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2 : 2 _
1 a P(3t ’6t) lies on y* =12x 2 a P(6t,gj, t#0 lieson xy =36

2

1
y=23x2 y=36x"
The gradient is The gradient is
dy NE) L d
" 3(x) &= 36x7
dx
— 1242
When x = 3¢ When x = 6¢
3 dy 2
e = =-36(6t)
() "
_ 36
_3 (61)
V3t 1
| _

t
Find the equation of the tangent using:

P Sy e
Gives:
1
—6t =—(x—3¢*
y—6t Jx r)
yt—6t" =x—=31°

yt =x+3t" as required

At P(3t2 , 6t) , the gradient of the tangent

.1 . .
is — so the gradient of the normal is —¢
t

Finding the equation of the normal using
Y=y = m(x—xl) with m=—¢ at(3t2,6t)
gives:

y—6t= —t(x—3t2)

xt+y =3t + 6t as required

t
Find the equation of the tangent using:

y=y :m(x—x]) with m:—l at

t2
(t’j
t

Gives:

6 1
2= —(x—6r
y==(x-61)
1’y —6t=—x+6t

x+1°y =12t as required

AtP(6t,?j , the gradient of the tangent is

—iz so the gradient of the normal is 7
t

Finding the equation of the normal using

y—y,=m(x—x) with m=1¢> at (6t,éj
t

gives:

6

y-—= t*(x—6t)

ty—6=1tx—6t"

Px—ty= 6(t4 -~ 1) as required
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3 a P(5t2,10t), t#0 lieson y° =4ax

Substituting (5t2,10t) into y* = 4ax
gives:

(10r)" =4a(5¢*)

100¢* = 20at’

a=>5

The parabola has equation

1
y* =20x = 2/5x2
The gradient of a tangent to the parabola
is:

d. -
e
At x =57
& 5
- 1
(s
_1
t

Finding the equation of the tangent using

y—ylzm(x—xl) with m:%at
(5t2 , IOt) gives:
1
10t =—(x -5t
y t t(x t)

ty—10t" = x—-5¢

yt =x+5t" as required

The tangent cuts the x-axis at y =0
therefore

t(0)=x+5¢

x =-5¢2

So X has coordinates (—5t2,0)
The tangent cuts the y-axis at x =0
therefore

ty=0+5¢

y=>5t

So Y has coordinates (0,5¢)

Area,,, = ‘%(—Stz )(St)

- |12.5t3|
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4 a P(at2,2at), t#0 lies on y* =4ax

1
y= 2Jax?

The gradient is
Y_ 5
—=Aax

dx

xi
When x = af?

dy_ a

Finding the equation of the tangent using

y—y, =m(x—x) with m=% at

(at2,2at) gives:

y—2at=;(x—atz)

ty—2at’ = x—at’

ty =x+at’ as required

b From a, the tangent to any point,
(at2,2at) , on the curve has equation

ty:x+at2.

The point (—4a, 3a) lies on the tangents at

A and B.
Thus, for 4 and B:

t(3a) = (~4a) +at’
at* —3at—4a=0

t*=3t-4=0
(t+1)(t—4)=0
t=—lort=4

Therefore, the co-ordinates of 4 and B are

(a,—2a) and (16a,8a) .
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4
5 a P(4t,7], t#0 lieson xy =16

xy=16=y=16x"
The gradient of a tangent to the hyperbola
is

d—y=—16x’2
__l6
x2
Atx=4¢
dy 16
dc - (4r)
1
7

Finding the equation of the tangent using

y=y =m(x—xl) with m=—l at

t2
(4t,§j gives:

4 1
——=——(x-4t
y=—=—(x-4)
£’y —4t=—x+4t

x+1y =8¢ as required

The directrix of a parabola of the form
y’ =dax isatx+a=0,

so the directrix of y* =16xisatx+4=0
hence X has coordinates (—4, 5)
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5 ¢ From a, the tangent to any point, (4t2, St) ,

on the curve has equation x+t*y =8¢

X = (-4, 5) lies on the tangents at 4 and B.
Thus, for 4 and B:

—4+5¢ =8¢
562 -8t—4=0
5t+2)(t-2)=0
t= 2 ort=2
5
Therefore, the co-ordinates of 4 and B are

(—%,—10) and (8,2).

From c, for the tangents to 4 which pass
through X, t=—§ ort=2.

Using the equation found in a,
x+1'y =8t gives:

So, the equations of the tangents are:

25x+4y+80=0andx+4y—-16=0
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6 a P(at2,2at), t#0 lieson y* =4ax

1
y= 2Jax?

The gradient of the tangent is

dy Ja -
—=4lax ?
dx
_Va

2
When x = af?

dy_ a

Finding the equation of the tangent using
. 1
Y=y = m(x—xl) with m = at
(atz, 2at) gives:
1
—2at=~(x—at’
y=2at="(x-ar’)
ty—2at’ = x—at’
y=x+ at’
At the point where the tangent cuts the x-
axis y =0 so
t(O) =x+at’
x=—at’
Therefore 4 has coordinates (—atz,O)

At x = af® the gradient of the tangent is !
t

so the gradient of the normal is —¢
Finding the equation of the normal using

y=y =m(x—x) with m=—¢ at
(atz, 2at) gives:
y—2at:—t(x—at2)

tx+y=at +2at

At the point where the tangent cuts the x-
axis y=0so
x+ (O) =at’ +2at

x=at>+2a
Therefore B has coordinates (at2 +2a, 0)

Solution Bank
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Area ,,, = %(m‘2 +2a- (—atz))(2at)

=2a’t(f +1)
P(2t2,4t), t#0 lieson y* =8x

1
y? :8x:>y:2\/§x2
The gradient of the tangent is

dy \/’-l
Y _ o2
dx X
V2
E
When x = 2/
& 2
- 1
Ty

At x = 2¢* the gradient of the tangent is !
t

so the gradient of the normal is —¢
Finding the equation of the normal using

y—y,=m(x—x) with m=—¢ at
(2t2 , 4t) gives:
y—4t=—t(x-2r")
y—4t=—tx+2¢0

xt+y =2t +4t as required

Since (12, 0) lies on xt+ y = 2> + 4t
(12)t+(0) =26 +4¢

2 —8t=0
2t(t2—4):0
t=0ort=12

To find the coordinates of R, S and 7,
substitute = 0, 2 and —2 into (2£%, 4¢):
When =0

(0,0)

When =2

(8,8)

When t =-2

(8, -8)
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7 ¢ To find the equations of the normal at R, S

and T, substitute = 0, 2 and —2 into the
general equation of the normal:

When =0
x(0)+y=2(0)"+4(0)
y=0

When t=2
x(2)+y=2(2) +4(2)
2x+y-24=0

When ¢t =-2
x(-2)+y=2(-2) +4(-2)
2x-y—-24=0

So the equations of the normal that pass
through (12, 0) are:
y=0,2x+y—-24=0and 2x—y-24=0

P(at2,2at), t#0 lies on y* =4ax

1
y2 =4ax=>y= 2\/Ex2
The gradient of the tangent is

dy \/* L
= 2
dx ax

Ja

1
XE
When x = af?

dy Ja

(ar)
1
t

dx

So at x = a#* the gradient of the tangent is
1

t
Finding the equation of the tangent using

Y=y = m(x—xl) with m _1 at
t
(at®,2at) gives:
1

—2at=—(x—at’
y=2at=-(x-ar’)
x—yt+at’ =0
The tangent cuts the y-axis at x = 0, so
x(O)—yt+at2 =0
y=at
So Q has coordinates (0, af)
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8 b The focus of a parabola of the form

C

y* =4dax is at (a, 0)

P is the point (af?, 2at), Q is the point
(0, at) and S is the point (a, 0)

From a, the gradient of PS is l
t

The gradient of SQ is found using:
Ys = Yo

Mg, =
Xy —Xg

_O—at
a-0
=—t
1
mPQ X mSQ = ;X —t
=-1
Therefore PQ and SQ are perpendicular.

P(6t2,12t), t#0 lieson y* =24x

1
y? =24x = y=2/6x
The gradient of the tangent is

dy \/— 1
2 Jex 2
i X

NG

2
When x = 6/

dy _ 6

(o)

—_

dx

LS}

So at x = 6¢* the gradient of the tangent
is !
t
Finding the equation of the tangent using
. 1
y=y :m(x—xl) with m =7 at
(6t2,12t) gives:

1
y—12t:;(x—6t2)

ty =x+6t asrequired

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



INTERNATIONAL A LEVEL

Further Pure Maths 1 Solution Bank @ pearson

9 b The directrix of a parabola of the form
y: =4dax isatx+a=0
so the directrix of y* =24x isatx+6=0
therefore X has coordinates (=6, 9)

¢ (-6, 9) lies on the tangent through B with
general equation 1y = x + 6¢°

Thus, 9¢ = -6+ 6t
6t° -9t —6=0
2t° -3t—-2=0
t+1)(r-2)=0
t= L or 2
2
To find the possible coordinates of B,

substitute ¢ = —% and ¢ = 2 into
(6t2,12t)

So, B =(%,—6j or (24,24)
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