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Exercise 3A
1 a x=¢-2 d x=2¢+1
t=x+2 1 -
50 Y M) SO t:x— Q)
y=t+1  (2) 2
Substitute g 1) into (2): y=- (2)
y=(x+2)"+1 R
P dxtdal SubStltlllte (1) mto (2):
Soy=x"+4x+5 Y=
2
x=t-2,-4<t<4 )
So the domain of f(x) is -6 < x < 2. y=—1
x—
y=£"+1, —4<t<4 x=2t+1,t>0

So the range of f{x) is 1< y <17.

x=5—t 1
sot=5-x )] y:;,t>0
y=t'-1 (2 So the range of f{x) is y >0
Substitute (1) into (2):
y=0(5-x)7-1 ol
—25-10x+x" —1 t=2 |
sy =x"—10x+24 SO t—2=—
x
x=5-t,tell t:2+l )
So the domain of f(x) is x e[]. X
y=t" (2
y=t—1,tel Substitute (1) into (2):
. 2
So the range of f(x) is y > —1. y:(2+lj
x
vt (2x+1j2
t y=
1 X
SO t=— 1
X 1
y:3—[ (2) X:E,t>2
Substitu‘lte (1) into (2): So the domain of f{(x) is x> 0.
y=3-—
x y=t,1t>2
1 So the range of f(x) is y > 4.
X:;, t=0

So the domain of f{(x) is x # 0.

y=3-1,t#0
Range of f(x) is y # 3.

So the domain of f(x) is x > 1.
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y=1-3 (2)

Substitute (1) into (2):
1

y:
115

sz, t>2

So the domain of flx) is 0<x <+

1
=——,1>2,1t>2
YT

So the range of f{x) is ¥ > 0.

2

a i

ii

@ Pearson

x=2In(5-1)
sx=In(5-1)

e =5—¢

Sot=5-¢"

Substitute £ =5—e*" into y=¢>—5:

y=(5-¢") -5
—25-10e" +e* -5
=20-10e"" +¢

x=2In(5-1), t<4
Whent=4, x=2In1=0
and as ¢ increases 2In(5—1¢) decreases.

So the range of the parametric function
for xis x>0.
Hence the Cartesian equation is

y=20-10e" +¢e", x>0

y=t'-5,t<4
y =t>—5 is a quadratic function with

minimum value —5 at £ = 0.

So the range of the parametric function
foryis y>-35.

Hence the range of f(x) is y > —5.

x=In(t+3)
e =t+3
e 3=t

) . 1
Substitute £ =e* —3 into y=——:
t+5

B 1 B 1
e"-3+5 e +2

y

x=In(+3), t>-2

Whent=-2, x=Inl1=0

and as ¢ increases, In(z+3) increases.
So the range of the parametric function
for xis x> 0.

Hence the Cartesian equation is

1
= , x>0
e" +2
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1
= t>-2
g t+5
Whent=-2, y=1

. 1
and as ¢ increases, s decreases
t+

towards zero.
So the range of the parametric function

foryis O<y<+<
Hence the range of f(x) is 0< y <1

x=¢

Soy=¢"=(¢') =x’

(Note that since y is a power of x
there is no need to substitute for z.)

x=¢,tel

The range of the parametric function
forxis x> 0.

Hence the Cartesian equation is

y=x, x>0

y=¢e", teR

The range of the parametric function
foryis y>0.

Hence the range of f(x) is y > 0.

@ Pearson

3ax=\/;

sox’ =t
Substitute = x” into y=1(9—1):
y=x'(9-x%)

=9x* —x*

x=+t, 0<1<5

The range of the parametric function
for x is 0<x<\/§.

Hence the Cartesian equation is
y=9x2—x4, 0§x§\/§

y=t(9-1), 0<t <5

Whent=0, y=0;

when =5, y =20;

and y=#(9—1¢) is a quadratic function
with maximum value & at =3

So the range of the parametric function
foryis 0< y<¥

Hence the range of f{x) is 0< y <&

oo
= e
~

|

1
,\
(]
&
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x=2t"-3
x+3=2¢
x+3 _p
2
+ x+3
2
Take the positive root since ¢ > 0.

+3
Substitute tz,/xz into y=9-¢":

2
y—9—( x+3j _9_x+3
2

2
_18—x-3 15-x
2 2
The Cartesian equation is y =4 —1x

x=27-3,1>0

2t -3 is a quadratic function

with minimum value —3 at = 0.
The range of the parametric function
for x is x > -3.

Hence the domain of f(x) is x > -3.

y=9-£,t>0

y=9—¢ is a quadratic function

with maximum value 9 at ¢ = 0.

So the range of the parametric function
foryis y<9.

Hence the range of f(x) is y <9.

iii

=Y

b i

ii

iii
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x=3t-1

x+1=3¢

x+1

=t
3

. x+1 .
Substitute ¢ = T into

y=>-1)(t+2):

x+1 x+1
y‘( 3 _lj( 3 +2j
[ x+1-3)(x+1+6
_( 3 J( 3 j
[ x=2)(x+7
_( 3 J( 3 j
The Cartesian equation is
y=5(x=-2)(x+7)

x=3t-1, —-4<t<4

When t=-4, x=-13;
whent=4,x=11.

The range of the parametric function
forxis —-13<x<11.

So the domain of f(x) is —13 < x<11.

y=0-1)(t+2), -4<t<4

When ¢ =-4, y=10;
whent=4,y=18;

and (r—1)(t+2) is a quadratic function
with minimum value — at¢=—1.
The range of the parametric function
foryis -2 < y<l18.

Hence the range of f{x) is —3 < y <18.

Note: Due to symmetry, the minimum
value of y occurs midway between the
rootst=1and t=-2,ie. att=—5.

)

18+ (11, 18)

(-13, 10)

y=g(-2)x+7)

P N 22 o
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x=t+1
x—=1=t¢

. ) 1
Substitute t = x—1 into y = P :

1

4 x—=1-1 x-2

The Cartesian equation is
1

y_x—2

x=t+1, t#1

So the domain of f(x) is x # 2.

1
=—,t#1,
4 1

So the range of f(x) is y # 0.

YA

S

o=
-
=

x=+r-1
x+1:\ﬁ
(x+1)° =¢
Substitute 7 = (x+1)* into y =3¢ :

y=3/(x+1)> =3(x+1)

The Cartesian equation is y =3x+3

x= \ﬁ -1, ¢>0

Whent=0,x=-1

and as ¢ increases /f —1 increases.
The range of the parametric function

forxis x> —1.
So the domain of f(x) is x > —1.

y= 3t , >0

The range of the parametric function
foryis y>0.

So the range of f(x) is y > 0.

d iii

e i

ii

e il

YA
%3x+ 3
/3
1 0 X
x=In(4-1)
e =4t
t=4-¢"

Substitute t =4—¢" into y=t—2:
y=4-e" -2=2-¢"

The Cartesian equation is y=2—¢"

x=In4-1), t<3

Whent=3, x=In1=0

and as ¢ decreases In(4—t) increases.
So the domain of f(x) is x > 0.

y=t-2,1t<3

Whent=3,y=1

and as ¢ decreases ¢ —2 decreases.
So the range of f(x) is y <1.

YA
1-

\ X
0 In2 X

y=2-e"
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x—1
==t
2

Substitute ¢ = XT_I into y=2+3¢:

x—1
=243 —
g ( 2 j

_4+3x-3  3x+1

2 2
So the Cartesian equation of Ci is
y=3x+%
1
Cx=——
2t-3
1
2t-3=—
X
2r=34 1=
x X
~ 3x+1
2x

and y= ! =t !
Y3 T o3

Substitute ¢ = St and x = 1
2x 2t-3

) 1

mto y=¢| —— |:

=
3x+1 3x+1
y= X =
2x 2
So the Cartesian equation of C; is

y=3x+%
Therefore Ci and C; are segments of the
same line y=3x+4

@ Pearson

b For the length of each segment find the
domain and range of C; and C.
For Ci: x=1+2¢t, 2<t<5
Whent=2, x=275;
whent=5,x=11.
The range of the parametric function
forxis S<x<l1l,

so the domain of C1is 5<x <11.

y=2+3¢2<t<5
Whent=2,y=S8;
when¢=35,y=17.

The range of the parametric function
foryis 8<y<17,

so the range of C1 is 8 <y <17.

The endpoints of C; have coordinates
(5,8)and (11, 17).
~length of C, =+/(11-5)* + (17 -8)’
=+/36+81
~J117 =313

For Cs: x=;, 2<t<3
2t-3

Whent=2, x=1;

whent=3, x=1.

The range of the parametric function
forxis $<x <1,

so the domain of (2 is § <x <1.

t
LI PP
Y03

Whent=2,y=2;

whent=3,y=1.

The range of the parametric function
foryis 1<y<2,

so the range of Cr is 1<y <2.

The endpoints of C> have coordinates
(4.1) and (1, 2).

- length of C, = \/(l—é)2 +(2—1)2
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x=§+2, t#0
t

The range of the parametric function

for x is x # 2.

(This is also the domain of the Cartesian
equation y = f(x).)

y=2t-3-1,t#0
Whent=0,y=-3;

2t-3—+ is a quadratic function

with maximum value —2 at #= 1.

The range of the parametric function
foryis y<-2,y#-3.

(This is also the range of the Cartesian
equation y = f(x).)

Note: To find the maximum point of the
quadratic y=2¢t-3—¢,
either solve Y _ 0

dt

2-2t=0

2=2t

t=1

Ly=2()-3-(1)=-2
or complete the square
y=—(-17-1+3)

=—(-1*+2)
——(1-1*-2

a

Substitute ¢ = into y=2t-3-1>:

x=2

yzz(xizj_3_(xizf

_6(x—2)-3(x—2)* -3’

B (x-2)°

__3 -2(x=2)+(x—2)*+3
(x-2)*

__3 2x+4+x* —4x+4+3

B (x—2)°

3 —6x+11)

(-2

This is a Cartesian equation in the form

A(X* +bx+ :

_AXT IO iy
(x-2)

A=-3,b=—6and c=11.

x=In(+3), t>-2

e =t+3

e —3=t¢

Substitute ¢t =e* —3 into yzL:

t+5
1 1

YT e 345 12

Whent=-2, x=In1=0

and as ¢ increases In (¢ + 3) increases.
The range of the parametric function
for xis x>0,

so the domain of f(x) is x> 0.
Therefore the Cartesian equation is

y= ! , x>k where k =0.
e +2
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Whent=-2, y=+

) 1
and as ¢ increases, 3 decreases
t+

towards zero.
The range of the parametric function

foryis O<y<i
So the range of flx) is 0< y <1

. X .
Substitute ¢ = ry into y=¢—2¢:

Y x’ x 2x°
y =| — — 2 _ =

9 9 729 9
The Cartesian equation is

6 2
X 2x

T

x=31, 0<1<2

When =0, x =0;

whent=2, x= 3\/5.

The range of the parametric function

for x is O<x<3\/§
so the domain of f(x) is 0 < x < 3x/§ .

b Yoz
dr
dy 2
— =0 when 3t"-2=0
dr
3P =2
=2

3

t:\/g (as 0<t<2)

a

@ Pearson
d? y
de’

Whent:\/%, ((112; :6(\/%) >0

So t = \/% gives a minimum point

= 6t

of the parametric function for y.
The minimum value of y is

() -2
22 62 42 46
RN -

Whent=0, y=0;
whent=2,y=4.
The range of the parametric function

for y is ——496 <y<4

Therefore the range of f(x) is

4 rm<a
9

x=t—t=t(t>-1)

= x* =" -1y (1)

y=4-t'=t=4-y (2)

Substitute (2) into (1):

X =@-y)4-y-1)

X =(4-»(3-y)’

This is in the form x* = (a—y)(b—y)’
with a =4 and b = 3.

y=4-1’,teR

This is a quadratic function of ¢, and (by
symmetry) the maximum value of y
occurs at £ = 0, where y = 4.

So 4 is the maximum y-coordinate.
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a Squaring the parametric functions gives
, (1=
A Y= o

, (20 )
y_(l+t2J @

Add (1) and (2):

x2+ 2_ l_tz 2+ 2t ?
Y 1+¢* 1+#

(=2 +4r

(1412

122+ + 47

(1482

1428+

C(1+£2)

A+

A+
So a Cartesian equation for curve C is
x>+t =1.

b x*+y’=1
= ()c—0)2+(y—0)2 =1

Curve C is the equation of a circle with
centre (0, 0) and radius 1.
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