Heinemann Solutionbank: Core Maths 2 Pagel of 4

Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 1

Question:
Simplify:

Ix + 4
@ Xx+1

2x-1
(b) 6x — 3

X+4
(C)x+2

1
X+ =

@ a2

Ix + 2y
) 6x+ 3y

a+3
M a+6

5p -~ 5q
@) Top - 109

1
—a+b
2

() 2a+4b

X2

® X2 + 3x

X2+ 5x + 4
KD
()x2+8x+16
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X3 — 2x2
B ey

X2 — 4
m
( )x2+4

X+ 2

X2+ 5X + 6

2x2 - Bx - 3

0
()2x2—7x—4

=x%+x -4

®) 7 , 3
=X+ —X+2
4 2

32— x-2
1 1

2 3

—X-2
3

Solution:

(@)

dx+d4  dxx(z>1T_ 4 iy
a1 lax (T 1

(b)
2r—1_ Ix(2e=T) |

2

6y—3 3= JE.A’H"-’T_II 3

X+ 4

© %+ Wil not simplify any further

(d)

x+12x2  2x+1  1x (2%+T)
dx+2x2 Sx+4  4x (2eT)

(€)
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4x+2y _2Qx+F) 2
6x+3y  32x+7) 3

3
() Z: s Will not simplify any further

@)
s5p—5¢ S~ 5|
10p-10g 10(p~q) 10, 2

(h)
12a+b%2_ a+2h _1x(a+26) _|

2a+4b=2 4a+8b 4x (a+2h) 4

(i)
X A oex ¥

¥ 43x A(x+3) x+3

0

¥o3x x(x9) ¥

-9 (x+3ix—~T) x+3

(k)
X 45x+4 (DA x4
AP eBx+16 (x+4)(x4+d)  x+4

M

e (x—~7) _ X
X -4 (x+2)(x~7) x+2

X2 — 4
M2, 4 will not simplify any further. The denominator doesn't factorise.
(n)

X+2 Ix (x=+2) !

45546 {_1'—3}1_,{:47_ x4+3
(0)

2% —5x—3  (Qx+T)(x=3) x-3
2 —Tx—4  (Qu<T)(x—4) x—4

(9)
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12 +x—-4 x4 2x*+4x—16  2x-2)(x4%)  2x-2)
14x' =32x+2x4 ¥ +6x+8  (x+2)(x4+q)  x+2

(@)
3.:.-2—_r—:><6_64_3:1-2—x—z}_ﬁ_{,_s,wzﬂx—n_ﬁ“_ "
12x+13 X6 3x+2 1x Qx+T) '

n
x*—5x—6x3 3(x*-5x-6) 3{.\'—1}{,.).'%6_7 3x4+1)

= = =3(x+

13x-2 =3 x—6 1% (x~6)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2

Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise B, Question 1

Question:
Simplify:
a a
@g * 3z
a2 c
Ol
2 X
©% % 3
3 6
@5 * %
4 X
P
a4
() 5 © E
1
o (x+2 ) x 2
) 1 9 a?-9
()a2+6a+9 2

@ y2+y X
y . _ ¥
(J)y+3 V2 + 4y + 3
X 23 -6
k)3 X2 — 3x
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(9)
PO Y 5 1 o
i 1 i;p—k'f'-f}l{.r—.?} Ix(x—2) x-2
(h)

I a* -9 1 (a3 (@-3) _ a-3
= ® = b =
at+6a+9 2 (a+3)(a+3) 2 Na+3)
0)
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xtcle bl Alx-3) p,—rﬁ/] _x-3

Viey o ox o pesT) : 2 X v

0)
y ¥y Va3 F o+ ysl
Vv+3 V' +4y+3  p+3 g i Y & vz Ty
(k)
2 3 2 2 2 2 ki !
X -6 x X —3x _ f X j}f’ﬂ’ CIRE X

o

£} £ 7 b
3 x'-3x 3 22X -6x 3 2/\11}'-"'37, 3x2

6

o

. 1 1
4x’-25 2x+5_4X-25 8 _ 2x+5) 2x=5) 8 I8,
4x—10 8 4x—10 (2x+5) 2(2%=<5),  (2%¥5), 2x1

(m)
. 1 1
X+3 ><3;‘—'5.'4;= ,H—”SA X»{‘L;A‘ST _ 1
FH10x+25 X 4+3x  (1#S) (x+5) A (143, x+S

(n)

1 3
P +4y—4 3y+6 3 +4y-4 15 (Gy-2)(p+D) »oo 3y-2

0 15 10 3y+6 W, Au+n 2

(0)
X242+ y? 4 &+ ¥’ " A 2x+y)
2 (x—y) Z, =y =y
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Exercise C, Question 1

Question:
Simplify:

1,1
(a)p q
a
(b)g—l

1,1
© 2X X

(d) s 2
X2 X
3, L

O 4x 8x

X, X
Oy + %
1 1
(g)x+2 X+1

(h)x+3_ X—2
1 1
m3(x+2) -7 (x+3)

3x 1

) (X+4)2 (x+4)

1
K x+3) ¥ 3(x-1)

2 1
x2+2x+1 X+l

()
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- 3 2
m _
X2 + 3x+ 2 X2 + 4X + 4
o 2 3
0 _
a2+ 6a+9 a2+ 4a+ 3
2, 3
(0]
()yz_xz y - X
©) X+ 2 _ x+1
P X2 —x—12 X% + 5X+ 6
Q@ 3x+1 2 N 4
Vix+2)®  (x+#2)2  (x+2)
Solution:
1 1 9 P a+p
(a) + = + =
p q pg  pq pq
a_,_a _1_a b _a-b
My~ 1=% -1 % - b T 1
1l 1 1 2 1+2 3
©n T %X = 2% T 2x T 2x T x
3_1_3_ x _3-x
(d) 2 X 2 2 - 2
3 1r_6 1 7
(€) 4x + 8x ~  8x + 8x ~ 8x
X y 2 y2 X2 + y2
Oy + X =% x =
y X Xy = Xy Xy
1 1 _ Xx+1 X+ 2
@ (x+2) 7 (x+1) = (x+2) (x+1) (x+2) (x+1)
(x+1) - (x+2) -1

(x+2) (x+1) (x+2) (x+1)
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2 1 _ 2(x-2) (x+3) _
M (x+3) 7 (x-2) = (x+3) (x-2) ~ (x+3) (x-2) —
X—=7

(x+3) (x-2)

1 1 X+ 2 X+ 3 2(x+2) 3(x+3)
W3(x+2) -3 (X+3) =73 - =7 45  ~~ & =
-X—-5

6
0 3x 1 _ 3x _ o x+4 _ 3x- (x+4) _ _2x-4

(x+4)2  (X¥4) (i 4y2  (x+4)2 (x+4) 2 (x+4) 2

1 1
®o(x+3) T 3(x-1)
3(x-1) 2(x+3)

= 5(x+3) (x-1) T 6(x+3) (x-1)
3(x=-1) +2(x+3)
6(x+3) (x—-1)
5x+ 3
6(x+3) (x—-1)

2 1
O Zroms T
T ey 2 T (x+1)
— 2 + x+1
(x+1)2  (x+1)?
. 2+x+1
C o (x+1)?
_ X+ 3
C(x+1)?
3 _ 2
(m)x2+3x+2 X2 + 4X + 4
(x+1) (x+2) ~ (y42)2
3(x+2) _ 2(x+1)

(x+1) (x+2)2 (x+1) (x+2)2
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3(x+2) -2(x+1)
(x+1) (x+2)2
Xx+4
(x+1) (x+2)2

(n) 2 &
0 _
a2+ 6a+9 a2+ 4a+ 3
2 3

(a+3)2_ (a+1) (a+3)

2(a+1) _ 3(a+3)
(a+1) (a+3)2?  (a+1l) (a+3)?
2(a+1l) -3(a+3)
(a+1) (a+3)?
-a-7
(a+1) (a+3)?

3
(0) Y2 = X2 + y — X
_ 2 3
= (v (y=x) T (y-x)
_ 2 3(y+x)
= () (ymx) T O(y+x) (y-x)
__2+3(y+x)
—(y+x) (y-x)
_ 2 + 3y+ 3X
o (y+x) (y-x)
X+ 2 _ Xx+1
m)%—x—lZ X2 + 65X+ 6
_ X+ 2 Xx+1
T (x-4) (x+3) (x+3) (x+2)
_ (x+2) (x+2) (x+1) (x—4)
T (x+2) (x+3) (x-4)  (x+2) (x+3) (x-4)

(x2+4x+4) —(x2—3x—4)
(x+2) (x+3) (x—-4)

X+ 8
(x+2) (x+3) (x—-4)
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3x+1 2 + 4
D2y (xe2y2 (x+2)

_ 3+l 2(x#2) 4(x+2)2
(x+2)3  (x+2)3 (x+2)3

_(3x+1) - (2x+4) +4(XP+4x+4)

- (x+2)3

_ 4% +17x+13

o (x+2)3
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Exercise D, Question 1

Question:

Express the following improper fractions in ‘mixed’ number form by: (i) using long
division, (ii) using the remainder theorem

X3+ 2%+ 3x - 4
() Xx-1

23+ 32— 4x+5
(b) X+ 3

X2 - 8
© x-2

%2+ 4x + 5
d
(d) 21
83 +2x2+5
(e) 2242

43 - 52 + 3x — 14

(f)

X2+ 2x-1

X+ 32 -4
(9) 241

-1
Qo
A+ 33 -0+ 4x -6
® X2+ x-2
Solution:
(a) (i)
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2 43x+6

x— ]:| 4+ 2x+3x—4

3 2
X —X

3% +3x

3x’ —3x
6x—4
6x —6

-
e

i) Letx® + 232 + 3x— 4 = (Ax2+ Bx+C) (x-1) +R

Letx=1
1+2+3-4= (A+B+C) x0+R
= 2=R

Equate terms im® = 1=A
Equate terms 2
= 2= -A+B (substituteA = 1)
= 2=-1+B
= B=3
Equate constant terms
= —-4=-C+R (substituteR = 2)
= =—-4=-C+2
= C=6

X2+ 2x% + 3x— 4

Hence 1 =X2+3x+6+

x-1

(b) (i)

2x* —3x+5

x+ 3} 20 +3x% —4x +5
2x' +6x°
—3x’ —4x
—3x' —0x
S5x45
Sx+15
—10

i) Let 2@ + 3¢ — 4x+ 5= (A +Bx+C) (x+3) +R

Letx= -3
2% —27+3x9+12+5= (9A3B+C) x0+R
= -10=R

Equate terms im® = 2=A
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Equate terms in?

= 3=B+3A (substituteA = 2)
= 3=B+6
= B= -3
Equate constant terms
= 5=3C+R (substituteR= - 10)

= 5=3C-10
= 3C=15
= C=5
23 +3x% - 4x+ 5 10
Hence w3 =2X-3X+5- .
© (i)
x242x+4

x—=2)x +0x* +0x—8

R

2x* 4+ 0x

2x* —4x
4x—8§
4x—8

]

i) Letx®-8= (A +Bx+C) (x-2) +R
Letx =2
8-8= (4A+2B+C) x0+R
= 0=R
Equate terms im® = 1=A

Equate terms ix2

= 0=B-2A (substituteA = 1)
= 0=B-2
= B=2
Equate constant terms
= -8= - +R (substituter = 0)
= -2C= -8
= C=4

X3_8 2
Hence w2 =X + 2x+ 4

There isno remainder. S ( x — 2) is a factor

PhysicsAndMathsTutor.com
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(@) (i)
2
x4+ 0x—1 ) 2% +4x+5
2x° +0x—2
4x4+7

4x + 7 is ‘less than’ &2 — 1) so it is the remainder.
(i) Let

22 +4x+5= A - D)+ Bx+C
|

If the divisor is quadratic then the remainder can be linear.

Equate terms iR2 = 2=A
Equatetermsix = 4=B
Equate constant terms
= 5= -A+C (substituteA = 2)
= 5= -2+C

= C=7

22+ 4x + 5 A+ 7
Hence —— =2+

-1 x2 -1
e) (1)

dx+1

] X 5 = =

2x 4 0x+ Efl x4+ 2x* +0x+5
8x +0x* +8x

2x° —8x+5

x4+ 0x+2

—Bx+3

iy Let 88 + 2x¢ + 5= (Ax+B) (2x2 +2) +Cx+D
Equde terms inc

= 8=2A

> A=4
Equate terms ix?

= 2=2B

= B=1

Equate terms ix
= 0=2A+C (substituteA = 4)
= 0=8+C
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= C= -8
Equate constant terms
= b5=2B+D (substituteB =1)

= D=3
B3+ 2% + 5 -8 +3
= + 1+
Hence 5 o =dx+1l+ ——
@ (1)
4x—13
_1-2_:_1-—1}41--*—5_\-2 +3x—14
~13x* +7x—14

—13x* —26x+13

33 —27

iy Let 48 — 5x2 + 3x— 14= (Ax+ B) (x2+2x—1) + Cx+D

Equate terms i® = 4=A

Equate terms in2

= —-5=B+2A (substituteA = 4)
= -—-5=B+8
= B= -13
Equate terms iR
= 3= -A+2B+C (substituteA=4,B= - 13)
= 3=-4+ (-26) +C
= (C=33
Equate constant terms
= —-14= -B+D (substituteB = - 13)
= -14=13+D

= D= -27
4x3—5x2+3x—14_ 33 - 27
Hence 2t o 1 :4X_13+—x2+2x—1
(@) (i)
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Y’ +2

X 40x+1)x* +0x° + 327 +0x— 4
x40 + 2
2x2 4 0x—4
2% +0x+42
—6

iy Letx? +3x% — 4= (Ax2+Bx+C) (x2 +1) +Dx+E
Equde terms ik* = 1=A
Equate terms in® = 0=B

Equate terms in2

= 3=A+C (substituteA =1)
= 3=1+C
> C=2
Equate terms iR
= 0=B+D (substituteB = 0)
= 0=0+D
= D=0
Equate constant terms
= -—-4=C+E (substituteC = 2)
= -4=2+E

> E= -
X+3é-4 6
Hence > =X"+2-
+1 X2+ 1
() (i)
gt

x+ 1:. x* +0x% + 0% +0x —1

& .4
i

—x +0x°
e E
X' 4+0x
—x—1
—x—1
0

There is no remainder sox@ 1) is a factor ok* - 1.
(i) Letx* - 1= (AC+Bx2+Cx+D) (x+1) +E

PhysicsAndMathsTutor.com
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Letx= -1
(-1)%-1=(-A+B-C+D) x0+E
= E=0

Equate terms i = 1=A

Equate terms i
= O0=A+B (substituteA =1)
= 0=1+B
> B= -1

Equate terms i®x2
= 0=B+C (substituteB= -1)
= 0=-1+C
> C=1

Equate terms iR
= 0=D+C (substituteC =1)

= 0=D+1
= D=-1
Xt -1
Hence X+1Ex3—x2+x—1

@ (i)
2xt +x+1
o S Yol g el .
X +x —.»,f,u.\ +3xy —2x" 4+4x—6

oxt4axt —dyt

X +2xt+4x

r4xt—2x
¥ 4+6x—6
xt4x—2

Sx—4

iy Let 22 + 33 — 268 + 4x - 6= (Ax2+Bx+C) (x2+x—2) + Dx +E
Equate terms in* = 2=A
Equate terms in®
= 3=A+B (substituteA = 2)
> 3=2+B
= B=1
Equate terms in2
= -2=-2A+B+C (substituteA=2,B=1)
= -2=-4+1+C
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> C=1
Equate terms iR
= 4=C-2B+D (substituteC=1,B=1)
= 4=1-2+D
= D=5
Equate constant terms

= —-6= - +E (substituteC = 1)
= -6=-2+E

= E= -4
24+ 33 - 22+ 4x -6 By — 4
Hence > =2¢+x+1+
Xe+X—2 X2+X—2

© Pearson Education Ltd 2C
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Exercise D, Question 2

Question:

Find the value of the constamisB, C, D andE in the following identity:
A - a3 -8x2+16x - 2= (Ax2+Bx+C) (x2—3) +Dx+E

Solution:

-3 -8+ 16x—-2= (AC+Bx+C) (x2-3) +Dx+E
Equate terms ix* = 3=A
Equate terms i®® = -4=B

Equate terms ix?

= —-8=-3A+C (substituteA = 3)
= -8=-9+C
= C=1

Equate terms ix
= 16=-B+D (substituteB = — 4)
= 16=12+D
= D=4

Equate constant terms
= -—-2= - +E (substituteC =1)
= —-2=-3+E
= E=1

Hence 3* - 43 - 8x2 + 16x - 2= (32 -4x+1) (x°-3) +4&+1
A good idea in equalities is to check with an easy valuebefcause it should |
true for all values ox.

Substitutex=1intoLHS = 3-4-8+16-2=5
Substitutex = 1 into RHS = (3—4+1} X ( 1—3}
+4+1=0%x —-2+4+1=5v

© Pearson Education Ltd 2C
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Exercise E, Question 1

Question:
Simplify the following fractions:

ab c?
— x —_—
(a) c 22

X2+ 2x + 1
®) " 4x+ 4

(b)
424l (D EAHD x4
4x+4 4 (x4+T) 4
(©)
" 4 a 2
e g =.‘("+_‘f>< 4 =.‘t'1,.1-'f+ﬂ ,a{ o
2 4 2 x+1 Z, .j,-‘i'r-'*"r}fj -
(d)
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3 =l
FE—e 4= -l gl
®=1 wx xx=1) .rL':;J-"TT , X

at4 . .
@5+ doesn'tsimplify as there are no common factors.

(f)
;,2_43;_5_131—5}MI _b45

b'+20—-3 (b+3)(b~T), b+3

© Pearson Education Ltd 2C
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Exercise E, Question 2
Question:
Simplify:

X, X
@77 7 3

43
O

X+ 1 X-2
© 3

X2 — 5x — 6
@ x-1

X+ 7x-1
© " x+2

x*+3
2y

Solution:

x+1 X-2 3(x+1) 2(x-2)  3(x+1) -2(x=-2) x+7

© > — "3 T & T & 6 6

x2-5x-6  (x-6) (x+1)

M x-1 = (x-1) No common factors so divide.

x—4
x—1) X —5x—6
—4x—6
—4x+4
—10
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X2 - 5X - 6 10
Hence 1 =x—4—x_1
xS+ 7x-1
©  x+2
x* —2x-+411

x+ 2:1 2 4+0x* +7x—1

x> 4 2x°
—2x +7x
—2x*—dx
11x—1
11x+22
-23
X3+ 7x -1 5 23
Hence — .5 =X*-2X+11- 7
x*+3
M X2+ 1

g |

x2+0x+1)x* +0x* +0x2 +0x+3
¢

x*+0x° +1x°

—1x?40x43
—1x* +0x—1
4
X4+ 3 2 4
Hence =>=“-1+
+1 X2 +1

© Pearson Education Ltd 2C
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Exercise E, Question 3

Question:

Find the value of the constafisB, C andD in the following identity:
X3 — 6x% + 11x + 2 = (x—-2) (Ax2+Bx+C) +D

Solution:
X3—6x2+ 11x+2= (x-2) (AC+Bx+C) +D
Letx=2
8-24+22+2=0x (A+2B+C) +D
= D=8

Equate coefficients in® = 1=A
Equate coefficients ir?
= —-6=-2A+B (substituteA = 1)
= -—-6=-2+B
= B= -4
Equate coefficients ir
= 11=C-2B (substituteB= —-4)

= 11=C+38

= C=3
Hence x3-6x2+1I1x+2= (x-2) (X*-4x+3) +8
Check. Equate constanttern2= -2 x 3+ 8v

© Pearson Education Ltd 2C
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Exercise E, Question 4

Question:
3 12
=X+ - —— >
f(x) =x+ =3 o3 {xek, x>1{
2+ 3x+3
Show that f (x) = ~—5—
[E]
Solution:
12

3
f(x) =x+ - —
( ) x-1 X2+ 2x— 3

X 3 12

= 1T XT1 T (x+3) (x-1)

o x(x+3) (x-1) 3(x+3) 12

= T(x+3) (x-1) T (x+3) (x-1) T (x+3) (x-1)

X(x+3) (x-1) +3(x+3) -12
(x+3) (x-1)

X(X2+2x-3) +3x+9-12
(x+3) (x-1)

X3+ 2% — 3x+3x+ 9 - 12
(x+3) (x-1)

3+ 2% -3

= (x+3) (x-1) [Factorise numerator. (- 1) isafactorasf(1)

(x-1) (x2+3x+3)

= (x+3) (x-1) (cancel common factors)

X2 + 3x+ 3
X+ 3
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Exercise E, Question 5

Question:
Show thatﬂ =xX“+B+ 5 lfor constants3 andC, which should be found.
_ 2
Solution:
We need to findB andC such that
X+ 2
_ 2 C
-1 % +B -1

Multiply both sides by & -1) :
X*+2= (X%+B) (x¥¥-1) +C
X*+2=x*+Bx2-x2-B+C

Compare terms ix?
= 0=B-1
= B=1

Compare constant terms
= 2= -B+C (substituteB = 1)
= 2=-1+C

= C=3
Hence x*+2= (x2+1) (¥¥-1) +3
-1 X7 +x2—l
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Exercise E, Question 6

Question:

43 - 6x% + 8x = 5 D
+ . 2 .
Show that——, 77— can be put in the foriAx“ + Bx + C + -~ . Find the values

of the constantA, B, C andD.
Solution:

2x —4x+6
H+QM%mf+w—5
4x® +2x°
—8x% 4+ 8x
—8x% —d4x
12x—5
[12x+06
=11

H3-6x°+8 -5 2 _ 52 11
Hence o+ 1 =2X-4X+6 R -11=2X-4x+6- 5,

SoA=2,B= -4,C=6andD = -11

© Pearson Education Ltd 2C
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Exercise A, Question 1

Question:

Draw mapping diagrams and graphs for the following operations:
(@) ‘subtract 5’ onthe set {10,5,0, — &{

(b) ‘double and add 3’ ontheset { —-2,2,4,%8{

(c) ‘square and then subtract 1’ ontheset { -3, -1,0,1%x8,

(d) ‘the positive squarerc¢ onthese{ -4,0,1,4,9,x{ .

Solution:

(@) Vi
y=x-15
7 P
(5.0)
(b) Vi
y=2x+3
\ </ (6. 15
4, 11)
(2, 7)
’é :

(=Zi—1)

PhysicsAndMathsTutor.com
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(©)

- 8
=] 0
0 —+> 1
1 >—— 0
3 8
X x? =1

(d)

9. 3)

(1, 1)
(0, 0)

=Y

Note: You cannot take the square root of a negative nu

© Pearson Education Ltd 2C
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Exercise A, Question 2

Question:

Find the missing numbeesto h in the following mapping diagrams:
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Solution:

X — 2X is ‘doubling’
-3—a soa= -6

1
b—9 sobhx2=9 = b:45

X—>x2-9 s ‘squaring then subtracting 9’
3>c soc=32-9=0
d>0 sod?-9=0 = d?=9 = d=+3

X—-3
4

10—»-e soe= (10-3) +4=1.75
f-3
f—-5 so—~ =5 = =23

X —

Is ‘subtract 3, then divide by 4

X— + \|x -3 Is ‘subtract 3, then take the positive square root’
27—g sog= +\{27-3= +[24= +2/6
h— ++vY3 soph-3=V3 = h-3=3 = h=6

1
Soa= -6,b=47,c=0,d= +3,e=1.75f=23,g=2V6,h=6
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Exercise B, Question 1

Question:

Find:

@ f(3) wheref (x) =5+1

®g( —2) whereg k) =3x2-2
() h(0) where h x — 3%

@j ( —2) whergj : x — 2~ X
Solution:

@f(x) =5%+1
Substitutex=3 = f(3) =5%x3+1=16

g (x) =3°-2
Substitutex= -2 = g( -2) =3x (-2)2-2=3x4-2=10

oh(x) =3
Substitutex=0 = h(0) =¥=1

@j(x) =277
Substitutex= -2 = j(-2) =2 (72) =22=4
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Exercise B, Question 2

Question:

Calculate the value(s) af b, c andd given that:
@p(a) =16wherep k) =3x-2
®q(b) =17 where q k) =x%-3

©r(c) =34whererk) =2(2°) +2

@s(d) =0wheres(x) =x2+X-6

Solution:

@p (x) =3x-2
Substitutex=aand p (@) = 16 then
16 =3a-2

18 = 3a

a==6

Mq(x) =x*-3
Subgitutex=band g (b) =17 then
17 =b*-3

20 = b?

b= +\20

b= £245

©r(x) =2x2+2
Subgitutex=candr (c) = 34then
34=2x2F+2

32=2x %

16=2°

c=4

dS (x) =x2+Xx-6
Substitutex=dand s (d) =0 then
0=d’+d-6

0= (d+3) (d-2)

d=2, -3

© Pearson Education Ltd 2C
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Exercise B, Question 3

Question:

For the following functions

(i) sketch the graph of the function

(ii) state the range

(i) describe if the function is one-to-one or many-to-one.

@m(x) =3x+2
N (x) =x2+5

©p (x) =sin(x)

@q(x) =x3
Solution:
@m(x) =3x+2
(i)

_]-‘JL

m(x) = 3x + 2
V<
N

/ X Y

i) Rangeofmk) is — oo <m(X) < o
orm (x) € R (all of the real numbers)
(iif) Function is one-to-one

N (x) =x%+5

(1)
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Vi
nx) =x2<+ 35
- l}. <
A0 A
—X X x

(i) Rangeofn k) isn(x) > 5
(iif) Function is many-to-one

©p (x) =sin(x)
(i)

J,-']L
p(x) = sin(x)

A

() Rangeofp k) is -1 < p(x) < 1
(iif) Function is many-to-one

w Y

@q(x) =x
(i)
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q(x) = 3

e
¥

() Rangeof g k) is — o <q(x) < o orq(x) € R
(iif) Function is on-to-one

© Pearson Education Ltd 2C
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Exercise B, Question 4

Question:

State whether or not the following graphs represent functions. Give reasons for
your answers and describe the type of function.

(&) Vi

Y

(b) Va

o |

(©) Vi

“ ¥

g
S
\
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@ ¥4

O
1/

Y

Q)] |5

/
A

Solution:

(@ ¥ '

=T

One-to-one functiol
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(b) VA

N

j_
One-to-one function
(© Vi
f’”ﬁfﬁf
) $\ ?
HH---,_

Not a functior
The values left ok = a do not get mapped anywhere.

The values right ox = a get mapped to two values yf

(@) yA

I\
_;K-/f

Not a function. Similar to part («
Values ofx betweenr and # get mapped to two values ynf

Values outside this don't get mapped anywi

=¥
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(e) vV

s

v

b

Not a function. The valux = b doesn't get mapped anywhere.

() Vi

“Y

L/

Many-to-one function. Two values «x get mapped to the same valuey.
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Exercise C, Question 1

Question:

The functions below are defined for the discrete domains.

(i) Represent each function on a mapping diagram, writing down the elem
the range.

(if) State if the function is one-to-one or many-to-one.

@f(x) =2x+1forthedomain =1, 2, 3, 4, 5{.
0g(x) = + Vxforthe domain x=1, 4, 9, 16, 25, 36{ .

©h (x) =x%forthedomain x= -2, -1, 0, 1, 2{.
@j(x) = —forthe domain =1, 2, 3, 4, 5{ .

Solution:
@f(x) =2+1 ‘Double and add 1’
(i)

i) One-to-one function

®g(x) = + VYx ‘The positive square rc
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iy One-to-one function

2

ch(x) =x ‘Square the numbers in the domain’

(i) Many-to-one function

2
@j(x) =5  ‘2divided by numbers in the domain’
()
1 2
2 1
3 > 2
4 >3
2
2 5

(i) One-to-one functiol

© Pearson Education Ltd 2C
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Exercise C, Question 2

Question:

The functions below are defined for continuous domains.
(i) Represent each function on a graph.

(i) State the range of the function.

(i) State if the function is one-to-one or many-to-one.

@m(x) =3x+ 2forthe domain >0{ .
®n (x) =x2+5forthe domain & > 2{ .
©p (x) =2sinxforthe domain {0 < x < 180{ .

@q((x) = +\|x+2forthedomair{x > =-2{.
Solution:

@m(x) =3+2forx>0

Oy / m(x)
4

0 4 X

3x + 2 is a linear function of gradient 3 passing through 2 oy thes.
(i) x = 0 does not exist in the domain

Sorangeismx) >3x0+2 = m(x) >2
(iif) m(x) is a one-to-one function

n(x) =x2+5forx > 2
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| / n(.x)
0

X2 +5isa parabola with minimum pointat (0,5) .

The domain however is only values bigger than or equal to 2.
(i) x = 2 exists in the domain

Sorangeisnk) > 2°+5 = n(x) > 9

(i) n ( x) is a one-to-one function

©p(x) =2sixfor0 < x < 180

oo p(x)

-

I X

|
90 180

2sinx has the same shape asxsexcept that it has been stretched by a factor of
2 parallel to they axis.

(i) Rangeof p§) isO0 < p(x) < 2

(iif) The function is many-to-one

@q(x) = +\|x+2forx > -2

My
/- q(x)
4

) X
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\|x + 2is the \ x graph translated 2 units to the |
(i) Therangeof g isq(x) > O
(iif) The function is on-to-one
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Exercise C, Question 3

Question:

The mappings ¥) and gK) are defined by

[4—xx<4
F(x) = 1 X +9x > 4

[ 4-x x<
g(x) = i i2+9x>j1Ir

Explain why f) is a function and gjxs not.
Sketch the function %) and find

@f(3)

(b f(10)

(c) the value(s) oa such thaf (a) =9C.
Solution:

4 - xis a linear function of gradient — 1 passing through 4 oty toas.
x>+9isa U -shaped quadratic

Atx=4 4-x=0andx®+9=25

Vi Y

\ g(x)
4
\ .

- o -
X 4 X

AN

g(x) is not a function because the element 4 of the domain does not get mapped
anywhere.
In f(X) it gets mapped to z
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(@)f (3) =4-3=1 (Used4-xas3<4)

0f (10) =10+9=109 (Use%+9as 10> 4)

(©) Vi

4-x
\\x 90

The negative value @&is where4 a=90 = a= -86
The positive value oh is where

a’+9 =90

a® =81

a= =9

a=9

The values oa are — 86 and 9

© Pearson Education Ltd 2C
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Exercise C, Question 4

Question:

The function X) is defined by
(

2
_ xc-6 Xx<0
s(x) = 1 10-xx > 0

(a) Sketch sX).
(b) Find the value(s) disuch thats &) =43.
(c) Find the values of the domain that get mapped to themselves in the

Solution:

@X -6isa U -shaped quadratic with a minimum value of (0, - 6) .
10 —x s a linear function with gradient — 1 passing through 10 o thes.

Vi

w 107
y=x2-6

\ X
6

y=10-x

(b) There is only one value a such thas (a) =43 (see graph
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=

a= 7
Value is negative sa= — 7

(c) If value gets mapped to itself thenB ) =b
For 10 —x part
10-b=Db
> 10=2
= b=5
Check. s(5) =10-5=%
For x2 - 6 part
b>-6=b
> b’-b-6=0
= (b-3) (b+2) =0

= b=3 -2
b must be negative
= b=-2

Check. s(-2) = (-2)2-6=4-6=-%
Values that get mapped to themselves — 2 and 5

© Pearson Education Ltd 2C
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Exercise C, Question 5

Question:

The function gX) is defined by g &) = cx +d wherec andd are constants to
be found. Giverg (3) =1C0andg(8) =12find the values oc andd.

Solution:

g(x) =cx+d

g(3) =10 > c¢cx3+d=10
g(8) =12 => cx8+d=12

3c+d=10 O
8c+d=12 @

@-®: 5c=2 (+5)
= ¢=04
Substitutec = 0.4 into®:
3x04+d=10

1.2 +d=10

d=8.8

Henceg (x) =0.4x + 8.8

© Pearson Education Ltd 2C
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Exercise C, Question 6
Question:
The function fK) is defined by f (<) = ax® + bx — 5 wherea andb are

constants to be found. Giventhatf (1) = —-4andf(2) =9, find the values
of the constanta andb.

Solution:
f(x) =a®+bx-5
f(1) =-4 => ax13+bx1-5= -4

= a+b-5=-4

= a+b=1 O

f(2) =9 => ax2+phx2-5=9
= 8a+2b-5=9

= 8a+2b=14

= da+b=7 O

@-0. 3a=6

= a=2

Substitutea = 2 in ®@:

2+b=1
b= -1

© Pearson Education Ltd 2C
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Exercise C, Question 7

Question:
The function hX) is defined by h ) =x2-6x+20{x > af{ .Given

that h§) is a one-to-one function find the smallest possible value of the constant
a.

Solution:

h(x) =x2-6x+20= (x-3)2-9+20= (x-3) 2+11
Thisisa U -shaped quadratic with minimum point at (3, 11).

Vi

h(x)

(311

Y

.
Lot

This is a many-to-one function.
For hix) to be on-to-one,x > 3
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h(x)

(3:11)

=¥

Hence smallest value ais 3
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Exercise D, Question 1

Question:

Given the functionsfk) =4x+1,g(x) = x2 -4 and h x) = Xl find
expressions for the functions:

@fg (x)

b of (x)

() gh (x)

@fh (x)

@f% (x)
Solution:

@fg(x) =f(x2-4) =4(x*-4) +1=42%-15

Ogf(X) =g (&X+1) = (&X+1)2-4=16¢+8x -3

-4

A~/

V2, _
X ) 4=

1
2

oo (x) =gy | =

4
X

@fh(x) =f (Xl) =4 x (Xl) +1=— +1

@f2 (x) =ff(x) =f(4x+1) =4(4x+1) +1=16x+5
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Exercise D, Question 2

Question:

For the following functions %) and gk), find the composite functions fg(and
gf(x). In each case find a suitable domain and the corresponding range when

@f(x) =x-1,g(x) =x?

f(x) =x-3,g(x) = + Vx

©f (x) =2%Xg(x) =x+3
Solution:

@f(x) =x-1,g(x) =x?

fg(x) =f(x%) =x2-1
Domain xe &
Rangefg(x) > -1

Vi

N

-1

gf (x) =g(x-1) = (x-1)?2
Domain xe #
Rangegf (x) > O
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Fa
y=(x—-1)

N\ R

1 X

Of(x) =x-3,g(x) = + Vx

fg(x) =f(+ Vx) = Vx-3

Domainx > O

(It will not be defined for negative numbers)
Rangefg(x) > -3

Vi
J'I = ".Il{f_ 3'

Y

=

s

gf(x) =g(x-3) =\{x-3
Domainx > 3
Rangegf(x) > O

Vi y =J/x —3x

Y

@f(x) =25,g(x) =x+3
fg(x) =f(x+3) =2*3
Domain x& £

Rangefg (x) >0
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Y

gf (x) =g(2) =2+3

Domain xe #

Range gf x) >3

Vi

e

V= £y +3

L]
Il
o

=Y

© Pearson Education Ltd 2C
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Exercise D, Question 3

Question:

ff(x) =3x-2andg(x) =x findthe number(sd such that fg @)
=gf(a) .

Solution:

f(x) =3x-2,g(x) =x2

fg(x) =f(x%) =3%-2

of (X) =g(X-2) = (X-2)72
Iffg(a) =gf(a)

3a2-2= (Z-2) 2

322 -2=0%-12a+4
0=6a°-12a+6

0=a’?-2a+1

0= (a-1) 2

Hencea =1
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Exercise D, Question 4

Question:

Giventhats k) = XT12and t(x) =3x+ 4 find the numbem such that ts
(m) =16

Solution:
s(x) = 7_5,t(x) =x+4
1 1
ts(x) =t (x—z) =3 x (x—Z) +4=7"7 +4
Ifts(m) =16
—-+4=16 (-4)
3

—=12 [ x (m-2)]
3=12(m-2) ( +12)

3 _

1 =m=2
0.25=m-2
m= 2.2t
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Exercise D, Question 5
Question:

The functions ), m(x), n(x) and pk) are defined by 1 k) =2x+ 1, m (x)
=x2-1,n(x) = —

X+ 5
functions:

andp (x) = x3. Find in terms of I, m, n and p the

(@) 4x + 3

(b) 4%2 + 4

©%.

2
@ s+l

@ (x*-1)3
H2x2 -1

(@) X%’
Solution:

@&X+3=2(X+1) +1=21(x) +1=1(x) [orl?(x) ]
OE+4x= (2x+1)2-1=[I(x)]2%2-1=ml(x)

1 1

1
(C)X2+4_ (X2_1)+5_ m(X)+5_nm(X)

2
d3rs +1=2x% +1=2nK) +1=In(x)

X+5

@ (x¥-1)3=[m(x) ] 3=pm (x)

(f)2X2—l:2(X2—l) +1=2m(x) +1=Im(x)
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@x*'= [ (x3) 31 3={Ip(x)13{3=1[pp(x) ] 3=ppp(x)
=p3(x)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 1

Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise D, Question 6

Question:

fm(x) =2x+3andn () = L;,provethatmn(() = X.

Solution:

m(x) =2x+3,n(x)

(x—3 [x—3)
mn{.r}=m‘T‘=£"

z,

+3=x—343=x
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Exercise D, Question 7

Question:

3
x+1

Ifs(x) = andt(x) = i;x,provethatst(() =X

Solution:

stx)

Il
v

J—x4x
Ax

.4
= x
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Exercise D, Question 8

Question:
X+1 . .
Iff (x) = 7. provethat¥(x) = —-5.Hence find an expression fdr(fx ) .
Solution:
1
F(x) =531
= |1
filx) = £
I_"l__]_l
_ 1 x(x=+1)
L | x(x+D)
x+1
_ . &l
l+x+1
_ x4+l
x+2
P =] - £
lx42
i 1 #*x+2)
x+1 L x(x+2)
x+2
- x+2
x+1+x+2
_ X+2
2x+3
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Exercise E, Question 1

Question:

For the following functions %), sketch the graphs ofxj(and f~ 1 (x) onthe
same set of axes. Determine also the equation &f(fx ) .

@f(x) =2+3 {xe RF{

[ )
df (x) :XE %LXEEJF

| )
@f(x) = %Lxeﬁ?, X#0 J}
@f(x) =4-x {xe R{
@f (x) =x2+2 {xe R, x > 0{
Of(x) =x> {xe€ B
Solution:

@Ilfy=2x+3
y—-3=2X
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yi f(x) = 2x + 3

i
—_—
=
"
Il
-
ad

X
olIfy=73
2y = X
Hence f 1(x) =2«

"!p‘ A

1
Hence 1 (x) =

Note that the inverse to the function is identical to the fun«
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Vi

(x) = % = f(x)

@Iify=4-x

X+y=4

X=4-y

Hence f 1(x) =4 -x

Note that the inverse to the function is identical to the func

¥ i
f-i(x) =4 -x =f(x)

(@Hy:x2+2
y—Z:%
ﬂy—2:x

Hencef ~1(x) =\x-2
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it f(x) =x2+ 2

Hence f1(x) =3\x

Vi

f(x) = x°

LY =X

/ - l (1} — 3/_?

Y
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Exercise E, Question 2

Question:

Determine which of the functions in Question 1 are self inverses. (That is to say
the function and its inverse are identic

Solution:

Look back at Question 1.
1
1(c)f(x) = Land

1d)f(x) =4-x
are both identical to their invers

© Pearson Education Ltd 2C
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Exercise E, Question 3

Question:

Explain why the functiongx) =4-x {x€ £, x>0{ is notidentical t
its inverse

Solution:
_}' i
yi=x
g-(x) =4 - x
4
i_
g(x)
g(x) =4-X

has domairx > 0
andrangegx) <4

Henceg 1 (x) =4-x

has domainx < 4

andrange g1 (x) >0

Although g&) and g~ 1 (x) have identical equations they act on different
numbers and so are not identical. See ¢

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 5

Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise E, Question 4

Question:

For the following functions ¢f), sketch the graphs ofxg(and g 1 (x) onthe

same set of axes. Determine the equation‘o%E ¢gx) ,taking care with its
domain.

L | ]
@g(x) =7 %Lxeﬁ?, X > BJF

Mg (x) =2-1 {xeh, x > 0{

s | ]
©9(X) =73 %LXEﬁ?, x>2j>

g (x) :\Ix—3 {xek, x > T{
e g (x) =x2+2 {xe R, x>4{
Hmg(x) =x°-8 {xe B, x < 2{

Solution:

(a) Vi

4
glx) == Ly

1|
=
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| )
g(x) =, 1xXER x > 3
L J

hasrangegx) € #, 0<g(x) < é

Changing the subject of the formula gives

(

g~ 1(x) le {xeR, 0<x < %%

(b)

g(x) =2-1 {xek, x > 0{
hasrangegx) € £, g(x) > -1
Changing the subject of the formula gives

x+1 ( W

9" 1(x) =5 {xer, x > -1}

J
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(€)

s | |
g(x) =3, 1 XER, x>2J}

hasrangegx) € £, g(x) >0

Changing the subject of the formula gives
3

y= X—2
y(x-2) =3
_ 3

X=e=y

_ 3 ( 3+2y )
x—y+2 Kor y )

Hence g 1 (x) :X§+2 (or
{xe Rk, x>0{
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(d)

g(x) :\Ix—3 {xek, x > T7T{
hasrangegx) € #, g(x) > 2

Changing the subject of the formula gives

y=\x-3
y2:x—3
Xx=y>+3

Hence g 1 (x) =x%+ 3 withdomaixe #, x > 2

(e) Vi

glx).= x4+ 2
y=x
(4, 18) g
,-’// glx)=vyx -2
A (18, 4)

g(x) =x2+2 {xe R, x>4{
hasrangegx) € #, g(x) >18

Changing the subject of the formula gives

_1 _ — . .

g ~(x) —\Ix 2 with domainx € £, x> 18
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(f) Vi

gl(x) = Y +8_x(0,2)"
.-/’
/ (2, 0)

g(x)=x3-8

X

g(x) =x°-8 {XER, X 2
hasrangegx) € #, g (x) 0
Changing the subject of the formula gives

{

<
<

y:ﬁ—S
y+8=x3
3y +8=x

Hence g 1 (x) =3|x+ 8 with domaixe #, x < 0
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Exercise E, Question 5

Question:

The function mx) is definedby m &) =x2+4x+9 {xe B, x>a{ for
some constard. If m ™1 ( x) exists, state the least valueachnd hence
determine the equation m ™~ 1 (x) . State its domai

Solution:

m(x) =x2+4x+9 {xe B, x>af .
Lety:x2+4x+9

y= (x+2)2-4+9

y:(x+2)2+5
This has a minimum valueof ( - 2,5) .

Vi

(s 3)

X

For m) to have an inverse it must be one-to-one.
Hence the least value afis - 2.

7 m(x) =(x+2):+5

y=x

A
&
I_/
A
rg
If
i
If

.5 |/

1l

P

T
)

=2
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m(x) would have arange of mx() € £, m(x) >5
Changing the subject of the formula gives

y= (x+2)%+5

y-5= (x+2)°

y-5=x+2
y—-5-2=x

Hence m 1 (x) =\x-5 - 2 with domairx € & x> 5
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Exercise E, Question 6

Question:

Determine £ 1 (x) if the function t§) is defined by t ) =x2 - 6x+5
{xek, x > 5{.

Solution:

t(x) =x% - 6x+5 {xe Rk, x > 5{

Lety=x2-6x+5 (complete the square)

y= (x-3)2-9+5

y= (x-3)2-4

This has a minimum pointat (3, —4) .

Note. Since x > 5 is the domain, tjxs a one-to-one function.

Change the subject of the formula to find%(x) :
y= (x-3)%-4
y+t4= (x-3)°

y+4=x-3
y+4+3=X

T 6.0) X

t(x) =x2-6x+5 {xe Rk, x >
hasrangetx) € #, t(x) > 0
Sot 1(x) =\{x+4 +3and has domaing £, x > 0

5 {
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Exercise E, Question 7
Question:
2x+1 [ ]

The function ) is defined by h &) = S — 1 X€F, x#2 .

l J
@) What happens to the function»aapproaches 2?
®Findh~1(3) .
©Findh™1 (x) , stating clearly its domain.

(d) Find the elements of the domain that get mapped to themselves by the
function

Solution:

@AsXx— 2 h(x) — %andhenceh() — ®

bt Tofindh~1 (3) we can find what element of the domain gets mapped to 3.

h(a)=3

d 3
a = h-1(3)

Soh(a) =3

2a+1_

a-2 ~

2a+1=3A-6

7=a

Soh 1(3) =7

2x+1 . .
(c) Lety = S —>and find xas a function oy.
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y(x—-2) =2x+1

yX -2y =2x+1
yX —2x=2y+1
x(y-2) = +1
y+1
Xx= 777
x+1 | 1

Soh~1(x) = 55 %Lxeﬁ’, X # 2 J%

Hence the inverse function has exactly the same equation as the fulBation.
the elements don't get mapped to themselves, see part (b).

(d) For elements to get mapped to themselves

h(b) =b
2b+1
b-2 ~
2b+1=b(b-2)
2b+1=b%-2b
0=b%-4b-1
+{16+4 4220 4=x245
= 4 > i = Z\I_ = > :Zi\/S

The element2 + V 5and2 — 5 get mapped to themselves by the func

© Pearson Education Ltd 2C
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Exercise E, Question 8

Question:

The function f (x) is defined by f x) = 22 -3 {xek, x<0{.
Determine

@f~ 1(x) clearly stating its domain

(b) the values oa for whichf (a) =f~1(a) .

Solution:

(a) Lety = 2x2 - 3

y+3=2¢
y+3
22
y+3
=X

2

The domain of f 1 (x) is the range of f k) .
f(x) =2¢-3 {xe R, x<0{
hasrangefk) > -3

Hence f~ 1 (x) must be theegative square root

-1 X+3 -
f7 (x) = - > _hasdomaix € £, x> -3

fix)=2x2-3 J&

wiff(a) =1~ 1 (a) then ais negative (see graph).
Solvef (a) =a
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2a2-3=a

2a2-a-3=0

(2a-3) (a+1) =0
3

a= 35, -1

Thereforea= -1

© Pearson Education Ltd 2C
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Exercise F, Question 1

Question:

Categorise the following as
(i) not a function

(i) a one-to-one function
(iif) a many-to-one function.

(&) Vi

N
N

(b) I

L

o\

/
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© Y
0 X
@ v

(e) ¥y

 J
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0 v A

Solution:
(a) not a function

Vi

{

(ol
I |

T
M

x valuea gets mapped to two valuesyof
x valueb gets mapped to no values

(b) one-to-one functiol

PhysicsAndMathsTutor.com
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A

/| :

(c) many-to-one function

Ji

e

(d) many-to-one function

|4 |

(e) not a functio

PhysicsAndMathsTutor.com
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Vi

aj X

x valuea doesn't get mapped to any valueyof
It could be redefined as a function if the domain is said to excludeaoint

(f not a function

Vi

/
A

-

() x

x values less thaadon't get mapped anywhere.
Again we could define the domain toke > aand then it would be a
function

© Pearson Education Ltd 2C
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Exercise F, Question 2

Question:

The following functions ), g(x) and hk) are defined by
f(x) =4(x-2) {xek, x > 0{

g(x) :x3+1 {XEE{

h(x) =3 {x€ B{

@ Find f(7),g(3)and h( - 2) .

(b) Find the range of X} and the range of g
©Findg~1(x) .

(d) Find the composite function fg(

e) Solvegh (a) =244

Solution:

@f(7) =4(7-2) =4x5=20
g(3) =33+1=27+1=28
1

h( —2) :3_2: ;:

Ol

of(x) =4(x-2) =4-8

This is a straight line with gradient 4 and intercept — 8.

The domain tells us that > 0.

Vi f(x)

:,_,:"

—8
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Therangeof ) isf(x) € #,f(x) > -8
g(x) =x>+1

ya

g(x)

'-".“

Therangeofgisg (x) € &

(c) Lety = X3+ 1 (change the subject of the formula)
y-1= X3

3y—1:x

Henceg 1 (x) =3[x-1 {xe B{

@fg (x) =f(x¥+1) =4(C+1-2) =4(3-1)

(e) Find ghg) first.
gh(x) =g () = (3)3+1=3%+1
Ifgh(a) =244
38841 =244
3%8 =243
33a:35
3a=5
5

a= 3
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Exercise F, Question 3

Question:

The function nX) is defined by

[5—xx < 0

n(X) = i 2 X>6

@ Findn ( —3) and n(3).
(b) Find the value(s) ca suchthan(a) = 5C.

Solution:

Vi
y=5—x y=x2

=T

y =5 —x s a straight line with gradient — 1 passing through 5 ory tinas.
y = x?isa U -shaped quadratic passing through (0O, 0).
@n(-3) =5-(-3)=5+3=8

n(3) =%=9

(b) There are two values a.
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\\ | 50 /

=Y

o i

The negative value @is where
5-a=50

a=5-50

a= —45

The positive value oh is where
a? =50

a=\50

a=5v?2

The values oa such than (a) =5Care - 45and + 5+ 2.
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Exercise F, Question 4

Question:

The function gf) is definedasgx) =2x+7 {xe £, x > 0{.
(a) Sketch gX) and find the range.

(b) Determine g 1 (x) , stating its domain.

(c) Sketch g 1 ( x) on the same axes axj(stating the relationship between
the two graph:

Solution:

(@) y= 2x + 7 is a straight line of gradient 2 passing through 7 oy thes.
The domainis givenas > 0.

Vi glx) =2x + 7
'_II.'_
0 X

Hence therangeisgx) > 7

(o) The domain of the inverse functionkis > 7.
To find the equation of the inverse function use a flow chart.

2 +7

Y i

x 2x .4 i T

W2 2Ny, 2
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-1 X=7 )
g~ *(x) = 5 andhasdoman > 7

© ya gx)=2x+17

0 7 X

g~ 1(x) is the reflection of x) in the liney = x.
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Exercise F, Question 5

Question:

The functions f and g are defined by
fix—>4x-1 {xe R{

( a
VXER, X#£ ¢
| J

Find in its simplest form:

g.Xx— 2x-1

(a) the inverse function¥ 1
(b) the composite function gf, stating its domain

(c) the values ok for which 2f (x) =g (x) , giving your answers to 3 decin
places.

[E]
Solution:
@f : x—4x-1
Lety = 4x — 1 and change the subject of the formula.
= y+1=4
_ y*1
= X= 7
1 X+1
Hencef ~:x— —,
3 3
dgf (x) =g (&X-1) =3 5%-1)-1~ -3
3
Hence gf X — 5. 3

3
The domain would include all the real numbers apart fxamy (i.e. where
8x -3 =0).

©If2f (x) =g (x)
2x (&-1) =

2x-1
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3
8Xx-2= 57
(8x—-2) (%-1) =3
16x2 — 12x+2 =3
1662 — 12x-1=0
- b+\|b? - 4ac

Usex = a witha=16,b= - 12 andc = - 1.

12_1144 64 12 +Y208
Thenx = 2:1144x68_ 1221208 o6, - 0.076

Values ofx are — 0.07¢ and 0.82

© Pearson Education Ltd 2C
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Exercise F, Question 6

Question:

The function f§) is defined by
[

_ -xx <1
t(x) = i X-2x>1
(a) Sketch the graph of¥(for -2 < x < 6.
) Find the values atfor which f (x) = - 5.
[E]
Solution:
(@) Vi
(6, 4)
(2 2)
3
(1, -1)
Forx < 1,f(x) = —-X

This is a straight line of gradient — 1.

At point x= 1, itsy coordinate is — 1.
Forx>1,f(x) =x-2

This is a straight line of gradient + 1.

At point x= 1, itsy coordinate is also - 1.
The graph is said to m®ntinuous.

1
(b) There are two values at which k() = - 7(see graph).
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a b

_| -

and X
2

Pointa is where

__1 _ 1
—-X= -7 = X= 3
Pointb is where
__ 1 _q.1
X-2=-35 = x=175
: 11 1
The values ok for which f (x) = - Jare; and §
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Exercise F, Question 7

Question:

The function f is defined by

[ ]
{xer, x>1 ¢
| J

2X+ 3
Xx—1

f: x—

@Findf~1(x) .

(b) Find (i) the range of T 1 (x)
(ii) the domain of £ 1 (x) .
[E]

Solution:

@ To find f~1 (x) change the subject of the formula.

2x+ 3
Lety= S 3
y(x—-1) =X%+3
yX—-y=2x+3
yX—=2X=y+ 3
x(y-2) =y+3
y+3
y—-2

X =

X+ 3
X—-2

Thereforef 1: x —

Pagel of 2

) f(x) has domain € £, x>1{ andrange {f(x) € £, f(x) >2

{
2%
ASX— o ,y— =2
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____________________________________________

S ]

x=1

Sof 1 (x) hasdomain k€ £, x>2{ andrange {f 1(x)

]
E R, f_l(x\ >1 ¢
)7
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Exercise F, Question 8

Question:

The functions f and g are defined by

[ ]
f:x— ﬁ { XER, xX£2
| J

s | ]
g:X— -~ 1 XER, x£0 ¢
L J

(a) Find an expression forfl (x) .
(b) Write down the range of 1 (x) .

(c) Calculate gf(1.5).

d) Use algebra to find the valuesxdfor whichg (x) =f(x) +4.

[E]
Solution:

@ To find f~ 1 (x) change the subject of the formula.

X
Lety= 75

y(x—-2) =x
yx — 2y =X (rearrange)
yX =X =2y
x(y-1) =%
2y
X= 3777
It must always be rewritten as a functiorxin

_ 2X
fl(x):x—l

) The range of T 1 (x) is the domain of f &) .
Hencerangeis {T1(x) e ®, f 1(x) #2{.
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(@m(15)=9(1éiJ =g(tzg} =9(-3) =93 =-1

@Ifg(x) =f(x) +4
XE:X):2+4 [xx(x—Z\W
3(X—2) =xxXX+4x(x—-2)
3X — 6 =x° + 4% - 8
0=5x°-11x+6

0= (>-6) (x-1)

, 1

ulo

= X=
6
The values ok for which g (x) =f(x) +4are; and 1.
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Exercise F, Question 9

Question:
The functions f and g are given by
[ ]
. X l
f:x— 1 xe1 %Lxeﬁ?, X>1 J}
( ]
g:Xx— — {xXeER, x>0 ¢
| J
1

@@ Show that f (x) = (x-1) (x+1) "

(b) Find the range of fX) .
c) Solve gf (x) =70.

[E]
Solution:
1
(a)f(X) - X2X—l_ X+ 1
_ X 1
T o (x+1)(x-1)  (x+1)
_ X X—1
T o (x+1) (x=-1) = (x+1) (x-1)
X= (x=-1)

(x+1) (x-1)
1
(x+1) (x-1)

(b) The range of f k) is the set of values thatake.

(
By using a graphical calculator we can see yhaf ( X ) 3
!

]

XE R, x# —1, x#1  isasymmetrical graph about thaxis.
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¥y A
| fx)
-1 h E’
{O!_l) :
Forx>1,f(x) >0
_ 0 ! 1 _ 2 _
©9f (x) —g|_ (x-1) (x+1) | ~ ) =2x
(x=1) (x+1)
_ ( A )
(x 1)1(x+1) _ 5 | w— 1 | |X+1 |
\ )\ )
Ifgf (x) =70

2(x-1) (x+1) =70
(x-1) (x+1) =35

x2-1=35
x2 = 36
X= *6
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Exercise A, Question 1

Question:

Sketch the graphs of
@y=¢e'+1
(b)y = e~ X
y=2e-3

dy=4-¢

1
e y=6+ 10e2*

My =10Ce™*+1C
Solution:

@y=¢e'+1

L

=T

This is the normay = & ‘moved up’ (translated) 1 unit.

(b)y = 4e ~ X
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x=0 = y=4

ASX— — o©,y— ©

AsSX— o ,y—0

This is an exponential decay type graph.

©y=2e-3

YA

y = 2er -3

\>3\
I

o
e |

x=0 = y=2x1-3=-1
ASX— o,y — ®
AsSX— - ©o,y—>2x0-3= -3

@y=4-¢
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=2

\ y=4-¢*

x=0 = y=4-1=3
AsX— o,y —>4—- o,i.ey—> — ©
AsXx— — o, y—>4-0=4

1
e y=6 + 102%

i
y=6+ 10e2"

o

x=0 = y=6+10x1=16
ASX— o,y — ®
AsX— - 0o, y—>6+10x0=06

My =10Ce ™ *+1C
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110
y = 100e~ + 10

wy

x=0 = y=100x1+10=110
AsX— o ,y—100x0+10=10
ASX— — o,y — ®
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Exercise A, Question 2

Question:

The value of a car varies according to the formula
t

V =20 000€e 12
whereV is the value irf's andt is its age in years from new.

(a) State its value when new.
(b) Find its value (to the neareStafter 4 years.

(c) Sketch the graph (v against.
Solution:

t

V =20 000€ 12

(@) The new value is when= 0.
0

= V=20000x¢€e 12=20000x 1=20000
New value = £20 000

(b) Value after 4 years is given when 4.
4

= V=20000x¢e 12 =20000 x €
Value after 4 years 14 331 (to neare$)

1
3

= 14 330.63

(©) L V()
20 000 —¥

! (years)

© Pearson Education Ltd 2C
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Exercise A, Question 3

Question:

The population of a country is increasing according to the formula

t
P =20+ 10es0
whereP is the population in thousands and the time in years after the year
2000.

(a) State the population in the year 2000.
(b) Use the model to predict the population in the year 2020.

(c) Sketch the graph (P against for the years 2000 to 21(
Solution:

t
P =20+ 10es0
(a) The year 2000 correspondstte 0.

t

Substitute = 0 intoP = 20 + 10eso0

P=20+10x8=20+10x1=30
Population = 30 thousand

(b) The year 2020 correspondstte 20.

t
Substitute = 20 intoP = 20 + 10 eso
20

P=20+ 10es = 20 + 14.918 = 34.918 thousand
Population in 2020 will be 34 9
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©F (thousand)

'

P =20 + 1050

2000 2100 ! (year)
Year 2100 ig = 100

100

P=20+10€es =20+ 10& = 93.891 thousand

© Pearson Education Ltd 2C
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Exercise A, Question 4

Question:

The number of people infected with a disease varies according to the formula

N = 300 - 100€ 0
whereN is the number of people infected with the diseasd @nthe time in
years after detection.

(@) How many people were first diagnosed with the disease?
(b) What is the long term prediction of how this disease will spread?
(c) GraphN against.

Solution:

N = 300 - 100¢ 9-5t
(@) The numbefirst diagnosed means wher 0.

Substitutet = 0 inN = 300 — 100e 2-5t
N =300 - 100 x & 9-5%0=300 - 100 x 1 = 200

(b) The long term prediction suggests> « .
Ast —» oo, e” 03t _, 0
SoN — 300 - 100 x 0 = 300

© Ni

- N = 300 — 10005

Y

© Pearson Education Ltd 2C
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Exercise A, Question 5

Question:

The value of an investment varies according to the formula
t
V=Aen
whereV is the value of the investmentfis, A is a constant to be found anis
the time in years after the investment was made.

(@) If the investment was wort#8000 after 3 years find to the nearedi.
(b) Find the value of the investment after 10 years.

(c) By what factor will the original investment have increased by after 20

Solution:

t
V=Aen
@) We are given tha¥ = 8000 when & 3.
Substituting gives
3

8000 =Ae 12
1 1

8000 =Aes ( +e1)

A= 8000
1
€4
1
A=8000€e 4
A =6230.41

A = £6230 (to the nearesf)

1
4

t
by HenceV = (8000 x € 2 )e1z (use real value)

After 10 years
10

V=8000x€e 4xe1z (uselaws of indices)
10 3
=8000 x e12 ~ 12
7

= 8000e12

1
4
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= £14 336.0.
Investment is wort£14 336 (to neare$) after 10 years.

20
(c) After 20 yeary/ = Ae 12
20
This is e1ztimes the original amoum

= 5.29 times

© Pearson Education Ltd 2C
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Exercise B, Question 1

Question:
Solve the following equations giving exact solutions:
@& =5
b Inx=4

©eX=7
X
@ In > =4

& 1=8

mIn (2x+1) =5

@e” =10

hin (2-x) =4

0 Ze&nbsp;4x_ 3=8

Solution:

@e&=5 = x=In5
binx=4 = x=e&hairsp?

In7
©e*=7 => 2=In7 = x:n?

(

X\ _ X _ i _ .4
@ In L2 =4 = 7 =e&hairspy = x=2e&hairsp;

@& 1=8 = x-1=In8 = x=I8+1

mIn (2x+1) =5
> X+l=¢
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> 2XxX=e -1
-1

= X= TS

@e” *=10

= -x=1In10

= x= -1In10

> x=In10"1

= Xx=In(0.1)

min (2-x) =4
= 2 -x= e&hairsp?
= 2 = e&hairsp* + x
= x=2 - e&hairsp?

() zéﬁhairsp;4x_ 3=8
- Zéﬁhairsp;4x: 11

; . 11
= e&halrsp,4x: 5

= 4x=1In

(A1)
\2)
)
)

1 (11
= xzzln\7

© Pearson Education Ltd 2C
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Exercise B, Question 2

Question:

Solve the following giving your solution in terms of In 2:
(@) X=8
e~ X=4

©e**t1l=0c¢

Solution:
(@) X=8
= 3x=1In8
= 3x=1In23
= 3x=3In2
> x=1In2
b e~ X=4
> -—-2x=1In4
= —2x=1In2?
> =2Xx=2In2
2In2
= X= 5
> x= -1In2
©e*tl=05

= 2x+1=In(0.5)
> 2x+1=In2"1

= 2x+1= -1In2
> 2x= -1n2-1

-n2-1
= X=

2
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Exercise B, Question 3

Question:
Sketch the following graphs stating any asymptotes and intersections with axes:

@y=In(x+1)

b)Yy = 2InXx
©y=In (2x)
@y= (Inx) 2

@y=In (4-x)
Hy=3+In (x+2)
Solution:
@y=In(x+1)
Vi

y=In(x+1)

Y

(0, 0) X

Whenx=0,y=In (1) =0
Whenx - -1,y > - o

y wouldn't exist for values of< -1
Whenx —» o,y — oo (slowly)

b)Yy = 2Inx
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]

(1, 0)

"

Whenx=1,y=21In(1) =0
Whenx - 0,y » — o

y wouldn't exist for values of< 0
Whenx — o,y — o (slowly)

©y=In (2x)

Vi

y = In(2x)

1
Whenx= Z,y=1In (1) =0

Whenx — 0,y - — o
y wouldn't exist for values of< O
Whenx —» o,y — oo (slowly)

@y= (Inx) 2
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.

(1, 0)

Whenx=1,y= (In1) 2=0

For 0 <x < 1, Inxis negative, but (Ir) 2is positive.

Whenx — 0,y —
Whenx — o,y — o

@y=In (4-x)
J,‘Jl

y = In(4 - x)

Whenx=3,y=1n1=0
Whenx — 4,y - — o

y doesn't exist for values &f> 4
Whenx — - o,y — o (slowly)
Whenx =0,y =1n4

Hy=3+In (x+2)

PhysicsAndMathsTutor.com
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y=3+In(x +2)

(0, 3 + In2)

I
J
—
q
id
|
P»J
-
e
R

Whenx= -1,y=3+In1=3+0=3
Whenx - -2,y » - o

y doesn't exist for values gf< — 2
Whenx — « ,y — o slowly
Whenx=0,y=3+In (0+2) =3+1In2
Wheny = 0,

0=3+In(x+2)

-3=In(x+2)

e 3=x+2

x=e~3-2
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Exercise B, Question 4

Question:

The price of a new car varies according to the formula
t

P=15000€e 10
whereP is the price irf's andt is the age in years from new.

(a) State its new value.
(b) Calculate its value after 5 years (to the nedest
(c) Find its age when its price falls beld 000.

d) Sketch the graph showing how the price varies over time. Is this a good
model’

Solution:

t

P=15000e 10

(@ New value iswheh=0 = P =15000 x &= 15 000
The new value i€15 000

(b) Value after 5 years is wherr 5
5

= P=15000x € 10 =15000€ 9°=9097.96
Value after 5 years 9 098 (to neare$®)

(c) Find when price i€5 000
SubstituteP? = 5 000:

t

5000 = 15 000€ 10 ( +15000)

5000 _ L
15 000 — 10
1 1
gze‘ 10

(1) _ t
In1'3) ="
_ (1)
t= —-10In L3
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Wl

_ (1) _1
t=10In L3

t=10In3
t =10.99 years
The price falls belov£5 000 after 11 years.

@ P(£) 4
15 000 P = 15 000e 7

5 000

-
-

lll f(vears)

A fair model! Perhaps the price should be lower after 11 \
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Exercise B, Question 5

Question:

The graph below is of the function
f(x) =In(2+X%) {xe€ R, x>a{.

(a) State the value &
(b) Find the value o$ for which f (s) = 20.

(©) Find the function f 1 (x) stating its domain.

(d) Sketch the graphs f(and f~ 1 (x) on the same axes stating the relation
between them.

A f(x) = In (2 + 3x)
20
/\
0 8 X

Solution:
(a) X = ais the asymptote to the curve. It will be where
2+3X=0
X= -2

_ _ 2
X= =3

2
Hence a= - 3

w Iff(s) =20then
In (2+3s) =2C
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2+3=¢"
3s=e?0-2

_ e0-2
S= 3

© Tofind f~1(x) , change the subject of the formula.
y=In (2+ X)

e¥=2+ X

e -2=23

e
X= "3

Therefore 1 (x) = —5—
domain of 71 (x) = range of f§), sox € &

@ .y

%)

f(x)

\

f-1 ( x) is areflection of ix) in the liney = x.

© Pearson Education Ltd 2C
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Exercise B, Question 6

Question:

The graph below is of the function
g(x) =2%+4 {xep{.

(a) Find the range of the function.
(b) Find the value op to 2 significant figures.
© Find g~ 1 (x) stating its domain.

(d) Sketch gf) and g~ 1 ( x) on the same set of axes stating the relationship
between them.

yi

g(x) = 2ex+ 4

S
=Y

Solution:

@9 (x) =2+4
Asx— — o,g(x) -2x0+4=4
Therefore the range ofx(is g (x) >4

) If (p, 10) liesong ) =26+ 4
2e¢?P + 4 =10

2e?P = 6

eP=3

2p=1In3
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1
p=3In3
p=0.55(2s.f)

© g~ 1 (x) is found by changing the subject of the formula.
Lety = 26# + 4

y — 4 = 2&%
-4
" () -
1 -4
x= 3In (yT)

1 [ x=4 )

Hence g 1 (x) =3 7

Its domain is the same as the range &f.g(
g~ 1(x) has adomain of> 4

@ oy

g~ 1(x) is areflection of ¢x) in the liney = x.

© Pearson Education Ltd 2C
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Exercise B, Question 7
Question:
The number of bacteria in a culture grows according to the following equation:

t
N = 100 + 50 €30
whereN is the number of bacteria present ailthe time in days from the start
of the experiment.

(a) State the number of bacteria present at the start of the experiment.
(b) State the number after 10 days.
(c) State the day on which the number first reaches 1 000 000.

d) Sketch the graph showing h(N varies witht.
Solution:

t
N = 100 + 50 eso
(a) At the start =0

0
= N=100+ 50es0 =100 + 50 x 1 = 150
There are 150 bacteria present at the start.

(b) After 10 dayg = 10
10 1

= N =100+ 50es3 =100 + 50es = 170
There are 170 bacteria present after 10 days.

() WhenN =1 000 000

1000 000 = 100 + 50®  ( - 100)
999 900 = 5066 ( +50)

19 998 = &3

In (19998) =5

t=30In (19998)
t=297.10
The number of bacteria reaches 1 000 000 on the 298th day (to the near
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(@N(number of bacteria)
A

105 N =100
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Exercise B, Question 8

Question:

The graph below shows the function
h(x) =40-108* {x>0, xe #{ .

(a) State the range of the function.

(b) Find the exact coordinates of A in terms of In 2.

© Find h™ 1 (x) stating its domain.

Vi
A [
0 X
h(x) = 40 — 10ex
Solution:

@h (x) =40-10&

The range is the set of values tha@an take.
h(0) =40-108=40-10=30
Hence range ih (x) < 3C
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() A'is wherey =0
Solve 40 - 10& =0
40 = 106* ( +10)

4 = &3X
In4 = X
_ 1
X = 3In4
1
nglnz2
_ 2
X = 3In2
(2 )
Ais k3In2, Oj

© To find h™ 1 (x) change the subject of the formula.
Lety = 40 — 10&X

10€3X =40 -y

3K _ 40_y

= T
((40-y )

3x=1In L 10
1 40 -
x= 3 [ 55

The domain of the inverse function is the same as the range of the function.
1 40 -
Hence i 1 (x) = 3In ( 10)() {xe R, x<30{
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Exercise C, Question 1

Question:

Sketch the following functions stating any asymptotes and intersections with
axes:

@y=¢e+3
®y=In ( -x)
©y=In (x+2)
dy=3e"X+4
(@y=e€"*?

Hy=4-1Inx
Solution:

@y=€+3

Va
y=e +3

'___.;'IF

This is the graph of = € ‘moved up’ 3 units.
x=0, y=e’+3=1+3=4

Gy =In( —x)
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yi

¥ = In{=x)

x=-1,y=In(--1)=In(1) =0
y will not exist for values ox > 0
X— — o , y— o (slowly)

The graph will be a reflection gf=In ( x) in the yaxis.

©y=In (x+2)

A
¥y = In{x +2)

In 2

T

]
e ¥

|
x=-1,y=In(-1+2) =In(1) =0
y will not exist for values ok < — 2
X— =2, y—> — ®
X— o , y— o (slowly)
x=0, y=In(0+2) =In2

Dy =3e"X+4
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y =3+ 4
Vi

=Y

x=0, y=3P+4=3+4=7
X— o, y—>3x0+4=4

X— — o y—>oo

(y=¢et?

J-‘ A '}, = g¥ + 2

“ ¥

x= -2, y=e ?2*?2==1
X— — o, y—0
X— o, Yy— ©

x=0, y=é
Hy=4-1Inx
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x=1, y=4-In(1) =4

X—0, y—>4- (- o) ,s0y—> + »

y will not exist for values ok < 0

y=0 = 4-Inx=0 = Inx=4 = x=e&hairsp?
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Exercise C, Question 2

Question:

Solve the following equations, giving exact solutions:
@Ilh (x-5) =8

(b) g&hairsp;ax— g

(©24-e =10

@Ihx+In (x-3) =0

ee&+e X=2
®In2+Inx=4
Solution:

@Ih (x-5) =8 (inverse of In)
2x-5=& (+5)
2x=e+5 ( +2)

B +5
X= ">

(b e¥hairspidx— g5  (inverse of e)
4x=1In5 ( +4)

In
X= -0

5
4
©24-e X=10 ( +e” %)
24=10+e % ( -10)
14 =e~ %X (inverse of e)

IN(14) = -x  (+ -2)
- 2 In(14) =x
x= - 5 In(14)

PhysicsAndMathsTutor.com
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@In (x) +In(x-3) =0
In[x(x-3)] =0

x(x-3) =¢&
x(x-3) =1
X2 -3x-1=0
3+{9+4
x= T
_ 3+\13
X= "7
3+\13
X= —>

(x cannot be negative because of initial equation)

e&+e X=2
&+ = =2 &
. (x&)

() 2+1 = 2&
(&) 2-2&+1=0
(e-1)2=0
f=1
x=In1=0
®In2+Inx=4
In2x=4

2x = e&hairsp?

_ eg&hairsp?
X= 2

© Pearson Education Ltd 2C
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Exercise C, Question 3

Question:
The functionc k) =3 +1In (4 —x) is shown below.
Vi

A
c(x)=3+4n(4-Xx)

(a) State the exact coordinates of point A.

(b) Calculate the exact coordinates of point B.
(©) Find the inverse functionc! ( x) stating its domain.

() Sketch cf) and ¢ 1 (x) on the same set of axes stating the relationship
between ther

Solution:

@) A is wherex =0

Substitutex= 0 intoy=3+In (4 —x) to give
y=3+1In4

A= (0, 3+In4)

(b) B is wherey =0
Substitutey = 0 intoy=3 +In (4 —x) to give
0=3+In (4 -x)

-3=In (4 -x)
e 3=4-x
x=4-ge" 3

B=(4-€e73, 0)

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Page2 of 2

© To find ¢~ 1 (x) change the subject of the formula.

y=3+In(4-x)

y—-3=In(4-x)

& 3=4-x

x=4-¢ 3

The domain of the inverse function is the range of the function. Looking at
graph this is all the real numbers. So

cl(x) =4-&73 {xe p{

©) x=4 Ly=x

e |

cl(x)

© Pearson Education Ltd 2C
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Exercise C, Question 4

Question:

The price of a computer system can be modelled by the formula
t

P =100 + 850€e 2
whereP is the price of the system £i$ andt is the age of the computer in years
after being purchased.

(a) Calculate the new price of the system.
(b) Calculate its price after 3 years.

() When will it be worth less thag200?

(d) Find its price ag —» o .

(e) Sketch the graph showirjagainst t
Comment on the appropriateness of this m

Solution:

t

P =100 + 850€ 2

(a) New price is whem = 0.
t
Substitutet = 0 intoP = 100 + 850€ 2to give
0
P =100 + 850¢€ 2 (e’=1)
=100 + 850 = 950
The new price i£950

(b) After 3 yeard = 3.
t
Substitute = 3 intoP = 100 + 850€ 2to give
3

P =100 + 850€e 2 = 289.66
Price after 3 years i6290 (to nearedf)

() It is worth less thai200 whenP < 200
t

SubstituteP = 200 intoP = 100 + 850€  2to give
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t
200 = 100 + 850€ 2

t

100 = 850e =2
100 L

g0 — € 2

100 t
In (a)) = -3
t= -2In | 850 |

t=4.28
It is worth less thafi200 after 4.28 years.

t
dASt— o , e~ 2 -0

Hence P— 100 + 850 x 0 = 100
The computer will be wortB100 eventually.

€  Pa

£950 —

- £100

=Y

© Pearson Education Ltd 2C
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Exercise C, Question 5

Question:

The function f is defined by

[ , |
fix—In(5x-2) {xeER, x> EJ}.

() Find an expression forfl (x) .

(b) Write down the domain of T2 (x) .

(c) Solve, giving your answer to 3 decimal places,
In (5x-2) =2.

[E]
Solution:

@Lety=In (5x-2)
ey =5x-2
e’ + 2 = 5x

eV+2_
5 _X

Therange of ¥ In (5x—2) isye &

1 ef+2
Sof"~(x) = 7 {xer{

() Domain is x€ #

©In (5x-2) =2

5Xx— 2 = €
BXx =€ + 2
€ +2

x= —p_ =1.8778
x =1.87¢ (to 3d.p.
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Exercise C, Question 6

Question:

The functions f and g are given by
fix—>3&x-1 {xe /{

X
2

g:x—ez2 {xe rf

(a) Find the value of fg(4), giving your answer to 2 decimal places.

(b) Express the inverse function £ (x) in the formf 1: x —

(c) Using the same axes, sketch the graphs of the functions f and df.
Write on your sketch the value of each functior atO.

(@ Find the values ot for which f~* (x) = 5.

[E]
Solution:

@fg (4) :f(eg) =f(e?) =3&-1
=21.17 (2d.p.)

o Iff: x—>3x-1 {xe p{

- J 1}
XER
o ]

by using flow diagram method:

thenf 1:x -

X3 -1

NN

X 3x 3Ix =1

NN

=3 +1

3x-1

©of (x) =g(Xx-1) =e 2  f(x) =3-1
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0-1 1

Atx=0,gf(x) =e 2 =e” 2andf(x) =3x0-1= -1

¥ "™ g =3x-1

"
|
3| —

\

/ 7“'

y

_1 5
@f "~ (x) = f(x)
x+1 S .
3 = 3x_1 (cross multiply)

(x+1) (X-1) =5x3
32 +2x-1=15

32 +2x-16=0
(3x+8) (x-2) =0

— 8
X_2, _3

© Pearson Education Ltd 2C
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Exercise C, Question 7
Question:

1
The points P and Q lie on the curve with equagiene 2*.

Thex-coordinates of P and Q are In 4 and In 16 respectively.
(a) Find an equation for the line PQ.
(b) Show that this line passes through the origin O.

(c) Calculate the length, to 3 significant figures, of the line segment PQ.

[E]
Solution:

(@)

— -

In4 In6
1 =1
Q hasy coordinate e"16=dn162 = 165 = 4
o > 1
P hasy coordinate e"4=d"42 =43 =2
. . change iny 4 -2 2 __2_
Gradient of the line PQ Tchangeinx  TIn16-1In4 T ;o T4
In —
4

Usingy = mx + ¢ the equation of the line PQ is

2

y= mX+C

(In 4, 2) lies on line so

2

ok

x Jo +c

o
=
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2=2+C¢C
c=0

2
Equation of PQ iy = ﬁ

(b) The line passes through the origircasO.

(c) Length from (In 4, 2) to (In 16, 4) is

Jn16 —n 4y +4 —2)> = /()" + 2% = [(Ind) + 4 = 2.43

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 2

Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 8

Question:

The functions f and g are defined over the set of real numbers by
f:x—3x-5
g:x—e” X

(a) State the range of g(x

(b) Sketch the graphs of the inverse functions-fand g~ 1 and write on your
sketches the coordinates of any points at which a graph meets the coordinate
axes.

(c) State, giving a reason, the number of roots of the equation
Foh(x) =97 (x) .

(d) Evaluate fg ( —% ) , giving your answer to 2 decimal places.
Solution:
(a)

g(x) >0

-1 _x+5
of " (x) = 73
g7 1(x) = - 5Inx
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f=1(x)

g0x)

©f 1(x) =g~ 1(x) would have 1 root because there is 1 point of
intersection.

2

[ }=3><e§—5=0.84

fke

wlr
wiN

N e

© Pearson Education Ltd 2C
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Exercise C, Question 9

Question:
The function f is defined by fx — € + k, x € #andk is a positive constant.

(a) State the range ofx.

) Find f(In K, simplifying your answer.

) Find f~ 1 the inverse function of f, in the form £ : x —» ... stating
its domain.

(d) On the same axes, sketch the curves with equatierfq x) and y=1f "~ 1
( x) , giving the coordinates of all points where the graphs cut the axes.

[E]

Solution:

@f:x— e +k

Asx— — o ,f(x) - 0+k=k

i f(x)

e Y

Range of i) isf (x) >k
of(Ink) =dK+k=k+k=2k

() Lety =X+ k

PhysicsAndMathsTutor.com
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y—k=¢
In (y—-k) =x
Hencef 1:x—In (x-k) ,x>k
(d) f(xx)
; f=1(x)
| <k
i x
A,

© Pearson Education Ltd 2C
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Exercise C, Question 10

Question:

The function f is given by
f:x>In(4-2) {xelh, x<2{

() Find an expression forfl ( x) .

(b) Sketch the curve with equatigr= f — 1 (x) , showing the coordinates of
points where the curve meets the axes.

(o) State the range of 1 (x) .
The function g is given by

g:x— e {xe r{

(d) Find the value of gf(0.5).

[E]

Solution:

f(x) =In(4-X) {xeh, x<2{

@@ Lety=1In (4 — 2x) and change the subject of the formula.
e=4- X

2x=4 - ¢

PhysicsAndMathsTutor.com
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(b) I
_____________________________________________ =i
3
2 \ _
Ind i
y = f(x)
-1 4a-1_ 3
x=0 = f (x) =5 =3

y=0 = _T:O = &=4 = x=In4
X— ©0,yYy— — ©
4-0

X— — o,y — T—Z

©Rangeof f 1(x) isf~1(x) <2

@gf (0.E) =g[In (4-2x0E)] =g(In3) =€N3=3

© Pearson Education Ltd 2C
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Exercise C, Question 11
Question:

The function f§) is defined by
f(x) = 3G - 4x% - 5X + 2

@ Show that k + 1) is a factor of ).

(b) Factorise %) completely.

(c) Solve, giving your answers to 2 decimal places, the equation
3[IN(2x) 1 3-4[In(2x)]2-5In(X) +2=0 x>0
[E]

Solution:

f(x) = 3G - 4x% - 5X + 2

@f(-1) =3x (-1)%-4x (-1)?-5x (-1)

+2=-3-4+5+2=0
Asf( —-1) =0then &+ 1) is afactor.

OFf (X) =3 - 4x% - 5x + 2
f(x) = (x+1) (¢-7x+2) (byinspection)
f(x) = (x+1) (Xx-1) (x-2)

©If3[IN(2x) ] 3-4[In(2x)]2-5[In(2x)] +2=0

> [In(2x) +1] [3In(2x) -1] [In(2x) -2] =0

1
= In(2)=-1,3,2

1

> Xx=e 1e3 &

1 1 11
> x= e 1 Jes ;€
= x=0.18, 0.70, 3.69

© Pearson Education Ltd 2C
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Exercise A, Question 1

Question:

Show that each of these equationsd{)( = 0 has a root in the given interval(s):
@X-Xx+5=0 —-2<x< -1

M3 +x2-x3=0 1<x<2.

©X¥ - Yx-10=0 3<x<4.

@3- +-2=0 -05<x< -02andl«<2.

©X-5x-10=0 -2<x< -18, —1.8<x< —land2<x<3.

dsinx—-Inx=0 2.2<x<2.3
@€ -Inx-5=0 1.65<x<1.75.

m3A[x-cosx=0 0.E<x<O0.E
Solution:

(@) Letf (x) =x3-x+5

f(-2) =(-2)%-(-2) +5=-8+2+5= -1

f(-1) =(-1)%-(-1) +5=-1+1+5=5

f(—-2) <0andf( —1) >0 sothereis a change of sign.
=  There is aroot betwear= — 2 andx = - 1.

b Letf(x) =3+x2-x3

f(1) =3+ (1)2-(1)3%=3+1-1=3

f(2) =3+ (2)%2-(2)%=3+4-8=-1

f(1) >0andf(2) <0 sothereis achange of sign.
=  There is a root betweerr 1 andx = 2.

©Letf(x) =x%2- Vx-10
f(3) =3%-V3-10= -2.73
f(4) =42-V4-10=4

PhysicsAndMathsTutor.com
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f(3) <0andf (4) >0so there is a change of si
=  There is a root betweetr 3 andx = 4.

3

1
@dLetf(x) =x°- -2

(1] f( -05) = (-05)3- —0z-2= -0.125

1
f(-02) =(-02)3- —53-2=2992

f(-05) <Oandf( —0.2) >0 sothere is a change of sign.
=  There is aroot betwear= — 0.5 andk= - 0.2.

[2 (1) = (1)3-T-2=-2

f(2) = (2)3- ;-2=55

f(1) <Oandf(2) >0 sothereis achange of sign.
=  There is a root betweerr 1 andx = 2.

e)Letf (x) =x° - 5¢ - 10

[1] f( -2) = (-2)°-5(-2)3%-10= -2

f(-18) = (-18)°>-5( -1.8)3-10=0.26432

f(-2) <0andf( —-1.8) >0 so thereis a change of sign.
=  There is a root betweer= — 2 andx = - 1.8.

[2] f( —1.8) =0.26432

f(-1) =(-1)°-5(-1)3%-10= -6

f(-1.8) >0andf( —1) <0 sothereis a change of sign.
=  There is aroot betwear= — 1.8 andk = — 1.

[3] f(2) = (2)°-5(2)3-10= -18

f(3) =(3)°-5(3)3-10=098

f(2) <Oandf(3) >0 sothereis achange of sign.
=  There is a root betweer= 2 andx = 3.

M Letf(x) =sinx-Inx

f(2.2) =sin2.2-1n2.2=0.0200

f(23) - 0.0872

f(2.2) >0andf (2.2) <0so thereis a change of si
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=  There is a root betweerr 2.2 andx = 2.3.

@Letf(x) =€ -Inx-5
f(1.65) =e%-In1.65-5= -0.294

f(1.75) =€-°-In1.75-5=0.195
f(165) <0andf(1.75) > 0 so there is a change of sign.

= There is a root betweetr 1.65 and x= 1.75.

mLetf(x) =3\x- cosx
f(0.5) =3[0.5-cos0.5= - 0.0839

f(0.6) =3[0.6 - cos0.6 =0.0181
f(0.5) <0andf(0.6) >0 so there is a change of sign.

=  There is a root betweerr 0.5 andx = 0.6.

© Pearson Education Ltd 2C
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Exercise A, Question 2

Question:

Giventhatf (x) =x3 - 5x%+ 2, show that the equation k() = 0 has a root
near tox = 5.

Solution:

Letf(x) =x3-5x2+2

f(49) = (49)3-5(49)2+2= -0.401

f(50) =2

f(49) <Oandf(5) >0 so there is a change of sign.
=  There is a root betweearr 4.9 andx = 5.

© Pearson Education Ltd 2C
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Exercise A, Question 3

Question:

Giventhat f (x) =3 - 5x + x5, show that the equation () = 0 has a root
X = a, wherea lies in the interval < a < 2.

Solution:

Letf(x) =3-5+x

f(1) =3-5(1) + (1)3= -1

f(2) =3-5(2) + (2)3=1

f(1) <Oandf(2) >0 sothereis achange of sign.
=  There is a root betweer 1 andx = 2.

Soifthe root ix = a, thenl <a < 2.

© Pearson Education Ltd 2C
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Exercise A, Question 4

Question:

Given that f (x) = €*sinx— 1, show that the equation &() = 0 has a root
x = r, wherer lies in the interva0.c <r < 0.€.

Solution:

f(x) =€&sinx—-1

f(05) =é5sin05-1= -0.210

f(0.6) =&6sin0.6 -1=0.0288

f(0.5) <0andf(0.6) >0 so there is a change of sign.
=  There is a root betweer= 0.5 andx = 0.6.

Soifthe root ix =r, then0.E <r <0.€.

© Pearson Education Ltd 2C
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Exercise A, Question 5

Question:
Itis giventhatf (x) = X3 — 7x + 5.

(a) Copy and complete the table below.

X -3 o
fix)

()

—1 0 |

-]
T

(b) Given that the negative root of the equab'{éﬁ- 7x+ 5 =0 lies between anda + 1,
wherea is an integer, write down the valueo.

Solution:
(a)

X —3 -2 -1 0 | 2 3
fix) | -1 L L1 3 —1 —1 11

mf( -3) <Oandf( —2) >0 sothere is a change of sign.
= There is a root betweet= — 3 andx = - 2.
Soa= -3.(Note. aa +1= - 2).

© Pearson Education Ltd 2C
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Exercise A, Question 6

Question:

1
1 3
2, 0 < x < ~—r show that

Giventhatf (x) =x- (sinx+ cosx) 2

the equation f k) =0 has a root lying betwee’i‘\ a%d

Solution:
1
f(x) =x- (sinx+cosx) 2
T T T T l
f(g):g— (sing+cosg)z:—0.122
T T T T l
f(;):g— (sin;+cosg)z =0.571
f [z ) <Oandf(£\ > 0 so there is a change of sign
L3 ) L2 ) g gn.

. T T
=  There is a root betweer= gandx: 5.

© Pearson Education Ltd 2C
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Exercise A, Question 7

Question:
(a) Using the same axes, sketch the graplysoé ~ * andy = X2,
(b) Explain why the equation X = x2 has only one root.

(c) Show that the equatice = * = x2 has a root betweex = 0.7C andx = 0.71,
Solution:

(@) Vi

0

(b) The curves meet where & = x2

The curves meet at one point, so there is one valuéhatt satisfies the equati
e X=x2

So e X = x2 has one root.

©Letf(x) =e X-x2

f(0.70) =e” 970-0.7¢% = 0.00659

f(0.71) =e 971-0722= -0.0125
f(0.70) >0andf(0.71) <0 so there is a change of sign.

= There is a root betweer 0.70 and x= 0.71.

© Pearson Education Ltd 2C
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Exercise A, Question 8

Question:
(a) On the same axes, sketch the graphs=ofn x andy = & - 4.
(b) Write down the number of roots of the equation ne* — 4.

(c) Show that the equaticdn x = € - 4 has a root in the interval (1.4, 1

Solution:

@ VA

o1 |

}':37

(b) The curves meet at two points, so there are two valuethat satisfy the
equation Inx = & - 4,
So Inx = € - 4 has two roots.

Letf(x) =Inx—-¢e+4

f(14) =In14-é%+4=0.281

f(15) =In15-&°>+4=-0.0762

f(1.4) >0andf(1.5) <0 so there is a change of sign.
=  There is a root betweerr 1.4 andx = 1.5.

© Pearson Education Ltd 2C
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Exercise A, Question 9

Question:

2

(@) On the same axes, sketch the graphs=of\ x andy = %

: : : 2
(b) Using your sketch, write down the number of roots of the equatiarr <

© Giventhatf (x) = Vx-— Xg show that f k) = 0 has a roat, where r
lies betweernx = 1 andx = 2.

(d) Show that the equatioN x = szay be written in the formP = g, wherep

andq are integers to be found.

2
X

(e) Hence write down the exact value of the root of the equa%ioxn— =0.

Solution:
(a)

(b) The curves meet at one point, so there is one valx that satisfies th

PhysicsAndMathsTutor.com
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2

equationV x= 7.

2
So v x=  hasone root.

©f(x) :\/x—xE

f(1) =V1—§=—1
2

f(2) =v2- 73 =0414

f(l) <Oandf(2) >0 sothereis achange of sign.

= There is a root betweetrr 1 andx = 2.

2
<
X
1
X |IN

SH

x
LN

=
X
=X
I

P
Njw NI N
+

x
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Exercise A, Question 10

Question:

(@) On the same axes, sketch the graphs:ofxlandy =x+3.
(b) Write down the number of roots of the equatl):-(lLon X €3.

(c) Show that the positive root of the equat';(lon x £ 3 lies in the interval (0.3
0.31).

(d) Show that the equatioin ¥+ 3 may be written in the for® + 3x — 1 = 0.

(e) Use the quadratic formula to find the positive root of the equation
x2 + 3x — 1 = 0to 3 decimal place

Solution:
(a)

(b) The line meets the curve at two points, so there are two valudbatfsatisf

1
the equatiorp, =+ 3.
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1
So, =x+ 3 hastwo roots.

1
cLetf(x) = -x-3

1
f(0.30) =735 - (0.30) -3=0.0333

1
f(031) =35 - (0.31) -3= -0.0842

f(0.30) >0andf(0.31) <0 so there is a change of sign.
=  There is a root betweer 0.30 and x= 0.31.

1
3 =x+3

1

T XX=EXXX+3 XX ( xXX)

1 =x%+ 3x
Sox2+3x-1=0

_ -b+\(b?-4dac .
(e) Using x= 2 witha=1,b=3,c= -1
- (3) £\ (3)2-4(1) (-1) -3xVo+4 -3:\i3
= 2(1) = 2 = 2
-3+\{13
Sox= 22 - 303
-3-{13
andx = 21_ = —-3.303

The positive root is 0.303 to 3 decimal pla
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Exercise B, Question 1

Question:
Show that — 6x + 2 = 0 can be written in the form:

X2 + 2
6

(b)x:\|6x— 2

2
()X=6 — M

() X=

Solution:

@X -6x+2=0
6x=x2+2 Add 6<to each side

X2 + 2 . .
X= "¢ Divide each side by 6

D)X —6X+2=0
x2+2=6x Add 6«to each side

x2=6x—2 Subtract 2 from each side
X = \|6x — 2  Take the square root of each side

(c)X2— ex+2=0
x2+2 =6 Add 6to each side

x2=6x-2 Subtract 2 from each side

2

2 e

2 -
~ = % — % Divide each term by

2 : :
x=6-  Simplify

© Pearson Education Ltd 2C
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Exercise B, Question 2

Question:

Show that X + 52 — 2 = 0 can be written in the form:
() X= 3\|2 — 5¢

(b) X = % -5

2-x3

©x=\ "%

Solution:

@X+5¢-2=0

x3+5¢ =2 Add 2 to each side

x3=2-5¥%  Subtract 5% from each side

X = 3\| 2 —-5¥¢  Take the cube root of each side

(b) X¥+5¢-2=0
x3+5x2 =2 Add 2 to each side
x3=2-5¢ Subtract 5% from each side

X_2_ %
2= 57 e Divide each term by

x

x= = -5  Simplify

X2
(c)x3+5x2—2:O

x3+5¢ =2 Add 2 to each side

5x2 =2 -x3  Subtract X from each side

5  2-X . .
x== —7  Divide each side by 5

X3
x=\ —5  Take the square root of each side

© Pearson Education Ltd 2C
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Exercise B, Question 3

Question:

Rearrange<3 — 3x + 4 = 0 into the fornx = § + a, where the value @is to
be found

Solution:

x3-3x+4=0

3x=x3+4 Add Xto each side

w
X
w |,

4
+ 3 Divide each term by 3

© Pearson Education Ltd 2C
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Exercise B, Question 4

Question:

Rearrange - 3x3 - 6 = 0 into the formx = [ px? — 2, where the value qfis
to be founc

Solution:
x*-33-6=0
I =x*-6 Add 3 to each side

»®_ A s

3 = 3 — 3 Divide each term by 3

5 X .y
x*= 73 =2 Simplify

3 X .
X=\73 -2 Take the cube root of each side
1

Sop= 3

© Pearson Education Ltd 2C
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Exercise B, Question 5

Question:

@) Show that the equatioﬁ — %2 + 7 = 0 can be written in the form= 3\(x% - 7.

(b) Use the iteration formula x,, ; | = x,,? -7, starting with x, = 1, to find x, to 1 decimal place.

Solution:

@x = x> +7=0

x3+7=x2 Addx?to each side

x3=x2-7 Subtract 7 from each side

X = 3\| 2 -7  Take the cube root of each side

() Xy =1
x =3\ (1) 2-7=-1.817
L 817...

X, =3\ ( -1.817..)%2-7= - 1.546...
Sox, = =15(1d.p.)
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Exercise B, Question 6

Question:

(a) Show that the equatiorf + 3x% — 5 = 0 can be written in the form=\[
5
X+ 3’

. . _ ,‘ 5 . . B .
(b) Use the iteration formulg1 17 e starting Wlth><0 =1, to fmdx4 to 3
decimal place

Solution:
@X +3x2-5=0

x2(x+3) -5=0 Factorise&
x2(x+3) =5 Add5 to each side

2

x>= ——  Divide each side by X+ 3)
x=\ 773 Take the square root of each side
)Xy =1
5
X1 =\ 1) +3 = 1.118...
— 5 —

%=\ (111s.) +3- 1.101...

5
X3 =\ TT101.) +3- 1.104...

5
X4 =\ TT104.) +3- 1.103768...

Sox, =1.104 (3 d.p.)
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Exercise B, Question 7

Question:

(a) Show that the equatioq‘? — 5x + 3 = 0 has a root betweer= 1 andx = 1.5.

(b) Use the iteration formulg1 1= 5\‘5 - Xito find an approximation for the
n

root of the equatiox6 — 5x + 3 =0, giving your answer to 2 decimal plac

Solution:

@Letf(x) =x®-5x+3

f(1) = (1)%-5(1) +3=-1

f(15) = (15)%-5(15) +3=6.89

f(1) <Oandf(1.5) >0 sothereis a change of sign.
=  There is a root betweer= 1 andx = 1.5.

() Xg = 1
_5 3 _

X, = 5- 7 =1148..
Similarly,

Xy = 1.190...

X3 = 1.199...

Xq = 1.200...

Xg = 1.201...

So the root is 1.20 (2 d.
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Exercise B, Question 8

Question:

(a) Rearrange the equatitx% - 6x+ 1 =0 into the fornx=p - Xl wherep is a

constant to be found.

: : : : 1.
(b) Starting withx, = 3, use the iteration formulq, , ; = p — X—Wlth your value
n

of p, to find X; to 2 decimal places.

Solution:

(a)x2—6x+1:O
x2+1=6x Add 6to each side

x2=6x—-1 Subtract 1 from each side

6x
X

> |><|\)

1 .
- Divide each term by

1 : :
x=6-  Simplify

Sop=6

()X = 3

X, =6~ S = 5.666...

X, =6~ Toss. = 5-823...
X3 =6~ To3. = 5.828...

Sox;=5.83(2d.p.)
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Exercise B, Question 9

Question:

(&) Show that the equatioff — x2 + 8 = 0 has a root in the interval ( - 2,
~1) .

(b) Use a suitable iteration formula to find an approximation to 2 decimal places
for the negative root of the equatix® - x2 + 8 = 0.

Solution:

(@) Letf (x) =x3-x2+8

f(-2) =(-2)3-(-2)2+8=-8-4+8= -1

f(-1) =(-1)3-(-1)%2+8=-1-1+8=6

f(—-2) <0andf( —1) >0 sothereis a change of sign.
=  There is aroot betwear= — 2 andx = - 1.

X2 —x2+8=0

x3+8=x2 Addx?to each side

x3=x2-8 Subtract 8 from each side

X = 3\| x2 -8  Take the cube root of each side

Using x , ;= \lx(mmsp;r2 — 8 and any value fox,, the rootis - 1.72 (2 d.p.).
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Exercise B, Question 10

Question:

(&) Show thai’ — 5x% — 20 = 0 has a root in the interval (1.6, 1.7).

(b) Use a suitable iteration formula to find an approximation to 3 decimal places
for the root oix” — 5x% — 20 = 0 in the interval (1.6, 1.7

Solution:

@Letf(x) =x’-5x%-20

f(16) = (1.6)'-5(16)2-20= -5.96

f(1.7) = (1.7)"-5(1.7)2-20=6.58

f(1.6) <Oandf(1.7) >0 so there is a change of sign.
=  There is a root betweer 1.6 andx = 1.7.

(lo)x7 - 5% -20=0

x/ - 20 =52 Add 5¢%to each side

x" =5x2 + 20 Add 20 to each side

X = 7\| 5x2 + 20 Take the seventh root of each side

_7

Soletx , = 5X&th|nsp .+ 20 andx, = 1.6, then
x, = 5 (1.6)2+20=1.6464...
Similarly,
X, = 1.6518...
x3 = 1.6524...

4 = 1.6525...
x5 = 1.6525...

So the root is 1.653 (3 d.
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Exercise C, Question 1

Question:

. . . ‘ b
(a) Rearrange the cubic equatlo%—x6x— 2 =0 into the form x *\la+ o State
the values of the constants a and b.

(b) Use the iterative formulanxr 1= *a + f—nwith X =2 and your values of aand b

to find the approximate positive solutiopof the equation, to an appropriate de
of accuracy. Show all your intermediate answers.

[E]
Solution:

(a) ¥ -6x-2=0
x3-2=6x Add 6xto each side
x3=6x+2 Add 2 to each side

2
= -+  Divide each term by x

2 _ 2 . .
X=6+ 7 Simplify

‘ 2
x=\6+ T  Take the square root of each side

Soa=6andb=2

()X = 2

2
x;=\6+ 5 = V7=264575...
X, =\ 6 + Soae7e. = 2.59921...
X3 =\ 6 + Soopr. = 2.60181...
X4 = Y6+ Z60181.. ~ 2.60167...

So x, = 2.602 (3 d.p.)
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Exercise C, Question 2

Question:

(a) By sketching the curves with equations 4 - X2 andy = €, show that the
equatioan + & - 4 = 0 has one negative root and one positive root.

1
(b) Use the iteration formulg1 L1= ~ (4 -¢€n) 2with Xg= —2t0 find in
turnx,, X,, X3 andx, and hence write down an approximation to the negative

root of the equation, giving your answer to 4 decimal places.
An attempt to evaluate the positive root of the equation is made using the
iteration formula

1
X +1= (4-¢€n) 2withx,=1.3.

(c) Describe the result of such an attempt.

[E]
Solution:
(a) Vi
4 } = g
1
0 X
y=4 - x°

The curves meet when< 0 andx > 0, so the equation‘e 4 — x2 has one
negative and one positive rc
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(Note that 8= 4 — x2 is the same a& + & - 4 = 0).

D)X= —2

X, = - (4-e"2) 2 = - 1.965875051

X, = — (4 - e~ 1965875054 2 = - 1.964679797
Xy = — (4 — e~ 1964679794 2 = - 1.064637175
X, = — (4 -7 1964637175 2 = - 1.964635654

Sox, = - 1.9646 (4 d.p.)

©) X% = 1.3

x, = (4-¢3) 2 = 0.575...

X, = (4 - €027 2 = 1.490...
X3 = (4 - el490-) 2 Nosolution

The value of 4 — &4%0--is negative.
You can not take the squareroot of a negative number.
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Exercise C, Question 3

Question:

(&) Show that the equatio? — 5x — 6 = 0 has a root in the interval (1, 2).

(b) Stating the values of the constaptg andr, use an iteration of the form
1

X = (px,+4q) ranappropriate number of times to calculate this root of the

n+1"-
equationx® - 5x - 6 = 0 correct to 3 decimal places. Show sufficient working to justify
your final answer.

[E]
Solution:

@Letf(x) =x°-5x-6

f(1) =(1)°>-5(1) -6=1-5-6= -10

f(2) =(2)°-5(2) -6=32-10-6=16

f(1l) <Oandf(2) >0 so thereis a change of sign.
=  There is a root betweerr 1 andx = 2.

O)X° -5x-6=0
x2 -6 =5 Add5xto each side

=5x+6 Add 6 to each side
1
x= (5x+6) 5 Take the fifth root of each side

Sop=5,g=6andr=5

Letx, =1 then
1
=[5(1) +6] 5 =1.6153...
1

= [5(1.6153...) +6]5 =1.6970...
X5 = 1.7068...
X, =1.7079...
x5 = 1.7080...

=1.7081...
x7 =1.7081...

So the root is 1.708 (3 d.
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Exercise C, Question 4

Question:
f(x) =5x-4sinx - 2, where Xs in radians.
(a) Evaluate, to 2 significant figures, f(1.1) and f(1.15).

(b) State why the equation () = 0 has a root in the interval (1.1, 1.15).
An iteration formula of the form x, , = psinx_ + qis applied to find an

approximation to the root of the equationX) = 0 in the interval (1.1, 1.15).

(c) Stating the values of p and g, use this iteration formula with k.1 to find x4 to
3 decimal places. Show the intermediate results in your working.

[E]
Solution:

@f(11l) =5(11) -4sin(1.1) —-2= -0.0648...
f(1.15) =5(1.15) -4sin(1.15) -2 =0.0989...

©0f(1l.1l) <Oandf(1.15) > 0 so there is a change of sign.
= There is a root betweerex1.1 and x= 1.15.

(c)5X—4sinx-2=0
5x—-2 =4sinx Add 4sinx to each side
5x=4sinx+ 2 Add 2 to each side

5x 4sinx

2 .
== "5 *t= Divide each term by 5

x=0.8sinx+ 0.4  Simplify

Sop=0.8and 0.4

Xp=11

X, =0.8sin(1.1) +0.4=1.112965888

X, =0.8sin (1.112965888 ) + 0.4 =1.117610848
X;=0.8sin (1.117610848 ) + 0.4 =1.11924557
X, =0.8sin (11.11924557 ) +0.4=1.119817195

So x, =1.120 (3d.p.)
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Exercise C, Question 5

Question:
f(x) =2secx+ 2x— 3, where xs in radians.

(a) Evaluate f(0.4) and f(0.5) and deduce the equatiox)f (= O has a solution
in the interval 0.4 «x < 0.5.

q
cosx ’

(b) Show that the equation () = 0 can be arranged in the forF p +

wherep andq are constants, and state the valup ahd the value dd.

q
1
COSX,,

and g found in part (b), calculate, x,, X5 andx,, giving your final answer to 4
decimal places.

(c) Using the iteration formulg, , ; =p + Xy = 0.4, with the values qd

[E]
Solution:

@f(04) =2sec(04) +2(0.4) -3 = -0.0286

f(05) =2sec(05) +2(0.5) -3=0.279

f(04) <Oandf(0.5) >0 so there is a change of sign.
=  There is a root betweer= 0.4 andx = 0.5.

b)2secx+2x—3=0
2secx+ 2x=3 Add 3to each side
2x=3 - 2sex Subtract 2 seg from each side

2X 2 secx

3 .
=5 Divide each term by 2

x=15-sex Simplify
Use seg =

x=15- COoSX COoSX

Sop=15andg= -1

© X% = 0.4

X, = 1.5~ 5o5o4) = 04142955716
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1
Xy = 1.5 = o5 (0.4142955716 )

1
X3 = 1.5 = 55 (0.4075815187)

= 0.4075815187

=0.4107728765

X4 = 1.5~ 55 (0.4107728765 )= 0-4092644032

Sox, = 0.4093 (4 d.p.)
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Exercise C, Question 6
Question:

1 3
3—2X’X¢ 2

f(X) EeO.8X_

(2) Show that the equation f() = 0 can be written as= 1.5 — 0.5~ 9-8X

(b) Use the iteration formulg, , ; = 1.5 — 0.5e~ %% with x, = 1.3 to obtain
Xq, X, andx,. Give the value of;, an approximation to a root of () =0, to
3 decimal places.

(c) Show that the equation () = 0 can be written in the form= pin
(3 - 2) , stating the value qd.

(d) Use the iteration formulg, , ; = pln (3 - 2,) withx;= - 2.6 and the
value of pfound in part (c) to obtair;, x, andx,. Give the value o%5, an
approximation to the second root of k() = 0, to 3 decimal places.

[E]
Solution:
1
(a) eO.8x_ 3 on — O
1
e98= ———  Add 3=, to each side
1

( 3-2x ) 08 = —— x ( 3-X ) Multiply each side by
(3-2)

(3-2)e%8=1  Simplify

3 _ 2 0.8x
( eoge = ei+8x Divide each side by®°*

3-2x=e~ 98  gimplify (remembelé =g 9

3=e~ 084 2  Add X to each side
2x =3 -¢e 98  gyptracke ~ %8%from each sic
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e~ 0.&

3 .
Pl Divide each term by 2

2x
2

x=1.5-0.5e 9-8  Simplify

(b) Xy = 1.3
x, = 1.5 - 0.5e” 08 (13) =1 .323272659
x, = 1.5 — 0.5¢~ 08 (1.323272659) = 1 32653255

X, = 1.5 — 0.5¢~ 0-8 (1.32653255) = 1 326984349
Sox, = 1.327 (3 d.p.)

1
(C) e0.8X_ — :O

1 .
3 - o Add 3¢ 1O each side

0.8x =1In (L) Taking logs
AT \ 3-2x ) glog

e0-8X =

0.8= —1In (3-2)  Simplify using In (%) = —nc

0.8 In (3-2x) L. .

o8 =~ o0s _ Divide each side by 0.8

x= -1.25In (3-%)  Simplify ( =125 }

Sop= -1.25

Xy = ~ 2.6

;= =-125In[3-2(-26) ] = -2.630167693

X,= =125 1In [3-2( -2.630167693) ] = -2.639331488
Xg= =125 1In [3-2( -2.639331488) ] = -2.642101849

Sox,= —2.642(3d.p.)
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Exercise C, Question 7

Question:

1
(2) Use the iteratiom , ; = (3x,+3) EwithxO = 2 to find, to 3 significant
figures,x,.

The only real root of the equatiaf — 3x — 3 = 0 isa. It is given that, to 3
significant figuresg = x,,.

(b) Use the substitution= 3* to express 29- 3¥* 1 -3 = 0 as a cubic
equation.

(c) Hence, or otherwise, find an approximate solution to the equation
27% - 3¥*1_3 =0, giving your answer to 2 significant figures.

[E]

Solution:

(@)% = 2

1
3

2.080083823

X, = [3(2) +3]
1

X,= [3(2.080083823) +3]s = 2.098430533
1

X;= [3(2.098430533) +3]s =2.102588765

1
x, = [3(2.102588765) + 3]s =2.103528934
Sox, =2.10 (3s.f.)

27 -3¥*1-3=0
(33) X-3(3) -3=0
3X-3 () -3=0
(3¥)3-3(3) -3=0
Lety = 3¥
theny® -3y -3=0

(c) The root of the equatioﬁ —3y—-3=0isx,
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soy =2.1((3 s.f.

buty = 3%

s0 ¥ =2.10

In3X=1n2.10 Take logs of each side

xIn3=1In2.10 Simplify using Ira” = blna
xIn 3 _ In2.10

Divide each side by In 3

N3 = In3

In 2.10 o
X= "3 Simplify
x = 0.6753...

Sox =0.6¢& (2 s.f.
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Exercise C, Question 8

Question:

The equationx® = 2 has a solution near= 15.

1
(@) Use the iteration formul>9n L1=2 x, With Xy=1.5t0 find the approximate solution
Xz of the equation. Show the intermediate iteratiortsgive your final answer to 4
decimal places.

(b) Use the iteration formulxh + 1= 2X, (1=%) with Xp=15t0 findxl, Xy Xgy Xg:
Comment briefly on this sequence.

[E]
Solution:
@)Xy = 15

1

X, = 215 = 1587401052

1

Xy = 2 1.587401052= 1.54752265

1
X3 = 2 1.54752265= 1.565034105

1

Xq = 2 1.565034105= 1.557210213

1
X = 2 1.557210213= 1.560679241
Sox; = 1.5607 (4 d.p.)

(b)Xg = 1.5

x,=2x (15)17 (15) =1632993162

X, =2 x (1.632993162 )t ~ (1.632993162) = 1 466264596
X =2 % (1.466264596 ) ~ (1.466264596) = 1 673135301

X, =2 x (1.673135301 )t ~ (1.673135301) = 1 414371012
Thesequence,, X, X,, X3, X,gets further from the root. It is a divergent
sequenct
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Exercise C, Question 9

Question:

(2) Show that the equatiort 2 X = 4x + 1 can be arranged in the fosns % ( 2 X )

+ g, stating the value of the constant

( )

(b) Using the iteration formul&1 +1= % L 2" %n ) + g with Xy =0.2 and the value ¢
g found in part (a), fin&k, , X,, X;andx,. Give the value o%,, to 4 decimal places.

[E]

Solution:

@21 " X=4x+1
4x=21"%X-1  Subtract 1 from each side
4x=2(2"%) -1 Use®*tb=2ax2Pand 2=2

) - i Divide each term by 4

X = %(2* j - 7 Simplify

Sog= - %

(b)Xg = 0.2

=73 2702 | - ;=0.1852752816
_ 1 ( 5-01852752816) _ 1 _

X% 5 | 2 )~ 7 =0.1897406227
_ 1 ,-01897406227) _ 1 _

X% 5 | 2 )~ 2 =0.1883816687
_ 1/( ,-01883816687) _ 1 _

X% 5 | 2 ~ 5 =0.1887947991

Sox, = 0.1888 (4 d.p.)
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Exercise C, Question 10

Question:
The curve with equatiop=In ( 3x) crosses thg-axis at the point P (D).

(a) Sketch the graph gf=In ( 3x) , showing the exact value pf
The normal to the curve at the point Q, withoordinateg, passes through the
origin.

(b) Show that = g is a solution of the equatior'f +1In3x=0.

2
(c) Show that the equation in part (b) can be rearranged in the<fgrn§e X

. . 1 _ 2 1 .
d) Use the iteration formu|>&11 L1= € X&thinsp:n , with = 3,0 find

3 3
X1, X5, Xgandx,. Hence write down, to 3 decimal places, an approximation
forg.
[E]

Solution:
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(a) V& ¥ = «Eﬂ ?}"l.
¢ L, 0) g
5
1
Sop= 3
d 1
OO HIn3Xx=

1
So the gradient of the tangent at q;is

The gradient of the normal is ¢g-(because the product of the gradients of
perpendicular lines is - 1).

The equation of the line with gradientgthat passes through (0, 0) is
y—ylzm(x—xl)

y-0=-q(x-0)

y= —0X
@ The line y= — gx meets the curve= In 3x when
In3x = — gx

We know they meet at Q.

So, substitute = ginto In X = - gx:
In3g=-q(q)

In3g= - g2

g°+In3g=0 Addg?®to each side

This is ¥ + In 3x = 0 withx = g

Sox = qis a solution of the equati(x2 +In3x=0
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©xX+IN3x=0

In3x= —x2 Subtract % from each side

2
3x=e~ X Uselna=b = a=¢€°

1 _ 2
x= e % Divide each term by 3

) =0.2982797723
1 2

x,= ze (02982797723 )" = 0.3049574223
1 2

xg= ze~ (03049574223 )" = 03037314616

1 2
= e~ (0.3037314616 )~ = 3039581993
Sox, = 0.304 (3 d.p.)
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Exercise C, Question 11

Question:

(a) Copy this sketch of the curve with equation e ~ * — 1. On the same axes

sketch the graph of = % (x—l ) ,forx > 1,andy= - % (x—l ) :

for x < 1. Show the coordinates of the points where the graph meets the axes.

Vi

=¥

0

Thex-coordinate of the point of intersection of the graphs is

(b) Show thai = a is a root of the equation+ 2e ~* - 3 = 0.

(c) Show that — 1 <« <0.

- In [%(3—X ) }isusedtosolvethe

The iterative formul N

n+1-
equationx + 2e X -3 = 0.

(d) Starting Withx0 = -1, find the values ofl andxz.

(e) Show that, to 2 decimal places= — 0.58.

[E]
Solution:
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Vi

“ Y

0 (1, 0)
y=e%=]

(@)

1
® Substitutex = 0 intoy = 3 } x—1 I
_ 1 | _ 1
y=72 1| =2
cove L1y q | catl 0 1)

y= 3 | Xx—1 | meetsth@f-amsat\ 0,2}

1
@ Substitutey = 0 intoy = 5 I x—1 i
EIx—l| =0
2 | |
x=1

1
Soy= 3 I x—1 | meets the-axis at (1, 0)

N -

( )
\1_)(/

(b) The equation of the branch of the curvexXaer 1 isy =

This line meets the curwe= e ~ * - 1 when

% (1—x ) —e X-1

(1-x) =2(e™*-1) Multiply each side by 2
1-x=2e " *-2 Simplify

-x=2e~*-3 Subtract 1 from each side
0=x+2e *-3 Addxto each side

or x+2e *-3=0
The line meets the curve wher a, sox = «a is a root of the equation

X+2 X-3=0
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clLetf(x) =x+2e"*-3

f(-1) =(-1) +2e~ (1) -3=144

f(0) =(0) +2e (0) —3= -1

f(-1) >0andf(0) <0 sothereis a change of sign.
=  There is a root betweer= — 1 andx =0,

lL.e. —1<a<0

@%= -1
( w

X, = = In <L > [ 3- ( —1) } J% = - 0.6931471806
( 1

X, = = In {L g [ 3 - ( - 0.6931471806) } JF = -0.6133318084

( w

€)X = — In %[ % [ 3 - ( - 0.6133318084) } j = —0.5914831048
( 1

Xg= ~ In <L % [ 3 - ( - 0.5914831048) } JF = —0.5854180577
bir L Vo

X = = In {L > ] 3 - L - 0.5854180577) ] JF = —0.5837278997
bir L Vo

Xg = In A > ] 3 - L - 0.5837278997) ] JF = - 0.5832563908

\
Soa = - 0.5¢ (2 d.p.

© Pearson Education Ltd 2C
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Exercise A, Question 1

Question:

Sketch the graph of each of the following. In each case, write down the
coordinates of any points at which the graph meets the coordinate axes.

@y= |x-1|
Y= | 2%+3 |
I O S
©y= | 2X 5|
@y= |7-x]|

@Y= |X2-7x-8 |

ny= |x°-9 |
@y= |x+1 |
_ ] 12
hy= | 7|
Ohy= - |x|
Ohy= - [3x-1]
Solution:
€)

PhysicsAndMathsTutor.com
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Vi y A
0, 1)
1,0 % 1. 0 x
(n,—l}/[ ) (1, 0)
y=x—1 y=|x-1]
Fory= |x-1]:
Whenx=0,y= | -1 | =1 (0,1)
Wheny=0,x-1=0 = x=1 (1,0)
(b)
Vi Vi
{0.:3) (0, 3)
f—l%,m/
X (—l%*ﬂ} X
_}122_1:4-3 _:L’: |2]||'+3|
Fory= | 2+3 | :
Whenx=0,y= |3 | =3 (0,
1
Wheny=0,%+3=0 = x= - (—15,0)

(c)
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Vi Y i
(10, UL// (0, 5) \/
0, -5 L—" x (10,00 X
_ _ 1
‘F_E X— 3 y = |E.x—5|
y = | >X =D |
Whenx=0,y= | -5 | =5 (0,5)
1
Wheny=0,5x-5=0 = x=10 (10,0}
(d)
L L
0, 7) (0, 7)
7.0y -
X (7, 0) X
y=7-x y=|T-x|
Fory= |7-x]:
Whenx=0,y= |7 | =7 (0,7)
Wheny=0,7-x=0 = x=7 (7,0)

@©X-7x-8= (x+1) (x-8)
Wheny=0, (x+1) (x-8) =0 = x= -landx=8
Curve crossex-axisat( —1,0) and (8,0
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Vi Vi

(0, 8)
(-1, 0) (8, 0)

“ ¥
o)

=lL:ih) (8, 0)

x2—Tx — 8§ |

y=x2-Tx-28 y=
Fory= |x2-7x-8 | :
Whenx=0,y= | -8 | =8 (0,8)

HX°-9= (x+3) (x-3)
Wheny=0, (x+3) (x-3) =0 = x= -3andx=3
Curve crosseg-axisat ( —3,0) and (3, 0)

Vi

(=8, 0) 3.0 ¥ (3, 0) X

Fory= |x2-9 | :
Whenx=0,y= | -9 | =9 (0,9)

(@) The graph of = x® + 1 is found by translating = x3 by +1 parallel to thg-
axis
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i Vi
/ (0, 1) (0. 1)
(1, 0) x (-1, 0) x
y=x3+1 y=|x2+1]
Fory= |x®+1 | :
Whenx=0,y= |1 | =1 (0,1)
Wheny=0,x*+1=0 = x*= -1 = x=-1 (-1,0)
(h)
Ya Vi
x X
i L2 = |12
Y =73 = 1I%

No intersections with the axes (the axes are asymp

(i)
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_}*' L ‘1-‘ i
0. 0) X 0, 0) X
y=x y = |x|
Vi
(0, 0)
X
y=—|x|

Passes through the origin (0

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Page7 of 7

) ¥

0, 1)

o |

(0, -1)

{U'- _1}

Fory= - [ X-1]:

Whenx=0,y= - | -1 | = -1 (0, -1)
1 (1 )

Wheny=0,X%-1=0 = x= 3 k5,0)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 4

Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 2

Question:

Sketch the graph of each of the following. In each case, write down the
coordinates of any points at which the graph meets the coordinate axes.

@y= |cox | ,0 < x < 2
oy= |Inx | ,x>0

©y= |2-2|

@y= |100 - 1¢ |

ey= |tar2x | ,0<x<2x
Solution:
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(a)Jf 'y
m 3 3
(3.0 (35 0) ¥
¥ = Cos X
VA
T 3n =“L
{§~ 0) 3> 0)
y = |cos x|
(b)
Vi Vi
(1, 0) X (1, 0) 54
y=1nx y=|1n x|
(©)
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Vi Y i

0, 1)

/(1,0} % (1. 0) X
g (X

Fory= |2-2 ] :
Whenx=0,y= |X-2|=|-1| =1 (0,1)
Wheny=0,2-2=0 = 2*X=2 = x=1 (1,0)

(d)
Va Vi
(0, 99) (0, 99)
(2, 0) * 2,00 *
y =100 - 10" y = |100 - 107

Fory= |[100 - 164 | :
Whenx=0,y= |100-18 | = |99 | =99 (0, 99)
Wheny=0,100 - 18=0 = 10=100 = x=2 (2, 0)
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(e)_}‘u
y = tan 2x
&0 S0 / o) 5
Vi
\/ y = |l::111 2:~:|
(5. 0) (m . 0) (F. 0) !
Fory= |tanX | :
Whenx=0,y= |tan0| =0
Wheny =0, tanx =0
_aE 3 [z ) (3 )
= X—0,2,7l',2,271' kZ’O}’(ﬂ:’O)’kZ ,O}

© Pearson Education Ltd 2C
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Exercise B, Question 1

Question:

Sketch the following graph and write down the coordinates of any points at
which the graph meets the coordinate axes.
y=2[x| +1

Solution:

0, 1)

.“

i~
=Y
<

y=2x+1 y=2|x| +1

Fory=2|x| +1:

Whenx=0,y=1 (0,1)

Wheny=0,2|x| + 1=0
VN I

No values | x | cannot be negative

© Pearson Education Ltd 2C
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Exercise B, Question 2
Question:

Sketch the following graph and write down the coordinates of any points at which
the graph meets the coordinate axes.

y=|x|2-3| x| -4

Solution:
Vi VA
(4. 0) (—4, 0) (4. 0)
0 X x
(0, —4)
y=x?-3x-4 y=|x[2-3]x] -4
Fory:|x|2—3|X| -4
Whenx=0,y= -4 (0, —4)
Wheny=0, | x| 2-3|x| -4=0
= ([x]+1)(|x|]-4)=0
= | x| =

© Pearson Education Ltd 2C
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Exercise B, Question 3

Question:

Sketch the following graph and write down the coordinates of any points at which
the graph meets the coordinate axes.

y=sin|x|, -2t <x<2r
Solution:
VA
¥ = sin x
0 Qr, 0) X
Vi
y =sin | x|
(=2, 0) (-, 0) O Qr, 0) X

© Pearson Education Ltd 2C
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Exercise B, Question 4

Question:

Sketch the following graph and write down the coordinates of any points at which
the graph meets the coordinate axes.

y = 2| X |
Solution:

0,1
© b (0, 1)

)
-

Q
-y

© Pearson Education Ltd 2C
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Exercise C, Question 1

Question:

On the same diagram, sketch the graphs=of— 2x andy = I %x -2 I
Solve the equation —x2= I %x -2 I

Solution:

1
Intersection point A is on the reflected paryef 7x - 2.

1
(Ex—z) = - X
1 _
- oX+t2= - X
1
2X — oX= -2
3
Ex:—z
_ 4
X= =3

© Pearson Education Ltd 2C
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Exercise C, Question 2

Question:
On the same diagram, sketch the graphs=of | x | andy= | -4 -5 | .
Solve the equatio| x| = | —4x-5]| .
Solution:
Vi
y=|-4x-35]
y=|x]
ANB y=|x2-4|
0 _’%

Intersection point A is on the reflected paryof x.
-X= —4x-5

4x —X= -3

3X= -5

_ _ 2

X= "3

Intersection point B is on the reflected paryof x and also on the reflected p
ofy= —4x - 5.

-X= - (-4&-5)

- X=4x+5

- X—=4x=5

-5X=5

x= -1

© Pearson Education Ltd 2C
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Exercise C, Question 3

Question:

On the same diagram, sketch the graphs=oBx andy = | X2 — 4 | . Solve
the equatior3x = |x2—4 | .

Solution:

A y=|x2-4]|

:,.u:“

Intersection point A is on the reflected paryof x2 — 4.
3x= - (x¥-4)

X2 +3x-4=0

(x+4) (x-1) =0 (Xx= —4is not valid)
x=1

Intersection point B:

X=x2-4

0=x-3x-4

0= (x—-4) (x+1) (x= —1is not valid)
x=4

© Pearson Education Ltd 2C
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Exercise C, Question 4

Question:

On the same diagram, sketch the graphs=of | x| — landy= - | X | .
Solve theequatio| x| - 1= - |3x | .

Solution:

¥ = |r| -1

“ Y

O

Intersection point A:

XxX—1= -3
X+x=1
1

X= 7

Intersection point B is on the reflected part of both graphs.
- (x) -1= - (-%)

-X-1=3

-4x=1

© Pearson Education Ltd 2C
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Exercise C, Question 5
Question:

On the same diagram, sketch the graphsofy¢ + 2x— x2andy= | 5x-4 | .

Solve the equation 24 + 2xx“ = | 5x—4 | . (Answers to 2 d.p. where
appropriate

Solution:

y=24x+2x — x?

Intersection point A is on the reflected part of $x — 4.
— (5x—4) =24+ 2x- X2
— 5X+ 4 = 24 + 2x— X2

X2 —7x-20=0
7 +\49 + 80 iy : :
X= "5 (positive solution not valid)

x= —2.18(2d.p.)
Intersection point B:
5X — 4 = 24 + 2x— X°

X2+ 3x-28=0
(x+7) (x-4) =0 (x= =7 is not valid)
X=4

© Pearson Education Ltd 2C
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Exercise D, Question 1

Question:

Using combinations of transformations, sketch the graph of each of the
following:

@y=2x2 -4

b)y=3(x+1) 2
3
X

@y=  —2

3

@Y= 15

ey=5sin(x+30°) ,0 < x < 360°
1

hy= 5€+4

@y= [4]| + 1

hy =23 -3
Hy=3In(x—-2) ,x>2

Gy= |2e-3 |
Solution:
@y = X2
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Vi

0 X

y = 2x2. Vertical stretch, scale factor 2.

Vi

=¥

0

y = 2x2 - 4. Vertical translation o - 4.
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(b)Y = X

0 &

y=(x+1) 2 Horizontal translation ¢ — 1.

PhysicsAndMathsTutor.com
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|

[
Q
-y

y=3(x+1) 2 Vertical stretch, scale factor 3.

¥a
3
1 0 X

X | =

©y=
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3 .
y= - Vertical stretch, scale factor 3.
Vi
0 X
3 _ _
y = % — 2. Vertical translation of - 2.
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X |~

@y =

1 , ,
y = ;_,. Horizontal translation of +2.
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D
=Y

3 :
y = ;_,. Vertical stretch, scale factor 3.

YA

=¥

(e) Y = Sinx

VA

il
A 180~——"360 *

y=sin(x+ 3C° ) . Horizontal translation c — 3C°

PhysicsAndMathsTutor.com
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B2
0517 NG i

150 330

=Y

y=5sin (x+ 30 ° ) . Vertical stretch, scale factor 5.

Vi
5 2
2.5
0 150 330 X
_5 1
My =€
Y
|
____,_,_—'-'
9] X

1 _ 1
y = €. Vertical stretch, scale factgr

PhysicsAndMathsTutor.com
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¥

1
y = €+ 4. Vertical translation of + 4.

1
(Whenx =0,y = &’ + 4 =4.5).

Ja

4.5

@Yy = 4x

PhysicsAndMathsTutor.com
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Vi
0

y= |4x | . Forthe part below theaxis, reflect in thex-axis.
Va
0 X

y= |4x | + 1. Vertical translation o + 1.
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hy=x>

Y

y = 2x3. Vertical stretch, scale factor
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S
=Y

y = 233 - 3. Vertical translation of — 3.

Vi

i)y =Inx

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel3d of 16

y=In (x-2) . Horizontal translation of +2.

Vi

y=3In (x—2) . Vertical stretch, scale factor

PhysicsAndMathsTutor.com
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Fi

0 3 X
My =€
Vi
/
0 X

y = 2€X. Vertical stretch, scale factor
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y = 2& — 3. Vertical translation of — 3.

Vi

y= |2€X-3 | . For the part below thx-axis, reflect in the-axis

PhysicsAndMathsTutor.com
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Exercise E, Question 1

Question:

The diagram shows a sketch of the graph aff ( x) .
The curve passes through the ori@inthe point A ( — 2, —2) and the point
B(3, 4).

_J“ A
B(3, 4)

A(-2, -2)
Sketch the graph of:
@y=3f(x) +2

oy=f(x-2) -5

1
@y= Zf(x+1)

@y = —f(2x)
In each case, find the coordinates of the images of the |O, A and B

Solution:

@y = 3f ( x) . Vertical stretch, scale factor

PhysicsAndMathsTutor.com
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(3;:12)

=

(0, 0)

(-2, —6)
y =3f (x) + 2. Vertical translation of +2.

Vi
(3, 14)

/(ﬂ. 2)

.—-‘-"--F
Al

oy =f(x—-2) .Horizontal translation of +
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(ZaE
0, -2)

y=f(x—-2) - 5. Vertical translation of - 5.

L

Y

0 (5,-1) *

{U=1)

cy=f(x+1) .Horizontal translation ¢ — 1.
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(2, 4)

1
--'5"

1 1
y= Sf(x+ 1) . Vertical stretch, scale factgr

L

(2, 2)

(-1, 0)

0 \ X
(=3, 1)

1
@y ="f(2x) .Horizontal stretch, scale factgr
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Y |
(0, 0) N
:i,
(-1, =2)
y= —f(2x) . Reflection in the-axis.
(Vertical stretch, scale factor - 1).
ya
-1, 2)
0, 0) X

11
(15 —4)

© Pearson Education Ltd 2C
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Exercise E, Question 2

Question:

The diagram shows a sketch of the graph off ( x) . The curve has a
maximum at the point A( — 1, 4) and crosses the axes at the points B(0, 3)
andC( -2,0) .

.1" i

A(-1, 4)

B(0, 3)

8 |

/ C(=2, 0) 0

Sketch the graph of:
(@)y=3f(x-2)

by = %f (% )

©y= —-f(x) +4
@y= —-2f(x+1)

For each graph, find, where possible, the coordinates of the maximum or
minimum and the coordinates of the intersection points with the

Solution:

@y ="f(x—2) . Horizontal translation ¢ + 2.
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(1, 4)

(0, 0)

o

y=3f (x—2) . Vertical stretch, scale factor 3.

7T 1,12

(0, 0)

1r

1
by ="f ( X ) . Horizontal stretch, scale factor 2.
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{_2‘ 4) Vi

=Y

_ 1o (1) - 1
y= >f K 2X . Vertical stretch, scale factgr
i
(-2, 2)

I
(0. 13)

=Y

)y = —f(x) .Reflection in thex-axis. (Vertical stretch, scale faci — 1).
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:.
(_15 _4)
y= —-f(x) +4. Vertical translation of + 4.
Vi
0, 1)
-1, 0} X

@d@y=f(x+ 1) . Horizontal translation of — 1.

VA

\

(=2, 4)

o

(-3, 0)
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y=-2f(x+1)
Reflection in thex-axis, and vertical stretch, scale factor 2.

Va

=

(-3, -8)

© Pearson Education Ltd 2C
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Exercise E, Question 3

Question:

The diagram shows a sketch of the graph off ( x) . The linesx = 2 and
y = 0 (thex-axis) are asymptotes to the curve.

Vi

//

0 2

) |

Sketch the graph of:

@y=3f(x) -1

by=f(x+2) +4

@©y= —f(2x)

For each part, state the equations of the asymg
Solution:

@y = 3f ( x) . Vertical stretch, scale factor
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x=2

y=3f (x) — 1. Vertical translation of - 1.

¥

3

__________________________________

Asymptotesx = 2 ,
oy=f(x+2) .H

-
-2

X
y= -1

orizontal translation ¢ — 2.

PhysicsAndMathsTutor.com
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9, y = 0 3,

=

=
y=f(x+2) +4. Vertical translation of +4.

Y

=Y

O

x=0

Asymptotesx=0, y=4

1
©y="f(2x) . Horizontal stretch, scale factgr
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Y
_—l—"'-'-‘i/
y=0 X
x=1
y= —f(2x) . Reflection in the-axis.
Y i
r =1
i y=10
= & X

Asymptotesx =1, y=0

© Pearson Education Ltd 2C
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Exercise F, Question 1

Question:

(a) Using the same scales and the same axes, sketch the gnaphs|@x | and
y= |x—a| ,wherea> 0.

(b) Write down the coordinates of the points where the gragh=of| x —a | meets the
axes.

(c) Show that the point with coordinates (a+2a) lies on both graphs.

(d) Find the coordinates, in termsayfof a second point which lies on both graphs.

[E]
Solution:

@)

=T
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Va

y = |2x|

“ Y

o

() Fory= |x—-a | :
Whenx=0,y= | —a| =a (0,a)
Wheny=0,x-a=0 = x=a (a,0)

() Fory= |2x| :

Whenx= -a,y= | —2a| =2a

So ( —a,?2a) liesony= |2x] .

Fory= |x-a| :

Whenx= -a,y= | —a-a| = | —2a| =2a
So ( —a,?2a) liesony= |x—a | .

(d) The other intersection point is on the reflected paytok — a.

2x= - (x—a)
2x= —-Xx+a
3x=a
_a
X= 3
a | 2a | _ 2a
Whenx = 7,y = | 3] T 3
2
( % ?a ) lies on both graphs.

© Pearson Education Ltd 2C
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Exercise F, Question 2

Question:

() Sketch, on a single diagram, the graphg ofa® - x2andy = |x+a | ,
wherea is a constant ana > 1.

(b) Write down the coordinates of the points where the graphzaii2 - x2 cuts
the coordinate axes.

(c) Given that the two graphs interseckat 4, calculate the value af

[E]
Solution:

(@ Vi

(b) Fory = a2 — x%

Whenx=0,y=a%2 (0,a?)
Wheny = 0,a% - x4 = 0

> x=a

= X=zza (-a,0) andg 0)

(c) The graphs intersect on the non-reflected paytok + a.
2 _ 2 —

acs-x=x+a
Given thatx = 4:
a2-42=4+a
a2-a-20=0

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Page2 of 2

(a-5) (a+4) =0
Sincea>1,a=5
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Exercise F, Question 3

Question:
(a) On the same axes, sketch the graphso —xandy=2 |x+1 | .

(b) Hence, or otherwise, find the valuesxdbr which2 -x=2 |x+1 | .

[E]
Solution:

(b) Intersection point A:

2(x+1) =2-x

2X+2=2-X

3x=0

x=0

Intersection point B is on the reflected part of the modulus ¢
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-2(x+1) =2-x
-2X—-2=2-X
-Xx=4

Xx= -4

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 2

Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise F, Question 4

Question:

Functions f and g are defined by
fix—>4-x {xe R{
g:x—>3x2 { xe k{

(a) Find the range of g.

(b) Solve gf (x) =48.

(c) Sketch the graph gf= | f(x) | and hence find the values»ofor which
|[f(x) | =2.

[E]

Solution:
@9 (x) =3¢
Sincex? > Oforallxe Btherangeofgx) isg(x) > 0

by gf (x) =48

gf (x) =g(4-x) =3(4-x)?
3(4-x) 2=48

(4-x)2%2=16
Either4 - x=4o0r4 -x= -4
Sox=0o0rx=8

(c) Vi

When |f(x) | =2,x=2o0rx=6 (from symmetry of grapl
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[Or:
AtA: - (4-x) =2 = —-4+x=2 = Xx=6

AtB:4-x=2 = x=2]
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Exercise F, Question 5

Question:

The function fis defined by fx— |2x—-a | {x&€ £{ ,whereais a
positive constant.

(a) Sketch the graph gf=f ( x) , showing the coordinates of the points where
the graph cuts the axes.

(b) On a separate diagram, sketch the graph=of ( 2x) , showing the
coordinates of the points where the graph cuts the axes.

(c) Given that a solution of the equationX | = %x Isx = 4, find the two
possible values di.

[E]
Solution:

(@) VA

X

O (5, 0)

0, — a)
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Vi
(0, a)
A ENCN) *
Fory= |2-a| :
Whenx=0,y= | —a| =a (0,a)
Wheny=0,%-a=0 = x:% (%O

1
oYy =f(2x) . Horizontal stretch, scale factgr
yYa

y = (2x)

(0, a)

) |

Ol £, 0

1 | | 1
©f(x) = 3x: |2x—a | = X

1 1
Either (X-a) = 35x or — (X-a) = 3X

_ 1 _ 3
2X—a= >X = a= 37X

Giventhalx=4,a=6

PhysicsAndMathsTutor.com
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1 1 5
- (x-a) =3x = -—-X+a=3Xx = a= 3X

Giventhatx=4,a=10
Eithera=6o0ra=1C
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Exercise F, Question 6

Question:
(a) Sketch the graph gf= | x—2a | , where as a positive constant. Show t
coordinates of the points where the graph meets the axes.

(b) Using algebra solve, forin terms ofa, | X — 2a | = =X.

(c) On a separate diagram, sketch the graph-of - |x—-2a | , where as a
positive constant. Show the coordinates of the points where the graph cuts the
axes.

[E]
Solution:

(a) Vi

=¥

0 (2a, 0)

(0, —2a)
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Y9

(0, 2a)

=V

O (2a, 0)

Fory= |x—-2a| :
Whenx=0,y= | 22| =22 (0,2a)
Wheny=0,x-2a=0 = x=2a (2a,0)

o 2
(b) | X —2a | = 3X
: 1 1
Either (x-2a) = 3x or — (x—-2a) = 3X

1 1 2
X—2a= 3X = X- gx:2a = gx:Za = X=3a

_ 1 4 _ 3
- X+ 2a= X = 3x—2a = X= 3a

cy= — |x—2a | .Reflectionimx-axisofy= |x—-2a | .
Vi
0 (24, 0) X
(0, —2a)
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y=a — |x-—2a | . Vertical translation o + a.

Vi

N

U/{u, 0) \ (3a, 0) S

(0, —a)
Fory=a - |[x—-2a| :
Whenx=0,y=a - | —2a| =a-2a=-a (0, —a)
Wheny=0,a - |[x-2a| =0
|x-2a| =a
Eitherx—-2a=a = x=3a (3a,0)
or - (x—-2a) =a = -x+2a=a = x=a (a,0)

© Pearson Education Ltd 2C
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Exercise F, Question 7

Question:

(@) Sketch the graph gf= | 2x+a | ,a> 0, showing the coordinates of the
points where the graph meets the coordinate axes.

(b) On the same axes, sketch the grapi :efxl.

(c) Explain how your graphs show that there is only one solution of the equation
Xx|2x+a]| - 1=0.

d) Find, using algebra, the valuexdfior whichx | 2x+a | — 1=0.
[E]
Solution:
(a)(b) Vi
y=2x+a
(0, —2a)
0 &
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Fory= |2 +a| :
Whenx=0,y= |a| =a (0,a)

a

Wheny=0,X+a=0 = x=-75 (—

N o
o
N

(c) Intersection of graphs is given by
1
e | <

X
x|2x+a| =1
x|2x+a| - 1=0
There is only one intersection point, so only one solution.

(d) The intersection point is on the non-reflected part of the modulus graph, so
use (X +a) ratherthan — (2x a) .

x(2x+a) -1=0

2% +ax—-1=0

—at\a2+8

X= ",

As shown on the grapl,is positive, so
-a+ \Ia2 + 8

X= ",
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Exercise F, Question 8

Question:

The diagram shows part of the curve with equagient ( x) , where

f(x) =x2-7x+5INnx+8 x>0
The points A and B are the stationary points of the curve.

VA

(a) Using calculus and showing your working, find the coordinates of the points
A and B.

(b) Sketch the curve with equatign= — 3f (x—-2) .

(c) Find the coordinates of the stationary points of the curve with equation
y= —-3f(x-2) . State, without proof, which point is a maximum and which
point is a minimum.

[E]
Solution:

@f(x) =x2-7x+5Inx+8

o) 5

f \X} —2)(_7"' X

At stationary points, f( x) =0
5

2X—-7+ 7 =0

X
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2% - 7x+5=0
(2x-5) (x-1) =0
5
x=5,x=1
PointA:x=1,f(x) =1-7+5In1+8=2
Ais (1, 2)
25 35 5 5 13
Point B:x = 3 f(x) =3 -5 *5In; +8=5In; -7
(E 5 13)
S 2 Siny - % )
oy =f(x—-2) . Horizontal translation of +2.
Vi
0 / X
y= —-3f (x—2) . Reflection in thex-axis, and vertical stretch, scale factc
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(c) Using the transformations, poirX,(Y) becomes K+ 2, — 3Y)
(1,2) > (3, —-6) Minimum

(5 5 13 (9 39 5)
K2,5n2—4)—>\2, _15|n2)

4 Maximum
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Exercise A, Question 1

Question:

Without using your calculator, write down the sign of the following
trigonometric ratios:

(a) sec 300°
(b) cosec 190°
(c) cot 110°
(d) cot 200°

(e) Sec 95
Solution:

@) 300° is in the 4th quadrant
sec300 ° =

cos 300 °
In 4th quadrant cos is +ve, so sec 300° is +ve.

(b) 190° is in the 3rd quadrant

1
o —
cosec190 ° =750

In 3rd quadrant sin is —ve, so cosec 190° is —ve.

(c) 110° is in the 2nd quadrant

1
cot110 ° = 710

In the 2nd quadrant tan is —ve, so cot 110° is —ve.

(d) 200° is in the 3rd quadrant.
tan is +ve in the 3rd quadrant, so cot 200° is+ve.

(e) 95° is in the 2nd quadrant
cos is—ve in the 2nd quadrant, so sec 95-ve.

© Pearson Education Ltd 2C
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Exercise A, Question 2

Question:

Use your calculator to find, to 3 significant figures, the values of
(a) sec 100°

(b) cosec 260°

(c) cosec 280°

(d) cot 550°
4r
(e) cot 3

) sec2.4

11z

(g) COSEC;

(h) se(6®

Solution:

(@secl00° = = —-5.76

~c0s100 °

1
(b) cosec 260 =Sin260° - - 1.02

1
(c) cosec 280 =sin280° = -1.02

(d)cot550 ° = = 5.67

~ tan550 °

4z 1

(e)cot 3~ = = 0.577

T
tan —
3
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1
cos2.4

fsec2.4= = -1.36

11z 1
(@ cosec—, = = -3.24
11z
sSin ——
10

(hysec& = =1.04

cos&
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Exercise A, Question 3

Question:

Find the exact value (in surd form where appropriate) of the following:
(a) cosec 90°

(b) cot 135°

(c) sec 180°

(d) sec 240°

(e) cosec 300°

@mcot ( —45° )

(g) Sec 60°

(hycosec ( —210° )
(i) sec 225°

. A

() cot
11z

(k) SEC ¢

() cosec ( —37” )

Solution:
1 1 :
@cosec90 ° =5-—--< =7 =1 (referto graphy¥ sind)
., 1 _ 1 1
(0)COt135° =irass = Twanass - -1 - 1
1 1
(c)secl80° =150 =_; = —1 (referto graphyt cos))

(d) 240° is in 3rd quadra
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1 1 1
o —_— — o —_— —
sec240 T cos240° ~ —cos60° __1 = -2
T2
o _ 1 1 _ 1 _ i
(e)c0sec300 * =G 3507 = _gneo° - ) = 73
-3
2
o v 1 _ 1 1
(Mmcot ( —45° ) Ttan( -45°) — -tand5° 1= 1

1
o —_
(g) SeC 60 - cos 60 o -

N |-

(h) — 210 ° is in 2nd quadrant

1 1
cosec ( —210° ) =gy —z10°) " sn30° -

() 225° is in 3rd quadrant

1 1

$ec225 :003225° = - cos45°
=I—|=_ﬁ

Y

4o . .
() 3 is in 3rd quadrant

o _ 1 _ 1 _ 1 _ 13
cot 3 = - - V3 T 3

47 T
tan — + tan —
3 3
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o

cnsec=‘—£‘= T .t 1 -2
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Exercise A, Question 4

Question:

(@) Copy and complete the table, showing values (to 2 decimal places)éiiosec

selected values af

& [0} a0 45° ol 70 =0° 85 05
secd l 1.41 576 1147

g 1007 1107 | 1200 | 135 1500 | 1807 | 210¢
secd 292 —1.41 —1.15

(b) Copy and complete the table, showing values (to 2 decimal places) of/dosec

selected values of

Pagel of 2

g 07| 200 | 300 | 45 | 607 [ 807 | 907 | 1007 | 1207 | 135 | 1507 | 160" | 1709
cosectd 1.41 l 1.15 | 1.41

g 1907 | 2007 | 2107 | 225 | 240° 2700 | 3007 | 315 | 3307 | 340° | 3507 | 390
cosecd —1.15 —2

(c) Copy and complete the table, showing values (to 2 decimal places)ddbcot

selected values af

@ | 90| 60 |-45| 30 | -100 | 100 | 30" | 45 | 60’
cotd | 0 | -0.58 1.73 1 | 0.58
e 90" | 120" | 135 | 150" | 170" | 210° | 225° | 240" | 270°
coté@ —1 .58
Solution:
(@) Change se@ into ___~and use your calculator.
g o 300 | 45 | 60 70° | 80" | BF 95°
secd | | 1.15 [ 141] 2 292 [ 576 1147 | —11.47
¢ | 100° | 110° | 120° | 135 | 150° | 180° | 2108
secd | -5.76 | 292 | —2 | -1.41 | -1.15| -1 | -1.15
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1
(b) Change cosegto - and use your calculator.

g 100 | 20° 30 45 | 60" 807 00" | 1007 | 120°
cosecd | 5.76 | 2.92 2 1.41 | 1.15 1.02 1 1.02 1.15
& 135° | 150° [ 160° |[170° | 190° | 200° | 210° | 225° | 240°
cosec? | 1.41 |2 2.92 576 | =576 | =292 | -2 —-1.41 | —1.15
& 270° | 3000 | 315 | 3307 | 3400 | 3500 | 390°
cosecd | —1 —1.15 | —-1.41 | =2 —292 | =576 |2
1
(c) Change cofl to ;- and use your calculator.

@ | 907 | —60° | =45 | 30" | —10° | 100 | 300 | 45 | 60°
cotd | 0 |[-058| 1 |[-1.73|-567 567173 1 |o058

8 | 90 | 120° | 135 | 150° | 170° | 210° | 225° | 240° | 270°
cotg | 0 |-058] -1 | 173 |-seT|173] 1 |os8] o
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Exercise B, Question 1

Question:

(a) Sketch, in the interval —540° < 6 < 540 °, the graphs of:
(i) sed (ii) cosed (iii) cotd

(b) Write down the range of
() secd (i) cose:d (iii) cold

Solution:

@)(i) ¥ = cosec ¢
| | e 5

s o
~450° -270°  -90°

540°
| I | 1 L L
90°  270°  450° 0

T
o

(ii) y=cosec
i ' . A H

L | | | | I L L
~180° 0 180°

.
-

|
540° 6

| i
~540°  —360°

i
360°
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(i | _ y=coté

)(i) (Note the gap intherange) sec< -1,se®@ > 1
(i) ( cosed also has a gap in the range) casec< - 1,cosed > 1
(i) cot @ takes all real values, i.e. ¢bE £.
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Exercise B, Question 2

Question:

(a) Sketch, on the same set of axes, in the intervakO 6 < 360 °, the
graphs of y= se@ andy = — cod.

(b) Explain how your graphs show ttse(d = — co<d has no solution
Solution:
(@) YV
y=sect
360° 6
v =-—cos ]
| y=sec 8

(b) You can see that the graphs of@aod — co® do not meet, so
sed® = — cos) has no solutions.
Algebraically, the solutions of sé= - cost

1
are those of ;7 = - cdb
This requirescos2 0 = — 1, which is not possible for reé.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 1

Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise B, Question 3

Question:

(a) Sketch, on the same set of axes, in the intervakO 6 < 360 °, the
graphs of y= cotd andy = sin ).

(b) Deduce the number of solutions of the equatio® eosin 29 in the interval
0 < 6 < 36C°.

Solution:

(a) l:la" A : / }: = cot 0

(b) The curves meet at the maxima and minimg ofsin 29, and on th&-axis at
odd integer multiples of 90°.

Inthe interval 0 < 6 < 360 ° there are 6 intersections.

So there are 6 solutionscoid =sin20,is0 < 68 < 36(°.
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Exercise B, Question 4

Question:

(a) Sketch on separate axes, in the intervak0 ¢ < 360 °, the graphs of
y=tanfandy=cot (4 +90° ) .

(b) Hence, state a relationship betweend andcoi (6 +9C0° ) .

Solution:

@ ¥y y=tan f
0 90°  /180° 270° /360° O
VA
y = cot(f + 90°)
0 90°  180°\ 270° 360° 0

wyy=-cot (6 + 90 ° ) is areflection in the-éxis of y= tanéd, so cot (¢ + 90 ° )
= —tard
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Exercise B, Question 5

Question:

(a) Describe the relationships between the graphs of

(i) tan (9+ %)andtan@

@jycot ( —6) and cot ¢
( T )

+ =
(i) cosec L 0+ 7 ) and cosec 4

. ( 7 )
(iv) Sec L 6 — 7 ) and sed®

(b) By considering the graphs of t ho+ Z ) ,cot ( —=6) , cosec g+ =
Ir 2 7T

\ ()

) and sec| 0 - 2 |, state which pairs of functions are equal.

\ J
Solution:

@) (i) The graph of tan, 6 + % Is the same as that of tériranslated byZ‘to

( )
\ J
the left.

i) The graph of cot ( ) is the same as that of apteflected in ther-axis.

(i) The graph of cose{ 0 + % ) is the same as that of cogetranslated by

%to the left.

(iv) The graph of ser{ 0 - ”z ) Is the same as that of setranslated byf; to

the right
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(b)

5% y =cot(f + ¥
2 2
- y= ccnt(—rf:i}
0 T 7 7
2

(reflect y= cotd in the yaxis)

tan (9+ %) =cot ( -60)
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“ t y=cosec(@+ %)

-
I 1 I 1 1 1 ] I >
n z 3m m S5z 3z Im 2 @
4 2 3 4 2 4

-1 =

& i y=sec(f— %]

1
| 1 I 1 L L ] | >
n oz 3 =m 5z 3z Tz 2m ¢
4 2 4 4 2 4

—1 =
( T _ ([, =)

coseck0+ ry —secke 4 )
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Exercise B, Question 6
Question:

Sketch on separate axes, inthe interval® 6 < 360 °, the graphs of:
(@y=secd

(b)y = — cosed

©y=1+sed

(dy =cosec (¢ —30° )

In each case show the coordinates of any maximum and minimum points,
any points at which the curve meets the ¢

Solution:

1
(a) A stretch ofy = sed in thed direction with scale factog

Minimum at (180°, 1)
Maxima at (90°, -1) and (270°, -1)

Va y=sec 20

E AT

0| 45° 90° 135° 180° 225° 270° 315° 360° 4
—1F | | | |

| | -
>

(90°, 1) 270°,-1)
(b) Reflection inf-axis ofy = cosed.

Minimum at (270°, 1)
Maximum at (90°-1)
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y = cosec 0/

L (270%, 1)
0 90° 180° 270° 360° 4

(9[}01 _IJ

(c) Translation oly = sed® by + 1 in they direction.

Maximum at (180°, 0)

Ya
y=1+secd
2
1800 L
o]  90° 270° 360° 0
5 s
(180°, 0)

(d) Translation ofy = cose® by 30° to the right.
Minimum at (120°, 1)
Maximum at (300°-1)

PhysicsAndMathsTutor.com
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Va
vy = cosec(f — 30°)
l -
(120°, 1)
: i ] ] »
0 30° 210°  300° 360° 0
=1k |
(0,-2)\
\ (300°, -1)
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Exercise B, Question 7

Question:

Write down the periods of the following functions. Give your answer in teri
7T.

(a)Secd
1
(b) cosec;@

(c) 2 cot
dsec( —8)
Solution:

(@) The period of se@ is 2z radians.

: : 1. L
y = secd is a stretch of = sed with scale factor; in thé direction.

21
So period of secBis 5.

(b) cosec thas a period of 2

1
cosecg@ IS a stretch of cosetin the ddirection with scale factor 2.

1
So period of coseG @ is 4x.

(c) cotd has a period at.

2 cotd is a stretch in thg direction by scale factor 2.
So the periodicity is not affected.

Period of 2 cot is .

(d) sech has a period of2
sec ( —0) is a reflection of se@ in y-axis, so periodicity is unchanged.
Period ofsec( — 6) is Zx.
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Exercise B, Question 8

Question:
(a) Sketch the graph ¢f=1 + 2 sedintheinterval « < 6 < 2

(b) Write down they-coordinate of points at which the gradient is zero.

. . 1 .
(c) Deduce the maximum and minimum valuem , and give the

smallest positive values 6 at which they occu

Solution:

@ J/ \/
I R
o
=1 . 7 3z 2n 5z 3m ¢

(b) They coordinates at stationary points are — 1 and 3.

.. 1 . : .
() Minimum value ofi1 T2 seq 'S where 1 + 2 sé@ds a maximum.

- . 1 1
So minimum value of 75— is-; = -1

It occurs wher® = = (see diagram) (1st +ve value)

, 1 , : -
Maximum value of, ;5 -5 iswhere 1 + 2 séis a minimum.

: 1 1
So maximum value of 5 o 1§
It occurs whetd = 2z (1st +ve value

© Pearson Education Ltd 2C
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Exercise C, Question 1

Question:
Give solutions to these equations correct to 1 decimal place.

Rewrite the following as powers of séccosec ér cot &

(@)

sin® 6

(b) =
tarf 9

(€)

2 cog 0

1-sirf 0
sin? 6

(d)

sed
cod 0

(e)

0\ cosed ¢ cotd sed

2
tand

(9)

cose€ 0 tarf
(h) cosd

Solution:

,‘ 4 _ 2 _ (1 V3_
(b) tanee_tar?’e_zx \ tang ) =2 cof 0
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1 _ 1 (L Y,_1
(C)Zcogg_zx \COS@] —2888(9
1-sirf 6 co€ 0 . .
D52, = a2 (using Sif 0 + cos 6= 1)
1-sif o [ cosf o5
S0 o, = s ) = cof 4
sed 1 1 1 (1 Vs
= X = = = Se(,5 0
©) coé 0 cosd coé 0 cos 6 \ cosf )
_ 1 cost) 1 1
(f)\|cose§ 6 cotd secﬂ—% e X Sing X cos st o
1
= coseé 0
si? ¢
2 1 1
(g)mzzx—1:2 cot2 6
(tand) 5
coseé ftarf 9 1 sir? 6 1 (1 Yg_
(h) cosf - sz 0 X C052 ] X cosd k cosd ) - Seé 9

© Pearson Education Ltd 2C
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Exercise C, Question 2

Question:

Give solutions to these equations correct to 1 decimal place.

Write down the value(s) of cotir each of the following equations:

@5 siNk =4 coxX

(b)ytanx = — 2
sinx COSX

(C)scosx ~ sinx

Solution:

@5 Silk =4 coX

54 CosX
d - sinx

(divide by sin x

5
= , =cotx (divide by 4)

(b)ytanx = — 2
1
d tanx ~ -2
1
= cotx= - >
sinx _ cosx
(©3 cosX ~ sinx

= 3 sirf x=co¥ x (multiply by sin xcos 3

cog x o .
=> 3= <7 x (divide by sif X)
[ cosx 5 _
= \ sinx ) 7 3

= cof x=3
= cotx= + V3

© Pearson Education Ltd 2C
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Exercise C, Question 3

Question:
Give solutions to these equations correct to 1 decimal place.

Using the definitions o$ec, cosec, cot andtan simplify the following
expressions:

(a) Sin @ coté
(b) tand cot f
(c) tan &) cosec 2

(d) cosé sinf (cotd + tan §
(e) SiM X cosecx + COS X Secx

(f) SECA - SecA sir? A

(9) SeC X COP X + cotx cosecx sirt
Solution:
. ) cosd
(@) SInd cotd = sing x ——~ = cos
_ _1
(ptand cotd =tand x - =1
_ sin20 1 _ 1 _
©tand cosec? = 5 X Snym — coszo - S€C2

. _ ([ cost sing
d)ycosf sing (cotd +tand) = cosy sind \sine T cost )

=cog O+siF =1

. _ 1
(e) SIP X COSEXX + COS’ X SECX = Sit X X T — + COS X X

1

—< =i x+cos x=1
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(f) SeCcA — secA sin? A
=secA(1-sirf A) (factorise)

x co€ A (using sif A+ cos A=1)

COSA

= COSA
(@) sec X coS X + cotx cosex sin* x
Cosx 1
. X X

SINX SINX

x sirft x

1
= X COS X +
co€ x

= coS® X + sin? X cosx
= cosx ( cof X + sir? x)
=cosx  (sincecos? x + sin? x = 1)

© Pearson Education Ltd 2C
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Exercise C, Question 4

Question:

Show that

(a)c0sd + sind tand = sed

(bycotéd + tand = cosed sed)

(c)cosed — sind = cosH cotd

d (1-cox) (1+sex) =sinx tanx

CcOoSsX 1 - sinx
e -
1 - sinx COSX

=2 seX

cosd sing

M 1+cotd  1+tand

Solution:

(@) L.H.S. = cosf + sinf tand
_ . sing
= cosf + sind oS0
_ coZ 0 + sir 4
- cosf

= Colse (using sif 6 + co 6=1)

= secd = R.H.S.

(b) L.H.S. = cotd + tanfd
cosd sing
sing + cost

cog 0 + sir? 0
sinf cosy

1
sinf cosy

1 1

sinéd X cost

= cosed sedd = R.H.S.

(c) L.H.S. = cosed - sind
1

= Sing - sing
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d) L.H.S. =

e)L.H.S. =

(f)

1-sirt 0
sind

cog 6
sing

cosd
sing

= cosf cotd = R.H.S.

= CcOosH x

(1-cosx) (1+sex)
=1 - COX + sexX — CosX sex
= sexX — COSX
1
COSX

— COX

1 - co€ x
COSX
Sin? x

COSsX

sinx
Ccosx

= Sinx x
= sinx tanx = R.H.S.

COSX 1 - sinx
N +
1 - sinx COSX

cod x + (1-sinx) 2
(1 - sinx) cosx

cod x + (1-2 SinX + sin? X)
(1 - sinx) cosx

2 -2 sinx
(1 - sinx) cosx
2 (1-sinx)

= (factorising)

(1 - sinx) cosx
2
COSX

=2 sex=R.H.S.

PhysicsAndMathsTutor.com
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cosfé
l+cotd

cosfd

1
] i
tané&

cosd
tand—1

tan &
cosftand

l+tané

cos @ x 509

(]
l4tané
siné@
|+tan#

R.H.S

© Pearson Education Ltd 2C
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Exercise C, Question 5

Question:

Solve, for values of in the interval 0 < # < 360 °, the following
equations. Give your answers to 3 significant figures where necessary.

@sed= V2
(b)cosed® = — 3
5 coth= -2
(d)cosed = 2

©3se€ 0-4=0
M5 cos =3 cotd

@cot #—8 tand = 0

(h)2 sin@ = cosed

Solution:

@) sed = 2
1
= cost :\/2

1
= cos¥= T,

Calculator value i =45 °

costis +ve = 0 in 1st and 4th quadrants

Solutions are 45°, 315°

(bycosed = - 3
1
= -3

= sing

1

= sinf= - 3

Calculator value is — 19.5°
sinfis-ve = 4#isin 3rd and 4th quadrants
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19.5° 19.5°

O ©

Solutions are 199°, 341° (3 s.f.)

(b5 coth= -2
2
= cotd= - 5
5
= tanfd = - >

Calculator value is — 68.2 °
tandis -ve = @isin 2nd and 4th quadrants

(s) A

68.2°

68.2°
T O

Solutions are 112°, 292° (3 s.f.)

(d)cosed = 2
1
= G =2
_ 1
= SInfd = >

sinfis+ve = @isin 1lstand 2nd quadrants
Solutions are 30°, 150°

©3 se 0=4

PhysicsAndMathsTutor.com
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= sed 0=

= cof 0=

Alw wlib

V3
= CcoY= = Y

V3.
Calculator value for cas= — Is 30°

As cos s *,6is in all four quadrants
Solutions are 30°, 150°, 210°, 330°

M5 cosf =3 cotd
= bco¥=3

cosf
sing

Note Do not cancel cog on each side. Multiply through by sin
= 5 co¥ sind =3 coy

= 5 co9 sind-3 co¥=0
= cos#(5sind-3) =0  (factorise)

3
So co® = 0 or sind = =
Solutions are (90°, 270°), (36.9°, 143°) = 36.9°, 90°, 143°, 270°.

@cot #—8 tand = 0
-8 tav=0

=
tar? 0

= 1-8ta? =0
= 8tar 6=1

1
=> tar 0= 3

N -

= tanf =

tandis +ve = {@isin 1lstand 3rd quadrants

Calculator value is 26.6°
Solutions are 26.6° and (180 ° +26.6° ) =26.6° and 207 ° (3 s.f.).

(hy2 sind = cosed®

_ 1
= 2 slngd= <ind
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1
= sSiP 6= >

_ 1
= Sing= =+ e

o 1 .
Calculator value for sin 1 v21S 45°

Solution are in all four quadrants
Solutions are 45°, 135°, 225°, 3.

© Pearson Education Ltd 2C
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Exercise C, Question 6

Question:

Solve, for values ob in the interval —180° < 6 < 180°,the
following equations:

(a) cosed =1

(bysecd = - 3

(c) cotd = 3.45

@2 coseé 6 -3 cosed =0
(e) Sed® = 2 cod

(fH 3 cotd =2 sind
(g)cosec? =4

M2 cot? §-cold-5=0

Solution:
(a) cosed =1
= singd=1
= #=90°
J: A
vy = sinf}
| -
] 1 | -
—-180° -90° 90° 180° ¢
_1 -
(byseld = — 3
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1
= cos@z—g

1 (1)

Calculator value for cos LT3 is 109° (3 s.f.)

cosfis-ve = {@isin2nd and 3rd quadrants

@ A

71°

B ”
71° J
(1) c

Solutions are 109° and - 109 °
[If you are not using the quadrant diagram, answer in this case would bé cos

| - 3 land -360° +co5 1 LT3 . See key point on page 84.]
\ )

(c) cotd = 3.45
1
= =345

tand

1
= tanf = 345 = 0.28985...

Calculator value for tan 1 ( 0.28985... ) is 16.16°
tandis +ve = {@isin 1lstand 3rd quadrants

s | ®

16.2°

16.2°

@ | e

Solutions are16.z° , —18(° +16.z° =16.2°, —164° (3s.f.
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)2 coseé -3 cosed =0
= cose® (2 cose®-3) =0  (factorise)

N w

= cosed = 0 or coseé =
. 2 .
= sind = 3 cosed = 0 has no solutions

. 2,
Calculator value for sin 1 31 41.8°

@is in 1st and 2nd quadrants
Solutions are 41.8°, (180 -41.8) ° =41.8° , 138° (3s.f)

(e) Sed® = 2 cod
=2 co9y

= cost

1
= cof 0= 3

1
= CcoY= = 12

_ 1 .
Calculator value for cos?! J21S 45°

@ is in all quadrants, but remember that —180% 6 < 180°
Solutionsare +45°, +135°

(fH 3 cotd =2 sind

cosd .

= 3 Sing =2 Siny

= 3 co=2 sirf 6

= 3co¥=2(1-cof ) (usesih O+cos H=1)

= 2cofH+3co-2=0

= (2co¥-1) (co¥+2) =0

1
= C0Y = Eorcosﬁ: -2
1

As co¥) = — 2 has no solutions, cs -

2
Solutions are £ 60 °

(gycosec? =4
1
= sinY = 2
Rememberthe -18C° < 6 < 18C°
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So-36C° < 20 < 36C°
1
Calculator solution for@is sin~ ! 7 =14.48 °

sin20is+ve = 260isin 1st and 2nd quadrants

20= -194.48°, — 34552 °,14.48°, 165.52 °
§= —97.2°, —172.8°,7.24°,82.76° = —173°, —97.2°,7.24°, 82.8°
(3s.f)

M2 cof 6 —cotd —5=0
As this quadratic in cal does not factorise, use the quadratic formula

_ —b=x\b?-4ac
cotd = 2

1
(You could change cdtto - and work with the quadratic

5 tarf 6 + tand — 2 = 0)

1+\41

So cot) = 2 = " 1.3507... or 1.8507

Sotard = - 0.7403... or 0.5403 ...
The calculator value for t&h= — 0.7403... 199 = — 36.51°

(s) |
\

36.5°

6.5°

T | ©
Solution are — 36.£°, +14Z° (3 s.f)
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The calculator value fctar@ = 0.5403..i1s9 = 28.3¢ °

s | ®

28.4°

28.45

(1) C

Solution are 28.4°, ( —180+28.4) °
Total set of solutions i —15z°, —36.£°,28.4°, 143° (3 s.

© Pearson Education Ltd 2C
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Exercise C, Question 7

Question:

Solve the following equations for values®ftn the interval 0 < 6 < 2x.
Give your answers in terms of

@sed= -1
bycotd = — 3

213

1y
(c)cosec; 0 = —

T 37
dysedd = V2 tand (9;& 5. 0% 7)
Solution:
@sed= -1
= cosf= -1

= 6O=x (referto graph oy = cost)

wycotd = — V3

1
= tand= - 3

S T 1)

Calculator solution is - | Yyou should know that tan 73 )

T, . .
— Glsnotin the interval

A

>

a5

T ©
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, z z _ o 1z
Solution arer — 6,27r— 5= 6 6

1 23
(c) cosecg@z S
1 3 V3
= sin30=373= "5
Rememberthat0< 6 < 2r
1
so0 < 30 < =
First solution for sin;0 = —~is50= 3
z 7
25 C
i, _ = 2z
So50= 3,73
2t 4rn
= 0= ?’?
d)sedd = V2 tand
1 _ sind
= cos) 20050
> 1=+2sind (cosH#0)
1

= sind = B

. T 3r
Solutions are; 5,

© Pearson Education Ltd 2C
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Exercise C, Question 8

Question:

In the diagram AB = 6 cm is the diameter of the circle Bhds the tangent to
the circle aB. The chordAC is extended to meet this tangenDaénd

« DAB = 0.

(a) Show that CD =6 ( set— cost ) .
(b) Given that CD = 16 cm, calculate the length of the clAgd
T

6 cm

Solution:

(a) In right-angled triangl&BD
AB

AD — COst

= AD= 5 =6 sed
In right-angled triangl&CB
AC _
Ag — COSU
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= AC=6 co¥
DC=AD-AC=6 sed -6 cod)=6 (sed — cost)

T

6 cm

(by As 16 =6 sed - 6 coy
- 3 co9

d 8 = cosf

> 8 co®¥=3-3 co€ 6
= 3cofH+8 col-3=0
= (3co¥-1) (co¥+3) =0

1
= Ccos=73 ascog# -3
1
From (a) AC=6 co8=6x 3 =2cm
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Exercise D, Question 1

Question:

Simplify each of the following expressions:
1
(@l + tarf 59

) (sedd—-1) (se®+1)
©tarf 0 (cose€ 0 —1)
@ (seé 6-1) cotd
© (coseé 6 -cot 0) 2
(f)2—tan2 0+ sec 0

tand sed
1+tarf 6

(9)

t (1-sirf ) (1+tarf 6)

0 cose® cotd
i —
1+ cof 0

0 (se¢ 6-2 se 0 tar? 0 +tar* 0)

K4 cose? 20 + 4 cose? 20 cot® 20

Solution:

1
() Use 1 + taf 0 = se¢ 6 with 0 replaced witiT; 6.

1 1
1 + tarf (59} = sed (59}

) (sedd—-1) (sedd+1) (multiply out)
=se€ 9-1
= (1+tar? 9) -1
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= taré 0

©tarf 0 (cose€ 6-1)
=tarf O] (1+cof 0) - 1]
=tar? 6 cot® ¢

1
= tar? 0 x
a taré 0
=1

@ (seé 6-1) cotd

= tar? 6 cotd
1
=tarf 0 x —

tand

= tané

© (coseé 6 -cot 0) 2

=[(1+cof §) —cof 0] 2

12
1

®2 —tarf 0 +sec 0
=2-tarf 0+ (1+tarf 0)

=2—tarf 6+ 1+tarf 6
=3

tand sed
g
1+tarf 6
_ tanf sed

T se@y
_ tand
- sed

= tand cosd
_ sind
- cosd
= sing

X CoY

Mt (1-sirf 0) (L+tarf 0)
= co? 9 x se@ @

PhysicsAndMathsTutor.com
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1
cog ¢

= cog 0 x
=1

_ cosed cotd
i —
1+ cof 0

_ cose@ cotd

cose€ ¢

cosed x coty

sin@ cosd
1 X sing@
= cos¥

ised -2 se€ 6 tarf 0+ tan’* 0
= (sed §-tarf 0) 2 (factorise)
[ (L+tarf 6) —tarf 0] 2
12
1

k4 coseé 20 + 4 coseé 20 cot? 20
=4 coseé 26 (1 +cotf 20)
= 4 coseé 20 cosel 20
= 4 cose? 20

© Pearson Education Ltd 2C
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Exercise D, Question 2

Question:

Given that cosec= , Wherek > 1, find, in terms ok, possible values of

cosex
COtXx.

Solution:

k
cosex

coseX =

coseé x =K
1+ cof x=K
co? x=k-1

cotx = i\lk—l

© Pearson Education Ltd 2C
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Exercise D, Question 3

Question:

Given that coff = - V 3, and that 90 ° € < 180 °, find the exact value of
(@) Sind

(b) COSH

Solution:

@coth= — V3 90° <H<180°
> 1+cot #=1+3=4

= cosef =4

1
= st 0= 3

1
= sing= 7  (asfisin 2nd quadrant, sifiis +ve)

(b) Using sirf 6 + cog 6=1
= cofLfH=1-sif H=1-

N lw

L

V3
= cos¥= - —5~ (asfisin 2nd quadrant, cagsis —ve)

© Pearson Education Ltd 2C
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Exercise D, Question 4

Question:
Given that ta = %, and that 180 °© € < 270 °, find the exact value of

(a) Sectd
(b) COSH

(c) Sind

Solution:

N lw

tand = 180 ° <6< 270°

3
Draw right-angled triangle where td 7

-

4

Using Pythagoras' theorems= 5
4 _ 3
So cog) = zandsi =
As @ is in 3rd quadrant, both sthand cos ére —ve.
3 4
Sosi= - Z,co¥= - ¢

57 5
1 5
(a)SeG9: cosy -~ Z
4
(bycosh = — ¢
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3

(csind= - ¢
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Exercise D, Question 5

Question:
: 24 . .
Given that co8 = -, and that is a reflex angle, find the exact value of
(a) tand
(b) cosecH
Solution:

24
cosd = 25 0 reflex

As cosd is +ve and reflex, 4 is in the 4th quadrant.

24
Use right-angled triangle where @bs 7.

25
X
@
24
Using Pythagoras' theorem,
257 = X2 + 247
> Xx=28-24 =49
= X=7

7 7
So tary = S and sig = -
As 0 is in 4th quadrant,

_ _ L
@tanfd = - 7,

_ 1 1 _ 2
(bycose® = S o = ~ — = -
25
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Exercise D, Question 6

Question:

Prove the following identities:

@sel 0-tarft 6= 0 +tar? 0
(b)coseé X — sin? x = cot? X + co X
©seé A(co A-cof A) =cof A
1l-cof 0= (se 6-1) (1-sirf0)

1-tarf A

=1-2 sirf A
1+ tar? A

(e)

" se O+ coseé 0= O cosef 0
(g)cosed sec® A = cosedA + tanA secA

) (se@—sind) (sew+sind) =tar? 6+ co 0

Solution:

@L.H.S. =sec 9 -tarf* 9

= (sec §—tarf §) (se€ f+tarf §)  (difference of two
squares)

= (1) (se€ O+tarf 0)  (as
1+tarf f=se® § = sed O-tarf 0=1)

=se@ §+tarf 6= R.H.S.

) L.H.S. = cose@ x - sin? x
= (1+cof x) - (1-co¥ x)
=1+ cof x— 1+ coZ x
= cot? x + co€ x= R.H.S.

©L.H.S. =se? A(co? A-co? A)
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_ 1 [ cog A _ \
_C052A\sin2A COSZA)
1

= -1

sir? A
=cose€ A-1 (usel +cct 6 =coseé 6)
=1+cof A-1
=co? A= R.H.S.

HRHS.= (se@ 6-1) (1-sirf 0)
=tar? O xcod 6 (use 1l +taf 0= 6and
cog 6 + sin? 9= 1)
sir? 6
cos 6

x coZ 0

=3sn? ¢
=1-cof §= L.H.S.

LHS. = 1-tarf A
@LHS = ar A
_1-taf A
T =@ A
1
= 1-tarf A
se@A( @ )
_ [, sif A
—coszAkl oA )
= cog A-sir? A

= (1-sif A) —-sir? A
=1-2 Sln2 A= R.HS.

® R.H.S. =sec 6 cosel 0
=se 6 (1+cot )
cog 6
X
cog 6 sin? 0
1

sir? 6
=se® 9+ coseé H= L.H.S.

=sed 4+

=sed 4+

@ L.H.S. = coselA se@ A
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= cosed (1 + tarf A)

= COSe®d +

= COSed +

= COSe®d +

1 sire A

SinA X COSZA
sinA

cog A

SinA 1

COSA X COSA

= coSse®d + tanA secA= R.H.S.

) L.H.S. = (sed -sind) (sed + sinb)
=se@ 0 - sin? 0
= (1+taf ) - (1-co¥ 0)
=1+tarf 0-1+co$ ¢
=tar? 0 + co? = R.H.S

© Pearson Education Ltd 2C
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Exercise D, Question 7
Question:

Given that 3 taf 6 + 4 se@ 0 =5, and that s obtuse, find the exact value
sindg.

Solution:

3tarf 0+4 se€ 6=5
> 3tafO+4(1+taf o) =5

> 3taff+4+4taf h=5
> TJtafo=1

1
= tarf 4= 7

> cot =7
= cose€ H-1=7
= cose€ =8

1
=  Sirf 0= 3
As 6 is obtuse (2nd quadrant), so 8irs +ve.
1 1 V2

Sosi=\3=7375 =",

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2

Solutionbank

Edexcel AS and A Level Modular Mathematics

Exercise D, Question 8

Question:

Pagel of 6

Giving answers to 3 significant figures where necessary, solve the following

equations in the given intervals:

@se€ =3 tan,0 < 6 < 360°

btat -2 se®d+1=0, -r < 0 < =«
©coseé H+1=3 coth, —180° < H < 180°

@cotd=1-cose€ 6,0 < 6 < 2

©3 sec§9=2tan7- %9,0 < 0 < 360°

M (sedd-cosfd) 2=tand-sik 6,0 < 0 < =«
@tar? 20=sec®-1,0 < 6§ < 180°

mse@ - (1+ V3)tard+ V3=1,0 < 6 <
Solution:

@se€ =3 tand 0 < O < 360°
= 1+tarf =3 tand

> taf f-3 tand+1=0

3+ V5 _ _
tand = — (equation does not factorise).

3+ 5
For tand =

> calculator value is 69.1°

PhysicsAndMathsTutor.com
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s /@

69.1°

69.1¢
@] e

Solutions are 69.1°, 249°

3-+5 .
For tary = > calculator value is 20.9°
s ()
20.9°
20.9°

(1) c

Solutions are 20.9°, 201°
Set of solutions: 20.9°, 69.1°, 201°, 249° (3 s.f.)

btat -2 se®d+1=0 -7 < 6 < =«
> (seé h#-1) -2sed+1=0
sed 0 -2 sed=0

=

= sed(sed¥-2) =0

= sed=2 (as sed cannot be 0)
1

= cosf= 3

- 0= 55

PhysicsAndMathsTutor.com
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| @

oA

T

©cose€ §+1=3 coty -180°
> (l+cof #) +1=3 co¥

> col H-3coth+2=0
= (cotd-1) (coth—2) =0
= cotd=1orco)=2

1
= tanfd =1 ortard = >

s | ®
%

(1) c

tand=1 = 6= -135°,45°

1

tand= 7 = 0= -153°,26.6°

IA

6 < 180°

@coth=1-coseéd 0 < 6O < 2x
= cotd=1- (1+cof @)
= cotd= - cot 0
= cof f+cotd=0
= cotd(cotd+1) =0
= cotd=0o0rco= -1

PhysicsAndMathsTutor.com
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T 3z
For cotd = O refer to graph:0 = 3,
Forcoty= - 1,tand= -1

O |
14
4
fid
4
T ©
_ 3 I
ek 3E 3o Im
Set of solutionss, 5, 5 7,

1 1
@3 sec;0=2tarf 36 0 < 6 < 360°
)

Paged of 6

1 1
= 3 sec,0=2 (se@ 20-1 (use 1 + tafi A = sec® A with

1
A= 30)

1 1
= 2se€ ;0-3secy0-2=0

( 1 A 1 Vo
= \25e029+1j \secze—zj =0
1 1 1
= secEH: - Eorsecgezz
1
Only sec7;0 =2 appliesasséc < -lorsed > 1
1 1
= C€0S30= 73

AsO <= 6 < 360°
1
so0 <= 30 < 180°

Calculator value is 60°
This is the only value in the interv

PhysicsAndMathsTutor.com
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1
S0560=60°

= #=120°
® (sedd-cosfd) 2=tand-sif & 0 < O < =

= sel -2 sed cosd + cof O =tand — siré 6
(

= se€ #-2+cof §=tand - sir 6 | Sed cosf =
xcosl=1 )
cosd - j

= (l+tarf 0) -2+ (cof O+sin? §) =tand
> 1+tarf 6-2+1=tard
= tarf §-tand=0
= tand(tand-1) =0
= tand=0ortar =1
tand=0 = 6=0,=n

tand=1 = 0= %

T

Set of solutions: O,4 T

@tarf 20=sec¥-1 0 <
= se€20-1=sec?-1
= se€ 20-sec?=0
= secd(secd-1) =0
= secd = 0 (not possible) or sedz= 1

= cosd=1 O < 20 < 360°
Refer to graph oy = cost

= 20=0°,360°

= #=0°,180°

& < 180°

mse §— (1+ V3)tand+ V3=1 0 < 6 < 2«
> (1+tafd) - (1+V3) taw+ V3=1

> tarf - (1+ V3)tand+ V3=0
= (tand- V3) (tan¥-1) =0

PhysicsAndMathsTutor.com
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=> tand= Y3ortaw=1

T

7]

[£)

(1) c

First answerd) for tand = 3 is%

) ; T 4
Second solution is + 3= 3

First answer for tafi= 1 is%

ST
4

NS

Second solution is +

71'571'4_7‘[

: Tz o
Set of solutions: ;3 7, 3

© Pearson Education Ltd 2C
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Exercise D, Question 9

Question:
Given that tafl k = 2 sed,

) find the value of sek.

(b) deduce that cds= V2 -1

© hence solve, inthe interval 0< k < 360 °,taf k=2 sed, giving your
answers to 1 decimal pla

Solution:

@tarf k=2 sedk

= (se@k—l):ZSe(k

> se@k-2sek-1=0
2+ 8 2+2V2

> sek= —, =T, =1%12
As seck has no values between —1and 1
sek=1+ V2
1 v2-1 V2-1

®)COK= 7775 = (13 v2) (V2-1) = 2.1 - V2-1

(c) Solutions of taf k = 2 sek,0 < k < 360°
are solutions of cds= V2 -1
Calculator solution is 65.5°

> k=655°,360° - 655° =65.5°,294.5° (1d.p.)

O

63.5°
65.5°

T \©

© Pearson Education Ltd 2C
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Exercise D, Question 10

Question:
Given thata = 4 sex, b = cosx andc = cotx,

(a) express lin terms ofa

16
a?-16

(b) show that? =

Solution:

(@ Asa =4 seX

Q

= SexX= 7,

= COX =

|~ b

Ascox=b

o |n

= b=

(b) C = COtX
= ¢2=cof x

1

= —Z:tar?x
C

= %zse@ x—1 (usel+tah x=sec® X)
C

2
= -1 ( sex = % )
= 16 =a%c? - 162 (multiply by 1622
> c?(a®-16) =16

16
> 2=
aZ- 16

© Pearson Education Ltd 2C
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Exercise D, Question 11

Question:

Given thatx = sed + tand,

(a) Show that)% = sef — tané.

(b) Hence expres>&2 + L4 2 in terms of @in its simplest form.

X2

Solution:

(a) X = sed + tand
1
sed + tand

1_
. =
sed — tand

(sed +tand) (sed - tand)

_ sed —tand
se@ 0 -tar? 0

=se®-tand (asl+tak 0=se 6 = sed H-tarf O=1)

1
b)X + T =sed + tand + sed — tand = 2 sed

= (x+xl)2:4se@9

1 1
= X2+ 2X X = =4 seé 6
X

> 2+ S +2=4sek ¢
X

© Pearson Education Ltd 2C
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Exercise D, Question 12

Question:
Given that 2 sec 6 - tar? 6 = p show that coséc = 2—,p# 2.
p-2

Solution:

2 sed §—tarf O=p
= 2(l+taf 0) —tarf 6=p

= 2+2tarf O-tarf O=p
> tarf f=p-2

I S _ 1)

= cof 0= -2 | o= g
1 “2) +1 _1
cosel 0 =1 + cot 0=1+ =5 = (pp_)2+ :2_2

© Pearson Education Ltd 2C
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Exercise E, Question 1

Question:

Without using a calculator, work out, giving your answer in terms thfe value
of:

(a)arccos O
(b) arcsin(1)

)arctan ( — 1)

(d)arcsin ( —g )
() arccos( —% }
(f) arctan ( - % }

T

(g)arcsin ( sing

N—

)

. ([ .2z
(h)arcsmk sm?)
Solution:

(@ arccos Oisthe anglein0 < a < =« forwhichcos =0

NS

Refertographoy=cos) = a=

T
So arccos 0 =75

(b) arcsin 1 is the angkein —% < a < %forwhich sim=1

Refer to graph oy =sind = a= %
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. T
Soarcsin 1 =7

(carctan ( — 1) isthe angtein - % <a< %for which tarm = - 1

Soarctan( -1) = —%

K

.

1 T T
(d)arcsin( —5) is the anglein - 5 < a < 7 forwhich
_ 1
sina = - 3

1 T
Soarcsin( —5) = %

%
A

)
Iy
©

1
(e)arccos( —3) Istheanglein 0 < «a < =« forwhichcos = -
1
V2
1 37
So arccos( ~2 ) =

PhysicsAndMathsTutor.com
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©

1 T T 1
(f) arctan ( -3 ) is the anglein - 5 <a < Sforwhichtam = - 73
1 T
So arctan( e ) = —5
A

(T, . T n .
(g)arcsm\ smgj isthe anglein — 5 < o < 7 forwhich
. . T
Sina = sin 3

AN A T
So arcsmk smgj =3

2 T T
(h)arcsin( sin?} is the anglein — 5 < a < 7 forwhich

2
) . 27
Sina = sin
(2 ) 7
Soarcsmk 5'”_3} =3
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Exercise E, Question 2

Question:

Find the value of:

N -
S TN
|
N -
N

(@) arcsin( ) + arcsin

1

)
2 )

(b) arccos ( % ) — arcco{

c)arctar (1) —arctar( — 1)

Solution:

1 T T
) % %)

(1) :
@arcsin| 3 ) +arcsin

2z _

(b) arccos( g ) — arcco{ —% ) -_-’;—

(arctan (1) —-arctan( —1) % —( —%)

© Pearson Education Ltd 2C
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Exercise E, Question 3

Question:

Without using a calculator, work out the values of:

(a) SiN ( arcsin% }
(b) Sin [ arcsin( —%) }

ctan[arctan ( — 1) ]

(d) cos(arccos |
Solution:

( 1)

@sin | arcsin;

NS
IN
R
IN

NS

.1 : 1
arcsin 5 =o Where sim = 21 T

1oz
Soarcsin 5 =%

. .1
= sin | aresin;

\ . T 1
J
(b) SIN [ arcsin( —%) }

(

: 1y _ 1 T
arcsm\ ~2 ) —ocwheresmx——z,—2 < a

([ _1) _

So arcsin\ 2 ) = —%
[ (1
= sin ] arcsm\ -3

ctan[arctan ( —1) ]

actan( - 1) =awheretam= -1, -5 <a< 7

PhysicsAndMathsTutor.com
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Soarctan( -1) = —%

= tan[arctan( - 1) ] :tan( —%) = -1

(d) cos(arccos 0)
arccos 0 =awherecog=0,0 < a < =&

T
So arccos 0 =7
T
= cos (arccos 0) =cog =0

© Pearson Education Ltd 2C
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Exercise E, Question 4

Question:

Without using a calculator, work out the exact values of:

(a) SiN [ arccos( % } }
(b)COS[ arcsin( —%) }
(c) tan [ arccos( —%) }

@ sec [ arctan (¥ 3) ]

(eycosec[arcsin( —1) ]

(f Sin [ 2 arcsin( %} }
Solution:

(a) SIN ( arccosg )

arccos % :%

. T V3

sing =

(b)COS[ arcsin( —%) }
arcsin( —%) = —%
CoS ( —% ) = + %

PhysicsAndMathsTutor.com
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s | ®
%
T ©
(c) tan [ arccos( —% )
[ _ 22
arccos k - 2 )

S | ®

N\
\

( N2\ 3
So arccosk 2 ) T4
3 _

() sec (arctany 3)

arctany 3= =  (the angle whose tan i¢ 3)

3

r _ —
Secy = =

(eycosec [arcsin ( — 1) ]

acsin( —1) =awheresim= -1, -

PhysicsAndMathsTutor.com
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Soarcsin( —-1) = —%

= cosec[arcsin( -1) ] =——— =7 =-1

sin (

(N2 ]
.2 ) ]

(f Sin [ 2 arcsing —~

. V2 T
arcsin —~ =7

] (N2 ] o
SosmL 2arcsm\ 2 ) | —sm2—1

© Pearson Education Ltd 2C
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Exercise E, Question 5

Question:

Given that arcsirk = a, where 0 <k < 1 ande is in radians, write down, in
terms ofa, the first two positive values « satisfying the equaticsinx = k.

Solution:

As Kk is positive, the first two positive solutions of gir k are
arcsink andz — arcsin k

l.e.a andzr — o

(Try a few examples, taking specific valuesk).

© Pearson Education Ltd 2C
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Exercise E, Question 6

Question:
Given thatx satisfies arcsirx = k, where 0 <k < 1,

(a) State the range of possible valuex of

(b) express, in terms of
(i) cos k  (ii) tan k

Given, instead, that —% k<O,

(c) how, if at all, would it affect your answers to (

Solution:

.. . T T .
(@ arcsinxisthe angle:in — 5 < a < 7 such thatsin =X

In this case = sink where 0 <k < %

As sin is an increasing function
- - 7[
sin0 <x<sin 7

.e.0<x<1

) () cosk = +\|1 - sir? k= +£\1-x?
kis in the 1st quadrant = cosk> 0

So cok = \1 - x?

. sink X
(i) tank = o =

1-x2

c)kis now in the 4th quadrant, where ¢os positive.
So the value of cck remains the same and there is no change 1k.

© Pearson Education Ltd 2C
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Exercise E, Question 7

Question:

The function f is defined as fx — arcsinx, -1 < x < 1, andthe
function gis suchthatgxY) =f(2x) .

(a) Sketch the graph of=f ( x) and state the range of f.
(b) Sketch the graph of=g (x) .
c) Definegintheformgx— ... and give the domain of g.

1 1

d) Defineg ™ ~in the formg ~

X —
Solution:

(a) y = arcsin x

bl =

=

3=

Range: —% < f(x) < %

(b) Using the transformation work, the graphyct f ( 2x) is the graph of = f

1
( x) stretched in th& direction by scale factay

y=9g(x)

PhysicsAndMathsTutor.com
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‘},’lh
7|
2
] 1 >
- 1
2 2
_z|
2
. - i 1
©g:X—acsin X, -5 < X <3
(d) Lety = arcsin X
= 22X =siny
_ 1
= X= 3 siny
Sog-1: 1 LI < =
0g ":Xx— 7 sinx, -5 < X < 3

© Pearson Education Ltd 2C
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Exercise E, Question 8
Question:
(a) Sketch the graph of= secx, with the restricted domain

T
OSXSn,X;éE.

(b) Given that arcsexis the inverse functionofsec0 < x < =n, X#

%, sketch the graph gf= arcsecx and state the range of arcsec

Solution:
(@) Y = sex

1 A
w

L

3|
=
-

(b) Reflect the above graph in the lipe x
y=arcse x, x < -1, x > 1

PhysicsAndMathsTutor.com
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Y

T
Range: 0 < arcsecx < m, arcsecx# -

© Pearson Education Ltd 2C
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Exercise F, Question 1

Question:

Pagel of 1

Solve tarx = 2 cotx, inthe interval —180° < x < 90 °. Give any

nor-exact answers to 1 decimal ple

Solution:
tanx=2 cotx, —180° < X 90 °

2

= fanx = tanx

IA

=  tarf x=2

= tanx= * V2
Calculator value for taxn= + V2 is 54.7°

Solutions are required in the 1st, 3rd and 4th quadrants.
Solution set — 125.2°, —=54.7°, +54.7°

© Pearson Education Ltd 2C
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Exercise F, Question 2

Question:

Given thalp = 2 se(d andq =4 co<6, expressp in terms oiqg.

Solution:
=2 sed @=L
p=2 se =  sed = 7
q
q=4 co¥y = cosl= 7
_ 1 p_ 1 _ 4 _ 8
sedd = g = 2_?_q > p=
2

© Pearson Education Ltd 2C
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Exercise F, Question 3

Question:

Given thaip = sind andq = 4 col6, show thap?g? = 16 (1 - p?) .
Solution:

=

_ 1
p=singd = b = sno = cosed

g=4 cot¥y = cotd qz

Using 1 + cof 6 = cose€ 6
? 1 .
> 1+ 5= " (multiply by 12
= 16p® + p°g? = 16
> p’°=16-16°=16 (1 -p°)

© Pearson Education Ltd 2C
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Exercise F, Question 4

Question:
Give any non-exact answers to 1 decimal place.

(@) Solve, in the interval 0 € < 180 °,
(i) cosed = 2 cotf

(i) 2 cot? 6 =7 cosed - 8

(b) Solve, inthe interval 0 < 6 < 360°,
()sec (2 -15° ) =cosecl35°
(i) se 6 + tand = 3

(c) Solve, inthe interval 0 < x < 2,

(i) cosec (x+ %) = -2
(i) se? x = 3
Solution:
(@) (i) cose® =2 coth, 0 <#< 180 °
1 _ 2 coy
= sind ~  sind
= 2co¥=1

1
= Cco¥Y = >

= 0=60°

(i) 2 cot? =7 cose® - 8,0<6< 180 °
= 2 (coseé §-1) =7 cosed - 8
= 2 cose€ § -7 cosed+6=0
= (2 cose®d-3) (cose®—-2) =0

3
= Cosed = Sor cosed = 2

1

, 2 .1
So sing = 3orsm@- >
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ORRO

X L)

Solutions are® and (180 -« ) ° wherea is the calculator value.
Solutions set: 41.8°, 138.2°, 30°, 150°
l.e. 30°, 41.8°, 138.2°, 150°

)y (i)sec (&P —-15° ) =cosecl35° ,0< # < 360°

1 V2
= €0s(D-15°) = oc1sse —SIN135° =7~
V2
Solvecos (2-15° ) =, -16° < 20-15° < 705°

The calculator value is cost ( 3 ) =45°
)

Ccos is positive, so (2-15°
s | ()

45°
45°

T 1 (©
So (H-15° ) = 45° 315°, 405°, 675°

= 20 = 60°, 330°, 420°, 690°
= 6= 30° 165°, 210°, 345°

is in the 1st and 4th quadrants.

(i) se #+tand=3,0 < # < 360°
= 1l+tarf §+tand =3

> taf O+tand-2=0
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= (tanf-1) (tand+2) =0

= tand=1lortand= -2

tand=1 = 6=45°,180° +45°,i.e.45° 225°

tand= -2 = 6H=180° + ( -634) ° ,360° + ( —63.4°) ,ie.
116.6°, 296.6°

. ( z ) = — 4
(c)(I)COSGCkX+ 15 ) = 2,0 < x < 2x
1
= sin(x+%) = -3
o1 (LY _ oz
Calculator value is sin L V2 ) = 4
sin (x+ %) IS negative, sox + %is in 3rd and 4th quadrants.
S A
x L.
4 4
r _ 5 Iz
SOX+ 5= 4.
_ 5_7r L 7_7r T 57— 4r 105t — 4rx _717[ 101z
= X= 4 T 154 T1587 60 ' 60 — 60 ' 60
.. 4
(i)se x= 3,0 < x < 2¢

V3. &
Calculator value for cos= + 5 is7g

As cosx is +, xis in all four quadrant
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- v & z z T _ & 5
Solutions set:x= ¢, 7—- 5.7+ 5., 21— 5 = 5.
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Exercise F, Question 5

Question:

Given that 5 six cosy + 4 cosx siny = 0, and that cot = 2, find the value of
coty.

Solution:
5 sinx cosy + 4 cox siny=0

5 sinx cosy 4 cox siny
sinx siny + sinx siny

N =0 (divide by sirx siny)

5 cosy 4 cosx
siny + sinx

So5 coy+4 cotx=0

As cotx = 2
Scoty+8=0
Scoty= -8
8
coty= - ¢
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Exercise F, Question 6

Question:
Show that:
@ (tand + cotfd) (sind + cosf) = sed + cosed

(b) cosex — Secz X

cosex — sinx

) (1-sinx) (1+cosex) = cosx cotx

cotx COSX

d) cosex — 1 - 1 + sinx =2 tanx

(e) ! + : =2 sed tand

cosed -1 cosed + 1

(sed —tand) (sed +tand)
1+tarf 0

() = cos 0

Solution:

@ L.H.S. = (tand + cotd ) ( sind + cosv)
( sind cosd ]
\ cost T sino ) ( sind + cosv )

( si? §+cos 0 _
= | cosé sing ) ('sing + cosd) )

1)

cosf siné j

= ( (sind + cosd )
sing cosd
cosf sing + cosf sing

1 1

cost + sing

=sed + cosed® = R.H.S.

(b)
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L.H.5.

() L.H.S. =

(d)

PhysicsAndMathsTutor.com

Cosecy
cosecy —sinx
1

SN X

! sinx

SN X
L
SIn X
I—sin®x
SN X
l sinx
P BT om
sinxy |l—sin"x
1
1—sin®x
1
cos’x
sec’ x=R.H.S.

(1-sinx) (1+ cosex)
=1 - sinX + coseX — Sinx cosex

=1 -sinx+ cosex -1

= coSex — sinx

1

= ——— - sinx

sinx

1 - sir x
sinx

cog x
sinx

cosx
sinx

{using sin” x +cos" x=1)

as cos
\

X COX

cosx cotx= R.H.S.
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cotx CosX

L.H.5.

cosecx—1 l+sinx

co8 X

Sinx COSX

! 1 1+sinx

sinx

COSX
Sinx___ COSX

IsinX  j4sinx
snyx

COSY  COSX

l—sinx 1+sinx

cosx{l+sinx)—cosx(l—sinx)
(l—sinx) 1+sinx)

2cosxsiny
| —sin® x
2cosxsiny

Ccos™ X
, sinx

T cosx
2tanx=R.H.5.

1 1
cosed -1 + cosed + 1
(cose@+1) + (cosed—-1)
(cose®—-1) (cosed® +1)

e)L.H.S. =

2 cosed
coseé 6-1

2 cosed
= =——  (1+cof #=cosed 0)
cot
2 sin? 0
- X
sing coL 0
1 sing
2 % cosy X cosy

=2 sed tanfd = R.H.S.

(sed —tand) (sed +tand)
1+tarf 0
se@ 6 - tarf 0
sed 0

® LH.S. =

(1+tarf 0) —tarf 6
se@ 0

1
se@ 0

co 6= R.H.S

© Pearson Education Ltd 2C
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Exercise F, Question 7

Question:

sinx 1 + cox

(@) Show that1 N +— = 2 COSec.
COX SINX

. . sinx
(b) Hence solve, inthe interval =2 < x < 2rx, T+ cosc
+ COX
1+cox 4
sinx V3"
Solution:
_ sinx 1 + cox
@LHS. = T ¥ " sinx
_sir? x+ (1+cox) 2
- (1 + cosx) sinx
_si? x+1+2 co+cog X
- (1 + cosx) sinx
B 2 +2 cox (. )
__2(1+cox)
~ (1 +co) sinx
_ 2
~—  sinx
=2 cosex= R.H.S.
4
(b) Solve 2 cosex= — T3 -2t < X < 2r
_ _ 2
= COosex= — 73
_ V3
= SInX= - 7

. T
Calculator value is -3

PhysicsAndMathsTutor.com
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L]
Led|

O |©

Solutionsin -2 <

X < 2rare
T T l l

- 3 1 _7[+ 3 ) 7[+ 3 H 271-— 3’

, z 2z Az om

I-e- - 3 [) - 3 ,3 ’3

© Pearson Education Ltd 2C
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Exercise F, Question 8

Question:
1+ cow
Prove that;% = (cosed + cotd ) 2.

Solution:

RH.S. = (cosed + cotd ) 2

( 1 cosd \2
sing@ + sin@
\

(1+cog) 2

si? ¢
(1+cog) 2
1-cog 6
(1+co¥) (1+co9)
(1+co¥) (1-co¥)

1+ co9
1-co9y

= L.H.S.

© Pearson Education Ltd 2C
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Exercise F, Question 9

Question:

Given that seA = - 3, Where% <A< 7,

(a) calculate the exact value of tAn

3V2

(b) Show that coset = R

Solution:

(@) SeA = — 3, Z <A< 7, i.e.Alis in 2nd quadrant.

As 1 +tarf A=sed A

1+tarP A=9

tar® A=8

tanA= + V8= +2+2

As Ais in 2nd quadrant, talis - ve.
Sotamld= -2+ 2

1
(b)SECA= — 3,S0 COA = — 3

SinA
As tanA = oA
- 1 2V2
SiNA=CosA x tanA= — 3 X — 9242 = =°

3 372 32

SO0 cosed = N2 = 2x2 = 4

© Pearson Education Ltd 2C
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Exercise F, Question 10

Question:

Giventhatse@ =k, |k| > 1, andthadis obtuse, express in termskof

(a) COSHO

(b) tar? 6
(c) cotd

(d) cosecd

Solution:

sed =k, |k|] > |
@isin the 2nd quadrant = ks negative

. 1
(a)COSH = e — Kk

() Using 1 + taR 0 = se@ 0
tan2 6=k -1

©tand = + \| K2 -1

In the 2nd quadrant, tathis — ve.
Sotarg = - {K2 -1

_ 1 1 _ _ 1
cotd = tand ~ —\|k2—1 - \|k2—1

d) Using 1 + cot 6 = coseé 6
1 K-1+1 k2

=1+ = =
coed #=1 T -1 T ra

k
k-1
In the 2nd quadrant, coséas +ve.

So cosed = +

Askis - ve, cose@ =
d@—l

© Pearson Education Ltd 2C
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Exercise F, Question 11

Question:

Solve, intheinterval 0 < x < 2z, the equation se{ X+ 7

giving your answers in terms .

Solution:
sec(x+£\:20<x<2n
\ 4 ) ’ =
( ) _1
:>cos\x+4j-2,05x32n
T _ -1 1 -1 1_z T
= X+ 7, =C0S * 3,2r—COoS > = 3. & 3
.z m 5t xm _ 4n-3nr 20-3z _z 1iz
SOX= 3= 2.3 2 "1 7 12 1201

© Pearson Education Ltd 2C
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Exercise F, Question 12

Question:
Find, in terms ofr, the value of arcsir{ % ) - arcsiﬁ % )
Solution:
1 T T
arcsin (5) is the angle inthe interval 5 < angle < Zwhose
.1
sine is7 .
1 T
So arcsin( 2 ) =%
_ (1N _ oz
Similarly, arcsmK 2 ) = 76
(1) (1Y = ( =N =z
—aresin . 5 % S %) 3

So arcsing 3

© Pearson Education Ltd 2C
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Exercise F, Question 13

Question:

Solve, intheinterval 0 < x < 2r, the equation sécx —

23 . )
Ttanx — 2 = 0, giving your answers in termsmof

Solution:
23
e x- —3 tax-2=0,0 < x < 2
243
> (l+tafx) - 5 tax-2=0

23
tarf x- —3 tanx-1=0

(This does factorise but you may not have noticed!)

( V3 )

+ — - =
(tanx+ =5 (tan V3) =0
V3
= tanx= - —ortark= 3

T T
Calculator values are ) argd

® | | ®

T

6

I
g

=

© Pearson Education Ltd 2C
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Exercise F, Question 14

Question:
(a) Factorise sec cosex — 2 sex — cosex + 2.

(b) Hence solve sec cosex — 2 sex — cosex + 2 = 0, in the interval
0 < x < 36C°.

Solution:

(a) SEX cosexxX — 2 sex — cosex + 2
=sex (cosex—-2) — (cosex—2)
= (cosex—-2) (sex—-1)

(b) SO sex cosex — 2 sex —cosex+2=0
= (cosex-2) (sex—-1) =0
= cosex=2o0orsex=1

_ 1
= sinx= ;or cox=1

1
sinx:E, 0O < x £ 360°

= x=30°, (180-30) °
cosx=1, 0 < x < 360°,

= x=0°, 360° (from the graph)
Full set of solutions: 0°, 30°, 150°, 3¢

© Pearson Education Ltd 2C
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Exercise F, Question 15

Question:
Given thatarctanx—-2) = - %,find the value of.
Solution:
(L _ ~ ) _ _ &
arctan KX 2) = 3
S A
E
3
d C

w|a
N—

= x—2:tan( -

> x-2= -3
> x=2-+3

© Pearson Education Ltd 2C
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Exercise F, Question 16

Question:

On the same set of axes sketch the graplssatosx, 0 < x < z, and
y = arccosx, —1 < x < 1, showing the coordinates of points in which the
curves meet the ax

Solution:

Yy = arccos x

y = Cos X

© Pearson Education Ltd 2C
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Exercise F, Question 17

Question:

() Given that sex + tanx = — 3, use the identity 1 + t&nx = sec x to find the
value of sex — tanx.

(b) Deduce the value of
(i) sec x
(i) tan x

(c) Hence solve, in the interval
-180° < x < 180° , sex+tanx= - 3. (Give answer to 1 decimr
place)

Solution:

@As 1 +tarf x=sed x
sed x - tard x=1
= (sex-—tanx) (sex+tanx) =1 (difference of two squares)

As tanx + sexx = — 3is given,
so —3(seg—tanx) =1
1

=  sex-tanx= - 3
(b)secxx + tanx = - 3
1
and seg — tanx = - 3
: . _ 1o _ _ 2
() Add the equations = 2 sex= - 7 = sexX= - 3
. : 1 8
(i) Subtract the equation = 2 tanx= -3+ 3 = -3 = tanx= -

4

3

(c) As sec xand tan »are both —ve, cosand tarnx are both —ve.
Sox must be in the 2nd quadre

PhysicsAndMathsTutor.com
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OB
B

I G
4
Solving tarx = - 73, wherexis in the 2nd quadrant, gives 180 ° {r
)

-53.1° ) = 126.9 °

© Pearson Education Ltd 2C
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Exercise F, Question 18

Question:

Given thatp = sed — tand andq = sed + tand, show thap =

Q||_\

Solution:

p = sed - tand, q = sed + tand
Multiply together:
pg= (sed-tand) (sed+tand) =sef #—tarf 6=1 (since

1+ tarf 0 =sec )

_ 1
= p=

(There are several ways of solving this probl

© Pearson Education Ltd 2C
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Exercise F, Question 19

Question:

(a) Prove that séc 6 — tarf* 0 = se 0 + tar? 6.

(b) Hence solve, in the interval

-180° < # < 180° , set #=tarf 6+ 3 tand. (Give answers to
decimal place

Solution:

@L.H.S. =se¢ 0 -tarf 0
= (se@ O+tarf 0) (sed O—tarf )
= (sed 0+tarf ) (1)
=sel O +tarf = R.H.S.

byseé 0 =tarf* 0+ 3 tan¥
= sed 0-tarf =3 tany

= se€ f+tar =3 tand [using part (a)]
= (l+tarf §) +tarf 6=3 tand

> 2taf #-3tand+1=0

> (2taw-1) (tad-1) =0

1
= tanf = Sor tang =1

s | @

P
(1) c

In the interval —180° < ¢ < 180°

1

1 -1 1 o _ 1
tanez2 = #=tan 2 - 180 ° + tan

PhysicsAndMathsTutor.com
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N -

=266°, —-1534°

tand=1 = 6O=tan 11, -180° +tanl1=45°,6 -135°
Set of solutions — 153.2°, —13£°, 26.6°, 45° (3 s.f

© Pearson Education Ltd 2C
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Exercise F, Question 20

Question:

(Although integration is not in the specification for C3, this question only
requires you to know that the area under a curve can be represented by an
integral.)

(a) Sketch the graph gf= sinx and shade in the area representirgg

T
2 Sinx dx.

(b) Sketch the graph gf= arcsin x and shade in the area representing
J ot arcsinx dx.

(c) By considering the shaded areas explain \/I/}ay
7 sinx dx + I ot arcsinx dx= 7.

Solution:

(a) Y = Sinx

Ya

4

| 0 2 sinx dxrepresents the area betwegen sinx, x-axis and x= 7.
my=arcsir x, -1 < x < 1
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Y

| 01 arcsin x dx represents the area between the cunais and x= 1.

(c) The curves are the same with the axes interchanged.
The shaded area in (b) could be added to the graph in (a) to form a rectangle

with sides 1 an&;' , as in the diagram.

k2

o1

T
Area of rectangle =5

r . . T
SoIOz sinx dx + Iol arcsinx dx= 3

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 1

Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 1

Question:

A student makes the mistake of thinking that sha€ B) = sinA + sinB.
Choose non-zero values AfandB to show that this statement is not true for all
values olA andB.

Solution:

Example: TakéA = 30 ° ,B =60 °
1

SIiNA = >

3
2

SINA+sinB#1

butsin(A+B) =sin90° =1.

This proves that sinA + B) = sinA + sinB is not true for all values. There
will be many values of andB for which it is true, e.gA= - 30 ° and

B= + 30 °, and that is the danger of trying to prove a statement by taking
particular examples. To prove a statement requires a sound argument; to
disprove only requires one exam

sinB =

© Pearson Education Ltd 2C
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Exercise A, Question 2

Question:

Using the expansion of cosA(— B ) with A= B = 6, show that
sin? 6 + cos® 6 =1.

Solution:

cos (A—-B) =cosAcosB + sinAsinB
SetA=6,B=0
= cos (0 —-6) =cosfcosh + sindsing

= cos0=cos 0 + sir? 0
Soco<? A +sin® =1  (sincecosO = 1)

© Pearson Education Ltd 2C
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Exercise A, Question 3

Question:
(a) Use the expansion of sil’A(— B ) to show that sin( % 7 ) = codY.
(b) Use the expansion of coA(- B) to show that cos( % o } = sing .
Solution:
@ sin (A—B) =snAcosB — cosAsinB
SetA= 5,B=0
= sin [z -0 ) = sin % co9) — cos & sird
L 2 ) = 2 2
= sin (% -0 ) =cos/  (since sin% =1, cosng =0)
()cos (A— B) = cosAcosB + sinAsinB
SetA= Z,B=0
= COS [z -0 ) = cos = cod + sin & sirg
L 2 ) = 2 2
= COS ( % -6 } =sind  (since cos% =0, siri‘ =1)

© Pearson Education Ltd 2C
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Exercise A, Question 4

Question:

Express the following as a single sine, cosine or tangent:
(@ sinl15° cos20° +cosl15° sin20°

(b)Sin58 ° c0s23 ° — cos58 ° sin23 °

(c)cos130 ° cos80 ° —sin130° sin80 °

tan76 ° —tan45°
d) 1+tan76 ° tan45 °

(e) COS 2)cosH + sin sind

(fH cosdcosF — sindsiny
.1 1 1. . -1
(g) SIN 5«9003259 + cos 5«95|n259

tan 260+ tan 36
h) 1 -tan2&an 36

@sin (A+B) cosB-cos (A+B) sinB

(j)COS(%}COS(%) —sin\?’XT)smk 2 )

Solution:

(@) Using sin (A+ B) =dnAcosB + cosAsinB
sin15° cos20° +cos15°sin202sin(15° +20° )=sin35°

(b) Using sin (A — B) =sinAcosB — cosAsinB
sin58 ° cos23 ° —cos58 ° sin232sin(58° —-23° )=sin35°

(c) Using cos (A + B) = cosAcosB - sinAsinB
cos130 ° cos80 ° —sin130 ° sin80=2cos (130° +80° )=cos210°

. tanA — tanB
@Usingtan (A-B) = T o
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tan76 ° —tan45°
1+tan76 ° tan45 °

=tan (76 ° —45° ) =tan31°

(e) Using cos (A — B) = cosAcosB + sinAsinB
cosdcosh + sindsind =cos (D - 60) =cosd

) Using cos (A + B) = cosAcosB - sinAsinB
cos#cosI - sindsinF=cos (4 +30) =cos®

(g) Using sin (A+ B) =sinAcosB + cosAsinB
(1 )

1 1 1 1 1
sin 5«90032;9 + Ccos EesinZEH = sin L 29 + 2 5«9 ) =sin¥y
. tanA + tanB

(mUsingtan A+B) = 1 - tanA@nB.

tan26+ tan 36 B B
1 -tan2@an30 — tan (Y +30) =tany

@) Using sin (P — Q) =sinPcosQ — cosPsinQ
sin(A+B)cosB-cos(A+B)sinB=sin[ (A+B) —B] =sinA

() Using cos (A + B) = cosAcosB - sinAsinB
oS ( 3X;2y } cos( 3x—22y } _sin ( 3x;2y } sin ( 3x—22y )
[y )3y )] \

6Xx
ECOSL\ 2 )+\T}JECOS(7)ECOS3(

© Pearson Education Ltd 2C
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Exercise A, Question 5

Question:

Cdculate, without using your calculator, the exact value of:
(@)sin30 ° cos60 ° + cos30 ° sin60 °

(b)c0s110 ° cos20° +sin110° sin20°

(c)Sin33 ° cos27 ° +cos33° sin27 °
l T . T . T
(d)cosg COSg = sirg siry

(e)sin60 ° cos15° - cos60 ° sinl5°
fHcos70° (cos50° —tan70 ° sin50 ° )

tan45° +tanlb5°
@7 " tan45 ° @n15 °

1-tanl5°

() 1+tanl5°

Vs T
tan ( — —tan (—
(15) ~n(5)

® T Vs
1+tan(§ )tan(g )

@ V3cosl5° —sinl5°
Solution:

(a) Using sin (A + B) expansion
sin30 ° cos60 ° + cos30 ° sin60 ° =sin (30 + 60°): sin90° =1

(b)c0s110 ° cos20 ° +sin110 ° sin20 ° :cos(110—2(3)200590° =0

o \3

(¢)sin33 ° cos27 ° +¢c0s33 ° sin27 ° =sin (33 +27)=sin60 ° = —
T T T T T T \ T \2
(d)COSg COSg; ~—Sirg siE  =co$ ng =Ccgs

. . . o i \2

(e)sin60 ° cos15° - cos60 ° sinl5° =sin (60 - 15)=sin45° = —
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fcos70° cosbC° —cos7C° tar70° sin5C °
=c0s70 ° cos50° —sin70 ° sin50 °

.

' - siné .
cosé x tan 8 = cas? > -=sinéd

—CUS | /U TDOU)

=c0s120 °

= —co0s60 °

N -

tan45° +tanlb5°
(91 —tan45 ° tan15 °

tan (45+15) ° =tan60° =3

1-tanl5° _ tan45° -tanl5° . o _
(M 1+ tan15° = 1+wnds° @nise (Usingtands® =1)

o V3
=tan (45-15) =tan30° =5

r 1
tan ( — —tan ( —
(45) —tan(57)

| 8 (I =\ _. 3% _ . om
(i) o 1 =tan L 12 "3 =tan, =tam, =1
1+tan(E)tan(§n)

[ s
() This is very similar to part (e) but you need to rewrite it ds 25

3
1
>snl15° | to appreciate it!
_ ( N3 1. )
V3c0s15° -sin15°=2 | — cos15° -= sin15°
L 2 2 )

=2 (sin60° cos15° - cos60 ° sinl5° )
=2sin(60-15) °

2sin45 °

V2

© Pearson Education Ltd 2C
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Exercise A, Question 6

Question:

Pagel of 2

TriangleABC is such thaAB = 3cm,BC = 4cm, « ABC = 120 ° and

<« BAC=6°.

@) Write down, in terms of, an expression fox ACB.

(b) Using the sine rule, or otherwise, show thattan= 2%3
Solution:
C
@ «ACB=180° -120° -9° = (60-60) ’
. . sinC SinA
(b) Using sine rule: —_ =
sin(60-60) " sing°

= 3 = 4

= 4sin(60-0) ~ =3sing°

= 4sin60° co®° —4cos60° sid° =3sind °

( V3

= 2vV3cox¥° —2sinfd° =3sinf° \sin60° =
= 5sind° =2V 3cod°
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sing ° 23

= cosf°

N
2 o
w

= tan@°

m |
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Exercise A, Question 7

Question:
Prove the identities
@sin (A+60° ) +sin (A—-60° ) =sinA

COSA sinA _ cos (A+B)
(b) - =

sinB cosB sinBcosB
sin (x+vy)
€ . =tanx + tany
COSXCOSy
cos (x+vy)
—— ———— +1=cot xcoty
sinxsiny

(€)COS (9+ %) +  3sind = sin (0+ %)

cot AcotB-1
cot A+ cot B

@mcot (A+B)

@S (45+0) ° +siP(45-0) ° =1

(hycos(A+B) cos(A-B) = co<® A - sin® B
Solution:

@LHS. =sn(A+60° ) +sin(A-60° )
= sinAcos60 ° + co&sin60 ° + simcos60 °
= 2SinAcos60 °

: _ 1
=sinA  (since cos60 ° =;

= R.H.S.

COSA sinA
sinB ~ cosB

() L.H.S. =

cosAcosB - sinAsinB
sinBcosB
cos (A+B)
sinBcosB

R.H.S.

sin (x+vy)
cosxcosy

(c) L.H.S.

PhysicsAndMathsTutor.com
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d) L.H.S. =

e)L.H.S. =

(f)

sinxcosy + cosxsiny

COSXCOSy
sinxcosy cosxsiny
COSXcosy COSXcosy

sinx siny
+
COSsX cosy

= tanx + tany
= R.H.S.

cos (X+vVy)

+1

sinxsiny
cos (X +y) + sinxsiny
sinxsiny

COSXCOsy — sinxsiny + sinxsiny
sinxsiny

COSXCOoSsy
sinxsiny

= cot xcot y
= R.H.S.

(

T :
cos K0+ 3 )+ \ 3sind

T . . T .
cosfcos 3 - sirgsin 5 + V 3sind

1 V3 . _
5o — —sind +  3sing
N3 1
> Singd + 7 coy
- L3 oo m _ 3
sm@cos6 + cogsin 5 \COSG =7
sin {0+ =) [sin(A+B) ]
\ 6 )
R.H.S.

PhysicsAndMathsTutor.com
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cot Acot B —1

cot 4 +cot B
1 |

fand  fan B
| |

tan 4 tan B
|—tan 4 tan B

tan dtan B
tan F—tan 4

tan Atan &
| —tan A tan B y tan4tan B
tan4tai B tan4-+tan B
| —tan Atan B
tan 4A4-tan B
l

tan A+tan 8
|—tan 4 tan B

1
tan( A+ F)
coti A+ R)
L.H.S.

@LH.S.=sn?(45+6) ° +sirf(45-6) °

= (sin45° co® ° +cos45 ° sid ° ) 2 4 (sin45° co® ° —cos45°

sing° ) 2
As sin45 ° = cos45 ° itis easier to take out as a common factor.
= (sin45° )2[ (cosf° +sinfd ° ) 2 4 (cosh ° —sind ° ) 2]
(
1
> | cos? 0° +2sind° cosd° +si §° +cof 0° - 2sind °
\

cosH° +siré 6° |
)

2 [sir?w +cof 6° ) }

NIk, N
—

x2 (st 0° +cof h° =1)

1
R.H.S.

Alternatively:

assin(90° x° ) =cosx° ,

ifx=45° +0° thensin (45° 9° ) =cos (45° +6° )
and original L.H.S. becomes &i045 +0) ° +co€ (45+0) °
which is identically = 1

(hL.H.S.=cos (A+B) cos(A-B)
= (cosAcosB - sinAsinB) ( cosAcosB + sinAsinB)
= co? Acos? B - sin? Asin? B
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=co€ A(1-sif B) - (1-co€ A) sir? B
= co$ A - coZ Asir? B - sir® B+ co€ Asin® B
=cod A-sir? B

= R.H.S

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 8

Question:

: . 4 . 1
Given that sith = tand sirB = 7, whereA andB are both acute angles, calculate the
exact values of

@sin (A+B)
wycos (A-B)
c)ysec(A-B)
Solution:

X ¥

Using Pythagoras' theorer= 3 andy = 3

. . , 4 V3 3 1 43+3
(@sin (A+B) =siNAcosB+ CosAsinB= ¢ x — + ¢ x5 ="
. . 3 V3 4 1 3V3+4
(b)cos (A—=B) =C0sAcosB +sinAsinB= ¢ x 5 + ¢ X 3 =~
3 10
()sec (A-B) = cos(A-B) ~ 3V3+4
B 10(3V3-4)
T (3V3+4) (3V3-4)
_10(3V3-4)
- 27 - 16
_10(3V3-4)
B 11

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 9

Question:

: 4 : : : :
Given that cos\ = — ¢, andAis an obtuse angle measured in radians, find the

exact value of
(@) SINA

(bycos (r + A)

(c) Sin (% +A }

[ n
- +
(ol)tank4 Aj

Solution:

4
Draw a right-angled triangle where d¥s= ¢

-

Using Pythagoras' theorex= 3
3 3
SosilPA'= 7, tanA'= 7

@@ As Ais in the 2nd quadrant, sin= sinA’

3

SINA = 5

(b)cos (r + A) =cosrtCcosA — sintSinA= —cosA (cost= -1,
sint=0)
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(c) SIn (% +A ) :sin%cosﬁwcos% Sim
_ (A8 Ay, (1) (3]
.2 )L 5) L2) 5 )
_ 3-443
B 10
3
(d) AsAis in 2nd quadrant, tah= - tanA’'= -
z 1
tan — + tam =
(= Y o_ 4 _1+tanA_i_l
tan\4+Aj_ - = e =5 =3
1—tanztarA Z

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 10

Question:

Given that sirA = %, whereA is acute, and cd&s= - g, whereB is obtuse,
calculate the exact value of

@sin (A-B)

(wycos (A—-B)

c)col(A-B)

Solution:

8 5
3
[ ] B’
15 4
sinB = sinB’, tanB = - tanB’
By Pythagoras' theorem, the remaining sides are 15 and 3.
- 8 _ 5B _ 8
SoSsiPA= 77,C0A= 5, tanA= ¢
.o _ 3 _ _ 4 _ _ 3
andsiBB= ¢,co8B= - 7, talB= - 7
@ sin (A—B) =sinAcosB — cosAsinB
_ (8 ([ _ 4 _ (1) (3)
\17) L 5 \ 17 ) Us)
_ -32-45 77
- 85 ~ = 85
(b)ycos (A—B) = cosAcosB + sinAsinB
_ (Y (4N (8 (3)
\17) L 5 \ 17 ) U5
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_ —60+24 36
- 85 - 85
8.3
_ tanA — tanB _ 15 4
@©tan (A-B) = T gamB - 2
60
1 36

Socot(A-B) = @n(A-B) - 77

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 11

Question:

Given that tar\ = 2—74, whereA is reflex, and siB = % whereB is obtuse,
calculate the exact value of

@sin (A+B)

wytan (A-B)

cycose (A+B)

Solution:

Using Pythagoras' theorem, the remaining sides are 25 and 12.
As Aiis in the 3rd quadrant (takis +ve, andA is reflex),
SiNA = — sinA’, COSA = — CosA’

, 7 24 7
SosiPA= - E,COSQ\Z - E,tanA: >4
As B is in the 2nd quadrant,
cosB = — cosB/, tanB = — tanB’

_ 5 12 5
So simB = 13, Co0B= - 3, talB= - 5

(a)
sin (A+B) =sinAcosB + cosAsinB
(-2) (-3)+(—2)(3)

84-120 _ 36

325 325
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Page2 of 2

Heinemann Solutionbank: Core Maths 2

A 17
tanA - tanB 24 12 24 204
Oan (A-B) = 1. amans = 7 5 253 253
1-( Z) (E) 288
1 325
(cocosec A+B) = Sn(A+B) - ~ 36

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 12

Question:

Write the following as a single trigonometric function, assumingahst
measured in radians:

(@) co€ O — sin? 6
(b)2sindcos

1 + tand
© 1-tang

(d) % ('sind + cosh )
Solution:

(2)co€ O - sin? 0 = cosfcosd — sindsind = cos (6 +60) =cosD

(b)2sindcosd = sindjcosd + sindcosd
= sin4)cos 4 + cosdsin4l
=sin (49 + 409)
=sin&

T
tan — + tary
4

T
= ﬂ (@astan,; =1)
1-tan Z tard

1 + tand
© 1 _tam

:tan(% +9}

1 1 . T . T _ T
(d) 5 SIng + Vzcos@—sm@cos4 + cogsin 7, (as¢2 =Cc0s; =sIn

7)

NG
N S

i [
= sin K9+
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NG
N—
L _ 1

[ Note: (d) could be cos( 0 -

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 13

Question:

Solve, inthe interval 0 ©° < 6 < 360 °, the following equations. Give
answers to the nearest 0.1°.

(a) 3cog) = 2sin (0 + 60 ° )

wsin (#+30° ) +2siM=0
ccos(@+25° ) +sin(f+65° ) =1
(d)ycosd = cos (0 + 60 ° )

etan (0 —45° ) = 6tary

(fsind + cosd =1

Solution:

(a) 3cog) = 2sin (0 + 60 ° )
= 3co¥) =2 (sinfdcos60 ° + cogsin60 ° )

(1 V3 ) _
= 3co¥=2 \53|n<9+ Tcosej = sind + v 3cos

= (3-1+3) cod=sind

ino
= tand=3-+3 (tan@z s:)nse)

As tan 6is +ve, dis in 1st and 3rd quadrants.
O=tan"1(3-+V3),180° +tan 1(3- V3) = 51.7°,231.7°

wsin(6+30° ) +2siM=0
= sindcos30° + cogsin30° +2si =0
V3 1
= 7sin9+ 50099+25in920
= (4+ +V3)sind= - cod
1
4+ 3

As tanf is —ve, # is in the 2nd and 4th quadral

= tanf= -
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(s) A
\

O

1 1
g=tan" ! ( - 4+V3) +180° , tar 1 ( - 4+¢3> + 360 °

=170.1° ,350.1°.

ccos(@+25° ) +sin(f+65° ) =1
= cosycos25° —sisin25° + sindcos65 ° + cogsines ° =1
As sin (90 -x) ~ =cosx°® and cos (90 x) = =sinx°
cos25° =sin65° and sin25 ° =cos65 °
So co%/sin65 ° — sincos65 ° + siMcosb65 ° + cogsines ° =1

= 2co¥sine5° =1

= CcoY = = 0.55169

2sin65 °
6=cos 1(0.55169) ,360° —cos!(0.55169) = 56.5°, 303.5°
(dycost =cos (0 + 60 ° )

= CO0SY = c0s9cos60 ° — sifsin60 ° = % cog — % sind

= cosf= —  3sind
( sing

1
= tanf= - 3 Ktan&z cos?

@ is in the 2nd and 4th quadrants.

(s) A

| ©
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tan

1 (
\

1
- 3 } IS not in given interval.
1 1
0=tan" ! ( - 732) +180°,taﬁ]-( - ;g:} +360° =150° ,
330°

e)tan (# —45° ) =6tary
tand — tan45 °

d 1 + tandtan45 ° = 6tary
tang - 1 _
= L+t = 6 tany

= tand - 1= 6tary + 6tarf 0
= 6tarf 0 +5tand+1=0
= (3taw+1) (2ta+1) =0

1 1
= tanf= - gortans?: -5

| ©

1 1 1
tand= - 3 = Q:tan‘l(—g) +180°,tan‘1| -3 |
\ y
+360° =161.6 ° , 341.6°
1 1 1
tand= - 5 = Q:tan"l(—g) +180° ,tafl | - 3 |
\ )

+ 360 ° =153.4° ,3334°
Set of solutions: 153.4°, 161.6°, 333.4°, 341.6°

(fsinfd + cosd =1

1 1 _ 1
= V25|n<9+ Vzcosﬁ— 12
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1
= €0s45 ° siM +sin45 ° co® = T

1
= sin(60+45° ) =775

= 0+45° =45°,135°
> 60=0°,90°

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 14

Question:

(a) Solve the equation cé€0s30 ° — sirgsin30 ° = 0.5, for
0 < 6 < 360°.

(b) Hence write down, in the same interval, the solutior ¥ 3cosd — sind = 1.
Solution:

(a) cog97cos30 ° —sirgsin30 ° =0.5
= cos(#+30°) =05
= 6+30° =60°, 300°
= 6=30°,270°

V3 1
(bycosdcos 30 ° - sisin30 ° =cosh x —~ —sind x 3

So co¥cos30 ° —siMsin30 ° =

is identical toV 3cos) - sind = 1
Solutions are same as (a), i.e. 30°, .

N =

© Pearson Education Ltd 2C
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Exercise A, Question 15

Question:

(a) Express tan ( 45 + 30 )o in terms of tan 45° and tan 30°.

(b) Hence show thaar75° =2+ + 3.
Solution:

o tan45° +tan30°
@tan (45+30) = T_Gna5° @n3o°

(h)
|
1+ —
tan 75" = :F
=F

V3+1
V3-1
(V3+1) (V3+1)
(V3-1) (V3+1)
4+243

2

=2+ V3

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 16

Question:
Show thaise(10E° = — V2 (1+ V3)
Solution:
cos (60 +45)° =co0s60 ° cos45° - sin60 ° sin45 °
_ 1,1 _ds 1
T2 V2 2 W
_ 1-43
o242
S 105 ° 1 22
0 sec Tcos105° 1- 43
2V2(1++3)
(1-3) (1+43)
_2V2(1+43)
B -2
= -N2(1+13)

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 17

Question:

Calculate the exact values of
(a) cos 15°

(b) Sin 75°

(©sin (120 + 45) °

(d) tan 165

Solution:

(@ cos15° =cos (45-30)
=c0s45° cos30° +sin45° sin30°

N2 43 N2 1
= T X Tt X%
V2

= (V3+1)

(b)Sin75° =sin (45+30)°
=sin45° cos30° +cos45° sin30°
V2 V3 V2 1

= Ty X Tyt x5

V2
= — (V3+1)
[sin75° =cos (90 -75° ) =cosl15° ]

(©sin (120 + 45) ° =sin120 ° cos45 ° + cos120 ° sin45 °
3

V2 1 V2
=2 x5 ¥ ( -5)7
=%§(d3—1)

tan120 ° + tan45 °

@tan165° =tan (120 +45) = T_ 2 oo nas-  (tan120°
= - 3)

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Page2 of 2

- 3+1
T o1+ 43
(-V3+1) (V3-1)
(V3+1) (V3-1)
-4+2V3
2

-2+ 43

© Pearson Education Ltd 2C
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Exercise A, Question 18

Question:
@@ Giventhat3sink-y) —sin(x+y) =0, show that taxi= 2tany.
(b) Solve3sin(x—45° ) —sin(x+45° ) =0,for0 < x < 36C°.

Solution:

@3sin(x—-y) —sin(x+y) =0
= 3sinxcosy — 3cosxsiny — sinxcosy — cosxsiny = 0
=  2SinXxcosy = 4 cosxsiny

2 sinxcosy 4 cosxsiny
= cosxcosy = cosxcosy
2 sinx 4siny
= cosx cosy

= 2tanx = 4tany
So tarx = 2tany

(b) Puty =45 ° = tanx=2
Sox=tar 12 18C° +tar~1 2=63.4°,243.4

© Pearson Education Ltd 2C
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Exercise A, Question 19

Question:

Given that six ( cosy + 2siny ) = cosx ( 2cosy — siny ) , find the value of
tar (x+vy) .

Solution:

sinx ( cosy + 2siny ) = cosx ( 2cosy — siny)
= SIiNXCcoSsy + 2SinXsiny = 2COXCOSy — CosSxsiny
= sinxcosy + cosxsiny = 2 ( cosxcosy — sinxsiny )
= sin(x+y) =2cos(x+Vy)

sin(x+vy)
cos (x+vy)

= =2
= tan(x+y) =2

© Pearson Education Ltd 2C
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Exercise A, Question 20

Question:
Given thattar (x —y) =3, express tay in terms of tarx.

Solution:

Astan (x-y) =3
tanx —tany
SO, tanxtany

= tanx — tany = 3 + 3tarxtany
= 3tanxtany + tany = tanx — 3
= tany(3tanx+ 1) =tanx— 3

tanx — 3
3tanx + 1

= tany =

© Pearson Education Ltd 2C
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Solutionbank
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Exercise A, Question 21

Question:

In each of the following, calculate the exact value ofxtan
o 1
@tan(x-45) = 7

b)sin (x-60) ~ =3cos (x+30) °

©tar (x-60) = =2
Solution:

0 1
@tan (x-45) =7

tanx ° —tan45° _ 1
= l+tanx° tand5° =~ 4
= 4tanx® —-4=1+tarx”® (tan4d5° =1)

= 3tanx° =

w o

= tanx°® =

bysin (x-60) ~ =3cos (x+30)
= SinX° cos60° —cog°® sin60° =3cox° cos30° — 3six°
sin30 °

. 1 . \3
= SINX°® X 5 —COX° X —~

N -

V3 _
= 3COX° X 7—35|nx° X

=  4sinx°® =4+ 3cox°

sinx ° 4+ 3

= cosx° ~ 4

= tanx® = V3

ctan(x—-60) =2
tanx ° —tan60 °
1+ tanx ° tan60 °

= =2

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Page2 of 2

tanx°® - V3 _
= 1+ V3tanx° =2
= tanx°® - V3 =2+ 2V 3tanx®
= (2V3-1)tamx° = - (2+ 3)
o _ (2+43) (2+V3) (2V3+1) 8+5+v3
= tanx® = - TouaTy = - (2V3-1) (24¥3+1) — 11

© Pearson Education Ltd 2C
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Exercise A, Question 22

Question:

: 1 2 : :
Given thattah ®° = candtaB° = 7, calculate, without using your calculator, the
value ofA + B,

(a) whereA andB are both acute,

(b) whereA is reflex ancB is acute
Solution:

_ tanA ° +tanB °
T 1-tanA° tanB°

@tan (A° +B° )

Astan (A+B) * is +ve,A + Bis in the 1st or 3rd guadrants, but as they are both
acuteA + B cannot be in the 3rd quadrant.

So (A+B) “=tan"l1=45°
i.e.A+B=45

A is reflex but tar\ ° is +ve, sAAis in 3rd quadrant,
l.e. 180 ° <A° <270°
and0° <B° <90°

(A+B) " must be in the 3rd quadrant as tah<{ B) " is +ve.
SoA + B =22t

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 1

Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 23
Question:
Given thaicosy =sin ( x +y ) , show thatary = se(x — tarx.

Solution:

cosy=sin (x+vy)
=  COSy = Sinxcosy + cosxsiny
Divide throughout by cascosy

! . - —
}05{ smx /E_DST' CesY siny
COSX CORV  COSYCOST  gosT cosy

= Sex = tanx + tany
= tany = sex — tanx

© Pearson Education Ltd 2C
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Exercise A, Question 24

Question:

Given that cotA = %and cot A+ B) =2, find the value of cd.

Solution:

cot(A+B) =2
1
= tan(A+B) = 3

tanA + tanB _ 1
= 1-tanAtanB — 2

1
But as cotA = 2 then ta\ = 4.

4 + tanB 1

O ataB ~ 2
> 8+2tamB=1-4tamB
= 6tanB= -7

= tanB= - s
6

1
So cotB = @B = 7

© Pearson Education Ltd 2C
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Exercise A, Question 25

Question:

Given thattan(x+ %) = %,showthattam:B—S\/S.

Solution:

(

=) _1
tan\x+3}—2

T
tanx + tan —
3

_ 1
= T = 5
1 - tanxtan —
3
tanx + V3 1 ( T \
d 1- V3tax ~— 2 \tanS _\/3}

> 2tanx+ 2V 3=1- v 3tanx

= (2++V3)tanx=1-2V3
_1-2V3  (1-2V3)(2-V3) 2-4V3-V3+6
> @X= 5005 T T(2+43) (2-48) 1

=8-5V3
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Exercise B, Question 1

Question:

Write the following expressions as a single trigonometric ratio:
(@) 2sin10 ° cos10°

)1 — 2sirf 25 °
©coZ 40° —sirf 40 °
2tan5°

1-tarf 5°

1

(e) 1 1
23|n(245 ) °cos(24§ ) °

M 6coL 30° -3

sin8 °
sec8 °

(9

(h) cO< 156 — sir? 156

Solution:

(@ 2sin10° cos10° =sin20 ° (using 2 8i00sA = sin 2A)

1 -2sirf 25° =cos50°  (using cog= 1 - 2sir? A)

(©co 40 ° —sirf 40° =cos80°  (using cogP= cos® A - sir? A)

2tan5 ° . 2tanA
d—— =tanl10° using tan2& ————
()1-tar?5° ( g 1-tarf A

)
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1 —
() 1 1 ~ sin49°
23in(24§ ) °cos(24£ ) °

= cosec49 °

m6cof 30° —3=3(2c0830° —1) =3c0s60°

sin8°
@) sec8°

1 1
=sin8° cos8° =7 (2sin8°cos8° ) 3 sinl6°®
2 T

n .o om _ 2w _
(oS g — SiF g =COSTg = COSg
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Exercise B, Question 2

Question:

Without using your calculator find the exact values of:

@2sin ( 22%) ° cos ( 22%) ’

(b)ZCog 15° -1

© (sin75° —cos75° )2

T
2tan —
8

(d)
1 -tar? z
8

Solution:

1 o 1 o 1 V2
(a)2sin ( 225) cos ( 225) =sin2 x 227 ° =sin45° =7

V3
(b)ZCog 15° =1=cos(2x15° ) =cos30° =

) (sin75° —cos75° )2=sin2 75° +cof 75° - 2sin75° cos75 °
=1-sin(2x75°) (siR 75° +co€ 75° =1)

=1-sin150 °
_ 1
_1_2
_ 1
)
T
2tan —
—S—tn(le\ —tnl =1
(d)l—tanZl_ak 8)—a4—
8

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 2

Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise B, Question 3

Question:

Write the following in their simplest form, involving only one trigonometric
function:

(@) co€ 30 — sin? 30

(b)y6sinYcosH

0
2tan —
2

(c)
1 - tarf A
2

(d)2 — 4sirf %

(e)‘{ 1+ cos?2
) sin® 9cos? 0

(9) 4 sindcosfcos

tand
sec 6-2

(h)

i sin? 0 — 2sin® 9co? 6 + cos* 0

Solution:

(@) co% 30 —sir? 390=cos (2xP) =cos®
(b)6sincosY =3 (2sinPcosd ) =3sin(2x D) =3sind

o
2tan —
2

/T~
N
X
N
N

0~ =tan = tad

0
1-tarf —
2
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@2-4si? {30 | =2 | 1-2sif [ 30 | | =2cos| 2x30 |
= 2coy)

@JT+cos2=\1+ (2co 9-1) =Y{2cog =  2coss

1 1 1
() Si cos® 0= 7 (4sir? Ocos? 9) = 5 (2sindcosd) 2= 7 sirf 20

(9) 4 sinfcosfcos
=2 (2sindcosh ) cosd
= 2sindcosd
=sind)  (sin2A = 2sinAcosAwith A =20)

tand _ tanod
se@ -2 (L+tarf 0) -2

(h)

tand
tar 6 -1

tand
1-tarf 6

_ 1( 2ta )
2 1-tato /

_ 1
= - 2tan29

i) cos? 0 - 2sin? Gco? 6 +sin® 6= (co? O -sin? 0) 2=co? 20

© Pearson Education Ltd 2C
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Exercise B, Question 4

Question:

. 1 .
Given that cox = 2 find the exact value of cosx.2

Solution:

L

cosX=2co€ x—-1=2 (

© Pearson Education Ltd 2C
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Exercise B, Question 5

Question:

Find the possible values of sihwhen cos2 = ;—2

Solution:

cos¥ =1 - 2sirf 0
23 _ iR
25—1—23| 0

: 23 _ 2

= 2sif 0=1- 5 = o
1
= sinzé?zg

_ 1
= Sing= =+ 5

© Pearson Education Ltd 2C
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Exercise B, Question 6

Question:

Given that cox + sinx = mand cox — sinx = n, wherem andn are constants,
write down, in terms am andn, the value of cosx.

Solution:

COSX + SinX=m

COSX — SinX=n

Multiply the equations:

(cosx + sinx) (cosx—sinx) =mn
= cof x - sin® x=mn

= COSX=mn

© Pearson Education Ltd 2C
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Exercise B, Question 7

Question:
. 3 .
Given that tad = 2 and that is acute:

(a) Find the exact value of
(i) tan 26

(i) sin 20

(iii) cos 20

(b) Deduce the value of sir6.
Solution:

0 -
4

The hypotenuse is 5,

.. 3 _ 4 _ 3
SO Sig = 5,cos9— 5,tan@- 4

3 3
2 2
, 2tand 2 3 16 24
= 0 = = =7 X5 ==
(@) (i) tan 26 Y o 7 > - -
16 16
. A 3 3 4 24
(i) sin20 = 2sinfcosf =2 x ¢ x ¢ = >
w’ 9 _ 7

(iii) cos20=cos O - sin? 0= 5 — % = 5

2
(b)Sin40=2sSin26c0s20=2 X - X -0 = ~¢

© Pearson Education Ltd 2C
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Exercise B, Question 8

Question:

Given that co®\ = — % and tha# is obtuse:
(a) Find the exact value of

(i) cos A

(i) sin A

(iif) cosec A

<

4~ 2

(b)y Show that tang =

N |

Solution:

: 1 2 7
(a)(l)COSZAZZCOgA—lZZ( —5)2—125—1: - 3
(i) cos2A =1 - 2sirf A

7 :
> - 3=1-2sif A
: f_ 16
> 2sif A=1l+ 3=7
8
= Sin2A=§
22
> sinA=+ 5 (V8=2V2)

but Aisin 2nd quadrant =  sinAis +ve.
22

So sinA = 3

o 1 _ 1 9 9¥2
(i) cosec A = Sin2A ~ 2sinAcosA N - T 442 T 7 8
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N
2
N

sin2A -4 2 -9 42

(bytan2A = =

COS2A —

©ol~N | ©
©
\‘
\‘
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Exercise B, Question 9

Question:

. 3 .. 0 3
Given that < 6 < X find the value of tanz- when tarF 2
Solution:

0
2tan —
2
Using tary = P
1 —tan2 -
2
0
2tan —
3 2
= - =
4
1 - tarf 9
2

R 9 _ 9
= 3 -3ta 2—8tan2
0 0

= 3taf 5 +8tan, -3=0

( 0 A 0 _
= K3tan2 _1) K tan; +3) —O

9 _1 o _

sotans =3 ortarm, = -3
3z

butz< < =

r _8 _3
S0, <5 <7

.0
i.e. 7 is in the 2nd quadrant
0 .
So tany Is -ve.
0

= tan7 = -3
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Exercise B, Question 10

Question:

Pagel of 1

In AABC, AB =4cm, AC=5cm, - ABC = 20 and « ACB = 4. Find the

value ofé, giving your answer, in degrees, to 1 decimal p

Solution:

5¢cm

. . ... SinB sinC
Using sine rule with— =

sin26 _ sing
= 5 — 4
2 sindcosy sind

d 5 = 4

Cancel si asd # 0 °© or 180°
5
So 2co9 = 2

= CcoYY =

o |

5
Sof=cos”1 3 =513°

© Pearson Education Ltd 2C
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Exercise B, Question 11

Question:

In APOR, PQ =3cm, PR=6cm, QR =5cm and QPR = 24

(@) Use the cosine rule to show that 009262.

(b) Hence find the exact value of .

Solution:

Scm

6 cm

R+ 12— p2

(a) Using cosine rule with cé%= 2ar

(b) Using cos 2= 1 - 2sirf 6

5
5 =1-2sirf 0
5 4
= 2sif 0=1-3 =73
2
> siP = 9

, V2
= sing=+ —
but sind cannot be negative férin a triangle

V2

SO Sig = 3

© Pearson Education Ltd 2C
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Exercise B, Question 12

Question:

: : : 3. :
The line | with equatiory = 7, bisects the angle between thaxis and the

liney = mx, m> 0. Given that the scales on each axis are the same, ahd that
makes an angle with the xaxis,

(a) write down the value of tath

2
(b) Show thaim = 74.

Solution:

-y

3
(a) The gradient of linéis 7, which is tam.

Hlw

So tary =

3
(b) The gradient of = mx ism, and as y= 7 X bisects the angle betwegr mx

andx-axis
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X

N
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Exercise C, Question 1

Question:
Prove the following identities:

COS A .

(@) ComA + sA. COSA — sinA
sinB cosB
(b) SinA COSA

= 2cosec2Asin (B - A)

1-cos?

sin29 = tand
se@ 0 _ 20
@~ tar? 0 ec

©2 (sir® 0cosd + cos® fsind) = sin26

sin3g cosd
M sing cost

2

(g)cosed — 2cot 26cosh = 2sinb

@ -1 0
) — =tarf —

secld+1 2
T 1-sinX
() tan ( Z —X ) = CoS X
Solution:
_ COSA
(@ L.H.S. = COSA + SinA
_ cog A-sir? A
~  CcosA + sinA
_ (cosA+sinA) (cosA-sinA)
- COSA + SinA
= cosA - sinA= R.H.S.
_ sinB cosB
®LHS. = 8~ com

sinBcosA — cosBsinA
SINACOSA
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sin(B-A)

1
E (2sinAcosA)

2sin (B-A)
sSin2A

= 2cosec2Ain (B-A) = R.H.S.

_ 1-cos?
©LHS. = Y55

1- (1-2sif 9)
2sinfcosd

2sir? 0
2singcosd

sing
cost
=tanfd = R.H.S.

se@ 6

d) L.H.S. = m

1
cod 0(1—tan2 0)

1

cod 0 - sir? 0
1

cosd

sin? 6
cos? 6

(as ta® 0 =

=sec20= R.H.S.

© L.H.S. =2 (sin® fcosh + cos® dsind)
2sindcosd ( sin? 0 + co 0)

sin20 (since sik 0 +cof H=1)
R.H.S.

sin3) cosd
sing ~ cosd

® LH.S. =

sin39cosh — cos Fsinf
sindcosy

sin(3-0)

1 .
—=sin2y
2
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_ sin
1 .
—=sin2y
2
=2= R.H.S.
(9) L.H.S. = cosed - 2cot 26cosfd
. cosd
= cosed — 2 Sn coy)
. 2c0s & cosl
= cosed - 2 sinfcosd
_ 1 cosd
~ sind ~ sing
_ 1-cos?
- sing

(h)
L.H.5.

1- (1-2sirf )
sing

2sir? 0
sind

2sind = R.H.S.

PhysicsAndMathsTutor.com
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Paged of 4
LHS. =

tan| T —x)

_ tan%—mn x
]—.—tan%tan.‘r

|—tanx
| +tanx

pes sinx
cosx
sinx

COsX
COsX —sinx
cosx+sinx

Multiply “top and bottom’ by cosx—sinx

cos® x+sin® x— 2sin xcosx

cos® x—sin® x
l—sin2x

= R.H.5.

Ccos 2y

© Pearson Education Ltd 2C
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Exercise C, Question 2

Question:
(a) Show that tafl + cot § = 2cosec2.

(b) Hence find the value ¢ar75° + cot 75°.

Solution:

(@ L.H.S. =tané + cot 0

B sing cosd
= cow T sing

si? 0+ cog 0
sinfcosy

2
2sindcosy

2
~ sin20
= 2cosec?2= R.H.S.

(sir? 6 +cof 6=1)

(byUsed =75°

1
= tan75° +cot 75° =2cosecl50 ZZW

I
N
N - k-
I
N
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Exercise C, Question 3

Question:

Solve the following equations, in the interval shown in brackets. Give ans\
1 decimal place where appropriate.

(@) Sin2) = siné {0 < 6 < 2rn{

(bycosy =1 — coy { -180° < < 180° {
©3cosP=2cof d {0 < 6<360° {
d)sin4d = cos {0 < 6 < =xn{
e)2tantany=3 {0 < y<360° {

(030099—sin%—1:0 { 0 < 6<720° }

@cof O-sin¥=sif® {0 < 0 < x{
n2sind=se {0 < 6 < 2x{

() 2sin 29 = 3tand {0 < 6<360° {
G2tank= V3 (1l-tav) (1+taw) {0

IA

6 < 2r{
k) 5sind +4sind=0 { -180° < < 180° {
hsif #=2sin® { -180° < < 180° {

(m)4tar g = tar 20 {0 < 06<36C° {

Solution:

@sind=sing,0 < 6 < 2
= 2sinfdcosh = sind
= 2sinfdcosy — sind =0
= sind(2co¥-1) =0

PhysicsAndMathsTutor.com
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: 1
= sinf=0orcog = 3

Solutionset:o,% T, o, 2t

(ycosP=1-coy, —180° < < 180°
= 2cof 6-1=1-co¥
= 2cof h+cosf-2=0

-1+\{17
= CcoYY = T\I_
-1-Y17 -1+Y17
As 41_<—1,co§): :1_
As cos éis +ve, dis in 1st and 4th quadrants.

1 (=117 )

Calculator solution is cos L

Solutions are + 38.7 °

©3cosP=2coL 6,0 < H<360°
= 3(2co€6-1) =2cog 0
= 6cof §#—-3=2cof 0

= 4cof 0=3
3
=> cof =73
3
2

6 will be in all four quadrants.
Solution set: 30°, 150°, 210°, 330°

= Cco¥Y= =

@sindd=cosy,0 < 6 < =«
= 2sind¥cosd =cosd
= cosd(2sinH-1) =0

_ 1
= cosd=0orsind = >

cos¥=0in0 < 20 < 2

T 3r

> 20= 5, = 0=

IN
S

1
sin2f = EinO < 20

PhysicsAndMathsTutor.com

4 j =38.7°.

Page2 of 7



Heinemann Solutionbank: Core Maths 2 Page3 of 7

5x © brm
DRREARTIET

120 1
: LZ oz 5t 3w
Solution set: 75 ;7 717 2

> 20= 7,

(e) 2tan¥tany = 3,0 < y<360°

4tany —
= —1_tar?ytany 3
= 4taf y=3-3tarf y
= 7tarf y=3
3
> tarfy=

;
3
= tany= =\ -
o 1./3
- —tan”! /=

O1©

y is in all four quadrants.

3
) ,180° +tarr 147;, 360 °

el

3
y=tan" 1\ >, 180° +tar ! ( -

_ 3
+tan~ 1 ( —\l:)

y = 33.2° 146.8°, 213.2°, 326.8°

6
®3cog-sin5 -1=0,0 < 6 < 720°

= 3(1—23"‘? %) —sin%—l:O
=  6sirf %+sin%—220
= (35in%+2) (ZSin% —1) =0
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8§ _ _2 g _1
o 1. _ 0 .
sins =5In0 < 5 < 360

wiN

0 2
= ;zl80°—sin‘1(—g),360°+sin‘1(— ):221.8°

318.2°

= 0= 443.6°, 636.4°
Solution set: 60°, 300°, 443.6°, 636.4°

@cof O-sinB=sif 6,0 < 0 < =«

= co¥ 0-si? O=sinY

= cosd =siny

= tand =1 (divide both sides by co®p
tan¥=1in0 < 20 < 2

_ 5
_ >z
j 9_ 8,8

h2sind=sedd,0 < 6 < 2r

, 1
= 2SInf = J

= 2sindcost =1
= sin2Y=1
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sin20=1in0 < 20 < 4rn
5

= 20= %f (see graph)

o

> 0=
) 2sin® =3tad, 0 < 6<360°

. _ 3sind
= 4sinfcosyh = "

= 4sindcoL 6 = 3sind
= sind (4cof 0-3)

Slw ]

= sind=0o0rcof =

sinf=0 = 6=0°,180°"°

3 V3
co =, = cos¥=+ — = 0= 30°150° 210° 330°

Solution set: 0°, 30°, 150°, 180°, 210°, 330°
G2tand= V3 (1l-taw) (1+ta¥) ,0 < 6 < 2¢
> 2ta¥= V3 (1l-tarf )
> ~3tarf §+2tand- V3=0
= (V3tan¥-1) (tand+ V¥3) =0
1
> tand= —Gortaw= - V3

1
tand = W’O < 0 < Zr

(1) c

-1 L -1 L

= @ =tan
tar0= - V3,0 < 6 < 2n
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(s) A

| ©

2z 5
> g=z+tan"1( - V3) ,2Zr+tan"1( - V3) = =,
- Lz 2z Ir 5z
Solution set: ¢ 757 75 73

kK5sin¥ +4sind=0, —180° <6 < 180°
= 10sindcosd + 4sind = 0
= 2sind(5co¥+2) =0

2

= sind=0orco¥ = - =

sine=0 = #=0°,180° (from graph)

(s) A

@ C
1 [

Calculator value for cos L

(GRS

) IS 113.6°

= 0= +1136°
Solution set: -=113.6°, 0°, 113.6°, 180°

s #=2sin®, —180° < < 180°
=  sir? 0 =4sindcosh
= singd (sind—-4cos¥) =0
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= sind = 0 or sinY = 4cod
= sind=0ortar =4
sind=0 = 6= 0° 180°
tand=4 = @H=tan 14, —180° +tai 1 4= 76.0°,-104.0°

./
(1) c

Solution set: —-104.0°, 0°, 76.0°, 180°

mydtand =tan»,0 < 6<360°

= 4tand = 2tand
1-tarf 6

= 2tand(l-tarf 0) =tand
= tand(2-2taf 6-1) =0
= tand(1-2tarf 6) =0

= tanfd=0ortand = + %
tand=0 = 6= 0° 180°
tand = * E = 6= 35.3° 144.7°, 215.3°, 324.7°
Solution set: 0°, 35.3°, 144.7°, 180°, 215.3°, 32

© Pearson Education Ltd 2C
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Exercise C, Question 4

Question:

Given thalp = 2co<f andq = cos26, expressq in terms olp.

Solution:

p=2co¥ = co¥= %

cosd =(q

Using cos? = 2co€ 6 - 1
p

a=2 {5 )21

2
= (= %—1

© Pearson Education Ltd 2C
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Exercise C, Question 5

Question:

Eliminate #from the following pairs of equations:
@x=cof 6,y=1-cos?

()X =tand,y = cot 2

(c)X=sind,y =sin2)

(dX =3c0s20 + 1,y = 2sind

Solution:

@cof O=x,cosH=1-y
Using cos? = 2co¥ 6 - 1
> 1l-y=2-1
= y=2-X=2(1-x) (any form)

1
y=cot 2 = tan29:;

X = tand
. 2tand
Using tan? =
g 1-tarf 0
N 1 2
y 1o
= 2xy=1-x2 (any form)

(c) X = sing, y = 2sindcosy
= Yy = 2xcosl
= COosY = 2y_x

Using sirf 0 + co€ §=1
2

2 y
= =
X=+ 12 1

> HA+y2=4Cory? =43 (1-%x%)  (any form)

PhysicsAndMathsTutor.com
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-1
x=3cosdP+1 = cosd= X3

y=2sind = sind= 5

Using cos2 = 1 - 2sirf 6

x=1 ¥ Y

= 3 -1 =1-5

= 2(x-1) =6-3%2 (x6)

> 3?=6-2(x-1) =8-X

2 —
> Y= (43 x) (any form)

© Pearson Education Ltd 2C
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Exercise C, Question 6

Question:

(a) Prove that ( cos 28 sin26) 2=1-sin4q

(b) Use the result to solve, for 0< 6 < z, the equation cos 24 sin20= %

Give your answers in terms .

Solution:

@ L.H.S. = (cos26- sin20) 2
= co& 20 - 2sin26c0s 20+ sir? 26
(co 20+ sir? 20) - (2sin260s20)
1-sin® (si® A+cof A=1, sin2A= 2sinAcosA)
R.H.S.

N -

(b) You can use ( cos26sin26) 2=

1
butthis also solves cos2¢sin20= - —;

S0 you need to check your final answers.
As (cos26- sin20) 2=1 -sin40

1 )
= > = - sin446

_ 1
= S|n40=§
0 < 6O<mso0 < 40<4r

1
Checking these values in cos26in20= —;

eliminates;, 5, which apply to cos20sin20= - —;

. x 17n
Solutions are, o,

© Pearson Education Ltd 2C
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Exercise C, Question 7

Question:

(a) Show that:

0
2tan —
- - 2
(i) sind = .
1+taf —
2

1 - tarf

(i) cosO =
1 + tarf

N [ [ v

Pagel of 3

. : : . .0 :
(b) By writing the following equations as quadratics in tan , solve, in the

interval 0 < 4 < 360 °:
(i) sind + 2cos = 1 (ii) 3cos) — 4sind = 2
Give answers to 1 decimal pla

Solution:

o
2tan —
2

@ () R.H.S. = P
1 + tarf E

o
2tan —
2

0
se@ —
2

.0
2sin —
2

0
x cog 7
C0OS —

2

P 9
=2$|n20052

sind  (sin2A = 2sinAcosA)
L.H.S
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[
(@]
(@]
€KW
N |

|
28
q\)
N
—+
QO
q\)
N
]

0

(b) Lettan =t

(i) sind + 2co¥ =1

ot 2(1-t2)
A il 20 R

1+t 1+t

> A+2-2A2=1+12

> 3%2-24-1=0

= (3+1) (t-1) =0

0 1 0

0
= tan3; = —jortam; =1 0 < 5 =< 180 °

=

0 0
tan;zl = 3:45° = #=90°

0
tan; = -3 = 5 =161.56 = ¢#=3231
Solution set: 90°, 323.1°
(i) 3coshd — 4sind = 2

3(1-1%) 4 x 2t

1+t2 1 +t2
> 3(1-t%) -8=2(1+t2)
> 5°+8-1=0

=2
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_ -—8x\84
= t‘—lo

0 _-8+y&a g o
Fortan2 = 10 < 5 = 180
0
5 =665° = #=133°

0 _-8-\& g o
Fortan2 = 10 < 5 = 180

0
5 =1202° = 0=2404°
Solution set: 13.3°, 240.
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Exercise C, Question 8

Question:

(@) Using cosA = 2cof A-1=1 - 2sirf A, show that;
. 52 X _ 1+ cox

(i) cos™ 7 = >

o2 X 1 - cox

(i) sin® 7 = >

(b) Given that co8 = 0.6, and tha# is acute, write down the values of:
(i) cos %

(i) sin 5
(ii) tan 5

(©) Show that co$ AE = % (3 + 4COA + cosA)

Solution:
(@ (i) Using cosA = 2cos® A - 1 withA = XE
> cosx=2co 5 -1

X
= 2c0¢ =1+ cox

1 + cox
2

= co¥ X;E
(i) Using cos2 =1 - 2sirf A
= cosx=1 - 2sirf %
=  2sir? X;El—cosx

. X 1 - cox
= siP 5= T

(b) Given thaicosd = 0.€ andé acute

PhysicsAndMathsTutor.com
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i ; . 0 1.6 4
(i) using (a) () co$ 5 = = =0.8=7¢
0 2 25 0
= c0s, =75 =5  (as; acute)
0 0.4 1
(ii) using (a) (i) sif 5 = & =0.2=3
.0 1 5
= Slnz = g :?
0
Sin —
i_ 2 _ﬁ 5 1
(ijtan 5 =~ =5 X375 =7

(@}
o
(72}

I

(c) Using (a) (i) and squaring

4 A [ 1+cosA ), 1+2coA+cos A
COS" 2= 2 )~ 4
but using (a) (i) again

2 _ 1
coss A= 5 (1l+cosd)

1
1+ 2CO0A + E (1+cos2A

A 2+ 4coA+ 1+ cos2A
Socoé 7 = 2 = 5

3 + 4COA + cos2A
8
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Exercise C, Question 9

Question:

(@) Show that 3cds x — sin? X= 1 + 2cos X.

Pagel of 2

(b) Hence sketch, for # < x < =, the graph of = 3co€ x - sin® x,

showing the coordinates of points where the curve meets th
Solution:
@R.HS.=1+ 2cosx

=1+2(cog x - sir? x)
=1+ 2co¥ X - 2sir? X

= cos® X + sin® x+2co€ x - 2sirf x  (using
si? x + co$ x = 1)

= 3co¥ X - Sir? X

= L.H.S.

by = 3cof X — sin? X
Is the same as= 1 + 2cos X
Using your work on transformations this curve is the result of

1
(i) stretchingy = cosx by scale factor, in thedirection, then

(i) stretching the result by scale factor 2 in yhdirection, then
(i) translating by 1 in the +vg direction.

Va
3
! _—
—T _111' T ) x E T X
3 3 ] 3 3

The curve crossey-axis at (0, 3
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It crosseswx-axis wherey =0
l.e. where 1 + 2cos2x 0 -7 < X <

T
1
:>c032<:—5 -2t < X < 2x

] T

© Pearson Education Ltd 2C
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Exercise C, Question 10

Question:

0 5 0.
() Express 2cds > - 4sir? ~in the form aos6 + b, where aand b are

constants.

(b) Hence solve 2cés % — 4sirf % = - 3,intheinterval 0 < # <360 °,
giving answers to 1 decimal pla

Solution:

0 1+ co¥y . 0 1-coy
@cog¢ 5 =" ,sif 3=

0 0
So2cog¢ ; -4sit = (1+co®) -2(1-co®) =3cod) -1
() Hence solve 3cas— 1= —-3,0 < 6<360°

> 3co¥= -2

2
= cos@z—g

As cos fis - ve, 6is in 2nd and 3rd quadrants.

2
Calculator value is cos? ( -3 ) =131.8°

@ A

48.2°
48.2°

(1) ©

Solutions are 131.836C° —131.€° =131.6°,228.2

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 2

Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 11

Question:

() Use the identity sth A + co$ A = 1 to show that sifi A + cos* A= %
(2 - sirf 2A) .

o) Deduce that sth A + cot A= % (3+cosd) .

©) Hence solv@sin? 0 + 8cos* 9=7,for0< 6 < .
Solution:
@ As sirf A+ cog A=1
so (sif A+cof A) 2=1
= sin® A+ cos A+ 2sir? Acos® A=1
= sin® A+cost A=1- 2sir? Acos A

=1- §(4sir? Acos® A)

1- ﬂ ( 2sinAcosA) 2 }

1
1- 3 sir? 2A

> (2-sirf 2A)

b) As cOSA =1 — 2sir? A
so cosA =1 - 2sirf 2A

SOSiI’? oA = 1—c2054A
. 1 1—cos4A\ 1[4—1+c034\
= from@)sif A+codt A= | 2-——" [ =5 ——
\ ) \
) L 3
| = 7| 3+cosA |
) \ )
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(c) Using part (k

8sin* 0+ 8cost =7

1
= 8x 7 (3+cosd) =7

7

= 3+ cosd= >
1

= Cc0s4 = >

1
Solve cosé = Ein 0<4<4r

x bz Tr 11z

3 37"31'" 3

T br Tr 1l
12 12 12 12
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Exercise C, Question 12

Question:
() By expanding cos (2+ A) show that cos8= 4cos A - 3cosA.

(b) Hence solve8cos® 0 — 6¢cosh — 1 = 0, for {0 < 6 < 36C° {.
Solution:

(@ cos (A + A) =cos2AcosA — sin2AsinA
= (2co€ A-1) cosA—- (2sinAcosA) sinA
= 2c0S A - cosA — 2sir? AcosA
=2coS A-cosA-2(1-co$ A) cosA
=2c0S A - cosA— 2COsA + 2cos A
= 4cos A - 3CosA

0)8coS #-6co¥-1=0 0 < O < 360°
= 2(4cos$ 6-3cos)) -1=0

= 2c0sP-1=0 [using part (a)]

1
= C0S3P = >

1
Solve cos8 = EinO < 3¢ < 1080°

= 30 =60 "°, 300° 420°, 660°, 780°, 1020°
= 6=20°,100° 140°, 220°, 260°, 340°
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Exercise C, Question 13

Question:
3tand - tar? ¢
(a) Show that tan@=
1 - 3tarf 6
. : 1 10+ 2
(b) Given thatd is acute such that cs= 3 show that tan= 3 -
Solution:
B ( \ _ _tan26+tand
(a)tan 3 = tan L D+0 )= 1 @n2and
N or= 2@ o 2tand + tand —tar® @ 3tand —tar® ¢
umerator = 1 - tarf 6 anv = 1-tar? 6 - 1-tarf 6
. _ 2tand _l1-tafo-2tafd  1-3tafd
Denominator =1 ey tafh = Lt 0 = T _alo
So tan® = 3tand — tar? ¢ y l1-taf §  3tand—tar 0
olans= " R 1-3taf o  1-3tarf 6

(b) Draw a right-angled triangle.

Using Pythagoras' theorem
X*=9-1=8

Sox=2V2

Sotard =2+ 2

Using part (e

PhysicsAndMathsTutor.com
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3(2V2) - (2V2) 3 6V2-16V2 -10vV 2 10+ 2
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Exercise D, Question 1

Question:

Given that 5sid + 12co¥) = Rsin (6 + a ) , find the value oR, R> 0, and
the value of tal.

Solution:

5sind + 12 co¥ = Rsinfdcosa + Rcosdsina
Comparing sit : Rcoso =5
Comparing co8 Rsina =12

Divide the equations:

sina 12

2

Square and add the equations:
R2cod a + RZsin? a = 52 + 122
RZ(cof a+sir? a) =1F
R=13
sincecos

2 2

o+sinc a=1

© Pearson Education Ltd 2C
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Exercise D, Question 2

Question:

Given that V 3sind + Y 6cosd =3cos (6 - a) , where 0 <a < 90 °, find the
value ofa to the nearest 0.

Solution:
\ 3sind + V 6cosd = 3codcosa + 3sindsina
Comparingsi®: V3=3sihw O
Comparingco§: V6=3cosxr @
Divide @ by @:

3 1

© Pearson Education Ltd 2C
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Exercise D, Question 3

Question:

Given that 2si — YV 5co= — 3cos (0 +a) , where 0 <a < 90 °, find the
value ofa to the nearest 0.

Solution:

2sind - Y 5cosf = — 3cod)cosa + 3sindsina
Comparing si : 2=3sina @
Comparingco§: + V5= +3cost @
Divide @ by @:

2
tana = N5

Soa =41.¢t°

© Pearson Education Ltd 2C
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Exercise D, Question 4

Question:

Show that:

(@) co) + sinf =  2sin (9+ ”z}

() \ 3sin2) — cos Y = 2sin ( Y — %)

Solution:
_ . T )
@R.H.S.=  2sin ARy
=2 (sm@cosz +co§sm%)
1
=2 (smex ~, + Cos x W}
ES|n9+cosé?
= L.H.S.
() R.H.S. = 2sin ( X — z )
\ 6 )
=2 (sinﬁcos” — cos@si )
N 6 6 )
D N3 1)
=2 \sm29>< > — CcoSd x 2 )
= ' 3sinY - cos?
= L.H.S.

© Pearson Education Ltd 2C
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Exercise D, Question 5

Question:

Prove that cos26 ~ 3sin2) = 2cos ( D+ = ) = - 2sin ( - = ) :
\ 3 ) \ 6 )

Solution:

Letcos? - V 3sin®@=Rcos (2 +a) =Rcosdcosa — Rsin Wsina

Compare cos2: Rcosa =1 O

Compare sin2: Rsina= V3 @

Divide @ by @:

tana= V3 = a=%

Square and add equations:
RZ =1+3=4
= R=2
So cos? - V 3sin¥ = 2cos ( P + % )

cos ( 26+ % ) = cosZHcos% - sin2&in %

= Cc0S 26x 1 sin26x

3
2 2

. T . T
= cos 26sin e sSin 2&0s Py

- (SiHZQCOS% - cos28in % )

—sin (20— E)

= -2sin, -

)
)

/TN
~—

o |8

So cos? - \/33iﬂ29£2cos( D+ %
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Exercise D, Question 6

Question:

Give all angles to the nearest 0.1° and non-exact valuesno$urd form.
Find the value oR, where R> 0, and the value af, where 0 <« <90 °, in
each of the following cases:

(@) Sind + 3co¥ =Rsin (6 + a)
(b)3sind — 4cos) = Rsin (6 — a )
(c) 2co9) + 7sind = Rcos (0 — a)
(d)cos20 — 2sin260 = Rcos (20 + o)

Solution:

(a) Sind + 3cos = Rsindcosa + Rcosdsina
Compare sif : Rcosa =1 O
Compare co8 : Rsina =3 ©
Dividing @ by ©:

tana=3 = a=716°
Square and add equations:
R2=32+12 = R=\10

(b)3sind — 4cosy = Rsindcosa — Rcosdsina

Compare sif : Rcosa =3 O
Compare co8 . Rsina=4 ©
Divide @ by @:

4
tana= 3 = oa=531°

Square and add equations:
RP=32+42 = R=5

(c) 2c09) + 7sind = Rcosfcosa + Rsindsina

Compare co8 : Rcosa =2 @
Compare sid : Rsina=7 ©
Divide @ by @:

;
tano= 5 = a=74.1°
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Square and add equatic
RZ=22+72=53 = R=\53

(dycosd — 2sinY = Rcos P cosa — Rsin 29sina

Compare cos2: Rcosa =1 O
Compare sin@ : Rsina=2 @
Divide @ by @:

tana=2 = a=634°
Square and add equations:
RE=12+2°=5 = R= 15

© Pearson Education Ltd 2C
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Exercise D, Question 7

Question:

(@) Show that co8 —  3siné can be written in the formRcos (6 + a ) , with

R>0and 0 <u < ”3

(b) Hence sketch the graphyt cosd —  3sind, 0 <« < 2r, giving the
coordinates of points of intersection with the a

Solution:

(a) Let co®) —  3sind = Rcos (0 + a) =Rcosfcosa — Rsindsina
Compare co8 : Rcosa =1 @
Compare sif:  Rsina= V3 @

Divide @by ®: tana= V3 = a= 3

Square and add: RF=1+3=4 = R=2

So co® —  3sind = 2cos ( 0 + %)

(o) This is the graph of = cosd, translated by% to the left and then stretched in

they direction by scale factor 2.

¥V a
2_

-2

Meetsy-axis at (0, 1
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I
(=

N—
N—

Meetsx-axis at ( % .0
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Exercise D, Question 8

Question:

(a) Show that 3sin@—- 4 cos 3 can be written in the forRsin ( 3% — a ) , with
R>0and 0 <a <90 °.

(b) Deduce the minimum value of 3si 3 4 cos 3 and work out the smallest
positive value 06 (to the nearest 0.1°) at which it occl

Solution:

(@) Let 3sin¥ —4cosPI=Rsin (3 —a) =RsinFHcosa — Rcos Fsina
Compare sin8: Rcosa =3 O

Compare cos@: Rsina =4 ©

4
Divide @by ®: tana= 3 = a=53.1°

Square and add: RE=3?+42 = R=5
S0 3sin® -4cosP=5sin(FP-53.1°)

(b) Minimum value occurs when sin $3-53.1° ) = -1
So minimum valueis -5
To find smallest +ve value é¢fsolve sin (8 -53.1° ) = -1

S0P -531° =270°
= 30=323.1°

= 0=107.7°

© Pearson Education Ltd 2C
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Exercise D, Question 9

Question:

(a) Show that cos 24 sin29 can be written in the forrRsin (20 + a ) , with

R>0and 0 <u < %

(b) Hence solve, in the interval 0< 6 < 2z, the equation cog2+ sin2d = 1,
giving your answers as rational multiplesrz.

Solution:

(@) Letcos@ +sin2)=Rsin (29 + o) = Rsin2)cosa + Rcos Dsina
Compare cos2: Rsina=1 ©

Compare sin@ : Rcosa =1 @

Divide Dby ®: tana=1 = a= 5
Square and add: RP=12+12=2 = R= V2
So cos? +sin¥ =  2sin AR

(b)SoIve\/Zsin(29+ z ) =1,0 < 0<2r
\ 4 )

. =y _ 1L =z z 1z

sosin| 2+ ) =757 < 20+ 7<7
A (
) \

As sin ( D+ % is+tve, | &+ % } Is in 1st and 2nd quadrants.

Si
2
N

1
NGB

Calculator value is si
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z _z 8z 9z 1llr
So¥+ =7, 4
57

4

= 2(920,2,21',7
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Exercise D, Question 10

Question:

(@) Express 7 caog — 24 sind in the form Ros (6 + o) , with R> 0 and
0<a<90 °.Give ato the nearest 0.1°.

(o) The graph of y= 7 cosy — 24 sind meets theyaxis at P. State the coordinates of
P.

(c) Write down the maximum and minimum values of 7&es24 sind.

(d) Deduce the number of solutions, in the interval ®@<360 ° , of the following
equations:

(i) 7cosh — 24sind = 15

(i) 7cosf — 24sind = 26

(i) 7cosf — 24sinf = — 25

Solution:
@) Let 7co¥ — 24sind = Rcos (0 + a ) = Rcos#cosa — Rsindsina
Compare co8 : Rcosa =7 @
Conpare sir : Rsina =24 ©
24

Divide @ by ®: tana= -7 = a=73.7°

Square and add: RE=242+72 = R=25
So 7co¥ — 24sind =25cos (0 + 73.7 ° )

(b) Graph meets-gxis where 6= 0,
l.e.y=7cos0° —24sin0° =7
so coordinates are (0, 7)

(c) Maximum value of 25cos{ + 73.7 ° ) iswhencosf + 73.7° ) =1
So maximum is 25
Minimum valueis25( - 1) = - 25

) (i) The line y= 15 will meet the graph twice in 0&< 360 °, so there are 2
solutions.

(i) As the maximum value is 25 it can never be 26, so there are 0 solutions.
(i) As — 25 is a minimum, line ¥ — 25 only meets curve once, so only 1
solution
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Exercise D, Question 11

Question:

() Express 5sifi 0 — 3co€ 6 + 6sindcosd in the formasin2) + bcos @ + c,
wherea, b andc are constants.

(b) Hence find the maximum and minimum values of
5sin? 6§ — 3co? O + 6sindcosh.

Solution:
. 1-cos26 1+ cos20
(@Assirf 0= = —andcoé 0= —,
so 5sif 0 — 3co€ 6 + 6sindcosy
1-cos? 1+ cos20 .
=5—, -3—, + 3 ( 2sirdcosh )

_ 5 3 3 3 :
=35 - 2c0529— >~ 200529+33|n29

=1-4cos? + 3sind

(b) Write 3sin@d — 4cos 2 in the formRsin (20 — a )

The maximum value dksin (20 —a ) ISR

The minimum value oRsin (2 - a) is —R

You know thatR? = 32 + 42s0R =5

So maximum value of 1 — 4co82 3sindisl1l+5=6
and minimum value c1 — 4co0<20 + 3sin20is1-5= -4
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Exercise D, Question 12

Question:

Solve the following equations, in the interval given in brackets. Give all angles
to the nearest 0.1°.

(@) 6sirx + 8cosx = 5 3 [0, 360°]
(b)2cosP — 3sinF = — 110, 90°]
(c) 8cog) + 15sind = 10 [0, 360°]

@5sin 5 —12cos;, = - 6.5[- 360 °, 360°]

Solution:

(a) Write 6sinx + 8cosx in the formRsin (x+ a ) ,where R> 0,0 <a <90 °
S0 6SirX + 8cosx = Rsinxcosa + Rcosxsina

Compare sSii : Rcosoa =6 @

Compare CO% : Rsina =8 @

4
Divide @by ®: tana= 73 = @=53.13°
RP=62+8 = R=10

So 6sik+ 8cosx = 10sin (x + 53.13 ° )
Solve 10sin k+53.13° ) =5y3,0 < x < 360°
V3

sosin (x+53.13° ) ="
= Xx+53.13° =60°,120°
= X=6.9°,66.9°

(b) Let 2cos@ — 3sinF =Rcos (P +a) = RcosIcosa — Rsin I sina

Compare cos@: Rcosa =2 O
Compare sin8: Rsina=3 @
3
Divide @by ®: tana= 73 = a=56.31°

RZ=22+32 = R=\13
Solve\13cos (30 +56.31° ) = -1,0 < 6 < 90°
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1
socos(8+56.31° ) = ~ iz for
56.31° < 30+56.31° < 326.31°

(s) A

13.59°
73.9°

(1) c

= 30+56.31° =106.1°, 253.9°
= 30=49.8°,197.6°
= 6=16.6°,659°

(c) Let 8cog) + 15sind = Rcos (0 — a ) = Rcos#cosa + Rsindsina
Compare co8 : Rcosa =8 @
Compare sid : Rsina =15 ®@

15
Divide @by ®:  tana= 3 = a=6193°

RR=8+15% = R=17
Solve 17cos ¢ —-61.93° ) =10,0 < # < 360°

10
SOCOS(@—61.93°) =77, —6193° < #-6193° < 298.1°

10
cos™ 1 ( - } =53.97°

s | A®

D3
53.97°

T X©

S00-61.9:° = -53.9:°, +53.9:°
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= 0=8.0°,115.9°

X X . X 3 X X .
(d LetSsins - 12cos;, = Rsin L 5 -« ) = Rsin 5 cosx — Rcos 5 s
Compare sinxg . Rcosa=5 O
Compare co% : Rsina=12 ©@
12

Divide@ by ®:  tana= T = a=67.38°
R=13
Solve 13sin(xg —67.38°) = -65, -360°< x < 360°
sosin| > —6738°) = = | _2a7.4°<

L2 7P ) = e ol

X

5 —-674° < 1126°

30° 30°

ORNO

From quadrant diagram:
S -67.4°=-150°, —-30°

> 5= -826°,37.4°
> x= -1652°,74.8°
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Exercise D, Question 13

Question:

Solve the following equations, in the interval given in brackets. Give all angles
to the nearest 0.1°.

(@) sinxcosx =1 -2.5cos [0,360° ]
(bycot 6 + 2 = cosed [0<6<3600+#180]
(c) Sind = 2coY — sed [0, 180 ° ]

(d)\/ZCOS(Q— ”Z) + ( \/3—1)sin€:2 [0, 2r]

Solution:

(@ sinxcosx=1-25c0s 0 < x < 360°
1
= 3sinx=1-25cos’

= sinX+5cosx=2

Letsinx + 5cosX=Rsin (X + a) = RsinZcosa + Rcos Xsina
Compare sin®: Rcosa =1 O
Compare cos®: Rsina=5 ®©

Divide @by ®: tana=5 = oa=tan"15=787°
RP=52+12 = R=\26
Solve [ 26 sin (2+78.7°) =2,0 < x < 360°

H ( o\ —_— o o o
> sin | X+787° ;) =y .787° < X+787° < 7987

ORRO

23.09° 23.09°

N

T L
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= 2X+78.7° =156.9°, 383.1°, 516.9°, 743.1°
= 2X=178.2°,304.4° 438.2°, 664.4°
= x=39.1°,152.2° 219.1°, 332.2°

(bycot 0+2=cose®,0 < 6 < 360°, 6#180°

cost 1 .
sing T 2= sing (as sid 7 0)

=

= Ccos¥+2sind=1

Let co9) + 2sind = Rcos (0 — o) = Rcosfcosa + Rsindsina
Compare co8 . Rcosa =1 @
Compare sid : Rsina =2 ©

Divide @by ®: tana=2 = a=6343°
RE=22+1> = R= 15
Solve ¥ 5cos (9 —63.43° ) =1,0<9<360°
1
= cos(0-63.43°) =—;, -63.43° ¥-63.43° <296.6°

= (#-63.43° =63.43°
= #=1269°

©sind=2co¥ -sed, 0 < ¢ < 180°
= sinfcosh=2cof -1 ( x cod)

1
= 53|n29: cosd

> tan?¥=2,0 < 20 < 360°
> 29=tan" 12,180 ° +tari 12 =63.43°,243.43°
= 60=31.7°,121.7°

(d)\/ZCOS(Q— %) + (V3-1) s

2 (cosﬁcos% +sin93in”z) + (V3-1) siw

= cosh + sinf +  3sind — sing

= cost +  3sind
Let co®) + V 3sind =Rcos (0 - a) = Rcoshcosa + Rsindsina
Compare co8 . Rcosa =1 @

Compare sif: Rsina= V3 @
Divide@ by®: tana= V3 = a= %
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RE= (V3)%+12 = R=2

|
N
o
A

Solve 2cos, 6 - %

© Pearson Education Ltd 2C
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Exercise D, Question 14

Question:
Solve, if possible, in the interval 0 &< 360 ° ,0 # 180 ° , the equation

4 — 2+ 2sing

T+ 0w - Kinthe case whekis equal to:

(a) 4
(b) 2
©1
() 0

(e)—1
Give all angles to the nearest O

Solution:

@Whenk=4, 4 -2+2sind =4+ 4co9
> -2+ 2sinf = 4cod

= tan@z—z;zz:—\/Z
(s) A

¥ﬂ
RO

6=180° +tan 1( - Vv2) ,360° +tan 1 ( - ¥2) =125.3°,305.3°

) Whenk =2, 4 — 2+ 2sind = 2 + 2cod
= 2cos)+ 2 2sing=2

= cosf+ V2singd=1
Using the'R formule’ L.H.S. = + 3cos (0 — 54.74° )
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Solve vV 3cos (6 - 54.7¢°

(

) =1
o ) 1
4 °

= 0-54.74° =547
= 60=1095°

© Whenk =1, 4 — 2 2sinf = 1 + cos)
= cosd+ 2 2sind =3

Using the Rlormula, co® + 2 v 2sind = 3cos (6 - 70.53 ° )

Solve 3cos - 70.53° ) =3
= cos(#-7053°) =1
= ¢-7053° =0°
= #=705°

d) Whenk =0, 4 — 2V 2sind =0

= sind= V2
No solutionsa -1 < sind < 1

©Whenk= -1,4-2V2sind= -1- cod
= cosY-2+V2sind= -5

Using the Rlormula, co® — 2 v 2sind = 3cos (0 + 70.53 ° )
This lies betwee—3 and +3, so there can be no soluti

© Pearson Education Ltd 2C
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Exercise D, Question 15

Question:

Give all angles to the nearest 0.1° and non-exact valuesno$urd form.

A class were asked to solve 3é6o0s2 —sindfor0 < 6 < 360°.0ne
student expressed the equation in the fReos (/ —a) =2, withR> 0 and
0 <a <90 °, and correctly solved the equation.

a) Find the values dR anda and hence find her solutions.
Another student decided to square both sides of the equation and then form a
quadratic equation in st

(b) Show that the correct quadratic equation is 19 i 4sind - 5 = 0.
(c) Solve this equation, for0< 6<360 ° .

d) Explain why not all of the answers sati3cos<d = 2 — siné.
Solution:

(a) Let 3co9) + sind = Rcos (0 — o) = Rcosdcosa + Rsindsina
Compare co8 : Rcosa =3 @
Compare sid : Rsina=1 ®

1
Divide @by ®:  tana= 3 = «=18.43°

RE=32+12=10 = R=\10=3.16
Solve [ 10cos - 18.43° ) =2,0 < # < 360°

2
= cos(f—-18.43°) = 1o

= 0 -18.43° =50.77 °, 309.23°
= 0=69.2°,327.7°

(b) Squaring 3co8 = 2 — sind

gives 9co8 0 =4 + sir? 6 - 4sind
= 9(1l-sif 6) =4+sirt - 4sind
= 10sirf 6 -4sind-5=0

(©)10sin® 6 — 4sin@-5=0

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Page2 of 2

_ 4 +\216
= SInf = 20
: 4+Y216 . . .
For sind = ——5, sindis +ve, sa is in 1st and 2nd quadrants.

= 0=69.2°,180° -69.2° =69.2°, 110.8°

4-Y216 . . .
20 » Sindis —ve, s is in 3rd and 4th quadrants.

For sing =

= #=180° - ( -323°) ,360° + ( —323° ) =212.3° ,327.7°
So solutions of quadratic in (b) are 69.2°, 110.8°, 212.3°, 327.7°

(d) In squaring the equation, you are also including the solutions t@3<os
(2 —sin@) , which when squared produces the same quadratic.
The extra two solutions satisfying this equal

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 2

Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise E, Question 1

Question:
(@) Show thatsin A+ B) +sin (A—-B) =2sinAcosB .

P+Q P-Q
2 ) cos{ 552

(b) Deduce that siR + sinQ = 2sin (

(c) Use part (a) to express the following as the sum of two sines:
(i) 2 sin 76 cos &
(i) 2 sin 120cos 56

(d) Use the result in (b) to solve, in the interval&@ 6 < 180 °, sind + sind = 0.

sin76 + sind cos 3

(e) Prove thalsmwﬂin% = o

Solution:
@sin (A+B) +sin (A-B) =sinAcosB + cosAsinB + sinAcosB — cosAsIinB
= 2sinAcosB
P+Q P-Q
b)LetP=A+BandQ=A-B,soA= —,B= ——
P+Q P-Q

Substitute in (a):  siR + sinQ = 2sin ( 2 ) cos( 2 )

) (i) 2sin76cos 20=sin ( 70+ 20) +sin (76— 20) [from (a)]
=sin96+ sin56
(i) 2sin126sin50= sin ( 120+ 50) + sin (120-59) =sinl176+ sin76
: : . 30+0 ) (30-0 )
@sin3d+sind=0 = 2sin L2 cosk 2 =0
so 2sin2cosh =0
= sin20=0orco¥ =0
sin20=0in0 < 26 < 360°

= 20=0°,180° 360°
= 6=0°,90° 180°
cost=0in0 < ¢ < 180° = 6=90°

Solution set: 0°, 90°, 180°

()
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sin76+sind _ Fsindfcos3fd . . cos3
- : = - [using (b)]=
5in 58 4-sin 36 Z_mﬂ?cosﬂ coséd
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Exercise E, Question 2

Question:
(@ Show thatsin A+ B) —sin (A—-B) =2cosAsinB.

(b) Express the following as the difference of two sines:
() 2 cos 5»sin 3x
(if) cos 2xsinx

3.1
(iif) 6cos Sxsin 5X

(c) Using the result in (a) show that 8ir- sinQ = 2cos ( P;Q ) sm( % )
) Deduce thasin56 ° - sin34° =  2sin11°.
Solution:
@sin (A+B) —sin (A-B) =sinAcosB + cosAsIinB -
( sinAcosB - cosAsIinB)
= 2C0sAsIinB

() () 2cos5xin3x= sin ( 5x + 3x) — sin ( 5x— 3x) = sin8x— sin2x

1 1
(i) cos2xsinx = 7 [sin (2x+Xx) —sin (2x-x) ] = 3 (sin3x- sinx)

3 1 } 3 1
Cain { Sov B ) msin { x4 ) ] =3

3 .1 . 1 z
(iii) 6cos 7xsin 5x=3 ] sin L SX+ X ) - sin X=X )
( sin2x— sinx)

P+Q P-Q
©In(a)letP=A+BandQ=A-B,soA= — ,B= ——

So sirP — sinQ = 2cos ( %j sin( %)

. . ((56° +34° \ [ 56° -34° )
(d)sin56 ° —sin34 ° :ZCosK T} sin KTJ

1
=2c0s45° sinl1l° =2 x7, sinll® =/ 2sin11 °

© Pearson Education Ltd 2C
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Exercise E, Question 3

Question:

(@) Show that cosA+B) +cos (A-B) =2cosAcosB.

(b) Express as a sum of cosines (i) 2c5§s %os
(if) 5cos 2xcos 3x

((P+Q ) ((P-Q )
+ =
(c) Show that coR + cosQ 2c:osk 2 cosk 2
sin®) —sind
(d) Prove that—c0539 o tand.

Solution:

@cos (A+B) +cos (A—-B) =cosAcosB - sinAsinB + cosAcosB + sinAsinB
= 2Cc0sAcosB

(b) Hence, using (a),

, 50 0 (50 0 (50 0
() 2cos = cos; = cos L ) +5) +cosK 2 T2 = c0s 36+ cos 26
5
(i) Scos2xcos 3x= 5 ( 2€0s 3x0s2X)
5 5
= 5 [cos (3x+2x) +cos(3x=2x%) ] = 3
( cos5x+ cosx)
P+Q P-Q

©In(a)letP=A+B,Q=A-B,soA= — ,B=

Soco§+cos(gzzcos(%) cos( P—ZQ )

2

(g8 . [36-8)
. . cos | sin|
LHg_Sln;..é'—smE e Z 054 T g ]

~ cos38+cosd  [apsd| {388
2’ ;?HS«IF‘E— | Cos I'-T |

= fan®
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Exercise E, Question 4

Question:
(@) Show that cosA+B) —cos (A-B) = — 2sinAsinB.

(b) Hence show that c&— cosQ = — 2sin ( P+2Q ) sin ( —P_ZQ )

() Deduce that cogP- 1= — 2sir? 6.

d) Solve, intheinterve0 < 6 < 18C°,co0<30 + sin20 — cosl = 0.

Solution:
@cos (A+B) —cos (A-B) =cosAcosB - sinAsinB — ( cosAcosB + sinAsinB)
= CoSACO0SB — sinAsINB — cosAcosB - sinAsinB = — 2sinAsinB
P+Q P-Q
byLetP=A+B,Q=A-B,s0A= T,B: 5
((P+Q ) P-Q

thenco$?>—coaQE—25ink > )sin( > )

cLetP=20,Q=0
then cos2 — cos0= - 2sindsind

=> cosP-1= -2sirt 0

. (30+0 \ . [ 30-0
(d)ASCOS@—COS@E—ZSInk > )smk 2

cos3P — cos = — 2sinYsinb
SocosB+sin2—cos#=0

= sinY -2sindsind=0
= sinY(1-2sih) =0
1
= sin29:Oorsin9:5
1
For sing = 5,0=30°,150°
Forsin=0,29=0 °, 180°, 360°

SoH#=0"°,90° 180°
Solution set: 0°, 30°, 90°, 150°, 1¢
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Exercise E, Question 5

Question:

Express the following as a sum or difference of sines or cosines:
(a) 2Sin &cos X

(b) COS X CcOSX

(c) 3sinxsin 7x

(d)cos 100 ° cos40 °
3x . X
e) 10 Cos— sim;

 2sin3C ° cos1C°

Solution:

(@ 2sin&cosX =sin (& + 2x) +sin ( & — 2x)
=sinlk + sin6k  [question 1(a)]

1
(b) COSXCOSX = 5 (2COSXCOSX ) [question 3(a)]

1 1
= S [cos(X+x) +cos(X=x)] =3
(cos& + cos4k)
3
(¢) 3sinxsin7x= — 5 ( — 2sin’ksinx ) [question 4(a)]
3 3
= - S [cos(&+x) —cos(&-x)] =-73

(cos& — cos&)

1
(d)c0s100 ° cos40 = 7 (2co0s100 ° cos40 ° )
1 o [e]
= 5[cos(100+40) +cos(100-40) ] =

1
> (c0s140° +cos60 ° )
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(«3)1000337X sinXEES (Zcos%x sinxg} [question 2(a)]
b e k) R
=5|Lsm\\2+2j\—sm\\2—2j\J\=5\

sin2x—sinx)

M 2sin30° cos10°=sin (30° +10° ) +sin(30° -10° )
=sin4C° +sin20°

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2

Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise E, Question 6

Question:

Show, without using a calculator, that Zsin%z ° coéB? % %
N3+ 42 ) .

Solution:

ool o N (R S S - 1
2sin827 ° cos37, = sm\ 82 + 37 ) + S|6 g2
1, )

2. )

=sin120° +sin45°
=sin60° +sin45°
V3 V2

=2+t

(V3+d2

|
N -

)
)

© Pearson Education Ltd 2C
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Exercise E, Question 7

Question:

Express, in their simplest form, as a product of sines and/or cosines:
(@) Sin1X + sin &

(ycos (x+2y) —cos (& —x)

c) (cos& + cosX) sinx

(@)sin95 ° —sin5 °
LN u
(e)COSz +COS;;

@ sin15C° + sin2C°

Solution:
iN11% + SiN& = 25i [ 12x+8x [ 12x-8x
(a) Sin sin&=2sin | =5 jcos T35
= 2sin1cos X
I ) ovoxy | I
()cos (x+2y) —cos(¥-x) = —2sin | e 2) ;( =) | sin |
J L
(x+2y) - (¥-x) 1|
2
J
= — 2sin&/sinx
[ AX+2x [ 4x=2x

(c)COS4(+COSZ(EZCOSK > jcosk 2

= 2C0S XCOSX
So (cos4 + cosX) sinx = 2cos Xcosxsinx
= cos X ( 2sinxcosx ) =sin2&cosX

. . /95°+5°\ . [950_50\\
(d)Sin95 ° —sin5 °= 2cos \ Tj sin KT)

= 2c0<50 ° sin45° = + 2cos5C °
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Tm
. . (1% 1) (157 12 )
(e CosTz +cos,=2cos| —, — |cos| T5 |
\ ) \ )
O ([ 7 ) o
= 2003 120 cos\ 120 )= = 2C0S - 120 cos—120

N150 ° +sin20 °= 2sin | 222 ) (1507 20" 1
(f) Si Si = 2Si K > )COS\ > )

= 2sin85° cos<bs °
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Exercise E, Question 8

Question:

) , Show that
( 2r ) (

Using the identity coB + cosQ = 2cos (
4
cos&+cos\9+ 3 ) +cos\9+ 3

Solution:

(2
AN

Ccosf + cos 3

[ eos (g %)

Lcos\ 3)+cos€)

+cos(9+ ?}
1 ( 2z )
] \ 3 )

B RN S SRS I

2n
=2co0s | > | cos | > | +cos| 0+ 5 |

] | L | \ )

Il
N
@)
o
(0]

9+?” os—+cos(9+ ?n)
2

[ _
-

Il
N
@)
o
(0]

AT TN

)
)
)
)

— COS
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Exercise E, Question 9

Question:

sin75° +sin15°
Prove that_——~—_——.= \V3

Solution:
_750+,150_2,(75+15\o (75—15\0_2_450
sin sin =2sin T, ) cos T =2sin
cos30 °
cosl5° —cos75° = - (cos75° —cosl5° )
] 75 + 15 75 - 15 ]
:—IL—Zsin( 2)sin( 2) J|

=2sin45° sin30 °
sin75° +sinl15° _ 2sin45° cos30°_ o _ 1 _ \/
000315° -cos75°" 2sin45°sin30° cot 30 ~ tan30° 3

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 2

Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise E, Question 10
Question:

Solve the following equations:

@cos&«=cosX for0 < x < 180°

msinx -sind=0,for0 < 6 < 2

@©sin(x+20° ) +sin(x-10° ) =cosl5°,for0 < x < 360°
@sin3d — sind = co<20,for0 < 6 < 2=n

Solution:

(@ cos& —cosx=0

((4x+2x \ . [ 4x=2x )
)

= —Zsink > ]smk >

= sinXsinx=0

= sin&=0orsik=0,0 < x < 180°
sinx=0,0 < x < 180°

= x=0°,180°
sinXx=0,0 < 3 < 540°

= 3x=0°,180° 360°, 540°

= x=0°,60° 120°, 180°
Solution set: 0°, 60°, 120°, 180°

(bysin3d —sind =0
(30+0 \ . (30-0 )\ _
J

= 2cos\ > )sm\ > =0

= 2cosdsind=0,0 < 6 < 2r

sin=0,0 < 0 < 2r => 60=0,n,2x
cos¥=0,0 < 20 < 4«

T 40 40 4 4
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- NP A 3
Solutionset: 05, ;- 7, 3, 3 . &

( \ ( \ (x+20°+x—10°\
@©sin | x+20° | +sin| x-10° | =2sin | > | cos
\ J \ J \ J
|rx+20°—(x—10°) 7‘
i ’ ]

=2sin(x+5° ) cosl5°
Sosin(x+20° ) +sin(x-10° ) =cos15° ,0< x < 360°
= 2sin(x+5°) =1

1
Sosin(x+5° ) =5,5% < (x+5°) < 365°

= x+5° =30°, 150°
= x=25°°,145°

(d)sin3y — sind = 2cos

(30+6 \ . [ 30-0 )
\ Y

2

—
n
>

—

N

= 2cosdsing
So sind — sind = cosd

= 2cosdsind = cosd
= cosd(2sinf-1) =0

1

= cosZ9:Oorsin9:5
1

sing = 5,0 < 0 < 2r

T
= 0= 7,
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Exercise E, Question 11

Question:
Prove the identities

in76-sin%
(a)sm7 sin = 4cos®

sindcosl

C0s20+ cos46 t o
b) sin20-sinag — ~ €O

©SiP (x+y) —si?(x-y) =sin2xsiny
(d) COSX + 2C0<¢3X + coshx = 4C0s% XCOS3X
Solution:

sin79 — sin30
sinfcost

@ L.H.S. =

1 1
20035 (76+ 36) sinE (760-30)

1
> (2sindcosh )

2cos5&in 20

1 .
—sind
2

=4cosY
= R.H.S.

Cc0s 260+ cos46
sin20- sin40

() L.H.S. =

1 1
20055 (46+ 20) cosz (40- 20)

1 1
20035 (26+ 40) sinE (20-40)

2C0s 3¢cosH
2cos3éin ( —6)
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cosd
- sinf
— cot 4
R.H.S.

[assin( -0) = —sind]

©LH.S. =sin?(x+y) —-sif(x-Vy)
= [sin(x+y) +sin(x-y) ] [sin(x+y) =sin(x-Yy) ]

B |r _ /X+y+x_y\ (X+y_x+y\ 1T (
= | 2sin| =™ lcos| =™ | | | 2cos|

L \ )\ ) 1L \

=
n 2

\ ) ]
( 2sinxcosy ) (2cosxsiny)
( 2sinxcosx) ( 2sinycosy)
sin2xsin 2y
R.H.S.

X+y+x-y

2

m o o =

(d) L.H.S. = cosx + 2cos X + cos X
= COSX + cOSX + 2C0S X

= 2C0S ( SX;X ) cos( SXZ_X ) + 2c0s3

= 2C0SXCOSX + 2c0oSX
=2cosX(cosx+1)

=2cosX (2co€ x-1+1) (cosx=2co¥ x-1)
= 2cosX x 2c0¥ X

= 4cog Xxcos X

= R.H.S

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2

Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise E, Question 12

Question:
(a) Prove that co@ + sin2) — cos3¥ =sin) (1 + 2sind) .

() Hence solve, fo0 < 6 < 2x,cosd + sin26 = cos36.

Solution:

(@ L.H.S. =cosf + sinX — cosIP
= - (cosP -cosf) +sin
- [ —2sin(30;9) sin(gezg ) } + sin2
2sinsing + sin2
sin2d (2sind + 1)
R.H.S.

(b) SO to solve co® + sin29 = cos I
or coy +sin¥ - cos3I =0
solvesin?2 (1+2sind) =0 [using (a)]
Either sin?d =0
= 20=0,r, 2r, 3r, 4z

T

3n
= 9:012’71-1?12[

] 1
or sind = - >

S A

AN
OTO®

Pagel of 2
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6 6

T
6
T r fﬁi 11z

Solution set: O,2 T 6 20 6 2
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Exercise F, Question 1

Question:

The lines | andl,, with equationy = 2x and § = x — 1 respectively, are drawn

on the same set of axes. Given that the scales are the same on both axes and the
the angles thdy andl, make with the positive-axis are AandB respectively,

(a) write down the value of taf and the value of taB;
(b) without using your calculator, work out the acute angle betieamdl,,.

Solution:

1 1 1
(@ tanA =2, tamB = 3 Sincey = 3X— 3

(b) The angle required i\(— B).

. _ tanA — tanB _ 3 _
Usingtan A-B) = T gmame - 1"

wlo | wlo
|
=

= A-B=45°
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Exercise F, Question 2

Question:

: , 1 : :
Given that six = —-wherex is acute, and that cox(-y) = siny, show that tap =

V5 +1
7 -

Solution:

Ascos (x—y) =siny
cosxcosy + sinxsiny =siny @

1
Draw a right-angled triangle where gir ¢

Using Pythagoras' theorem,
a?= (V5)2-1=4 = a=2

2
S0 cox = &

Substitute intaD:

2 1
5 Cosy + g siny = siny

= 2cog + siny = V 5siny
= 2coy=siny( V5-1)

2 _ ( _ siny A
= N5-1 —tany ktany— cosy )
B 2(V5+1) _2(V5+1)  V5+1
> any= "yss1)y (Vs+1) 4 -2
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Exercise F, Question 3

Question:

2tand

Using tan? =
sing tan Tt )

with an appropriate value 6f
(a) show that tan% = 2-1.

. . 3
(b) Use the result in (a) to find the exact value oftén

Solution:
) 2tand . T
Usingtan? = ——withd = 7
@ g 1-tarf 0 8
T
2tan —
T 8
= tanz:—7r
1-tarf —
8
— T
Lett—tan8
Sol= 2t
1-12
> 1-t2=2t
> t?+24-1=0
-2+ 8 -2+2V2
> t=— =", =-1%V2

T T . T
AS g 1S acute, tang IS +ve, SO tagw w2 -1

T T
tan — +tan—
4 8

(= =& _
(b)tan tank 2 +8j —l T
an4 an8

1+ (V2-1) V2 V2(2++2) N2

T 1-(V2-1) T 2-+42 7 (2-42) (2+42) T 2
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(2+V2) =+V2+1
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Exercise F, Question 4

Question:

In AABC, AB=5cmand AC=4cmgz ABC= (6-30) ° and

2 ACB = ( 6+ 30 ) ° . Using the sine rule, show thatfen 3 V 3.
Solution:
(@—30)°
5cm
0+ 30)°
A 8
4 cm 2
. sinB sinC
Using—— = =
sin(#-30) ° sin(6+30) °
N _

4 B 5

= 5sin(#-30) ° =4sin(#+30) °

= 5(sindcos30° —cogsin30° ) =4 (sirPcos30 °
+ cosfsin30 ° )

= sinfdcos30 ° =9co08sin30 °
sing sin30 °

= =9 =9tan30°

cos® ~ Y cos30°

V3
> tand=9x — =3V3
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Exercise F, Question 5

Question:

Two of the anglesi andB, in AABC are such that tak= %, tanB = %

(a) Find the exact value of

()sin (A+B)
(i) tan 2B
» 33
(b) By writingCas 180 ° - A+ B) , show that co€ = - o5
Solution:
(a) Draw right-angled triangles.
) 5
3
A B [
4 12
.o _ 3 _ 4 o 2 _ 12
SINA = 5,cosA— 5 sinB = 13,0098— 13
@sin (A+B) =sinAcosB + cosAsinB
_ 3 12 4 S5 _ 56
= 5*X 13T 5 X713 65
2 x = 2
12 6
" _ 2tanB  _ _ _ 5 144 120
(i tan 28 = 1-tafB ,_ 5,2 118 6 * 119 T 119
(1) 144
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L (4 12 3 5
= — (cosAcosB - sinAsinB) = - (5% "5 %13
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Exercise F, Question 6

Question:
Show that

(a) Se@cosed = 2cosec?

1 - cos2x
—:Se(,2 Xx—1

1+ cos2x
(c)cot 8 — 2cot X =tand
d) cost 20 — sin? 20 = cos &)

(e) tan (% +X } - tan (% -X ) = 2tan X

msin (x+y) sin(x-y) =cof y-cod x

(901 + 2c0<260 + cos40 = 4c0? Hcos26
Solution:

(a) L.H.S. = secfcosed
1 1

cosd X sind
_ 2
— 2sinfcost

2
sin26

= 2cosec?
= R.H.S.

1 - cos2x
1 + cos2x

() L.H.S. =

1- (1-2sif x)
1+ (2co€ x-1)

2sir? x
2cog X

PhysicsAndMathsTutor.com
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taré X

se@ x-1
= R.H.S.

(¢ L.H.S. =cot 6 — 2cot &
1 2
~ tand  tan26

1 2(1-tarf 0)

tand 2tand

1-1+tarf 6
tand

@ L.H.S. = cos? 20 - sin* 20

= (1) (cosd)
cos A-sin® A=cos2A)
= cos4
= R.H.S.
(e)L.H.S. =tan [z +X ) — tan
\ 4 )
B 1 + tanx 1 - tanx
~ 1-tax 1+ tarx

(1+tarf x=sec x)

(cos 20 +sin? 20) (cof 20 - sir? 20)

(cod A+siP A=1,

£

® R.H.S. = co? y - cos

(1+tanx) 2- (1-tanx) 2
(1-tanx) (1 +tanx)

1+ 2tarx + tarf x— (1 - 2tarx + tar? x)

1 - tarf x

_ 4tanx

 1-taf x

:2( 2tanx \

B \ 1-tarf x )

= 2tan X

= R.H.S.

2 x

PhysicsAndMathsTutor.com
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(cosy + cosx) (cosy— cosx)

= [Zcos( = ) cos( —
sin (y_zx ) }
= [ 2cos( — ) cos( —
X_zy ) } [as sin ( =0) =sind]
= [ 2sin ( X;y ) cos( X;y
Xy ) ]
2 ) ]
= sin2 ( X;y ) sin2( X_Zy )
=sin (x+y) sin(x-vy)
=L.H.S.
@ LHS.=1+2cos? + cos4¥

=1+2cos?+ (2cof 20-1)

=2c0s2 + 2co¥ 20
=2c0sd) (1 +cos?)

2cos@P[1+ (2co€ 6-1) ]

4co€ Hcosd
=R.H.S

© Pearson Education Ltd 2C
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Exercise F, Question 7

Question:

.2 3
The anglex andy are acute angles such thatxsm Eand coy = 10

3
(a) Show that cos2x - -

(b) Find the value of cosy2

(c) Show without using your calculator, that
(Ytan (x+y) =7

(iyx-y= 7

Solution:

2 8 3
(a)COSXEl_ZSinZ XxX=1-2 (E}ZZJ_—E: _E

b)cosy=2cofL y—-1=2 (%)2_1=2 (%) _1:2

tanx + tany

7

3
() tan (X+y) = 1 - tanxtany = 2 = T =7
1 —
3
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5
) tanx — tany 3
(itan (x—-y) = 1+tamtany — 5 1
3
T . 5x
As x andy are acutex —y = 7 (it cannot be~ )
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Exercise F, Question 8

Question:

: : 1 : 1
Given that sirxcosy = Eand cogsiny = 7,

@@ show thatsink+y) =5sin(x—-vy) .
Given also that tan= k, express in terms &t

(b) tanx

(c) tan 2x

Solution:

Wk

1
(@sin (x+y) =sinxcosy + cosxsiny = 3 +

/T
Wl
N—

1
o1
X
ol
1
oo,

5sin(x—-y) =5 (sinxcosy — cosxsiny) =5

sinxcosy
(b) cosxsiny

wlk M-
N |w

tanx _ §
= tany ~ 2

_ 3 _ 3
sotark= ;tany = 7k

2 tanx 3k ( 12k )
tan X = = = ——
© 1-afx 9, L 4-9@)

4
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Exercise F, Question 9

Question:

Solve the following equations in the interval given in brackets:

@ V3sin®+2sif =1 {0 < 6 < x{
)y sin3 fcosY =sincosP {0 < 6 < 2x{
@©sin(6+40° ) +sin(#+50° ) =0 {0 < H < 360° {

(d) Sin? %:Zsiné? {0 < 0 < 360° {

e2siM=1+3coyy {0 < O < 360° {
() cosH = cosIP {0 < 6 < =xn{

(@cos20=5sind { -z < 6 =< =x{.
Solution:

@ V3sinX¥=1-2sif 6,0 < 6 < =z
= A~ 3sin®=cosPd

1
= tand = W,O < 20 < 2x

T

— r_r S

o |8
\l

T T

= 0= 1.7

=

(bysin3ycos ¥ — cosIsin2y =0
= sin(P-20) =0
= sind=0,0 < 6 < 2r

= 6=0,n,2r
©sin(#+40° ) +sin(#+50° ) =0,0 < # < 360°
L osi [ (0+40°) + (+50°) T [ (0+40°) - (+50°) T
sin | > | cos| > ]
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A

(d) Sin?

=

0
Forsm; =0 =

0
For tans = 4 =

2sin(f+45° )cos ( -5°) =0
sin(0+45° ) =0,45° < 60+45° < 405°
6 +45° =180 °, 360°

0=135°, 315°

0 0 0 0 0
5 =2 ( 2sin7 cos;, ) ( Sifl = 2sin 5 cos7; )
00 o\ _

Sin7 | siny —40055} =0

0 Y A

sin% =0orsin; =4cos, ,le.tap =4

=0°,180° = 6#=0°,360°

N N

—tan"14=7596° = #=1519°

Solution set: 0°, 151.9°, 360°

(e)2sin —3cosh =1
Let 2sind — 3co¥) = Rsin (0 — a) = Rsindcosa — Rcosdsina

=

=

=

=

=

=

Rcoso = 2 andRsina = 3
tano= > ( = a=563°) R=\13
\13sin (6 -56.3° ) =1
sin (6-56.3° ) =5

Page2 of 3

1 1
0-56.3° =sin ! T 180° —sin 1 T =16.1°,163.9°

0=724°,220.2°

fHcosH —-cosIP =0

=

=

=

((50+30 ) . ( 50-30 )
)

—23in\ > )sm\ > =0

sindsind=0,0 < 6 < =&
sinb=0 = 6=0,x

orsind=0 = 40=0,r, 2r, 3r, 4

=

_a L = 3t
9_014’214’71-
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T 3z

- Iz 3T
Solutionset: 05, 5 7, 7@

(g)cOS Y = 5sind
= 1-2sirf =5sind
= 2sirf +5sind-1=0

_ -5+\33
= SInfd = — 1

-5+Y{33
As =1 < sinf < 1,sin9:+r

In radian mode# = 0.187, = — 0.187=0.187%, 2.9¢
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Exercise F, Question 10

Question:

The first three terms of an arithmetic series dr@cos, sin (9 — 30 ° ) and
sin @, whered is acute. Find the value 6.

Solution:
As the three values are consecutive terms of an arithmetic progression,
sin(#—30° ) - v 3co¥ =sind -sin (0-30° )

= 2sin(0-30°) =siW+ V 3cos

= 2 (sindcos30° - codsin30° ) =sirW + \ 3cod
= + 3sind - cosd = sind + \ 3co
=

sind( V3-1) =co¥( V3+1)
V3+1
V3-1

= tanf =

) 4. V3+1
Calculator value ig = tan~ 1 57 =75 °

No other values &6 is acute

© Pearson Education Ltd 2C
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Exercise F, Question 11

Question:

Solve,for0 < 6 < 36C°,cos(H+40° )cos(O6—-1C° ) =0.E.
Solution:

2cos (#+40° )cos(P—-10° ) =1
[ o
= cosL \9+4O )+\

( o\\—|_
- \9_10 )J_l

—
—~
)
I
[
o
[e]
~—
1
+
)
O
(9]
—
TN
~—

0+40°

cos(+30° ) +cosb0° =1
cos(2H+30° ) =1-cos50° =0.3572
20 + 30 °© =69.07 °, 290.9°, 429.07°, 650.9°
20 = 39.07 °, 260.9°, 399.07°, 620.9°
#=19.5°,130.5° 199.5°, 310.5°

L L
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Exercise F, Question 12

Question:

Without using calculus, find the maximum and minimum value of the following
expressions. In each case give the smallest positive valuatefhich each
OCCurs.

(a) Sindcos10 ° — co¥sin10 °

(b)cos 30 ° co¥ — sin30 ° sirY

(c)Sin@ + cosd

Solution:

(@) sindcos10 ° — co¥sinl10° =sin(@—-10° ) [sin(A-B) ]

Maximum value = + 1whed-10° =90° = ¢=100°
Minimum value = —=1whed@-10° =270° = #=280°

(b)c0os 30 ° cog —sin30 ° sink=cos (+30° )
Maximum value = +1whed+30° =360° = 6=330°
Minimum value = -1whed+30° =180° = 6=150°

(c) SIn@ + cosd

=42 (%sin9+ %cosﬁ )

= 2 (sinfcos45 ° + codsin45 ° )
= \2sin(6+45° )
Maximum value =V 2when6+45° =90° = #=45°

Minimum value = —v 2whend +45° =270° = §=225°

© Pearson Education Ltd 2C
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Exercise F, Question 13

Question:
() Express sim — v 3cosxin the formRsin (x —a ) ,withR>0and 0 <a < 90 ° .

(b) Hence sketch the graphyf sinx— Y 3cosx { -360° < x < 360° {,
giving the coordinates of all points of intersection with the i

Solution:

(@ Let sinx — \ 3cosx = Rsin (X —a) =Rsinxcosa — Rcosxsina
R>0,0<aa<90°

Compare SiK : Rcosa=1 O

Compare cok: Rsina= V3 ®

Divide @ by®: tana= V3 = a=60°
R2= (V3)2+12=4 = R=2
So sinx — \ 3cosx=2sin (x— 60 ° )

(o) Sketchy = 2sin (x — 60 ° ) by first translating = sinx by 60° to the right and then
stretching the result in thedirection by scale factor 2.

Va
2 5.

| Ly
—-360° { —300° —\20° 60°  240° 360° ¥

Graph meetg-axis wherx = 0, i.,e.y=2sin ( —=60° ) = -V 3
Graph meetx-axis whery =0, i.e. (- 30C°, 0), (- 12C°, 0), (60°, 0), 240°,

© Pearson Education Ltd 2C
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Exercise F, Question 14

Question:

Given that 7cos 26 24sind=Rcos (2 —a) ,where R>0and 0 <u < =
find:

(a) the value oR and the value of, to 2 decimal places

(b) the maximum value c14cos? 6 + 48sindcosd
Solution:

(@) Let 7cos@ + 24sind) = Rcos (2 — a) = RcosZcosa + Rsin29sina

R>0,0<a< 5

Compare cos2: Rcosa =7 @
Compare sin2 : Rsina =24 ©@

24
Divide @by ®: tana= 7 = a=129 (1.287)

RE=24+72 = R=25
So7cos?+ 24sind =25cos (2 —-1.29)

(b)14cog 6 + 48sindcosd

B [ 1+cos26 )

=14 L2 ) + 24 ( 2sifcosd )

=7(1+cos?) +24sind

=7+ 7c0os? + 24sind)

The maximum value of 7co92 24sind is 25 [using (a) with cos
(20-1.29) =11].

So maximum value (7 + 7cos26 + 24sin20 = 7 + 25 = 32.

© Pearson Education Ltd 2C
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Exercise F, Question 15

Question:
(a) Given thaix is acute and tan= %, prove that
3sin(f+a) +4cos (0+a) =5cod)

(b) Given that six = 0.6 and cog = - 0.8, evaluate cosx+ 270 ) ° and cos
(x+540) .

[E]
Solution:

(a) Draw a right-angled triangle and find sirand cosu.

o |,

a [

- 3 4
= sina= ¢, COx= ¢
So 3sin(@+a) +4cos (0+a)
= 3 ( sinfdcosa + cosfsina ) + 4 ( cos)cosa — sindsina )

(4 ) (4 )

3 3
=3 KSsin6?+ gcos@ ) + 4 L 5cosﬁ— gsinej

12 . 9 16 12 .
5sm6?+ 50039+ 50039— 53|n9

_
= T cosy

= 5coy
(b)cos (x + 270) ° =cosx° cos270° - six° sin270 °
=(-08)(0)-(06) (-1)=0+06=0.6

cos (x + 540) " =cosx° cos540 ° - six ° sin540 °
=(-0&)(-1) - (0€) (0) =0.-0=0.¢
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Exercise F, Question 16

Question:

(a) Without using a calculator, find the values of:
(i) sin40 ° cos10 ° - cos40 ° sinl10°

(i) %00515 ° ~ = sin15°
—tan15 °
(“ ) 1+tanl5°
(b) Find, to 1 decimal place, the valuesxpd < x < 360 °, which
satisfy the equation 2sx= cos (x — 60)
[E]
Solution:

@) (i) sin40 ° cos10° —cos40° sin10° =sin(40° -10° ) =sin30° =

1

2

1 1
(i) y5cos15° - 75 sinl5°

=c0s45° cos15° —-sin45°sin1l5° =cos (45° +15° ) =cos60°

|
N -

1-tanl5° tan45° —-tanl1l5°
() T5@n15°= T+tand5° anis*

V3
=tan (45° -15° ) =tan30° =3

(b)2SinX =cos (x—60 ° )
= 2sSinXx = cosxcos60 ° + sirxsin60 °
1 V3

= 2sinx = 5 COX + 7sinx

= (4 - +3) sinx=cosx
sinx 1

= cosx — 4-+3

1
4-+3

= tfanx =
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Sox=tan" ! (4_1“ ) ,180° +tan ! (4-V3)

= x=23.8°,203.8°
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Exercise F, Question 17

Question:

() Prove, by counter example, that the statement
‘sec (A+B) =secA+sed, forall Aand B
is false.

(b) Prove that tal + cot 6 = 2cosec 200 # n—zn ne zZ

[E]

Solution:

@ One example is sufficient to disprove a statement.
Eg.A=60°,B=0"°

1
seCc(A+B) =sec(60° +0° ) =sec60° T - =2

— (o] —_—
secA =secb60 ° = 060 °

1
— (o] —_— —
sedB =sec0 ° = c0s0° = 1

Sosec(60° +0° )}tsec60° +secO°

=2

= sin (A+B) =secA + sed not true for all values of A,.B

() L.H.S. =tané + cot 4
sing cost
cosd + sing

Sin? 0 + co 0
sindcosf

1 .
—sin26
2

2
sin26

2cosec 260
R.H.S

© Pearson Education Ltd 2C
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Exercise F, Question 18

Question:

Using the formula cosA + B) = cosAcosB — sinAsinB :
(@) Show that cosA-B) —cos (A+B) =2sinAsinB .
(b) Hence show that cog2 cos & = 2 sin XSinx.

(c) Find all solutions in the range 0< x < x of the equation
COS X — COS & = sinx
giving all your solutions in multiples af radians.

[E]
Solution:

(@) cos (A + B) = cosAcosB — sinAsinB

= cos(A—B} EcosAcos( —B} —sinAsin( —B)

= cosAcosB + sinAsinB
socos(A+B) —cos(A-B) = (cosAcosB - sinAsinB) -
( cosAcosB + sinAsinB)
= — 2sinAsinB
by LetA+ B=2x, A-B=4x
Add: 2A=6x = A=23X
Subtract: B= -2 = B= -X
Using (a) cos—- cos& = — 2sinXsin ( —x) = 2sinXsinx
assin( —x) = —sinx

(c) Solve 2sin 8sin X = sinx
= sinx(2sin&-1) =0

. ) 1
= sinx=0orsinX= >
sinx=0 = x=0,x

1
sinx=3,0 < X < 3t = 3X=3,%.6 5

7 b5z 13z 17z

= X= 1818 18 ' 18
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7 5z 13« 17=xn

Solution set: Oy 75 515 g &
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Exercise F, Question 19

Question:
: v
(@) Given thatcos k+30° ) =3cos (x—30° ) , prove that tan= - 73
1 - cos26

() (i) Prove thatw = taf.

(i) Verify that 9 = 180 ° is a solution of the equation sth22 — 2cos 2.
(iif) Using the result in part (i), or otherwise, find the two other solutions,
0 <# <360 °, of the equation siW2= 2 — 2cos 2.

[E]
Solution:

@cos(x+30° ) =3cos(x—30° )
= €c0osxcos30 ° —sixsin30° =3 (coxcos30 ° + sixsin30 ° )

= —2c0xc0s30° =4sixsin30°
V3 ) 1
= — 2COX X 7:4smx>< >
ﬁ _ sinx
= T2 T cox
V3
= tanx= -
1-cos?

1- (1-2sif 69)
2singcosh

25sir? 6
2singcosfd

_ sing
~ co
= tand
(i) L.H.S. =sin360° =0
RHS. =2-2c0s360° =2-2(1) =W

(iii) Using (i) this is equivalent to solving tén= 7.

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Page2 of 2

From (i) 1 — cos26 = sin20tar 6
Sosind=2-2c0os? = sin =2sinXtand

1
sin2)=0givest =180 °,sotaf= ; = 0= 26.6° 206.6°
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Exercise F, Question 20

Question:

(a) Express 1.5sin2% 2 cos 2xin the formRsin ( 2x+ a ) , whereR> 0 and 0 <« <

%, giving your values oR anda to 3 decimal places where appropriate.

(b) Express 3 sircosx + 4co€ xin the formasin 2x + bcos 2x+ ¢, wherea, b andc are
constants to be found.

(c) Hence, using your answer to part (a), deduce the maximum value of
3sinxcosx + 4co¥ .

[E]
Solution:

(a) Let 1.5sin2x+ 2cos2x= Rsin ( 2x+ a ) = Rsin2xcosa + Rcos 2xsina

R>0,0<a< 3

Compare sin2x Rcosa =15 O
Compare cos2x Rsina=2 ©@

Divide @ by ®: tana = = «a=0.927

wlbs

RZ=22+15% = R=25

- 3 : ([ 1+cosx
(b)3sinxcosx + 4co$ x= 5 (2sixcosx) +4 | T,

3 3
= Esin2x+ 2+ 2cos2& Esin2x+ 2Cc0S2x+ 2

3
(c) From part (@), sin2x 2cos2x= 2.5 sin ( 2x+ 0.927))

3
So maximum value o; Sin2x2cos2x=25x1=25

So maximum value 3sinxcosx + 4cos? x = 2.5+ 2 = 4.5
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Exercise A, Question 1

Question:
Differentiate:
@ (1+2x)4

) (3-22) ~°

1
2

© (3 +4x)

@ (6x+x*) ’

1
O 3+ 2x

mﬂ?—x

@4 (2+&) 4

m3(8-x) ~°
Solution:

@ Letu =1+ 2x theny = u*
du _ dy _ 3
x =2 and 3, =4
Using the chain rule,

dy dy du 4 a3 3
dx_duxdx_4u x2=8=8(1+X%)

(b) Letu=3 - 2%theny=u~?°
du dy -6
wx- —& and - = -%

Using the chain rule,

dy dy ~du _ -6 _ -6 _ 2y -6
x - du X ax - T x —4x = 20xu =20x (3 — 2x°)
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1
2

(c) Letu =3 + 4x, theny =u
5:4 and Ez;u"

Using the chain rule,
dy dy du 1 1
2

___x____

dx ~ du dx 2

) Letu = 6x + x2, theny = u’
du _ dy _ -6
x =6+ X and 4, =1

Using the chain rule,

dy dy du
o= du X ax =WOx (6+2X) =7(6+X) (6x+x*) O

1

(e Letu=3+ 2 theny= + =u~1

du d

=2 and o = -u"?

Using the chain rule,

dy dy du _ -2 _ —2_ -2

dx — du X ax - ~U x2=-2A - (3+2x) 2
1

 Letu=7 —x, theny=u2

du _ dy _1 2

x - "1 and 5 =3uU >

Using the chain rule,

dy gy odu 1 _ 1 _ 1 &

dx — du < dx — 2U 2x —1= 2(7_X) 2

(@ Letu = 2 + &, theny = 4u*
du dy 3
x = and 3, =16
Using the chain rule,

dy dy du 3 _ 3
ix = du X O =16 x8=128(2+ &)

(hy Letu=8 - x, theny = 3u~©

du _ dy _ -7
dx——l and du-—1a
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Using the chain rul
dy dy du

et — _ -7 — -7
x - du X =~ & Tx -1=18(8-x)
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Exercise A, Question 2

Question:

. _ . y [ 1 1)
Given thaty = (4X+1)2f|nd the value 01‘37 at\ 2 2 )
Solution:

Letu=4x+ 1, theny = u~ 2
du _ dy _ -3
dx ~ w -~ A
d _ -8
— = — 8 3
dx . (4x+1)3
dy
Whenx= 7, = -1
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Exercise A, Question 3

Question:
Given thaty = (5 - 2x) 2find the value ofg—i at (1, 27).

Solution:

Letu=5 - 2, theny = u®
du dy

— _ _ 2L _ 7.2
dx — 2 du_a'l

oy 2 _ 2
L= —6P= -6(5-X)

_. Yy
Whenx = 1, x = " 54
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Exercise A, Question 4

Question:

Find the value oﬁ% at the point (8, 2) on the curve with equat;'véﬁ-:-?y = X.

Solution:

X =3y -2y

dx _

dy = oy — 2

dy _ _1

dx = 6y-2

At (8, 2) the value oy is 2.
dy 1 1
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Exercise A, Question 5

Question:

Find the value oﬂ% at the poin& —? : ;l on the curve with equation

1 1
2+y 2=X
Solution:
1 1
X=y2+y 2
x 1 1 1 _ 3
dy — 2¥ 27 3%Y =2
dy 1
dx 1 1 1 3
2y 2—2y 2

At the point ( 2% : 4} the value ¢fis 4.

dy 1 1

X

w |5

:1 1 1 §_ -
5(4)'2-5(4)'2

N
|
1
(6)]
Wl

5~
C'_D‘looll—\
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Exercise B, Question 1

Question:

Differentiate:
@x(1+3x) >
2x(1+3°) 3
© X (2x+6) 4

@3x2 (5x-1) ~1
Solution:
@Lety=x(1+23) °
Letu=xandv= (1+3) >
d d
Thend—z :land(ﬁ =5x3(1+H93 4 (using the chain rule)

Now use the product ru
dy dv du

ax ~UYax tVix
d
L =xx15(1+X) 44 (1+X) Ox1
= (1+3x) #(15x+ 1+ 3)
= (1+3) 4(1+1%)
b Lety=2x (1 + %) 3
Letu=2xandv= (1+3?%) 3
d_U_ dv _ 2 2
Then, =2and, =D18(1+3x")

Using the product rule,
dy dv du

ax ~Yax TV
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d
L =2xx18x(1+38) 2+2(1+3R) 3

(1+3¢) 2 [36x%3+2(1+3%) ]
(1+3%) 2(428+2)
=2(1+328) 2(1+21¥)

©Lety=x3(2x+6) 4
Letu=x3andv= (2x+6) 4

du dv
Theny, =3%and; =8(X+6) 3

Using the product rule,
dy _dvodu
ax — Yax TViax

d
Lo =X 8(X+6) 3+ (2x+6) x 3P

=x2(2x+6) 3[8x+3(X+6) ]
=x2(2x+6) 3(14x+18)
=22 (2x+6) 3(7x+9)

@ Lety=3x2(5x-1) ~1
Letu=3x2andv= (5x-1) ~1

du _ av _ -2
Then =&andy = -5(%-1)

Using the product rule,
dy dv du

ax ~Yax TV

d
L5 =3@x —5(5x-1) ~2+ (5x-1) ~1x6x

-15¢(5x-1) ~2+6x(5x-1) ~1
3x(5x—-1) “2[ -5x+2(5x-1) ]
=3x(5x-2) (5x-1) ~2
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Exercise B, Question 2

Question:

(a) Find the value oﬂ% at the point (1, 8) on the curve with equa‘[ire)lx2

(3x-1) 3.

(b) Find the value oﬂ% at the point (4, 36) on the curve with equtoBx

1
2.

(2x+1)

(c) Find the value oﬂ% at the poir& 2% ) on the curve with equatien
(x-1) (2x+1) ~1L
Solution:

@y=x2(3x-1) 3
Letu=x%v= (3x-1) 3

d d
Thent =% — =9 (X-1) 2

GQ' - % odx

dy dv du .
Use the product rulg - &~ +Vv 4 togive

dy
o SXPX9(X-1) %+ (3x-1)3xX

=x(3x-1)2[9x+2(3x-1) ]
=x(3x-1)2(15x-2) *
At the point (1, 8)x = 1.
Substitutex = 1 into the expression *.

d
Theng: =1x 2x 13 =52

1
y=3x(2x+1) 2

1
2

Letu=3xandv= (2x+1)

1
2

du dv 1 _ _ 1
Theny =3and, =, x2(2+1) = (2x+1) 2
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dy dv du )
Use the product rulg,: & +V 3 togive

1
2

dy 1
= =3 (2x+1) T 2+3(x+1)

1
2

=3(2x+1) " 2[x+ (2x+1) ]

1
=3(3X+1) (X+1) ~ 2 *
At the point (4, 36)x = 4.
Substitutex = 4 into *.

dy _
Thendx =3x13x9

1
2

1
:3><13><§ =13

@y= (x-1) (x+1) ~1
Letu=x-landv= (2x+1) ~1

d_u dv -2
Theny =land, = -2(02+1)
dy dv du .
Use the product rulg- & +Vv 4 togive
d
o= -2(x-1) (x+1) "2+ (2x+1) ~1x1

= (2x+1) "2[ -2x+2+ (X%+1) ]

=3(x+1) 2
At the point( 2 I X=2.
\ =5 )
Substitutex = 2 into *

dy _ 2_ 3
Thendx =3x5 “= 5
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Exercise B, Question 3

Question:

Find the points where the gradient is zero on the curve with equyation

( A
(x—2)2\&+3).

Solution:

y= (x-2)2(2x+3)
u= (x-2) 2andv= (2x+3)

du _f Vol
x = \x—zjanddx =2

dy dv du ,
Use the product rulg: & +Vv 4 togive
dy _ 2
= (X=2)“x2+2(x=-2) (X%+3)

=2(x-2) [ (x-2) +2x+3]
=2(x-2) (x+1)

d
When the gradient is zerg% =0
S2(x=2) (Xx+1) =0
1
SoX=20rx= - 3
Substitute values forintoy = (x—-2) 2(2x+3) :
1 19
Whenx =2,y =0; whenx= - 3,y=125.

1 19
So points of zero gradient are (2, 0) a6d 3~ ;;2)
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Exercise C, Question 1

Question:
Differentiate:

5x
@ Xx+1

2X
(b) 3X-2

X+ 3
© 2+ 1

3x2

@ (2x-1) 2

6X

© -

(5x+3) 2
Solution:

(@ Letu=5xandv=x+1
du dv

. —=5and_ =1

dx dx

Use the quotient rule
Jdu dv

d_l' 'IE ”F

& F

to give

dy  (x+1) x5-5Kx1 _ 5
dx — (x+1) 2 - (x+1) 2

() Letu = 2xandv = 3x— 2

du dv
L —2andy =3
Use the quotient rule
d_l 1'% n’%
E Ve
to give
dy  (3x-2) x2-Xx3 _ 6x-4-& _ -4
dx (3x-2) 2 T (x-2)2 (3x-2)2
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cLetu=x+3andv=2x+1

oodu v _

Use the quotient rule

dy 1'%—::%

o 7

to give

dy  (2x+1) x1- (x+3) x2 _ X+1-X-6 _ -5
dx (2x+1) 2 T (x+1)2  (2x+1)2

@ Letu=3x%andv= (2x-1) 2

. du av ( )
. 3 = Bxandy, :4K 2x—1)
Use the quotient rule
dv 1'%—::%
dx vt
to give
dy  (2x-1)2x6x-3¢x4(x-1)
dx (2x-1) 4
_oex(2x-1) [ (2x-1) - X]
B (2x-1) 4
_ - 6X
~ (2x-1)3

1
e) Letu=6xandv= (5x+3) 2
. du dv _5 _ 2
Ly —6and s =35 (5% 3) T 2
Use the quotient rule

gy

E __dx dx
dr W
to give

1 5 1
(5x+3) 3 x6-6x — (5x+3) ~ 3
dy _ 2
dx

1
[(5x+3) 217

3(x+3) ~ %[2(5x+3) - 5]

(5x+3)
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1
3(5x+3) ~ 5 (10x+6 - 5)

(5x+3)

3(5x+6)

3
(5x+3) 3
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Exercise C, Question 2

Question:

Find the value oﬂ% at the poin& 1

1) X
)

2 on the curve with equatenz .

Solution:

Letu=xandv=3x+1

ooQu o _

Use the quotient rule
du dv
—H

dy VE—d%
E= 2
to give
dy  (3x+1) x1-xx3 _ 1 N
dx (3x+1)2  (3x+1)?2
( 1)

At the point L 1,7 ) X = 1. Substitutex = 1 into *.
dy _ 1
Theny s =715
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Exercise C, Question 3

Question:

Find the value oﬂ% at the point (12, 3) on the curve with equattonLgl.

(2x+1) 3
Solution:
1
Letu=x+3andv= (2x+1) 2
o du v !
Ca —land s = (26 1) 2

Use the quotient rule
du dv

E=1IE_”E
dr W
to give

1 1
dy (x+1) 2 x1- (x+3) (Xx+1) " 3
dx ~ (2X+1) +1

(2x+1) ~ %[ (2x+1) = (x+3) ]

(2x+1) *1

3
= (2x+1) ~ 2(x-2)
At the point (12, 3)x = 12 and

dy _ 3 10 2
o = (25) " 2(10) =12 =%
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Exercise D, Question 1
Question:
Differentiate:
(@) e2x
bye” 6X

(C)ex+3

2
(d) 43X
(e)9e3 ~ X

(f) xe2X

@ (x>+3) e X
2
) (3x-5) €&
i) 2x%el tX
O (9x-1) ¥
(0 =
eZX

eX2
U

e

(M x+1

e~ X

(M \x+1
Solution:
(a) Lety = ezx, theny = e wheret = 2x

- a _
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By the chain rul
d d dt
Yo YL pd e

ax dt
(b) Lety = e ~ &
d
ify=ef (¥) thengr = (x) e (X)
Letf(x) = —6xthenf(x) = -6
d
" %: - 6e” &
© Lety =eX*3

Letf(x) =x+3,thenf(x) =1
d
If y = ef (X) then% =f(x) ef (X)

Yy +3_ +3
L S lxeTe=e
- 3x2
d) Lety = 4e
Letf(x) =33 thenf (x) =6x

dy 2 2
L = 4% 6% =24

() Lety = 9e3 ~X

Letf(x) =3-xthenf(x) = -1

A -X = 3-
L =9x —1lxe X= —9ged X

M Lety = xe
Let u = x andv = e
du av

" gzland& = 2&X

Use product formula.

d
o =xx 26X+ eXx1=eX(2x+1)

ax
(Lety= (x*+3) e *

Lletu=x2+3andv=e "X
. du av — X
- —2xanddx = —-e

Use product formula.

d
— = (X+3) (—e7X) +e Xx2x= —e X(x2-2x+3)
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2
(h) Lety= (3x-5) €&

2
Letu=3x- 5andv-e

du 2

" &—Sand— = 2r*¥

Use product formula.
2 2 2 ( \
= = (3x-5) x2eX +eX x3=¢ K6)(2—1Ox+3j

i) Lety = 2x¢el * X
Letu— 2x* andv = el + X

= —8x3and— =gt
Use product formula.
d
_i =2¢el * X+ el X x g3 =23l X (x+4)

) Lety= (9x-1) e

Letu = 9x- 1 andv = e

g OI—U'—9and— = 3&%

Use product formula.

= = (9x-1) x36®+e¥x9=3e*(9x+2)

k) Let = X
(K) y o2

Letu = x andv = e

du
X —1and& = 2&X

Use quotient rule

du dv
Y V&%

dv P
dy eXx 1 —x x 2e
dx e

=e‘2x(1—2x)

oy Lety = ——

2
Letu = eX andv—x
R N A
- 2xeX and =1

Use quotient ruls
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2 2 2
dy  xx2xeX - x1  eX(2%-1)
dx — XZ - XZ

e
m Lety= 7

Letu=€e‘andv=x+1

du av

Use quotient rule.

dy  (x+1)e-ex1 xe*
dx (x+1)2 T (x+1)2
o X

(n) Lety = X+l

1
Letu=e~Xandv= (x+1) 2

. du — X g _ 1 .
L =~ 2e andy =35 (X+1) 2
Use quotient rule.
1 1 1
(x+1) 52 (-272) —e X[ =(x+1) ~ 3]
d_y_ 2
dx ~ 1

[ (x+1) 32172

1 1 1
[-2(x+1) 2 -7 (x+1) " 3]e” ™

x+1

1

%(x+1 [ —4(x+1) —1]e™ X

x+1

- (4x+5)e‘2X

3
2(x+1) 3
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Exercise D, Question 2

Question:

A

: : 1 : :
Find the value oﬂ% at the pom@ 13 ) on the curve with equation

y=xe %

Solution:
y=xe X
Letu=xandv=e X
du dv

X

= = _ _ X
. dx—landOl = —-e

Use the product rule to give
dy

o SX(—e ) +e Xx1l=e""(1-x)
At (1, i}  x= 1.

dy

dx
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Exercise D, Question 3

Question:

Find the value oﬁ% at the point (0, 3) on the curve with equatien( 2x + 3)

e,

Solution:

y= (2x+3) &

Letu = 2x + 3 andv = e**
. Z—E:Zandg—z = 2&X

Use the product rule.
dy

o = (X+3) 26+ ePx2=2e(2x+3+1) =26%(2x+4)
( )

=4e® | x+2 |
\ )

At the point (0, 3)x = 0.

Cdy _

g —4x2=8
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Exercise D, Question 4

Question:

(
\

N -
~—

N -
@

Find the equation of the tangent to the cqr\;rexezx at the point

Solution:
y = xe2X

. j—x = X ( 262X ) +e? (1)  (From the product rule)

(11 1
Atthepomtkg 2 €) X= 3.
dy _ _
. —ete=2e

)

(1 1 )
2 2 § has gradient 2e.

The tangent at

Its equation is
1 ( 1)
y_ ZGZZGKX— 2)
1
y- ;e=2«-e

1
y=2e&x- e
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Exercise D, Question 5

Question:

e
Find the equation of the tangent to the cyrve — —at the point( 3 % e)

g

Solution:
X
es
y= 5
g X ( % )exg - exg x1
: % = 2 (From the quotient rule)

At the poi [ o) x=
p0|nt\3,3e) x=3.
- e

d e

—_— :O

dx 9

P i

1
The tangentat 3 3 e; has gradient O.
Its equation is
1
y- 3e=0(x-3)

_ 1
y= 3€
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Exercise D, Question 6

Question:

Find the coordinates of the turning points on the cyr-ve<2e ~X and
determine whether these points are maximum or minimum

Solution:

y = Xe
d
d—X:x2 | —e"x) +e " X(2x) =xe " X(2-x) (From the product

rule)

: . d
At a turning point on the curvgif = 0.

Sxe X(2-x) =0
Sox=0orx=2

Substitute these values:into the equatioy = x%e ~ X,
Whenx=0,y=0

Whenx =2,y = 4e ~ 2

The turning points are at (0, 0) ar{d 2:3, )
d2
To establish the nature of the points f'r(rjg(é

( )

d
Asd—i:xe"X(Z—x) —e X \2x—x2)

d2
e X(2-x) + (x-R) (-e ¥) =e X(2-4x+x)
(From the product rule)
d2
Whenx:O,d—; =2>0 .. (0,0)is aminimum point
_ ﬂ_ -2 . [ 4 \ . .
Whenx = 2, o2 -2e <0 .. k2, 2 IS @ maximumpoint
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Exercise D, Question 7

Question:

. e Ly Ay
Given thaty = ——, find ~and o2 simplifying your answers.
Use these answers to find the coordinates of the turning point on the curve with
3X

. € . . . .
equationy = ——,x > 0, and determine the nature of this turning point.

Solution:
e3x
y= 3
d x (3e3) - e¥x 1 (3x-1)eX .
dx 2 = > (From the quotient rule)

X X

d2
To determineﬁ use the quotient rule again with

u = 3xe¥ - e andv = x?2
dy X2 (9xe®+3e¥-3e%) - (3 -e¥) (2x)
ax? x4

_93%e¥ - 6x%e® + 2%

a ¢

_ xe¥(9é-6x+2)

a X

_ e¥(9¥ - 6x+2)

a x3

d
At the turning poimﬁ = 0.

3x-1) e
(xz)e -0

x

SO XE

Wl

) 1 ) e3X
Substitutex = Jintoy = — .
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e
y= — =3
y 1 e
3
( % ) are the coordinates of the point with zero gradient.

To determine the nature of this point, substitute 3 |nto

dy  e¥(9¢@-6x+2)

a2 x3
1 d? _
Whenx = 5,—); = e(1-2%2) —37e >0
ox 1
27

\__/

1
So there is aminimum point at ( 3
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Exercise E, Question 1

Question:

Find the function f ( x) where f§) is
@lIn (x+1)

(b) In 2X

©) In 3x

@lIn (5x—-4)

e)3 InXx

® 4 In X

@5In (x+4)

(h) X In X

_ Inx
® X+1

GIn (x*-5)
k (3 +x)Inx
) €N x
Solution:

@f(x) =In(x+1)
F(x) =x+1,f"(x) =1

1

S (x) = 7

of(x) =In2x

F(x) =2¢f'(x) =2
2 1

SF(x) == %

PhysicsAndMathsTutor.com
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@f(x) =In(5-4)

’ 5
Fr(x) =52

@f(x) =5In(x+4)

1 5
f’()() =5 x 4 =

X+4

mf(x) =xInx
Use the product rule with = x andv = Inx.

du dv 1
Thend—X = 1and& =
1
SF(x) =xx T4 Inxkx 1 =1+ Inx

Inx

Of(x) = 351

Use the quotient rule with = Inx andv = x + 1.

du 1 dvo
Thendx —Xand& =1

(x+1) (Xl) —Inxx 1

Cfi(x) = _ x+1-xinx
f (X) - (X+l)2 - X(X+l)2
Of(x) =In(x*-5)
F(x) =x¢-5, f'(x) =

f!
Ff(x) =IF(x) thenf(x) = £
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Lfr(x) =

Kf(x) = (3+x)Inx
Use the product rule with= 3 + x andv = Inx.

du . dv 1
ThenOIX —1and& =

1 3 +X
SF(x) = (3+x) L +Inx= 7 +1Inx

nf(x) =€Inx
Use the product rule with = € andv = Inx.
du dv 1

Theng = é‘andd—X =

Sfr(x) =eix Xi+|nX><eX:exlnx+ £

X

© Pearson Education Ltd 2C
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Exercise F, Question 1
Question:
Differentiate:

(@) y = Sin 5

(b)y = 2sin %x

©Y = 3sir’x
@y=sin(+1)
(e) y = sin &

My =6sin %x

(@)Y = Sinx

()Y = Sin°x

Solution:

(@) y = Sin 5

Ify=sinf(x) ,thenss =f(x) cosf(x) .
Letf(x) =5 thenf(x) =5

dy _
© i = 5cos X

1
(b)Y = 2sin X

d
d—X:ZX (

\ 1

1
COS, X ) = COS,X

N -

© Y= 3si’x =3 (sinx) 2
Let u = sinx, theny = 3u?
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du dy
x - cosxandy; =&

From the chain rule
dy _dy du
dx = du X dx
= BUCOSX
= 6 SINXCOSX
=3 ( 2sinxcosx)
=3sinX  (From the double angle formula)

@y=sin(+1)
Letf(x) =2+1,thenf(x) =2

— =2cos (Xx+1)

(e) Y= Sin&
~ = 8cos&

2
Yy =6sin 3x

dy 2 2 2
x 6><—cos 3X = 4C0S7 3 X

@Y = Sin’x
Letu = sinx, theny =ud
du 2

ix — COSX and

d
di 3u?cosx = 3sir? Xcosx (From the chain rule)

(hyy = sin>x

Letu = sinx, theny =w
dU 4
ix = COSX and =

From the chain rule

y _dy  du_ g
= au X g = 3t x cosx = 5sirft xcosx

© Pearson Education Ltd 2C
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Exercise G, Question 1

Question:
Differentiate:

(a) Y= 2COSX

(b)Y = COSX

5
(c)y = 6C0S o X

dy=4cos (X+2)
(e) Y= cOS &K

Y = 3co$X

1
(@Y = 4cos 2X

(h)y = 3C0<2x
Solution:

(a) Yy = 2COSX

. gy :
S — 2SInX

(b)Y = COSX

Letu = cosx, theny =u

du , d _ a2
x —smxandOIu = 5

5

From the chain rule

dy _dy du_ 4 i - i
= qu X o =utx ((—sinx) = -5coéxsinx

5
(c)y=6cos¢X
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dy=4cos(3x+2)

d
L =4x —3sin(X+2) = —12sin (+2)
(e) Y= CcOS &K
dy .
X C — 4sin&
Y = 3co$X
Letu = cosx, theny = 3u?
du . dy
o = ~ Sinxandy; =

From the chain rule

dy _dy du

dx ~ du X dx

6u ( — sinx)

— 6. cosxsinx

— 3 (2sinxcosx)

—3sinx  (From the double angle formula)

1
@Y =4cos7X

d 1 1 1
" %: ( —Esingx) = —2sin3X
(h)y = 3C0S X
d
: %: ( —2sinX) = —-6sinX

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page2 of 2



Heinemann Solutionbank: Core Maths 2 Pagel of 2

Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise H, Question 1

Question:
Differentiate:

(@) Y= tan X

b)Yy = Atarex
cy=tan(x—-1)

Y = X2tan %x + tan ( X — % )
Solution:
(@) y=tan X
. % = 3seé3x
b)Yy = AtarPx
Letu = tanx, theny = 4u®
du

du dy _ .2
o =seéxandy, =12

From the chain rule

W _ Ao
= @ X o = laPsedx = 12tarfxsecx

cy=tan(x—-1)

. g—i:secz(x—l)

1 1
@y = x2tan SX+tan ( X= 3 )

1
The first term is a product witln= x2 andv = tan 2 X

. du dv 1 e%l
. —2><andOIX =7 set7X
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) ]

d_fzfl
dx_|_ K2
1

1)
2 )

= Sx°sed x+2xtan 2x+se@ X

© Pearson Education Ltd 2C
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Exercisel, Question 1

Question:
Differentiate
(a) cot &K

(b) Sec X

(c) cosec#
(d) Sec3x

(e) Xcot 3X

seéx

M

(g) COSEEC2X

hycot (2x - 1)

Solution:
(a) Y = cot 4x
Letu = 4x, theny = cotu
du _ dy _
o =4andy, = - coseu
d

. —i = —cose@ux 4 = - 4cosedx  (From the chain rule)
(b)Y = secX
Letu = 5x, theny = seau
du dy

I — oandy, =seatanu

d
" ﬁ = bsealtanu = 5sec Xtan 5

(c)y = cosec4
Letu = 4x, theny = coseiu
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du d

au _ 9 _
x - 4andy, = - coseecotu
d
. gx — —4coseacotu= —4cosec#Acot 4
Ay = sed3x
Letu = sec¥, theny = u?

du _ & _
x - 3secXtanXandy; =2

From the chain rule

dy _dy du

dx ~ du X dx
= 2u x 3secItan X
= 2secd x 3secXtanX
= 6se3xtan X

(e) y = Xcot 3X

This is a product so use the product formula.
Letu = x andv = cot X

du dv
o = landy = - 3coséx

dy

. 3 =X( —3coseé3x) +cotXx 1=cotX- 3xcoseéx

seéx

Hy=

This is a quotient so use the quotient rule.

Letu = seéx andv = X
du

dv
x = 2sex (secxtanx) andy =1

dy X (2seéxtanx) —seéxx1  sed (2xtanx - 1)

X 2 =

X 2

X

(@)Y = COSec2x

Letu = cosecg, theny = u®
du _ dy _ .2
x = 2 coseccot & and o - K]

From the chain ru
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dy
dx

312 ( - 2cosec2kot 2x)

— 6.coseé2xcosec 2xcot 2x

— 6.cosed2xcot 2x

my=cot? (2x—-1)

Letu=cot (% —-1) theny=u?

du

du _ 2 dy _
x = —2cose€(2x-1) andy, =2

From the chain rule
d
d—§:2u[ ~2coseé(2x-1)] = —4cot(x-1) coseb(2x-1)

© Pearson Education Ltd 2C
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Exercise J, Question 1

Question:

Find the function f ( x) where f§) is
(@) Sin X

(b) COS &

(c) tan X

(d) sec K

(e) cOsec R

(f) cot X
2
(@sin 7

3x

(h)COS

o

(i) tan 5

: X

() cosecs
1

(k) cot $X

3
() sec

Solution:

@f(x) =sinX
f"(x) =3cosX

o f(x) =cos&
f'(x) = —4sindx
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) f (x) =tarbx
fr(x) =5seé5x

@f(x) =seck
f'(x) =T7secktan

e)f(x) =cosecl
f'(x) = —2cosecfcot X

Of(x) =cotX
fr(x) = - 3coseé3x

. 2X
@f(x) =sin—7

2 2x
fr(x) = gcos7

3X
mf(x) =cos—

3 . 3x
fr(x) = - Zsin=

2X
Ohf(x) =tan7

2 2X

f'(x) = zseé &

Of(x) = cosecxg

1 X X
fr(x) = - 3 cosec; cot;

1
kf(x) = cot 3X

1 1
f'(x) = - 3coseé 3x

3x
nf(x) =sec

3 3X 3X
fr(x) = 3secs tamy
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Exercise J, Question 2

Question:

Find the function f ( x) where f§) is
(a) Sirex

(b) COSX
© tarfx

1
@) (sex) 2

@ | cotx
(f) coseéx
(g) SiIM°X
(h) cOS™X
(i) tarx
(i) secx

(k) cotX

() cose*x
Solution:

@f(x) =sirPx= (sinx) 2
f(x) =2(sinx) lcosx = 2sinxcosx = sin

®f(x) =cosx= (cosx) 3
f'(x) =3(cox) 2( -sinx) = - 3co®xsinx

©f(x) =tarfx= (tanx) 4
fr(x) =4(tarx) 3(se@x) = 4tar3xsecx
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@f(x) = (sex) %

|~

1 1

1 1
fr(x) =75 (sex) = 2 xsextanx= 7 (sex) ztanx

N

ef(x) = (cotx) %
x ( —coseéx) = - % (cotx) ~ 2c0seex

N -

f/(x) =5 (cox) ~

®f(x) =coseéx= (cosex) 2

f'(x) =2 (cosex) 1( - cosexcotx) = — 2coseéxcotx
@f(x) = (sinx) 3

fr(x) =3 (sinx) 2cosx = 3sirfxcosx

mf(x) = (cosx) 4

fr(x) =4 (cox) 3( —sinx) = - 4cosSxsinx

»f(x) = (tanx) 2
fr(x) =2tanx x seéx = 2tanxsecX

Of(x) = (sex) 3
fr(x) =3 (sex) 2secxtanx = 3secxtanx

®f(x) = (cotx) 3
fr(x) =3 (cotx) 2( —coseéx) = - 3coseéx cot’x

nf(x) = (cosex) *
f'"(x) =4 (cosex) 3( — cosexcolx) = — 4cosei*xcoix
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Exercise J, Question 3

Question:

Find the function f ( x) where f§) is
(@)X COSX

(b) x2sec X

tan X
© =

(d) SiNeX CoSX

X2

(©) tanx

1 + sinx
COSX

(f)

(9) €2Xcosx
(h)esec X

_ sin3x

(i) =

(i) €Xsin’x

Solution:
@f(x) =xcosx

f'(x) =x( —sinx) +cosx(1) (Product rule)
= — XSInX + CcOo<x
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of (x) =x%secX
f'(x) = X2 (3sec&xtanXk) +secX(2x) (Product rule)
=xsecX (3xtanXk + 2)

tan 2x
©f(x) = =
X (2sec2x) —tan2x(1) _
f'(x) = > (Quotient rule)

X

2xsed2x — tan 2x

X2

@f (x) = sirPxcosx
fr(x) =sirx( -sinx) +cosx(3sir’xcosx)  (Product rule)

= 3sirtxcos?x — sin’x

X2
@f(x) = o

tanx (2x) - x% ('seéx)

f'(x) = Y (Quotient rule)
_ 2xtanx — x*sedx
B tarx
1 + sinx
M f ( X ) =~ cox
fr ( X) - cosx (cosx) — (1+sinx) ( —sinx) (Quotient rule)

cox

coX + sinx + siméx

co2X

- {coskr i) + sin (Use coéx + siréx = 1)

cox

1 + sinx

cox

@f (x) =e*cosx
fr(x) =e®( -sinx) +cosx(2e?*)  (Product rule)

= e2X( 2cosx - sinx )

mf (x) =e‘sedx
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f'(x) =& (3secXtanXk) +secX(€*) (Product rule)
=e'secX (3tanX + 1)

2 E (X _ sin3X
Mf(x) P
e (3cos3x) - sin3x(e*) _
f'(x) = (&) 2 (Quotient rule)

€ ( 3cos 3x- sin3x)
(&) 2

3¢c0S3x- sin3x

et

if(x) =esinx
fr(x) =e&(2sinxcosx) + sirex (€) (Product rule)
= &'sinx ( 2cosx + sinx )

Inx
Wf(X) = G
tanx ( xl) — Inx ( seéx)
f'(x) = arP (Quatient rule)

tanx — xsecxInx

= o’ (Multiply numerator and denominator Ry

sinx

OT(X) = Cox

cosx [ S x cosx] - e (- sinx)

f'(x) = (Quotient rule)

cox

eSiNX ( cogx + sinx )

cox
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Exercise K, Question 1

Question:

Differentiate with respect ta
(@ Inx?

(b) X2 sin 3
[E]
Solution:

@Yy=Inx?=2Inx (This uses properties of logs)

A 1_2

©odx =2x X X
Alternative method

dy fr(x) .

Wheny =Inf(x) , 5 = f(x) (From the chain rule)
a2 dy _2x _ 2

Ly=sinxs = o= =%

X
_ V2

(b)Y = X“Sin X

d
d_i =x2(3cosX) +sinX(2x)  (Product rule)

= 3x2C0os3xX + 2XSin3x
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Exercise K, Question 2

Question:

Given that

f(x) =3- -~ +Inxz,x>0
findf'(x) .

[E]

Solution:

f(x) =3- 7 +In3
fr(x) =0~ +
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Exercise K, Question 3

Question:

: : d .
Given that = x — sinxcosx, show that(% = sifx.

[E]
Solution:
2y = X — SiNXCosx

X 1 .
A E - ESII’]XCOSX

d 1 [ 1 : (1 A\
o = 2~ | 2SX( —sinx) +cosx | jcox ; | (Product rule)
= %+§(sir?x) —%cogx
= %(1—co§x) +%sir?x
= %sin2x+ %sinzx (Using  co$x + si’x = 1)
= sin’x
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Exercise K, Question 4

Question:
Differentiate, with respect tx,

@, x>0

b) In
(b) 219

[E]
Solution:

sinx

@Y= "x

dy XCOSX — Sinx x 1

dx — 5 (Using the quotient rule)
X

__ XCOSX — Sinx

X2

®y=In =lnl-In (x¥*+9)  (Using laws of logarithms)

X2+ 9
= y=-In(x2+9)
d - 2x

dx X2+9
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Exercise K, Question 5

Question:

Use the derivatives of siand co to prove that the derivative of tans seéX.

[E]
Solution:
_ _ sinx
Lety =tanx = __
Use the quotient rule with = sinx andv = cosx.
du  _ v _ ;
Theny~ =coxand = = - siX
As
E= 1'%—::%
dy v
dy __ Cosxcosx — sinx ( — sinx)
dx C052X
coX + si’x )
= ————  (Use cod + sirx = 1)
COSZX
1
COSZX
_ ( _ 1)
= seéx  Assex= o

2

So derivative of taix is se“x.
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Exercise K, Question 6

Question:

X
f(x) = X2+2,xe&€’

Find the set of values affor which f'(x) <O0.

[E]
Solution:
X
f(X) - X2+ 2
fr — (X2+2) (1) =x(2x) _ X2+ 2= 2% _ 2 —x2
(X) - (x2+2)2 - (X2+2)2 - (X2+2)2
_X2
Whenf' (x) <0, 2i2)? <0
...2—X2<O [AS (X2+2)2>O]

SX2> 2
X< = N2,x> V2

© Pearson Education Ltd 2C
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Exercise K, Question 7

Question:

The function f is defined for positive real values«ddy
3

f(x) =12Inx-x2
Write down the set of values »ffor which f(x) is an increasing function af

[E].
Solution:

3
f(x) =12Inx-x2
1

ixy 1o x L 3.2
fr(x) =12x © - 5x2

When f§) is an increasing function, { x) > 0.
12 3 1

» —EX2>O

2 31
.X>2X2

Asx > 0, multiply both sides by to give
3,1
12 > 5xt2
3
S.X2<8
2
S.X<83
le.x<4
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Exercise K, Question 8

Question:

Given thaty = cos X + sinx, 0 <x < 2z, andx is in radians, find, to 2 decimal

.. d
places, the values affor which % =0.

[E]

Solution:

y = COS X + Sinx

dy .

x = 2sin X + cosx
dy _

Puty, =0

J.COSX—2sinX=0
.. cosx — 4sinxcosx =0  (Using double angle formula)
l.e.cox(1l-4sinx) =0.

_ 1
J.cosx=0orsik = 2

S.Xx=1570r4.71 or 0.25 or 2.89
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Exercise K, Question 9

Question:

The maximum point on the curve with equation x\|sinx, 0 <x <z, is the
point A. Show that the-coordinate of poinA satisfies the equation
2tanx + x = 0.

[E]
Solution:

y = X\| sinx

d _ 1o .
dx_XLZ(SInX) 2

1
xcosx} + (sinx) 2 x1

d
At the maximum point& = 0.

1 1
2 2

X; (sinx) ~ 2cosx+ (sinx) 2=0
1

Multiply equation by 2 (sin) 2:

XCOoSX + 2sinx = 0

Divide equation by cos:

X+ 2tarx=0
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Exercise K, Question 10

Question:
f(x) =edX-x2 xec R
@ Findf"(x) .

(b) By evaluatingf(6) and f (7 ) , show that the curve with equatips f
( x) has a stationary point at= p, where 6 P < 7.

[E]
Solution:

@f(x) = g0.-5x _ 42
Sfr(x) =05 - 2

of'(6) = -196<0

f'(7) =256>0

As the sign changes and the function is continuousxf = 0 has a rogp
where 6 <p < 7.

Soy =f ( x) has a stationary point x = p.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 2

Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise K, Question 11

Question:
f(x) =esinx,0 < x < =«

(a) Use calculus to find the coordinates of the turning points on the graph of
y=f(x) .

(o) Show that f* (x) = 8e?*cosX.

(c) Hence, or otherwise, determine which turning point is a maximum and which
IS a minimum.

[E]
Solution:

@f(x) =e?*sinx
S fr(x) =e®(2cosx) +sinX (2e2X)
When f' (x) =0, 2 (cosX +sinx) =0

C.sinX = —cosX

Divide both sides by cosx2

tanx= -1

: _ 3z Im

SL2X= orY,

Ly 3 Im

S.X= gorYg (AsO < x < n)

3 1 3

Asy=f(x) ,whenx= 5 ,y= ;€ 4
Vs 1 Iz

and when x= 5~,y= - ;€ 4

([ 3m S (I LA

1 3 -1 Iz
So L8 v2©4 )and\ g + V24 )are stationary values.
D Asf' (x) =2e*(cosX+sinX)

fr(x) =2e®( -2sinX+2cosX) +4e?(cosX +sinx)
= 8e2Xcos2x
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3

3z 3z 3z
©f"” (?) —8e40057:—4\/2e4<0
( 3z 3
. maximum at\ 3 ’V2 e4}
T iz 77r I
fr [ 1= ) =8e2c0s— = +4/2e 2 >0

\ 8 )~
-1 77r\

mlnlmumat(?” y o €4 )
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Exercise K, Question 12

Question:

The curveC has equatioy = 2¢e* + 3x% + 2. The pointA with coordinates (0, 4)
lies on C Find the equation of the tangentGatA.

[E]
Solution:

y =26+ 3% + 2

dy _
- = 2e + 6X

At the pointA (0, 4), x= 0, so the gradient of the tangenfas 28 +6x0=2.
.". the equation of the tangentAats

y—-4=2(x-0)

lLe.y=2x+4

© Pearson Education Ltd 2C
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Exercise K, Question 13

Question:

The curveC has equatiog =f ( x) , where
f(x) =3Inx+ =,x>0

The pointP is a stationary point on C.

(a) Calculate thex-coordinate ofP.
The pointQ onC hasx-coordinate 1.

(b) Find an equation for the normal toaCQ.

[E]
Solution:

@f ( x) :3Inx+xi
: _3_1
fr(x) =, - 2
3 1
Whenf'(x) =0, -5 =0
X
Multiply equation byx?:

3x-1=0
3x=1

w |k

X =

. . .1
So thex-coordinate of the stationary points 5 .

(b) At the pointQ, x=1. ".y=f(1) =1
The gradient of the curve at po@Qtisf' (1) =3-1=2.

1
So the gradient of the normal to the curv@as - 7.
1
.. the equation of the normalys-1= - 7 (x-1)
. 1 1
lLey= - 5x+175

© Pearson Education Ltd 2C
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Exercise K, Question 14

Question:

Differentiate &*cosx with respect to.
The curveC has equatioy = e?Xcosx.

@) Show that the turning points @hoccur when tar = 2.

(b) Find an equation of the tangentGat the point wherg = 0.

[E]
Solution:

Letf(x) =e*cosx
Thenf (x) =e®( -sinx) + co (2e®X)

(@) The turning points occur whennfx) =0.
s e2X(2cox - sinx) =0
.. SiNX = 2CcoX

Divide both sides by cos
tanx = 2

) Whenx=0,y=f(0) =cos0=1

The gradient of the curve at (0, 1) if0 ) .
f'(0) =0+2=2

This is the gradient of the tangent at (0, 1) also.
So the equation of the tangent at (0, 1) is
y-1=2(x-0)

Sy=2x+1

© Pearson Education Ltd 2C
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Exercise K, Question 15

Question:

Given thatx = y2Iny, y > 0,
. dx
(a) find ay

(b) Use your answer to part (a) to find in terms of e, the val% ofy =&t

[E]
Solution:

(a) X = yzlny
Use the product rule to give

1
oy =Y |y ) TInyx2y=y+2yiny

dy _ _ 1
®) g = «  Y+2yny
dy

wheny = e,
@y 1 21
dx e + 2elne 3e

© Pearson Education Ltd 2C
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Exercise K, Question 16

Question:

The figure shows part of the cur@ewith equatiory = f ( x) , where f (x)
(3 oy ) a-x
= L X3 — 2x je

@Findf"(x) .
The normal tcC at the origin O intersects at a point?, as shown in the figure.

(b) Show that thex-coordinate oP is the solution of the equation
ox2 = e + 4.

[E]

Solution:

@f(x) = (C-2x) e X

Sf(x) = (X-2x) (—e X)) +e X(3%-2) =e~ X
(=x3+3x%+2x—2)
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(b) The gradient of the curve at (0,0 f'(0) = -2

1
The normal at the origin has gradient

1
So the equation of the normal at the origiryis 73X

This normal meets the curye= (x3 - 2x) e~ *at the poinP.
.. thex-coordinate oP satisfies

%x = (x°-2x) e X
Multiply both sides by 2&

xe¥ = 2x3 — 4x
Divide both sides by and rearrange to give
%% = X+ 4

© Pearson Education Ltd 2C
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Exercise K, Question 17

Question:

VA

A

The diagram shows part of the curve with equayienf ( x) where
f(x) =x(1+x)Inx {x>0{
The point Ais the minimum point of the curve.

@ Find f"(x) .

(b) Hence show that thecoordinate ofA is the solution of the equatiorn= g
(x) , where

1+x

g(Xx) =e” 1+2x

[E]
Solution:

@F(x) =x(1+x) Inx= (x+x%) Inx

f'(x) = (x+x2) xxl+lnx(1+2x) = (1+x) + (1+2X) Inx

(b) A'is the minimum point on the curye=f ( x)
S f7(x) =0 at pointA,

PhysicsAndMathsTutor.com
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(1+x) + (1+X%)Inx=0
(1l +2X)Inx= - (1+x)

) 1+x

..InX_ - 1+2(
1+X

J.X= e 1+2x

I.e. the xcoordinate ofA is a solution ok =g (x) where g (x)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page2 of 2

1+x

o1+,



Heinemann Solutionbank: Core Maths 2 Pagel of 1

Solutionbank
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 1

Question:

The curveC, with equatiory = x2 In x, x>0, has a stationary point P. Find, in
terms of e, the coordinates of P.
Solution:

y=x2In x,x>0
Differentiate as a product:

dy o 1 _ _
o SXX T X In x=x+2xIn x=x(1+2 Inx)
dy
wx=-0 = 1+2Inx=0asx>0
= 2Inx=-1
= Inx=-73
1
= X=e 2
L 1
Substitutingx =e~ 2,iny = X2 In x
L, 1 1 1
= y=(e 2)“Ilne 2= - Je
, _ 1 1 1)
So coordinates are (ez2, — ;e )

© Pearson Education Ltd 2C
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Exercise A, Question 2

Question:

f(x) =1 x > 0
The curveC with equatiorny = f ( Xx) meets thg-axis at P.
The tangent t& at P crosses theaxis at Q.

(a) Find, to 3 decimal places, the area of triangle POQ, where O is the origin. (5)
The line y= 2 intersects Gt the point R.

(b) Find the exact value of tix-coordinate of R. (

Solution:

(a) C meets yaxis wherex =0
= y=e 1
Find gradient of curve at P.

dy _ -1
A
Atx—O,dX = 2e

Equation of tangent ig — e~ 1 = 2e ™ Ix
This meetx-axis at Q, wherg =0

1
= Q= (—5,0)

U S I g
Areaof A POQ=7 x3 xe ~= 7e” ~=0.092

(b) AtR,y=2 = 2=¢x*"1
= 2X-1=In 2
= 2X=1+1In 2

1
= X=35(1+In 2)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2

Solutionbank
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 3

Question:

f(X) _ 3X _ X+7,X>1

x+1 o x2-1

(a) Show that f &) =3 - ——=,x> 1. (5)

(b) Find f~1(x) . (4

(c) Write down the domain ¢ =1 (x) . (1)
Solution:

3X X+7
(a)x+1 T (x+1) (x-1)"
X(x-1) - (x+7)
(x+1) (x-1)

x>1

3 - 4x-7
(x+1) (x-1)

(3x=-7) (x+1)
(x+1) (x-1)
3xX-7

Xx—-1
3(x-1) -4
x-1

4
Xx—-1

=3 -

4
(b) Lety=3 - 73

N

= x—1:3_y
x-1 1
4 T 3-y
4

= x—lzﬁ

PhysicsAndMathsTutor.com
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_ 4 77—y

- 4 7-X
Sof l(x) =1+ 3-7orz,

(c) Domain of {1 (x) is the range of ).
4
>0 = f(x) =3-7-7<3

x>1 = x—-1

So the domaincf 1 (x) isx<3

© Pearson Education Ltd 2C
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Exercise A, Question 4

Question:

(a) Sketch, on the same set of axesxfarO, the graphs of
y= -1+In Xandy= (2)

The curves intersect at the point P whes®ordinate i$.
Show that

(b) p satisfies the equation
pIn3p-p-1=0(1)

(€)1<p<2(2)
The iterative formula

1 / 1 \
Xnr1= 38 U1 % )%= 2
Is used to find an approximation far

(d) Write down the values of, X,, X5 andx, giving your answers to 4
significant figures. (3)

(e) Prove thap = 1.6¢€ correct to 3 significant figures. |

Solution:
(8) x

(b) AP, ~1+In p= 3

= -—-p+plin 3p=1

= pIn3p-p-1=0
(c)Letf(p) =pIn3p-p-1
f(l) =In3-2= -0.901...

f(2) =21In6-3= +0.5835...
Sign change implies root between 1 and 2, sqpl<<2.

1 (1)
(d)Xn+1:§ek xnj,XOZZ

PhysicsAndMathsTutor.com
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1 3
X, = 3€2=1.494 (4s.f)
X, =1.770 (4 s.f.)
X3 =1.594 (4 s.f.)
X, = 1.697 (4 s.f.)

(e)f(1.665) = +0.013
f(1.655) = -0.003
=  root between 1.655 and 1.665

Sop = 1.6€ (3 s.f.
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Exercise A, Question 5

Question:

The curveC, has equation

y=cos X— 2 sirx
The curveC, has equation

y =sin X

(a) Show that the-coordinates of the points of intersectior@fandC, satisfy

the equation
2 cos X-sin x=1(3)

(b) Express 2 cosxX2- sin in the formR cos (X + a ) , where R> 0 and
O<a< % giving the exact value &t and givinge in radians to 3 decimal
places. (4)

(c) Find thex-coordinates of the points of intersectior@fandC, in the
interval0 < X <z, giving your answers in radians to 2 decimal place:

Solution:

(a) Where G andC, meet

cos X - 2 sir’x = sin X
Usingcos 8=1-2 sitx = -2 sifx=cos X -1
Socos 2+ (cos X—-1) =sin X

= 2 C0S X-sin X=1

(b) Let2 cos —sin X=R cos (X +a)
=R cos X cosa— R sin Z sin «
Compare: Rcosa=2,Rsina=1

1
Divide: tana= 35 = a=0.464(3d.p.)

Square and addR? ( cofa + sirfa ) =22+ 1%2=5
= R= 45
So02 cos &-sin %= V5 cos ( X+ 0.464)

(c)2 cos 2x—sin 2x=1
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= V5 cos(x+0.464) =1

( A 1
= cos\ 2<+O.464) =5

\/
= 2x+0.464=1.107, 5176 0.464< 2x+ 0.464 < 6.747
=  2x=0.643,4.712
=  x=0.32,2.36 (2d.p.)
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Exercise A, Question 6

Question:

4

(a) Giventhay = In secx, — 5 <x < 0, use the substitutian= sec x, or

otherwise, to show th% = tax (3)

The curveC has equatioy =tan x + In secx, — % <x < 0.

At the point P orC, whose xcoordinate i$, the gradient is 3.
(b) Show that tarp = — 2. (6)
(c) Find the exact value of spcshowing your working clearly. (2)

(d) Find they-coordinate of P, in the form+ k In b, wherea, k andb are
rational numbers. (.

Solution:
(@ y=1In secx
du
Letu=secx = Ix = Secx tan x
dy 1

soy=Inu = 4 =7

oy _dy du
USIngdx ~ du x dx
dy 1 _ _
x = g X Secx tan x= - secx tan x =tan x

d
(b) % = seéX + tan x

So seép +tan p=3
= l1+tafp+tanp=3
= tarfp+tanp-2=0
= (tanp-1) (tanp+2) =0

4

As - 7 <x < 0 (4th quadrant), tapis negative

Sotar p= -2
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(c)seép=1+tarfp=5 = secp= + V5 (4th quadrant)

1
dy=IVv5+ (-2) =-2+3 In5
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Exercise A, Question 7

Question:

The diagram shows a sketch of part of the curve with equatioh( x) . The
curve has no further turning points.

Vi

oY |

-1 0 1 3\

On separate diagrams show a sketch of the curve with equation
@y=2f( -x) (3)

by= [f(x)]@ o

In each case show the coordinates of points in which the curve meets the

coordinate axes.
The function g is given by

g:Xx— |x+1| - k,xeRhk>1

(c) Sketch the graph of g, showing, in term&,dhey-coordinate of the point ¢
intersection of the graph with tlyeaxis. (3)

Find, in terms ok,

(d) the range of o (1)
(e) 9f(0) (2

PhysicsAndMathsTutor.com
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(f) the solution oig (x) =x(3)

Solution:
(@) Vi
'3 O 0 1 7 x
—4
(b) Va

B3| —
" J

k2| —

B3| —
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(C) Vi

(-1, — k)

dgx) = -k

()gf(0) =9(-2) = | -1] -k=1-k
Hy=xmeetsy= |[x+1| - k
wherex= - (x+1) -k
= 2= - (1+k)
1+k
= X= - 5
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Review Exercise
Exercise A, Question 1

Question:
Simplify
i 2% —Tx—15
x =25
. X+
i
x+1
Solution
a
2xr —Tx—15 (2x+3) (L-"jf «— Fake care with signs. |
£-25 (ru);yrf\
2x+3 F[)iffer-ence of two squares. |
— e
b
Y4l = Eat-xad
’ ] S R *—— [Use the factor theorem to
- x"+1 _ . find the factor x+1.
x+1 o

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 2

Question:
4x 1 ; : o oo
Express ————+— as a single fraction, giving your answer in its
X —2X—a X +Xx
simplest form.
Solution:
2953 = (x—3x+1) +4+—— [Factorise both
= - = *x+1) denomunators.
T e «—— [The L.CM. of the
4x 1 4 : :
= 1 enominators 1s
(x—3)x+1) =x(x+1) (x+1)(x—3).
_ 4 4+ (x—3)
x(x+1x—3)
- Factorise quadratic
e e «—
— (4 —3) (1) numerator.
I/(;.‘.r-"fj-(x -3)
B 4x—3
x(x—3)

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 3

Question:
Vot 1 T
Express o s ‘)(31 2 -— 6 S asa single fraction 1n its simplest
2x+3)x— xr—x—2
form. E
Solution:
2x'+3x 6
Cx+3Nx=2) x¥—x-2
B ;.;agx,-i:"j')f 6 +—— [Factorise all the quadratic
Qﬁﬁ(l —2) (x—2(x+1) EXPIress1ons.
_ X 6
=2 (x—2(x+1)

_ wx+1)—6

(x—x4+1)
_ P24x—6 +— [Check the quadm.ric.
= Ty— numerator to see if 1t

(=2 —i;lﬁ} factorises.
_ (x+3)(x=2)

(=2)(x+1)
_ Xt

r+1

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 4

Question:

a Given that
16x° —36x" —12x+5 = 2x+1)(8x" + ax+b),
find the value of @ and the value of 5.

b Hence, or otherwise. simplify

16 —36x° —12x+5

4x -1
Solution:
a
16° —36* -12x+5 = 2x+ le:g_.,_.—? +ax+b) Compare the constant term
b = 5 / on1 both sides.
and —36 = 8+2a +—— [Compare the coefficient
= 2a = =44 of x* on both sides.
a = =22
] [You can check vour
S0 / wvalues by comparing
) the coefficient of x on
16x° —36x* —12x+5 = (x+1)8x*-22x+5) both sides.

Cx+1D2x—-3)4dx—-1)
b  Using the result in a

16x° —36x" —12x+5
4x-1

=(2x+1)(2x-3)

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 5

Question:
f(x)=1- 3 + : —xE—2
x+2 (x+32)
S +x+1
a Show that f(x)= ;.x =2
(x+2)
b Show that x" +x+1>0 for all values of x.
¢ Show that £(x) =0 for all values of x, x=2. E
Solution:
a
1— = 7t 3 3
x+2  (x+2)
x4+ —3(x+2)+3
(x+2)
_ x +4x+4-3x—6+3
(x+2)
~ x +x+1
(x+2)°
b
) , 1,,3 -
r+x+l = {I+5) += «——— [Use the method of
; completing the square.
i 1 “\
1 = 0 forall values of x e {.‘c+l}] -3
c x+xtl 2
(x+2)*

as x'+x+1=0 fromb
and {1‘—2): =0 as x= 2

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 6

Question:

a Show that

5—d4x-x

2Ax+1)?

4 1
(x+1) (x+1)
b Hence solve

.

4 1
3% +
(x+1y (x+1)

1
— Xzl

Solution:
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4 11

(x+1? (x+1) 2
42) - 2x+1)— (x+1)°

2x+1)
o B-2x-2—-x—-2x-1
B 2x+1)
_ 5—4x—x"
- I(x+1)
b
_ 41 1
T 1R (1) 2
_ 411,
(x+1)> x+1 2
5—4x—x°
N 2t
= 5—dx—x' =0
" P +4x—5=0
= (x+x—-D>0
= x<—3,x>1

© Pearson Education Ltd 2C
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relationship with a.

—— [fr=-1(x+1)" =0
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Review Exercise
Exercise A, Question 7

Question:

i X x+24 | |
f(x)=——- -- .--

x+3 2x*+5x—37|
Hx—4

i ’x[.'r cR.x = l:
Zx=1 | 2

xeR,x>

l.

a  Show that fix)=

b Find fY{x).

Solution:

X x+24
x+3 (2x—-1)x+3)
(2x—1D)—(x4+24) —

f(x)

Be careful: always insert
(2x—1){x+3) brackets. It 1s very
2% —2x—24 common to see —x+ 24,
(2x—1)x+3)

2(x' —x—12)

(2x—1)(x+3)

2x—4) (x+73)

(2x—1) (x43)

2ix—4

2x—1

2x—8

Let ¥ =

=2xy—y = 2x—8
2xy—2x = y—8

2x(y—-1) = y-—8§8

X = b f'(x) is a function of x:

g / vou must express if in terms
o
i of x.

£ (%)
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Review Exercise
Exercise A, Question 8

Question:

The graph of the increasing function f passes through the points A{0,-2),

B(3, 0) and (35, 2), as shown.

a Sketch the graph of ™', showing the images of A, B and C.

The function g is defined by
g:x—=yxr +2,xel

b Find i fe(v23),ii g 0).

Solution:
|
=2, f4 ‘:
b 1
fo(23) = f(23+2)
= £(5)
= 2
ii
gf(0) = g(-2)

= JER D
= 6

© Pearson Education Ltd 2C
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of y=1f(x) in the Llmne
y=ux.

Points with coordinates

As f(5)=2. indicated
by the pomt C on graph
of £

The pomt (0,—2) on the
graph of y=1£(x)
implies that £(0)=-2.
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Review Exercise
Exercise A, Question 9

Question:

The functions fand g are defined by

f:x — 3x+4, xeB x>0,

%X o
, XER, x> 2.

M

X —

[i=]

m

X—4
i . E i o | . y
a Find the inverse function ™ (x}, stating its domain

b Find the exact value of gf | —|

¢ State the range of g.
d Find g™'(x), stating its domain.

Solution:
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a Let
! = 3x+4
=3x = yv—4
v—4
x =
3
—4
1) = =
(x) 3

<«——— [Remember to write in

4———— [The domam of f"'(x}

terms of x.

is the range of f{x).

b 1) s x=0.3x+4=4.

o _‘ — o ‘;i_
#f| 5) 262 - —
£l—|=3=|+4
s 2
51—2
2
21
J—
s 2
=]
3=
2
oAk 2 11 4+ [You must not give a
= Nt decimal answer.

c

X x—242 2 i
g(l)_x—z_ 5 —l-l-x_2 - =142 \4*
range g(x)=1

X .

. 5= x—2 .
=wx—-2y = x o] 2
=x(y—-1) = 2y

2y
=X = -
.-I._
g l(x)= 23‘.1 .domain x>1 <——— [The domain of g™'(x) is the range
i

© Pearson Education Ltd 2C
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of g(x) found in ¢.
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Review Exercise
Exercise A, Question 10

Question:

The function f1s defined by

S5x+1 3
f-x=—a-_ — x>=1.
x+x—2 x+2

a Show that f{x)= l.x =1

x—
b Find £7(x).
The function g is defined by

3 il
g:x—>»x +5 xeR

¢ Solve fg(x) =%. E

Solution:

PhysicsAndMathsTutor.com
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a
ax+l 3 +——— [Factorise  the quadratic
(x+2)(x-1) x+2 EXPression.
_ Sx+1-3(x-1)
(x+2(x—-1)
_ 2x+4
(x+2)(x—-1)
+— [x*+—2as x>1
2 (x4+7)
(A7) (x-1)
2
so  f(x)= x=1
x—
2
b Let y=
x—
=y —y = 2
yx = 24y
24y
J.' =
.1.
g R 2] inis x =
) = X e 4——— [The domainis x=0.
x x|
c
fe(x) = flx+35)
N x”+4
2 1 %
: = —=x =1
W) 2 X Bgr‘h answers are 121151, as
gis defined for x 2.
=% x=12

© Pearson Education Ltd 2C
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Exercise A, Question 11

Question:

The functions fand g are defined by

f:x — (x—4)Y—16, xcR.x>0,
8 £
g:x - ——, xeR,x<1
l—x
a Find the range of f.

b Explain why, with the given domain for f, £™'(x) does not exist.
. 6dx
¢ Show that fgi{x)= l S
{1—x)

i -1 3 .
d Find g~ (x). stating its domain.

Solution:
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a f(x)=-16 [Either draw a graph of
v="1{x) or realise that
b For fix) to have an inverse function it must be (x— 4 >0 so
one-to-one. With the given domain f, 1s 3
r—4)y -162-16.
many-to-one e.g. £f(2) =—12 and f(6)=—12. (=4

C
fo(x) = £
11—x]
= | a —4| —16
1—x
B 64 64
(1-x) 1—x
64 64
(1—-x)" 1—x
_ 64[1—(1—x)]
(1—x)°
_ 6dx
(1—x)*
d Let y= g
1-x
=y—w = §
= xy = yv—8
y—8
I s
.‘.
=
%

domain 1s x =0

© Pearson Education Ltd 2C
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The domain of g']{lx} 15 the

range of g(x) (see graph).
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Review Exercise
Exercise A, Question 12

Question:

The function f{x) is defined by

f(x)=+

[ —2(x+1)
|h{x—1]{2—x} —1 <

a Sketch the graph of fix).
b Write down the range of f.

¢ Find the values of x for which fix) <

Solution:

[}

The vertex A of the parabola has

2 1
y-coordinate 5 (symmetry) so

The range of f{x) 1s 0=f(x)=2

The parabola crosses the line

_2 <y [:l 1 <X : _2

© Pearson Education Ltd 2C
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| =

[

—2(x+1) i [-2,-1] 18
a straight line between
(—2.2) and (-1,0).
(x+1)(2—x) 1sa M-
shaped parabola in
[-1.2].

The greatest value of f{x) is the
i) coordinate of thevertex of
the parabola.

« — IL_SE the graph.
fi{x)=2 where x=0 and x=1 (symmetry).
The line meets f{x)=2 at (-2.2).so f(x) =2 where

Pagel of 1
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Exercise A, Question 13

Question:

Express 4x° —4x—3 in the form (ax—5)" —c. where a. band ¢

-]

are positive constants to be found.

The function f 15 defined by
f-x—4x* —4x—3, {J: e, 1_ll
2)

b Sketch the graph of .
¢ Sketch the graph of =k
d

Find f7(x). stating its domain.

Solution:

PhysicsAndMathsTutor.com
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a
4x —4x -3 = {rfx 1_'?")_ T ; Compare coefficients
= ax —2abx +E}_A—E‘/ of .
== a = 2
= 2ab = 4=p=1" Compare coefficients of x.
=b —c = -3
= l— c = —3 \
Compare coefficients of
=G = 4
: , constant term.
=4x" —4x-3 = (2x-1)" -4
b
fic)d
-— 1 A
As = —4| is the vertex of|
the parabola. f{x) 15 a one-
to-one function for x = =2
o T B
-
c
| —  «—— [Reflect graph from|
/'- b in £(x) = (x).
1 1
: — 4 —=(4-
. ; (2 )£ 2]
N a b 1 . 1
d
Let
) = (2x-1) -4
= (2x—1) = y+4
2x—1 = SJy+4
. _ %Il—m: +— (— [+ 4 not appropriate.
i / . a— [The graph m ¢ gives the
=f'(x) = —|L1—1fi.'l:—4ll, -t B

© Pearson Education Ltd 2C
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Exercise A, Question 14

Question:

The functions fand g are defined by

: x+2 2
f:x — JeR,x=0
X

- - l
g:x = In2x-3),xeR,x>2_.
a Sketch the graph of £
Ix+2
x4+ 2
[f%(x) means ff{x)]

h Show that f*(x)=

: A 1)
¢ Find the exact value of gf) Ii i

d Find g™'(x), stating its domain.

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Page2 of 2

b
bl ".1'—2~'
) = £
M
x+2 o
- e - x+2+2x
= x+2 x
x+2
] qx =
_ (_1.1.+._)$< X
x (x+2)
B 3x+2
x+2
c
0 [
et = | H|=e®
4
= In(l8—-3)
= Inl3
d Let y=In(Zx—-3)
e’ = 2x—5
e +5
=x =
2
gl(x) = o' +5 ye@ 4+ [Therange of g(x) 1s x €K so the
= 2 T domain of g7 (x)1s x 2.

© Pearson Education Ltd 2C
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Exercise A, Question 15

Question:

Solve the following equations, giving vour answers to 3 significant

figures.

a __\’eil\'—.‘? i 4

h 3*=5""

¢ 2In(2x—-DL=1+In7

Solution:
a
_;E'.'_‘I—J — 4
4XI42 4
:E = —
3
=2x+35 = ].ni
3
1 4
X = ?(].HE—:‘:I
= —236(3s1f)
h 3.‘.’=51—.‘.’
xIn3 = (1-x)In5
xIn3+xnd = In3
ln3i+lnd) = In3
In3
J" = P, =i Ll
(In3+1n3)
= 03594 (3s.1)
C
2ln(2x—1) = 14+In7
In@2x—1Y-m7 = 1
1nM =1
7
Wi 2
2x—1) =
fi
2x—1) = Te
2x—1 = +J7e
X = %(]:—!—..ﬂ?e)

© Pearson Education Ltd 2C
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Divide by 3 before taking logs.

Ife'=b=a=Ink

Take logs of both sides and use

loga" =nloga.

Ine+In7
In7e

In(2x—1)

1 1,
AE _‘!_'--"E. ?l_l— -l'rE.J

15 not applicable.
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Review Exercise
Exercise A, Question 16

Question:

Find the exact solutions to the equations
a Inx+In3=Iné6
h e"+3 =4 E

Solution:

a lnx+In3i=ln6

so lhite=1i6 4—— Do not make the error of
) ‘removing' the In to give
g e g x+3=6.
- S You need to write Ina=1Inb.
x = 2
b +—— Do not take logs of both sides.
Epgar = 2 You need e™ =5 before this
strategy is valid
Se+— = 4 In(e” +3e")=In4 cannot
: be reduced any further.
= () —4e"+3 = 0 <+—— Quadratic in e*.
=e =3or & = 1

1e. x=In3 or x=Inl=0

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 17

Question:

The function f is defined by

fix—=3-In(x+2), xcsRk,x>-2,
The graph of y={{(x) crosses the x-axis at the point A and crosses the y-
axis at the point B.

a Find the exact coordinates of A and B.
b Sketch the graph of y=f{x)x>-2.

Solution:

PhysicsAndMathsTutor.com
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Put x

SoB

= 3—In(x+2) x=-2
= 0

= 3—In(x+2)

= In(x+2)

= x+2
= x(exact)
= (&-2.0)
= 0

= 3—In2

= (0.3-1n2)

© Pearson Education Ltd 2C
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The curve 15 a decreasing curve.

yd vyt

v ==l {(x+2)
i

\{
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Review Exercise
Exercise A, Question 18

Question:
The graph of the function
f(x)=144-36e", xeR

has an asymptote v =&, and crosses the v and y axes at A and B

respectively, as shown.

a  Write down the value of & and the y-coordinate of B.
b Express the x-coordinate of A in terms of In2.

Solution:

a The asymptote1s y =144 .s0 k=144, As x—> 062 30 s0

144 —36e — 144

The curve crosses the y-axis where x=10.
so y=144—36e" =108
The y-coordmate of B 1s 108.

b  The curve crosses the x-axis where vy =0

=0 = 144-36"
gt o M,
36
2y = In4
x = l1.114
2
1
= —In4?
= —In2

© Pearson Education Ltd 2C
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Exercise A, Question 19

Question:

[Part d requires the differentiation of ™, see Ch 8]
The functions fand g are defined by

f:x = 2x+In2, xRk
2x

g:x — e”, xel
a  Prove that the composite function gf is

gf :x = 4e**, xeR.
b Sketch the curve with equation v = gf(x), and show the
coordinates of the peint where the curve cuts the v-axis.
¢ Write down the range of gf.

: s s . d.. .. :
d Find the value of x for which d—[g’h x}]=3, giving vour answer to
%

3 significant figures. E

Solution:

PhysicsAndMathsTutor.com
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a
gf(x) = g(@Px+In2)
fas 2 2x+n 2}
i a gl < IAS ™ = ple?
_ 4r_m2?
Ao < As pln2=1n2* and
= e
w2F _ A
e =9
of :x—>4e™ xeR
b

¢ Range: gf(x) =0

d

i 4

—lgf(x)] = 16e™

L (x)) e

if 16e™ = 3

EH T, 1
16

= 4x = 1111i

16

X = l111i

4 16
= —0.418(3s.f)

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 20

Question:

a Show that e" —e™" =4 can be rewritten in the form

e¥ —de" —1=0
b Hence find the exact value of the real solution of " —e™ =4,
¢ For this value of x, find the exact value of " +e7" .

Solution:
a
e —e = 4
:3’?::—% = 4
e
=) -1 = 4
e —4e'-1 = 0
b
r  _ 4x416+4 « Use the formula on the
¥ - 2 quadratic y* —4y—1=0
44020 where v=¢".
- 2
4125
2

As e >0.2—+5 not applicable.

soe” = 2445 /
n(2++/9)

=x =

e B 25
2445 Q2+5)2-+5)
2-45
4-5
J5-3

2+ +E5-2)
NG

soe’ +e"

© Pearson Education Ltd 2C
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Exercise A, Question 21

Question:

At time t=10, a lake is stocked with & fish. The number, #, of fish in the

lake at time ¢ days can be represented by the equation

n="3000+1450e""™,

a State the value of £,

b Calculate the increase in the population of fish 3 weeks after
stocking the lake.

¢ Find how manv davs pass, from the day the lake was stocked,
before the number of fish increases to over 7000.

Solution:

n=3000+1450 %

a Atr=0
n = 3000+1450¢’
= 4450
sak = 4450
b Atr=21

3000+1450 ™

]
=

= 6338.7...
So increase 1n population 1s
6338 — 4430
=1908 fish
c
7000 = 3000+1450&"™
=1450e"™ = 4000
oo _ 4000
1450
G808 = Gufe
[1450
; - 1 1400
0.04 |145
= 253

50 26 days pass before the population reaches over 7000

© Pearson Education Ltd 2C
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Exercise A, Question 22

Question:

A heated metal ball 5 1s dropped inte a liquad. As S cools, 1ts temperature,
I°C. t minutes after 1t enters the liquid 1s given by

T=400e""+25, t=0.

a Find the temperature of 5 as it enters the liquid.

b Find how long S 1s 1n the ligmd before its temperature drops to
300°C . Give vour answer to 3 significant figures.

¢ Find the rate. in *C per minute to 3 significant figures, at which
the temperature of 5 1s decreasing at the instant = 30.

d With reference to the equation given above, explain why the

temperature of § can never drop to 20°C E
Solution:
a
Putt=0=T = 400e +25
= 425°C

b 300=400e7"% +25

= 400" = 275
005t _ 275 -« Not using a calculator until
c h 400 the final step ensures that
275 there has been no
=005 = 1r1t ;'?'D:| Approximation in the process.
-1, [275 /
¢ = —In|—
0.03 400
= 749 minutes
o 400(—0.05)e™*
dr
When £=50 5L = —706™
dr

= —164
So rate of decrease 15 1.64° C/nunute
d Ast—wm 400 >0
so I'—» 25

The temperature can never go below 25°C | so cannot reach 20°C

© Pearson Education Ltd 2C
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Exercise A, Question 23

Question:

A breeding programme for a particular animal 1s being monitored. Initially
there were k breeding pairs in the survey.
A suggested model for the number of breeding pairs, n, after ¢ vears 1s

400
I
149 °
a Find the value of k.
b Show that the above equation can be written in the form
t=9tn| —7 |
400 =5/
¢ Hence, or otherwise, calculate the number of vears, according to
the model. after which the number of breeding pairs will first
exceed 100.
The model predicts that the number of breeding pairs cannot

exceed the value A.
d Find the value of A.

n=

Solution:

PhysicsAndMathsTutor.com
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400
i — 1
1+9e ¢
a Imnally +=0, n=k
so k& = Lmoﬁ
1+ 9"
_ 400
10
= 40
b
_L
(1+9e *m = 400
n+9me © = 400
9??8_? = 400 —n
S _ 400—n
O
_l{ - 1115400_”'
9 | 9n |
lr _ _hl:uil!}#}—n
g | 9n
_ mlatoo—n;‘]
On |
¢ = gml % |
400 —=n|
¢ For
n=100.r = 9]11@-
[ 300
= 0988 .

so it takes 10 years

d Using the original equation with f — o0

II—}ﬂ:-q-ﬂ'G
1+0
A =400

© Pearson Education Ltd 2C
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Exercise A, Question 24

Question:

, |
fixy=x"——-2, x=0.

X
a Show that the equation f{x) =0 has a root between | and 2.
An approximation for this root is found using the iteration formula
1
B
X, =|2+—| ,withx,=1.5.
X, |
b By calculating the values of x,,x,,x, and x, find an approximation
to this root, giving vour answer to 3 decimal places.
¢ By considering the change of sign of fix) in a suitable interval,
verify that vour answer to part b is correct to 3 decimal places. E
Solution:
a
f(1) = 1-1-2=-2
1 1 “ [There 1s a change of sign and
f(2) = 8—;— 2= ﬁE curve is continuous so there
- must be at least one root
b between 1 and 2.
nr = 1.3867... :
! ) “ A5 the values oscillate and
%y = 43961 x; and x, are the same to
x = 13933 Hdp.a3dp answer can be
x, = 1.3953... Trven.
approximation to the root1s 1 395 (3 dp) Y ou need to choose this
c ChOOEﬂIE [1 3045 1 3955] " interval or I'lghI'Ei', but there

needs to be a sign change.

£(1.3945)
£(1.3955)

—0.0053__ -« A s there 1s a change of sign,
+0.0010_ the root lies between 1.3945
and 13953,

root lizs between 1.3945 and 1.3935 s0 1.393 s an approximarion
to the root to 3 d.p.

© Pearson Education Ltd 2C
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Exercise A, Question 25

Question:

a By sketching the graphs of y=—x and y=Inx,x >0, on the
same axes, show that the solution to the equation x+Inx =0 lies

between 0 and 1.
. . 3 (2Zx—Inx)
b Show that x +Inx =0 may be written in the form x = %
A
¢ Use the iterative formula
(2x,—Inx,)
X il = ] - B : "1"-I:I = l.
' 3
to find the solution of x+Inx =10 correct to 5 decimal places.

Solution:

PhysicsAndMathsTutor.com
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a
y=—x meets y=Inx where —x=Inx ie where x+Ilnx=0
It 15 clear from the diagram that the solution lies between 0 and 1.
" (2x—Inx) - Arrangements of x+Inx=10
% - N such as
=3x = 2x—Ilnx x = —lnx
=x + Inx=0 %= e
ko not lead to useful iterative
= TOCESSEs.
xr = 0.666667(6dp.)
x, = 0579599
x; = 0368206
x, = 0367228
x, = 0367130
x, = 0567144
w = 0367143

= 0567143

solution 1s 0.56714 (5 d.p.) 4+——— [You can check by evaluating
f(0.567133) and £f{0.567145)

where f(x)=x+Ilnx.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2

Solutionbank C3

Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 26

Question:

Show that the equation e** —8x =0 has a root k between x =1 and

=2

The iterative formula

1
x,=—In8x, x,=12,
: ?

is used to find to find an approximation for &

b Calculate the values of x,,x;, and x,, giving your answers to 3
decimal places.
¢ Show that, to 3 decimal places, £ =1.077.
d Deduce the value, to 2 decimal places, of one of the roots of
e*=4x.
Solution:

f(x) = -8

f(1) = -0.6109... « Change of sign implies
f(2) = 38598 . A root between 1 and 2.
x = 1131(3dp)

n = L101(3dp)

x; = 1088(3dp)

£f(1.0773) = +0.0789_..

change of sign shows root lies between the two x values 1.0765
and 1.0773 so £=1.077(3d.p)

Put p=2x

then e —8x=0 becomes e —4p=0

so root of e’ =4p

15 p=2x
=2x1.077
=2.154
—215(2dp)

© Pearson Education Ltd 2C
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Exercise A, Question 27

Question:

The curve C has equation v =x° —1. The tangent to C at the point

P(—1,-2) meets the curve again at the point {J, whose x-coordinate is £.

a Show that k is a root of the equation x° —5x—4=0.
b Show that x* —5x—4 =0 can be rearranged in the form

,'r=4||5—i.
X

The iterative formula

- -
X, =45+—, x,=15
i X,

is used to find to find an approximation for £.
¢ Write down the values of x,x,.x, and x,, giving your answers to

5 significant figures.
d Show that £ =1.6506 correct to 5 significant figures.

Solution:

PhysicsAndMathsTutor.com
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y=x -1
a E=5J:'
d

At the point (—1.-2) the gradient of the tangent is 5(—1)* =35
Equation of tangent1s  y+2 =5(x41)

Use y—1 =mix—2x)

1e.y=>5x+3

tangent meets the curve where

Sx+3=x"—1
=x —5x—4=0
h
.‘L’i =
Ty =
=x =
C
xn = 1.6640 (5s.1)
x, = 1.6495
x; = 1.6507
x, = 1.6506
d
£(1.65055) = —0.0025... «+—— |Evaluate f{1.65055) and

f{1 653063) where
f(x)=x"—35x—4

Continued iteration 1s fine
here as this 15 an oscillating
set of values and convergence
15 rapid.

f(1.65065) = +0.00066...

As there 1s a change of sign the root lies
between 1.65055 and 1.63063
so £=1.6306 (53s1)
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Exercise A, Question 28

Question:

fx)=2x"—x—4.
a  Show that the equation f(x) =10 can be written as

The equation 2x* —x—4 =0 has a root between 1.35 and 1.4.
b Use the iteration formula

with x, =1.35, to find, to 2 decimal places, the value of x,,x, and
x..
The only real root of f(x)=0 is @.

¢ By choosing a suitable interval, prove that a=1.392 . to 3 decimal

places. E
Solution:
a
X —x—4 = 0
= 2x° =
= 3 =
=x =
b
X = | x, =135
| %n }
n = 141(2dp)
X, = 1.39(2d.p)
X = 139(2dp)
¢ Consider the interval [1.3915, 1.3925]
f(13913) = -000285

£(1.3925) = +0.00777...

as there 15 a change of sign in the interval and f{x) 15 continuous.,
the root lies in the mnterval so @ =1392 (3dp)
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Review Exercise
Exercise A, Question 29

Question:

The function { is defined by

f:x——S5+4e”, xR, x>0.
a  Show that the inverse function of 1 is defined by

0 1, {x+5)

{7 ix——lIn| [

2 L4 )
F i SRl |
and write down the domain of £ .
il A |
b Write down the range of 7.
: 1 ; oL
The graph of y= —x crosses the graph of y=1"(x) at x=Fk .
The iterative formula
{x,+5)

" e 1 A | o il 7

- In | 3 ] s Xy = .3,

i= used to find to find an approximation for £.
¢ Calculate the values of x; and x,, giving yvour answers to 4

decimal places.
d  Continue the iterative process until you have two values

which are the same to 4 decimal places.
e Prove that this value does give &, correct to 4 decimal places

Solution:
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f-x—3>-5+4e¥ x>0

a et
y = =5+4¢&¥
4 = y+3 4 The graph of
y+5 y==5+4e" x>0 is
e = - ;
4
2x = l11|:'r_:|
4 | 'S
= e r
1 5] :
L= _h{J +5
2 4 |
; 1, [x+35]
50 f".'.1:—}>—1n|:‘L '
2 ]
T LR T This 1s the range of £
This is the domain of .
b rangeof £ is f(x)=0
c
xn = 02814
n = 02779
d A s this 15 a decreasing set of
x, = 02772 values, you cannot be sure that this
r = 02771 koes give k correct to 4 dp.
X, 2
x, = 02771
5 Evaluate £(0.27705) and
(0 27713) wl
£(027705) = 22 x10° ( Jmmee
g _ x+2
£(0.27715) = +58x..x107 \ [fG)=x—In| &5 )
F=02771 4dp) IChange of sign indicates

the root lies between

027705 and 0.27713.
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Review Exercise
Exercise A, Question 30

Question:

The graph of the function f. defined by

f-x—

11_ xR, x=0.
l+x

1s shown.

o X

a Copy the sketch and add to it the graph of y=f""(x) . showing the
coordinates of the point where 1t meets the x-axis.
The two curves meet in the point A, with x-coordinate .

: . : : 1
b Explain why k& 1s a solution of the equation x = i
4 x-

The tterative formula

Ty = L x, =07

wl T 22
1+,

15 used to find an approximation of k.
¢ Calculate the values of x.x,.x; and x,. grving your answers to 4

decimal places.
d Show that £ =0.682, correct to 3 dacimal places.

Solution:
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b y=f"(x) is the reflection of y=f(x) in y=x

So the point A lieson y=1f(x) and yv=x

where they meet x = 1o
+Xx°

It also lies on ¥ =f7'(x).

x, = 06711 (4dp)
x, = 06895
x, = 06778
x, = 06852

d
£(0.6815) = —-0.00135...  *+— o
£(0.6825) = +0.00028...

1
f(x)=x———.
e

TX

as change of sign root lies between 0.6815 and 0.6825

ie k=0682 3dp)

© Pearson Education Ltd 2C
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2 Review Exercise
Exercise A, Question 1

Question:
a On the same set of axes sketch the graphs of y=|2x—1| and
y=|x—k|.k=1.
b Find, in terms of k, the values of x for which |2x—1|=|x—k]|.
Solution:

vé vy=12x—11
“n.‘\ 7 e R For y=|2x—1| draw
e Pl %
B % | P - ¥=2x—1 and reflect part
= / - - :
\ Mol A o below x-axis in the x-axis.
S /‘41‘_\ b For y= x—F|. intersects
al L [ 5 x-axis at (k. 0) where k=1
and gradient is 1, whereas
the other line has gradient 2.
b Forpoint A
2x=1 = —(x—k) 4+— | The line |x—k| has been
=3r = 1+k reflected so equation 1s
14k :I.'=—[I—kj,l.
x = —
3
For point B
—(2x-1) = —(x—k) 4 | Both lines have been reflected.
= -2x+1 = -—x+k
¥ = 1-k b As k=0, this value 1s negative,
which agrees with diagram.

© Pearson Education Ltd 2C
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2 Review Exercise
Exercise A, Question 2

Question:

a  Sketch the graph of y =|3x+2|—4, showing the coordinates of the
points of intersection of the graph with the axes.

b Find the values of x for which
[3x+2=4+x

Solution:

PhysicsAndMathsTutor.com
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a
=132l v =13c+21
First draw y =|3x+ 2| and then
F translate by 4 units in negative
12 y-direction.
i i
3
el A , - Meets x-axis where
¥= 13421 :
s y=3x+2-4 =
'\.\ -/
Y i = 3x = 3
\_\I /.z 5
=3 [} 3 x — Iy
k\ // 3 3
\‘ /.- =2 |i
_1\'/ y==3x-2-4 = 0
z
[: 3 ] = 3x = —f
i = =2
b
3x+2] = b 4+— [The walues of x are the x-
Ix+2|-4 = =x coordinates of the intersections of]
yv=xand y={3x+2|-4.
So
i
Ix+2-4 =
=7y = Alternatively. you could solve
" y Gx+2) =4+
i
-3x-2-4 = «x
— = -0
1
x = —1—-
2
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2 Review Exercise
Exercise A, Question 3

Question:

\_/ M2 4

The figure shows the graph of v =f(x),-5=x 25,

The point M (2, 4) is the maximum turning point of the graph.
Sketch, on separate diagrams, the graphs of

a y=f(x)+3

b y=f(x)]

¢ y=f(x|).

Show on each graph the coordinates of any maximum turning points,

Solution:
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4+—— [Translation of +3 in the y
direction.

+— [For v20_ curve is y=1(x).

For v = 0. reflect in x-axis.

44— [For x<=0

a
ol
M (2.7}
-5 i) 5 X
b
v
M2 4
5 ) 5 x
C
v
M2 4)

(=2 4

flxl=1{(-x)
ko draw v =1f(x)

for x = 0. and then reflect this
x=0.

—7 0

© Pearson Education Ltd 2C
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2 Review Exercise
Exercise A, Question 4

Question:

¥=Mx)

The diagram shows a sketch of the graph of the increasing function f.
The curve crosses the x-axis at the point Ai 1, 0) and the y-axis at the point
B(0,—2) . On separate diagrams, sketch the graph of:

a y=f"x)

b y=1i]x|)
¢ y=f(2x)+1
d y=3f(x-1).

[n each case, show the images of the points A and B.

Solution:

PhysicsAndMathsTutor.com
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vk
. —
I"LI
o 1 X
2Bt
C
vk -——
¥
d
v d
. —

© Pearson Education Ltd 2C
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Reflect y=fix) in y=x.
(L) — (0D

0.-2) — (-2.0)

Draw y=f(x).x=0
Reflect this in y-axis.

Sketch y=1f(x) in x-axis with scale
1 : s
factor — , and translate in the y direction

by 1 unit.

Translate by +1 in the x direction and
stretch in the v direction with scale
factor 3.

Page2 of 2
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2 Review Exercise
Exercise A, Question 5

Question:

For the positive constant k. where & = 1 the functions f and g are defined

by

f:x = hix+k).x=-k,
x = |2x—k|. xR
Sketch. on the same set of axes. the graphs of f and g. Give the

coordinates of points where the graphs meet the axes.
Write down the range of £

A
Find, in terms of &, fg| %J .

z
a

=g

L]

The curve C has equation v =f(x). The tangent to C at the point

with x- coordinate 3 1s parallel to the line with equation
Oy=2x4+1.
d Find the value of k. E

Solution:
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Graph 1s for £ =1y =1{(x) has
Asvmptote x = —k .
[t meets the x-axis where In(x+&)=10

=x+kF =1

=x = 1-k
[t meets the y-axis where x =0, 12
yv=Ink.

¥ =g(x) 1s v-shaped passing

s
through {?._U} and (0, k).

b
Range of fis f(x) €& - f1s an increasing function.
c
(k) [ &[)
) =
F }{'\:
= A5
(3k)
= Hig)
d
S REEE
& 1
dx x+k
5 ty = —_— = :
owhen x=3 34k 9 + [Gradientof 9y =2x+1 is é
=2k = 3
Eoo= 1=
2
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2 Review Exercise
Exercise A, Question 6

Question:

ri

B t‘/r—
UNAL Yy Js ¥

The diagram shows a sketch of the graph of v=1(x).
The curve has a minimum at the pomnt A(l.—1), passes through x-axis at the
origin, and the points B(2, () and C(3, 0); the asymptotes have equations x =3
and y=2.
a Sketch. on separate axes. the graph of
iy =)
i y=—"f(x+1)
iii y=£f(—2x)
in each case. showing the images of the pomts A, B and C.
b State the number of solutions to the equation

i 3[f(x)=2
i 2|f(x)]=3.

Solution:
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Al parts of curve y=1(x)
below x-axis are reflected mn
h-AXI1S.

hoi
3 f(x) = 2= f(x) =

d | b2

number of solutions 15 6
i 2|f(x)|=3 ::-|f(.‘c}§=%
number of solutions is_ﬂi

e 2| f(x)=3=f(x)=

] | (%]

© Pearson Education Ltd 2C
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A (1. 1)

B and C do not move.

Translate by —1 in the

v direction and reflect in the x —axis.

Stretch 1n the x direction with scale

1 .
factor — = (or stretch in the x

“

: . ; 1
direction with scale factor — and

reflect in the y-axis).

Consider graph a 1.
i How many times does the line
3
v =— cross the curve?
3
Line is below A'.

ii Draw the line y=

td | a2
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2 Review Exercise
Exercise A, Question 7

Question:

\#T

R
A

AT |

The diagram shows part of the curve C with equation y = f(x) where

(x—1)°

(x-3)

The peints A and B are the stationary points of C.

The line x= 3 is a vertical asymptote to C.

a  Using calculus, find the coordinates of A and B.

b Sketch the curve C*, with equation y =f(—x)+2, showing the
coordinates of the images of A and B.

¢ State the equation of the vertical asymptote to " .

fix)=

Solution:

PhysicsAndMathsTutor.com
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a
d;‘* _ (x=3)2(x-1)-(-1°(1) 4+——— [Use the quotient rule,
dx (x—3)
(x—1D[2x—6—(x—1)]
(x—3) flx)=0=x=1. so. as a
T check, you know that the
= w coordinates of A are (1. 0).
(x—3)
d §
g = 0=x=lorx=3
djl.
Coordinates of A: (1. 0) B: (5. 8) +—— (3-=1Y" 1B 3
‘L.' = = =
' (5—-3) 2

Reflect in the y-axis and
tranislate by 2 units in the y
direction.
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2 Review Exercise
Exercise A, Question 8

Question:

a On the same set of axes, in the interval —7 < &< 7. sketch the
graphs of
i y=rcotd,
ii y=3sin 26

b Solve. in the interval —7 = €< 7, the equation
cot&=3smn 28
giving your answers, 1 radians. to 3 sigmificant figures where
appropriate.

Solution:

vk |yEoos @

Do not cancel cos&.

cotd = 3sin 28 /
cos &
=

- = Osinbcost
sin &

RRosR =0 R) S 9 Do not forget = for siné.

=cosf=0 orsinfl = = %
cosd = 0 =48= :%: 1.57
GEEE = 4 l Give values 1n all 4 quadrants.

[ Remember to use the radian mode on
g = vour calculator.

0421272 —0421—2. 72 |BT & @
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2 Review Exercise
Exercise A, Question 9

Question:
\_/

The diagram shows. in the interval —7 = & = 7. the graph of
y=ksec(f—a).

The curve crosses the y-axis at the point (0, 4) and the &-coordinate of its
minimum point is 7/3
a State, as a multiple of 7, the value of o .

b Find the value of .

¢ Find the exact values of @ at the points where the graph crosses the line
mronb!

d Show that the gradient at the point on the curve with &-coordinate

2.

Solution:

Tm
15

PhysicsAndMathsTutor.com
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v =fksec? has minimum on y-axis.

|

[This curve has been translated by

[FS] | =

in the x direction.

b As (0, 4) lies on curve

[ ] 1
/ \ cos:——| = =
4 = i'sec| —EF L 3] 2
L3 e
=4 = Bl =5ec|Tﬂ‘ = 2
=k = 2 Rk
¢ Solve
( 7| (—11
25’3'51 '9__] = _2‘\5 cos™! l— gives values in the
2]
' - o)
5 secl E_gi _ —\.E 211;1 imd erfmﬂ?ﬂntﬁ.
L >4 S S R il
/ ) 1 3 3 3
=HHeaR | E_E_J B _E [ v=-242 meets the graph
where & is negative ]
vy X o _5r 3xm
3 4 4
g - E_Ei_ﬂ
i 4 3 4
_ Nz 5=z
12 12
d
i = EEEC[ E—Elitﬂn[ E—Eli
d& 9 3/ \ 3.
At = %.%=Esec§taﬂ§=2ﬁ(l}=jﬁ
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2 Review Exercise
Exercise A, Question 10

Question:

a Given that sin® 8+cos* 8=1, show that 1+ tan® &=sec’ 8.
b Solve, for 0= &< 360", the equation 2tan” &+secd=1, giving
vour answers to | decimal place. E

Solution:

a
sin” G+ cos” & = 1
sin° & cos @ 3 1
cos’@ cos'@  cos B
— tan’ 9+1 = sec @
b

2tan” f +sech = 1

= Msec’ §—1)+sech =1

= 2sec” f+secd—3 = 0 ‘x Use result m a to form a
= (2secd+3)secd—1) = 0 quadratic in secE.

=>sec8=—% orsecd = +1

:>-:0;E?=—§ orcosfd = —+1
7

cosd =

——=§=1318 2287
3 <+— |360° not in interval.

cosé

+1=8=0

© Pearson Education Ltd 2C
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2 Review Exercise
Exercise A, Question 11

Question:

a

Prove that sec*8—tan* 8=1+2tan* 8.

Find all the values of x, in the interval 0 = x = 360", for which
sec’ 2x = tan 2x(3+ tan’ 2x).

Give your answers correct to | decimal place, where appropriate.

Solution:

Use a’ —b" =(a+b)a—-b).

sec’ @—tan' @

= {secj 6+ tan’ E}{secl f—tan’ &)

=(1+tan”  +tan” £)(1) < Use sec’ §=1+tan" &.

=1+2tan’ @

4 . 4
gsec” 2x=3tan2x +tan” 2x

1 4 .
=gec 2y—tan Z2x=3tan2x

— 1L 2tan’ 2x = 3tan 2x 4+— [Use result in a with &=2x .

= 2tan” 2x—3tan2x+1=0

= (2tan2x—1)(tan 2x—1)=0

1
tan 2x o tan2x=1

tan2x=1=2x = 45,225 .405.585 <«—|p<y < 360
22.5°,112.5,202.5,

T

()
L]
[ ]
L
Il
o

< 2x<720°

26.6°.206.6°.386.67.366.6°

1
tan 2x = ;;ﬁ 2x

133°.103.3°.193.3°.283.%

5
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2 Review Exercise
Exercise A, Question 12

Question:

a  Prove that

, ni
cot —tan 8= 2 cot 28, ﬁ#T.

b Solve, for —7 < &< 1, the equation
cot&—tan 8= 5,
giving your answers to 3 significant figures.

Solution:
a
LHS = cotf—-tanf
_ cost smnf
smf cosd
_ cos’B—sin" @
sin fcos &
_ cos 26
B T
—smn2&
2
= 2cot2d - <
b Solve 27 = 28<2x
2cot28 = 5
%]
=S cot?2fd = —
2
tan2fd = 04
=28 = —5903,—-2761.03805...,3.522
g = —205-1380190176(3s1)
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2 Review Exercise
Exercise A, Question 13

Question:

a Solve.inthemnterval 0= 68=27, secf+2=rcosf+tan &3 +sm ).
giving vour answers to 3 significant figures.

b Solve, in the interval 0 < x = 360°, cot’ x = cosec x(2 —cosec x),
giving vour answers to 1 decimal place.

Solution:

a
secd +2 = cosf+tanf(3 +sind) Multiply by cos 6.
= 1+2cosd = cos #-+3sinf+sin’F Use sin” &+ cos” 8=1.
=14+2cosfd = 143smé
= 3sind = Zcosf
= tan = g

3

=4 = 0.588,3.73(3s1L)

b
cot’ x = cosec x(2 —cosec x)

= 2cosec x —COSec -X z ; 3
= . 4— [Use 1+cot” x=cosec “x to

= cosec x—1 = 2cosecx—cosec x

: form a quadratic equation in
=- Jcosec “x — Zeosecx—1=0 lcosec 1

2444 +8
1=43

2

= COSEC X =

As cosecx =1 or cosecx=-1

' -— _ .=
cosec x = %:1_355“_ S ,:‘Gslsoim-ahd_
sinx = 0.732...
x = 4711329
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2 Review Exercise
Exercise A, Question 14

Question:

Given that

y=arcsinx,—1<x<land —% <Y< 7

a express arccos ¥ in terms of 1.

b  Hence find, in terms of 7 the value of arcsin x +arccosx

Given that

y=arccosy.—l=x=land0=v=m7,

¢ sketch. on the same set of axes. the graphs of y = arcsinx and
¥ = arccos x . making it clear whach 1s which.

d Explain how your sketches can be used to evaluate
ATCSIL X + Arccos X .

Solution:

PhysicsAndMathsTutor.com
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a y=arcsiny

: : T
Using sin # = cos :—9'.

=siny = x
i ;." i
& ]
X = CGEl e |
w2 /
T
— —— ¥ = Aarccosx
b
] T
aresm X +arccosx = Y+ ——y
¥4
- Bl
—
C
= IS v —
i
\ = F=arcsin g
> I ox
r
d

il

Vo= AR

TK
d_gfl.-} /';,fk{{ i Y = JIchin X

© Pearson Education Ltd 2C
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v =arccosx 1s a reflection in the
line v=x of
y=cosx,0=x<m.

y =arcsin ¥ 15 a reflection in the
line v =x of

3 ke
y=smx,——=Z =
2

| =

-2

The shaded areas A and B are
congruent due to the svmmetries of]
the graphs.
Consider x=a .
where —1<a=10

daIcCcos x = ?—. i, see dlagram

arcsmx =—h
; K
=5 arcsin x + arccosx = =

Consider x =5, where 65 b=1

T
arccos.\'=?—ﬁr

arcsmx==x

: a
— ATCSIN X + ATCCOS X = ?
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2 Review Exercise
Exercise A, Question 15

Question:

a By writing cos3& as cos(28+ &), show that
cos3&=4cos’ —3cosd

~
-

b Given that cos &=——, find the exact value of sec3&.
A

Solution:
a
cos(20 +8) = cos20cosf—sm20sinf e—— Use
= (2cos’6—1)cosf —2sinBcosfsinf cos(4A+B)=cosAcos B—
= 2cos' 8—cosf—2cosd(l—cos ) sm Asin B
= 2cos'f§—cosd—2cosf+2cos’f with 4=265=86.
= 4cos’ §—3cosf
Use sin” #=1—cos” 4.
b
(27 (2]
cos3f = 4I'JF —BIJ:}
13) |3
. W2 AN W2y =22
27 X
~ 1942
- 27
7 272
= sec3f= ! jﬂc
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2 Review Exercise
Exercise A, Question 16

Question:

Given that sin(x +30") =2sinix — 607},
a  show that tanx=8-—5~f'§_

b Hence express tan(x+ 6{") in the form u+£‘-‘J'Z‘_|.

Solution:

a sin{x+30°) = 2sin(x — 607)

= simxcos30 +cosxsmn 30 = Zsinxcos60—2cosxsin6l oE 0 =Bl V3
= Esin:l:—lc-:.a';r = sinx—+f3cosx : 12
2 2 s1n 30° = cos 60° ==
= ﬁsmx+ccsx = 2Zsmn x—}.l'rgcosx B
:\(Zaﬁ+]}cosx = (Z—ﬁ}sinx
sz spmes 5 23+1 Use zii =tanx.
1—3 x

(23 +1)2++/3) [Rationalise the
2— -..E}(E g \,G} denominator.

W3+3+246
1
= 8+53

tan x++/3 tan 60° =3

1—~J§ranx

= S+6£ Use a.

1-8J3-15
8+63  —4-343
83-14  43+7
—4+33)7-4/3)
(T+43)7-43)

(28-36)+ (213 —-164/3)]

1

= 8—35

tani{x +60°)

&
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2 Review Exercise
Exercise A, Question 17

Question:

a Given that cos. 4= % where 270° < 4 <= 360° . find the exact value

of sin24 .

b i Show that
F ‘T'-\._ .| l.'i_-\._
cos| 2).'—7| +cos| 2= | =cos2x
! 3/ 3/
Given that

y=3sn" x4+ cosl 2x+?i —cosl 2.‘(—?;._

. dy .
1 show that —=sin2x E
X

Solution:
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a
cosA = . 270° <A <360
4 /
d
- 4/
=smA = £ k4 17
1 A
sosin2A = ZsmmAcosA r/ -
L Ll ;
= S For 270" = A =360
sin A 15 negative.
Y ;
g
b 1
2x+2) = cos2xcos——sin2xsin—
cos( 3} cos J.CG'33 sin sm3
3
= —cos 2y ——sin 2x
2 2
T 3.
cos(2x——=) = —cos 2y +—smn 2x
3 2 2

T b s
50 cos(2x+ E} +ecos(2x— EJ =cosly +——— |Add two results above.

ii

b
Il

s — L o A
3sin” x+cos(2x +E}—C05(21—EJ e bi

3sin” x+cos2x

3I2sinxcosx)—2sin2x

= sin2x
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2 Review Exercise
Exercise A, Question 18

Question:

Solve, in the interval —180" = x =< [ 80", the equations

a cos2x+siny =1

b sinx(cosx+cosec x) = 2cos x, giving your answers to | decimal
place.

Solution:

a
cos 2x +sinx = 1 +— [Choose the appropriate
= (l—sin" x)+smx = 1 form of cos 2x to give
T P TT g = P a quadratic in sin x. Do
. . MNOT cancel sin x,
sinx(2sinxy—1) = 0 e S
always factorise.
; : 1
=smx=0 orsinx = =~
= x=—1807.0°_30° 150
b
; : 1 )
5iN X COS X 4510 X+ — = 2cos x
sin x
= Gl XCOS X = 2cos’x—1
—180° <x < 180°
—sin2x = 2x C o
= COR —-360°<2x < 360
= tan 2x = i
= 2x = —11657,63.4%
X = —58331.7(1dp)
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2 Review Exercise
Exercise A, Question 19

Question:

a Prove that
singd  cosé&

+— = 2cosec 28, =904,
cosf sinf

b Sketch the graph of v =2cosec2& for 0° < &< 360",
¢ Solve, for 07 < &< 3607, the equation

singd  cos&é
= =3
cosd  sind
giving vour answers to | decimal place. E
Solution:
a
1HS = smﬁ'__cgsﬁ'
cosf sind
_ sin’ 8+ cos’ @
sin fcos &
o 1
isinlt’:?
2
= 2cosec 28
b
RV,
2 [Note that maxima and
: minima are at —2 and +2
ol wrl ImFl 2 der) ] respectively.
m :ﬂ ve=1 e 19
c  Solve
Qcosec2d = 3 =g < 3607
: : 2 =0 <28 < 7207
re.sin?28d = —
3
=28 = 41.8°.138.2°_401.8° 498 2°
a = 209°.69.1°.2009° 249 1° (1dp)
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2 Review Exercise
Exercise A, Question 20

Question:

a Express 3sinx+2cosx in the form fAsin{x+a), where E>=0 and

(< g <

r..:|2;-4

b Hence find the greatest value of (3sinx+ 2cos .
¢ Solve, for 0= x < 27, the equation
3sinx + 2cosx =1, giving vour answers te 3 decimal places. E

Solution:
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a Set
dsinxy+2eosxy = Rein(x+a)
= Rsinxcosx+Rcosxsinx
= Rcosa = 3 4+— (Comparing sin x.
| A — b Comparing cos x.
2 =
= tan@ = — — F:)ﬂ.'j.de.
3
i = 0.588... 4—— |& should be in radians as
R = 13 0=g= i
5

‘\ For R:

either square and add

Rsin*a+cosla) =3 +2°,
R=0

or use Recosar=3 or Rsinar =2 with

o found above.

= 3sinx+2cosx =~/13sin(x+0.588..)
b The maximum value of -.,l'r]_?;sin[_ﬁ: +0.588..) 1s J1_3 and occurs when

sin(x+0.388..) =1 so maximum value of

{.Jﬁsin(.wa}.ﬁsg)F = 13
= 169
C Solve

0 = X<2m

Vi3sin(x+0588.) = —0588 < x+0588<G687

=sin(x+0588. ) =

] et
()

= x+0.588... = 7—0.2810...27+0.2810...
- 7 8606.6.5642 .. ‘\1
= x = 2.273.5976 (3dp) |sm = = sin”' 0.277

= 0.2810...

15 outside above mterval for x + 0.588.
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2 Review Exercise
Exercise A, Question 21

Question:

The point P lies on the curve with equation v = lnl T-’f] :
3.

The x-coordinate of P is 3.
Find an equarion of the normal to the curve at the point P in the form

y=ax+h_ where a and b are constants. E
Solution:
1 y
)= Inf —x
: (5%
x = 3 yv=lnl=0.50P=(3.0)
d_‘ = l 4+— [Remember that
dx 2 # logar=loga+logx in any
base
- _ 1 d d
At P gradient of tangent = - ko —(lnax)=—(lnx)
= dx dx
so gradient of normal = -3

Equation of normal 1s Use mym, =—1 for

perpendicular lines.

—3x-3

g
—3x+9

¥
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2 Review Exercise
Exercise A, Question 22

Question:

a Differentiate with respect to x
i 3sin’ x+sec2x,
i {x+In2x)},

5x" —10x+9

Given that v= g y=-—1,
{x—1)"
dy =
b show that —=— - E
dx (x—1y
Solution:
a i
¥ = 3sin” x-+seclx < d 5 _
—i(smmx)” = 2smxcosx
dy dx

— = f(smxcosx+2sec2xtan2x
dx d _

—secax gsecaxtana x

= 3Jsmn2x+2sec?xtanx

y = {x—ln{h‘}}; / ¥ =’ where u =1(x)

r dy . du
1' i 1 ]_ ML e
I - 3~;x+h1(2x)}'{1+—1 e
dx U x) d 1
Note —(lnax)=—
dx x
b
5x°—10x+9
¥y = — — x#-1
(=1
dv  (-D0x-1D)-0x —10x+9)(2)(x-1)
P ETT
i ) e . +—— [Use quotient rule
_ 10(x" —2x+D)—2(5x" —10x+9) s T
(x-1)’ du
_ 10x% —20x +10-10x> + 20x ~18 L
(x-1)° v = (-1
—8 dv
= = —_— = 2Nx-1
(x_t): {11 ( J
Be careful to use
brackets and signs
Appropriately.
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2 Review Exercise
Exercise A, Question 23

Question:

Given that y=In(1+e"},
dy 1

a show that when x=-In3,—=—
dy 4

. ) . dy
b find the exact value of x for which e’ (L_ =6,
.

Solution:
y=In(l1+e")
dy e’ If y=1Inu where u=1f(x)
o dr 146 dy  1du
dr & dx
when x=-In3
x_ _-k3 _ _hbi ;
et £ i Remember that e=° =k
-3
1 1
d = 7 1
dx g 4
3 3
b
dv
dx
S+e)—— = 6
1+¢
= e’ = 6
= x = In6
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2 Review Exercise
Exercise A, Question 24

Question:

a Differentiate with respect to x

2_3x+d

R
. cos(h 3
i —
3x
b  Given that x =4sin{2y+6) . find 1—1 in terms of x. E
Solution:
a i = :
_ 3 32 [Use the product mile with
Al rE due
; 1 o N = = —=2x
L/ 23 B dx
dl L 4] d'l" 3322
= (Bx+2)xe™ v = g ::’E: =
ii
y = M [Use the quotient rule with
: 3-? o= cos(2x?)
dv 3x-6x sin(2x")]—-3cos(2x7) i 2 .
& 9x? =E = —bx sm(2x7)
—[6x° sin(2x* )+ cos(2x)] dv
7 vizx = =—=3
3x° dx
b
x = 4sm(2v46) I
= i . Bcos(2y+6) ¥ = wEery)
dy dv o
& B 1 o = acos(ax+b)
dx Scos(2y —6'&
= d—l 1s in terms of y.
a.jl—sm (2y+6) dx
N \Lse sin® 8+ cos” A=1
1__ = cosf=141—-sin" @

21'1!5—.\
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2 Review Exercise
Exercise A, Question 25

Question:

Given that x = %",

- ; dx
a find, in terms of y, =
B

d .
b show that when v= 4~—'1 e .
de 12
Solution:
x=) 2al? Use the product rule with
a de .
a u = y :>d—=4_1'
dl' 5 ] 3 z 4
== By g E‘G+2.1EJT o g 1
dy 2y v 5 el SF o oW
3 ; dy 2\/’?
1 P 5 -
= —yie¥ + 2y
_‘_ Remember
= Sefr+e If
= ¥ o= gt
b When yv=4 dy _ £(x)ef
. . d.
Bx ie"(ﬂ—{l ;
dy 2
= 12¢
dy 1 e”
50— = - =
dx 12~ 12
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2 Review Exercise
Exercise A, Question 26

Question:
—£when 'f—-J_.

. dy
a Given that y=+/1+x" , show that a
X 2

dy 1
b Given that y = In{x++f(1+x°)}, ythat — = ——.
A Jf(1+x%)

Solution:
a
1
¥ = l+x* =(1+x%)?
dv 1 s
=>— = —(l+x7)--2x
dx gt %
2x
21+x"
_ x
1+
When .1'=J§
& _ B
dx 1+3
. P
2
b
y = In{x+ 'Il—x:}* Fme tl_lar this cannot be simplified
: 1 4 in particular,
dy - : _
e R et [T HE 1+x'} . 7] P
. i cb.{ ].1.1L.1+ 1+x J:flnx—i-ln 1+x
= . xirl— N\ It
x+~leJ. -u'll—x y =  Inf(x)

1 je" ey _‘c} dy L f'(x)
- v N
1

5

d = F
1_ = PRE o
? d‘rlil 3

I
L
(i
+
)
R
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2 Review Exercise
Exercise A, Question 27

Question:

Given that f(x)=x%"",

a find f (x), using the product rule for differentiation

b show that £ (x)=(x —4x+2)e™".

A curve C' has equation v =1f{x).

¢ Find the coordinates of the turning points of .

d Determine the nature of each turning point of the curve .

Solution:
a [Use the product mle,
f(x) = xe™
f(x) = x(—e")+2xe™
= E-"“'[—x: +2x]
b
f'(x) = e [-2x+2]-e[-x"+2x]
= e [x* —4x+2]
¢ Turning points when f'(x)=0
1e. x(2-x)e = 0
= x(2—x) = 0 Ase™ =0

So turning points when x =03y =10
x=2,y=4e"
d When x=0.f"(0)=+2=0
So (0, 0) 1s a minimum point
When x=2.f"(2)=e(4-8+2)=0

S0 (2,4277) is a maximum point

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Core Maths 2 Pagel of 2

Solutionbank C3
Edexcel AS and A Level Modular Mathematics

2 Review Exercise
Exercise A, Question 28

Question:

a Express (sin2x+ V3 cos 2x) in the form Rein(2x+ k7)., where

R0 and 0=k =

Pt | =

vi

The diagram shows part of the curve with equation
V= eV (sin 2x + J3cos 2x).

b Show that the x-coordinates of the turning points of the curve satisfy
the equation
i %
7y 1
ranL x+—|=

1) 2

Solution:
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a sinlx++3coslryr=Rsin?xcoskT+ Reos2xsinkT

— Rcoskm = 1
Rsinkr = ]
1
tan ki = '\E:hir::
3
R=2
¥ Use product rule.
y = 2e¥%nx+D)
3
d-'l' _1fr m™ ” _"ﬁx . ™
- = 2" 2cos(Px+— —4-"5-2 =t am(Px+—
dx 3) 3)

= 4o cos{zx—z—g)—ﬁsm(ﬁx—g]
3

v _ o,
dx

= cos(2x+ TT) ~2sin(2x + g} =0
3

T |
t Ix+—Yy=—no
wm@x+= 1
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2 Review Exercise
Exercise A, Question 29

Question:

The curve C has equation 1 = x"+/cosx . The point P on C has

. /4
x-coordinate — .

3 ol
a Show that the y-coordinate of P 15 J?; .

b Show that the gradient of C at P 1s 0.809. to 3 significant figures.

In the interval 0= x = i C has a maximum at the point 4.

¢ Show that the x-coordmate. k. of A satisfies the equation

xtanx=4.
The iterative formula
Xy = tan"'ll ii . X% =123,
X,/

1z used to find an approxunation for .
d Find the value of &, corract to 4 decimal places.

Solution:
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H |
:|_' —
T a |1
k = ool
’ 9 N2 18
.‘—

dy x*(—sinx)
b =2xafoosx + ——
dJ; 24fcosx

When x= ?i

dv
dl.

= 0.8094 .
= 0.809(3=1)
¢ Setting d—1= 0
dx
4dxcosx—x smx

”-Jrcu:as X

=0

deosxy=xsmx

=
= 4::05x—xsinx=ﬂ'/
:, Fa Yy I

=

xtanx =4
2 st (]

=¥ = 1.26791.__.
X = 1.26383. ..
x; = 126476
x, = 1.26455...
x = 1.26460...
X, = 126459 ..
x = 126439 ..
x = 126439 .
=x = 12646(4dyp)
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3¥2 18| 2|

xafcos x lziz—b{ﬁ
. -.."'2_:’.'—"/ 2 2 L2x2

U=x" =——=732x

; Al
v = +/cos x:j—l= i—[cos x) *{—sin x)
x 2

2

Divide both sides by cosx.

Ensure yvour calculator 1s in
radian mode.

You can venfy this by
considering the sign of

[1.26455, 1.26465]

f(x)=4cosx—xsinx in interval
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2 Review Exercise
Exercise A, Question 30

Question:

The figure shows part of the curve with equation
T
y=(2x-1)tan2x, 0<x<—.
4
The curve has a minimum at the point P. The x—coordinate of P is £
a  Show that & satisfies the equation

4 +sindk-2=10,
The iterative formula
l : =
R i ™ I{: —sindx,), x,=0.3,

is used to find an approximate value for f.

b Calculate the values of x,,x,.x; and x,, giving vour answers to 4
decimal places.

¢ Show that & =0.277, correct to 3 significant figures. E

Solution:
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a
¥y o= (2x—1)tan 2x
ﬂ (2x—1)2sec’ 2x+ 2 tan 2x
dx
dy
Setting —=10
B dx
= (2x—1)sec’ 2x+tan2x = 0
1 sm 2x
2y — B = I
=2 l}cog: ?r cos?x 0 / cos2x=20m 0=x ‘:%
= (2x—1)+sm2xcos2x = 0
= 4x—2+2smn?xcos2x = 0 *%— [[Jge sin2.4="2<in_dcos.d
= dx+smdx—2 =0 with 4=2x
so irsansfies dx+smndx—2=0
b
x, = 02670(4dp) Work 1n radian mode.
xn = 02809 dp)
x = 02746 (4dp)

x, = 02774(4dp)

A5 there 15 a sign change in the
interval. & lies between the two
values.

¢ Consider f(x)=4x+smndx—-2
£(0.2775) = 0.00569...
f(0.2765) = -—0.000087...
sok1s 0277 (3 s1)
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