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Pure Mathematics 3 Solution Bank
Exercise 4F
1 a LHS =024
cos A+sin 4
_ cos® A—sin’ A
~ cosA+sin A
_ (cos 4 +sin A)(cos 4 —sin 4)
B cosA+sin 4

=cos4—sin A= RHS

sinB cosB

b LHS =—
sin4 cosA

_ sinBcos A—cos Bsin 4

sin Acos 4
sin(B — 4)
~ 1(2sin Acos A)
_ 2sin(B—A4)
~ sin24
=2cosec2A4sin(B - A4)= RHS

~ sin26
_1-(1-2sin’9)
~ 2sinfcosd
_ 2sin’@

~ 2sinfcosd
_sind

 cosd
=tan@d = RHS

sec’ @
l1-tan’ @
B 1
" cos? O(1—tan? @)
=— ! — [as tanzﬁzsngj
cos” @ —sin” 4 cos @
1

cos26
=sec2¢ = RHS

d LHS =
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1 e LHS =

f LHS =

g LHS =

h LHS =

2(sin’ @cos @+ cos’ Osin )
2sinfcos O(sin” O+ cos” )

sin2@  (since sin*@+cos’H=1)
RHS

sin36 _ cos 30

sind  cosd
sin360cos @ — cos30sin &
sin@cosf
sin(360—6)
1sin26
sin26
1sin260
2= RHS

cosecH—2cot20cosf
Cf)s 20 cosd
sin26
2cos268cos
2sinfcos
1 cos 26
sin@ sin@
1—cos268
sind
1—(1-2sin’ )
siné
2sin’ @
siné
2sind= RHS

cosecd—2

cosecl—

secfd—1

secf+1

I _
cos@

cols«9+l
1—cos@
1+cos@
1-(1-2sin"¢)
1+ (2cos” ¢ 1)

2sin’ 2

2cos’ 4

tan’ g = RHS
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1i LHS =tan(%-x)
_ tan —tanx
B 1+ tan 7 tanx

1-tanx

- 1+tanx

__ sinx
— cosx

sinx
cosx

cosx —sinx

CcoSX +sinx

2 c 22 :
cos” x+sin” x —2sinxcosx . .
= > — (multiply 'top and bottom' by cosx —sinx)
cos” x —sin” x

_ 1—sin2x _ RES
cos2x

2 a LHS =sin(A4+60°)+sin(4—-60°)
= sin 4c0s60° + cos Asin60° + sin Acos60° — cos Asin60°
= 2sin Acos60°
=sin 4 (since c0s60° = %)

= RHS

b LHS cosA sinA

sinB cosB
cos Acos B—sin Asin B

sin Bcos B
cos(A+ B)
sin Bcos B
RHS

¢ LHs = SnGr+y)
COSXCOS y

sinxcos y +cosxsin y

COSXCOS )

sinxcos y N cosxsin y

COSXCOS) COSXCOS Y

sinx sin
sinx  siny

COSX COSY

=tanx+tany
RHS
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2 d LHS =S8V
sinxsin y
_ cos(x+y)+sinxsiny
B sinxsin y

_ €OSXCOSy—sinxsiny-+sinxsiny

sinxsin y
_ COSXCOS Y
" sinxsin y
=cotxcoty
= RHS

e LHS Ecos[ﬁ-k%j-k 3ind

= CoSs Hcosg - sianin% +\/§sin9

1cosﬁ—ﬁsin&’ntx/gsin&’
2 2
Eﬁsinﬁntlcosﬁ
2 2

Tt\/g nl\

o ol
=sinfcos—+cosfsin— | cos—=—,sin—=—
6 6 6 2 6 2

- sin[9+ %} (sin(4+ B))

RHS

cos(4+ B)
sin(A+ B)
_ cos Acos B—sin Asin B

sin Acos B +cos Asin B
cos Acos B sin Asin B

f LHS

cot(A+ B) =

—SindsinB  sinAsinB (dividing top and bottom by sin Asin B)

sin Acos B cos Asin B

+
sinAsinB sin Asin B
cot AcotB—1 _

= RHS
cot4+cotB
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2 g LHS =sin’(45°+6)+sin’(45°-0)
= (sin45°cos O+ cos 45°sin B)* + (sin45°cos @ — cos 45°sin §)*
= (sin45°cos @ +sin45°sin @)* + (sin45°cos @ —sin45°sin@)*  (as sin45° = cos45°)
= (sin45°)’ ((cos 0 +sind)’ + (cos 6 —sin6)’ )

1 . . . .
z5(00529+2sm90059+sm29+cosz6’—2sm90056’+sm2 0)
1 . 2 2
z—(2(sm 6+ cos 9))
2
1
z§x2 (sin’ @+cos’ O=1)
=1

RHS

Alternatively as sin(90° — x°) = cos x°, if x =45°+ 6° then sin(45° — 6°) = cos(45° + 6°)
and original LHS becomes sin’(45+ 0)° + cos’(45+ 0)°, which = 1

h LHS =cos(4+ B)cos(A— B)
= (cos Acos B—sin Asin B)(cos Acos B + sin Asin B)
= cos’ Acos’ B—sin’ Asin’ B
= cos” A(1-sin’ B)— (1—cos” A)sin’ B
= cos’ A—cos’ Asin’ B—sin’ B+cos” Asin’ B
=cos’ A—sin’ B

RHS

3 a LHS =tanf+cotd
sind cosé@

cosd sind
sin’ @+ cos* 0
sin@cos &

————— (sin®@+cos’f=1)
2sinfcosf

_ 2
 sin26
=2cosec26d= RHS

b Use 8=75°
1
sin150°

= tan75°+cot75°=2cosec150°=2 x =2x

0= | —
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4 a sin30=sin(20 +60)=sin260cosf + cos26sin &
= (2sin@cosf)cos @+ (cos” @ —sin” H)sin
= 2sin@cos’ @+ sinPcos” @ —sin’ 6

= 3sin@cos’ & —sin’ 6

b cos38=cos(260+6)=cos26cosf—sin28sinH
= (cos’ @—sin” @) cos & — (2sinHcos &) sin &
= cos’ @ —sin” Bcos @ —2sin’ Hcosh

= cos’ @ —3sin* Ocos O

_sin3@ _ 3sinfcos’ §—sin’ @
~ cos30  cos’O—3sin’ Ocos b
3sin@cos’ @—sin’ O
_ cos’ &
cos’ @ —3sin” Hcos &

¢ tan3d

cos’ &
3sin@ sin’ @
_ _cosét cos’d
cos’ & B 3sin’ @
cos’d cos*d
_ 3tan6 - tan’ 6
~ 1-3tan’@

d Sketch the right-angled triangle containing &

3 22

This shows tan@ = 2\/5

3(2*/5)—(2*/5)3 _62-16v2 1042 102

So tan36 = 5
1_3(2\/5) 1-24 -23

5 ai Using cos2Az2coszA—1withA=§

X
= cosx=2cos’=—1
2
X
= 2c0525 =1+cosx

,x l+cosx
= cos —=
2 2

23
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5 a ii Using cos24=1-2sin" 4

X
2
= cosx=1-2sin"—

X
= 2sin*Z=1-cosx

,X 1l-—cosx

= sin"—=
2 2
0 1+cos@ 1.6 4
b . U- . 2_= =_=0'8=_
i Using (a) (i) cos 5 5 5 .
0 2 25 ( o
= COS—=—fF=—— Las — acuteJ
2 5 5 2
6 1-cos@d 04 1
e U . .o . 2_: :_:0'2:_
ii Using (a) (i1) sin 5 5 2 p
0 \F Js
= Sin—=,4|— =—
2 5 5
sing N5 05 1
1l tan — = . =—X =—
2 cos? 5 25 2

¢ Using (a) (i) and squaring
LA (l+cosA) 1+2cosA+cos> 4
cos — = =

2 2 4

but using cos2A4=2cos” 4-1 gives

cos’ A= %(1 +c0s24)

4 A_1+2cosA+5(1+cos24) _2+4cosA+1+cos24 _3+4cos A+cos24

So cos” —

4 8

2
6 LHS =cos*@=(cos’ )’ = {%\

(1+2c0s20 +cos” 20)

1(1+cos4d
+_ e
4 2

cos29+l+lcos49
8 8

(@]
o
7
[\
D)

+

+

+ cos29+%cos495 RHS

8
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7 sin*(x+ y)—sin*(x — y) =[sin(x + y) +sin(x — y)][sin(x + y) —sin(x — )]
=[sin xcos y + cos xsin y + sin x cos y —cos x sin y][sin x cos y + cos xsin y —(sin x cos y —cos xsin )]
=[2sinxcos y][2cosxsin y]
=[2sinxcos x][2cos ysin y]

=sin2xsin2y

8 Let 00820—\/§Sil’120 = Rcos(20+a)= Rcos26cosa — Rsin20sina

Compare cos20: Rcosa =1 (1)
Compare sin20: Rsino = \/5 (2)
Divide (2) by (1):

tanoc:\/g = az%

Square and add equations:
R*=1+3=4 = R=2

So cos26—\/§sin26 = 2cos[26+§j

9 4cos{29— ﬁ} = 4cos20005z + 4sin20sin£
6 6 6

=2v3co0s20+2sin260
= 2\/5(1—2sin2 0)+4sin0cos€

52\/5—4 3sin® @+ 4sinfcosf
10a RHS E\/ZSin(O+EJ
4
(. 7 A
z\/2ksm6?cos—+cosé?sm—J
4 4

_ 3 singx L cosox L
=\/5Lsm6? \/5+cosé? \/5)

sin@+ cos @
= LHS

b RHS = 2sin{2e—gj

=2 [sin2¢9cos% —CoS 26’5in%}

( 3
2Lsin26?>< ﬁ— cos20 x 1J
2 2

= \/gsin26? —cos26
= LHS
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Challenge
1 a cos(A+ B)—cos(A— B)=cos Acos B—sin Asin B—(cos Acos B+ sin Asin B)

=-2sin Asin B

b LetA+B=Pand4—-B=0Q

Solving simultaneously gives
2A=P+Q

P+Q
2

A=

and
2B=P-Q
B= ﬂ
2
Substituting these into the identity from part a gives

cosP—cosQz_zsin(P+stin(P—Qj
2 2

Rearranging the identity from part a to give sin Asin B = —% cos(A+ B)+ % cos(4—B)
. 3 3
3sinxsin 7x = > cos(x+7x)+ 5 cos(x —7x)
= 3 cos8x + 3 cos(—6x)
2 2
3 3
= = cos8x + 5 cos(6x) (as cos(—x)=cosx)

= 3 (cos8x —cos6x)

sin(4+ B)+sin(A4— B)=sin Acos B+ cos Asin B + (sin Acos B —cos Asin B)

=2sin Acos B
LetA+B=Pand4—-B=0Q
Solving simultaneously gives
24=P+Q
P+0O
2

A=

and
2B=P-0
B= ﬂ
2
Substituting these into the equation for sin(A4+ B)+sin(4— B) gives

P—QJ

sinP+sinQE2sin(P;QJcos( 5
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2 b Let WE_PHO 5t PO
24 2 24 2
227 107
S _PyQ,—=P-
24 Q 24 Q
Solving simultaneously gives:
2p_ 32 ,_l6m
24 24

and

2o 12n

6T
24 0= 24

. 1= St . (l6m . (61 . (27 .
So 2sin——cos— =sin| — |+sin| — |=sin| — |+SIn
24 24 24 24 3 4

N2 342

2
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