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1 a y=Inx"=2lnx b y:%—asinxcosx

(using properties of logs)

.'.Q:ZXL:g Q:sinzx
dx X X
d’y o _sin2
Alternative method: P SIn x COS x = SIn 2x
_ dy _ f'(x) 2
When y =Inf(x), dx f£(x) At points of inflection % =0
(by the chain rule) ie. sin2x=0
I dy 2x 2 2x=m,271 or 3m
Sy 3__?_; T 3n
X=—,T or —
, 2 2
b y=x"sin3x
y. Whenx:ﬁ,y:E
Using the product rule, 2 4
2 2
d_y: x”(3cos3x) + (sin3x) x 2x Atxzf, d )2/ >0; atx:3_n’d_)2/<0
dx 3 dx

2

=3x%cos3x+2xsin3
X7 COSIX + ZXSMIX So ny changes sign either side ofx:g

2
2 a 2y=x-sinxcosx

: —f—lsinxcosx Wh = S
YIS, enx=my=-_
Using the product rule, 2 2
& T prodt Atx:3—n,dy<0; atxzs—n,dy>0
dy 4 2 4 2

=1 —2(sin x(—sin x) +cos xcos x) i

So d )2/ changes sign either side of x ==
dx

dx

—1lidgin?2_1 2
=5+38In” x—5C0S" X

=1(1-cos’ x)+1sin’ x

3n 3n
=1sin® x+1sin’ x Whenx—T,Y—T
02 2 2
=sin” x
Atx:%t,jx);>0; atx:?Tn,d);<0

So )2/ changes sign either side of x :3—n
dx 2

Hence the points of inflection are

T T i 3n 3nm
—— |, |m,—|and | —,—
55 (5] me (33)
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_sinx

3 a b
X
Using the quotient rule:
dy _xcosx—sinxxl
dx x
_ XCcosx—sinx
x2
1 2
b y=In——=Inl-In(x"+9)
X +9
=—In(x*+9)
(by the laws of logarithms)
Using the chain rule:
dy _ 1 . 2x
) T2
dx X +9 X +9 5 a
X
4 a f(x)=
) x2 42
2+ 2)x1—xx2 2—x?
f'(x):(x + )2>< ;cx X _ 2 X :
(x"+2) (x"+2)
The function is increasing when f'(x) > 0
e 2 X
(P42 g
<2
-2<x<2
Hence f(x) is increasing on the interval
[k, k] where k = V2. b

@ Pearson

2x(x* +2)* —4x(x* +2)(2-x%)
(x> +2)*
2x(x” +2)(—(x" +2)-2(2-x%))
- (x +2)°
B 2x(x* +2)(x* = 6)
(x> +2)*

fll(x) —

f"(x) changes sign when the numerator
2x(x* +2)(x* —6) is zero
ie.at x=0andx=1/6

+/6

where y=0and y=——
Y Y 6+2

Points of inflection are

(0, 0) and (i 6, ig]

f(x)=12Inx+x>, x>0

f’(x)=£+§x% =2+§\/;
x 2 x 2

f(x) is an increasing function when

£(x)>0

12 3 . "
Asx>0, — +5\/; is always positive.
X

.. f{x) 1s increasing for all x > 0.

3 -

f"(x)=—%+ X —12 3
x4

=4 —
X 4\/;

At a point of inflection f"(x)=0
12 3

1
2

e +m=0

12 3

¥ ax

2 =16Vx

X =16

x=3256

£(3/256 ) =121n (256)° +256'

=41n256+16

=4In2°+16=32In2+16
Coordinates of the point of inflection are

(¥256,321n2+16)
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6 y=cos’x+sinx

d )
—y:—2c0sxs1nx+cosx
dx

=cosx(1—2sinx)

At stationary points % =0

cosx(I-2sinx)=0
cosx=0or sinx =1

Solutions in the interval (0, 2] are
T Sm . 3n

x=—,—,— and —
6 2 6 2
i 3 1 5
X=—=y=—t—==
6 4 2 4
reEo e
> y
Sn 31 5
X=—=Dy=—+—=—
6 4 2 4
3n
X=— =-1
> y

So the stationary points are

TOVIE ] (2% 3) and [ 2E 1
6 4 2 6 4 2

Y =x/sinx =x(sinx)%

dy L -1 . 1
azxx;(smx) cosx +(sinx)? x1

= L(sinx) (xcosx+2sinx)

At the maximum point % =0

L(sinx)™ (xcosx+2sinx)=0

S.oxcosx+2sinx=0
1

\/sin x

Dividing through by cos x gives

(as (sin x)% = #0)

x+2tanx=0

So the x-coordinate of the maximum point
satisfies 2tan x+x =0.

Solution Bank

a

a
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f(x) — e0.5x _x2

f'(x) =0.5¢" —2x

£(6) =—1.957...<0
£(7) =2.557...> 0

As the sign changes between x = 6 and
x=7and f'(x) is continuous, f'(x)=0
has a root p between 6 and 7.

Therefore y = f(x) has a stationary point at
x=pwhere 6 <p<7.

f(x)=e’"sin2x

f'(x) = > (2cos2x) +sin2x(2e™")

=2e”*(cos 2x +sin 2x)
At turning points f'(x)=0

2e¢*(cos2x +sin2x) =0
cos2x+sin2x=0

sin2x =-—cos2x

Divide both sides by cos2x:

tan2x =—1

2x :3—n E
4 4
3n TIm

LX= Y or ry (in the interval 0 < x < )

3n
Whenx:?’—ﬂ,yzie4
8 2
n 1 =
Whenx=—,y=———e¢*
RN

So the coordinates of the turning points

are 3—nie% and E —Le%n
82 8 2 )
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9 b f'(x)=2e*(cos2x+sin2x)

£"(x) = 2e* (-2sin2x + 2 cos 2x)
+4e™ (cos 2x +sin 2x)
=™ (—4sin2x +4cos2x
+4cos2x+4sin 2x)

=8e™ cos2x
3n
c f”(?’—nj =8e* cos3—n
8 4

3n 3n
=8e¢* (—%J:—%/Ee“ <0

3
3r 1 . :
is a maximum.

_,_e
8 2
T
f”(7—nj:8e4 cos7—n
8 4

T Tn
=8e* (%J:%/Ee“ >0

T

Sol—, ——e* | is a minimum.
[8 V2 j

d At points of inflection f"(x)=0

8¢ cos2x =0

cos2x =0
2x="L or 3n
2 2
T 3n
X=— or —
4 4
- L L
When x =—, y =e? sin—=¢e?
4 2
3 3
Whenx=?%t,y=e2 sm?’—ﬁ:—e2

Points of inflection are

T 3n 37“
—,e? |and | —,—€e? |.
4 4
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10 y =2e* +3x> +2
Q:2€x+6x
dx

When x=0, y =4 and d_y:2
dx

Equation of normal at (0, 4) is

y=4=-1(x=0)
2y—-8=—x
or x+2y—-8=0

11 a f()c):.”ln)c+l
X

, 3 1
f'(x)=———
X X
) . dy
At a stationary point — =0
dx
1
Z_ -0
X 2
3x-1=0
x=1

So the x-coordinate of the stationary
point Pis 4

b At the point O, x=1soy=1(l)=1

The gradient of the curve at point Q is
f')=3-1=2

So the gradient of the normal to the curve
at Qis —%

Equation of the normal to C at Q is
y=l==4(x=1)

ie. y=—2x+3
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12a

13 a

Let f(x) =€ cosx

Then f'(x) = e**(—sin x) +cos x(2e>)
=¢”*(2cos x —sin x)

Turning points occur when f'(x)=0

e™(2cosx—sinx)=0

sinx =2cosx

Dividing both sides by cosx gives
tan x =2

When x =0,y =f(0)=¢’cos0=1

The gradient of the curve at (0, 1) is
f'(0)=¢e"(2-0)=2

This is also the gradient of the tangent
at (0, 1).

So the equation of the tangent at (0, 1) is

y—1=2(x-0)
y=2x+1
x=y'Iny

Using the product rule:

%=y2 (lj+lny><2y=y+2ylny
dy Y
d_y_ 1 1
de dx  y+2ylny
dy
When y =e,
&1 1

dx e+2elne :g

Solution Bank
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14a f(x)=(x’-2x)e"

f'(x) = (X’ =2x)(—e )+ (3x* =2)e "
=e "(—x" +3x* +2x-2)

b Whenx=0, f'(x)=-2
Gradient of normal is +
.. equation of normal to the curve at the
origin is
y=3x
This line will intersect the curve again
when
Ly=("-2x)e™

1=2(x"-2)e™"

e =2x"-4

2x* =e* +4
Challenge

a f(x)=x(1+x)lnx=(x+x")lnx
f'(x):(x+x2)><l+lnx><(l+2x)
X

=1l+x+(1+2x)Inx

b At minimum point 4, f'(x)=0
I+x+(1+2x)Inx=0
(1+2x)Inx=—1+x)

I+x

1+2x
So x-coordinate of 4 is the solution to

1+x

the equation x =e "+

Inx=-
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