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Exercise A, Question 1

Question:

In a game theory explain what is meant by

a zero-sufm gatne,
b saddle point E

Solution:

a A game in which the gain to one player is equal to the loss of the other

b Ifthere is a stable solution(s) @, ina game, the location of this stable solution 1z

called the saddle point.
It 1z the point(s) where row mazimin = column minimaz
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Question:
q & C
9 - ; \\ ;
E 70, Oy
0 g i
157 |7 14 -2 0 3Aa
/#:1/ 14439 @ ‘\ia? el
A ), ] 3
. 1 () 6 8//
S 14:€ Y7 e ) \'\ A ®
B [ ; 7"'\1,’ \"
Ij_‘:f : P 12 _,-"-r' I
: — ) ¥ K1
I e~ 0 IO |
|
C . G

The diagram shows a network of reads represented by arcs. The capacity of the road
represented by that arc is shown on each arc. The numbers in circles represent a
possible flow of 26 from B to L.

Three cuts O, O and O are shown

a Find the capacity of each of the three cuts.

b Venly that the flow of 26 13 maximal.

The government aims to maximise the possible flow from = to L by using one of two
options.

Option 1. Build a new road fom E to J with capacity 3.

or

Option 2 Build a new road from F to H with capacity 3.

¢ By considering both options, explain which one meets the government’s aim. E

Solution:

a 0, =T7+14+0+14=35
C, =T74+14+5=26
;= 8+9+6+8=31

b Either Min cut = Max flow and we have a flow of 26 and a cut of 26
ot 0215 through saturated arcs

¢ Using ET (capacity ) e. g — will increase flow by 1 —1.e. increase it to

27 since only one more unit can leave E. —-EBEIL -1
Tsing FH {capacity 3) e g — will increase flow by 2 — 16 increase it
to 28 since only two more units can leave F. —BFHIL -2

Thus choose option 2 add FH capacity 3.
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Question:

A two person zero-sun game g represented by the following pay-off matriz for player

A

B plays I | B plays IT | B plays ITT
Aplays1 -3 2 ]
Avplays 1T 4 -1 —d

a 'Write down the pay off matriz for playver B.
h Formulate the game as a linear programming problem for playver B, writing the
constraints as equalities and stating vour variables clearly. E

Solution:

Ad) | AL
BL) [3 |-4
BAD | -2 |1
BAM [ -5 |4

b Add 6 to each element to make all terms positive

Ad) | ATD
BO |9 |2
BAD |4 |7
BAM |1 |10

Let g1 be the probability that B plays row 1
Let g2 be the probability that B plays row 2
Let g5 be the probability that B plays row 3
Let value of the game be v and let F'=v + 6
where g1, g2, g3 =0
e.g maximise F=1
subjectte P -9 —dg,—gs +r =10

F—2g =g, —10g;+5 =0

it tg+i=1
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Question:

Anengineering firm makes motors. They can make up to five in any one month, but if
they make more than four they have to hire additional premises at a cost of £500 per
month. They can store up to two motors for £100 per motor per month. The overhead
costs are £200 in any month in which work iz done.

Ilotors are delivered to buvyers at the end of each month. There are no motors in stock
at the beginning of May and there should be none in stock after the September

delivery.

The order bool: for motors 1s:

Month Wlay | June | July | Aug | Sept.
Number of motors | 3 3 7 ] 4

Tse dynamic programming to determine the production schedule that minimises the

costs, showing your wotking in atable. E
Solution:
e.g
Stage State | Action | Dest | Value
1 (Zept) | 2 2 0 2004200 =400 *
1 3 0 2004100 =300 *
0 4 0 200 =200 =
2ikug | 2 5 p 2004 20043004400 =1300
4 1 2004 2004300 =700
3 0 20042004200 =400%*
1 5 1 2004100+ 5004300 =1100
4 0 20041004 200 = 500 *
0 3 0 20045004 200 =900 *
2idulyy | 2 ) 0 20042004 5004900 =1800 =
4 (June) | 2 3 z 200420041800 = 2200 *
1 4 2 2004+100+1800 = 2100 *
0 5 2 200450041800 = 2500 *
5 iddayy | 0 2 2 200450042200 = 25900
4 1 20042100 = 2300 *
B 0 20042500 = 2700
Ilonth Way | June | July | August | Zeptember
Production schedule | 4 4 ] 5 4
Cost £2300
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Question:

The diagratn shows a capacitated directed networle The number on each arc 15 its

c:apa,:ity.
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Thiz shows a feasible initial flow through the same networle

a "Write down the values of the flow x and the flow v,

b Obtain the value of the initial flow through the netwotle, and explain how you know
it is not maximal.

¢ Tsze this initial flow and the labelling procedure to find a maximum flow through
the network. ¥ ou must list each flow-augmenting route you use, together with its
Hlow,

d Show yvour maximal flow pattern.

e Prove that your flow is mazximal, E

Solution:
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a x=%y=16

b Initial flow =353 — either finds a flow-augmenting route of demonstrates not
encugh saturated arcs for a minimum cut

eg IDA-O
IFDA - 24

max flow — &

e Max flow — min cut
Finds acut GC, AT, DF, DI, EI, EH walue &4

Mote: must not use supersource or supersink arcs.
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Question:

A two-person zero-sutn gatne is represented by the following pay-off matrix for player

&

| O m Iv
I|-4 -5 -2 4

A OD|-1 1 =1 2
]]1| 5 -2 -4
IV|-1 3 -1 1

a Determine the play safe strategy for each player.

h Verify that there 1z a stable solution and determine the saddle points.

¢ State the wvalue of the game to B E
Solution:

a Fow minima —5,—-1,—4, -1 max iz —1

Column mazima 0,5,—-1,4 min1s —1
Play safe 15 A plays T or TV and B plays TTT

b Since (—10—i{-1)=(—11+1=10 there iz a stable solution
Saddle points (1T, TT) and (TV, TIT)

c Walue of game to B 15 —{-11=1
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Question:

The networle shows possible routes that an aircraft can take from 3 to T. The numbers
on the directed arcs give the amount of fuel used on that part of the route, in
appropriate units The aitline wishes to choose the route for which the maximum
amount of fuel used on any part of the route iz az small as possible. Thiz 15 the
Minimax route.

a Complete a table to show the information
b Hence obtain the minimax route from 3 to T and state the mazimum ameount of fuel

uzed on any part of this route. E
Solution:
a
Stage | Intial state | Action | Destination | Value
D DT T o
1 E ET T 10*
F FT T fix
& AT L A
LAE E max(s, 107 =10
2 E EE E max(?,107=10
EF F max(3,6) =6%
< CE E max (6,107 =10
CF F max(9,6)=9%
SA A max(9,8)=9
3 = =B E max(f,6)="T*
= Z max(6,%) =9

b Mimmazrowteis S BFT
Mazimum amount of fuel used 15 7 units
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Question:
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A company has three warehouses W, W, and W5, It needs to transport the goods

stored there to two retail outlets B, and E . The capacities of the possible routes, in

van loads per day, are shown, Warehouses W, W, and W have 14, 12 and 14 van

loads respectively available per day and retail outlets | and R, can accept & and 25

van loads respectively per day.

a

On a copy of the diagram add a supersource W, a supersink E and the appropriate
directed arce to obtain a single-source, single-sink capacitated networl State the
minimum capacity of each arc you hawve added.

State the maximum flow along

i WW AR R,

iWW,CR,R.

Taking vour answers to part b as the initial flow pattern, use the labelling procedure
to obtain a mazimum flow through the network from "W te B Shoew your workiing.
List each flow-augmenting route you use, together with itz flow.

From your final flow pattern, determine the number of van loads passing through B
each day.

The company has the opportunity to increase the number of van loads from one of the

warehouses W, W, W, to A, B or C.

e Determine how the company should use this opportunity so that it achieves a
mazxitnumn flow E
Solution:
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a 4 oy R 6
W <f—'{>—2..W3 ] ‘\\
\E:ME'WR R *"'-J/E%

bi WWARER-6
i WW, CRE-11

e.g
WW,BAR,R-6

WW AR, R-2
WW,BCE,R-5
WW,BAERE-1
Moz flow 21

11 C

d 12 for this network (but may be different for other solutions)

e Mo use
All arcs out of A and C are saturated, so the total flow cannot be increased unless
the number of van loads from & or Cto B or K, i3 increased
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Question:

Emma and Freddie play a zero-sutn game. This game is represented by the following
pay-off matrix for Emma.

-4 -1 3
2 1 =2
a Show that there iz no stable solution,
b Find the best strategy for Emma and the value of the game to her,

¢ Write down the value of the game to Freddie and his pay-off matriz, E

Solution:
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a
r oW min
-4 -13
Col max -4 e—max
2 1 =2
-2
2 1 3
min

—2=1 " notstable

b Let Emma play B with probability p

IfFreddie plays C) Emma's winnings are —dp+2(1-pi=2-6p
It Freddie plays C, Emma’s winnings are —p+1(1-p)1=1-2p
If Freddie plays C; Emma's winnings are 3p—-2(1-p)=-2+5p

3 - 4

[
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e d_ |
o 3
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e,

~
2-6p ™~

4 ~ -4

need intersection of 2—ép and —-24+5p
2—6hp=-245p

4 =11p
4
& 0

o Emma should play R with probability 1:4—1
. N
E, with probability i

The wvalue of the game 1z ;—2 to Emma

4 -2
¢ Walue to Freddie E,matrix 1 -1
-3 2
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Question:

C (l:

The diagram shows a capacttated, directed networle. The unbracketed number on each
arc indicates the capacity of that arc, and the numbers in circles show a feasible flow

of walue &8 through the network.

a Add a supersource and a supersink, and arcs of appropriate capacity, to a copy of

the diagram.
b Find the values of x and y, explaining vour method briefly.
¢ Find the value of cuts O and O,

Starting with the given feasible flow of 68,

d use the labelling procedure to find a maximum flow through this netwark List each

flow-augmenting route you use, together with its flow.
e Show your maximum flow and state its value.
f Prove that your flow 15 maximal.

Solution:
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a Adds Sand Tand arcs
S 2 A5 SE, =35, T =24, T,T = 58

h Using conservation of flow through vertices x =16 and v=7

¢ C,=86,C,=81

S5, ADEHT,T-2
eg S5 ACFEHTT-3
55, BGDT,T-2

e Forexample:

5
s 2 b @ 6
Flow 75

f Ifax flow—min cut theorem cut through CF, CE, AD, ED, BG (value 73}
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Question:

a Ezplain what 1z meant by a mazimin route in dynamic programming, and give an
example of a situation that would require a maximin solution.

A maximin route 15 to be found through the network shown,
b Complete the table on the worlisheet, and hence find a maximin route.
¢ List all other maxzimin routes through the networl,

Solution:
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a The route from start to finish in which the arc of minimum length is as large

as possible,

Ezample must be practical, involve choice of route, have arc “costs”

h eg & company is planning its strategy for the next 4 years.
The number on each arc represents the expected profit resulting from each action.
The comp any wishes to ensure the minimum vearly profit iz as large as possible.

Stage | State | Action | Value
1 H HE 18*
I IE 19
J JE 2%
2 F FH min(16,18) =16
FI min(23, 19 =19
EJ minil7,21)=17
3 GH min (20,181 =18
Gl min(15,191=15
€1) mini28, 21)=21*
3 E EG min(ls, 21 =18*
Z CF min(25,19) =19
3 min(lé,21)=16
D DF min(22,19) =19
LG mini{19, 211 =19*
E EF min(14,19) =14 *
4 A AR min (24,18 =18
AC mini25,19) =15
AD min(27 19 =19
AE mini23, 14 =14

¢ Foutes: ACFIE, ADFIE,
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Question:

31 "
@ C 100

The diagratn shows a capacitated, directed networlk of pipes flowing from two oil
fields B and F to three refineries R, B, and E,. The number on each arc

represents the capacity of the pipe and the numbers in the circles represent a possible

flow of 65,

a Find the value of x and the value of 1.

b On the wotksheet, add a supersource and a supersink, and arcs showing their
minimum cap acities,

¢ Taking the given flow of 65 as the nitial flow pattern, use the labelling procedure
to find the maximum flow. State clearly your flow augmenting routes,

d Zhow the mazimum flow and write down its value,

e Verify that this is the maxzimum flow by finding a cut equal to the flow. E

Solution:

PhysicsAndMathsTutor.com
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B2

SEAER,T-7
SEBER,T-5
SEBGR,T-1
SE,CDBGR,T-4

d £ g

Iz Flow B2
e &g

FA,BE,BG,CG,CR,,CR,(= 82)
or ER,,BG,CG,CR,,CR,(=82)
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Question:

A two person Zero-sutn game is represented by the following pav-off matriz for player

A

Boplays I | B plays IT | B plays 1T
Aplays T 2 -1 3
Aplays I 1 ] 0
A plays T 0 1 -3

a Identify the play zafe strategies for each player.

h Verify that there iz no stable zolution to thiz game.
¢ Explain why the pay-off matriz above may be reduced to

BoplaysI | B plays IT | B plays ITL
Aplays 1 2 -1 3
Aplays I 1 ] ]

d Find the best strategy for player A, and the value of the game.

Solution:

PhysicsAndMathsTutor.com
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a Player & Fow minima are —1,0, -2 so maximin choice 15 play I

Player B: column mazima are 2, 3, 3 so minimax choice 15 play 1

b Since A's mazimin (00 2 B's minimax (2) no stable solution

¢ Forplayer & row [T dominates row I1L, (50 A will never play I, since

120 3=1 0=-3

d Let A play I with probability g and IT with probability (1- )
ItE plays I A's expected winnings are 2p+{l1-pi=1+p

IfB plays IT A's expected winnings are —p+3(1-pl=3-4p

IfE plays I A's expected winnings are 3p

WViA) "
3 \\\
N
Z N
=
1 #,’f \\
e N
- .
N\
ps0

|

i-dp=Zp =>p=?3

A zhould play I with probability ?E

II with probability g

and never play IOI

The walue of the game 1s % to A

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page2 of 2



Heinemann Solutionbank: Decision Mathematics : Pagel of 2

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 14

Question:

A

- o= :
- 6./ ™, y
[__/ \} b -ilh

S @ o T
\ 5.7 D /
YA VL
SN\ .

- > .
C 10 E

The diagram shows a capacitated netwotk. The numbers on each arc indicate the
capacity of that arc in appropriate units.

a

h

o

Explain why it 15 not possible to achieve a flow of 30 through the networl from S
to T.

State the mazimum flow along

i 3ABT,

n3CET.

Zhow these flows on the worlkcsheet,

Taking your answer to part ¢ as the initial flow pattern, use the labelling procedure
to find a maximum flow from 3 to T. Shoew your working List each flow-
augmenting path vou use together with its flow.

Indicate a mazimum flow.

Prowe that your flow 15 mazximal. E

Solution:
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a Finds acut less than 30 giving itz value,
e.g cutthrough AB AD CD, CE({(-25) or AR BD, ET (- 24)
ar a consideration of flow input / flow output through & and C.

b i SABT(-6)

i SCET(10)

— 10
eg 2ADBT - 4
SCDRT - 2
SCDET — 2, max flow 24
e eg

f Eefers to max flow —min cut theorem and the cut through AR, BD, ET of value 24
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Question:

Andrew (4) and Barbara (B) play a zero-sutn game. This game is represented by the
tollowing pay-off matriz for Andrew.

25 4
1 4 2
& 3 7
a Ezxplain why this matriz may be reduced to
305
¢ )
b Hence find the best strategy for each plaver and the value of the game. E

Solution:

a Fow | domunates row 2 so A will never choose B2
Column 1 dominates column 3 so B will never choose O3
Thus Eow 2 and column 3 may be deleted.

b Let A play row 1 with probability p and hence row 2 with probability (1-p)
IftE plays 1 A7z expected gain 1z Sp+6{l-pi=6-73p
ItE plays 2 A7s expected gain 15 5p+3{1-pi=2p+3

Optimal when 6-3p =2p +3

Sp =12
p—3
3

Hence & should play row 1 with probability g and row 3 with probability % and

row 2 never

similarly, let B play column 1 with probability ¢
Ag+all-g =g+ 3l-)=5-2g=3g+>

g =2
q—2
5

2o B should play column 1 with probability % and column 2 with probability g
and column 3 never

Walue of game iz 4% to A
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Question:
A 90 D
ES;E}r//J \ 50 ;ﬁ o .
e s0\ il W)
o II| “"H-"’I
S C® 440 s
""-\.__H- I' _.-"-'
) |I | /_/_f
H""';h_ .* | r
106>~ 99} 7230
.-__H.x |I I,' ,_--""/.
., | =~
x._*.—d
B

Watural gas 15 produced at 5 and 15 transported to a refinery at T by a network of
underwater pipelines. The capacity of each pipeline, in appropriate units, is given in
the diagram which shows the network of pipelines
a State the maximum flow along
i 3ACDT,
i SBT
b Show these two mazimum flows on Diagram 1 of the worksheet.
¢ Taking yvour answer to part b as the initial flew pattern, use the labelling procedure
to find a mamimum flow from S to T showing vour workiing on Diagram 2. List
each flow augmenting route you find and state itz flow.
d Show your maximum flow pattern on Diagram 3.

e Prove that your flow 15 mazimal.

Solution:

PhysicsAndMathsTutor.com
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ai max flowalong SACDT=230
i max flowalong 3B T=100

S ADT-70
SACET-30

SADCBT-20
Mezimum flow 270

e Tze max flow — tmin cut theorem
Cut theugh AD, AC and 5B =270 which equals flow
. mazximal
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Question:

Enz produces custom made racing cycles. She can produce up to four cycles each
month, but if she wishes to produce more than three in any one month she has to hire
additional help at a cost of £330 for that month Tn any month when cycles are
produced, the overhead costs are £200 & maximum of three cycles can be held in
stock in any one month, at a cost of £40 per cycle per month. Cycles must be delivered
at the end of the month. The order book for cycles 13

Month Aug | Sept. | Oct | Now.
Numbhber of cycles required £ 3 ] 2

Disregarding the cost of parts and Eris” time,
a determine the total cost of storing two cycles and producing four cyeles in a given
month, making your caloulations clear

There 15 no stock at the beginning of August and Eris plans to have no stock after the
Hovember delivery,

b Tse dynamic programming to determine the production schedule which minimises
the costs, showing your working in a table

The fized cost of parts 15 £600 per cycle and of Kris™ time 15 £500 per month, She sells
the cycles for £2000 each

¢ Determine her total profit for the four-month period. E

Solution:

PhysicsAndMathsTutor.com
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a total cost=2x 4043304 200= £630

h
Stage | Demand | State | Action | Destination Value
{2y Oct )] (17 )] {m (S804 200 ="790) *
(2 3 i(m 2804200 =480 *
) (1) 6304 240=8710
3 (2 0 3204 200 =520 *
3 1 3204240 =360
4 2 670 +80="750
3 Sept 3 0 4 1 2504750 =1340*
1 3 1 2404750 =1030=
4 2 2904+ 480=1070
4 Aug 3 0 3 ] 20041340 =1540%
4 1 55041030 =1580
Menth | August | September | October | NMovember
Ilalke 3 4 4 i

€ Profit per cycle =13x1400

= £14 660

© Pearson Education Ltd 2C
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Question:

The netwotlk above models a drainage systetn. The number on each arc indicates the
capacity of that are, in litres per second.
a Write down the source vertices.

Thiz network shows a feasible flow through the same network

b Ztate the value of the feasible flow shown.

Taking the flow shown as your initial flow pattern,

¢ use the labelling procedure to find a maximum flow through this network. You
should list each flow-augmenting route you use, together with its flow,

d Show the mamimum flow and state itz value,

e Prove that vour flow is maximal.

Solution:

PhysicsAndMathsTutor.com
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Mazimum flow 48

e Nfax flow —Min cut theorem

Cut through DE, DC, DH, DG, DF
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Question:

L two-person zero-sumn game 15 represented by the following pay-off matriz for player

A

Eplaysl | Eplays2 | Bplays3 | B plays 4
Aplays 1 -2 1 3 -1
A plays 2 -1 3 2 1
Avplays 3 -4 2 0 -1
Aplays 4 1 —2 —1 3

a Verfy that there 15 no stable solution to this game.

b Ezplain why the 4 x4 game above may be reduced to the following 33 game.

-2 |1

3

-1

2

1 -2

-1

¢ Formulate the 2x 2 game as a linear programming problem for player A Write the

constraints as inequalities. Define your variables clearly.

Solution:

a Eow minimums { -2, -1, -4, -2} row maximin = — 1
Column mazimums {1, 3, 3, 3} column minimax = 1
Since 1 = —1 not stable

b EFow 2 dominates Eow 3
column 1 deminates column 4

¢ Let & play rew B, with probability P1, Bg with probability P and "Es" with

probability Ps
-2 1 3 e.g. 1446
-13 2 — 2635

1 -2-1 +3 412
£.Z. mazimise P ="

subject to V" —F —2F - 4K =0
V-4R-6R-F =0
VF-6R-55-28=0
E+E+E =1

"B B Bz0
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Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 20

Question:

a Ezplain briefly what iz meant by a zero-sum game.
A two person zero-sum game is represented by the following pay-off matriz for player

A

10|11
T|5]2] 3
O|3]5] 4

b Werify that there 13 no stable solution to this game.

¢ Find the best strategy for player A and the value of the game to her.

d Formulate the game az a linear programming problem for player B, Write the
constraints as inequalities and define vour variables clearly. K

Solution:
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a A zero-sum game i2 one in which the sum of the gains for all plavers 12 zero,

h
I Io| ImI
I 5 21 3 min 2
II 3 51 4 |min3 < max
mazd | 2| 4
T
tnin

since 3= 4 not stable

¢ Let & play I with probability p
Let & play I with probability (1-2)

IfBplayl A's gainzare Sp4+3(l-pi=2p+3
IftE plays IT A's gains are 2p+5{1-p)=5-73p
IfB plays IIT A's gainz are 3p4+4(l-pi=4-p

[i] 0
0 Sk 2p+ 3_____|___ 5
I 4 _'_————.-_:-"f-'_.;.: '_I'_.f’ 11 4
1 31 T5<3p 1 3
2 e .

p=0 p"—'l
- 1
Intersection of 2p+3 and 4-p :‘>p=§

oA should play I % of time and IT % of time; value (to &4) = 3%

d Let B play I with probability g, I with probability ¢, and IIT with probability g

£ 13
eg |—2-5|—=|41
-3 32

maximise F=[}"
V=g =4y =3¢ =0
Subjectto F—3g —g, —Z2g, =0 gy +g, tgs =1
V., d.gy 20 or=1
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Review Exercise 2
Exercise A, Question 21

Question:

Joan sells ice cream. She needs to decide which three shows to visit over a three-weel
period in the summer. She starts the three-week period at home and finishes at home.
=he will spend one weels at each of the three shows she chooses, travelling directly
from one show to the next

Table 1 gives the week in which each show 15 held Table 2 gives the expected profits
from wisiting each show. Table 3 gives the cost of travel between shows.

Table 1
Week 1 2 3
Shows | A B, C|DE|F, G H
Takle 2
Show A E & D
Expected profit (£) | 200 | 800 | 1000 | 1500
Show E F € H
Expected profit (£) | 1300 | 500 | 700 | &00
Table 3
Travelcosts (£) | A | B | C D E F G | H
Home F0| 80| 130 20 | 90 | 70
A 180 | 120
E 1401 120
C 200 [ 210
D 2000 160 | 120
E 170 [ 100 ] 110

It iz decided to use dynamic programming to find a schedule that maximises the total
expected profit, taking inte account the travel costs,
a Define suitable stage, state and action variables,
h Detertnine the schedule that maximises the total profit Show your wotking in a
table.
¢ Adwize Joan on the shows that she should wisit and state her total expected
profit. E

Solution:
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a Stage —Mumber of weelks to finizh
State — Show being attended
Action — Mext journey to undertake

b
Stage | State Action Value
1 F F-Home S00-80=420=
G 53— Home T00-80=610=
H H-Home GO0 —-T0="530%
2 D DF 1500-2004+420=1720
DG 1500-1604+610=1950*
TH 1500-1204+530=1%10
E EF 1300-1704+420=1550
EG 1300-1004+610=1810=
EH 1300-110+530=1720
3 A AT 00—130+1950=2670=
AE 00-150+1810= 2560
E ED B00—140+41550=2610=
BE B00-12041810 = 2490
Z D 1000— 20041950 = 2750
CE 1000— 21041310 = 2600
4 Home | Home— A =704+ 2670 = 2600
Home - B —B04+2610=2530
Home - C =150 42750 = 2600=
c A
Home D—G
he. €

Total profit £2600
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