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Review Exercise 1

4x 1 4x

1

+ = +
X’ =2x-3 xX+x (x=-3)(x+1) x(x+1)

CAx(x)+1(x-3) x> +x-3
Cx(e+D)(x=3)  x(x+D)(x-3)

(x+1)(4x-3) _ 4x-3

S (x+Dx(x=3) x(x-=3)

3 3
+
x+2 (x+2)
C(x+2)-3(x+2)+3
(x+2)
X +4x+4-3x-6+3
(x+2)

2 a f(x)=1-

for all values of x, x =2

2
c f(x):L)H-zl from (a)
(x+2)
2
x +x+l>0
(x+2)
as x* + x+1>0 from (b)

and (x+2)* >0, forx #-2

So f(x)>0, forx =2

2 f—
3x -i2-6x 25d+e)§+f

x“+4 x“+4
=3 +6x-2=d(x’+4)+ex+ f
Compare coefficients of x*: 3=d

Compare coefficients of x: 6=e
Compare constant terms: —-2=4d + f

So f=-2-4d=-2-4(3)=-14
Solution: d =3, e=6, f=-14

Use the method of
completing the square

As (x+%)2 >0
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4 Firstsolve|4x—3|=7—2x
x>—3:4x+3=T7-2x=>x=2
x<—-2:—(4x+3)=7-2x=>x=-5
Now draw the lines y=|4x+3| and y=7-2x

YA

y=|4x + 3|

7 X
2

y=T-2x

From the graph, we see that |4x+3|>7—2x when x<-5 or x> 2

5 a Forx <-2, p(x) is a straight line with gradient 4.

At x =-2, there is a discontinuity. p(—2) = 0 so draw an open dot at (-2, —3) where the line section
ends and a solid dot at (-2, 0) where p(x) is defined.

For x > -2, p(x)=4—x". There is a maximum at (0, 4) since x>0, and the curve intersects the
x-axis at (2, 0) since 4—x> =0=>x =42

From the diagram, the range is p(x) <4

YA

/N
/_—————3 y=p@)

S
o
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5 b p(a)=-20

Check both sections of the domain for solutions.
x<-2: 4x+5=-20=>x=-2

This is less than —2 so it is a solution.
x>-2: 4-x* =-20= x =126

But —2v/6 < -2 so discard this possibility; a = 2\/3 > 2 so is a solution
Solutions are a =—-2,a = 2.6

(1) _ 2-5(x+4) -5x—18
6 a (lp :2 —_— —5: = ,
&) Lx+4J x+4 x+4

Solutions are: a=-5,b=-18,c=1,d=4

#-4

b gp(x)=15
—5x—18
j— =
x+4
—5x—-18=15(x+4)=15x+60
—5x-18=15x+60
20x=-78
39

x=—ﬁ

15

¢ Lety=r(x)
_ —5x-18
 x+4
y(x+4)=-5x-18
x(y+5)=—-4y—18

—4y—
Lo tr-18
y+5
So rfl(x):_4x_18, xeR,x#-5
x+2 2
7 a —=1+—
X X

1 : S 0
Sketch y =—, stretch by a factor of 2 in the y-direction, translate by (J
X
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7 b fz(x)zf(“zj
x X+2+2x
_X—;Z+2 «-— x
2 x+2
=(3x+2)>< X X
b (x+2)
_ 3x+2
Cox+2
1\ _of 2+a |
c gf(z)—g{ i4j—g(9)
=In(18-5)
=Inl3
d Lety=In(2x-5)
e’ =2x-5
e’ +5
== 2 The range of g(x) is x € R so the
X . -1 .
gl(x)=e;5, <eR «—— | domainof g”'(x) is xeR

8 a pq(x)=3(1-2x)+b=3+b—-6x
qp(x)=1-23x+b)=1-2b—-6x
As pq(x) =qp(x)
=3+b-6x=1-2b—-6x
=>b=-3

b Lety=p(x)
y=3x-3%
‘o 2+3y
9
3x+2

9
Letz=q(x)
z=1-2x

1-z

p(x)=

=x=
2

g, 1=x
q (x)——2
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2+3(HJ
c pflq,l(x): 2 :—3x+7
9 18
1_2+3x
Sl 9  3x+7
qgp (v)= 7 " 1g

Sopq ' (x)=q 'p(x)
Anda=-3,b=7,c=18

9 a Translation of +3 in the y direction. The maximum turning point is (2, 7).

Y
(2,7)

y="1x)+3

= 0 %

b Fory>0, curveis y =f(x)
For y < 0,reflect in x-axis.
The maximum turning point is (2, 4)

Y

(2, 4)

¢ Forx<O, f|x| =f(—x), so draw y =f(x) for x > 0, and then reflect this inx =0

The maximum turning points are (-2, 4) and (2, 4)

yll
-2,4) | (2,4)

y = f(|x])

9 0 \5’;},
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10a To find intersections with the x-axis, solve h(x) =0
2(x+3)°-8=0
= (x+3)° =4
=>x=-312

So there are intersections at (-5, 0) and (-1, 0)
To find intersections with the y-axis, find h(0)
h(0) =2(3)*-8=10

So there is an intersection at (0, 10)

Since (x + 3)2 > 0, there is a turning point (minimum) at (-3, —8)

(-3,-8)

b i y=3h(x+2)
:>y=3(2(x+2+3)2—8)
= y=6(x+5)" 24
This has a turning point when x = -5 at (—5,-24)
ii y=h(-x)
=y=2(-x+3)"-8
=y=2(3-x)"-8

This has a turning point when x = 3 at (3,-8)

iii The modulus of h(x) is the curve in part (a), with the section
for -5 <x <-1 reflected in the x-axis. The turning point is (-3, 8)
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10 ¢ On one graph, reflect h(x) in the y-axis to see what h(—x) looks like.
Now to obtain the sketch of h(—|x|), start a new graph,
copy h(—x) for x >0, then reflect the result in the y-axis.

The x-intercepts are (-5, 0), (-1, 0), (1, 0), (5, 0); the y-intercept is (0, 10)
and there are minimum turning points at (—3,-8) and (3,-8).

Yy
10 Y= h(_lll)
0 >
-5 -1| 1 5 X
(-3, -8) (3,-8)

11a i All parts of curve y = f(x) below the x-axis are reflected in x-axis.
A—(1,1), B and C do not move.

ii Translate by —1 in the x direction and reflect in the x-axis.
A—(0,1),B—(1,0),C—(4,0)

Ya
y=-flx+1)
1A’
/‘\B, o
1\ 2
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1

11 a iii Stretch in the x direction with scale factor = and reflect in the y-axis.

A= (=1,-1), B> (=1,0),C > (-%,0)

b i 3|f(x)|=2=]|f(x)|=

12a

2

: y.n
e . o y=f-2v)
¢ B N
—% —%i -1 A’ 0 b
(=1, -1)

2
3
Number of solutions is 6

i 2/f(x)|=3=|f(x)=2
Number of solutions is 4

q(x)=1|x+b|-3
10|

— s — :i =
q(0) =13 -3=2=[b|=9

b<0sob=-9

Ais (9,-3)

To find B:

x>9 sosolve £(x-9)-3=0
=>x=15

So Bis (15, 0)

_1li,_9j3=_%
q(x)—2|x 9]-3 3+5

T PR St S VR S
2 3
39— x)— 18 =—2x+30
27-18-30=x
x=-21
x>0 Y0 3 %.s
2 3

3(x—9)—18=-2x+30
5x=27+18+30
Sx=175
x=15

Solution set; —21, 15

¥——_ | Consider graph a i

i How many times does the line y =% cross the curve?

— Line is below A’

ii Draw the line y =3
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13a —$|x+4| <O=rangeis f(x)<8
b Over the whole domain, f(x) is not a one-one function so it cannot have an inverse.

¢ First solve —3|x+4|+8=2x+4
x<4:3(x+4)+8=2x+4
S5(x+4)+24=2x+12
3x=12-24-20
x=—2
x>4: —3(x+4)+8=2x+4
-5(x+4)+24=2x+12
Tx=-20+24-12
x=—1
Now sketch the lines y =—3|x+4[+8 and y=3x+4

y:%x+4

y=-Ilx+4+8

From the graph we see that the inequality is satisfied in the region
-L<x<-2
3 7

d From the sketch drawn from part (c), the equation will have no solutions if the line lies above the
apex of f(x) at (-4, 8)

=>3(4)+k>8
=k>8+2

= k>4
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14 a

15a

16 a

y=4-2cosec x is y = cosecx stretched by a scale factor 2 in the y-direction,

0
then reflected in the x-axis and then translated by the vector [4}

y=4-2cosecx

/

2m

2

/\ /\
The minima in the graph occur when cosec x =—1 and y = 6. The maxima occur when cosec x =1
and y = 2. So there are no solutions for 2 < k <6.

27

KRY

R EEEEE
3
(=)

The graph is a translation of y =sec by «.

So a=£
3

As the curve passes through (0, 4)

4=ksec£:>k=4cos£=2
3 3

—2\/5 = 2sec(9—§j

: 2 : 2
cosx l-sinx _cos”x+(1-sinx)

I-sinx cosx cosx(1—sinx)

_cos” x+1-2sinx+sin’ x

cos x(1 —sin x)
_ 2-2sinx
" cos x(1—sinx)
2

COS x

=2secx
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16 b By part a the equation becomes

2S€C)C=—2\/§
= secxz—\/i

= COSX=—

-

sind cos@ sin’@+cos*d
17 a + =

cos@ sind cos@sind

1 : :

=————  (using cos’@+sin*f=1)

sinfcos @

1 : : :

=— (using double-angle formula sin26 = 2sinfcosf

1

5sin26
=2cosec26

b The graph of y =2cosec28 is a stretch of the graph of y =cosecé by a scale factor of 1 in the
horizontal direction and then a stretch by a factor of 2 in the vertical direction.

Y
2 __\/ U
% 90° 180° 270° 360° 0
2 /\ /\
y =2 cosec 20

¢ By part a the equation becomes
2cosec26 =3

= cosec20 =43

= sin26 =2, in the interval 0 <26 < 720°

Calculator value is 260 =41.81° (2 d.p.)

Solutions are 26 =41.81°,180°-41.81°,360°+41.81°,540°—-41.81°
So the solution set is: 20.9°, 69.1°, 200.9°, 249.1°
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18 a Note the angle BDC =0

cosH=?—§:>BC= 10cos &

sing=2€  gp - BC _10c0s6 5 1o
BD sind siné
b 10c0t6’=£
3
:>cot€—L H—Z
NER
From the triangle BCD, cos @ = bc
BD
= DC =BDcos8
So DC =10cot&cos
1 1
=10 — || —
(ﬁJ@
_5
J3
19a sin’O+cos’fd=1
in’ 2 1 .
sin 6 | cos 6 (dividing by cos’6)

cos’@ cos’@ cos’d
—tan’ O+ 1=sec’ 0

b 2tan*O+secOd=1
= 2sec’@—2+secd =1
= 2sec’ @+secf—-3=0
= (2secd+3)(secd—-1)=0
=secld=—-3,secfd =1
= cosf=—-2,cosf =1
Solutions are 131.8°,360°—131.8°, 0°
So solution set is: 0.0°,131.8°,228.2° (1 d.p.)

sinx b

> o
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20b 4;b2: 41?
)
S . |
b
I A TN
_ja__44f_@ i
b? b
=p?

An alternative approach is to first substitute the trigonometric functions for a and b
4-b"  4—4sin’x
a’-1 cosec’x—1
4= sin® x)

2
cot™ x

2
B 4cos” x
cot’ x
=4sin’ x = b*

21a y=arcsinx

= siny=x / Using sinf = cos(% - 9)

x=cos(£-y)

= J—y=arccosx

b arcsinx+arccosx=y+Z—y

1 1
22a arccos—=p=>Ccosp=—
X X

Use Pythagoras’ theorem to show that opposite side of the right-angle triangle with angle p is

Vxi -1

Vxi -1 X =1
= p =arcsin

So sin p =
X

b If 0< x<1thenx*—1 is negative and you cannot take the square root of a negative number.

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



INTERNATIONAL A LEVEL
Pure Mathematics 3 Solution Bank @) Pearson
23a y=2arccosx —g is y = arccos x stretched by a scale factor of 2 in the y-direction and then
translated by —g in the vertical direction

(-1, 3?77 Ya

y = 2arccosx —g

o | =
T
(1,—5)

b 2arccos x —g =0

T
—> arccos x = Z

T 1
> X=COS— =—F=
4 2

Coordinates are (L, OJ

V2

V3
24 tan{x + E} = 1 = % = 1 [using the addition formula for tan (4 + B)]
6/ 6 1-YFtanx 6

6tanx+2\/§ :l—?tanx

[lggﬁ]tanle—%/g
3(1-243)(18-3)
(18++3)(18-3)

C72-1113
321

tanx =
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25a sin(x+30°) =2sin(x—60°)

So sin xc0s30°+cos xsin30° = 2(sin xcos 60° —cos xsin 60°) (using the addition formulae for sin)
3. 1 | 3
—sinx+—cosx =2 —sinx———Cos X
2 2 2 2

Jsinx+cosx=2sinx—2v3cosx  (multiplying both sides by 2)
(~2++3)sinx =(~1-243) cos x
(—1—2«/5)(—2—\/5)
) (—2+\/§)(—2—\/§)
_ 2+6+4\/§+\/§

4-3

=8+5\/§

tan x + tan 60
1—tanxtan60

_ 8+5v3 +/3
1-(8+5V3)\3
. 84643
_14-83
(4433)(-7+443)
(-7-43) (-7 +443)
36-28-213+1613
- 4948

—8-5\3

b tan(x+60°) =

26 a sinl165°=sin(120°+45°)
=sin120°cos45°+cos120°sin45°

3o
27 2\
3
NS
o2

4
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1
sin165°

26 b cosecl65° =

N
(o-2) (Vo2
4(J€+J§)

6-2

N

27acosd=13

Using Pythagoras’ theorem and noting that sin A is negative as 4 is
in the fourth quadrant, this gives

V7

sind=———

Using the double-angle formula for sin gives

(J7)(3) 37

sin2A4=2sin Acos4=2| ——— L—J = "
4 )\ 4 8

b cos24=2cos’ A-1=1

=tan24= ! = : ——3\/;
()

28a cos2x+sinx=1
= 1-2sin* x+sinx =1 (using double-angle formula for cos2x)
= 2sin” x—sinx =0
= sinx(2sinx—1)=0
=sinx=0,sinx =1
Solutions in the given interval are: —180°, 0°, 30°, 150°,180°

b sinx(cosx +cosecx)=2cos’ x
= sinxcosx+1=2cos’ x
= inxcosx =2cos’ x—1
=> 2sin2x = cos 2x (using the double-angle formulae for sin2x and cos2x)
= tan2x =2, for —360° < 2x <360°
So 2x=63.43°-360°, 63.43°-180°, 63.43°, 63.43°+180°
Solution set: —148.3°,—58.3°,31.7°,121.7° (1 d.p.)
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29 a

30a

Rsin(x+ @)= Rsinxcosa + Rcos xsinx
SoRcosa =3,Rsina=2
R’cos’a+R’sin®@=3"+2"=9+4=13
—R=+13 (as cos’a+sin’a=1)
tana == a =0.588 (3 d.p.)

4
R = (\/E ) =169 since the maximum value the sin function can take is 1

J13sin(x+0.588) = 1

sin(x+0.5880) =—— = 0.27735...

J13

x+0.588=n-0.281, 2 +0.281
x=2.273,5976

LHS =cotd—tand
_ cos&’_ sin @

sind cosé
_ cos’@—sin’ @

sinfcos @
cos26 . .
=— (using the double angle formulae for sin26 and cos26)
1sin26
=2cot260= RHS

b 2cot20=5=cot20 =3=tan26 =%, for —2n<260<2n

S0 260 =0.3805-2m,0.3805—m,0.3805, 0.3805+
Solution set: —2.95,—-1.38,0.190,1.76

31a LHS =cos30

= cos(20+6)

= cos26cos @ —sin26sind

= (cos” @—sin” @) cos @ — (2 sinfcos 9) sind
= cos’ #—3sin’ @cos

= cos’ 60— 3(1—cos’*H)cos

=4cos’ @—3cosf= RHS

22 1942

b From part a cos36 = 4—_ -

27
27 27&
19v2 38

So sec30 =—
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32 sin‘ 0= sin” )(sin’ 0)
Use the double-angle formula to write sin” @ in terms of cos26
1-cos26

2
Now substitute the expression for sin® @ and expand the brackets

So Sin46,=(l—cos26’j(l—cos26’j
2 2
= 4(1-2c0s 20+ cos” 20)

cos20=1-sin’@=sin*f =

Again use the double-angle formula to write cos” 2@ in terms of cos46

So sin46’=%(l—2cos26’+wj

=3-1cos20+1cos4d

Challenge
1 a Bislocated where g(x)=—2x+2=0=>x=2

So B has coordinates (2,0)
To find 4 solve f(x) = g(x) for x <-3

3(x+3)+15=—3x+2
=12x+96=-3x+6

= 15x=-90
=>x=-6
2(-6)=f(~6)=6
So A4 has coordinates (—6,6)
M is the midpoint of 4 and so has coordinates (_6; 2 ,6—;()) =(-2,3)

To find the radius of the circle, use Pythagoras’ theorem to find the length of M4 :
IMA|= (2= (<2))> +(3-0)> =25 =5

Therefore the equation of the circle is

(x+2)*+(y-3)>=25
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Challenge

1 b For x<-3, f(x)=3(x+3)+15=3x+24
Substituting y = 3x+ 24 into the equation of the circle
(x+2) +(Bx+21) =(x+2)*+9(x+7)* =25
= 10x* +130x+420=0
=x’+13x+42=0
=>x+7)(x+6)=0
Solutions x = -7, x =-7
From the diagram, at P x =-7, and f(x)=-12+15=3
So P has coordinates (—7,3)
Angle Z4PB =90° by circle theorems so the area of the triangle is +| AP || PB|

| AP |= 1> +3% =4/10

| PB|=/9> +3% =+/90 =34/10
Areaz%(\/ﬁ)(?s\/ﬁ) =15

2 p(x)=|x"=8x+12|=|(x—6)(x—2)|
q(x)=|x> —11x+28|=|(x—4)(x=7)|
To find the x-coordinate of 4 solve
—x’+8x—-12=x>-11x+28

= 2x*—19x+40=0

19-361-4(2)(40) 19-+/41
- 2(2) 4
Using the quadratic formula, and from the graph we know to take the negative square root.

=X

To find the x-coordinate of B solve
—x* +8x-12=-x>+11x-28
>x=2

To find the x-coordinate of C solve
x*—8x+12=—x’+11x-28

= 2x*—19x+40=0

‘o 19 +/41
4
Taking the positive square root this time.
Solution is 4 :%, B :%, C :ﬂ
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Challenge

3 a

b

sinx

COS X
ACOAzg—x:ACAO:x
0OA=1+sinx = cosec x

AC =1+tanx =cotx

tanx

OB =1+cosx=secx
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