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Chapter review

Solution Bank

@ Pearson

1 a z+z,=(8-3i)+(-2+4i) 5 f(z)=2"-62z+10

=6+1

b 3z, =3(-2+4i)
=—-6+12i

¢ 6z,—2z,=6(8-31)—(-2+4i)
=48-18i+2-4i
=50-22i

Ifz* + bz +14 =0 has no real roots then the
discriminant < 0
b* —4(1)(14)<0
b <56
—56 <b< \/%

—2x/ﬁ<b<2x/ﬁ

Z2—6z+12=0
Solve by completing the square:
(z-3)"-9+12=0

(z-3)" =-3

Soz, =3+i/3 andz, =3-i/3

To expand (1+ 2i)5 use the binomial

expansion of(a +b)5
(a+b)5 =a’ +5a'b+10a’b’
+10a°b’ +5ab* +b°
So
(1+2i) =(1)" +5(1)" (21) +10(1)’ (2i)°
+10(1)" (2i)" +5(1)(2i)" +(2i)’
=1+10i+40i” +80i> +80i* +32i°
Use the fact thati* =—1i* = —i,i* =1
andi’ =i to simplify
(1+2i) =1+10i—40—80i +80+32i
= 41-38i

f(3+i)=(3+i) ~6(3+i)+10

=9+3i+3i+1* —18—6i+10
=(9-1-18+10)+(3+3-6)i
=0

6 a If z, =4+2i thenz,” is the complex

conjugate. So z,” =4-2i

b zz,=(4+2i)(-3+1)
=—12+4i—6i+2i’

=—14-2i
z, 4+2
c —= -
z, —3+1

_(4+20) (=3-i)
(3+1) (-3-1)

_—12-4i-6i 27
9+ 3i —3i —i’
1010
10
——1-i

7 (7-2i) =49-14i —14i+4¢’

=45-28i

(7-2if  (45-28i) (1-iV3)
= X

i3 (1+iV3)  (1-iV3)
_ 45-45i\/3 -28i +28i%\3

-3 +i3-(V3) i

:45—286{—28—456Ji

4 4
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g 177 54 101f z=a+bi, thenz =a—bi
z _ So% = a+bi
224—7} Z a—bi
3+i _(a+bi) (a+bi)
L (47 (3) " (a—bi) (a+bi)
3+ (3-) & tabi+abi+ b7
_12-4i-21i+ 7 " & +abi—abi— b
9-3i+3i—i’ a’ —b* +2abi
_5-2si T d+b
10. a’-b’ 2ab .
Z%_%l =2 2 | T 2 'k
a +b a +b
1
9 Z=— .
241 1a =214
1 (2-1) qg-5i
B (2+i) X (2-i) Multiply by the complex conjugate
24 (3+qi) (q+5i)
——_1 zZ= . X .
T 4-2i+42i-1 (¢-5i) (gq+5i)
_2-1i_2 1. 3g +15i+ ¢’ + 5¢i’
z=——==—=1 =
555 g’ +5qi—5qi—25i°

. . [ —2q q°+15).
o)) () L)

The real part of Z is L, so

. . .2
:4—21—21+1 D 1
2 q2+25 13
Soz? =32k :
—26q=q"+25
2 p—
b Z_l:(%_%l)_ } q +26g+25=0
z (35) (¢+25)(g+1)=0
=(3-+i)-(2+i) Soqg=-1 org=-25
_8_6j
5 5
b If g=-1

2(-1) (-1) +15 .
(1) +25 (-1) 125

—2 4165
_26+261

=L+51
If g=-25
2
L —2(—225) . (_25)2+151
(-25)" +25) ((-25) +25
=204+ 88
=L 644
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12 z+4iz° =-3+18i (*)

Substitute z=x+1y andz = x—iy in (¥)

x+iy+4i(x—iy)=—3+l8i
x+iy+4xi—4yi* =-3+18i
(x+4y)+(4x+y)i=—3+l8i

Equate real parts and imaginary parts:

x+4y=-3 (1)

4x+y=18 (2)
Multiply (2) by 4:

lox+4y =72 (3)
Subtract(1) from (3)

15x=75,s0x = 5
Substitute x = 5 into (2)

4(5)+y =18, soy=-2.

13 2. 9+6?
w  2-31
Multiply by the complex conjugate
z_ (9+61) y (2+31)
w  2-31 2431
 18+27i+12i+18i°
4+ 6i — 61 — 9i*
— 391
=31
=31
+3i
14 z= A 1
4+q

Multiply by the complex conjugate
_ (q+3i)>< (4—qi)

(4 + qi) (4 - qi)
B 4q—q*i+12i-3qi’
16-4qi+4qi—qg*i’

B 4q+3q+12—q2i
16+q> 16+q
2
__Tq +12—q ;
16+q> 16+q°

Solution Bank

15a

16 a

@ Pearson
Z24+5z+10=0

Solve by completing the square.
)
(z+§) ~25.10=0

2 4
2
(o3
i:+—\/ﬁ'
Z-|-2 75 1
__5,415,
z >t 1
[ma
z=—%+i%-
0 Re
Z=—i—i£-
z 2

If 6 —2i is a root, then the complex
conjugate 6 + 2i is also a root.

(z—(6-2i))(z—(6+2i))

=z —(6+2i)z—(6-2i)z
+(6-2i)(6+2i)

=2"—6z-2iz—62+2iz
+36-+12i—12i —4i°

=2"-12z+36+4

=2"—12z+40

The equation is z° —12z+40=0
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171f z = 4 — ki is a root, then the complex
conjugate 4 + ki is also a root.

)
=z2 —(4+ ki)z—(4—ki)z
+(4—ki)(4+ki)
=2 —4z—kiz—4z+kiz
+16+4ki —4ki— k1
=7’ -8z +16+k’

So 22 —8z+16k> =2 —2mz +52
Equate z coefficients:

—8=2m, som = 4.
Equate constants:

16+k>=52, so k> =36 =k =16
But k>0, so k =6.

181f 2+i isaroot of h(z)=0 then the
complex conjugate 2 —i is also a root.
h(2)= (z—(241)(=—(2-1)
=z —(2-i)z-(2+1)z+(2+1)(2-1)
=z’ - 2z+4iz-2z—-iz+4-2i+2i-i’
=z —4z+5

Divide to find the remaining factor
z+4

2’ —4z45)2" +02" ~11z+20
2 —4z" + 5z
4z> —16z+20
4z> —16z+20
0
So h(z):(z2 —4Z+5)(Z+4):O
has roots 2+1, 2—1 and -4

Solution Bank

@ Pearson

191f £ (1+3i)=0, then f(1-3i)=0.
So f(z)=(z—(1+3i))(z—(1-3i))
=z —(1-3i)z—(1+3i)z +(1+3i)(1-3i)
=7" —z+3iz—z-3iz+1-3i+3i -9
=2 -2z+10

Divide to find the remaining factor
z+2

22—2z+10)z3+022+ 62+ 20

22 =2z +10z

22— 42420
22— 4z+20
0

So 2’ +6z+20=(2" ~2z+10)(z+2)

either (z2 —2z+1o) —0=>z=1+3i

(as these were the roots given at the
beginning of the question)
orz+2=0= z=-2

So the roots of z° +6z+20=0
are 1+31, 1-31 and -2

20a f(z)=z'+3z +kz+48
If f(4i)=0, then:
0="(4i)
= (4i) +3(41)" +k(4i)+48
= 64i° +48i° + 4ki + 48
= —64i — 48 + 4ki + 48
= (4k—64)i

Hence 4k -64=0= k =16.
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20b If 4i is aroot then —4i is also a root and

(z—4i)(z—(—4i)) is a quadratic factor of

f(z)

Now (z—4i)(z—(—4i)) = (z - 4i)(z + 4i)
=2 +4iz—4iz—161°
=z"+16

Divide to find the remaining factor

z+3
2 +02+16>Z3 +32° +162 +48

2 +0z° +16z
327+ 0z+48
327+ 0z+48
0
So f(z):(z2 +16)(z+3):0 has two

other roots which are —4i and -3

21a If f(-1+2i)=0 ,then (Z—(—1+2i))
and
(z—(—1—2i)) are factors of f(z).
Hence
(z—(-1+2i))(z—(-1-2i))
=z —(-1-2i)z—(-1+2i)z
+(=1+2i)(-1-2i)
=z +z+2iz+2z-2iz+1+2i-2i-4i"

=2z"+2z+5 is a quadratic factor of f (2)

Use division to find the remaining factor.
z—-1
2 3 2
z +2Z+5>Z + z°+3z-5

2 +22° +5z
~z-2z-5
~z-2z-5

0

So, 2 +2° +3z-5 :(z—l)(z2 +2Z+5)
So the solutions of f(z) =( are

—1+2i, —1-2i and 1.

Solution Bank

21b

22 a

Im

z=—=1+2i o

z=—1-2i ®

The vertices of the triangle are

A(-1, 2), B(-1,-2)and C(1, 0).

Use the distance formula to find the length
of each side:

AB=4J(0) +(4) =4
AC=(2) +(2)’ =8=22

BC=\J(2) +(2) =B =22

Then AC* +BC? = (2\/5)2 +(2\/§)2
=47
= AB’

So by Pythagoras’ theorem, 4BC is a

right-angled triangle which has a right-
angle at C.

=2 162> —74z—60
:(z2 —52—6)(22 +bz+c)
Equate 2 coefficients:
b-5=-1,s0 b =4.

Equate constants:

—6¢c=-00, so ¢ = 10.
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22b 0="f(z)

Solution Bank @Pearson
23 (cont.)

So the roots of g(z)=0 are

:(22—52—6)(22+4z+10)
=(z2-6)(z+1)(z* +4z+10)
Either :z-6=0= z=6

or z4+1=0= z=-1
or 22 +4z+10=0
(z+2) —4+10=0
(Z+2)2 =-6
Z+2=ii\/g

Z=—2ii\/g

So the roots of f(z)=0
are 6, —1, —2+iJ6 and -2 —i/6.

231f g(3-2i)=0 then g(3+2i)=0 and
(z—(3—2i))(z—(3+2i)) is a quadratic
factor of g(z)

Now (z—(3-2i))(z—(3+2i))
=z —(3+2i)z-(3-2i)z
+(3-2i)(3+2i)
=2" =3z -2iz—3z+2iz+9+61—6i —4i’
=7 —6z+9+4
=z —6z+13

Divide to find the remaining factor
246
2 =62+13)z* —62° +192° ~36z+78
zt -6z +137°
6z> —36z+78
6z> —36z+78

0

0=g(2)
=(z*+6)(z° —62+13)
Either z° —6z+13=0
=z=3+2i
(as these were the two original roots)
Oor z> +6=0
22 =—6

Z=J_ri\/€

24a f(z):

34 2i, 3-2i, iv/6 and—-iv6.

2t =22 -5z + pz+ 24
0="1(4)
=4*—2(4) —5(4) +4p+24
=256-128—-80+4p+24
4p=-T72
p=-18

If £(4)=0 then (z-4) is a factor of
£(z)
Divide to find the remaining factors
2 +22+32-6
z—4)7* =22’ -52" ~182+24

zt—4z7°
27’ 577
27’ —8z°
3z* 18z
32 -12z
-6z +24
-6z +24
0
So 0= f(z)

2(2—4)(z3+222+3z—6)
Either z-4=0=z=4
or 2 422" +3z-6=0 *)

Now (*) is a cubic equation, so must have
at least one real root (since complex roots
always come in pairs).

Try small real values of z to find

a factor of (¥):

Let z=1: (1) +2(1) +3(1)-6=0
So z=1 is aroot of (*), and hence z—1 is
a factor.
So 2’ +27° +32—6:(z—1)(z2 +bz+c)
Equate Z terms:

—1+b=2,s0b =3
Equate constants:

—6=—C,50c=6
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24b (cont.)
Hence
Z3+222+3Z—6=(Z—1)
Either z =1
or
(zz+3z+6 =0
3V 9. .
(Z+§) —Z+6—0
A
-
z+%:i
Jr—

Solution Bank

(22+3Z+6)

So the roots of f(z)=0 are

1, 4, [—L@i} and (—i—ﬁij

2

2 2

25a z=-1+4i is a solution implies that the
complex conjugate z = —1-4iis also a

solution.
Hence

(z—(—l+4i))(z—(—l—4i))

=z —(-1-4i)z—(-1
+(=1+4i)(-1-4i)

+4i)z

=2 +z+diz+z—diz+1+4i—4i-161°
=2’ +2z+17is a quadratic factor of f(z)

Use long division to find the remaining

factors.

22 -3z+2

22+2Z+17>Z4 -z 4

132° —47z+34

zt 4222 41727

—32° —42° 47z
-3z’ -6z =51z
22+ 4z+34
22+ 4z+34
0
So z* —2 +132° 47z +34
=(zz+2z+17)(zz—3z+2)
Either z*+2z+17=0

= z==14+4i0rz=-1-41

25a

26a

@ Pearson
(cont.)

Or z2—=3z+2=0

(z—2)(z—1)=0

=>z=lorz=2

So the roots of f(z)=0 are
1, 2, —1+4i and —1—4i.

z=—1+41e

z=—-1-41°

(4-3i)x—(1+6i)y-3=0

4x -3ix—y—-6iy—-3=0
Equate real parts:

4x—y-3=0 (1)
Equate imaginary parts:

—3x—-6y=0 ()
From (2), x=—2y 3)
Substitute x=—2yinto (1):
4(-2y)-y-3=0

—9y-3=0
y=-1
Sub y=—1 into (3)
v=-2(-4)=3
Im
° Re
z=32-1
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2 2 27d Use g = -1 tofind z, z*> and 2%+ 2z
5 ’
26¢ = (%) +(_%) :\/%:§ Z=a+di=—-1+4i

W=

1) 22:(a2—16)+8ai:—15—8i
2

a=tan"' (4)=0.4636...

d tana =

[0

2 +2z=(a’+2a-16)+(8a+8)i=-17

As Z is in the fourth quadrant, Show these points on an Argand diagram.
argz =—a =—0.46 radians (2 d.p.). Alm
27a z=a+4i
72 :(a+4i)2 z=-1+4i,
=a’ +4ai+4ai+16i° . >
=(a2—16)+8ai 22 +2z=-17 Re
2z=2a+8i ¢
22 =-15-8i
2 +2z=(a” ~16)+8ai+2a +8ai 28a . 3tSi
= (a* +2a-16) +(8a +8)i 2-1

Multiply by the complex conjugate
(3450 (2+)
b If z? + 2z is real, then M(22+22):O = (2-i) x(2+i)

So,8a+8=0=a=-1

_ 6+43i+10i+51°
- . . .2
C z=a+4i,50 z=—-1+4i 4+21—21—1
2 2 _1+131
|z]=(-1) +(-4) =17 = 4.12 =
— 14133
tana:ﬂ —§+?1

1

a=tan" 4=13258... 2 =y(2) +(2) =2 =14170

As Z is in the second quadrant,

argz=m-a«a . b (%)
argz =1—1.3258...~1.82 tana = 0 =13
a=tan"'13~1.49

As Z is in the first quadrant,
argz=a~1.49 2d.p.)

29a z=1+2i
\2
z =(1+2i)
=1+2i+2i+4i°
=-3+4i

22—z =(-3+4i)-(1+2i)=—-4+2i

|22 =z =J(-4) +(2) =20 =25
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29b tana=3=1
1

o = tan

2
As (22 —Z) is in the second quadrant,

1=0.46...

arg(z2 —z):n—a

arg(z2 —Z) =r—0.46...~ 2.68

Solution Bank

@ Pearson

Z_a+3i _a+3ix2—ai
24a1 2+4+al 2-al
_2a—a2i+6i+3a
4+a’
Sa 6-a’ .
= ;T 71
44+a 4+a

31a

*)

Substitute a = 4 into (*)

¢ =20, 70 L
L) 20 20 2
2
(4,2 |(1,2) |Z|2:12+(_lj _3
28 _z z 2 4
0 > 5
7=~
2
31b Now
V4 V4
argz:—:tan(argz):tan(—jzl
. 1 2-i 2-i 4 4
30a i z= - - =
—22+11i 2-1 5 If z=x+iy, then tan(argz) = .
=2-1 X
22:(%—%i)2 [
2
:%—%1+(%1) m}"
=353 [o) X '
_ 3 4 5
=25 7251
Hence
. 1
ii z—;:—%—§1—(2+1) I =tan(argz)
)
()
6_ 2
b oo o _o-d
2 =(2) +(-3) Sa
— 9 16 _ 25 _ 1 Sa=6-a’
625 25 625 25
‘2‘_1 a’+5a-6=0
Z|=s
(a+6)(a—l):0
1 .
¢z .7 -§-¢i If a = -6, substituting into the result (*)
(4) in part a gives
tang=+2=0=3 30 30, 3 3.
ﬁ) 8 4 A Ry —
s 40 40 4 4
a =tan"' 2 =0.6435...

As Zz is in the third quadrant,
arg z =—(7:—a)
argz =—(m—0.6435...)~ —2.50
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31b This is in the third quadrant and has a

) RY/4
negative argument _T > 80 a=-6

does not give argz = %

If a =1, substituting into the result (*) in
part a gives

5 5. :
z=—+—1=1+1
5°5
This is in the first quadrant and does have
T
an argument "

Therefore 4 =1 is the only possible value
ofa.

32 4-4i

»
=T

modulus » =+/4” +(-4)* =16 +16
=32 =41682 =42

4
argument =60 =—tan"' (—J -
4 4

el n(3)
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Challenge

a Suppose, for a contradiction, that a cubic
equation has repeated non-real roots. This
repeated root gives us two roots of the
cubic.

The complex conjugate of each repeated
root would also be a root of the cubic.
This means we have found four roots of
the cubic.

However, this is a contradiction, as a
cubic has exactly three roots in total.
Therefore, a cubic equation cannot have
repeated non-real roots.

b Any answer of the form (Z+ai)2 (Z—ai)2

will work.

(z+ai)2 (z—ai)2

= (22 +2zai+a’i’ ) (22 —2zai+a’i’ )

=z"—2ai7’ +a’i°Z* +2aiz’ —4a’1° 2
Ratz+ai’z? -2’7z + a1

=z —2az’i—a’z* + 2az’i + 4a’z?
—-2d’zi-a’z* +2a’zi+a*

=" +2d° 2" +d°
This is a quadratic equation with real

coefficients. Its roots are non-real and
repeated.



