INTERNATIONAL A LEVEL

Pure Mathematics 3
Exercise 6F

1 a y=tan3x

Using the result

y=tankx:>d—y=kseczkx
dx

Q=3secz 3x
dx
b y=4tan’ x

Let u=tanx; then y=4u’

du _ sec’x and Y _ 12u

du
Using the chain rule,

o _dy du
dx du
=12tan’x sec’ x

=12u’sec’x

¢ y=tan(x-1)

Y_ sec’(x—1)
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d y=x tan%x+tan(x—%)

The first term is a product with
u=x"andv=tanix

% =2x and % =lsec’1x

Using the product rule for the first term:

d
Fop (%secz%x)+tan%xx2x
dx

2
+sec’ (x—3)
2 2
=1x"sec” 1 x+2xtanJx

+sec’ (x—1)

2 a y=cotdx
Let u =4x; then y =cotu

%=4 and d—y=—cosec2u
dx du

Using the chain rule,

d
O cosectu x4 =—4 cosec4x

b y=secSx
Let u =5x; then y=secu

%:5 and d—y=secutanu
dx du

Using the chain rule,

% =5secutanu =5secS5xtanSx
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2 ¢ y=cosec4dx
Let u =4x; then y =cosecu

d d
_u:4 and —y:—cosecucotu

du

Using the chain rule,
d
& — _4cosecucotu

=—4cosec4xcotdx

d y=sec’3x=(sec3x)’

Let u =sec3x; then y=u’

% =3sec3xtan3x andﬂ =2u

du
Using the chain rule,
& _dy du
dx du dx
=2ux3sec3xtan3x
=2sec3xx3sec3xtan3x

= 6sec’ 3xtan3x

e y=xcot3x
This is a product, so let
u =x and v=cot3x
and use the product rule.

du _ 1 and dv_ —3cosec’ 3x
dx

% = x(—3 cosec’3x) +cot3xx1

= cot 3x —3x cosec’3x
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_sec’x

X

This is a quotient, so let

u=sec’xandv=x

and use the quotient rule.

du =2secx(secxtanx) and % =1

dy _ x(2sec” xtanx)—sec’ xx1
dx x°
_sec’ x(2x tan x —1)

2
X

y = cosec’2x
Let u = cosec2x; then y =u’

du _ —2cosec2xcot2x and j—y =3u’
u

Using the chain rule,

d_ 3u” (=2 cosec 2x cot 2x)

2
=—6cosec” 2x cosec2xcot2x

=—6cosec’ 2xcot 2x
y =cot® (2x—1)
Let u =cot(2x—1); then y=u"

du_, cosec’(2x—1) and Y_ 2u
dx du

Using the chain rule,

dy 2

— =2u(-2cosec” (2x —1

ot ( (2x ))
=—4cot(2x—1) cosec’ (2x-1

f(x) = (secx)’

Using the chain rule,

'(x) =1 (sec x)_% X sec x tan x

=1 (sec x)% tan x
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3 b f(x)=+/cotx =(cotx)% ¢ f(x)= X’
Using the chain rule, tan x
Letu =x" and v=tanx

f'(x) =24 (cot x) * x(—cosec’ x) oy i 2
) - 2 —=2x and —=sec” x
=—+(cotx) * cosec” x dx dx

Using the quotient rule,
¢ f(x)=cosec’x = (cosecx)’ £ = 2xtanx—x” sec’ x
Using the chain rule, tan” x
f'(x) = 2(cosec x)' (—cosec x cot x)

d f(x)=e"sec3x
Letu=e" and v=sec3x
d f(x)=tan’ x = (tanx)’ Y et and & = 35ec3xtan 3x
: . dx
Using the chain rule,
f'(x) = 2tan x xsec’ x = 2tan xsec’ x

=—2cosec’xcot x

Using the product rule,
f'(x) =3e" sec3xtan3x +e* sec3x

=e¢"sec3x(3tan3x+1)
e f(x)=sec’ x=(secx)’
Using the chain rule, Flx) = Inx
f'(x) = 3(secx)’ secxtan x = 3sec’ x tan x ¢ 0= tan x

Letu=Ilnx and v=tanx

f(x) =cot’ x = (cot x)’
f f(x)=cot’ x=(cotx) %:landﬂzseczx
Using the chain rule, dx x \
£'(x) = 3(cot x)2 (—008602 X) Using the quotient rule,
=—3cot’ xcosec’x (lj tan x —In xsec’ x
f'(x) =~

2 tan® x
4 a f(x)=x"sec3x 5
_tanx—xInxsec” x

Let u =x* and v =sec3x

x tan” x
du dv
—=2x and — =3sec3xtan3x
dx dx tanx
Using the product rule, f f(x)=
f'(x) = 3x” sec3x tan 3x + 2x sec 3x cots *
Letu=e™" and v=cosx
du dv .
b f(x)= tan 2x — =" sec’x and — =—sinx
- dx dx
Let u = tan 2x and v = x Using thet: quotlfnt rule, t ‘
du dv , e“"sec” xcosx—e“""(—sinx)
— =2sec’2x and —=1 f'(x) =
% sec” 2x an i o5 x
Using the quotient rule, _e™secx+e™ sinx
f’(x) _ 2x SeC2 2x—tan2x B COSZ X
X e (sec x +sin x)

cos’ x

_ ftanx

=" (sec’ x + sec x tan x)

_ tanx

=" secx(sec” x + tan x)
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1 T
5 a y=———=secxcosecx ¢ Whenx=—,
cos xsinx 3
Let u =secx and v =cosecx 1 1 4 43

y= .
zginz Llx3
cosfsing Ix¥ 33

du dv
— =secxtanx and E = —cosec xcot x

lcjlsing the product rule, dy 1 . 1 g
)y _ i 2 2 =T =3
i sec x(—cosec x cot x) dx (%) (%) 3
+ cosec x(sec x tan x) or, using the alternative expression,
_ cos X . sin x Q=—4xix[—LJ=§
COS XSINXSinXx  SINXCOS X COSX dx NG )3
1 1
T sin’x * cos? x Equation of tangent is
A3 8(
Alternative solution: 3 3 . 3
1 2
= = = 2cosec2x 87
4 cosxsinx  sin2x 3y—4\/§=8x—?

because sin2x =2sin xcos x
( ) 24x-9y+1243 -8 =0

Y_ —4 cosec2xcot2x This is in the required form ax+by+c=0
With a =24, b=—9 and ¢ =12+/3 - 8x.

b At stationary points Y 0
dx 6 y=secx=
1 1 0 COS X
cos’ x sinlx Letu=1 and v=cosx
1 %zo andﬁz—sinx
dx

cos’x sin’x ‘ ;
Using the quotient rule,
dy _cosxx0—Ix(=sinx)
tan x = 1 dx cosZ x

In the interval 0 <x < =«

tan’ x =1

sin x
. T 3n =——=secxtanx
there are two solutions, 1 and R cos’ x
So the number of stationary points is 2.
7 y=cotx=
Alternative solution: tan x
Letu=1and v=tanx

—4cosec2xcot2x=0 d d

cosec2x #0 C4_ 0 and & =sec?x
: dx dx

but cot2x =0 has two solutions

in the interval 0 <x < .
So there are 2 stationary points.

Using the quotient rule,
dy tanxx0—lIxsec’x  sec’x

dx tan® x tan” x
1
2 1
2
=—L8 X - =_cosec’x
sinx  sin’x
2
cos’ x
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8 a Lety=arccosx

So x=cosy
— =—sin
dy 4
dy 1
dx sin y

sin® y+cos’ y =1

siny=\/1—cos2y =1-x
. dy 1

Ta i

b Lety=arctanx

So x=tany
2
— =sec
dy 4
dy_ 1
dr sec’y
1 1

_1+tan2y C1+x

9 a Let y=arccos 2x

Let ¢ =2x; then y = arccos ¢

i=2 and Q= !

dt \1-¢
d_dy &
dx dr dx
= 1 x2
1-¢
B -2
1—4x*

Solution Bank @Pearson

b Let y= arctan%

X
Let = 5; then y = arctant

a1 g o1

dx 2 dt 1+¢

b
dx dr dx
R N 1 1
_1 2 2 2 - 2
” 2(1+’Cj 24
2
4+x°

¢ Let y=arcsin3x
So sin y =3x

Lo Siny
3

dx cosy

dy 3

dy_ 3

dx_cosy

sin® y+cos’ y =1

cosy =f1-sin? y = 1-(3x)> =1-9x*

Cdy 3

”a_ V1-9x?

d Let y=arccot x

So x=coty
— = —cosec’y
dy
dy -1
dr cosec’y
-1 -1

_1+cot2y 1+ x
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9 e Let y=arcsecx h Let y =arccosx’
So x=secy

i Let =x" and y =arccost
d_ =sec ytany

3 -1
d 1 £:2x and d_y:
_y=— dx dt 1-£2
dx secytany
1+tan® y =sec’ y _d d

. . dx dr dx
tany=\/sec y—1=\/x -1 .| 2x

= X2x =

d_y: 1 - -1 \1-x*
dx  xyx® -1

i Let y=e"arccosx

f Let y=arccosecx Using the product rule,
So x = cosecy dy | -1 j .
—=e +¢" arccos x
dx [ V1-x?
d_ = —cosec ycoty |
" =¢"| arccos x —
y__ ! 1-x*

dx cosec ycot y

i Let y=arcsinxcosx
1+cot” y =cosec’y ] Y

Using the product rule,

coty=\/coseczy—1=\/x2—l dy . .
—— =arcsin x (—sin x) +

[ dx 1-x°

Cdr /2o cosx . :
= — —sinxarcsin x
VI-x

k Let y=x"arccosx

COS X

g Let y =arcsin (Lj
x—1

x Using the product rule,
Let u=—-— dy -1
x—1 ——=x"X + 2xarccos x
dy 1 dx 1-x°
then y =arcsinu, — = = 2
du 1-u =2Xxarccos x — -
Using the quotient rule, I-x
du _ (x—DxI-xx1_ -1 _.» X
I (i—1) (—1) = x| 2arccosx — -
b b du_ 1
dv du dx  J1—u2 (x-1)
1 -1
T wy
X X —
! (x-1)?
1 -1
= X
a2 (x—1)°
(x-1)?
1 -1 -1

== G (i 2x
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9 l Let y:earctanx

Let u = arctan x; then y =¢“

b =¢" and du = ! >
du dx 1+x
dy _dy du
dx du dx

eu earctanx

1+x*  1+x°

10a y-= arctan 2x

X

Let u =arctan2x and v=x
% 2 dv

= > and —=1
dx 1+4x dx
Using the quotient rule,

2
X 5 —1xarctan2x
Q: 1+4x

dx x*
B 2 _arctan2x
x(1+4x7) x’
Whenng,
Q B 2 arctan\/§
- 2\ 2
) )
2 3
T
1 4n 33-4xn

B9 9
NE)

b Whenx=—,
2

_ 2z 2\/§n

L N

Equation of normal is

y_2\/9§n :[3\/5_?%}[%?}

_ arctan \/§
- V3

N‘ﬁdw\a
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11 x = (arccos y)’

Jx = arccos y

¥y =cos (\/;)

Let u=~/x =x%; then y = cosu
du 1 1 dy

—=—x and == —sinu
dx 2 2/x du

Using the chain rule,

ly . 1 sin/x
— =—sinux =

Wx 2dx

sin?/x +cos? Jx =1

sin/x =+/1—cos>/x
) d_yz_\ll—coszx/;

dx 2x

12a x=cosecdy

dx =-5cosecS5ycot5y
dy

dy_ 1
dx Scosec5ycotSy

b 1+cot’5y=cosec’5y

co‘cSyz\/cosec2 5y—1=~/x"-1
Cdy 1

Cdx 5xvx* -1
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