ! =x"' and the rule for differentiation
x
' 1 ;
b f'(x)=4x—— <—-_._\________‘____-_i[r’=]=nxﬂ-1 s
A dx” ¢
: o 5.0 1
C f(04)=-018 E[x J=—1xx" = =
f(04)=—465
£(04
6E=U.4——r[: )
£'{0.4)

No accuracy has been specified in the
= U_4—E question. Giving the answerto 2 or 3
4.?5(/// significant figures is reasonable.
o= 0.361

© Pearson Education Ltd 2C
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Exercise A, Question 43

Question:
f(x) =0.25% - 2+4 sinyX.
a Show that the equatidfx) =0 has areot between.24  xarm28

b Starting with the interval [0.24, 0.28], use interval bisection three times to find an interval of width 0.005 which «

Solution:

[:x] =025x—2+4dsinyx *——— Remember to carry out the calculations in
radian mode.

f

£(0.24)=-006<0

f [:0.28_] =0.09 =0 \ In a question where vou onlv have to consider
There is a sign change between x=0.24 and sign changes, younced erly work to.anc
=028 | ’ significant figure. The solution shown here

gives the minimum of working. You can, of
course, show more decimal places if vou wish.

a

Hence the equation f (x] =0 hasaroot &

between x=024 and x=028%.

024+028

7

£(026)=0.02>0
£(0.24)=—0.06 <0, from above

0.26

There is a sign change between x=024 and
x=026.

Hence z £[0.24.0.26].

024+026
—_—-=
£(0.25)=-0.02<0

f[:U.Eﬁ] = (.02 = 0, from above

There is a sign change between x=0.25 and
x=0.26.

Hence  £[0.25.0.26] .

0.25

0.25+0.26

=0.255

b |

£(0.255) ~ ~0.001 <0
£(0.26)~ 0.02 >0, from above

There is a sign change between x=0.235 and
x=0.26.

|
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Exercise A, Question 44

Question:

f(x) = X3+ 8x - 19

a Show that the equatidtx) =0 has only one real root.
b Show that the real root &k) =0 lies between 1 and 2.

¢ Obtain an approximation to the real roof(ef = 0 by performing two applications of the Newton—Raphson procequre to f(
usingx =2 as the first approximation. Give your answer to three decimal places.

d By considering the change of sign of)féver an appropriate interval, show that your answerigaccurate to three decimal
places

Solution:

PhysicsAndMathsTutor.com
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a £'{x)=3x"+8
As forallx, " =0, f'[x]}gb 0 for all x.
As the derivative of f [:r] is always positive,

f (x) is always increasing.

b Y

f;:r//x= y=="""

Asf [x}is alwaws increasing it can only cross

the x-axis once. as shown in the sketch and,
hence, the equation f [:x'] =10 has onlv one real

root.

b £(1)=-10<0
£(2)=5>0

There is a sign change between x=1 and
x=2.

Page2 of 3

Drawing a sketch diagram helps vou to see
what is going on. If the function is always
increasing, after crossing the x-axis it can
never turn round and cross the axis again.

Y ou should give a conclusion to this part of the

Hence the real root of f (x) =0 lies between question. You can word the conclusion by

x=1and x=2_

modelling it upon the wording in the question.

This is the Newton-Raphson formula

()
£'(,)

with the values that apply in

c xn=2
f(2)=20 P
£'(2)=5 T
L:I—f[zj zl—izi_?i this question.
’ £'(2) 20
£(1.75)=0.359375
£'(1.75)=17.1875
1.75
. £(1.75) _ 450359387
: £'(1.75) 17.1975

22 1.729, to 3 decimal places
d f(1.7285)~—0.0077 <0
£(1.7295)~0.0092>0

There is a change of sign between x=17285
and x=1.7295  Hence the root of the equation

lies in the interval [:1.?285= 1_?295] ;

It follows that the root is 1.729 cormrect to 3
decimal places.

© Pearson Education Ltd 2C
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If 1.729 is accurate to 3 decimal places then o
must lie in the interval 1. 7285 < ar<1.7295 .
Anv number in this interval rounded to 3
decimal placesis 1.729. You evaluate f [:x)l at
the end points of this interval and, if thereis a
change of sign, vou know that the root lies in

the interval vour answer is correct to 3 decimal
places.
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Exercise A, Question 45

Question:

f(x) = x3-3x-1

The equatioffi(x) =0 has arapt in the intefval, - 1]

a Use linear interpolation on the values at the ends of the infegvat 1] to obtain an approximation to .
The equatiorfi(x) =0 has a rgét in the intefval 0]

b Takingx = -0.5 as a first approximation fo , use the NewRaphson procedure once to obtain a second approxima
p.

The equatiori(x) =0 has aropt inthe interval [1.8, 1.9].

c Starting with the interval [1.8, 1.9] use interval bisection twice to find an interval of width 0.025 which centains .

Solution:

PhysicsAndMathsTutor.com
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a £(—1)=(-1)"-3(-1)-1=—-14+3-1=1
£(-2)=(-2) -3(-2)-1=-8+6-1=-3

! -1
3
| Finding distances on the negative x-axis can be

/ difficult. The distance is the positive difference
I between the coordinates, so you must subtract

a—(-2)
3 1 the coordinates and. as & —[—2) =+ 2, this
ag+2=—"-3cx will be positive when & is between —1 and
4a=-5 =3
o —1.25
b £'(x)=3x" -3
f(—0.5)=0375
£'{-0.5)=—225 This expression evaluates as exactly —1 but as
f [:_[]_5} 0.375 / this is an estimate of 5, and not an exact value
f="05————="05—— £ B it b1 L )
f'[—[ﬁl_i\] _198 of A _itis sensible to give the answer to 2
decimal places.
G=-33
¢ 1.8+19

-

£(18)=-0368<0
£(1.85)=—-0218 <0

£(19)=0.159>0

There is a sign change between x = 1 85 and
=14
Hence e [1.81 1_9].

185419 _

2
£(1.875)~—0.0332 <0

f [1.9] =0.1539= 0. as above

1.875

There is a sign change between x=1873 and
r=19.

Hence y=(1.875.1.9).

© Pearson Education Ltd 2C
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Exercise A, Question 46

Question:

A point P with coordinatesx, y) moves so that its distance from the point (5, 0) is equal to its distance from the line with
equationx = -5 .

Prove that the locus & has an equation of the foryd =4ax , stating the value of a

Solution:

A diagram helps vou see and understand
what is going on. You should label
important points. If letters are not given
in the question, vou can make vour own
up. Putting them on a diagram makes
vour method clear to the examiner.

Using the formula

-

d’ =[x1—_1::J +[,1'1—}';_]] it

is often easier to worlk with

By the dEf‘lHitiDI} of a parabola the distances squared rather
SP1= PN than with distances.
SP== PN

§(5.0), P(x.3)
B 1 - Along PN, the distance from P to the
SP=(x-x) +(3n-1) y-axis is x, and it is a further distance

= LJL—SJ‘—:'//“ 5 from the y-axis to N.
PN=x+5

SP* = PN?
(2— 5]: +y° = (x+ 3) ” Multiply out the brackets using
)((—mx+\2‘§\+}'::/f/+1[]x+\2‘§\.‘— (a+B) =a’+2ab+b" . Then

“rancel” the equal terms on both
sides of the equation.

v =20x

Comparing with 1° =4ax . this is the

required form with a=35.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 47

Question:

A parabolaC has equatioly? = 16x . The poiBtis the focus of the parabola.

a Write down the coordinates of S

The pointP with coordinates (16, 16) lies @

b Find an equation of the lir#, giving your answer in the forax + by + c = 0, wherea, b andc are integers.
The lineSP intersect<C at the poinQ, whereP andQ are distinct points.

¢ Find the coordinates Q.

Solution:

PhysicsAndMathsTutor.com
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C

il

8

/{(iaﬁﬁ]

L J

L~

Page2 of 2

Y ou should mark on vour diagram any
points given in the question. Here mark 5,
P and 0. Diagrams often help vou check
vour working. Here, for example, it is
obvious from the diagram that (0 must have
a negative y-coordinate. If vou got y =4

{a mistake it is easy to make), vou would

il
-

know vou were wrong and look for an error
in vour working .

The focus of the parabola with equation
v? =4ax has coordinates [aﬁ]. Here a=4.

The question asks vou to write down the

answer, 50 vou do not have to show working.

a S40) &¥—rn— 000 |
b Using YR TR Gith
Y= HmH C—e
[xl }'1}:[:4= 0) and [\-‘C;“L;}—Llﬁ:iﬁ):
an equation of SP is
y-0 x-4
16-0 16-4
y x—4
16 12
W y=16" (x-4)
Jy=4x—16
4x—3y—-16=0
c From (b)
_3y+16
4
Substitute for xin y* =16x
3 s 3p+16 )
V=16 T =12y +64
. A )
1-1—12}-—54=0_
[: fl +—1 =0
v=16 cm‘respcnds to the point P.
For O, y=—4

_3x—4+16 4
- -
The coordinates of (J are [:L —4].

© Pearson Education Ltd 2C
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Methods for finding the equation of a straight
line are given in Chapter 3 of Edexcel AS and
A-Tevel Modular Mathematics. Core
Mathematics 1. You can use anv correct
method for finding the line.

To find Q vou solve the simultaneous
equations 4x—3y—16=0 and 3° =16x.
The method of using substitution, when
one equation is linear and the otheris
guadratic, is given in Chapter 3 of
Edexcel AS and A-Tevel Modular
Mathematics, Core Mathematics 1.
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Exercise A, Question 48

Question:
The curveC has equationg = 32, y = 6t.
a Sketch the graph of the cur@

The curveC intersects the line with equatign- x - 72

at the pokendB.

b Find the lengttAB, giving your answer as a surd in its simplest fi

Solution:

a

You have to recognise that x=3¢", y =6¢
is a parabola and draw it passing through
the origin with the correct orientation.

/

For the intersections, substitute x = 3¢2, ¥

=6t
T

into y=x—72

Pagel of 1

(3¢, 62 ) is a general point on the parabola.

6r=3—72
3 —66-72=0
(<3) £-2t-24=0
(1—6)(z+4)=0
r=6.—4

The points 4 and B must be of this form
and, if they also lie on the line with
equation ¥ =x— 72, the points on the
parabola must also satisfv the equation of
the line.

-
-

For 4, sav, t=6
x=3 =108, y=6:=36

For B say, t=—4

The question does not tell vou which point
is A4 and which point is F but, as vou are
only asked to find the distance between
them, it does not matter which is which and
vou can make vour own choice.

x=31 =3x(~4)" =48 y =6r=-24

Using d* =[I1—Xq)j +|:J-'1_J*':):
AB =(108-48)" +(36—(~24))’
=60 +60° =2 =60

AB =(2%60" ) =602 44— |

© Pearson Education Ltd 2C
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You are asked to give vour answer as a
surd in its simplest form. 84 85 is not
acceptable as it is not a surd and v 7200
is not the simplest form. A surd in its
simplest form contains the square root
of the smallest possible single number.
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Review Exercise
Exercise A, Question 49

Question:

A parabolaC has equatioy? = 12x . The poinsandQ both lie on the parabola and are both at a distance 8 from the directrix
of the parabola. Find the lencPQ, giving your answer in surd for

Solution:

+—r 8§ —>
3 pe— p —»

v

v . 2 v
The directnix of y° =4daxis x=—a.

o 5
= Comparison of ¥* =4ax with y* =12x
shows that, in this question, a=3.

The equation of the directrixis x=-3.
If the x-coordinate of Pis p,
p+3=8 = p=>5
The y-coordinate of P is given by
' =12x=60 = y=460

By symmetry. the coordinates of O are (5. —V60) | Pis vertically above () and the distance
PO =260 —4415 from P to O is twice the 1—coordinate of P.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 50

Question:
The pointP(2, 8) lies on the parabo@with equationy? = 4ax . Find
athe value of,

b an equation of the tangent@oatP.

The tangent t&€ atP cuts thex-axis at the poinK and they-axis at the poinY.

¢ Find the exact area of the trianiOXY.

Solution:

a Substitute [l S] into v: =4ax.
6d=4ax2=8a = a=§=8

& 2 0 3
When a=8 and x=2
dy B 242
dr V2 42
Using y—y = m[:x—xlj . the tangent

toCatPis \

a4
i

e e
Wil dx

Using i[f’] e
dx-\. Fy

*.
[x- |=Tr =

y—8=2(x-2)=2x—4 *
y=2x+4
c AtX y=0 = 0=2x+4 = x=-2
So 0¥ =12
AtY x=0 = y=2x0+4 = v=4
S0 0Y =4

Area &GX}'=%DX 3 O}’:% % w4 =4

© Pearson Education Ltd 2C
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The method for obtaining the equation
of a straight line when vou kmow its
gradient and one point which it passes
through is given in Chapter 5 of
Edexcel A5 and A-Level Modular
Mathematics, Core Mathematics 1.
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Review Exercise
Exercise A, Question 51

Question:

The pointP with coordinates (3, 4) lies on the rectangular hyperboldth equatiorxy = 12 . The poir® has coordinates
(-2, 0). The pointd andQ lie on the lind.

a Find an equation of biving your answer in the formm=nx+c , whareandc are real constants.
The linel cutsH at the poinR, whereP andR are distinct points.

b Find the coordinates R.

Solution:

PhysicsAndMathsTutor.com
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Page2 of 2

You can see from the diagram that
both the x- and y-coordinates of R
are negative. This will help vou
check vour work in part (b).

. y— ¥
a Using —=1
¥i—h

x—x :
= L with «—— |

T

Methods for finding the equation of a straight
line are given in Chapter 5 of Edexcel AS and
A-Tevel Modular Mathematics, Core
Mathematics 1. You can use any correct
method for finding the line.

y—4  x=3 /
0-4 -2-3
y—=4 x—
BT
5(y—4)=4(x-3)
5v—20=4x-12
Sv=4x+8
1-%1+§ ...... *

b  Substitute * into the equation of H.

x =12
4 &)
xrf—x+— (=12
5 5)

Part (b) involves solving a pair of
simultaneous equations, one of which is linear
and one of which is quadratic, asxyisa
quadratic term. Substitution is used to solve
such pairs of equations.

4

Ex:+§x=12 = 4" +8x=60

r+2x-15=0
[:x+ Sj [x—?r_] =0
x=-—53

x=73 corresponds to the point P.

ForR. x=-—-5 *
12 12

24

¥

x -5
The coordinates of R are [—5=—2.4:I

© Pearson Education Ltd 2C
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There are two points on both the line [ and
the parabola H. You are given the

coordinates of one (3, 4) in the question.
Y ou are looking for the other point, so vou
must reject the value of x (3) which
belongs to P and take the other value.
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Exercise A, Question 52

Question:

The point B12, 3) lies on the rectangular hyperbolavith equatiorxy = 36 .

a Find an equation of the tangent taatHP.

The tangent to kit P cuts the-axis at the point Mind the yaxis at the point N.

b Find the lengttMN, giving your answer as a simplified st

Solution:
a }.“.
\H
P(12.3)
0 M
J;=E=3L‘:»x'_l *
x

W oS 20

dx x5

At P, x=12

(&) _ 36 1

lac), 12 4

Using v—3, =m (x—:'c1 ) . the tangent
to Hat Pis

1
gty
¥ 4(x )

4y-12 =—x+12
x+4y=24

b AtM v=0 = x=24 = OM =2+
AMMx=0= y=6=0N=06
MN? =0M? +0ON?

=241+ 6" =612=36x7

Wi S ),
()

oL VPR T O R . 5
: Ea B x

i o 8

No particular form of the equation
of the tangent has been specified
and anv form would be accepted.
x+4y=24 has been chosen here

as, reading ahead, vou will have to
substitute x=0 and ¥ =0 into the

equation to find the comresponding v

and x._ Tt is verv easv to do this with
this equation. Reading ahead can
often save time.

MN=6NT =

© Pearson Education Ltd 2C
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A surd in its simplest form has the
square root of the smallest possible
single number.

Pagel of 1
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Review Exercise
Exercise A, Question 53

Question:

The pointP(5, 4) lies on the rectangular hyperbblavith equationky = 20 . The linkis the normal té1 atP.
a Find an equation of biving your answer in the forax+by +c = 0, wherea, b andc are integers.

The linel meetsH again at the poir®.

b Find the coordinates Q.

Solution:

PhysicsAndMathsTutor.com
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a
The normal to A at F is perpendicular to
the tangent at P The tangent has here

——— been drawn as a dotted line. To work out
perpendicular gradients vou will need
the formula mm'=-1.

g
20
y=""=20x"

x You have to find the gradient of the tangent
- e _ 20 before vou can find the gradient of the normal.
de 0 52 You find the gradient of the tangent by
AtP x—5% differentiating.

(dy) 20 4
ldx). 5 5
For the gradient of the normal, using mm'=-1,
{43 5
| ——=|nm=—1 = m' =—
L 5) 4

Using y—1; =m{x—2x ). the normal

5.
toHatPisy—4=>(x—-3) ) )
4 ’ You were asked to give vour answer in the

4(y—4)=5(x-5) form ax+&y+¢=0, where a. b and ¢ are
e 53:;:."5"// integers. The answer —5x+4y+9=0
5x—41-9=0 would also have been acceptable.

b Reamanging the answer to part (a)

41+9
=
5
Substitute this expression for x into xy= 20
f4y+97 S )
|~z JL == Expressions like 43" +9y—100 are not easv to
L D

A4y+9)y =100 factorise but, as P lies on both / and H, vou know
I: Prs s that the y-coordinate of P, y =4 , must be one

4y +9y-100= 04:7- answer to the equation. So (¥ —4) has to be one
(y—4)(4y+25)=0

factor and the other can just be written down

e using x4y =4y’ and —4 %425 =—100.
T 4
v =4 corresponds to the point P.
=
For Q, y=—6.25 = x(-6.25)=20 = xz_ﬁ*sq:_a_z

The coordinates of (@ are (3.2, —6.25)._

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 54

Question:

The curveH with equationx = 8t, y =% intersects the line with equat}'m%x+4 at the pgimatsdB. The mid-point ofAB is
M. Find the coordinates M.

Solution:
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Substitute x =8, ¥ .. iW
r s
*8r+4

g 1
r 4
§=21.‘+4
t
Multiplving bv ¢ and rearranging
26 + 4 —8=0
(+2) £ +2u—4=(r+4)(r-2)=0
=2 -4

Ford say, =2 = x=8=8x2=16

Page2 of 2

- »

f 2
| 8¢ — |
\ Tt/
hvperbola. The points 4 and B must be of
this form and, if they also lie on the line

is a general point on the rectangular

; ; 1 :
with equation y = 5 x+4 . the points on the

parabola must also satisfv the equation of
the line.

The question does not tell vou which point is 4
and which point is B but, as the mid-point is not
affected by the choice, it does not matter which
is which and vou can malke vour own choice.

The x-coordinate of the mid-point of A58
is given by

632
=R

—8

Ly

The y-coordinate of the mid-point of A58
is given by
4-1

2

Yu =

=1

The coordinates of M are f—E 1].

© Pearson Education Ltd 2C
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The coordinates of the mid-point M of

A [xl= J.'l) and B(x;. }'J] are given by
o (HEx BEw)

(‘j'-;'ﬂ':vl'_‘d’\}_k 2 : P )-

e
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Question:

The pointP(24t%, 4&) lies on the parabola with equatir= 96x . The g@aiso lies on the rectangular hyperbola with
equationxy = 144 .

a Find the value of and, hence, the coordinateshof

b Find an equation of the tangent to the parabd® giving your answer in the formn=nmx+c , whereandc are real
constants.

¢ Find an equation of the tangent to the rectangular hyperbBlagating your answer in the forpp=nx+c , wheareandc are
real constant

Solution:
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The point with coordinates [ at*, 2at)
Vi c always lies on the parabola with

' equation v’ =4ax . in this case a=24.
so P is on the parabola for all +. There

| N will however only be one value of ¢ for
which P also lies on the rectangular

[. 245 48::} must satisfv the equation xy =144 hvperbola and vou find it by
245 % ARF — 144 substituting (24¢7, 48¢) intoxy =144 .
144 1 1
2448 8 2
) 1y
ForP, x=24r =24x| —| =6
\2)
}'=4Sr=48x% =24
The coordinates of P are (6, 24). gﬁzlﬁxﬁz.il:l"xﬁ_
2 i 47 | Sov96=+(4'x6)=446
b ¥ =96x = y=(96)" xF =446x° '
L s (i
de 2 x?
F_' ]
Avw=g, o205
x A6

Using y—y, =m [x—xlj . an equation of the tangent to the
parabola at P is
y—24= I[x— 6)=2x—12

y=2x+12
é }':E:l:&?g_’l
x
§=—144x-1=—ﬁ
dx x
Apwes, Dlultls y
dx 6

Using y—3, =m(x—2x ). an equation of the tangent
to the hvperbola at P is
y—24=-4{x—6)=—4x+24
¥=—4x+48

© Pearson Education Ltd 2C
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Question:

The pointsP(9, 8) andQ(6, 12) lie on the rectangular hyperbélavith equatiorxy = 72 .

a Show that an equation of the ch&@ of H is 4x + 3y = 60.
The pointR lies onH. The tangent tél atR is parallel to the chorBQ.

b Find the exact coordinates of the two possible positioR.

Solution:
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The diagram shows that there are
two positions of R, labelled R, and

R, in the diagram, where the
tangents to A are parallel to PQ.

When vou are asked to show that an
equation is true, vou must use algebra to
transform vour equation to the equation
exactly as it is printed in the question.

a }.n_
.: H
B N
T '
\N IIIRI _‘_\_"":‘--.._‘-‘_\_""‘-,____:\'_fr
R- X
Using YN TR itk
Ye—¥ M=
P(x.y1)=(9.8) and O(x,. 3,) =(6.12).
an equation of the chord PQ is
y—8 x-9
12-8 6-9
y—8& x—9
- =3
—3[:}'—8] =—1[x—9]
—3y+24=4x-36
4x43y =060, as required.
b Rearranging the answer to part (a)

3y=—4x+60 = y= —%x+ 20

The gradient of the chord is —g :

Ifthe tangents are parallel to 4B, the gradients

The lines v=mx+¢ and yv=mx+c'
are parallel if m =m'. For AB,

of the tangents must also be = o :_i F S ReEE. m':E_ The
oyl d.:l' =2 3 : .
y=7x" = E=—?-x = key step is. therefore, solving
T2 4 E=—i
S dx 3
X 3
; . 12
Tax3ed = A=) j3:54
x=%454=4346
3 3
B e B g o SN i
3IVe 346
¥ ¥
At R, x=+6y=— T2 =—1"X6=_41-|5
- 346 346

The coordinates of the two possible positions of
Rare (3v6,446) and (346, —46).

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com




Heinemann Solutionbank: Further Pure Page3 of 3

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 2

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 57

Question:

A rectangular hyperbold has cartesian equatien=9 . The p((tBrt %) is a general poit on
a Show that an equation of the tangerit-ltat(3t, TS) iSx +1% = 6t .

The tangent t¢d at(3t, TS) cuts the-axis atA and they-axis atB. The pointO is the origin of the coordinate system.

b Show that, at varies, the area of the trian(OAB is constan

Solution:
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Using i[f’\] =T,
d_.{.-\. 4

y= E = gx_l
x
d_lz_gx-: :_> i’gx'lt] =—1x9x ! = 0x7? =—i:.
32 dx’ X
il b
dx L3:_] ¢
; f ; o . &Y P i
Using y—y, =m{x—2x ) with (x, J,-l_]:i 3z, ;j ; You can use (x, » le 3z, 4 in
the tangent to /7 the formula y—y, =m(x—x) in
}-_i =—i,[:x—3r] < exactly the same way as vou use
3 o

(= ) Py-3t=—x+3¢

x+1'y =6¢, as required.
b For A, substitute, v=0 into x+r3}' =61,

x=60 = 04d=06¢

For B. substitute, x=0 into x+r:}' =61f.

Fy=6f = ,v:E — op=5
£ £
1 1 6
ME&&GAB=;OAXOE=; < ftx — =18
i = t

This area, 18, is a constant independent of . —

© Pearson Education Ltd 2C
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coordinates with numerical values
like, sav, (6 4.

This result means that no matter
which point vou take on this
rectangular hvperbola the area of the
triangle (4 F is always the same, 18.
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Question:

The pointP(ct, %) lies on the hyperbola with equatigr 2, whdeea positive constant.

a Show that an equation of the normal to the hyperbdbaist
tx-ty-c(t*-1) = 0.
The normal to the hyperbolaRimeets the ling=x &b. Given that # +1 ,

b show thaPG? = cz[t2 + izj
t

Solution:
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a i
y
| G
JP
=
y= o i
x . .
dv o The normal to H at P is perpendicular to
—=—Ccx =——5 the tangent at P To work out
dx 2 perpendicular gradients vou will need
At P, x=ct the formula mm'=—1_ So vou have to
dy e X find the gradient of the tangent before
& B 7 vou can find the gradient of the normal.
You find the gradient of the tangent
For the gradient of the normal, using mm'=-1, e
" ! 2
l——lm'=—1 = w'=r
\ 2%}
s : (. &)
Using y—y =m(x—x ) with (2. ) =; ¢k, —j :
L
an equation of the normal to the hvperbola at P is
[
y——=t(x—ct)
t
€
V——=Fx—¢l
r
(xt) yt—c=Fx—ct’ When vou are asked to show that an
Pr—ty—cttLe=0 equation is true, vou must use algebra to

transform vour equation to the equation
exactly as it is printed in the question.

PhysicsAndMathsTutor.com
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b For 7, substitute y = x into the result in part (a)

Fx— x:r—.:|::4 ~1)=0

(£ —£)x=c(e*-1)

Page3 of 3

You could not “cancel” the [:r1 —1:}

terms if £ ==1, as then [~r1—1§] would be

(. but these cases are explicitly ruled out
in the question.

Using ﬂr:=|:xl_x:)‘+['_}'1_}’2;|‘
r =
with{x,, 3, )= cr+— f:r+— |
[\1 1) |\- IJ
. 'f c"‘
(2 92) =| et |
\. I &

cfet-1) ele~1){+1) 2, c
A= '3 — = = = = —
=i r[r* ] 4
F c“‘.
The coordinates of ¢ are ca.‘+— ct+ _,J
I
PG]_['xl_x];I‘_H:yl_}:]‘ ) /
EI.-- o -..12 ‘-' s c:*-\.':‘l
=l ct+——ct| +| er+———
W T T G
: 7.9 { bl 1 -l‘l .
e o i s [l sy |- as required
o i

© Pearson Education Ltd 2C
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Exercise A, Question 59

Question:

a Show that an equation of the tangent to the rectangular hyperbola with eq;aat't:?n

Tangents are drawn from the poin8,(3 ) to the rectangular hyperbola with egyatios

b Find the coordinates of the points of contact of these tangents with the hy)

Solution:

PhysicsAndMathsTutor.com
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L4

The diagram shows that, in part
(b), the tangents have two points
of contact with the hyvperbola.
One is in the first quadrant and

the other in the third.
a
& 5. .-
a V=—=¢'x
x
dy 1 -2 c
—=—X =——
x
At x=¢t
’
dy ¢ 1
dx 't £

" <
f i

Using y—», =m(x—x ) with(x, }ﬂzll ct, E; !
’ ) I\ I-"

an equation of the tangent to the hvperbola is

1

] —£=——,I:x—cr}

t i

¢ x €
¥ =tagh e

t E 3§ Part (a) is a general question. Part
s :E (k) is about the specific rectangular
T 8 hyperbola with ¢’ =16 . The first

[.XIP] rfy+ x=2er, as required: step in part (b) is to adapt the answer
o in (a) to (b) by substituting ¢ =4 .

b When ¢ =4, the equation of the tangent is
v+ x=8¢

(—3.3) must lie on both tangents and

I:—l 3) satisfies the Equ&':ij/// vou use this to obtain a quadratic in .
3t —-3=8

PhysicsAndMathsTutor.com
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3 & —3=(3¢+1)(r-3) =0

=23
3
ro4
The points on the hyperbola are L4r= _,j
I
II.-' *-\.l:‘
£ | ra o
When I=—1=the pointis | ——,— |=| ——.-12 |
3 37 1 L3 )
; 3}
b3 A%

When #=3, the point is 1| 12 3 [
L
The points of contact of the tangents with the hvperbola

Fd N o fo A
are '—i=—12'a.nd'lli'

TE A

© Pearson Education Ltd 2C
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Exercise A, Question 60

Question:
The pointP(atz, 2at) , where>0 , lies on the parabola with equay?tm4ax
The tangent and normal Rtcut thex-axis at the point¥ andN respectively. Prove th%{l— =t

Solution:
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The # >0 in the question implies that vou
onlv need to consider the part of the
parabola where ¥ =0, that is the part

above the x-axis.

To find an equation of the tangent PT
yVi=dax = v =2a"x} (¥>0)

e i M
v=2ax dx dxV 4 ° =
1 3

dy 1.8 O
—=—xlaxi=—
dx X3
At x=at’, 2 =a't
dy a 1
dx a%r i

USiIlg l}l—}.ll :m".x—x].:] ‘l,'l.ﬁ_th {xl= }_.1.'] ={'a'j'1= ‘_{Jr] 3

an equation of the tangent to the parabola at P is

1 .
}'—Iar=—|x—ar.‘]
T

tv—2at=x—at The tangent crosses the x-axis
73
tv=x+at" ... .. 0 where y=10._

To find the x-coordinate of T, substitute ¥ =0 mto @

O=x+at’ = x=-ar
Using dlzl:xl—xz}lﬂz}fl—}':_]l with
(3%,_}'J=(af:=2ﬂf} and [:xr}':‘_izli—m.‘::ﬂ:l
PT* =(at’ —{—aﬁ_}'}: +(2at—-0)’

—(2a?)’ +4a*F = 4" + 4a*F

=dar(£+1) .. . e The normal is perpendicular to
the tangent. From working
To find an equation of the normal PNV . earlier in the question, you
Using mm'=—1_ « know that the gradient of the
Exm':—l = m = tangent is —.
t 3

Using y—w =m'(x—x ) with (x.3,) ={;a£:= Ear:]=

an equation of the normal to the parabola at Pis

PhysicsAndMathsTutor.com
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v—2at= —rfr:c—m‘: |

5 The normal crosses the x-axis
=—tx+ arq where y=0.
y+ix=2at+ar _._ .. 3]
To find the xcoordinate of NV, substitute v =0 into ©

tx=2at+af = x=2a+at’
Using ::271=[':::‘1—_1;_\_‘}1+I:J;1—JI.':‘_I1 with
{:x:i:;;'l}:['m‘::la.r'] and [x:=}':}=(2a+at:= ﬂ}
5w SR 2
PN =(ar’ —(2a+af' )| +(2at-0)
=(2a)" +(2at) =4d" + 4a’F
=4a (1+7)
From @ and @
pr? dar(f+1) .
R
PN°  da'(e +1)

Hence

=t as required.
PN o

© Pearson Education Ltd 2C
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Exercise A, Question 61

Question:

The pointP lies on the parabola with equatig?l=4ax , Whatlie a positive constant.

a Show that an equation of the tangent to the paratat#, 2ap), p> 0, is py = x + ap2.
The tangents at the poirap?, 2ap)  aDEg’, 2aq)(p# g, p>0, g > 0) meet at the poirit.
b Find the coordinates of.

Given further thaN lies on the line with equation=4a

c find p in terms oig.

Solution:
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- foog Usi —_ x’”' = it
4 ¥y =dax = y=2a'x’ (y>0) i e
y=2a'x d_i[xé B P
i X -
d;-l' = lx 2afx T =1
dx 2 x-i
At x=gp?, =aip
dy a’ 1
dr &'p p
Using y—1 =m(x—2x) with (x.3)= (ap?.2ap).
an equation of the tangent to the parabola at Pis
1 5
y—2ap=—|x—ap’|
= !
pv—2ap’ =x—ap’
py=x+ap”. as required.
The equation of the tangent at @ is the
b An equation of the tangent to the parabola at @ is same as the equation of the tangent at
qy = x+aq’ o ‘._,-r—"'f P with the ps replaced bv gs. You do
A y TRTIRE not have to work out the equation
py=x+ap ... ... a again.
0-0 py-qy=ap —aq"
EP_Q]}'ZHLP? _431] To find x and v, in terms of p and g.
f a1 vou solve equations @ and ® as a
3.3 + yor : ;
- a[ﬁp g ] _ GM (p+9) _ a[p+q] pair of simultaneous linear
P—a }%"f equations.
Substitute into @
qcz[:p+g_] =x+ag”
x=ga(p+q)-ag” =apg+ag —agq =apg
The coordinates of N are (apg.a(p+g)). If N lies on the line with equation
v = 4a  then the y-coordinate of V,
[ If?\-“I]’ES on _}'=4ﬂ= / “rhidl}'_s a(p-i—qjmust be 4&-_
d(p+q)=44
p=4-g

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 62

Question:

The pointP(at?, 2at), t # 0lies on the parabola with equatigh=4ax , whatis a positive constant.
a Show that an equation of the normal to the parabdtasat

y+xt = 2at +at>

The normal to the parabolaRimeets the parabola againat

b Find, in terms ot, the coordinates Q.

Solution:
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%]

v =dar = y=2a'x"

Page2 of 3

a
y=2ax
dy 1 Lt al
—=—xlaxT=—
de 2 X2
At x=at’, x* =a't The normal is perpendicular to the
dv at 1 tangent, so vou must first find the
E:T:_ = gradient of the tangent. Then vou use
at 1 mm' =—1 to find the gradient of the
Using mm'=—1. normal.
Lo ]
—xm==1 =>m=—
z
Using y—y, =m(x—x ) with (x.3)= [_ar{ lar_.] I
an equation of the normal to the parabola at Pis
4 5 45 When yvou are asked to show that an
Lol =—1 [xx_ ot ] equation is true, vou must use algebra to
——tctat’ transform vour equation to the equation
Y+ ti=2at+af , as tequired exactly as it is printed in the question.
b

Let the coordinates of 0 be [:ag: 2ag ]

The point O lies on the normal at P, so
2ag+iag’ =2at+at’ <

You substitute x=ag” and v = 2ag into the
answer to part (a).

2ag—2at+atg’ —at =0
2a(g—t)+at(g’ —£)=0
2a(g—t)+at(g—t)(g+t)=0
a[q—r]['2+rlzg+r]jl =0
24+tg+17=0

) (2242
The coordinates of O are | a|
L.\
e &

t

© Pearson Education Ltd 2C
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There are two possibilities here: g—¢=10 and
2+2(g+t)=0. As P and Q are different points,

¢ =1, s0 vou need only consider the second
possibilitv. You use this to find g in terms of ¢,

Replacethe g in [ ag’, 2ag':|

243

I

by — - Youneed not

t
attempt to simpli fy this
further.
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Review Exercise
Exercise A, Question 63

Question:
a Show that the normal to the rectangular hyperlzy)bac2 , at the %mt%) t 2 0, has equatiog = 2+ % —atd
The normal to the hyperbolaRtmeets the hyperbola again at the pQint

b Find, in terms of, the coordinates of the point Q.

Given that the mid-point d®Q is (X, Y) and that # +1 ,
¢ show that = -2 .
Y 2

t

Solution:
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—— 1) X
a y="=cx"
X
B o . The normal to H at P is perpendicular to
— =X =——s the tangent at P. To work out
dx 2 perpendicular gradients vou will need
At P, x=ct the formula mm' =—1_ So vou have to
dy & I find the gradient of the tangent before
I - A ) h vou can find the gradient of the normal.
You find the gradient of the tangent by

For the gradient of the normal, using mm'=—1, dhifeenliating.

(1}

m=—1= m=¢

fr_l)jI

Using y—u =m[x—x1] with ( x;, y1]=; ct,
b5
an equation of the normal to the hvperbola at Pis
g 4
y——=t(x—ct)
=t'x—ctf
2 [ 3 .
Vv=tx+——cf  asrequired. ... 0

4

1 3
= = ¥y=—

%
For O, from @ and @

= i 3 Cl

Fxt——ct =—

t x

=t and collect terms as a quadratic in x
rx +(e—ett )x—ct=0

—

e

£)

When vou are asked to show that an
equation is true, vou must use algebra to
transform vour equation to the equation
exactly as it is printed in the question.
In this case, the form of the printed
equation suggests a method for the next
part of the question.

Writing the equation of the rectangular hvperbola,
in the form y= ..., enables vou to eliminate

quickly between @ and @

The x-coordinate of P, ¢ . must be a solution of

the equation. So [x— cr_] must be a factor of the

(x—ct) [_r‘:x+f:'] = *

x=ct comresponds to P

PhysicsAndMathsTutor.com

quadratic and, so, vou can write down the
second factor using xxfx =1 and
—ctxc=—ct.
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The coordinates of the mid-point of
A(x.3) and B(x,, y,)are given
lfxl +x;l_ ¥, +.}'::H':.
TREYi

I'-\.

by (X.¥)=

Multiplving all terms on the top and
bottom of the fraction by #°.

For O. x=—£:
7
Substitute the x-coordinate into @
et
y=—=——=—
2 &
£
i 3
The coordinates of Q are | —  —¢t° J'
r -
[ &)
ct+| —— 4
3 = c
. x L ¢z }:cr —c _
2
A _ -
il B )
T B e B N
c[.t4—1.}R
¥ e el %
—= —= W — -
¥ |:[1—I4] 2 c[l—r‘*]

2

=——, asrequired.
2

© Pearson Education Ltd 2C
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Multiplving all terms on the top and
bottom of the fraction by ¢.
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Exercise A, Question 64

Question:

The rectangular hyperbo@has equationy = ¢ , whereis a positive constant.

a Show that the tangent @at the poinP[cp, %j has equatiqﬁy =X+ 2cp.

The pointQ has coordinatas[cq, %] q#p.
The tangents t€ atP andQ meet aN. Given thatp+q#0 ,

2c
+q°

b show that the-coordinate oN is

The line joining Nto the originO is perpendicular to the choRD.

¢ Find the numerical value @fq?

Solution:

PhysicsAndMathsTutor.com
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"ﬁ
" }kn
Ll
\\\ !
.\
-] f /
-""‘--.._\_‘_‘_H_\_ \ o
0
e \ e X
) N
\
1
1
|
|
e T lF
a y=——=c'x
x
dy 3 i 5
=y ==
dx x
At x=cp
dy £ 1

PE czp: 7

|# 3
Using y—y, =m(x—2x) with(x, ») =i ep. kit

b
an equation of the tangent to the hvperbola is

1
y—— = (x—cp)
D r
c x ¢
F="= }+_
B Fe B
x 2
P
z r

(xp?) P'y=—x+2cp_asrequired ... @

The tangent at O is
g yv=—x+2cq .. ... a
To find the y-coordinate of N subtract @ from @
(P'-4¢*)y=2¢c(p-q)

y Pl [p—q] ECM 2e

e = . as required.
P’-¢  (p-d)(pta) Ptg

PhysicsAndMathsTutor.com

Page2 of 3

The equation of the tangent at O is the
same as the equation of the tangent at P
with the ps replaced by gs. You do not
have to work out the equation twice.

To find v, vou eliminate x from
equations @ and @ These equations
are a pair of simultaneous linear
equations and the method of solving
them is essentially the same as vou
leamnt for GCSE.
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¢ To find the x-coordinate of & substitute the result
of part (b) into @

Ay
=0 =—x+2cp
ptg
Irnt 2 —2ent 2
x=2ep— W 2ep(pt+q)—2ep R
rp+gq rptq ptg The gradient »1 is found using
The gradient of PO, m say, is given by i . S
m==2—1 with (x. ) =] . — |

A E}N_l hnTx \ J
P q g 1 / [ 2)
m= = =—— and (x, ¥, )= eg. —
v-ca ¢(p~g) P4 (2.32) L q)
The gradient of ON, m' sav. is given by
2e
_ptg_ 1
lcpg  pg
ptyq
Given that OV is perpendicular to PQ
mm' =—1

—ixi =—1= plg’=1

g P4

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 65

Question:

The pointP lies on the rectangular hyperbola=c®> , wheie a positive constant.

a Show that an equation of the tangent to the hyperbola at thd?éqintgpj, p>0, isyp? +x = 2cp.

This tangent &P cuts thex-axis at the poin&

b Write down the coordinates &f

¢ Find an expression, in termsmffor the length oPS.

The normal aP cuts thex-axis at the poinR. Given that the area afRPS  4dc® |

d find, in terms ofc, the coordinates of the poiP.

Solution:

PhysicsAndMathsTutor.com
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dy e’ 1

T 3
cp

{ b
Using y—y; =m(x—x) with(x, 3 = cp. £ .
L z.

an equation of the tangent to the hvperbola is
1

7 (x—ep)

g B

(xp*) p*y+x=2cp, asrequired. ... ‘“\

Page2 of 3

The tangent crosses the x-axis at v=0.
You can put v=0 into @ in vour head

b [2cp= I:I] 4

¢ Using ;:zr::[xl—xzjl+Ii3;1—;:,':}1 with

f i
(3.31)=| .= | and (x. ;) =(2ep.0)
r)
W e
PS5 =I:cp—‘cp\j +H—=—0| =7+
. l. ) ) »

and just write down the coordinates of
S5 . No working is needed.

PhysicsAndMathsTutor.com

There are many possible forms for this
answer. Any equivalent form would
gain full marks.
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d To find the equation of the normal at P.
The working in part (a) shows the gradient of the

tangent is —— .
I
Let the gradient of the normal be m'.
Using mm'=—1,
1 r t 2
——xm==1l=m=p
I
()
Using y—, =m' (x—x ) with(x. ») :1' p.— | .
\ 2/
an equation of the normal to the hvperbola at P is

[ q
y——=p(x—cp
©p(xap

= px—cp’

5 c 3
P x=y——+ep
r
To find the x-coordinate of R, substitute v=10

. c 3 c
PX=——+cp = x=gp——
B r

pi+1)

i i
RS:ZCp—i co——|= cp+—3=c'

Page3 of 3

To find an expression for the
area of the triangle vou can
obtain the length of the side RS
and use that as the base of the
triangle in the formula for the
area of the triangle. First you
need to obtain an equation of the
normal and use it to find the
coordinates of K.

Area ARPS =%RS>< height

1 [ p*+1)

If RS is taken as the base of the triangle, the
height of the triangle is the y-coordinate of P.

—11(:::—ch ;x—
2\ ) p

As p =0 is given in the question, vou
need not consider the altemative

1

solution p=——.

C i 4 1
=§Lﬁ’ +1
4 4 4 1 1 /
Bp =p'+1= p =8_ :>p=§
|"-' L-:H'I :"-'C B
The coordinates of P are;cp=—:=i—=3c'
I__‘_ p_)_l \‘_3 J

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 66

Question:

The curveC has equatioly? = 4ax , whegeis a positive constant.

a Show that an equation of the normatt@at the poinP(ap?, 2ap), (p # 0) is y + px = 2ap + ap°.
The normal aP meetsC again at the poir@(aqz, 2aq)

b Findqin terms ofp.

5

Given that the mid-point d?Q has coordinat 1128 a, —3a),

c use your answer 1b, or otherwise, to find the value p.

Solution:

PhysicsAndMathsTutor.com
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x

ap P
Using mm'=—1,

Page2 of 3

The normal is perpendicular to the
tangent, so vou must first find the
gradient of the tangent. Then vou use
mm' =—1 to find the gradient of the

normal.

—xm=-1= m'=—p

£

Using y—, =m'(x—x) with (x.3)= (ap’. Zap~]=

an equation of the normal to the parabola at P is

y—2ap=—p(x—ap’)

=gt ap3

7|

yv+xp=2ap+ap’ . as required.

When vou are asked to show that an
equation is true, vou must use algebra to
transform vour equation to the equation
exactly as it is printed in the question.

Let the coordinates of O be [.aq] .2ag |

The point ( lies on the normal at P, so
lag+ pag® =2ap +ap’
2ag—2ap+apg” —ap’ =0
2a(g-p)+tap(g’—p')=0
2a(g~F] +ap(g-F) (g+p)=0
2+plg+p)=0
24 pg+pi=0

pg=—p -2 = g=—p—

| e

PhysicsAndMathsTutor.com

|

As P and O are different points,

p =g and it follows that g— p=0.
Y ou can, therefore, divide
throughout this line by [:q —p] .

Anv equivalent of this expressionis
p+2

/
acceptable, eg. g=—
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You only need one equation to

¢ The y-coordinate of the mid-point of PO is
find p and so vou do not need to

given by : .
oty Yom 2 Za(p+g ) cc:lnsxdtllr bntl:]. coordinates of the
£ 5 g _ Pz 4 _ I:E } :a[p+q] +—— mid-point. Either would do, but
= . it is sensible to choose the
The answer to part (b) is coordinate with the easier
2 ] .
o g numbers. In this case, that is the
gl y-coordinate.
=

Therefore p+g=-—

i~

The y-coordinate of the mid-point is

3
a(p+g)=ax——=-3a, given
e

| e

2a
——="Ta = p=
z

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 67

Question:

The parabol& has equationy2 =32x .

a Write down the coordinates of the focsief C.
b Write down the equation of the directrix ©f
The pointsP (2, 8) andQ (32,-32 ) lie onC.

¢ Show that the line joininB andQ goes througls.

The tangent t&€ atP and the tangent 10 atQ intersect at the poiri.

d Show thaD lies on the directrix oC.

Solution:

x=-8

f’,f‘

)

If ¥* =4ax . the focus has coordinates

(@.0) and the directrix has equation

a (8.0)

; y—¥ x—X
C USlIlg L O A
Fa—h

with
H—x

(%-21)=(2.8) and (x,. y,) =(32.-32)

an equation of PO is
Xl

3y—24=—4x+8
3y+4x=32

Substitute y=0
O0+4x=32 = x=8
The coordinates of § (8, 0) satisfy the
equation of PQ.

Hence 5 lies on the line joining P and .

PhysicsAndMathsTutor.com

0

. 2 .
x=—a. Comparison of y° =4ax with
7 1 '
¥° =312x, shows that, in this case,
a==8.

Methods for finding the equation of a straight
line are given in Chapter > of Edexcel AS and
A -Tevel Modular Mathematics, Core
Mathematics 1. You can use anv correct
method for finding the line.
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=32y = L'=+4*J2'cf"‘_'_'_'___—_._._._ V32=4(16x2)=416x42=442

d
P is on the upper half of the parabola where y=+4 2y
dy 1, . 4 242 4
E:;'h"x = On the upper half of the
- % parabola, in the first quadrant,
At x=2 d_} A _ 5 the y-coordinates of P are
dxr «2 positive.
Using y—y =m(x—x ). the tangent
toCatPis
y—8=2(x-2)=2x—4
y=Ix+d . o On the lower half of the

parabola, in the fourth
guadrant, the y-coordinates

Q is on the lower half of the parabola where y=-4+2"
of P are negative.

; ; 2142
B_ Ly N
dx 2 X

! 24 42
appegyy Heo 20 IR G
dx 432 442 2
Using v—x :m[:x—xlj . the tangent

toCatQis

}'+32=—1I:x—32]=—1x+16

2 ¥

}'=—lx—16 ...... a
7

-

To find the x-coordinate of the intersection of
the tangents. from @ and &

2x+4 =—%x—16

s
x=—20 = x:—lﬂxzz—g

(R

The equation of the directrix is x=—8 and. hence,
the intersection of the tangents lies on the directrix.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 1

Question:

S EENGHESS

Determine whether or not the following products exist. Where the product exists, evaluate the product. Where the product
does not exist, give a reason for this.

aAB
b BA
cBAC

d CBA.

Solution:

PhysicsAndMathsTutor.com
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An jxm matrx can be

a  AB does not exist « multiplied bva mx p
The matrix A isa 2x3 matrix. matrix. The number of
The matrix Bisa 1x2 matrix. columns in the left hand
The number of columns in A, 3, is not equal matrix must equal the
to the number of rowsin B, 2. number of rows in the right
hand matrix.
(2 033 2 1)
b BA= [l |
3 —ENR T =¢]

[ 2x340x0 2x240x2 2x14+0x(-1) )
C13x34+(-1)x0 2x3+(-1)x2 3x1+(-1)x(-1))
(6+0 4+0 2-0) (6 4 2)

“lo+0 6-2 341 |9 4 4)

As matrix multiplication is

. \If' 4 “1' associative, vou could work out
¢ BAC—(BA)C-| 6 4 2 | 3| - B(AC)or(BA)C - they will
\9 4 4J| 1) give the same result. It is
S

(64 +4x(-3) +2x1) sensible to work out (BA)C as

| 9x4+4x(-3)+4x1)
(24-12+2) (14)
“136-12+4) |28)

wvou have already worked out

BA in part (b).

d CBA does not exist.
CBA=C [:EA :]
The matrix Cis a 3=1 matrix.
The matrix BA isa 23 matnx.

The number of columns in C, 1, is not equal
to the number of rows in BA, 2.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 2

Question:

(5 9= Yoo 3 )

Find the values of the constaia andb such thaM?+aM +bl = O.

Pagel of 1

Solution:
= B 30 3Y -
M = 1 2l 2l « M- is quite complicated to work out
. /N E and it is sensible to calculate this
[ 0x0+3x(-1) 0x3+3%2 ) before working out M* +aM+5I.

(Y x04+2x(-1) (—1)x3+2x2
_(0-3 0+6) (-3 6)
l0-2 3+4) |2 1

M*+aM+5I=0
(3 6) (0 3) .1 6) (0 0)
+a +b =
-2 1) \-1 2)" lo 1) o o)

(3 6),(0 3a) (b 0) (0 0)
2 1) - 2¢)7(0 5) |0 o)
(=3+b  6+3a | [0 0)
\2-a 1+2a+b) (0 0)

Equating the top left elements There are four elements which could be

P — "‘: equated but vou only need to equate two
; ; of them to find @ and &. You could use

Equating the top right elements the others to check vour working. For

P, Eno ) ]

2 i oy
e el 1+2a+b=1—4+3 which does equal 0.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 3

Question:

_(4 1

A=(39)

Show thair? - 10A +211 = O.

Solution:

(4 1Y 4 1Y [4x4+1x3 4x1+1x6)
3 6/l3 6) |3x4+6x3 3x1+6x6)

(16+3 4+6) (19 10
“l12+18 3+36) (30 39)

A’ —10A +211 (A¢ 407 101:4 1h\|'+”flr1 0 *+— Tosh h i

A -10A+210 =] |—10} [+21 [ o show the matrix
":30 39) \3 6) ) \0 1) relation given in the

_5’ 19 10% (40 10% (21 O} question, vou must work

_:13(_] 39);_:‘_3[] 5[]J;+: 0 21 on the left hand side of the

(19-40+21 10-1040Y (0 0) | cquationA”—10A+21I
= - |=i . and manipulate it until vou
\30-30+0 39-60+21) 10 0 | get the right hand side of

=0 _ asrequired. « the equation O.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 4

Question:

A=(2 3

Find an expression far , in termsafb, c andd, so thaia? - (a+d)A =11, wherel is the2 x 2 unit matrix.

Solution:
_!:d' b\ a EJ"‘,_!fa]+Em ab+bd |
\e d)lc d) \ac+ed bet+d)

A'—(a+d)A
- - - f-' III-' -
_[a'+bc ab+bd) ((a+d)a [a+d_]bj, 1| 1 ':'".:SU
\ac+ed EJc+af:f,-' E\_[_a+d)c [’_a+a"_]dj \0 1)

A1 0) (4 0)

(a*+bc—a’—ad ab+bd—ab—bd A=A 1=
\ac+cd —ac—ad be+d® —ad —a’:j W0 ,1"J \@ -4y
i - You can write down the results
-4 be—ad 0 W!-z;lzf A 0) & | of simple calculations like this
L. 9 bc—ad ) ) \0 4 without showing all of the
working.

Equating the top left (or bottom right elements)

e Note that /1=—d&t|i;—'i.j|.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 5

Question:

A= ([2) _i’] wherep is a real constant. Given thatis singular,

a find the value op.
Given instead that déa) =4
b find the value op.
Using the value op found inb,

c show thaA?-A =kI, stating the value of the constik.

Solution:

: det(A)=2x(-1)-3xp=—2-3
" i I: ] XI: ] *p pi—-,,_‘__h_ Y ou need to memorise that, if
If A is singular, det [:AJ=CI_ { B

4
—2-3p=0= 3p=-2 = p:—é GO

a b
A=| 2] then det(A)=ad —bc.

b Asin part (a), dﬂt[é._]=—2—3p
—2-3p=4= —3p=6 = p=-1

; (2 3Y2 3)
c A’=| I '
=2 -1)l-2 -1
(4-6 6-3) (=2 3)
l4+2 -6+1) |2 -5
; (<2 3} (2 3)
AT-A=| - '
=2 -2) -2 -1)
(4 09
= =—41
L0 —4)

This is the required result with £ =—4 .

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 6

Question:
[ 2 -
A=(37)
aFindA™.
; 5_( 251 -109
Given thata’ = (_327 149,
b find A
Solution:
a det I{;—'le =3><1—|(—1j><|"—3]2_3:_1 You should know this formula. It
- \ : ’ N \ is to vour advantage to quote the
1f A=l a b i A 1. rd =P | formula in vour solution. If vou
\e d) det f.—i] \=t: @ JJ"- make a mistake, the examiner
TR NI will know that vou are trving to
=% | | : :
AT =— = do the right thing.
a3 2) (8 2 i
b A*A=A°
A*AAT =A*A"1 - : ‘ It is much quicker to multiply
A% = ASA 4 251 -109))(-1 -I) A’ by A than to repeatedly
T T\ =327 142 =3 -2) multiply A by itself. For whole
I."'_251+32? =251+ 218".: !."' 76 _33"‘.: rI.U.mbEIS= the Urdinﬂr_‘f Elg ehraic

rules for indices apply to
matrices and it will help vou if
vou remember this.

| 327-426 327-284 ) |99 43|

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 7

Question:

A triangle T, of arealscnf , is transformed into a trianql’e by the matrixhfere A = (_'é kz_kl)’ keR.

aFind det A), in terms of k
Given that the area 8f 198 cnf,

b find the possible values k.

Solution:
(a b) L
a If;—'&.=| ar-l.=then det(A)=ad-bc.

\C J

det (A)=kx2k—(k—1)x({-3)

=2 +3k-3 < E
. : The determinant is the area scale factor
b The triangle has been enlarged bv a factor of | | . = : s =
198 in transformations. This is equivalent to
11 =H i det(A). So the scale

area of object

So det(A)=11 factor in part (a) must equal the
2k +3k—3=11 determinant in part (b).

20 +3k 14 =(2k+7)(k-2) =0

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 8

Question:

A linear transformation fror®2 - R2 is defined by= Ng

Given thap = (:73) whem = (é) , and thait= (_i) whes (_%) , fiNd

Solution:
_{a b,
Let N= | g
\le d)
p=Ngq

(3)_[a &)1\ _(a)
Equating elements
a=3e="
(6) [a b)Y 2) (2a-3b)
\=L} " le «d )\ 3] \Zc=3d]
Equating the upper elements
2a—3b=
a=3= 6-3=6 = =0

Equating the lower elements

2e—3d =-1
c=T=14-3d=-1=3d=15 = d=5
. (3 0)
N=

VT &)

© Pearson Education Ltd 2C
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You need to introduce some
algebraic variables to help vou to
obtain equations. Y ou can use any
symbols vou like for the elements of
the matrix, except for those alreadv
used in the question.

Y ou use the values for g and ¢ which
vou found earlier.

Pagel of 1

, Wwhétés a2 x 2 matrix angb, g are2x 1 column vectors.
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Review Exercise
Exercise A, Question 9

Question:

(4 -1\ p-1_(2 0
A‘(—s 2)’B ‘(3 pj
aFinda™.

b Find(AB)™, in terms op.

: _(-1 2
Given also thaAB -( 3 _4),

c find the value op.

Solution:
(fa B - 1 [d
a IfA= |_then A™ =
\Lc afj det[A]L
det (A)=4x2—(- 1} x(~6)=8-6=2
£
I."'»-_r "\.I | P |
e | 2
2(6 4)7\3 3)

b

You need to remember this property of
the inverse of matrices. The order of A
and B is reversed in this formula.

The product of anv matrix and its
inverse is I This applies to a product
matrix, AB in this case. aswell astoa
matrix such as A.

2 oY1 1)
= I 2
3 P)\s 2
[ 2 1)
= 3
3p+3 2p+—j-
- ‘_'_.__—l—'_'_._'_._-_'_._._
¢ (AB)(AB) =1
: r 2 R
(-1 23 13' (1 0)
\3 4N3p+3 2p+—| 10 1)
I\- 2,1"

Equating the upper left elements «———

—1x2+2(3p+3) =1

—2+6p+6=1
bp=—3
1
P=—;

Finding all four of the elements of the
product matrix of the left hand side of this
equation would be lengthy. To find p, vou
onlv need one equation, so vou only need to
consider one element. Here the upper left
hand element has been used but vou could
choose anv of the four elements.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 10

Question:
_[(2 -
A‘(? —)
a Show thai®=1 .

b Deduce that2=A"1 .

¢ Use matrices to solve the simultaneous equations

2x-y =3,
7x—-3y =2.
Solution:

PhysicsAndMathsTutor.com
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A'=AAA=A'A Work out
A? first and then multiply the
result bv A.

It helps if vou remember that, for whole
numbers, the ordinarv algebraic rules for
indices apply to matrices. In more detail;

AAT=(AM)AT =47 (AL ) =ATT= AT

2 -1y2 -1
a = - N - :
"‘_." _3‘_},1 W —3:1
[ 4=7 =2+43Y |
Cl14-21 749 )
Al=A%A
(=3 1}2 -1)
L= 2T 3]
[ —6+7 3-3)
\—-14+14 7-6]
1 0) .
= =1 . as required.
01
b A=
Multiply both sides by A™
AAT =JAT -
A’ =A" asrequired.
¢ Writing the simultaneous equations as matrices

(2 -1\(x)_()

|=!q|

U -3))7\2)
() (3)
W)

ultiply both sides of this equation on the left
by A7 which, in this case, is A’ — |

2 R
A=A |
R, Ak
{2 A (£) (3 TY3)
'\.»UJ'_ l\.}":'l_th-}'.z"_lk_? 2;”'«.2.3.
(=E2Y (=T
\-21+4) |\-17)

Equating elements
x=—"F.¥==17

© Pearson Education Ltd 2C
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To solve simultaneous equations
using matrices, vou need to multiply
both sides of a matrix equation by
the appropriate inverse matrix. In
this question, part (b) has shown
that the inverse matrix is A° and. as
vou worked this out in part (a),
there is no need to work the inverse
matrix out again.
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Review Exercise
Exercise A, Question 11

Question:
_(5 -2
A=(3 %)

aFindA L.

(63

b Show thats BA = (/2)1 f] stating the values of the constagts and
2

Solution:
a det[A_]:SXS—SX[—Zj=25+1D=3f5 ; )
) ! 1 (d -b) = g
IfA= s ) then A™ = det(Al— a ) This could be written as = ' = |,
F 4 hoik 1
5 2) \ 4 #l
R e | — . /
s &) Either form is acceptable.
Jery  wey n
b ATBA=A (‘BA] D ] As matrix multiplication is
ok f4 205 =23 / associative, vou could work out
s ANs 5 ) this triple product as { A”B} A but
e (20+10 _8"‘105\'._ A=t (30 2) A~ has an awkward fraction, so it
o L 25+5 -10+5 777 130 =5/ | issensibleto evaluate BA first.
15 2§30 2 H"_
“350-5 s5fl30 -5)
1 150+60 10-10 Y

~35(-150+150 —10-25)

(210 0 (6 0)
_ 4 |4 | g
35 0 -35) o -1

This is the required form with 4, =6 and A4, =-1.

If vou go on to study the FP3
module, vou will learn how to
carry out calculations like this with
larger matrices. These calculations
have important applications to
phvsics and statistics.

© Pearson Education Ltd 2C
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Exercise A, Question 12

Question:

4 —_
A= (_:fp qu, wherep andq are non-zero constants.

aFindA™L, in terms op andgq.

; _(2p 3q
Given thatAX (_p q],

b find X, in terms ofp andg.

Solution:

a det(A)=4pxg—(—g)x(3p)
=4pg—3pg=pg
1( q Q‘H‘. e—

pg\3p 4p)

Alt=

The altemative answer, multiplving the
= A

matrix by the scalar i A | would

g

W | |
ey | de

|
4

-~

be an equallv good one.

Multiply both sides on the left by A™

Atax—as( 22 34)
-2 4q) F
1{q a2 3q)
pa\3p 4p)l-p q)
il !rlpq—pq 3g° +4° i
" pgl6p7-4p* 9pg+4pg)
1(pa 44 )

pg\2p* 13pg)

X=

It is important to multiply by A~ on the
correct side of the expression. As shown
here, multiplving on the left of AX, vou gat
ATAX =(ATA )X =IX=X. which is what
vou are asked to find. On the right of AX,
vou would get AXA ™. which does not
simplify, and no further progress can be

(27 3¢\ 1(q a)
\-P 4q/)pq\3p 4p)

g\ 2r 3q).
153

made. Working out

: 14
instead of —| I |
pg\3p 4p)l-p g

COIMIMON error.

© Pearson Education Ltd 2C
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Exercise A, Question 13

Question:
o)
Find

aAB,

b AB-BA.

Given thatC = AB -BA,
¢ find €2,

d give a geometrical interpretation of the transformation represen1c2.

Solution:
(4 2\' :" 3 —1."'_
a AB= & | w
\3 34 5 £ Matrix multiplication is not
(12-8 —4+100% [4 61 commutative and, as in this question,
= |115_12 _5+15_; = :13 ll:]_; AB and BA can be quitE different.
3 134 )
b BA-= I
\-+ 5 N5 3]
12-5 6-3 7 (7 3}
“l-16+25 -8+15) |9 7)
F4 8N T 3 3 3
AB-BA= _ - = -
) A8 ) =8 3}
5 (=3 3\/=3 3% [9-18 -9+9
C = =
\—6 3_}}'1‘_—6 3_; \IB—18 =1849}
(-9 0 _ (k OY
=| | * Forall k=0, the matrnix |
L0 -9 0 &)
represents an enlargement, centre
d  Enlargement. centre [:[l ). scale factor —9 I:CL 0}, scale factor k.

© Pearson Education Ltd 2C
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Exercise A, Question 14

Question:

The matrix Arepresents reflection in theaxis.

The matrix Brepresents a rotation o§5 , in the anti-clockwise direction, about (0, 0).
Given thatC = AB ,

a find the matrix C

b show thac?=1.

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Page2 of 3

a Reflection in the x axis transforms

 —> >
o X
(1Y (1 (1 0)lies on the x-axis and so is not
— - '
0 1.0} changed by reflection in the x-axis.
(0 (0%
5y (]
W1 \~L)
So
1 03 Unless the question states otherwise, itis
A= | ¥——| acceptable to write down a simple matrix
\0 -1 like this without working.

Fotation of +135° about fD 0) transforms

The geometry of the vector to which
10
|| is transformed is
0
Cad
(1)
(0 Sl A 2 Arrows have been added to
1) | 1] this calculation so that you
L_F can see where the columns in
g ‘_7_._’—‘-""_"; B come from.
0 !
(1 1
I i
o T,
L2 J2)

PhysicsAndMathsTutor.com
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(1 )
C=aB=rl 0 v2 V2
) O )l 1|
vz  +2)
(1 1)
¥2 42|
R 1|
N2 ~2)
As an example of the
1 1\ 1 calculations:;
SR EE T | DA B 1 1 1x1 1
| .2 —_—— W —— = _;

I T f _
w gi=| ¥ Ol R V2§ Y2 N2x42
L S W N S
VN2 200 N2 42

”[’—%]l'—%]%-i](-%] —%J(—%Jﬂ—ﬂ&j}“:

(L1 1_1“
1272 2 2| (1 0)
=] = =1, as required.
t 1t 1| o 1)
R s i _+_
1. £ Z

© Pearson Education Ltd 2C
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Exercise A, Question 15

Question:

The linear transformation: R? - R?is represented by the matrix, MhereM = (‘Z‘ 3) .

The transformation Taps the point with coordinates (1, 0) to the point with coordinates (3, 2) and the point with coordinates
(2, 1) to the point with coordinates (6, 3).

a Find the values of a, b,and d.
b Show tham?=1 .
The transformation Taps the point with coordinatgs @) to the point with coordinaté8 ,-3)

¢ Find the value op and the value cq.

Solution:

PhysicsAndMathsTutor.com
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In questions about transformations,
vou need to write the coordinates of

I
a M =] |
\0) \2)

(a BY(1) (a) (3)

d)\0) \e) \2)
Equating the elements
a=3.c=2
(a B)(2) (2a+&) (2)

e dJl1) \2c+d) (1)

%

|
€

Equating the upper elements
2at+b=2

a=3=6+b=2> b=-+4

Equating the lower elements
2et+d=1

e=2 = 4td=l=>d=-3

=3 b=-te=2d==3

(3 —4)

b M= |

2 -3
(3 A3 A (o8 12412
o2 312 -3) l6-6 —8+9 )

1 0

— |=1I. as required
0 1)

+

¢ As MP=I, M'M*=M1
M=M"
N
M7 |<| ° |
\a) \-3)
2) a1l )

MM T =M

u‘i‘i,f?ffx
(o) 8

I° |=M |

la)™ " 3)

:fph':_ .!.-*3 —4\'!_{3.\'!_ :f24+1f"_ :"35".
le) 72 =3){-3/ L 16+9 )7 \25)
Hence p=36,g=25

© Pearson Education Ltd 2C
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points as column vectors. For
example, the coordinate [L D:I is
1S

written as the column vector . 0 .
L)

The matrix M is its own inverse. This
follows from the result in part (b). In

more detail; M =1
MM =1
M (MM)=MT

(MMM =M

IM=M"
M=M"

In this question, as M is its own
inverse, vou can replace M~ by M.
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Exercise A, Question 16

Question:

16 The linear transformation is defined b)@) - (Zé; Xj-

The linear transformatioh is represented by the matfix
aFindC.

The quadrilateraDABC is mapped byl to the quadrilater®ABC , where the coordinateapB  @nd  are (0, 3), (10,
15) and (10, 12) respectively.

b Find the coordinates @, B andC.

¢ Sketch the quadrilaterOABC and verify thaOABC is a rectangl

Solution:

PhysicsAndMathsTutor.com
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(%) [2y—x) [-lx+2y)
]

— =
[h;u_; 1\_ 3y _},l' L Ox+3y )

(—1 2} x)

Lo 3)ly)

(=1 23

S c= '

° Lo 3)

b det(C)=—1x3-3x0=-3
(_y 2)

o B33 | 7o)
=30 -1} |, 1
L3

Let the coordinates of 4. B and C be

(3. ¥4). (5. ¥5) and (x. ¥ ) respectively.

Cf’xj % X% | (0 10 10)
Lo e %) 3 15 12)

C_IC(X"’ X5 -T.:W'.zc_ﬂrﬂ 10 10)
¥ 22 %) \3 15 12)
[, 2)
(%, xc'”}: E. 30 10 10)
e ¥ oY) |, 1{3 15 12)
L3/
(2 -10+10 -10+8)
11 5 4 )
(2 0 =2)
15 4)

Hence 4:(2.1).B:(0,5).C:(-2.4)

PhysicsAndMathsTutor.com

Page2 of 3

P

You are given the results of
transforming the points bv T
and are asked to find the
original points. Y ou are
“working backwards™ to the
original points and vou will
need the inverse matrix.
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c Ya
Bl(0.5)
C{-2.4)
(2.1)4
) x
d

Considering the gradients of the sides
1 5-4 1

Wy =—: = =
o4 =5

)

S0 (04 is parallel to CF.
_4-0 5-1 4

o
mD{-— - ?'HJB

;T ' e

o

= = =72

[ ]

-

S0 OC is parallel to AB.

The opposite sides of J4EBC are parallel to each

other and so OAEC is a parallelogram.
Also mg, XM =;><—2=—1.

S0 04 is perpendicular to OC.

Page3 of 3

= =— _‘____.—-—'_'_'_
"T0-(2) 2

Using the properties of quadrilaterals
vou leamt for GCSE, there are many
altemnative wavs of showing that J4BC
is a rectangle. This is just one of many

possibilities_ using the result vou leamt
in the C1 module that the gradient of the

line joining (x1= }'1} to ['JL:J ¥, ) is given

5o the parallelogram (A BC contains a right angle

and, hence, J4EC is a right angle.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics
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Exercise A, Question 17

Question:

[ 3 -2 _(0.8 -0.4 _
A= (—l 4), B —(0.2 —0.6) and C = AB.
aFind C

b Give a geometrical interpretation of the transformation represented by C

The square OXYAvhere the coordinates ofaXd Yare (0, 3) and (3, 3), is transformed into the quadrilamfér'z'

transformation represented by C

¢ Find the coordinates Z .

Solution:
f3 =21/08 -0.4)
a C = B‘_-'L =— i
=L 4 JII‘EU.Z —0_5}
(24-04 -12+12y (2 0
| -08+08 04-24) (0 -2)
: c 5'#2 0 "1 g"fl 0 W‘_g'“l CI"*_ These transformations have the
) . =| |= 1] ] i 1
0 -2) o -1)lo 2 r// same effect with their order

reversed so “enlargement,

So the transformation can be interpreted as reflection
centre f[] 0). scale factor 2

in the x-axis followed by an enlargement, centre [:ll 0)

followed bv reflection in the x-

scale factor 2. s
axis” is an equallv good answer.

C
v

X [:[L 3) ¥ (3.3) You have been asked to find Z' - that
S is the point to which Z is transformed.
You have not been given the
coordinates of Z. Drawing a quick

o z \ sketch makes it clear that Z has
coordinates (3. 0).

The coordinates of Z are [:1 0).

To find the coordinates of Z'
(XY (2 03\ [(6)

Altematively vou can argue, using the
= = answer to part (b), that reflecting [:1 U]

W)L =2)10) 10) (// in the x-axis leaves the point unchanged
The coordinates of Z' are fﬁ EI] . as it lies on the x-axis. An enlargement
of scale factor 2 then leads to (6.0).

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 18

Question:

Given thatA = (_g _i’) andB = (é ;) , find the matrice€ andD such that
aAC =B,

b DA =B.

A linear transformation frort?> — R? is defined by the maBix
c Prove that the line with equatigr=mx  is mapped onto another line through therigater this transformation.

d Find the gradient of this second line in termm.

Solution:

PhysicsAndMathsTutor.com
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C=A"B and D=BA™ but. as
matrix multiplication is not
commutative, A"B and BA™
are different. You must be
careful of the order in which vou
multiply matrices.

If x=¢,as y=mox, then
v =mt. The variable tis
being used as a parameter.
You used parameters in
Chapter 3 to solve
questions involving
parabolas and rectangular
hvperbolas.

mt | +—|

Eliminating ¢ between these two
expressions gives a linear
equation relating ¥ and x. The
equation hasno x*. ', xyor
higher powered terms. Therefore,
the equation represents a straight
line.

a AC=B
ATAC=A"B
So0 C=A"B
det(A)=5%(-1)-3x%(-2)=-5+6=1
T2 A2 )
i =t SBYE BY (= ~1=8)
C::'L B=| & z '“ '}|=1 5 - |
|\‘-J_ 2 I‘\.D J.J,l l,‘_g. "+1[‘]_.1‘l
(=¥ =T}
2 12)
b DA =B
DAA'=BA™
So D=BA"
3 :"1 1.‘1 :/—1 —3.1 !.-*_1_’_2 —3+5WI.
D=BA g | (v i |
SR SR O L N z
(1 23
|4 10) *
¢  Let the general point on y =mx have coordinates (z,
() (1 1 ) (t+m)
\») o 2\ me) | 2m )
Equating the elements of the 2 =1 matrices
x=r+mt, y=2mi
:-L" = Emr —E= i \
2m
Substituting into the equation for x
2m 2m  2m
Making y the subject of the formula
Im
y= X
1+m
Comparing with the standard form of a line, y=moc+c,
¢ =10, the line goes through the origin.
The line with equation y =mx is transformed to another
line passing through .
2
d  The gradient of this second line is :
1+m

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 19

Question:

Referred to an origi® and coordinate axé3x andOy, transformations from? - R?> are represented by the mattices
M andN, where

(Y Yot )

a Explain the geometrical effect of the transformatibrendM.

b Show that M = N? .

The transformation represented by the matrigonsists of a rotation of angle ab@ytfollowed by an enlargement,
centreO, with positive scale factdc.

c Find the value of and the valuelof

d FindN&,

Solution:

PhysicsAndMathsTutor.com
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a L represents rotation through 907, anti-clockwise, |

about the origin 0.

Page2 of 2

If vou do not specify

M represents an enlargement, centre O, scale factor 2. | anticlockwise. positive angles

(0 -1N(2 o) [0 —2)
b LM=| I |=| '
2 0)

1x1 0 _,Jh 1_}," Ix
L (1 -1\1 -1} [1-1 -1-1)
ot i1+ 141
[0 =2
2 o)

3 0 =23
So LM =N~ they are both equal to | 5 % :
I‘_‘h -III

are, conventionally, taken as
anticlockwise and negative
angles as clockwise. 5o, in
this case, if vou omitted “anti-
clockwise™, vou would still be
correct. Often +90° is written
to emphasize that the angle is
anti-clockwise.

¢ The result of part (b) can be interpreted as
showing that the transformation represented
bv N applied twice is equivalent to rotation
through +90%about O followed bv an
enlargement, centre O, scale factor2. +—
S0 the transformation represented bv N
applied once is equivalent to rotation
through +43°about O followed by an
enlargement, centre O, scale factor v 2.
8=+45% k=+2.

Altematively, it is possible to solve
part (c) using matrices. The matrix

representing a rotation of +45°
A T =i

about O is| "1: 1": ' and the
\AT W1

critical step is showing that

(£ —%)¥2 0) (1 —1‘1_\_

| 1 r | I
\E _:_-_lll.k[:l xlj W1 1)

&

d N° represents the transformation represented

bv N applied eight times. This will rotate about
the origin 8:x45° =360° (which is the identitv
transformation), followed bv an enlargement,

centre O, scale facmr[x'lji =16.
¢ (16 0)

Hence N° = -+

L0 16)

Again_ this can be done by
matrices. Y ou already know
N* from part (b) and vou could
then use

N*=NIN2
and N =N'N*
toreach N°_ Unless a question
specifies a particular method,

anv correct altemative method
can be used.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 20

Question:
A, B andC are2 x 2 matrices.

a Given thatAB = AC , and tha is not singular, prove th&t=C
b Given thatAB = AC , whera = (f g) argl= (é i) , find a mat@xwhose elements are all non-zero.

Solution:

PhysicsAndMathsTutor.com
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a AB=AC
Multiplving both sides on the left by A™

Page2 of 2

AT (AB)=A"'(AC) <
As matrices are associative
(A7A)B=(A7A)C
Using AA ' =1
IB =1C
As the identitv matrix does not change

another matrix
B =C, as required.

When vou are asked to prove a result,
vou must give each essential step in the
argument. Y our argument here must
include multiplving by A~ on the left
of both sides of the equation and
showing where yvouuse AA™ =1

(3 631 5) (3 21)

det(A)=6—6=0s0 A is singular. This
question is a good example of the
difficulties which can arise with non-
singular matrices. There is no inverse
matrix A~ here and so you cannot use
the usual rules of matrix algebra to
remove A.

h AB = "'_r n |} = 1]
LE 280 1) b 7y
fa b
Let C=| '
le d)
oo (3 6\(a b\ [3a+6c 3b+6d)
1 2)e 4) \a+t2c b+2d)
AB=AC
(3 21N (3a+6c 3b+6d)
\1 7) la+2c b+2d)
Equating the upper left elements
3=3a+6c ... ... (1]

Equating the lower left El&m{rp
l=a+2c (2]

© and @ are the same equation (0 is & =3)
Apart from the condition that the elements are
non-zero, there is a free choice of a.

Let =3 then substituting in @,

1=34+2¢c = c=-1

Equating the upper right elements

21=3b+64d ... ... e
Equating the lower right elements
(= 5 (4]

© and © are the same equation (® is @ =3)
Apart from the condition that the elements are
non-zero, there is a free choice of &.

Let 5=1. then substituting in @,
T=1+2d = d =3

S e
C = 2 L shown here, but vou can check
-1 3) / vour answer by finding AC _If
Check: 3 2y
(3 6)(3 1) (3 21) yoniam]., .| ¥oRE
AC= Il 1=l |=AB, as required. v T

Mo gl gl la gy

© Pearson Education Ltd 2C
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This pair of equations are
satisfied by infinitely many pairs
of numbers. Y ou just have to
choose anv two non-zero
numbers which satisfv them._ For
example, a=—1 ¢=1 would do
just as well.

This is an unusual question and
it is a good idea to check that
vour answer does give the

correct result. You may well
have a different C from that

answer is correct.
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Review Exercise
Exercise A, Question 21

Question:

n
Use standard formulae to show tR&t3r(r - 1) = n(n2 -1).

r=1

Solution:

iir [.r—ll}=ZT|:3rl—3r| ?
rm] rm]
=3ir1—3ir
=] =1

_ Fn(n+1)(2n+1) 3n(n+1)
- g 2
_n(n+1)(2n+1) 3n(n+1)
7 2 T3

nl_n—lI ; )
== [(2n+1)-3]

_ n(n+1)(2n-2)

==

J n(n+1) Z(n-1)
¥

=n{n' —1), as required.

© Pearson Education Ltd 2C
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Multiply out the brackets and write the

gxpression in terms of Zf and Z}

sm] Fum ]
You can then use the standard
formulae.

iy

After “cancelling” the fractions, lock
for the common factors 1n your
expressions, here shown in bold;
n(n+1)(2n+1) 3n(n+1)
2 g =
These, with the 2, are then taken
outside a bracket:
2 (2n+1)-3].
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Review Exercise
Exercise A, Question 22

Question:

n
Use standard formulae to show t@mrz— 1)= %(Zn +5)(n-1).

r=1
Solution:
) ) Si=1+1+1+ _ +l=n
> (r-1)-3r - 3 SR
i f'E _"E 1 times
min+l)2n+1) .
= i S _ -
& It is a common error to write > 1=1.

_n{n+1)(2n+1) 6n

6 6 —

You put both terms over a common

M, ;
= E[l.”_l ”-.2”_1.]_'5] denominator, here §.

=g[1n:—3n—1—ﬁ]
=§[2n:—3n—5]

= E[_E:‘?— 5)(n—1), as required.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 23

Question:
n 1
Use standard formulae to show tRat2r - 1)2 = 5n(4n2 -1).
r=1

Solution:

(2 <1f =3 (ar* —4r 41) Si=l+1+1+ . sl=n
rml rml

;Y_J

rml

=4ir1_4i}-_i1 n times
ﬁ;;;[n—lrj}jin—.rl-]] (1) It 1s a common error to write Zl=1.

g x
_2n(n+1)(2n+1) _Gn{n+l) 'b After “cancelling” the fractions, you

3 3 3 should put all terms over a common

e _ A denominator, here 3.
= E[z|n—l_]|__2n+1_]—ni|_n—1_1—3!.]

=§|:—'H2:—ﬁrz—2—ﬁn—ﬁ+3:|

=%n|l4n: —1J, as required.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 24

Question:

n
Use standard formulae to show t@tr(rz— 3)= %n(n +1)(n-2)(n+3).
r=1

Solution:
img src=

Z=r (#* -3)= irf —Sir
em ] rm] rm]

7 (n+1) 3n(n+1)

After putting both terms over a common
denominator, look for the commeon factors of the
= terms, here shown in bold ;

4 2

: n(n=1) 6n(n+1)
2 . e )

ni(n+1) 6mn(n+1) 3 3
4 "_,"j You take these, together with the common

nin+l) denominator 4, outside a bracket;
s “[n(n+1)-6] w7
: -[n(n+1)}-6].

GRS R :
T4 [n = You need to be careful with the squared terms.

= % n(n+1)(n—2)(n+3), as required.
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Exercise A, Question 25

Question:

n —
a Use standard formulae to show thdtr(2r - 1) = w.

r=1 6
30
b Hence, evaluatéy’ r(2r - 1)
r=11
Solution:
a  r(2r-1)=3(2%-r)
rm] rml
=EZr:— >r
rml s ml
2n(n+1)(2n+1) n{n=+1)
B & 2 You put the expressions over a
2n(n+1){2n+1) 3n(n+1) common denominator, here 6, and
= 5 TR X then look for the common factors of
the expressions, here n and (n<+1).
alr+l)- : S
- [2(2m+1)-3]
1)
_ n[r? J[4 K _3]
—1 4n-1]
=—n[ar :i[ el . as required.
0 Zflr]—Zflrl—Zfl‘?l
b Z;I’"f—ll-Z?l"«‘f lj—er'«‘r 1)+— =11 - .
T i Fa You find the sum from the 11 to the 30T term
by subtracting the sum from the first to the 10®
Substituting # =30 and n=10 into the term from the sum from the first to the 30% term.
result in part (a). It 15 a common error to subtract one term too
many, in this case the 11% term. The sum you ars
303 1>-<1 19 10x11x39 finding starts with the 11% term. You must not
Z E [ r-1)= subtract it from the series — vou have to leave it in
smll 6 th - - 3 N
—18445-715 B i
=17 730
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Exercise A, Question 26

Question:
12
Evaluatey’ (r®+2") .
r=0
Solution:
This guestion asks you to carry out two
different sums. The first involves Zr: :
rml
/ which you learnt in Chapter 5 of this boolk.
% i % F—F""'_’J—F’_ The other 15 a Geometric Series which you
Z“.l +27 )= Y ey can find in Chapter 7 of Edexcel AS and A-
P Y o s Level Modular Mathematics, Core
Mlathematics 2.

The first term in this series, corresponding to
»=0 is 0° . This obviously does not add
anything to the series, so you can start the
summation from 1 and use the standard formula
with n=12.

Substiuting n=12 into the standard formula.

o 12(1241)(2%12+1)  12x13x25

;EI_ g 6

=630

N 0 g9l a2 o o . : T
;.2 = T e, il The first term in the Geometric Series is

2 =1 and you must inciude this in the sum.

S BB With this, there are 13 terms in the series.

a=2"=1r=2 and n=13.

=1

) alr 1)
Using the formula 5§ ='—1'
F—
i 11223 ] ;
T‘.}- = i) SN | —— 1z —_] =
22 5 27 -1=8191
Combining the two results

1z
Z|_:'; +27}=650+8191=8841

rmi

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 27

Question:
50
Evaluate} (r + 1)(r +2).
r=1

Solution:

You have not been asked to show that any

particular formula in # 1s true but you have

//, to get an expression for the summation in
terms of »# and then substitute r= 50 into it

S(rel)(r+2)=3r 433 r <372

_n{n+1)(2n+1) 3n(n+1)

2n
6 2
s = As vou have not been asked to show that
Substifuting » =350 3 i ) 3
i S0x51x101 3x50%51 any formula is true, vou need not look for
E (r+1)(r+2)= it AU ey any common factors in these terms. You
. 6 2 can use the whole expression as it is.

=42 925+3825 +100=46 850
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Exercise A, Question 28

Question:

n 202 _
Use standard formulae to show thgtr (r2-n) = LN U}

r=1
Solution:
Z:r['r"—n'|=ir5—im‘
rml rm] rm]
=Z=r5—nz=:r
| T |
7 (n+1) n{n+1)
_TEL £ _padtty ;
1 2

w(n+1) 27 (n+1)

n |__n—1_]f_rt—1_]
- 4
| nt —1]

=——  asrequired.
1 |

© Pearson Education Ltd 2C
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In Zm‘ , the rranges from 1 to n but the # does

not change; # 15 a constant. So

Dr=nxlenx2+nx3+ _ +uxn

pock

n(n+1)

=nx(l+2+3+ _ +n)=n

L

- 4 - 4 After putting both terms over a common
n‘l M+ denominator, look for the common factors of the
L| n+1)-2]

terms, here shown in bold;
n*(n+1) 2n*(n+1)

4 4
You take these, together with the common
denominator 4, outside a bracket;

nln Zl'[”1 ]
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Exercise A, Question 29

Question:

n
a Use standard formulae to show thétr(3r +1) = n(n + 1)2

r=1
100
b Hence evaluatey r(3r+1) .
r=40

Solution:

s Dr(3re1)=33r 23y
sl rml Fml

_ Fn(n+1)(2n+1) n(n+1)

g 2
=”'r-”2‘1-][[_zn—1_1+1]
_n(r+1)(2n+2) n(n+1) 2 (n+1)
B 2 - Z

=n[_n—1_]:__ as required.

100 100 32
b 2 r(3r+)=2r(3r+1)-2 r(3r+1) «
radd =1 rul
Substituting »=100 and » =39 into the

result in part (a).

3" #(3r +1) =100 x101* —39x40?
e

=1020100-62 400

=057 700

100 1600 33
> E(r)=2 E8(r)-22f(r).
rmdd rml rml

You find the sum from the 40t to the 100t term
by subtracting the sum from the first to the 30t
term from the sum from the first to the 100t
term.

It is a common error to subtract one term too
many, in this case the 40%® term. The sum you
are finding starts with the 40 term_ You must
not subtract the 40T term from the series — vou
hawve to leave it in the series.
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Exercise A, Question 30

Question:

n
a Show thaty’ (2r - 1)(2r +3) = %(4n2 +1n-1).

r=1
35
b Hence find) (2r - 1)(2r +3).
r=5
Solution:
a D(2r-1)(2r+3)=D(4r* +4r-3) 3'3=3+3+3+ . +3=3n
ol M 1Tl car
=4ir3 __412;- _ZT‘:j It is 3 COMmimon arror to write Z‘;E’- =3.
rul rul eml e=1
_#n(n+1)(2n+1)  Fn(n+1) 3
& 4
2n(n+1)(2n+1) 6n(n=1) on - — -
e 3 ' 23 3 : S #——— After “cancelling™ fractions, put all of
" ) the expressions ovetr a common
=_[z[n_1][2n_1]_ﬁ[n_u_gnj denominator, here 3.
3= " - You then look for any factors
R all three expressions.
o 4_ —Iﬁ _2_6 _ﬁ_g comimon to b
3[ . . " ] Here there 15 only one, n.
= g[}mi +121-1), as required
b i[gr_“[gr_g,] You find the sum from the 5% to the
e o ' 35% term by subtracting the sum

i . A ; ",’,/”/ from the first to the 4% term from the
=2 (2r-1){2r+3) —Z[E? —1)(2r+3} sum from the first to the 35 term.

Substituting #=35 and » =4 into the result in part (a)

2 (2r -1)(2r+3) You use the expression you have
3',': i proved in part (a) to complete the
5o = \ i n \ 5
= 5 (4x35" 41235 1) - (44 +12x4-1) question.

=62055-148=061907

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 31

Question:

n
a Use standard formulae to show t@l(6r2+ 4r -5)= n(2n2 +5n-2).

r=1
25
b Hence calculate the value of (6r2+4r -5).
r=10
Solution:
S :_. _.,-'=§=;_.- _:..-
a ;I_ﬁr 4r-3| ﬁ:r 4%} Z: ‘7 A common error with the last term
Fn(n+1)(2n+1) A'n(n+l) _ is to write —» 5 =—3_ Correctly:
o TR ; 1, . B —
g Z :
=n{n+1)(2n+1}+2n{n+1}->5n —Z_i:_[ﬁ__i_g_ . +3)

=n[(n+1)(2n+1)+2(n+1)-5]

=n[3n1—3n—1—zn—2—5] —

=n{2n’ +3n—2}, as required. A

: 5 i + : ¥ " I;I G .
b D |6 +4r—5)=2"(6r" +4r =5 |- | 6r' +4r-3|
=l ] | : Fol :
Substituting #=25 and n=9 into theresult in part (a)
> (672 +47-5)
T y
=25(2x257 +5x25-2)-9(2x0" +5x 0 -2}

=34325-1845=32 480
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Exercise A, Question 32

Question:

n
a Use standard formulae to show tBgir + 1)(r + 5) = %n(n +7)(2n+7).
r=1

40
b Hence calculate the value df, (r +1)(r +5).
r=10

Solution: )
a Z_lﬁ"—l)fr—ﬁj= Z(}'l—.ﬁ}'—ij

=§r:—ﬁ§'r—§5

_n(n+1)(2n+1) 6n(n+1) =

6 2

_nln+1)(2n+1) 18n(n+1) 30n
B 4] f 6 As the question prints the answer,

M : factorizing the quadratic expression
=g [(n+1)(2n+1)+18{n+1)+30] gives no difficulty, but you should

s check your solution by multiplving out
= E[zﬁ_ +3n+1+18 ”—13—3'3] the brackets in the answer. This helps

vou to correct anv errors that you may

" [n* +21n+49) have made in vour working. In this case,

6 the check is

(r+7)(20+7)=2n" +Tn+14n+49

=2n" +21n+49.
40 40 2
b E (r+1)r+5)= E(r + 1) _-Sj_Z(y +1)r+3) This checks and vou can be confident
-1 the working 1s correct.

i r =l

n(n+T7)(2n+7), as required.

|J-|||_.

Substituting =40 and m=9% into theresult in part (a)
44
Z(r—-—l]fr—S]=%x4ﬂx4?x8?—%x9xlﬁx25

# =10

=27260-600=26 660
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Pagel of 1

Question:
n 2
a Use standard formulae to show tatrr + 1) = "* 1)(31”2 tn+2)
r=1
30
b Find Y (2r)?(2r +2).
r=4
Solution:
2P (=2 2
rml rml P |
w(n+1) n(ns1)(2n+1) After putting both terms over the
- 4 ad 6 common denominator 12, find the

e 1 vr common factors of the terms, here
3 (n+l) 2n(n+1)(2m+1)

shown in bold:
, 121. 12 > 3 (n+1F  2n(n+1)(2n+1)
A 3n(n+1)+2(2n+1)] 12 12

12

nin+l)
- — “[3n(n+1)+2(2n+1)].
o Hl‘-TE_ -J[Eni —-3&—4}1—2]
H[n—l_][jn:—?n—z_l )
= o . @s required.

b (2 ) (2r+2)=4r* x2(r+1)=87" (r+1)

] . £l
> (2r) (2r+2)=82 "1 (r+1)
fmd P

= Ef rir+l)= E:f ZD r{r —1_}—25_?': (r+1) II

Substituting »1=30 and »=3 into the result in part (a) multiply this by 8.

Each term, (2r }: (2r+2), in the

summation in part (b} 1s eight
times the corresponding term,
7 (r+1), in part (a). The key idea

is then to find Zr:['r—l'] and

S (2r Y (27 +2)
] (el

ls_f‘anxslx['axjnl—?xan—z] Ix4%(3x3 +7x3+2))
T 12 - 12 |

S[:EES 680 —50)=8x225630=1805 040
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Exercise A, Question 34

Question:

n
Using the formulay’ r2 = %(n +1)(2n+1),
r=1

n
ashow thatY’ (4r?-1) = g(4n2 +6n-1).
r=1

12
Given that} (4r2+ kr —1) = 212Q wherek is a constant,

r=1
b find the value ok.

Solution:

a (47 -1)=43r -3 -
pul : ol 5l :
#in(n=1)(2n+1) > It is a common error to write E'1=1_
= , A

ﬂ_
_3”[”—1][3m

) 3 M % 7 W W

sml

3 3
=§[2[n—1][2n—1]—3]

i -
=—|dw +6n+2-3

5l ]
=§|.4H; —ﬁn—L_\l, as requirad.

12
b > (4% + R -1)=2120
=1

12 12
247 -1)+ k2 r=2120 . %

rm] rml

Using the result in part (a) with n=12
1T ".:'_ N
Z|4r:—1}=1—'|4x12'—ﬁ %12 -1}
- i :

=2588

) d nin+l)
Using the standard result > 7 = =

with n=12
1 12[12-—1_]_

;1}' =‘T 78

Equation * now becomes

2588+78k=2120

. 21202588

===
78

6
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After “cancelling”™ fractions, put all of the
expressions over a common denominator,
here 3.

You then look for anv factors common to all
three expressions. Here there 15 only one, 1.

1:4,:-3_;9‘—1] can be written as [4?1—1}—}'0‘.
it

You can then evaluate 3 (4#° —1_'| . using part {a),

rml
12

and Z 7, using a formmia vou learnt in Chapter 3.

el
The relation in the question then becomes an
equation in & which vou can solve.
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Exercise A, Question 35

Question:

n
a Use standard formulae to show tiétr(3r - 5) = n(n+ 1)(n - 2).

r=1
2n
b Hence show tha}_ r(3r -5) = 7n(n?-1).
r=n
Solution:
(37 —5)=3 -. r-5 : r
. % ! ) § % Look for the common factors of the terms,
ﬁriﬂ[ﬂ—rl}[fﬁ—ll Sﬂrﬂ—lj hﬂfshﬂ“i.-'ﬂ.m']l‘ﬂld; n :
= : ﬁ’i- e ?1[H—-l__l(in—l}_:-r:l__?z—-l__l
. : 2 2
= i e 1-} [ 3 P pa 5:1 Take the common factors, together with the
2 7 comimon denominator 2. outside a bracket;
n(n+1) Z(n-2) nin<l)., ,
= 7 = 3 '[l__.??:i—l]—:'].
=n{n+1)(n-2), asrequired.
b 3 r(3r-5)=37(3r-5)-3r(3r-5) 1 1 _
- . | Py | ad X . 1= . m=1 .
Using the result in part (a), replacing »n by Z LE i ;f[r.l o ;f[_r_|

2y and n-1.

if'lj‘" —5:}=2}1[2}1—1][2&—E_]—f?i—l_]n[_n'—E_] To find an expression for ;f[r], you

: ; ; replace the # in the result in part {a) by 2x;
=4n{2n+1)(n-1)-(n-1)n(n-3)

nlrn+l)(n-2)
=n(n-1)[4(2n+1)-(n-3)] —
=n{n-1j[8n+4-n+3] ' et
—n{n=1){7n+T7) To find an expression for E,:fl_?‘_L You

=Tn(n-1}(n+1) replace the » in the result In part (a) by n—1;
nin+1){n—2)

becomes (n—1)((n—1)+1)((n-1)-2)

=7n{n* —1), as required.

=(n-1|n(n-3) .

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1
Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 36

Question:
d 1
a Use standard formulae to show thtr(r + 1) = 5n(n +1)(n+2).
r=1
3n 1
b Hence, or otherwise, show that r(r +1) = §n(2n +1)(pn + q), stating the values of the integ@randg.

r=n

Solution:

a ir[;-—1]=irl—i;-
. | Fml sml

_n(n+1} (2n+1) n(n+1)

s After putt"ting the expr&‘%sa’nns over a
= n[_r.r _1-] l-‘n_l-J 4 3”[”_'” "‘-\_‘_h___\‘ common denominator 6, you look for any
6 & factors common to both expressions. Here
_1 3 F L 5
=?‘.E|:F’f'j -'l[En—l—B] there are two, nand (n+1).
_n(n+1)2'(n+2)
ﬁr_’,

= % n{n+1)(n+2), as required.

To find an expression for Zr[ r+1), you

1= T =1 P |
b 2rr+1)=2r(r+1)=-2r(r —.1|/’7 replace the # in the result in part (3) by n—1;
o r ol ¢ =l 1

1 1 : . —n{n+1)(n+2)
=§3n[3n—1][3ﬂ—2]—E[H—l]nlﬁ—lj cHRAE

i becomes l[F'j'—l W(n=1)=I){{n-1)+2)
=§n[i[in—1_][.’:'&—.’:"_]—I:n—l_]l:n—l_]] TR

1 .
4 S =—|n—1jn|ln+1) .
== n[ 27w +2Tn+6~(n" -1}] B AT

=120 +27n+7| As you are given that (2n+1} is one factor of

a3 ]

26 + 27n+ 7 the other can just be written down.

——n(2n+1)(13n+7) o e ,
R "N (2n+1)(pn+g) =260+ 27+ 7. only if 2p =26
p=13.9=7 < and 1g =7

Laa
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Exercise A, Question 37

Question:

n
Given that)’ r2(r -1)= 1—12n(n + 1)(pn2 +gn+r),
r=1

a find the values op, g andr.

100
b Hence evaluate}’ r2(r-1) .
r=50

Solution:

a 2rir-1)=2>r->r

rul ] s =l

w(n+1)  n(n+1)(2n+1)

4 6
3t (n+1)  2n(n+1)(2n+1) After putting the expressions over a
== 12 - 12 common denominator 12, vou look for
n(n=1) any factors commeon to both expressions.
= '1,:, - [3?“._?1—1_}— 2|._3'f°ii—1_]:| Here there are two, nand (n+1).
n(n+l)- s :
- (3 +3n—4n-2]
= Lo(ne1)(37 —n-2)
=3 g=-1r=-2
100 18 49
100 100 49 S ¢ E s
b D (r-1)= 2 (r=1)-2r (r-1) "] 2102 )28 ).
- 1 - - _ You find the sum from the 30 to the 100®
= —=100=101x| 3=100° =100-2} term by subtracting the sum from the first to
12 ' ' the 40t term from the sum from the first to the

_ L 40%50%(3x 497 —49_2) | 100% term.

12 ’ “ 1 It 15 a comimon error to subtract ons term too
=25164150-1460 200 many, in this case the 50 term. The sum vou
=231703950 are finding starts with the 50% term_ You must
not remove it from the series.
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Exercise A, Question 38

Question:

n
a Use standard formula to show thatr(r +2) = %n(n +1)(2n+7).
r=1

10
b Hence, or otherwise, find the value ®f(r +2)|og42r.
r=1

Solution:
a 2 r(r+2)=2r+277r

rml rul rml
_n{n+1)(2n+1) 2n(n+l1)

il 2
_n{n+1)(2n+1) 6n(n+l1}
- 6 6
(1)
- Hin -l[En—l—ﬁ]
6 In patt (b), you need to use the

properties of logarithms vou leamnt
in the C2 course. You can find this

/ material in Chapter 3 of Edexcel
1 ; . . AS and A-Level Modular
b E[_r +2)log, 2" = er +2)rlog,2 Mathematics, Core Mathematics 2.

=%n|_.n—1.]['2u—'? ), as required.

vl ral

=log, 2> r(r+2)

~log, 4 ]EJ r(r+2) The power law of logarithms, log_x* =klog_ x.

= is used twice.

= %lng.t 4Er (r+2)

ru

_l%}'[?_?] log, a=1. for any positive a.
2 \ .
/o

=lxlxlﬂx11x2?
2 6

_2471
2
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Exercise A, Question 39

Question:

n

Use the method of mathematical induction to prove that, for all positive inm@rﬁ = nzl.
r=1

Solution:

PhysicsAndMathsTutor.com
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"

Z 1 n All inductions need to be shown to be true for a small

r(r+1) =n+1 number, usually 1.
=1
Let n=1. /

The left-hand side becomes

1

1 | 1 1
Z r(r+1) 5 1%2 :E -— Z ! consists of just one term. That is
1 / . r(r+1)

F o

The right-hand side becomes

rml

E 1 Zr+l with 1 substituted for ».
14y 3 Ay

The left-hand side and the right-hand side are

equal and so the summation is true for n=1.

Assume the summation is true for n=~k.

That is Z : =i ______ *

o~ r[r +1] k+1
'/ The sum from 1 to &£+ 1 is the sum from 1
£+l B

1 1 1 to k plus one extra term.
= + -4— Inthi .th is found bv
Zr[r+1] Zr[r+1] [:Ic+1][k+lj n this case_ the extra term is found by

Fom F o

laci ch #i by £+ 1.
replacing each » in D) v
k 1
= + - . using %
k+1 (k+1)(k+2)
k(k+1)+1
= I:I"C+1] UH_ 2) Keep in mind what vou are aiming for as
5 vou work out the algebra. You are looking
. E+2k+l I:ﬁ-""‘]_]‘ to prove that the summation is true for
[k+ﬂ (,i’.;+2_] “H_i) ('EH_E] n=k+1, so vou are trving to reach B
ikc+1 k+1 n+1
:k+”:[ﬂf+11+1 with the » replaced by £+ 1.

This is the result obtained by substituting n = k+1
into the right-hand side of the summation and so the
summation is true for n=7r+1.

The summation is true for n=1. and. if it is true for
n=/k_thenitis true for n=k+1.

Bv mathematical induction the summation is true for
all positive integers #1.
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Exercise A, Question 40

Question:
0 1
Use the method of mathematical induction to prove Jatr +3) = §n(n +1)(n+5).
r=1

Solution:
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H

= i) :%}?[}2+1][n+5]

r=l

Let n=1.
e left—ha.lftd e hetomes Zl r{r+ 3] consists of just one term. That
> r(r+3)=1(1+3)=4 «——1 " o .
) is (7 +3) with 1 substituted for ».
The right-hand side becomes

%x1[1+1_][1+5j =%><2><6=4

The left-hand side and the right-hand side are
equal and so the summation is true for n=1.

Assume the summation is true for n=1=&. This is often called the induction

That is ir[r +3]=%k[k+1j (k+5) * — | hypothesis.
r=l

£+l k e
- The sum from 1 to £+ 1 is the sum from
+3)= +3)HEF1) k+d) a—
A ;H\r )+ X ) 1 to k plus one extra term.
In this case, the extra term is found by

lacing each r in r(r+3) by k+ 1.
=%k[:k+”[:k+sj+|:k+m:k+4]:using* replacing each 7 in 7(r +3) by

r=1

1 Multiplving out the brackets would

3
- Ek["{c+1}[;:+5)+§ (fet1)(e+4) give vou an awkward cubic expression
1 _ - which would be difficult to factonise.
=§[k+ljtk[ﬂc+5]+3[ﬁc+4”

You should trv to simplifv the working
1

by looking for any common factors and
=5 (k+1) (1 +5k+3k+12 | taking them outside a bracket. Here

i (k+1) is a common factor.

=—(k+1)| k" +8k+12
e+ )] ]
=%[_.i’r+1_](k+2j{k+6_] 1
1 This expression is —r.?[:n+1:| [:n+5_] with
= (k+D)((k+1)+1)((k+1)+5) «— 3
3" ' = each » replaced bv £+1.

This is the result obtained by substituting 1 = k+1
into the right-hand side of the summation and so the
summation is true for n=XI+1.

The summation is true for » =1, and. if it is true for
nm=/k_ thenitistme for n=k+1.

By mathematical induction the summation is true for
all positive integers ».
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Exercise A, Question 41

Question:
d 1
Prove by induction that, fore z* ¥ (2r - 1)? = Sn@n-1)@n+1).
r=1

Solution:
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Zflr ) ; (2n-1)(2n+1)

Let n=1. "

e 1Eft_ha'?d Fiicoenmes > (2 —1_]: consists of just one term. That
S (2r-1) =(2-1) =1?=1 «—— :
r=l is (2r—1} with 1 substituted for ».

The right-hand side becomes

%xl[l—l][2+1) =%><1><1><3=1

The left-hand side and the right-hand side are
equal and so the summation is true for n=1.

Assume the summation is true for n=~%.

1 \ The sum from 1 to £+ 1 is the sum from 1to &
Thavss ZI:"}‘ “ =3F(2k-1)(2k+1) .. ... * plus one extra term. In this case, the extra
term is found by replacing the »in [:2}'—1;]1
ksl 3 - by £+ 1. Giving
Z["’r 1:] Z[:Er—l] +(2k+1) e i - "
(2(k+1)—=1) =(2k+2-1) =(2k+1)

=lk[2k—1][2k+1]+%[2k+1}: _using X

Multiplving out the brackets would

: give vou an awkward cubic expression
(2k+1) I:,i'n 2k—1)+3 [’ni’.;+1]:| which would be difficult to factorise.

5
3 Look for anv commeon factors and take
1(2;"4.1) [jgf +§;v+3i| them outside a bracket. Here (2k+1) is
? a common factor.
5[7k+1j (k+1)(2k+3)

; 5 ok ;
%[‘EC‘HM (k+1)- 1H’ (k+1)+1) ] This expression is grz[ln—lj[2n+1] with

each » replaced bv k+1.

This is the result obtained by substituting n = k+1
into the right-hand side of the summation and so the
summation is true for w=7~r+1.

The summation is true for n =1, and. if it is true for
nm=Fk_thenitistrue for n=~k+1.

Bv mathematical induction the summation is true for
all positive integers n.
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Exercise A, Question 42

Question:

Therth terma; in a series is given By=r(r + 1)(2r + 1).
Prove, by mathematial induction, that the sum of theritstms of the series J%sn(n + 1)2(n +2).

Solution:
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rz[:rz+1]:|:rz+f}
» All inductions need to be shown to be
true for a small number, usually 1.

b | —

Za = S r[:r+1][:2r+1]=

=1
Letn=1. =

The left-hand side becomes
1
Y r(r+1)(2r+1)=1x2x3=6
r=1
The right-hand side becomes

lxleﬁ:ﬁ
)

The left-hand side and the right-hand side are
equal and so the summation is true for n=1.

Assume the summation is true for n=~%.

Thatis 3 r(r+1)(2r+1) =%k[k+1]] (k+2) *
ral e

i £ Fractions need to be expressed
Er[r+1}[2r+lj =E’VI:}‘+1J [EH_U [:’EH_HI: I:MH_} to the same denominator before

r=1 r=l i
factorising. The form of the

et answer shows that vou need to

(e 2 2 3 :
=EﬁcLﬁL+1] [k+2]+5[k+1j[k+2][2k+3) . using %

have - 2s a common factor and

a

1
gt ) Sl ) 2
=y (E+D [k+'-][k[k+1}+- ['k+3-]] it helps you to write E before

.

-

the second term on the night-

%(mn +2)[ & +5k+6] hand side of the summation.
1

hui 3

2[;t’.r+1][ 2)(k+2)(k+3)

= (1) (k+2)" (ke 43) £ oo o

2 This expression is ;n[\n+1]‘[2n+1] with
. . 2 I ;
;('Ef+1J[['Ef+1J+1,| [_[:'E'*"H}"'z] - | each mreplaced bv k+1.

This is the result obtained by substituting 7 = k+1
into the right-hand side of the summation and so the
summation is true for n=F&k+1.

The summation is true for n=1. and. if it is true for
n=Fk_ thenitistrue for n=5%+1.

Bv mathematical induction the summation is true for
all positive integers n.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 43

Question:
d 1
Prove, by induction, tha}’ r(r-1)= En(n -1)(n+1)(3n+2).
r=1

Solution:
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%?’E[?’E—U[i?-i-lj[}ﬁ-i-z;l

Z = [_r—ij

rml

Let n=1.
The left-hand side becomes

ir’ (r—1)=1"%(1-1)=0 /
r=1

The right-hand side becomes

1
> r*(r—1)consists of just one term. That
=l '

is rl[r—l_] with 1 substituted for». In

this case, because of the bracket, this
clearly gives 0.

1ip}><1><(1—:1}><(1+:1)><{3+2}

:%XIXDde:U

The left-hand side a_nd_ the right-hand side are
equal and so the summation is true for n=1.

Assume the summation is true for n=1I.

That is irl(r—l]=%k[fc—1][k+ﬂ[3k+2]
r=1 0

2

Erll}‘—i) =irlf_?‘—1)+['{c+lj (R+1-1)

The commeon factors in these two

/ /

=%Ic[fc—l][ﬁc+1][3k+ Pyt

+ —
12

1

12
1
= #ier1)

i

k(ke+1)[ (k—1)(3k+2) +12(k+1) |

[3E—k—2+12k+12]
1

2

= L k(1) (k+2)(3k+5)

k(k+1)[ 3k +11k+10]

12

This is the result obtained by substituting #n = k+1

k[ﬁ(+l]1= using %

+2

]
L (s 0) (1) =1)((e+ 1) 1) (3(k+1) 4.2

terms are 11_7 kand (k+1).

e

Fearrange this expression so that it is
the right-hand side of the summation
with » replaced by &+ 1.

]

into the right-hand side of the summation and so the

summation is true for n=~%k+1.

The summation is true for n=1. and ifitis true for
#=fk. then it 1s true for n=4&+1.

Bv mathematical induction the summation is true for
all positive integers 7.
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Exercise A, Question 44

Question:
Given thaty = 8 andy1 = 4u, - 9n, use mathematical induction to prove that 4" +3n+1,neZ".

Solution:

All inductions need to be shown to
be true for a small number, usually
1. In this question ; =8 is part of

Let n =3 /// the data of the question and vou
=4 +3x1+1=4+3+1=8 have to start by showing that

As the question gives 1 =8, the formula u, =4"+ 3n+1 satisfies 1, =8

u,=4"+3n+1

is true for n=1.

Assume the formula is true for n=%&. The induction hypothesis is just the
Thatis w. =45+ 3% +1 .. ... % <«+—— formula vou are asked to prove with the
= _4# o ns replaced by ks.
pig =y
=4(4% +3k+1)—9k . using *
— 4" 12+ 4—9k The induction hvpothesis allows vou to
L S Y S substitute 4° +3k+1 for u, .

=4 43(k+1)+1

This is the result obtained bv substituting » = k+1
into the formula u, = 4" +3n+1 and so the formula

is true for n=Kk+1.

The formula is true for m=1. and. if it is true for
n=Fk,thenitistrue for n=5%k+1.

Bw mathematical induction the formula is true for
all positive integers n.

© Pearson Education Ltd 2C
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Exercise A, Question 45

Question:

Given thatyy = 0 and, 1 = 2r - u,, use mathematical induction to prove tha=2n-1+(-1)", nez".

Solution:
2u, =2n—1+(-1)"
Let n=1

2u, =2-1+(-1) =2-1-1=0 = 5 =0

As the question gives &, =, the formula
. 4 a " ’ Replacing the rbyvakin u,_,=2r—u,.
is true for n=1. : . . .
This question has used »in the data in

; : i 7 i
e P R T e i T the question v henla H hE}s belen used‘m
; the previous questions in this exercise.

Thatis 2u, =2k—1+(-1) ... ... * The letters used are symbols and which

u, ., =2k—u, 4’—-—'—‘_’_'—_._/”— particular letter is used is makes no

- £ difference to the question or the way
du, . =4k—2u, =4k—(2k—1+(-1) _]=using | ot

=4k -2k +1-(-1)
=2 +1+(-1) e il S T = (=1)(=1)" =(=1)' (=)} = (="

i+l

=2(k+1)-1+(-1)

This is the result obtained by substituting n = t+1
into the formula 2u, =2n-1 -I—I:—l_]m and so the formula

istrue for n=k+1.

The formula is true for m=1. and, if it is true for
n=Ic_then it is true for n=5%5+1.

Bv mathematical induction the formula is true for
all positive integers .
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Exercise A, Question 46

Question:

f(n) = (@2n+1)7" -1

Prove by induction that, for all positive integn, f(n) is divisible by 4

Solution:
f(n)=02n + 7" -1
Let n=1 /1’7
£(1)=(2x1 + 1)7' =1=3x7-1=20

20 is divisible by 4, so “f(n) is divisible by 47

1s true for m=1.

All inductions need to be shown to

be true for a small number, usually 1.

In this question, vou need to check
that when vou substitute n=1_ the
number vou obtain is divisible
exactly by 4.

Consider f (k+1)—f
f(k+1)—f(k)=(2 (ﬁr+1]+1:|?i*1—1—[;[2k+1]?'t—1:]
Ue+3) 7 = (2% +1) 7
2+3)T% T —(2k+1)7"

k+21-2k-1)7°

Pagel of 1

() «— |

When vou are trving to prove, by

induction, that an expression f f.ﬂ] is

divisible by a number, it is often a
good start to try and show that

f(k+1)—f(k) is divisible by the same

number. This does not always work but

it is worth tryving!

(
(
(14k+21)7* —[";t’c+1]?
(14
(

12k+20)7° =4(3k+5)7° %k
So4isafactor of f(k+1)—f (k). «— |

Assume that (k] is divisible by 4.

Showing that “f [:k+1]—f [:k] hasa
factor of 47 is exactly the same thing
[}'f+1}—f [}'f] is

as showing that °f
divisible by 47.

It would follow that f (ﬁrj =4m _ where

w1 15 an integer.

From *

f(k+1)=f (k) +4(3k+5)7"
=4m+4(3k+5)7°
=4(m+(3k+5)7")

So f (k+1) is divisible by 4.

f fﬁ] is divisible bv 4 for # =1, and, if it is divisible
by 4 for =%, then it divisible by 4 for n=k+1.

By mathematical induction, [: 7)is divisible by 4

for all positive integers .

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 47

Question:

A= (é ;) wherec is a constant.

Prove by induction that, for all positive integers

(1 (2“—1)cj
(0 pd

Solution:
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M (2 _1;} o You need to begin by showing the result is true

A” =: ' i I for n=1. You substitute # =1 into the printed
\0 - / expression for A" and check that vou get the

Let n f] " matrix A as given in the question.

. (1 (F=hel T )

A= " L |=i
lo 22 J o2
LS + .

This is A, as defined in the question, so
the result is true for n=1.

Assume the result is true for n =&

a1 (EE=1)e)
Thatis A" =| e
| O & ol

b 4

A" =ATA
Keep in mind as vou multiply out the
matrices that vou are aiming at the

o (1 (2-1)e)
expression A" =| :
10 2 )

| with each »
]

1 0 3 3 replaced by £+1.
e c+2"ec—2c
L0 2 A
£ nka 3 22" =2"2"=2" byone of the
2 12 i | laws of indices. You use this twice.
(e 2 )
(1 (28 -1)c)
=| Wil
6 5%

This is the result obtained by substituting 7= t+1

(1 (22-1)c)
: " | and so the result
0 il
% o

1s true for n=k+1.

into the result A" =

The result is true for n =1, and, if it is true for
n=>k_ thenitistrue for n=5L+1.

Bv mathematical induction the result is true for
all positive integers .
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Review Exercise
Exercise A, Question 48

Question:

n-2
Given thay = 4 and thau, ; +u, = 6, u® mathematical induction to prove that 2 - (—%) , fornez*.

Solution:

All inductions need to be shown to be true for
u =2—] —=| a small number, usually 1_In this question

) P e ] 4 is part of the data of the question and
Let n=

vou have to start by showing that

= _(_1\"-1_1 i »,_'f_l\':._l u, =4+ 3n+1 satisfies 1, =4.
= | gl ==l 3
. 2 . 2
=2—[’—F’ =-!- I."' "'.I‘l
N . = Using a'1:1= '—l' :Lzlx—gz—l
As the question gives i, =4, the formula g WD - 1
is true for n=1. 2

Aspmins the Bomnab e farnsif The induction hypothesis is just the

Fopye / formula vou are asked to prove, with the
That is u, = 2_i _?; ______ % ns replaced by ks
du,  =6—u. The induction hypothesis allows vou to

i lh.li—. 4 1 ‘.I-'-"-‘ . . jri a,ll.i:—J _'
Dy = 6—[2 —'I —;J' :|= 4+]' = | .using % substitute 215 for w,.

. L L by
Hence, dividing both sides of the equation by 2

1{ AN="
u.i';l_z-l__” _Ej '; ( 1\:: 1\{1‘-2 - lw,l'lj.f 1\1—;
(Y, (1) "22) ")
T g L 2) i aaeal 4 e
_1\._5) 211_5
This is the result obtained by substituting n =k+1
- n-1

into the formula u, = ..—: —EW and so the formula

is true for n=&+1.

The formula is true for #w =1, and, if it is true for
n=1Ik_then it is true for n=5%+1.

Bv mathematical induction the formula is true for

all positive integers #, thatis ne 7.
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Review Exercise
Exercise A, Question 49

Question:
. . + n 1\' 1\"
Prove by induction that, for alleZ™ ) r(E) = 2—(5) (n+2).
r=1

Solution:
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Letn=1.

r=1

The right-hand side becomes

1

r=l

is 71

gives -

1) consists of just one term. That

2z

)" with 1 substituted for 7. which

1

2-(3) (1+2)=2-}x3~1
The left-hand side and the right-hand side are

equal and so the summation is true for n=1.

Assume the summation is true for n=5&.

Thatis 3 r(3Y =2-(2) (£42) .- .. *
T = @) 2+ (k) ()

¥,
x ¥
(1) 2(k+2)+(k+1)(3)

-

(3

second and third terms.

You are aiming at an expression where
X n . "

the nin (1) . on the right-hand side of

the summation in the question, has

k 3 ’ k, i+l . E
=2—(4) (k+2)+(k+1)(1) . using * | beenreplaced by k+1. Replacing (1)’

bv the equal |.=}j+1 %2 will give vou

1

B+l
j as a common factor of the

—

1
L7 ((k+1)+2)

This is the result obtained by substituting n = k+1
into the right-hand side of the summation and so the
summation is true for n=I+1.

The summation is true for n=1. and. if it is true for
i =I_then it is true for n=5k+1.

Bv mathematical induction the summation is true for
all positive integers #, thatis ne I~

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 50

Question:

Az (—321 —11)

Prove by induction that, for all positive integers

n_f{2n+1 n
A ‘( -4n —2n+l)

Solution:
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You need to begin bv showing the result is true
A" for n=1. You substitute # =1 into the printed

:! Lo |
L —4n —Intl) expression for A" and check that vou get the

Let n=1 matrix A_as given in the question.
o1 (2+1 : S T - i
Tl 4 241 4 )

This is A, as defined in the question, so
the result is true for n=1.

(2n+1 no)

Koo temes i B n o e The induction h}l-‘puthesm is the result vou are
% 3 asked to prove with all the »s replaced bv &s.
. e [ 2k+1 B e
Thatis A" =
\ 4k 2k+1)
k1 _ pk < m
=g A . . AP s themutiin A, milGphied by e
= 2k+1 LR ktimes, multiplied bv A one more time.
\ 4k 2k+1)\4 1) A = A*A'= A" A This is one of the
[ 3(2k+1)—4k de+l—k ) index laws applied to matrices.

| —12k—4(-2k+1) —4k—(-2k+1))
(243 E+1)
| —4k—-4 -2k+1)

(2(k+1)+1 k+1 )
Tl AR+ 2(k+1)+1)

This is the result obtained by substituting n = I+1

(2n+1 oo
into the result A" =] i | and so the result
| —4n  —2n+l}

is true for m=Kk+1.

The result is true for n=1. and. if it is true for
n=1/k_thenitistme for n=5%k+1.

Bv mathematical induction the result is true for
all positive integers n.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 51

Question:
Given thafi(n) = 3*" + 21*2,
ashow that, foke Z*, f(k + 1) - f(k) is divisible by 15,

b prove that, foneZ", f(n) is divisible by 5.

Solution:
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a f(m)=3"42%7
f- I:k_l_l"]_f I:k) = 345&*—1! i 2-‘1'1'."{-;1!;] _[:34.:: iy 24«:‘1‘-—1 :]

Bhrd a4k | AdE+E 4D
R A e . -2

At this stage f'[:jl'c+1j —f [:fc_]is clearly

4k foh g\ (a6 A2 divisible bv 10 {(and 20) but to obtain
=37 (3 -1+27(27 -7 that the expression is divisible by 15,
=3%en 2% 80 vou have to obtain a 3, to go with the
=313 80+ 2% %60 80, by writing 3% as 3% 'x3'.
=240x 3% + 60x2*
= 15[_15 x3%T 442" ) * This shows that 15 is a factor of

Forall keZ", {16x3%" +4%2% }is an integer, f (ke+1)—f (k) and this is the equivalent
and, hence, £ (k+1) £ (&) is divisible by 15.% | t0 showing that f(k+1)~f (k)is exactly
divisible by 15. Note that the result

b Letist would not be true for negative integers

. i 4k "
£(1)=3*+2°=81+64=145=5x29 5 orextople, e el b
fraction less than one.

So f (n) is divisible by 5 for n=1.

Assume that [\ﬁ:\| is divisible by 5.

It would follow that f (k)= 5m . where An expression which is divisible by 15
) is certainlv divisible by 3, which is all
that is required for part (b).

» is an integer.

From *
fk+l)=f [:ff}+15[:16>< P g 4t ]

=5m+15(16x 37 + 4% 2%)

If both f (k) and 15(15><34r"'1+4><24"’;]

are divisible by 5, then their sum, f (k+1)

=5[m+3[‘16><34’{_1+4><24__‘_]‘]

So f (k+1) is divisible by 5.

Lnj is divisible by 5 for m =1, and, if it is divisible Although f [:IE,;+1] —f [:IE,;] is

by 5 for n=4. then it divisible bv 5 for n=k+1. divisible by 15_ f I:ri] TR

divisible by 15 for anv n. After
reading part (a), vou might
forall ne &7 . misread the question and attempt
to prove that 135 was a factor of

Bv mathematical induction, [:nj is divisible by 5 *—]

f () _ It is always necessary to

read questions carefully.
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Question:
f(n) = 24x 2*" + 3 wheren is a non-negative integer.
a Write downf(n + 1) - f(n) .

b Prove, by induction, thatn) is divisible by £

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Further Pure

f(n)=24%2"+3"

f‘I:”+1J_f‘I:n‘II =24x2+-_n—1'| +34'H*1:'_24X24n_34ﬂ

£f(n+1)—£ (n)

B Y £V 0o Ran B V. (o, LT o S L
=24 2™ [\'24_1.]_'_34'@ [\34_1.]
=24%2% %15 +3% %80
=5(72x2" +16x3%) . %

Letn=0

£(0)=24x2°+3"=24+1=25
So f (n) is divisible by 5 for n=0_

Assume that f (k) is divisible by 3.
It would follow that I:fc] =5m _ where

mi1s an integer.

From % _ substituting » =& and rearranging,

f(k+1)=f (k)+5(72x2*" +16x3")
Sm+5(72x 2% +16x3%)
5(m+72x2% +16x3%)

sof I:Ic+1] is divisible by 3.

Page2 of 2

This is an acceptable answer for
part (a). However, reading ahead,
the question concems divisibility
bv 3. So it is sensible to further
work on this expression and
show that it is divisible by 5.

In the middle of a question it is easv to
forget that, in all inductions, vou need to
show that the result is true for a small
number. This is usuallv 1 but this question
asks vou to show a result is true for all non-
negative integers and 0 is a non-negative
integer, so vou should begin with 0.

f frr*] is divisible bv 5 for 1 =0, and, if it is divisible
bv 3 for n=1I then it divisible by 5 for n=1+1.

Bv mathematical induction, f [HJ is divisible bv 3

for all non-negative integers n.
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Question:

Prove that the expressi7" + 4" + 1is divisible by 6 for all positive integen.

Solution:

If the question gives no label to the function,

Letf(n)=T"+4"+1 <+ | here 7"+4"+1, it helpsif you call it f (n).

Let n=1 You are going to have to refer to this
£(1)= Fradl et =17 function a number of times in vour solution.

12 is divisible bv 6, so (1) is divisible by 6 for n=1.

. % % This question gives vou no hint to
- — | 4 L GIVEs Y
Consider F{fetl)~ELk) help vou. With divisibility

f(k+1)—£(k)=T""+4" +1-(7" +4° +1] questions, it often helps to consider
o el gk gkel gk f(k+1)—f (k) and try and show
gt L- ~1)+ 4F (4-1) that this divides by the appropriate

e number, here 6. It does not alwawvs
=i " +3x4 1 work and there are other methods
=6xT" +3x4x4™ which often work just as well or
=6(7"+2x45) %k better. You should compare this

. ; ; question with questions 54 and 57

Se 6is a factor of £ (k+1)~f (k). in this Review Exercise.

Assume that f (k) is divisible by 6.
It would follow that [k] = 6m , where

w1 is an integer.
From % ; : L
£ (k+1)=f (k) +6(7F +2x4*) If both f (k) and 6(7°+2x4"7 ) are

— il 6[' 7E 42 45 ] divisible by 6, then their sum, [:k+1] 15
i L / divisible bv 6. You could write this down
=6({m+7 +2x4")

instead of the working shown here.
So f (k+1) is divisible by 6.

f [r.r_] is divisible by 6 for 1 =1 and, if it is divisible
by 6 for n =1, then it divisible bv 6 for n=k+1.

Bv mathematical induction, f (#)is divisible by 6

for all positive integers #.
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Exercise A, Question 54

Question:

Prove by induction thed" + 6n - 1is divisible by 9 foneZ™.

Solution:

Let f[n)=4n+6rx—1 -

Letn=1
f(1)=4"+6-1=9

So f (n) is divisible by 9 for n=1.

Assume that I:fc] is divisible by 9,

Then, for some integer m/
f(k)=4"+6k—1=9m

Rearranging

4% =Om—6k+1 ... %

f(+1)=4""+6(k+1)-1

If the question gives no label to the function,
here 4" +6n—1, it helps if you call it f (n).

You are going to have to refer to this
function a number of times in your solution.

With divisibilitv questions, it often helps to
consider f (k+1}—f (k) and try and show that

this divides bv the appropriate number, here 9.
This will work in this question. However the
method shown here is, for this question, a neat
one and vou need to be aware of various
altemative methods. No particular method works
every time.

Here vou substitute the expression

= 4x 4" Y6k +5
=4x(9m —6k+1)+6k+5

for 4% in % for the 4" in your

expression for [:}l'c+1] .

=36m—24k+4+6k+5=36m—-18k+9
=9I:4m—2i'(+1_]
This is divisible by 9.

f f_rz_] is divisible by 9 for n =1, and, if it is divisible
bv 9 for n =i then it divisible by 9 for n=k+1.

Bv mathematical induction, f (r*] is divisible by 9

forall me Z7.
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Question:
Prove that the expressiG4”‘l+ 2714 5is divisible by 10 for all positive integen.
Solution:
Let f(n) =3""+2"" 45
Let n=1
f(1)=3+2°+5=27+8+5=40=10x4
So f (n) is divisible by 10 for n=1.
When vou replace nbv &+1 in, for
Consider £ (k+1)—f (k) example. 3" you get
JHELRL _ qabetl _ gaka3
fi+1)—f(k) ;
— 34."{--_:" ! 24%—3 _5_[ 34.'-1'—1 +24.5.'—1 _5'|
_gtked _qekd 14.:--; 4k The index manipulation is quite
R complicated here. For example,
xre ! . * - " =3, b _ Adk-3+06 _ q4E+3

=34.':—1[34_1]+24.E—3[23_21] - e =a — - -

=31 g0 4+2%7 %30

=10(8x3%1 +3x2%7) %
Assume that [\}’c\l is divisible by 10.
It would follow that £ f}'(] =10m . where
» is an integer.
From % If both f (k) and 10(8 x 3% +3x2%7) are
£ (k+1)=f (k) +10(8x 3% +3x2%7) divisible by 10, then their sum, f (k+1) is

—10m +10(83x 3% 4 35 2% divisible by 10. If vou preferred, vou could
m. (B ? } write this down instead of the working
=10(m+ (8x3%1 43 2%3)) +— shown here.

So f (k+1) is divisible by 10.

f [i?_] is divisible by 10 for n =1, and, if it is divisible
by 10 for n =k, then it divisible by 10 for n=4&+1.

Bv mathematical induction, f [:7_] is divisible by 10

for all positive integers ».
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Question:

aExpress% in the formp+ -9,

X+3

The sequence of real numbeyfai,, ug, ...

b Prove by induction that, >5 , fore zZ*

Solution:

6x+10 6x+18—8 6(x+3)-8

is suchufrab.2

whepeandq are integers to be found.

Bup + 10
Up+3

ugnck

You mayv use anv correct method to carrv out
the division in part (a). Methods can be
found in Chapter 1 of Edexcel AS and A-
Level Modular Mathematics. Core
Mathematics 2.

—

x+3 x+3 x+3
=6[x+3]_ 8 e &
x+3 x+3 x+3
p=6,4=-18
b i, =52>5
Sou,>5 foorm=1.4—_ |

Assume that », =5

It is obvious that 5.2 = 5 but all inductions
need to be shown to be true for a small
number, usually 1, and vou must remember to
write down that 5 2 > 5 shows that the result is
true for n=1.

If w, »5_ there exists a positive number £

such that u, =5+¢.
_ 61, +10 _

Ugr ==
u; +3

. +3

X

g g

=6—

. using the result in part (a)

If £>0 then

is less than
S+e

one — the numerator is smaller
than the denominator. It

So u,;>5

ty>5 and, if u, >5 . thenau ,>5.

51243 84z
Tl e

follows that 6— will be

8+¢&
bigger than 3.

By mathematical induction, u, > 5 forall neZ".
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Exercise A, Question 57

Question:

Given thaheZ* , prove, by mathematical induction, that"Y) + 3"*1is divisible by 11.

Solution:

Let f () =2(47") 437

Letn=1

£(1)=2(4"")+3* =2x4> +3*
=2x64+81=209 =11x19

Sof I:rz] 1s divisible by 11 for n=1.

Assume that I:.i'cjj is divisible by 11,
Then, for some integer m,

f(k)=2(4"")+3" =11m «

The method of considering f (k+1)—£(k)
is very difficult to make work in this

Rearranging

2 [4:—1 ] - 1 ].m _33."{-1 o *

question and this alternative method is
easier here.

£ [ij+1‘ 5 2['.__11_;-,3 ] 433k

=243 42 )4 3%

Here vou substitute the expression for

2(4%") in % for the 2(4™") in your

expression for f (k+1).

=15><[’_11m—3-=;ji_3ff_f7-

=176m—16x371 £ 27 %3
=176m +11x3*
=11{16m+3*")

This is divisible by 11.

3k+4 _ q3keled _ q3bel g3 _ = gdkel
This is needed to get a common factor
of 3°* in the second and third terms of
the expression.

f I:rrz} is divisible by 11 for =1, and, if it is divisible
by 11 for n =K, then it is divisible by 11 for n=7%t+1.

Bv mathematical induction, f I:r::J is divisible by 11

forall me 7.
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