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Exercise A, Question 1

Question:

The diagram shows a capacitated directed networle. The number on each arc represents
the capacity of that arc. The numbers in circles represent an initial flow pattern

a Find the values of w, x, y and z, explaining your reasoning.

b State the value of the initial flow.

¢ Identify two saturated arcs.

d Write down the capacity of arc BD

e TWhat is the current flow along route 3 AT?

Solution:

a Flowinto B=flow outof B w=273
Flow into A=flowoeutof & x= 4
Flow into E=flow outof E » = 4
Flow into D =flow eut of D 2z =13

Feazible flow =28

CE and ED are zaturated

ED has capacity 8

Along SAT the current flow 13 8

- B~ B —
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Exercise A, Question 2

Question:
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The diagram shows a capacitated directed networl. The number on each arc represents
the capacity of that arc. The numbers in circles represent an initial flow pattern.

a Find the values of w, x, ¥ and z, explaining your reasoning.

b State the value of the initial flow.

¢ Identify two saturated arcs.

d Write down the flow along arc 5D

e TWhat iz the current flow along the route SEET?

Solution:

a Flowinto A=flowoutof & w=25

Flowinto E=flowoutof E x =3

Flow into C=flow outof & » =2

Flow into D =flow outof D0 1d=y+x+2=14=2404+z=2z="7
b Feaszible flow =38

¢ BE and AT are saturated
d Flow along SD is 14

e Flow along SBET =135
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Exercise A, Question 3

Question:
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The diagratn shows a capacitated directed network. The number on each arc represents
the capacity of that arc. The numbers in circles represent an initial flow pattern,

State the source vertex

State the sink vertex,

Find the values of w, x, v and z, explaining your reasoning.

State the value of the feasible flow.

Identify three saturated arcs.

Write down the capacity of arc FB.

s T - T — PR T — - 1]

Solution:

a Source vertex 1z F

b Sink wertex iz C

¢ Flowinto A=flowoutof & w=2%
Flow into B=flow outof Bz =3
Flow into D=flew outof I ¥ =20
Flow into G =flow out of G =4

d Feasible flow =27
e Zaturated arcs are AC, FC, FG

f Capacity of FE 15 8
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Question:
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The diagram shows a capacitated directed network. The number on each arc represents
the capacity of that arc. The numbers in circles reprezent an initial flow pattern.

State the source vertex

State the sink vertex

Find the values of w, x, ¥ and =z, explaining vour reasoning.

State the value of the initial flow.

Tdentify four saturated arcs.

Write down the flow along arc FC.

L T - B — PR T — - ]

Solution:

a Source vertex is E
b Sink wvertex iz C
¢ Flowinto A =flow out of A

w=23
Flowinto B=flow outof B x =3
Flow into G=flowout of G »=4
Flowinto D=flow out of D =z =3

d Feasible flow =20

e Saturated arcs are BA, ED, DG, GF

f Flowalong FC=11
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A s D
/,tm - > —®.
o P §
/f"" s &
S o AS ;-[ 6y
H\-..__ - ol
1(]*\,‘ 7 ?;
2 - ;
\\H L -
o > ®
B 10 E

The diagram shows a capacitated directed networle. The number on each arc represents
the capacity of that arc. Find a feasible flow of at least 20 through the network from 3

to T.

Solution:

For example

A 3
5 5 e
75
S 5 :
C
15~ 70

il -

B 10
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Exercise A, Question 6

Question:

The diagram shows a capacitated directed networle. The number on each arc represents
the capacity of that arc. Find a feasible flow of 32 through the networtk from 5 to T

Solution:

For example

There are many

__"[) . - other selutions.
iy
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Exercise B, Question 1

Question:

The diagram shows a capacitated directed network. The number on each arc represents
the capacity of that arc. Where relevant, the numbers in circles represent an initial
flow pattern. Evaluate the capacities of the cuts drawn.
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Solution:

Cut C; =18+8+10+4=41
Cut C, = 20+7+20=47
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Exercise B, Question 2

Question:

The diagram shows a capacitated directed network. The number on each arc represents
the capacity of that arc. Where relevant, the numbers in circles represent an initial
flow pattern. Evaluate the capacities of the cuts drawn,

¥ -
&3

'}/ - ‘ - -ﬁ =
et e SERE
P T
S Y3 ) 14 - .

Solution:

CutC; =7+8+4+15=539
CutC, =15+3+16 =34
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Exercise B, Question 3

Question:

The diagram shows a capacitated directed networle The number on each arc represents
the capacity of that arc. Where relevant, the numbers in circles represent an initial
flow pattern. Evaluate the capacities of the cuts drawn,
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Solution:

Cut C; =15+45+18+15+10=103
Cut Cp =15+10+20+104+15+8="78
Cut C; = 204+454+154+15+65=106
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Question:

Pagel of 1

The diagram shows a capacitated directed networl The number on each arc represents
the capacity of that arc. Where relevant, the numbers in circles represent an initial

tlow pattern. Evaluate the capacities of the cuts drawn.
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Solution:

Cut G = 14414 +44+18=50
Cut G = 24414 +4 +18=60
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Exercise B, Question 5

Question:

The diagram shows a capacitated directed networle The number on each arc represents
the capacity of that arc. Where relevant, the numbers in circles represent an initial
flow pattern. Evaluate the capacities of the cuts drawn.
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Solution:

Cut Cp = 16+16+4+25=61
Cut €y, = 30+ 6+23+10 =69
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Exercise B, Question 6

Question:

The diagram shows a capacitated directed network. The number on each arc represents
the capacity of that arc. Where relevant, the numbers in circles represent an initial
flow pattern. Evaluate the capacities of the cuts drawn.

Solution:

Cut Cp = 30+324+15+30=110
Cut Cp = 204+50+154+35=123
Cut O = 20+154+8+15+10+18+14 =100
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Question:
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The diagram shows a capacitated directed networle The number on each arc represents
the capacity of that arc.

a State the maximum flows along SACT and SBCDT.

b Show these on a diagram.

Tzing this as vour initial flow,

¢ calculate the value of the initial flow.

Solution:

a maxflow aleng SACT =13
max flow aleng SECDT =&

b A 13 6
13~ - i HIH"M.#H
Sr"’fﬂ/ A0 f’f”fﬁ Y8 H.H"“‘:n T
R"'&.__M //’,x’ 2 ’___,.-f
g8 el T8
B 0 D

¢ Value of initial flow =21
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Question:
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The diagram shows a capacitated directed network. The number on each arc represents
the capacity of that arc.

a State the maximum flows along STUXT, SWET and 3WVWT T

b Shoew these on a diagram.

TTzing this as your initial flow,

¢ calculate the walue of the initial flow.

Solution:

a tax flow along STTHT =12
max flow along SWZT =17
tnax flow along SVIWTT =11

13" -
.
/ ) A0 Hﬁ“lih
A v g mEell =
S r—T = x
‘\ _ ,-«*'j Y 11 g
T =0 1 7
= -
1? »li I - _‘_’___,.--' 7
W 17 z

¢ WValue of initial flow =40
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Exercise C, Question 3

Question:
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The diagram shows a capacitated directed networle The number on each arc represents
the capacity of that arc.

a Oiven that arcs 3E, EG, EH, FH and HG are saturated, draw an initial flow through
the networle.
b State the value of the initial flow.

Solution:
a E IE] G
= & ..
“—;],, il e 03
g N TS
S.:_-:;;R 1 I 6 M“"‘u‘ ¥ |i] ,_-:‘ T
e = -
F 12 H

b Value of iatial flow =45
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Exercise C, Question 4

Question:
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The diagram shows a capacitated directed networle The number on each arc represents

the capacity of that arc.

a Given that arcs 5B, BA, BD, CE, CF, EF and DG are saturated, draw an initial flow
through the network.

b Ztate the value of the imitial flow.

Solution:
a A 12 D
p— —— ___, e
/.r" - Hx"*-\-..\x 7
s - |0 = Ny
/5,! \ ~F J. 1[} "*-«\H‘R
// |2E|, - - E 12 e "
A s I
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S - _.-f"
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b Value of initial flow 57
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Exercise D, Question 1

Question:

The diagramn shows a capacitated, directed networle. The capacity of each arc 13 shown
oft each arc. The numbers in circles represent an initial flow from S to T,

a Starting from the initial flow, uge the lakelling procedure to find a maximum flow
through the netwaorle You tmust list each flow-augmenting route you use together
with its flow.

b Draw your final flow pattern and state the value of your mazimum flow.

96 e
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For example (there are many other combinations of flows possible)

=BADT -5
cADT -2
SBDT -2

10

Value of maxmimum flow 15 34
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Exercise D, Question 2

Question:

The diagratn shows a capacitated, directed networkes. The capacity of each arc 13
shown on each arc. The numbers in circles represent an initial flow from S te T

a Starting from the initial flow, uge the lakelling procedure to find a maximum flow
through the network You must list each flow-angmenting route you use together
with its flow.

b Draw vour final flow pattern and state the value of your maxzimum flow.

1419

—

Solution:
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For example(there are many other combinations of flows possible)

SNET =4
SMET =3
BWTXT -2
h

Walue of maximum flow 15 38
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Question:
The diagram shows a capacitated, directed networks. The capacity of each arc 15
shown on each arc. The numbers in circles represent an initial flow from 3 to T.
a Starting from the initial flow, use the labelling procedure to find a maximum flow
through the networle Yeou must list each flow-augmenting route you use together

with its flow.

b Draw vour final flow pattern and state the walue of your mazimum flow

Solution:
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For example (there are many other combinations of flows)
SHMT -3
SIMLT -2
SIHLT -2
h L
18
h2
M 17 T
7

e

Value of maxmmum flow 15 42
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Question:
The diagram shows a capacitated, directed networks. The capacity of each arc iz
shown on each arc. The numbers in circles represent an initial flow from 3 to T.
a Starting from the initial flow, use the lakelling procedure to find a maximum flow
through the networlk, You must list each flow-augmenting route you use together

with its flow.

h Draw your final flow pattern and state the walue of your maximum flow

Solution:
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For example (there are tmany other combinations of flow)

SACET -4
SADCFEFT -5
SEET =2
S CEFT =2
SECET -1
b : 5 p
/; ., e '// ’ T 12
P:E/ \1—\":‘" l‘ :-_'."’:z ; o, _ :
e . P o o ——
¢ ] e S z’f’/ \\\\. T~
.’ - .H.\\ 9 2 F EX, . =
/_'F.!"H = /,-" et ’.{]
- “ ‘\\ : /f__.--"
e
5 E

WValue of maximum flow 15 56
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Exercise E, Question 1

Question:

Tze the maximum flow-minimum cut theorem to prove that the flows vou found in
answer to the questions in exercise 60 are maximal.

Solution:
c
- ""-.-.“--._
cut t}f HI"*-.,
Ao ~®
A -y
a < T S s
k: Rl .
. —
Se A® ~p e
! - 20 7
30 - _., il - ’
e -
B - 15
: _ _l_ _'_,--"'/
Saturated arcs cut (0 "~--.._%___' .
are ringed. K

The diagram shows the capacity of each arc,
o by mazimum flow —minimum cuttheorem flow is maximal
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Question:

S8 A3 2y ) T
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The diagram shows a capacitated, directed networke. The number oneach arc indicates

the capacity of that arc.

a Tsze the labelling procedure to find the maximum flow through the networl from 3
to T, listing each flow augmenting route you use, together with its flow,

b Verify that the flow found in part a 1z maxzimal

Solution:
a f} —3 C
1 —0 e
B =t g
D 210 T
il _ i -
S<_ T A f___.:’-l
Sy & =
o~_ Y2 1
.-H"“'--ﬁ___i —3 ._,a""'.-;‘ Q
B () D

For example (many different flow combinations are possible)

SEIE =g
SR ey
=sBACDT -1
b cut
A 3 C
| ” I‘“ el
s< M I >
4“‘.-\% h e 5 i —~ J-_P:‘:;‘
B 3 D

cut

Minimum cut = 6 so by mazimum flew = minimum cut theorem, flow 15 mazimum.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Decision Mathematics : Pagel of 2

Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise F, Question 2

Question:

.fg'\
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S -/ 240 Bl
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4

C 1242 E 20 (12 H

The diagram shows a capacitated directed networle The number on each arc 1z the

value of the maximum flow along that arc.

a Describe briefly a situation for which this type of network could be a suitable
model

The numbers in circles show a feasible flow of value 29 from source = to sink T, Take

this as the initial flow pattern,

b Tse the labelling procedure to find the maximum flow through the network from =
to T. You must list each flow-augmenting route you use together with its flow.

¢ Indicate your mazimum flow pattern and state the final flow.

d Verify that your answer 15 a maximum flow by using the maximum flow—minimum
cut theorem, listing the arcs through which your cut passes.

e Forthe maxmum flow, state a property of the arcs found in d. [&]

Solution:

PhysicsAndMathsTutor.com
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a Applied Idea of flow through a system, idea of directed flow.
e.g traffic mowing through a one-way system of roads

g2 sEEHGT-6and SBEADFGT-4
orf S BADHGT-4and SCBEHT-2andBEHGT -4 etc.

¢ MMany zolutions are possible, but the following values must be given. Flows must
be consistent.

|
M D
> @\. i
E

d Cutthreugh 34, BA BD, BE and CE

' H Final flow 15 39

e The arcs are saturated.
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Exercise F, Question 3

Question:
B B E 9 G
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T e A 19
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The diagram shows the road routes from a bus station, M, on the north side of a town
to a bus station =, on 1tz south side. The number on each arc shows the mazimum flow

rate, in vehicles per minute, on that route.

a State four junctions at which there could be traffic delays, giving areason for vour

afls Wer.

Given that AR, AT, CE, CF and ET are saturated,

h showa flow of 31 from M to 5 that satisfies this demand
¢ Taking wour answer to b as the initial flow pattern, use the labelling procedure to
find the maximum flow. You should list each flow-augmenting route you use

together with itz flow,
d Indicate your maxzimum flow pattern.

e Verify yvour solution using the mazimum flew—tninimum cut theorem, listing the

arcs through which your minimum cut passes,

f Show that, in this caze, there 12 a second minimum cut and list the arcs through

which it passes.

Solution:

PhysicsAndMathsTutor.com
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a AF Gand H, possible flow in = possible flow out.

h eg
8
31
[ 5
18
¢ UUsing labelling procedure e.g
] — : ] — 2
B oo E §g.. G
Sa Q N
/:/ 7 "“g{) R‘\ =
¢ — 6 = 5 —90
redle—gl 15 690 —31 4o
S | |
RO |1
\
N -
\90 l T 02 K},\
D —9 F —=d. H
«—q «—|R
e.g
ITHI=16 If HI=17 It HI=18 ItTHI=1%

WACDFHIS -3 | NMACDFHGIS -1 | NACDFHGIS -2 | ACDFHGIS -1
NACDFHIS -2 | WACDFHIS -1 | NACDFEGIS -2

Final flow 34

d =g

eandf GIEI and HI

AB CE (EF) HG and HI
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Exercise F, Question 4

Question:

A company wishes to transport its products from 3 factories FLE and E to a single
retail outlet B, The capacities of the possible routes, in van loads per day, are shown

A
___..-".“-\\‘
8 e S~y
e ; ‘\\\ 5
— ¥ ™
F o= » e
_ﬂ_'-f--’-, M"‘-\.\M ] =
b - - )
_,_.-"'"'-r H“"\-\.
.—-""; =
Fe | ,\;}- R
e I 14 __—-
e — ] _‘____-;'"_'— -
q._h_H;EF______H__---’ /.____.-"'
g .---______.—-"' r___'_,__a-""-
- ot
o g )

a Onthe wotksheet add a supersource 3 to obtain a capacitated networlk with a single
source and a single sink. State the minimum capacity of each arc you have added
b i State the mazimum flow along SEABE and SECE .

i Show these maximum flows on the worksheet, using numbers in circles.
Taking your answer to part b il as the initial flow pattern,
¢ 1 use the labelling procedure to find a maximum flow from 5 to E. List each flow-
augmenting route you find together with its flow,
ii Prove that vour final flow is maximal E

Solution:

PhysicsAndMathsTutor.com
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F

a 1 .
F

S 5 2
12 F

bi SEABR-6
i SFCR-8

c i
SEBE-6 SEE-4
SEBE-3 SEBR-6

e.g ore.g Total flow 30
SECRES S B CR—3
SEE-4 SEBER-3

1 maz flow—min cut theorem
ez cut BELEC ECER
{accept BELEC,SE)
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Question:

The network represents a road
system through a town. The

number on each arc represents

the maximum numnber of

vehicles that can pass along

that road BWETY minute, 1.6, S e -
the capacity of the road. 54 L E

a State the mazimum flow along
TR £ L
i SADHT
b Show these maximum flows on a diagram.

¢ Taking wour answer to part b as the mitial flow pattern, use the labelling procedure
to find a mazimum flow from 3 to T. List each flow-augmenting route you find,

together with its flow,
d Indicate a mazimum flow.
e Prove that vour flow i mazximal.

The council has funding to improve one of the roads to increase the flow from Sto T

It can choose to increase the flow along one of BE, DH or CF.

f Making vour reasoning clear, explain which one of these three roads the council

should improwe, given that it wishes to mazimise the flow through the town.

Solution:
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ai Flowalong S BCFIT=15
i Flowalong SADHT=14
b A diagram showing the 2 flows correctly

eg SADGT-1

SBDGET-12

with SBEIT-12 or SBEEGHT -9 and SBEGT -3
giving atotal flow of 54

d e g
15+
S e
39
15
C fij;' F

e MMax flow —min cut theorem, cut through AD, BD, BE and BC or CF

f The flow inte D and into C could not increase,
so increase the flow along BE
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Exercise F, Question 6

Question:

Figure 1 shows a capacitated, directed network. The number on each arc indicates the

capacity of that arc.
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Figure 1

Figure 2 shows a feasible flow of value 29 through the same network.
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Figure 2

a Find the values of the flows v, w, x, ¥ and =
otart with the walues in Figure 1 and your answers to part a as yvour initial flow pattern.

h Use the labelling procedure on Figure 1 to find the maximum flow through this
networl, listing each flow—augmenting route you use together with its flow,

¢ Show the maximum flow on Figure 2 and state its value

d i TFind the capacity of the cut which passes through the arcs HT, IT and TT.
ii Find the minimum cut, listing the arcs through which it passes,
iii Explain why this proves that the flow in patt ¢ is a maximum,

[£]
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a v=T,w=6,x=8, y=3, z=11 (conservation of flow)

h

7
Increasing flow by an additional 3
eg sBDIT(Z)
SADIT
Additional flow increase (reversing initial flow)
eg sBEJTGIT (4
SBETGIFHT(Z

Flow up to maximum {38)

Complete, consistent flow

ringed numbers (flow of 28)

d i 124+15+13=43
i CF, AD,ED, BE

i Max flow —min cut theorem - e.g.

The minimum cut separates the source from the sink. Any additional flow must cross
thiz cut at some point. Since all arcs in the minimum cut are saturated no additional
flow can be transported along these arcs. Hence no additional flow is possible.
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Exercise F, Question 7

Question:

The diagram shows a capacitated, directed network. The number on each arc indicates

the capacity of that arc.

a Calculate the values of cuts &) and O,

iven that one of these cuts 15 a minimum cut,

b ctate the maxzimum flow.

¢ Deduce the flow along GT, making vour reazoning clear,

d By considering the flow into D, deduce that there are only two possible integer
values for the flow along 54

e For each of the two walues found in part d, draw a complete maxzimum flow pattern

f Given that the flow along each arc must be an integer, determine the number of
other mazimum flow patterns. Give a reason for your answer.

[£]
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a C,-40 C,-56

b max flow = min cut =40

¢ eg Flowinto Fis 16 . flow into G iz 24 The flew along DG 2 8 0 Flow along
3T iz 24

d eg Flowinto & =flow outof & - flowalong AD =12
Flow inte D' =flow out of T =21
o flow along AD +flow aleng BD =21

o flow along AD and BD could be 1249 or 11410

. possible flows are 20 and 19

e SA=20

sh =19

f There are 2 more - CE couldbe 11 or 12 in each case, for example.
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