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Exercise A, Question 1

Question:

Commplete the table of least distances for the networle State the route you uszed for each
of your entries.
Table of least differences

A 7 £
- . A|[B|C|D]|E
~__ , II Al = [ 7 5
I < 11 i [3 Bl 7]-]353
- SN C 2| - | & | 12
N e D T
D 8 C E| 5 2| 4 | -
Solution:
LA|B|C|D]|E
Al-|7 (1095
B|7 |-z |11]|12
cCli0| 3| -] 8|12
RERFEEE
E| 5 [12]12] 4 | -

AC—the shortest route 13 ABC length 10
AT —the shortest route 15 AED length 9

ED —the shortest route 13 BCD length 11
BE —the shortest route 13 BAE length 12
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Exercise A, Question 2

Question:

Complete the table of least distances for the netwotl State the route you uszed for each

of your entries,

A
&
15 5
E e 2 D 2 e B
L |
9 3 10
L ]
%
Solution:
ANB|C[DIE
Al = 151127 (9
E| s |- 724
Cl12| 7 =517
D7 12| 5 2
E|9 |4 T|2]-

AC —the shortest route 13 ABDC length 12
AF — the shortestroute 13 ABDE length 9
B —the shortest route 15 BDC length 7
EE — the shortest route 1z BDE length 4
CE — the shortest route 15 CDE length 7
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Table of least differences

A|B |C|D|E
Al - | 5 7
B| 5| - 2
C = |73
D| 7| 25— 2
E 2| =

Pagel of 1



Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise A, Question 3

Question:

Complete the table of least distances for the networl. State the route you uzed for each

of your entries,

~__10

_// - i —
Ao "\ ~ps
\ 1y \D__%
! il -
20 o M2 /-
P~ % |
e ‘e
I h E
Solution:
AlB|IC|D|E|F
Al — | 1018 12] 1518
Eflo] - 8| =58
Cl(18| 8| - 5] 3|10
D13 3| 5 21 5
Eflz| 5|22 -17
F(18| 8 |10 5| 7| —

AC —the shortest route 1z ABDEC length 18
AF —the shortest route 13 ABDF length 18
B —the shortest route 15 BDEC length &
EE — the shortest route 13 BDE length 5

EF — the shortest route 13 BDF length &

D —the shortest route is CED length 5

iCF —the shottest route iz CEDF length 10
EF —the shortest route is EDF length 7
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Table of least differences

Al B| C|D| E
Al - | 10 12| 15
B| 10| - 3
C - 3
D13 | 3 - | 2
E| 15 202 -
F 5
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Exercise A, Question 4

Question:

Commplete the table of least distances for the network, State the route you uszed for each
of your entries.

Solution:

Table of least differences

A

B

D

E

F

10

10

17

10

20

10

20

9

3

19

B

10

20

20

10

17

15

10

20

oal |

10

G| A |35 H |

20

10

10

A

E

E

F

03

10

10

17

20

20

10

20

11

10

20

9

3

19

8

13

23

10

20

27

20

10

17

11

8

18

20

10

13

20

8

10

G| | b | 1 | e

20

20

23

10

18

10

AF —the shortest route is ABF length 20
A0 — the shortest route 15 ATV length 20
EE — the shortest route 12 BCE length 11
CF — the shortest route 1z CBF length 12
i3 —the shortestroute is CBFG length 22
DE — the shortest route 18 DACE length 27
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Exercise B, Question 1

Question:
A 24 B
——T -9
10 0 _—><_ 25 IH e
® S B

a Find a minimum spanning tree for the network abowe and hence find an initial
upper bound for the travelling salesman problem.

h Use a shortcut to find a better upper bound

¢ State the route given by vour improved upper bound and state itz length

Solution:
a ﬁ 24 i"} 3 Initial wpper bound = 2x 51
| =102
10| —=C
l T
E D

b Use DE as a shortcut
Eoute length =514+ 28="79

c Foute ABC D EA length 79
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Exercise B, Question 2

Question:

A |B |C |D |E

Al - [13[11]1%] 14
Bl 13| - [12] 7 |16
cCl1t )12 — | 11| 8
D19 |7 [11] - | 14
E

41161 8 | 4] -

A council employee needs to service five sets of traffic lights located at A, B, C, D
and E. The table shows the distance, in miles between the lights. She will start and
finish at & and wishes to minimise her total travelling distance.

a Find the minitmum spanning tree for the networl,

b Hence find an initial vpper bound for the length of the employee's route,
¢ [Jse shortouts to reduce the upper bound to a value below 65

d State the route given by your improved upper bound and state itz length.

Solution:

[T

b Initial upper bound =237 ="74

¢ Forexample i uze BE as a shottcut _’:} C _D_____,B
11 g 11 7 . 4
E
i use AR as a shortcut
e -
Other anmwers also possible S e -___'""*-H
2 A - . el
11 1 D 7
s
*
E

d i TangBErouteis A CEBRDCA length 62
ii Teing 4B route is ACECD B A length 58
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Question:
B 58 C
/._,I'\-\.;__ 51 M\
i iy S8 e A \
s 2T ower 380 | ™
40 /25 :\__‘{a___. e 41 \EH
/f Eﬁrf N x ;‘_/ ;I-. . X X
L— 34 NG f
A & T \){ : —=» D
.\\ - "‘--.-H - \\ 'I _d____.--""f. _..-".r
55 = - \ _ 37
30N\, /7..,5 < g | .._// 63
*, / - = ™ -._\_:\\, |II
[ - _ 9
F 335 |

a Find a minimum spanning tree for the network abowe and hence find an initial
upper bound for the travelling salesman problem.

h Use shortouts to reduce the upper bound to below 240,

¢ State the route given by your improved upper bound and state itz length

Solution:
a E Initial upper bound = 2x 142
!2(1 = 284
27 25 30
B s ° s A
E B F 34
.
D

b Idany possibilities: for example
DE or EC or DF and EC

¢ DE give: ACAFEBEEDA length 231
ECgives AT AFBEC A length 217
DF and EC gives A CEDF D & length 190
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Exercise B, Question 4

Question:
5 V| W X |Y Zz
b — |75 30 | 55| FO | 70
V|75 - 55 | 30| 40 15
W 30|55 - 65 | 45 | 55
X |55 |30)] &5 - 15 10
Y | 70 |40] 45 | 13 - 20
Z 70|15 55 | 10 20 -

The table shows the time, in minutes, taken to travel between a surgery = and five
farms WV, W, X, T and £ A wet needs to wisit animals at each of the farms and wishes
to minimise the total travel time He will start and finish at the surgery, 5.

a Find a minimum spanning tree for the networlk above and hence find an initial
upper bound for the travelling salesman problem.
b Wse shortouts to reduce the upper bound to below 200,

¢ State the route given by vour improved upper bound and state its length.

Solution:

Tnitial upper bound 2x115=230

b Forezample arc V3

c Foute 3W Y 2V X 3 length 190
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Question:
I-.H."'H-\\_ I (‘1 = -~ l.-" "‘\
.". ‘h‘ o, .-"." .llr i
. T\ > i3\ 7
! V. "o ""\.
f L . f
ll__.-" 10 - - "'., *a -~ "‘._
i St / ~ 1
! - SN
{ -~ e\
E 6= 8 ¢
- , 5
— \ L
12 A s g
-~
D

a By deleting vertex &, find a lower bound to the travelling zalesman problem for the
netwotl abowe.
b Comment on your answer,

Solution:
a ff_"" B Weight of residual minimum
S '#F\'\\ spanning tree = 26
X ] - 4 Nt Two shortest arcs from &,
8.7 310 \ AE and AD
T % Lower bound = 26 +8+11
4 Ne ~ 45
%
s
D

b Thiz 1z a route, so it 12 optimal
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Question:
A|B|C|D|E
A - [ 13 11| 18| 14
B =20 - (12 7 | 16
C 1M1z - 111 &8
D 127 (11 - | 14
E 4 (16| 8 | 14| -

& council employee needs to service five sets of traffic lights located at A, B, C, D
and E The table shows the distance, in miles between the lights She will start and
finizh at & and wishes to minimize her total travelling distance.

a By deleting vertices & then B find two lower bounds for the employee's route.

b Select the better lower bound, giving a reason for vour answer,

Solution:
a Deleting A B 7 D 11 C 8 E
]3~“,‘ <11
-
A

Weight of residual minimum spanning tree = 26
Tweo shottest arce are AD and AR

Lower bound = 26411413

=50
Deleting B D 11 C 8 E
Weight of residual minimum spanning, tree =30 T P | N
Two shortest arcs are BD and BC ‘,-' ]-; 1
Lower bound = 30+ 7412 P -

=40 B A

b The better lower bound 15 50 since it 15 higher.
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Question:

a By deleting wertices A then B, find two lower bounds for the travelling salesman
problem.

b 3Select the better lower bound, giving areason for your answer,

¢ Use mequalities, your answer to b and the better upper bound found in Exercise 3B
Question 3, to write down the smallest interval containing the optimal route

Solution:

a Deleting A E 27 B 25 F 34 D 137 C

Weight of residual minimum
spanning tree =124

Two shortest arcs are AC and AF

Lower bound =124 + 26+ 30 =180

a Deleiing B
Weight of residual minimum spanming tree =125 )
Two least arcs BF and BE E 33

lower bound = 1254254+ 27 i
=177 27 725

b The better lower bound 13 180 because it 15 higher

¢ 180 < optimal value =120 {or vour answer to Exercise 3B question 3¢)
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Exercise C, Question 4

Question:

S [ VIW| X | Y | Z
S| — |75 30) 55| 70|70
V|75 -5 30 40| 15
W 30 |55 — | 65| 45| a5
X |55 [30[&5 | — | 15| 10
Y |70 [40(45 | 15| — | 20
Z|70 15|55 10 20| -

The table shows the time, in minutes, taken to travel between a surgery = and five
farms WV, W, 3, Y and £ A wet needs to wistt animals at each of the farms and wishes

to minimise the total travel time. He will start and finish at the surgery, =

a By deleting vertices 3 then V, find two lower bounds for the vet's route.
b Select the better lower bound, giving areason for your answer.

¢ Tse inequalities, your answer to b and the better upper bound found in Exercize 3B
Cuestion 4, to write down the smallest interval containing the optimal route.

Solution:

a Delefing 5

Two least arcs W and 53

Lower bound = 854304 55

Deleting 7

Voyis Z 9 X 15 Y 45 W
55" 30
o
S
Wetght of residual minimum spanning tree =35
=170 . ) . .
S 30 W 45 Y 5 X I Z

Weight of residual minimum spanning tree =100

Two least arcs V2 and VI

Lower bound = 100415430

b The better lower bound 12 170 because it 15 higher

¢ 170= optimal value =120 {or vour answer to Exercise 3B questiondc)

=145
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Question:

iThiz 15 the same problem as described in Exercise 3C Question &)

A |B|C |D |E

Al- 12011 [ 1% [ 14
B|13 |- |12 |7 16
1112 - 11 | &
D13 [7 |11 |- 14
E

14 |16 | 8 14 | -

& council employee needs to service five sets of traffic lights located at A, B, C, D

and E. The table shows the distance, in miles between the lights. She wishes to
tinimise her total travelling distance

a Starting at D, find a nearest neighbour route to give an upper bound for the council
employee's route.

b Show that there are two nearest neighbour routes starting from E.
¢ Select the walue that should be given as the upper bound, give a reason for wour
ANEWEL.

Solution:
a D,B,CE,4&,D=¢80
b E,C 4B, D,E=53
or
E.C,)D,Bya,E=53
¢ The better upper bound 15 53 since this is lower.
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Exercise D, Question 2

Question:

iThiz is the same problem as described in Exercize 3C Question 4)

5 |V W [X |¥Y |Z

5 |- |75]30 55 |70 |70
¥V |75 |- [55 30 |40 [ 15
W50 [ 55— 65 |45 |55
X |55 | 3065 . 15 | 10
Y [ 70 [ 40 [ 45 15 |- |20
Z |70 | 1555 mn |20 |-

The table shows the time, in minutes, taken to travel between a surgery 5 and five
farms WV, W, ¥, Y and £ & wet needs to vist amimals at each of the farms and wishes
to mimmaise the total travel time.

a Starting at Z, find a nearest neighbour route.

b Find two further nearest neighbour routes starting at 30 then V'

¢ Select the walue that should be given as the upper bound, give a reason for wour
ANSWEL,

Solution:

a X Ve Wbt =150

b Vg Ty W= 30 =195
Vs Zyp 3y TasWapdV =150

¢ The better upper bound 15 120 because 1t 15 lower
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Exercise D, Question 3

Question:

R | 8 T U ¥ | W

R| - | 150 210 | 150 | 120 | 240
S| 150 = | 210 | 120 | 210 | 240
T 210210 - 1200 | 150 | 180
T | 150 120 | 120 - | 180 | 270
Y| 120 210 150 | 180 | - | 300
W 240 240 180 | 270 | 300 | -

A printing company prints six magazines B, S, T, T, WV and W, each week The
printing equipment needs to be set up differently for each magarzine and the table
shows the time, in minutes, needed to set up the equipment from one magazine to
another. The printer must print magazine B at the start of the first day each week so
the equipment 15 already set up to print magazine E, and must be left set up for
magazine E atthe end of the weel. The other magazines can be printed in any order.

a Ifthe magazines were printed in the order ESTUTVWE, how long would it take in
total to set up the equipment?

b Show that there are two nearest neighbour routes starting from T

¢ Show that there are three nearest neighbour routes starting from W

d Select the walue that should be given as the upper bound, give a reason for your
ANSWEL.

Solution:

a R EDSEIDTIEDUBDvEDDWmDR = 1200 minutes

b Uy B Visg Tis Wy U = 9590
atd
U Tiso Vi B 15040 Wi U = 1050

€ ViR 15051300 120 Tyan Wage ¥ = 330
and
WizoF 150 120210 Tag Wi V1 = 1080
and
ViaoF. 150V 120 110 Wagg#oane V' = 1020
d The better upper bound 15 990 because 1t 15 lower.
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Exercise E, Question 1

Question:

~— | f_ﬂ_{,,
C ™/ 450

a ze an efficient algorithm to find a minimum connector for the network above
Tou must make your method clear

h Hence find an initial upper bound for the travelling salesman problem.

¢ Jze the method of short cuts to find an upper bound below 6100,

Solution:

a Either Eruskal: EF, DE, CD, BD, AC, EG or Prim (e g ): AC, CD, DE, EF, BD,
EG

A 733 C 450 D 427

g3 @

&
b

620 419

—e——& [T

me

b 2x3302="T004
¢ Forexzample use AB and DG
Foute ACDEFEGDE A length 6005
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Exercise E, Question 2

Question:
e esa 43
& e 7 . 9%
Y e \
b 4
/ 23 _ Y
II.'- 4 I'-,
E ,\xh ? III
II ‘H‘M,\ \ - . [-
| H\H 5 L - II
e s
'\\ a__ﬁ_____,.-—"' 10 I.___.-
2 //
\ 2
. -
N el

13
The network abowe shows a number of hostels in a national park and the possible
paths joining them. The numbers on the edges give the lengths, in km, of the paths.

a Draw a complete network showing the shortest distances between the hostels. (Tou
may do this by inspection. The application of an algorithm is not required.)

b Tse the nearest neighbour algorithm on the complete network to obtain an upper

kound to the length of a tour in this networl which startz and finishes at A and
visits each hostel exactly once,

¢ Interpret yvour result in part b in terms of the original networl:

Solution:
a
AlB|C|DI|E
Al =7 (131 4| 3
E — |17 7|10
Cl13]17] — | 10] 13
D 7010 3
E|=2]10]13| 5| -

b AEDB,Coh=45
c AEDEDCA (BT is not on the original network)
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Exercise E, Question 3

Question:

{This 15 the network given in example 2)

W 5 y \
F ¢q——— :l = ®C
14 15 /;"
S
. ——
E 13 D

The table of least distances below was formed from the networle, M, above.

S|A|B | C D E|F
S -1 8 7] 2 4 [ 18] 5
Al 8| -1 2|7 1% [ 17 ] 3
B| 7| 2] -5 17 [ 18] 5
cl 21715 - 12 [ 21 7
D| 14 15| 17| 12 - 13| 19
E| 13 1711221 ] 13 - | 14
F| 5|31 5|7 1% [ 14 ] -

The table shows the distances, in km, between the central sorting office at 5 and six
postoffices A, B, C, D, Eand F.

A postal worker will leawe the sorting office, go to each post office to collect mail and
return to the sorting office. He wishes to minimize his route.

a Usze Prim's algorithm, starting at S, to obtain two minimum spanning trees. State the
order in which vou select the arcs.

b Hence find an initial upper bound for the postal worleer's route,

¢ Starting from this upper bound, uze shortouts to reduce the upper bound to a value
below 60 kem. Tou must state the shortcuts you use,

d Starting at C, and then at T, find two nearest neighbour routes stating their lengths.

e 3elect the better upper bound from wour answers to ¢ and d, give a reason for your
ANEVWEL.

f Interpret your answer to e in terms of the original network, M, of roads
g TTaing the table of least distances, and by deleting C, find a lower bound for the
postal worker's route.

Solution:
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a »CSFFAAE CD DE—tree 1

B P A 3 F 5 5
L 3 —_— .‘ —_ = 3 —— .. —_—

[ )
\ B

| —
L]

and

SCCBEBBA AF CDDE~tree 2

E D C 5 B A F
.
13 12

b2
(5}
L

S

b "Weight of each tree 1z 37
S0 initial upper bound 15 2x37 =74

¢ Fromtree 1
TTze BE az a shortout
(FEoute s SCDEERBAF 5] length 56

From tree 2
TTse EF as a shortcut
(Foute1iz SCBAFED C 3) length 53

d C,5.EAB,D.E,C=63
D,C5.FABLELD =56

e The better upper bound iz 53 since it iz smaller
f Theroute s SCBAFEDCS

g E 13 D 14 5 5

-

9 -

b
N

e

Weight of residual minimum spanning tree = 37

Two least arcs from © are CF and CB

Lower bound =374+ 245
=44
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Exercise E, Question 4

Question:

a Explain the difference between the classical and practical travelling
salesman problem.

P |10 |R |8 |T (U |V

P|- 19 30 |45 |38 | 33 | 29
Q1% |- 28 |27 |50 | 23 | 55
R|[30 |28 |- |51 [2% | 4% |30
5|45 |27 51 | = |77 |21 |71
T |35 |50 29 |77 |- | 6% |37
T[33 |23 4% |21 |69 |- |56
V[ 29 |55 S0 |71 [ 37 |56 | -

The table shows the travel time, in minutes, between seventown halls P, Q R, 3, T, T
and V. Kim worlks at P and must visit each of the other town halls to deliver leaflets.
=he wishes to minimise her route.

b Find a minimum connector for the netweorle. Tou must make your method clear by
listing the arcs in order of selection

¢ Uze the minimum connector and shortouts to find an upper bound below 2200 You
must list the shortouts you use and your final route.

d Starting at P, find a nearest neighbour route and state its length.

Find a lower bound for the length of the route by deleting P.

f Looking at your answers to ¢, d and e, use inequalities to write down the smallest
interval containing the optimal selution

2]

Solution:

PhysicsAndMathsTutor.com
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a In the classical problem each vertex must be wisited exactly once before returning

to the start.
In the practical problem each vertex must be visited af least once before returning
to the start.

b 29

-
28 R = T
-

TE
Crder of arcs: PO, QU TS, QF, {W}

¢ Tee VT and QF as shortcuts giving a length of 213
Foue PQUEQRETVE)

d PIS'QHUEISleEDTE?vI'P =209

e

Weight of residual minimum spanning tree = 140

Two least arcs PO and PV
Lower bound = 1384+19 429

=186
f 186 <= optimal value = 209
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Exercise E, Question 5

Question:

A B C | D E F | G

Al = 103 | 89 [ 42 | 54 | 143] 153
B |03 - 60 | 98 | 36 | B8R | 58
| 8% | &0 - | 65| 3B | 58 | W7
D42 | 88 | &5 — | 45 | 111] 138
E| 34| 56 | 358 | 45 - 85 | 100
F 145 95 [ 58 [ 111] 95 = S
G153 55 [ 77139100 | 75—

A computer supplier has outlets in seven cities A, B, C, D, E, F and G The table
shows the distances, in km, between each of these seven cities. John lives in city &
and has to wisit each of these cities to adwise on displays. He wishes to plan a route
starting and finishing at &, wisiting each city and covering a minimum distance.

a

Chtain a minimum spanning tree for thizs network explaining briefly how you
applied the algorithm that you used. (Start with A and state the order in which you
selected the arcs used in your tree)

Hence determine an initial upper bound for the length of the route travelled by
Toht,

Ezxplain why the upper bound found in this way iz unlikely to give the minimum
route length,

Starting from your initial upper bound and using an appropriate method, find an
upper bound for the length of the route which iz less than 430 km.

By deleting city A, determine a lower bound for the length of Tohn's route.

Explain under what circumstances a lower bound obtained by this method might be
an optimum solution.

Solution:
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@ 3 v = ; £
JS &
59
*
B G

order of arcs; AT, DE, EC, EE, CF, B

b TInitial upper bound = 2% 298
=596

¢ The minimum connector has been doubled and each arc in it repeated

d Tse AF and GF as shortcuts - length 427
froute iz ADEB GFCE A)

e G 59 B 5 E 33 C s

D

Weight of rezsidual minimum spanning tree = 256
Twro least arce from A are AD (42) and AE (54)
Lower bound = 256 + 42 + 54 = 352 lom

L R

f The lower bound will give the optimal solution if it is a tour,
Ifthe minimum spanning tree has no “branches” —so the two end vertices have
valency 1, and all other wertices hawve valency 2, then if the two least arcs are
incident an the 2 vertices of wvalency 1 an optimal solution cannot be found
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Exercise E, Question 6

Question:

L C 0 B N E
London (L) — | 80| 456 | 120 | 131 | 200
Camhridge (C) g0 | — | 100 %8 a7 250
Oxdford (O) 96 | 100 - 68 105 | 154
Birmingham (B) | 120 | 98 | 68 - 54 161
Nottingham () | 131 | 87 | 103 | 24 - 209
Exeter (E) 200 250 154 | 161 | 20% -

A zales representative, Sheila, has to wiszit clients in six cities, London, Cambridge,
Crford, Birmingham, Mottingham and Exeter. The table shows the distances, in miles,
hetween these siz cities Sheila lives in London and plans a route starting and finishing
in London. She wishes to wisit each city and drive the minimum distance.

a Starting from London, use Prim's algorithm to obtain a minimum spanning tree.
show vour working, State the order in which wou selected the arcs and draw the
free.

b i Hence determine an initial upper bound for the length of the route planned by

=heila
ii Starting from vour initial upper bound and using shortouts, obtain a route which
1z less than 660 miles.

¢ By deleting Exeter from the table determine a lower bound for the length of Sheila's
route.

Solution:
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order of selection: L, OB, BH, LiZ, CE

b 1 Initial upper bound = 2x 412
=824 miles

ii TTee NC as a chortcut—length is 6372
(Foute s LOEOQ BN CL)

(]
il
Ly
B
[ 3

80 L s O e B
154 161

Weight of residual minimum spanning tree = 253

Two least arcs are EO and EB

Lower bound = 2584+154+161
=573
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