INTERNATIONAL A LEVEL

Pure Mathematics 4  Solution Bank @ pearson
Chapter review

1 ai (1-4x)° Use binomial expansion with » =3 and x = — 4x

(1= 4 =1+ (3)(—4dx)+ (3)(2)2(' 4x)’ (3)(2)(;)'(—496)

As n =3, expansion is finite and exact
(1 —4x)> =1-12x+48x"> —64x’
ii Valid for all x

VJ16+x  Write in index form

=(16+ x)% Take out a factor of 16

1

o)

=16'[ 1+ Use binomial expansion Wlthn—l ndx:i
16 2 16
1)(=1 2 L 1 ;
=4 1+l i +M i +(2 2 i
2\16 2! 16 16
x X x’
=4/ 1+—-— + +...| Multiply by 4
32 2048 65536
x X x’

+ +
8 512 16384

i Valid for |-~
16

<1=|x|<16

Write in index form
—-2x

=(1-2x)"" Use binomial expansion with n=—1 and x =—2x
1+ (—T)(=2x) + (—1)(—22)'(—2x)2 . (-D)(-2)(-3)(2x)* .\

3!
=1+ 2x+4x> +8x° +...

ii Valid for |2x |<1=|x|<$
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1di Write in index form

2+3x

=4(2+3x)"" Take out a factor of 2

-1
o)
2
. 3x )" ) ) ) ) 3x
=4x2" x 1+7 Use binomial expansion with n =—1 and x = >

oo S R 3] D2 )

2 3
_ 2[1_3_’C +9%— 27; +j Multiply by 2

2

2 3
=2—3x+9%—27)C +

3x

ii Valid for

2
<l=|x|<=
3

4 L
e i =4(\4-x)" Write in index form
V4-x

1
=4(4—x) > Take out a factor of 4

(-3

X _l
=4x4? (l —%j ’ Use binomial expansion with n = —% andx =——

A ).

x 3 5 .
=2/ 1+=+—x"————x" +...| Multiply by 2
( g 128" 1024 j HPYRY

N—
—~
|
0|
D=
|
(Yo%}
~
|
BN
N—
[\S]
+
—~
|
=

SOV VLI S I
4 64 512

X

ii Valid 1 <l=|x|<4
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1 f i Itx =(1+x)(1+3x)" Write in index form then expand
1+3x 1+3x
=(+x) [1 +(=DBx)+ C 1)(—22')(3x)2 + (_1)(_2);'_3)(3)6)3 +.. j

=(1+x)(1-3x+9x* —27x’ +..) Multiply out
=1-3x+9x* =27x  + x=3x* +9x° +... Collect like terms

=1-2x+6x*—18x +...
ii Valid for [3x|<1=]x|<4

; (l+xj2 ~(1+x)?

= > Write in index form
I-x (1-x)

=(1+x)’(1-x)” Expand (I-x)~ using binomial expansion

=(1+2x+x%) [1 +(=2)(—x) + (_2)(_23!)(_)6)2 + (_2)(_3)3(!_4)(_x)3 +.. j

=(1+2x+x")(1+2x+3x> +4x’ +..) Multiply out brackets

=142x4+3x> +4x° +2x +4x* +6x° + x> +2x° +... Collect like terms

=1+4x+8x* +12x° +...

ii Valid for |x| <1
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1

h

i

Let x—3 = A + B
(I-x)1-2x) (I-x) (1-2x)
_A(1-2x)+ B(1-x)
T (1-x)(1-2%)

Put in partial fraction form

Add fractions.

Set the numerators equal:
x—3=4(1-2x)+B (1 —x)

Substitute x = 1;
1-3=Ax—-1+Bx0
=>-2=-14

=>A4=2

Substitute x=4: 1-3=4x0+Bx1

=-3=1B

=>B=-5

Hence x—3 __ 2z 3
(1-x)1-2x) (1-x) (1-2x)

2 a

(l_x)—Z(l—x)

_ 2(1 s () s EVEE | (DRI j
2! 3!

=2(l+x+x"+x>+..)

=24 2x4+2x*+2x° +...

> -1
(=27 =5(1-2x)
- 5(1 +(=1)(=2x) + (—1)(—22)'(—2x)2 . (_1)(_2)(3_'3)(_2 x)° . j
=5(1+2x+4x" +8x’ +..)
=5+10x+20x> +40x° +...
Hence x-3 2 5

(I-n(1-2x) (I-x) (1-2x)
=2+ 2x+ 2+ 23 +...) = (5+ 10x +20x* + 40x°* +...)
=—-3—8x— 18x* —38x° +...

ii 2 is valid for x| <1
I-x

is valid for | 2x [<1=|x|<3%

Both are valid when | x |<1

@ Pearson
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()C-D Ly, DEDE=D) Ly

2 (-5 =1a (-1 e 0 !
() B GEE
2 4 6 8
=l-1x-Lx-Lx +...

3 a Using binomial expansion
HEDE AEDEDE)
2! 3!

=1+iy—Lly24Lly?
=l+ox—gx +5x +...

(1+x) :1+(%)x+(

Expansion is valid if x| < 1.

b Substituting x =+ in both sides of the expansion gives
1V 1 1 1 (1Y 1 (1Y
I+— | =l+—x——=x|—| +—X%|—
4 2 4 8 \4 16 (4

5 11 1
= Al ———t—
(4} 8 128 1024

5 1145

4 1024

VS 1454 inly bothsidesby 2

2 1024

NG 1145
512

v (“9’“)%:“(%)(9’“”%%_1)(%)%(5 3

2\(_1 2\ (_1)(_4
=1+(%)(9x)+¢23)81x2+M729x3+...
=14+6x-9x" +36x" +...

Equating coefficients:
c=—9and d =36

b 1+9x=145
x=0.05
(1.45)' ~1+6(0.05)—9(0.05) +36(0.05)’
~1.282

2
3

¢ (1.45)° =1.28108713
The approximation is correct to 2 decimal places.
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5 a The x* term of (l+ax)% = %(ax)2
—ta*=-2
a’=16
a=74

6

L (D) (=) (L2
b Thex3termof(l+ax)2=(2)(2 )(2 )(ax)3
When a = 4:

(

D62 gy D)

3!

When a = —4:

()G-DG=2)

3!

The coefficient of the x> term is 4 or —4

a

(1 +3x)"! Use binomial expansion with » =—1 and x = 3x
=1+ (=1)(3x) + (‘1)(‘22')(3’6)2 N (—1)(—2);'—3)(3@3 .

=1-3x+9x* =27x* +...

1 .
1 +3x =(1+x)(1+3x)™" Use expansion from part a
+3x

=(1+x)1-3x+9x> —=27x’ +..) Multiply out
=1-3x+9x> =27x + x=3x*+9x* +... Collect like terms

=1-2x+6x>—18x" +... Ignore terms greater than x’

Y e 1-2x+6x>—18x
1+3x

Hence

Substitute x = 0.01 into both sides of the above

ﬂu—zxo.onéxo.of ~18x0.01°
113%0.01

Lol 0.02+0.0006—0.000018, |01 _101
1.03 1.03 103
101

——~0.980582 Round to 5d.p.
103

101
—— ~0.98058 (5d.p.
103 (5d.p)
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7 a Using binomial expansion

(1+ax)" =1+n(ax)+

n(n—1)(ax)> . n(n—1)(n-2)(ax)’ .

21 3!
If coefficient of x is —6 then na =-6

n(n-1)a’ _

If coefficient of x* is 27 then 27

From (1), a = =6 . Substitute in (2):
n

n(n—1) (—_6)2 _ 97
2 n)

n(n—l)xﬁz
2 n’
(n—-118
=
(n—1)18=27n
18n — 18 =27n
—18=9n
n=-2

27

27

Substitute n = —2 back in (1): 2a=—-6=>a =3
b Coefficient of x° is

n(n-0(n—-2)a’  (-2)x(-3)x(-4)x3’
3! - 3x2x1

=-108

¢ (1+3x)?isvalid if |3x|<l=|x|<i

(1)
2)
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8
3

V4+x

=34+ x)f% Take out a factor of 4

=3(J4+x)"' Write in index form

1

()

=3x45x(1+£j 4i=—=
4

ol—
|

=—X —— || = + +..
2! 3!
1 T iply by >
—2( 8+128x +j Multiply by
3 3 9 ,
== ——x+—x"+
2 16 256
3 3 9 , . . 2 -
~r———x+——x" if terms higher than x* are ignored.
2 16 256
1 1 -1 -1
9 a 4_x:(4—x)2:(4(1—%x)) =1(1-1x)
1) (=1
={1+(_i)(_ix)+( 2)(2!2 1)(_ix)2+ j
_1) (=3
=%[1+(—i)(—%x)+( )2( 2)(%x2)+ }
=41+ fx+ggx’+..)
=lilx+2x’+..
p AE2 :(1+2x)(%+%x+2§—6x2+...)

—1 1 3 2 1,2
—2+16x+256x +x+8x +...

— 1417, 35,2
=l+0x+ B x"+...

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



INTERNATIONAL A LEVEL

Pure Mathematics 4  Solution Bank @ pearson

10 a (2+3x)" Take out factor of 2

(3]

-1
=27 (1 + %j Use binomial expansion with n=-1and x = 3%

2 2 2! 2 3! 2

1 3.9, 27, - 1
=—|l-—x+—x"——x"+...| Multiplyb
( 2 2 j ply by 5

2
=———X wL%x2 ——7)63 +

16

3x

Valid for <1:>]x]<§

1+x

2+3x
=(1+x)(2+3x)" Use expansion from part a

:(1+x)( 3 +2x2 —ﬂx3

b Put in index form

1
———Xx
2 4 8
+2x2 —ﬂx3 +lx—§x2 +2x3 +... Collect like terms
2 4 8 16 2 4 8
3
=X
8

+.. j Multiply out

1 3

T 1 3295,
2 4 16

3x

Valid for

2
<l=|x|<=
3
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1

11 a (4+x)5=[4(1+§jj Take out factor of 4

Y1 STE ' S S
4 4 2

o=

1

:ll+£J2 wammmMeqmmman1n=—lamix=£
2 4 2
RINEERCIEIGREIE S IHN

2 2 )\ 4 2! 3!

1 3,
—1 + X ——x +...
2 8 128 1024

%)

11 3 , 5

X - X+
2 16 256 2048

X

Valid for 7 <l=|x/<4

2 3
b M+m%zl—i+ii—5x
2 16 256 2048

For ! =—;%== !

Vd+x 2 7?’
x=-2
V2 1 () 3 5

2 72 16 256 2048
—0.6914

12 (3+4x)" =(3(1+4x)) =& (1+4x)"
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39x+12 _ A N B N C
(x+D)(x+4)(x-8) x+1 x+4 x-8
CAx+4)(x=8)+ B(x+1)(x—=8)+ C(x+1)(x+4)

B (x+1)(x +4)(x—8)
39x+12=A(x+4)(x —8)+ B(x+)(x—8)+ C(x +1)(x +4)

13a

Let x=-1:
-39+12=Ax3%x(-9)+0+0

—27=-274
A=1

Let x=—4:
-156+12=0+Bx(-3)x(-12)+0

~144=36B
B=-4

Let x=8:
312+12=04+0+Cx9x12

324 =108C

Cc=3
A=1,B=—4and C=3
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x412 1 4 3
(x+D)(x+4)(x—-8) x+1 x+4 x-8
L _4 .3 =(1+x)" —4(4+x)" +3(-8+x)"

x+1 x+4 x-38
e a(4(4) +3(8(0-4)
=(l+x) " —(1+4 x)*l_%(l_éx)fl
R
=l-x+x"+..
(1+4x)" =1+ (-D)(ix ) %@qu
=1-fx+gex’+..
o B

=3+2x+5 X7+,
39x+12
(x+D)(x+4)(x-8)

:(1—x+x2+...—(1—%x+%x2+..) (+ x+25x7 +. ))

_ _3_ 51 477 2
=—3 3+ x" +.

12x+5 _ 4 , B

(1+4x)* 1+4x (1+4x)°
_A(1+4x)+B
T (1+4x)

12x+5=A(1+4x)+B

14 a

Let x=—=
-3+5=0+B
B=2

Let x=0:
5=Ax1+B
5=A4+2
A=3
A=3,B=2
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12645 _ 3 2
(1+4x)* 1+4x (1+4x)
=3(1+4x)" +2(1+4x)"

14b

31+4x)" = 3(1 +(=1)(4x) Jr#mx)2 +.. j

=3(1-4x+16x"+...)
=3-12x+48x +...
2(1+4x)7 = 2(1 +(-2)(4x) Jr#mx)2 +.. j

:2(1—8x+48x2+...)
=2-16x+96x" +...

(12)6—4+)52=3—12x+48x2 +2-16x+96x% +...
+4Xx

=5-28x+144x% +...

9x? +26x + 20 B C
=4+ +
(I+x)(2+x) I+x 2+4x
9
x2+3x+2>9x2+26x+20
9x* +27x+18
—x+2

15a

A=9

9x2+26x+2059+ —-x+2
(1+x)(2+x) 1+ x)(2+ x)
-x+2 B N C

(I+x)2+x) 1+x 2+x

_BQ+x)+C(1+x)

1+ 0)(2+x)

—x+2=B2+x)+C(1+x)

Letx=-1:
1+42=Bx1+0:
B=3

Letx=-2:
2+2=0+Cx(-1):
C=-4
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15 a (continued)

9x2+26x+20:9+ 3 4
(1+x)(2+x) 7 1+x 2+x

=9+3(1+x)" —4Q2+x)"
=9+3(1+x) —4(2(1+1x))
=9+3(1+x) —2(1+1x)"

3(14+x) " = 3(1 +(—Dx+ (_1)2('_2) wEEE) s j

3!
:3(1—x+x2—x3+...)
=3-3x+3x" -3x" +...
-D=2)/, v EDE2)E3)
DD CNEDD +)

= 2(1—%x+%x2 —%x3 +)

2(1+4x) "' = 2(1+(—1)(%x)

—9 o ly2 1.3
=2—x+5x =X +...

3 4
9+ ——
1+x 2+x

=9+3-3x+3x*-3x° +...—(2—x+%x2 —%x3 +)

=10—2x+%x2 —%xB +...

Equating coefficients gives:
B=4,C=—}

~9(0.1)* +26(0.1)+20
C (14+0.1)(2+0.1)

=9.822510823

b q(0.1)

Using the expansion:
q(0.1) = 10-2(0.1)+2(0.1)* = 1L(0.1)* =9.82225

Percentage error = 9.822510823-9.82225 x100 =0.0027%

9.822510823
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Challenge

L ey
f(X)m(va)

=(1+ 3x2)7% Use binomial expansion with n=—1 and x = 3x’
2

Gty CDEDEE? (CHEDEDE
2! 3

()

3x2 27x* 135x°
+ - +
2 & 16

—1-

Valid for |3x* | <1
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