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1 a u = x2 + 1  ∴ d

d
u
x

 = 2x b u = sin x  ∴ d
d
u
x

 = cos x 

  ∫ 2x(x2 − 1)3  dx  = ∫ u3  du  ∫ sin4 x cos x  dx  = ∫ u4  du 

            = 1
4 u4 + c                 = 1

5 u5 + c 
            = 1

4 (x2 + 1)4 + c               = 1
5 sin5 x + c 

 

 c u = 2 + x3  ∴ d
d
u
x

 = 3x2 d u = x2  ∴ d
d
u
x

 = 2x 

  ∫ 3x2(2 + x3)2  dx  = ∫ u2  du  ∫
2

2 exx  dx  = ∫ eu  du 

         = 1
3 u3 + c           = eu + c 

         = 1
3 (2 + x3)3 + c         = 

2
ex + c 

 

 e u = x2 + 3  ∴ d
d
u
x

 = 2x f u = cos 2x  ∴ d
d
u
x

 = −2 sin 2x 

  ∫ 2 4( 3)
x

x +
  dx  = ∫ 1

2 u−4  du  ∫ sin 2x cos3 2x  dx  = ∫ 1
2− u3  du 

         = 1
6− u−3 + c               = 1

8− u4 + c 

         = − 2 3
1

6( 3)x +
 + c             = 1

8− cos4 2x + c 

 

 g u = x2 − 2  ∴ d
d
u
x

 = 2x h u = 1 − x2  ∴ d
d
u
x

 = −2x 

  ∫ 2
3

2
x

x −
  dx  = ∫ 3

2u
  du  ∫ 21x x−   dx  = ∫ 1

2−
1
2u   du 

        = 3
2 lnu + c              = 1

3−
3
2u  + c 

        = 3
2 lnx2 − 2 + c             = 

3
221

3 (1 )x− −  + c 
 

 i u = sec x  ∴ d
d
u
x

 = sec x tan x j u = x2 + 2x  ∴ d
d
u
x

 = 2x + 2 

  ∫ sec3 x tan x  dx  = ∫ u2  du  ∫ (x + 1)(x2 + 2x)3  dx  = ∫ 1
2 u3  du 

            = 1
3 u3 + c                = 1

8 u4 + c 
            = 1

3 sec3 x + c              = 1
8 (x2 + 2x)4 + c 

 
2 a i u = 3 
   ii u = 4 
 b u = x2 + 3  ∴ d

d
u
x

 = 2x 

   
1

0∫ 2x(x2 + 3)2  dx  =  
4

3∫ u2 × 
d
d
u
x

 dx 

         =  
4

3∫ u2  du 

 c 
1

0∫ 2x(x2 + 3)2  dx  =  
4

3∫ u2  du 

         =  [ 1
3 u3] 4

3  
         = 64

3  − 9 = 1
312  
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3 a u = x2 − 3  ∴ d

d
u
x

 = 2x b u = sin x  ∴ d
d
u
x

 = cos x 

  x = 1  ⇒  u = −2  x = 0  ⇒  u = 0 
  x = 2  ⇒  u = 1  x = π6   ⇒  u = 1

2  

   
2

1∫ x(x2 − 3)3  dx  =  
1

2−∫ 1
2 u3  du     

π
6

0∫ sin3 x cos x  dx  =  
1
2

0∫ u3  du 

     = [ 1
8 u4] 1

2−             = [ 1
4 u4]

1
2
0  

     = 1
8 (1 − 16)            = 1

4 ( 1
16  − 0) 

     = 15
8−               = 1

64  
 

 c u = x2 + 1  ∴ d
d
u
x

 = 2x d u = tan x  ∴ d
d
u
x

 = sec2 x 

  x = 0  ⇒  u = 1  x = − π
4   ⇒  u = −1 

  x = 3  ⇒  u = 10  x = π4   ⇒  u = 1 

   
3

0∫ 2
4

1
x

x +
  dx  =  

10

1∫
2
u

  du       
π
4
π
4−∫ tan2 x sec2 x  dx  =  

1

1−∫ u2  du 

     = [2 lnu] 10
1            = [ 1

3 u3] 1
1−  

     = 2 ln 10 − 0            = 1
3 [1 − (−1)] 

     = 2 ln 10             = 2
3  

 

 e u = x2 − 3  ∴ d
d
u
x

 = 2x f u = x3 + 2  ∴ d
d
u
x

 = 3x2 

  x = 2  ⇒  u = 1  x = −2  ⇒  u = −6 
  x = 3  ⇒  u = 6  x = −1  ⇒  u = 1 

   
3

2∫ 2 3

x

x −
  dx  =  

6

1∫
1
21

2 u−  du     
1

2

−

−∫ x2(x3 + 2)2  dx  =  
1

6−∫ 1
3 u2  du 

     = [
1
2u ] 6

1              = [ 1
9 u3] 1

6−  

     = 6  − 1            = 1
9 [1 − (−216)] 

                    = 1
924  

 

 g u = 1 + e2x  ∴ d
d
u
x

 = 2e2x h u = x2 − 4x  ∴ d
d
u
x

 = 2x − 4 

  x = 0  ⇒  u = 2  x = 3  ⇒  u = −3 
  x = 1  ⇒  u = 1 + e2  x = 5  ⇒  u = 5 

   
1

0∫ e2x(1 + e2x)3  dx  =  
21 e

2

+

∫ 1
2 u3  du    

5

3∫ (x − 2)(x2 − 4x)2  dx  =  
5

3−∫ 1
2 u2  du 

     = [ 1
8 u4]

21 e
2
+             = [ 1

6 u3] 5
3−  

     = 1
8 [(1 + e2)4 − 16]          = 1

6 [125 − (−27)] 
= 1

8 (1 + e2)4 − 2          = 1
325  
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4 a u = 4 − x2  ∴ d
d
u
x

 = −2x 

   x = 0  ⇒  u = 4 
   x = 2  ⇒  u = 0 

   
2

0∫ x(4 − x2)3  dx  =  
0

4∫ u3 × ( 1
2− d

d
u
x

)  du 

            =  
4

0∫ 1
2 u3  du 

 b = [ 1
8 u4] 4

0  
   = 1

8 (256 − 0) 
   = 32 
 
5 a u = 2 − x2  ∴ d

d
u
x

 = −2x b u = 1 + cos x  ∴ d
d
u
x

 = −sin x 

  x = 0  ⇒  u = 2  x = 0  ⇒  u = 2 
  x = 1  ⇒  u = 1  x = π2   ⇒  u = 1 

   
1

0∫
22e xx −  dx  =  

1

2∫ 1
2− eu  du      

π
2

0∫
sin

1 cos
x

x+
  dx  =  

1

2∫ − 1
u

  du 

     = 
2

1∫ 1
2 eu  du           = 

2

1∫
1
u

  du 

     = [ 1
2 eu] 2

1              = [lnu] 2
1  

     = 1
2 (e2 − e)            = ln 2 − 0 

     = 1
2 e(e − 1)            = ln 2 

 
6 a u = sin x  ∴ d

d
u
x

 = cos x 

   ∫ cot x  dx  =  ∫ cos
sin

x
x

  dx 

       = ∫ 1
u

× d
d
u
x

  dx 

       = ∫ 1
u

  du 

       =  lnu + c 
       =  lnsin x + c 
 

 b ∫ tan x  dx  =  ∫ sin
cos

x
x

  dx 

   u = cos x  ∴ d
d
u
x

 = −sin x 

   ∫ sin
cos

x
x

  dx  = ∫ 1
u

× (− d
d
u
x

)  dx 

       = ∫ − 1
u

  du 

       =  −lnu + c 
       =  −lncos x + c 
       =  ln (cos x)−1 + c 
       =  lnsec x + c 
 

 c = [ 1
2 lnsec 2x]

π
6
0  

   = 1
2 (ln 2 − 0) 

   = 1
2 ln 2 
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7 a = 1

4 (x3 − 2)4 + c b = esin x + c c = 1
2 ∫ 2

2
1

x
x +

  dx 

      = 1
2 lnx2 + 1 + c 

      [ = 1
2 ln (x2 + 1) + c ] 

 

 d = 1
3 (x2 + 3x)3 + c e = 1

2 ∫
1
222 ( 4)x x +   dx f = − ∫ cot3 x (−cosec2 x)  dx 

    = 1
2  × 

3
222

3 ( 4)x +  + c  = − 1
4 cot4 x + c 

    = 
3
221

3 ( 4)x +  + c 
 

 g = ln1 + ex + c h = 1
2 ∫ 2cos 2

3 sin 2
x
x+

  dx i = 1
4 ∫

3

4 2
4

( 2)
x

x −
 + c 

  [ = ln (1 + ex) + c ]  = 1
2 ln3 + sin 2x + c  = 1

4  × [−(x4 − 2)−1] + c 

      = − 4
1

4( 2)x −
 + c 

 

 j = 1
4 (ln x)4 + c k = 2

3 ∫
31

2 2 23
2 (1 )x x+   dx l = 1

2− ∫
1
222 (5 )x x −− −   dx 

    = 2
3  × 

3
2 31

3 (1 )x+  + c  = 1
2−  × 

1
222(5 )x−  + c 

    = 
3
2 32

9 (1 )x+  + c  = − 25 x−  + c 

 
8 a = −

π
2

0∫ (−sin x)(1 + cos x)2  dx b = 1
2−

0

1−∫
2

2
2e

2 e

x

x
−

−
  dx 

  = −[ 1
3 (1 + cos x)3]

π
2
0   = 1

2− [ln2 − e2x] 0
1−  

  = 1
3− (1 − 8)  = 1

2− [0 − ln (2 − e−2)] 
  = 7

3   = 1
2 ln (2 − e−2) 

 

 c = −
π
4
π
6
∫ (−cot x cosec x) cosec3 x  dx d = 1

2

4

2∫ 2
2 2

2 8
x

x x
+

+ +
  dx 

  = −[ 1
4 cosec4 x]

π
4
π
6

  = 1
2 [lnx2 + 2x + 8] 4

2  

  = 1
4− (4 − 16)  = 1

2 (ln 32 − ln 16) 
  = 3  = 1

2 ln 2 

 
9 u = x + 1  ∴ x = u − 1,  d

d
u
x

 = 1 

 ∫ x(x + 1)3  dx  =  ∫ (u − 1)u3  du 

        = ∫ (u4 − u3)  du 

        = 1
5 u5 − 1

4 u4 + c 
        = 1

5 (x + 1)5 − 1
4 (x + 1)4 + c 

        = 1
20 (x + 1)4[4(x + 1) − 5] + c 

        = 1
20 (4x − 1)(x + 1)4 + c 
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10 a u = 2x − 1  ∴ x = 1

2 (u + 1),  d
d
u
x

 = 2 b u2 = 1 − x  ∴ x = 1 − u2,  d
d

x
u

 = −2u 

  ∫ x(2x − 1)4  dx  = ∫ 1
2 (u + 1)u4 × 1

2   du  ∫ 1x x−   dx  = ∫ (1 − u2)u × (−2u)  du 

     = 1
4 ∫ (u5 + u4)  du          = 2 ∫ (u4 − u2)  du 

     = 1
4 ( 1

6 u6 + 1
5 u5) + c         = 2( 1

5 u5 − 1
3 u3) + c 

     = 1
4 [ 1

6 (2x − 1)6 + 1
5 (2x − 1)5] + c     = 2[ 1

5 (1 − 
5
2)x  − 1

3 (1 − 
3
2)x  + c 

     = 1
120 (2x − 1)5[5(2x − 1) + 6] + c     = 2

15 (1 − 
3
2)x [3(1 − x) − 5] + c 

     = 1
120 (10x + 1)(2x − 1)5 + c       = − 2

15 (2 + 3x)(1 − 
3
2)x  + c 

 

 c x = sin u  ∴ d
d

x
u

 = cos u d x = u2  ∴ d
d

x
u

 = 2u 

  ∫ 3
22

1

(1 )x−
  dx  = ∫ 3

1
cos u

× cos u  du  ∫ 1
1x −

  dx  = ∫ 1
1u −

× 2u  du 

     = ∫ sec2 u  du           = ∫ 2( 1) 2
1

u
u
− +
−

  du 

     = tan u + c            = ∫ (2 + 2
1u −

)  du 

     = sin
cos

u
u

 + c            = 2u + 2 lnu − 1 + c 

     = 
21

x

x−
 + c           = 2 x  + 2 ln x  − 1 + c 

 

 e u = 2x + 3  ∴ x = 1
2 u − 3

2 ,  d
d
u
x

 = 2 f u2 = x − 2  ∴ x = u2 + 2,  d
d

x
u

 = 2u 

  ∫ (x + 1)(2x + 3)3  dx   ∫
2

2
x
x −

  dx  = ∫
2 2( 2)u

u
+ × 2u  du 

     = ∫ ( 1
2 u − 1

2 )u3 × 1
2   du        = 2 ∫ (u4 + 4u2 + 4)  du 

     = 1
4 ∫ (u4 − u3)  du          = 2( 1

5 u5 + 4
3 u3 + 4u) + c 

     = 1
4 ( 1

5 u5 − 1
4 u4) + c         = 2[ 1

5 (x − 
5
22)  + 4

3 (x − 
3
22)  + 4(x − 

1
22) ] + c 

     = 1
4 [ 1

5 (2x + 3)5 − 1
4 (2x + 3)4] + c     = 2

15 (x − 
1
22) [3(x − 2)2 + 20(x − 2) + 60] + c 

     = 1
80 (2x + 3)4[4(2x + 3) − 5] + c      = 2

15 (3x2 + 8x + 32)(x − 
1
22)  + c 

     = 1
80 (8x + 7)(2x + 3)4 + c 
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11 a x = sin u  ∴ d

d
x
u

 = cos u b u = 2 − x  ∴ x = 2 − u,  d
d
u
x

 = −1 

  x = 0  ⇒  u = 0  x = 0  ⇒  u = 2 
  x = 1

2   ⇒  u = π6   x = 2  ⇒  u = 0 

   
1
2

0∫ 2

1

1 x−
  dx  = 

π
6

0∫
1

cosu
× cos u  du   

2

0∫ x(2 − x)3  dx  = 
0

2∫ (2 − u)u3 × (−1)  du 

     = 
π
6

0∫ du             = 
2

0∫ (2u3 − u4)  du 

     = [u]
π
6
0              = [ 1

2 u4 − 1
5 u5] 2

0  

     = π6  − 0             = (8 − 32
5 ) − (0) 

     = π6               = 8
5  

 

 c x = 2 sin u  ∴ d
d

x
u

 = 2 cos u d x = 3 tan u  ∴ d
d

x
u

 = 3 sec2 u 

  x = 0  ⇒  u = 0  x = 0  ⇒  u = 0 
  x = 1  ⇒  u = π6   x = 3  ⇒  u = π4  

   
1

0∫
24 x−   dx          

3

0∫
2

2 9
x

x +
  dx  = 

π
4

0∫
2

2
9 tan
9sec

u
u

× 3 sec2 u  du 

     = 
π
6

0∫ 2 cos u × 2 cos u  du       = 3
π
4

0∫ tan2 u  du 

     = 
π
6

0∫ 4 cos2 u  du          = 3
π
4

0∫ (sec2 u − 1)  du 

     = 
π
6

0∫ (2 + 2 cos 2u)  du        = 3[tan u − u]
π
4
0  

     = [2u + sin 2u]
π
6
0           = 3[(1 − π4 ) − (0)] 

     = ( π
3  + 3

2 ) − (0)          = 3
4 (4 − π) 

     = 1
6 (2π + 3 3 ) 
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